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1|Introduction

Wind turbines are increasing in size and capacity in order to meet growing energy demands. As a
result, they have become more visible and more present in local communities. Along with this devel-
opment, noise emissions have become an important concern. Noise affects both nearby residents and
nature, and it also represents a challenge for wind turbine manufacturers and operators. Lower acous-
tic emissions make it easier to obtain project approval and increase public acceptance. In addition,
turbines are often delivered with guarantees on energy production. If a turbine must be curtailed or
taken out of operation due to noise-related issues, the resulting loss of power can lead to significant
economic consequences.

Traditionally, the dominant focus in wind turbine acoustics has been aerodynamic noise generated by
blade rotation. However, as turbines increase in size and structural flexibility, structurally induced
vibrations from the blades and tower have become more significant. These vibrations increasingly
contribute to sound radiation in the tonal noise range, approximately 100–500 Hz. This frequency
range is often perceived as a persistent low-frequency or “bass” noise, which can remain noticeable at
larger distances and indoors.

This thesis focuses on vibro-acoustic analysis of wind turbine towers, with particular emphasis on
structurally induced vibration and the resulting acoustic radiation. A central part of the work is the
investigation and comparison of two wave propagation methods, the Wave Finite Element Method
(WFEM) and the WKB approximation, and their suitability for describing wave propagation in conical
tower geometries. The aim is to improve understanding of how different tower geometries and con-
figurations alter the structure-borne vibration patterns and affect overall noise emission.

First, the theory of the two wave propagation methods employed in this study is introduced, provid-
ing the foundation for the subsequent analyses. This is followed by an investigation of the excitation
acting on the structure, based on normalised test data provided by Vestas. Wave propagation is then
analysed in detail using the Wave Finite Element Method (WFEM) and the WKB approximation, al-
lowing for a comparison of the two approaches.

Based on this, the resulting structural response and radiated noise are evaluated and compared for
a cylindrical and a conical tower configuration. Finally, conclusions are drawn regarding the effec-
tiveness and limitations of the applied methods, along with considerations for tower design aimed at
reducing noise radiation.
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2|Problem Analysis

The purpose of this chapter is to establish how wave propagation in different wind turbine tower
models can be described analytically and numerically. First, a simple description of the vibrational
excitation of the tower is introduced, followed by the relevant theory of structure-borne wave propa-
gation. This includes an introduction to both the Wave Finite Element Method (WFEM), which is used
for the numerical analysis of wave propagation in periodically uniform and slowly varying structures,
and a brief description of the WKB approximation, which provides an analytical approach for slowly
varying geometries such as conical towers.

2.1 Wind Turbine Nacelle Components

The vibrations of a wind turbine tower are largely caused by rotating components in the nacelle. To
understand how these vibrations occur, it is useful to first identify the main components and the
terminology commonly used. Figure 2.1 shows a simplified model of the nacelle of a wind turbine.

Figure 2.1: Tower top model with gearbox, generator and accelerometers.

The nacelle contains the main drivetrain components of the wind turbine. These include the main
shaft, the gearbox, and the generator. The main shaft rotates due to the motion of the blades. The
gearbox transfers this rotation through gears that operate at different speeds. The generator then con-
verts the mechanical energy into electrical energy.

During operation, these components rotate continuously. This rotation creates forces that can intro-
duce vibrations in the wind turbine structure. Each rotating component can produce vibrations at
specific frequencies. These vibrations can propagate through the structure and affect both the tower
and the blades.

This project focuses on vibrations in the tower. Therefore, the main interest is the vibration that is
transmitted to the tower structure. To investigate this, access to experimental data has been granted
by Vestas. This data has been collected by placing accelerometers at the top of a test wind turbine
tower, as shown in Figure 2.1. The tower excitation will be analysed further in Chapter 4 using the
measurements from these accelerometers.
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2.2 Basic Wave Theory

In this section, a general description of harmonic waves is presented, as well as waves propagating in
a circular cross-sectional waveguide. In exponential form, a simple harmonic wave can be described
as a function of time:

g(t) = Aejωt = A (cos(ωt) + j sin(ωt)) , (2.1)

where j is the imaginary unit, t is time, ω describes the angular frequency, and A the amplitude of the
wave (Fahy and Gardonio 2007, Ch.1).

When investigating structure-borne vibrations, the waves propagate as variations in displacement u.
It is therefore useful to describe the displacement as a function of spatial position. In a cylindrical
structure of infinite length, a harmonic wave can be expressed in space as a function of the axial
coordinate z and the angle ϕ describing the circumferential position. Because the shell is closed in the
circumferential direction, it only supports waves having a period of 2π.

u(ϕ, z) = Aejnϕe−jkzz (2.2)

The wave characteristics are described by the amplitude A, the mode order n and the axial wavenum-
ber kz. The factor e−jkzz describes wave propagation in the axial direction, while the factor Ae−jnϕ

describes the displacement pattern around the circumference, representing a sinusoidal oscillation
that completes exactly n full periods around the shell. For n = 0, the deformation is uniform around
the circumference, corresponding to the axial/breathing mode, while increasing values of n produce
mode shapes with progressively more oscillations around the shell. The value of kz reveals important
characteristics of the wave. A purely real wavenumber indicates a propagating wave, while a purely
imaginary or complex wavenumber indicates a decaying wave.

Re

Im

t, ϕ, z

π/2

π

3π/2

2π

Im(g)

Re(g)

g

t, ϕ, z

Re(g)

Im(g)

π0

Figure 2.2: Real and imaginary part of an exponential wave.

For a time-harmonic wave, the real part of the displacement u represents the displacement at the
instant t = 0, while the imaginary part represents the displacement at t = π/2. Describing the wave
as a complex quantity is therefore useful, as it naturally incorporates the phase information. This is
visualised in Figure 2.2.



4 Chapter 2. Problem Analysis

2.3 Wave Dispersion

To analyse how vibrations propagate along the tower, it is important to understand the dispersion
behaviour of waves. Dispersion describes the relationship between the frequency of a wave and its
wavenumber and provides insight into how different wave modes propagate in a structure. This is par-
ticularly relevant when considering how variations in structural geometry influence wave propagation
characteristics. Each branch on a dispersion curve represents a specific wave mode.
In a vibrating system, the different wavelengths can travel at different velocities. The slope of a
dispersion curve gives the group velocity, which is the speed at which wave energy propagates through
a given medium, and can be written as

cg =
dω

dk
. (2.3)

Dispersion occurs when waves of different wavelengths propagate at different velocities. The fre-
quency at which the wavenumber of a dispersion branch reaches zero is known as the cut-off fre-
quency. At these frequencies, the group velocity is zero, meaning that wave energy does not propagate
(Fahy and Gardonio 2007, p. 27-29).

2.3.1 Dispersion Phenomena

In the dispersion curve, different coupling phenomena can occur and be observed between the differ-
ent branches of a mode. Dispersion phenomena can be split into weak and strong coupling effects.
The following theory is primarily based on the approaches presented by Mace and Manconi 2012.

Weak and strong coupling phenomena depend on the relative magnitude of the coupling forces com-
pared with the elastic and inertial forces governing the individual waveguide. In the case of weak
coupling, the coupling forces are significantly smaller than the elastic and inertial forces. In contrast,
strong coupling occurs when the coupling forces become sufficiently large compared with the elastic
and inertial forces. To reduce noise in a system, a couple of coupling phenomena, known as veering
and blocking, can be beneficial if used properly.

Veering occurs when two dispersion branches, belonging to the same mode family, approach each
other as the frequency increases. In this region, the branches do not intersect but instead deviate from
one another, and the slopes of the dispersion curves close to the avoided crossing point have the same
sign as illustrated in Figure 2.3. As the branches get closer with an increasing frequency, they follow
each other over a limited frequency range before veering apart, and the associated mode shapes grad-
ually swap characteristics.

Locking occurs when the slopes of two dispersion curves have opposite signs at the crossing point.
The two curves then merge together instead of veering apart as the frequency increases, which is il-
lustrated in Figure 2.4. This causes the curves to join each other and become a pair of attenuating
oscillatory waves. When this occurs, the group velocity becomes zero, and wave energy is trapped in
the system, this happens when a natural frequency is hit. This can later lead to the curves separating
into a pair of either propagating or evanescent waves. Similar to veering, the associated mode shapes
again swap characteristics.

For propagating waves, veering is observed when the group velocities of interacting modes have the
same sign, whereas locking may occur when the signs differ.
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Figure 2.3: Dispersion curve of veering phenom-
ena.

Figure 2.4: Dispersion curve of locking phenom-
ena.

Identifying these phenomena is important when analysing structures, such as wind turbine towers,
where interactions between different branches of the same mode may occur and change along a vary-
ing geometry. In these cases, veering and locking can influence the wave response and how the
structure deforms across different frequencies.

2.4 WKB

When evaluating numerical methods for wave propagation in non-uniform structures, it is valuable to
have an analytical reference against which results can be compared. The Wentzel-Kramers-Brillouin
(WKB) method provides such a reference, as it offers an analytical approximation of wave propagation
in structures with slowly varying geometry. In the following section, the WKB method is presented.

The WKB method is an asymptotic analytical approach that can be applied to wave propagation in
structures with slowly varying geometry, such as conical structures with circular cross-sections. The
method is used in many fields, such as acoustics and structural dynamics, as it can approximate wave
behaviour in non-uniform systems (A.T. Fabro 2018).

The WKB method assumes that the properties of the tower vary gradually with the wave propaga-
tion. Under this assumption, the wave field can be approximated locally by propagating modes with
position-dependent wavenumbers and slowly varying modal amplitudes. This involves solving a local
dispersion relation at each position along the structure, while ensuring that the amplitude evolution
remains consistent with the changing geometry. An important feature of the WKB formulation is its
ability to determine how the modal amplitude is affected by the change in diameter (Morsbøl 2016).
However, the WKB method breaks down when the geometry or material properties change rapidly,
or in regions where the dispersion branches interact with each other. This could be in the presence of
veering or near cut-off frequencies. In such cases, the main assumptions of the WKB approximation
break down, and the accuracy of the method may be reduced (A.T. Fabro 2018).

In this project, the WKB method is applied to conical tower models with a linearly varying diameter,
where the assumption of slow geometric variation is satisfied. In Chapter 6.3, a full WKB solution
for a conical shell tower is presented. The standard WKB expansion is introduced, followed by the
necessary derivations to obtain expressions for the axial wavenumber and the modal amplitude, and
how these vary along the structure.
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2.5 Wave Finite Element Method

Wave Finite Element Method (WFEM) is a numerical method used to analyse wave propagation in
periodic or uniform structures. The method determines the wavenumbers and wave modes by com-
bining finite element discretisation with Floquet theory. WFEM is an expansion of the standard Finite
Element Method (FEM), and instead of modelling the entire structure, WFEM discretises the structure
into using a single segment instead of the full structure, as illustrated in Figure 2.5. This reduces the
computational costs of long structures compared to standard FEM.

In this section, the theory is presented for two different cases. The first case considers a periodic tower
model as an infinitely long cylindrical structure. In this configuration, the geometry is uniform along
the axial direction, allowing the method to handle standard Floquet conditions. Additional internal
degrees of freedom are introduced within the unit cell to capture geometrical changes such as stop
bands. The treatment of this is primarily based on the approaches presented in Desmet et al. 2012, Ch.
2 and Mace et al. 2005.

The second case explains how the problem can be handled for a more complex geometry, such as a
conical tower, where the radius varies along the height. In this situation, the properties are no longer
strictly periodic, and modifications to the standard Floquet formulation might be required. The treat-
ment of such non-periodic geometries is based on the approaches presented in Manconi et al. 2021
and 2023, with additional considerations from A.T. Fabro 2018.

2.5.1 Case 1 - Cylindrical periodic geometry

A discretisation of the cylindrical tower is performed along the waveguide direction, which coincides
with the z-axis. Assuming harmonic wave propagation, the displacement field travelling along the
tower is expressed in both space and time by

u(z, t) = u0 · e−j(ωt+kzz). (2.4)

As illustrated in Figure 2.5, the tower is divided into a series of identical segments, each having the
length Le, where a single segment of the tower is handled due to the periodicity of the geometry.

Figure 2.5: Wave Finite element illustration of tower discretisation and single segment.
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With this discretisation introduced, spatial harmonic wave propagation along the z-axis in the next
increment of the structure can be described

u(z) = u0 · e−jkz Le . (2.5)

The generalized dynamic equation of motion used in a conventional finite element analysis is written
as

[K − ω2M]{u} = { f }, (2.6)

where K and M are the stiffness and mass matrices. The dynamic stiffness S matrix is defined and
written as S = [K −ω2M] from equation 2.6 above. This allows the equation of motion to be expressed
in terms of the forces and displacements associated with the side a and b as[

Saa Sab

Sba Sbb

]{
ua

ub

}
=

{
fa

fb

}
. (2.7)

When the geometry becomes more complex, such as in the presence of varying cross-sections, stop
bands, or conical structures, the waveguide can no longer be represented by a single finite element
slice. In such cases, internal degrees of freedom must be introduced between the sides a and b, as
illustrated in Figure 2.6.

u1

u5

u3

u2

u6

u4

ua

ub

uc

Figure 2.6: Finite element mesh illustrating the internal degrees of freedom.

The internal nodes can can be included in the dynamic equation of motion (Mace et al. 2005)Saa Sab Sac

Sba Sbb Sbc

Sca Scb Scc




ua

ub

uc

 =


fa

fb

fc

 . (2.8)

To apply the Wave Finite Element method, the internal degrees of freedom must be eliminated by a
dynamic condensation which gives

uc = −D−1
cc (Dcaua + Dcbub) , (2.9)

substituting the expression for uc into equation 2.7, the expression results as in the following[
Saa − SacS−1

cc Sca Sab − SacS−1
cc Scb

Sba − SbcS−1
cc Sca Sbb − SbcS−1

cc Scb

]{
ua

ub

}
=

{
fa

fb

}
. (2.10)

For a periodic structure, the Floquet conditions can be applied to establish a phase relationship be-
tween the sides a and b. These conditions relate the displacements and forces as

ub = Λua, fb = −Λ fa, (2.11)
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where the wave propagation constant Λ is defined:

Λ = e−jkz Le . (2.12)

In this notation kz is the axial wavenumber and Le is the length of the unit cell. The quantity kzLe in
the exponent is referred to as the Block parameters. This parameter corresponds to the unitless size.
A purely real Block parameter corresponds to a propagating wave, whereas a complex wavenumber
indicates a decaying wave.

The Floquet conditions allow the displacements to be calculated only once within the periodic struc-
ture, significantly simplifying the analysis. Applying the Floquet conditions then transforms the con-
densed dynamic equation as [

Saa Sab

Sba Sbb

]{
ua

Λub

}
=

{
fa

−Λ fb

}
. (2.13)

By rearranging the terms of the equation above, the system can be expressed as an eigenvalue problem
with respect to Λ written as([

−I Saa

0 Sba

]
− Λ

{
0 −Sab

−I −Sbb

}){
fa

ub

}
=

{
0
0

}
. (2.14)

The eigenvalue problem can be solved for a discrete numbers of frequency values ω, yielding the
eigenvalues Λ, which represents the propagation constants of the system. The wavenumbers kz is ob-
tained in the form kz =

ln(Λ)
j·Le

and is derived from the definition of Λ. For an n-DOF system, this results
in multiple wavenumbers. The dispersion relation is obtained from the discrete frequency values with
their corresponding wave numbers (Søndergaard 2022).

The present WFEM formulation is based on the assumption of a periodic geometry with constant
cross-section. Under this assumption, the Floquet conditions can be applied since there is a clear
defined phase relationship between the boundary conditions on sides a and b. If the radius changes
continuously along the structure, as in a conical geometry, the structural properties are no longer peri-
odic. In such cases, the standard Floquet formulation cannot be directly applied, since the fundamental
assumption of periodicity is violated.

2.5.2 Case 2 - Conical geometry

This case extends the WFEM formulation to a conical structure to account for varying geometry along
the waveguide. To apply the WFEM to a conical tower, the approximation will be done by selecting a
finite number of cylindrical segments, each with a different radius, as shown in Figure 2.7.
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x
y

z

Figure 2.7: Segmentation of conical structure to apply local segmentation.

Each segment is analysed locally using WFEM, the corresponding frequencies and wavenumbers are
calculated, and dispersion curves, wave modes (nodal displacements), and nodal forces are calculated
in the same manner as for the cylindrical model. Due to the discretisation of the tower into segments
with varying geometry, the obtained wave properties are considered local rather than global structural
properties.

The total nodal displacements and forces of a segment can be expressed in terms of the eigenvectors
on side b associated with the positive and negative propagation, Φ+ and Φ−, respectively, together
with the corresponding wave amplitudes A in the forward and backward directions.[

u
f

]
=

[
Φ+

u Φ−
u

Φ+
f Φ−

f

] [
A+

A−

]
. (2.15)

The positive and negative going waves can be generated by an external point force fe, from which the
waves will propagate away. Assuming that the force is applied above the top segment, only positive
waves of the amplitudes will propagate away from the excitation point.

If the case had both positive and negative going waves, the direction of the time-average energy flow
can determine the direction of wave propagation. If the excitation comes from the tower top, as it
usually does from wind turbines, only positive waves should be generated, which will be used for the
analysis of this project. Figure 2.8 illustrates wave amplitudes moving in a positive direction along a
1D segment laid down horizontally.

Figure 2.8: Positive going waves from segment 1 to the interface between segments 1 and 2.

With waves only moving in the positive direction, the wave amplitudes for segment 1 can be obtained
from

Φ+
1 f A+

1 = fe. (2.16)

The recovery of A+
1 can be performed using the eigenvectors on side a of the WFE eigenvalue problem,

thereby avoiding the numerical difficulties associated with pseudoinversion. The side a eigenvectors
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of a cylindrical segment are expressed as

Ψ =

[
Ψ+

f Ψ+
u

Ψ−
f Ψ−

u

]
. (2.17)

The eigenvectors on side a and b are associated with the same segment and form a bi-orthogonal set
used in the projection and energy calculations. Since they are orthogonal to the wavemodes, they can
be normalised, ΨΦ = I, where I denotes the identity matrix. Therefore, the wave amplitude for the
first segment can be obtained by

A+
1 = Ψ+

1 f fe. (2.18)

When the wave amplitudes for the first segment have been found, the amplitudes for the next seg-
ment can be found by the following approach. In some cases, no specific external excitation force is
directly applied to the structure, but the behaviour of the amplitude change might still be interesting
to analyse. In such a case, the external force can be ignored, and a normalised initial amplitude can be
defined to study propagation trends for understanding wave evolution, even if it is not directly tied to
a physically forced problem.

The nodal displacements and forces at the interface between segments 1 and 2 can be calculated by
the following equation

u1 = Φ+
u,1Λ+

1 (Le)A+
1 , f1 = Φ+

f ,1Λ+
1 (Le)A+

1 . (2.19)

For this, the Λ(Le) = diag(e−jkz Le) = diag(Λ) is the diagonal matrix of the propagation constant. By
using the eigenvectors on side a as in equation 2.18, but for segment 2, the first estimate of the wave
amplitude in segment 2 can be found as

Ã+
2 = Ψ+

f ,2u1 + Ψ+
u,2 f1. (2.20)

Using the same expression as equation 2.19 and the first estimate of the wave amplitude, the nodal
displacement and forces at segment 2 can be found as

u2 = Φ+
u,2Λ+

2 (Le)Ã+
2 , f2 = Φ+

f ,2Λ+
2 (Le)Ã+

2 . (2.21)

The Time-average energy flow of segments 1 and 2 can be calculated using the nodal displacement
and force vectors obtained from equations 2.19 and 2.21

Π1 =
1
2

Re{ f H
1 jωu1}, Π2 =

1
2

Re{ f H
2 jωu2}. (2.22)

Where H denotes the Hermitian transpose. The real part of the Time-average energy flow represents
the average power and can be used to evaluate the changes in wave amplitude due to the geometrical
changes coming from an increasing diameter. This can be done by taking the ratio between Π1 and
Π2 of the two neighbouring segments, resulting in the amplitude decay in waveguide 2:

ξ2
2 =

Re{jω f H
1 u1}

Re{jω f H
2 u2}

=
Re{Π1}
Re{Π2}

. (2.23)

When the amplitude is measured, the wave amplitude in the waveguide of segment 2 can be approxi-
mated to

A+
2 = ξ2 Ã+

2 . (2.24)
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Equation 2.21 to 2.24 can be applied iteratively until ξ2
2 converges to one. However, for the case of

simple wave types, such as non-dispersive axial or torsional waves, a single propagation step is typ-
ically sufficient, and no iterations are required. Once the wave amplitude has been determined, the
amplitude decay through the next segment, up to segment n can be evaluated by repeating the same
procedure.

By combining local WFEM solutions with energy-based scaling between segments, the approach cap-
tures how the waves propagate along the tower. This provides a practical framework for analysing
wave propagation in structures with slowly varying cross sections, such as wind turbine towers.
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3|Problem Statement

Wind turbine noise has become an increasingly important consideration as turbine size and capacity
continue to grow. Structurally induced vibrations in the tower contribute to sound radiation, particu-
larly in the 100 − 500 Hz range, where noise can propagate over long distances and remain noticeable
inside building interiors, such as people’s homes. These vibrations are influenced by the structural
configuration of the tower, making it important to understand how geometry affects vibration be-
haviour and the resulting acoustic radiation.

This project is carried out in collaboration with Vestas through Alf-Søe Knudsen. Access to experimen-
tal data has been granted with the purpose of studying relevant excitation modes. The data represent
excitation patterns in the structure and have been normalised such that only the relative modal distri-
bution is physically meaningful, while the absolute amplitudes are arbitrary.

The tower considered in this study is modelled as a conical shell with constant wall thickness, as
shown in Figure 3.1. The geometry is designed to represent a realistic wind turbine tower produced
by Vestas and is based on the dimensional sketch given in Appendix .1, defined in collaboration with
Alf-Søe Knudsen. The vibration of the tower is investigated both as free vibration and as forced
vibration subjected to excitation at the top, which is described in detail in the following section.

6 m

x
y

z

75 m 

3 m

t=0.02 m

Figure 3.1: Model of wind turbine tower.

To facilitate this analysis, two complementary methods are employed: the Wave Finite Element Method
(WFEM) and the WKB approximation. The WFEM is applied to a series of cylindrical segments of
varying diameter, with an energy balance principle used to account for the variation in wave am-
plitude along the tower height. The WKB method treats the conical geometry directly, providing
dispersion relations and modal amplitudes as continuously varying functions of the axial position.
Together, the two methods allow the wavenumber and displacement amplitude to be determined as
functions of position along the tower. Initially, simpler geometries, both solid and shell cylinders, are
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investigated as baseline cases before the full conical tower geometry is analysed.

The conical geometry of the tower introduces a key challenge, as the wave propagation characteristics
vary continuously along the tower height. This means that standard methods developed for uniform
cylindrical structures cannot be applied directly, and the relationship between the structural response
and the applied excitation becomes less straightforward.

Measured acceleration data from the tower are available in normalised form, making it necessary
to establish a clear link between the experimentally observed excitation patterns and the underlying
structural wave modes. This normalised data is interpreted and applied as excitation input to the
structural models, and the resulting displacement field is used to estimate the radiated sound pres-
sure from the vibrating tower.

This leads to the following problem statement:

How can WFEM with energy balance principle and the WKB approximation be applied and compared for the
analysis of wave propagation in a conical wind turbine tower, and how can the results be combined with

experimental excitation data to evaluate the radiated sound pressure?

The scope of the project is limited to the described tower structure and considers only propagating
wave modes, as these are the primary contributors to far-field sound radiation. Due to the normalised
nature of the experimental data, the analysis focuses on relative modal contributions rather than ab-
solute sound pressure levels.

Steel is the standard material used in wind turbine towers. As detailed material properties for the
specific Vestas structure are not available, the tower is modelled using the predefined “Structural
Steel” material in ANSYS Workbench. The relevant material parameters are provided in Table 3.1.

Structural Steel

Density ρ 7850
[

kg
m3

]
Young’s Modulus E 200 [GPa]
Poisson’s Ratio ν 0.3 -
Shear Modulus G G = E

2(1+ν)
[GPa]

Table 3.1: Material parameters used for analysis.
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4|Excitation

The vibrations of a wind turbine tower are dominated by the behaviour of the rotating nacelle compo-
nents. To describe the real excitation of a wind turbine tower, a physical test is made, where several
accelerometers are placed at the top of a Vestas wind turbine tower. With the goal of being able to
identify the excitation modes present in the real tower. The test is made by Vestas, and normalised
results have been provided by Alf-Søe Knudsen for this project.

The excitation is measured by acceleration measurements obtained using six accelerometers mounted
circumferentially at the tower top, distributed at different angular positions as illustrated in Figures
4.1 and 2.1.

0°

90°

180°

270°
300°

330°

ϕ

Figure 4.1: Placement of accelerometers.

For this project, a three-dimensional dataset is provided containing normalised acceleration data as
a function of generator RPM and order values. Thus, the amplitude of acceleration and thereby
displacement is of arbitrary scale. An order analysis is performed, where the vibration response is
analysed relative to the rotational speed of the generator. This allows peaks to appear at specific
orders and generator speeds. These peaks represent excitation frequencies associated with rotating
components in the gearbox. Since the vibrations are measured at the tower top, the order analysis
can be used to identify which gear or component is responsible for a particular excitation of the tower
vibrations.

4.1 Extraction of Radial Displacement in Measurement
Points

To analyse wave propagation along the tower using WKB or WFEM, the measured accelerations for
each of the six accelerometers are converted into displacements. This procedure requires the determi-
nation of the excitation frequency, followed by the transformation of the acceleration amplitudes into
displacement.
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An order analysis is performed to identify the dominant data components. The data can be generated
into plots, where the acceleration data are represented as functions of order number and rotational
speed (RPM), as illustrated in Figures 4.2 (a) and 4.2 (b).

(a) Order - acceleration graph. (b) RPM - acceleration graph.

Figure 4.2: Acceleration as a function of respectively order and RPM.

Peaks in the acceleration response are used to identify the relevant orders at which the tower vibrations
are largest. In an order analysis, each order represents a vibration frequency that is proportional
to the rotational speed of the generator. For a given generator speed (RPM value), the measured
orders therefore correspond to specific excitation frequencies associated with rotating components
in the drivetrain. The order is therefore a dimensionless relationship that tells how many times per
rotation a given frequency repeats. The largest acceleration peak indicates the most dominant vibration
frequency at that operating condition. In Figure 4.3, the order-acceleration plots for each measurement
point are shown. The peaks in acceleration occur for approximately the same order values for the
different measurement locations.

Figure 4.3: Order curves for each accelerometer.

To calculate the displacement corresponding to a specific order and rotational generator speed, the
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excitation frequency must first be determined. This is done by selecting the order associated with
the largest acceleration peak and combining it with the generator rotational speed. The excitation
frequency is then calculated from the rotational speed and the order definition as

f =
RPM

60
· order. (4.1)

From the provided data, it is determined that the acceleration of the data point at 0◦ shown in Figure
4.3 peaks at the rotational speed of the generator 1360 RPM and the order = 4.6875. This gives a
frequency of interest f = 106.25 Hz. Results obtained from the WKB method in Section 6.3 show that
a frequency of higher order is also of interest. Therefore, a second frequency of interest is chosen at the
next peak along the order-axis. The acceleration peaks again at the rotational speed of the generator
1080 RPM and the order = 28.00. This gives a second frequency of interest f = 504.00 Hz.

Once the frequencies of interest are identified, the displacements are obtained from the measured
acceleration (Rao 2018)

u( f ) =
a( f )

(−2π f )2 =
a( f )
−ω2 , (4.2)

where 2π f = ω denotes the angular frequency. The acceleration data are normalised, and the calcu-
lated displacements therefore represent relative values rather than absolute physical quantities. The
above procedure is applied to all six accelerometer locations, ensuring that all available information
about the spatial displacement behaviour is included in the analysis.

In Figure 4.4, the real and imaginary parts of the radial displacement at the frequencies f = 106.25 Hz
and f = 504.00 Hz are plotted.
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Radial displacement for RPM = 1360 and order = 4.6875

(a) Displacement calculated for f = 106.25 Hz.

0°

30°

60°
90°

120°

150°

180°

210°

240°
270°

300°

330°

0

1

2

Radial displacement for RPM = 1080 and order = 28

(b) Displacement calculated for f = 504.00 Hz.

Figure 4.4: Real and imaginary part of radial displacement calculated from the acceleration data.

These are computed with the MATLAB script presented in Appendix B.1 and B.1.1.

4.2 Identification of Modes

To investigate the vibrational modes that excite the tower top, where the displacement measurements
are obtained, the function uk = ∑n=0 Ane−inϕk is fitted to the measured data. In this formulation, uk
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denotes the displacement at the k-th measurement location, ϕk is the angular position of the sensor,
and An are complex amplitudes associated with the different circumferential mode orders. The ampli-
tudes are estimated by performing a least-squares fit, such that the difference between the measured
displacements and the values predicted by the model is minimized.

The displacement data are available at only six spatial locations around the tower top. These measure-
ment points define the spatial samples and their associated sampling density along the cross-section.
As a result, the spatial sampling density limits the highest mode orders that can be resolved from
the measurements. If modes of excessively high order are considered, different modes may become
indistinguishable in the sampled data, leading to aliasing. Therefore, this limitation must be taken
into account when selecting the range of modes included in the fitting procedure.

4.2.1 Interpolation of Radial Displacement

It is desired to describe the radial displacement along the circumference of the cross section at the top
of the wind turbine tower as a function depending on the mode order n and the angular position ϕ.

This can either be done in pure form

u(ϕ) = Ae−jnϕ, (4.3)

or as a combination of modes

∑
n

u(ϕ) = Ane−jnϕ. (4.4)

A vector Φn is constructed for a specified mode order or grid of mode orders n,

Φn =



e−jnϕ1

e−jnϕ2

e−jnϕ3

e−jnϕ4

e−jnϕ5

e−jnϕ6


, (4.5)

and the specified angular position of the measurement points.

ϕ =
{

0, 90, 180, 270, 300, 330
} π

180
[rad]. (4.6)

Now the amplitude of each included mode order is determined as the least-squares solution given by
[Lay et al. 2016]

An = (ΦTΦ)−1ΦTu, (4.7)

where Φ is a matrix containing Φn for each specified n. The value R2 is calculated to determine the
goodness of the fit.

R2 =
norm(u − u f it)

2

norm(u)2 , (4.8)

Firstly, it is determined if a singular mode can describe the displacement for f = 106.25 Hz with a
good R2 fit. The results from the least-squares fit for n = 0 to 6 are listed in Table 4.1.
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Mode n R2

0 0.24
1 0.19
2 0.03
3 0.05
4 0.04
5 0.39
6 0.19

Table 4.1: Convergence of pure mode shapes.

It is evident that the displacement is poorly described by one singe mode order. Therefore, it is further
investigated which combination of orders can describe the displacement at the tower top, with a good
R2 fit.

4.2.2 Nyquist-Shannon Sampling Theorem

For uniformly spaced samples over a periodic domain, the Nyquist–Shannon sampling theorem states
that, for N equally spaced measurements per revolution, the maximum resolvable circumferential or-
der without aliasing is nmax = N/2. Thus, six uniformly distributed angular samples would allow
identification of harmonics up to nmax = 3. This result, however, is valid only for strictly uniform
spacing. [Lai 2004]

In the present case, the angular positions are non-uniformly distributed. Four measurement points are
separated by 90◦, while two additional points are spaced by 30◦. The smallest angular spacing is

∆ϕmin = 30◦ =
π

6
,

which yields a local Nyquist-type estimate

nmax,local =
π

∆ϕmin
= 6.

Locally, this suggests that harmonics up to order six could be identified.

However, the largest angular gap governs global stability and aliasing behaviour. With

∆ϕmax = 90◦ =
π

2

one obtains
nmax,gab =

π

∆ϕmax
= 2.

Because large sampling gaps impose the dominant restriction in non-uniform sampling, the practi-
cally identifiable circumferential order is limited to approximately nmax = 2. Though the least-squares
results show a poor convergence, when only a combination of the modes n = 0, 1, 2 is allowed. There-
fore, it is suspected that the real excitation of the tower contains higher mode orders.

By fitting harmonics n = 0, 1, 2, 3, 4, 5, 6 to the measured complex displacements, the least-squares
solution reproduces the cross-sectional shape at the sensor locations accurately. The first four sensors
introduce partial aliasing: n = 0 ↔ 6, n = 1 ↔ 5, and n = 2 ↔ 4, while n = 3 remains mostly dis-
tinguishable. The two additional sensors at 300◦ and 330◦ (30◦ spacing) introduce subtle differences
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in the measurements, which can partially break the aliasing among these harmonics, though the dis-
tinction is small and not sufficient to uniquely resolve the individual contributions. This means that
although the fit achieves high R2, the amplitudes of aliased higher-order harmonics are not uniquely
determined, and the energy assigned to each individual mode may reflect a combination of physically
possible contributions rather than exact modal excitations.

A weighted regression is also tested, where a penalty parameter λ is introduced to suppress higher-
order harmonics and favour smoother, low-order spatial variations. However, the results show that
a relatively high amplitude of the higher-order modes n = 3 to 6 is required to obtain a good fit to
the measured displacements. This indicates that these modes contribute significantly to reproducing
the measured shape, even though individual higher-order harmonics cannot be uniquely resolved due
to sensor aliasing. Since the least-squares solution remains numerically stable without regularisation
and provides the best agreement with the measurements, the final analysis is performed using the
non-weighted least-squares method including mode orders n = 0 to 6.

4.2.3 Resulting Excitation

With the above methods established, the resulting excitation for the two frequencies of interest can
be presented. These calculations are implemented in the MATLAB scripts presented in Appendix B.1
and B.1.2. Firstly, the excitation for the largest measured acceleration, at f = 106.25, order 4.6875 and
the rotational speed of the generator 1360 Hz is presented, followed by the resulting excitation at the
frequency f = 504, order 28 and the rotational speed of the generator 1080 Hz.

Frequency 1 (106.25 Hz)

Allowing the circumferential modes n = 0, 1 , 2, 3, 4, 5, 6 results in the least-squares fit with the
amplitudes displayed in Table 4.2, when the frequency is fixed at f = 106.25 Hz.

Mode n Amplitude An percent %
0 0.759 49.44
1 0.491 20.72
2 0.233 4.677
3 0.281 6.765
4 0.454 17.66
5 0 0
6 0.093 0.738

R2 = 1

Table 4.2: Combination of modes 0 to 6.

The results show that modes 5 and 6 both have a small contribution, therefore, it is chosen to discard
these two modes, resulting in the following amplitudes shown in Table 4.3.
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Mode n Amplitude An percent %
0 0.831 48.79
1 0.498 17.54
2 0.326 7.519
3 0.276 5.395
4 0.542 20.75

R2 = 0.995

Table 4.3: Combination of modes 0 to 4.

The fit of the regression analysis is visualised in Figure 4.5
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Figure 4.5: Regression with mode 0 to 4.

Frequency 2 (504 Hz)

For the second frequency of interest, the circumferential modes n = 0, 1 , 2, 3, 4, 5, 6 are again
allowed, which results in the least-squares fit presented in Table 4.4 and visualised in Figure 4.6 (a).

Mode n Amplitude An percent %
0 0.702 51.08
1 0.119 1.466
2 0.371 14.25
3 0.153 2.436
4 0.463 22.21
5 0 0
6 0.287 8.558

R2 = 1

Table 4.4: For 504 Hz. Combination of modes 0 to 4.

For consistency and comparison between the two frequencies of interest, another fit is made where
only modes n = 0, 1 , 2, 3, 4 are allowed. The results for this least-squares fit are presented in Table
4.5 and visualised in Figure 4.6 (b).
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Mode n Amplitude An percent %
0 0.490 65.89
1 0.117 3.760
2 0.230 14.47
3 0.131 4.682
4 0.202 11.19

R2 = 0.95241

Table 4.5: For 504 Hz. Combination of modes 0 to 4.
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(a) Fitted with mode 0 to 6.
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(b) Fitted with mode 0 to 4.

Figure 4.6: Curve fit for f = 504 Hz (Order 28, rpm = 1080).

The results from the order analysis and the corresponding least-squares fits are used as excitation
input in Chapter 8, where the forced vibration response is analysed.
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5|Method verification for Simpler ge-
ometries

In this chapter, the structure-borne vibrations in the tower are investigated using simplified geometries.
Three simplifications of Figure 1 are considered as illustrated in Figure 5.1. Only free vibration is
considered. Wave propagation for a cylindrical shell geometry is investigated with WFEM, for the
frequency of interest f = 106.25 Hz found in Chapter 4. A solid cylindrical and conical simplification
is investigated to verify the energy balance principle for the WFEM belonging analysis.

2.4 mt=0.02 m

75 m

3 m 3 m 3 m

3.25 m

x

y

z

Figure 5.1: Cylindrical shell, cylindrical solid and conical simplification of Figure 1.

5.1 Wave Finite Element for Cylindrical Shell

This section investigates the axial wavenumbers of a cylindrical tower using the WFEM method. The
cylindrical geometry is defined with a circular cross-section identical to that of the top section of the
tower in Figure 3.1, with a diameter of d = 3 m.

The procedure is straightforward, as the cylinder represents a periodic structure to which Floquet
conditions can be applied. The Wave Finite Element script presented in Appendix B.5 s used to
compute the wavenumbers over a discrete set of frequencies, resulting in the dispersion curves shown
in Figure 5.2.Using these wavenumbers, the radial displacement along the height of the tower can be
expressed as u = u0e−jkzz, providing all the necessary information to evaluate the radiated pressure
for a given excitation.
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Figure 5.2: Dispersion curve of cross section with d = 3 m together with highlighted mode n =

0, 1, 2, 3, 4.

The first frequency of interest identified in Chapter 4 is 106.25 Hz. In the dispersion curve shown in
Figure 5.2, the branches corresponding to modes n = 0, 1, 2, 3, 4 have been identified, and the points
at f = 106.25 Hz are highlighted. None of these branches are located near a cut-off region. The axial
wavenumbers kz obtained from the WFEM analysis at this frequency are presented in Table 5.1.

Mode n kz

0 0.133
1 0.424
2 0.717
3 1.019
4 1.290

Table 5.1: Wavenumber for modes 0 to 4 calculated with WFEM.

5.2 Wave Finite Element with Energy Balance Principle
for Solid Cylinder

Before analysing the wave propagation for the full wind turbine tower, a set of simplified configu-
rations of a solid geometry is considered in order to verify the WFEM implementation based on the
energy balance principle.

First, a uniform solid cylinder with constant radius will be examined. Since the diameter is con-
stant and the geometry does not change along the axial direction, both the wave amplitude and the
time-averaged energy are expected to remain constant. This case is done to verify that these assump-
tions are applied to the given method.
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In this section, the analysis is limited to wave mode 1 (bending). This has been chosen because the
subsequent comparison with the WKB method uses analytical beam models that are formulated for
bending-dominated behaviour.

5.2.1 Solid cylindrical tower

To verify that the WFEM implementation conserves both energy and wave amplitude, a uniform
cylinder with constant radius is investigated. As pointed out by (Søe-Knudsen and Sorokin 2011),
standard WFEM implementations may lead to inaccurate predictions of power flow if energy flux
is not properly enforced. The motivation in this subsection is to secure a stable and constant time-
average energy flow. The cylinder has a constant diameter of 3 m, corresponding to the diameter
at the top of the wind turbine tower, but is modelled as a solid structure rather than a shell. The
segment is generated in ANSYS Workbench, from which the necessary dynamic properties, including
wavenumbers and eigenvectors associated with nodal displacements and forces, are extracted and
used for the energy balance principle, which was described in case 2 in section 2.5. The implementation
of the WFEM formulation is carried out in MATLAB, and the corresponding script is provided in
Appendix B.5. Right-going waves (in this case, waves moving down through the tower) are identified
based on the direction of the energy flux, ensuring correct wave propagation in terms of positive
energy flow. The geometry of the solid cylinder segment is shown in Figure 5.3.

Figure 5.3: Solid cylinder with diameter = 3m.

The method has been applied to two cases, one without applied iterations and one with a single
energy-based iteration. The energy propagation and iteration procedure are implemented in MATLAB,
and the corresponding script is provided in Appendix B.4. For the case without iterations, the energy
flow collapses rapidly to approximately 0 after the first segment. In contrast, when a single iteration
is applied, the energy flow remains constant along all segments. These results are shown in Table 5.2.

Time-average energy flow
No iterations: 343.566 6.761e-08 1.330e-17 2.618e-27 5.153e-37 1.014e-46
1 iteration: 343.566 343.566 343.566 343.566 343.566 343.566

Table 5.2: Time-average energy flow with respectively no iterations and 1 iteration.

Besides checking for constant energy flow, the wave amplitudes have also been analysed for the same
two iteration cases. This shows the same behaviour, where the wave amplitudes collapse rapidly
without any applied iterations, but as expected, remain at a constant value across all segments for 1
iteration. This is illustrated in Figure 5.4 where the start amplitude has been normalised to 1.
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Figure 5.4: Change in normalised wave amplitude for wave mode 1 (bending) of solid cylinder with
constant diameter for 0 iterations and 1 iteration. The tower top corresponds to an axial position of
z = 0 m and the bottom to z = 2 m.

These results indicate that the method conserves energy correctly when the energy balance is enforced
and that 1 iteration is required to recover correct behaviour for a solid cylinder with constant geometry.
Without the inclusion of the energy-based iterations, the method fails to preserve the energy flow and,
therefore, does not provide a physically meaningful solution.

5.3 Wave Propagation in a Solid Conical Tower

Since constant energy flow and wave amplitude have been verified, this section extends the geometry
to solid cylinders, each with a different diameter, which increases linearly along the height between
each segment. The tower has a diameter increasing linearly from d = 3 m to d = 3.25, m and a seg-
ment height in Ansys corresponding to Le = 0.4, m. This results in six segments with an increase in
diameter of Le = 0.05, m between the segments. This segmentation was applied to ensure a sufficiently
smooth geometric variation, as previously tested models with fewer segments resulted in unrealistic
wave propagation behaviour due to excessively large diameter changes between elements. It should
be noted that this simplified linear segmentation does not fully represent the true geometry of the
full wind turbine tower, since it results in a slightly steeper diameter gradient. In this case, the wave
amplitude is expected to decrease due to the change in cross-section, while the energy flow should
remain constant.

When analysing a conical tower with WFEM, it is important to note that the structure is no longer
fully periodic, as it is for a cylindrical tower. The conical tower will be approximated as a finite
number of cylindrical segments, each having a different radius. The WFEM results for this configura-
tion are compared with analytical WKB-based beam predictions to verify the behaviour of the method.

5.3.1 WKB

To compare the wave amplitude decay obtained from the WFEM with results based on the energy
balance principle, the WKB method for bending is also applied as an analytical solution to compare
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and verify the results. The WKB formulation used here is derived using asymptotic analysis and is
applicable for a slowly varying waveguide with a circular cross-section, based on the approaches pre-
sented in Nielsen 2015, Paper 1.

Three different beam models are considered to assess the influence of modelling three different meth-
ods. These include the non-uniform Rayleigh beam, Bernoulli–Euler beam, and Timoshenko beam.
The equations used for finding the wavenumbers and associated wave amplitudes for each model are
given below, and their belonging MATLAB code can be found in Appendix B.2.

Non-uniform Rayleigh beam

For the Non-uniform Rayleigh beam model, the spatial variation in the properties is obtained through
the cross-sectional area A(z) and second moment of area I(z), which can vary slowly along the axial
coordinate z. This model accounts for rotational inertia but neglects shear deformation. The wavenum-
ber k(z) is calculated by solving the dispersion relation shown in equation 5.1 below.

k(z) = ±

√√√√1
2

ω2 ±

√
A(z)
I(z)

ω2 +
1
4

ω2 (5.1)

When the wavenumber is found, the corresponding amplitude U(z) is obtained from following:

U(z) =
1

I(z)k j(z)(2k2
j (z)− ω2)

(5.2)

Non-uniform Bernoulli-Euler beam

The non-uniform Bernoulli-Euler beam model represents a simpler formulation since it neglects both
shear deformation and rotational inertia. The wavenumbers and amplitudes can be obtained by fol-
lowing:

k(z) = {±,±j}
√

ω

(
A(z)
I(z)

)1/4

(5.3)

U(z) =
1√

I(z)k3
j (z)

= A−3/8(z)I−1/8(z) (5.4)

Non-uniform Timoshenko beam

In contrast to the other beam models, the Timoshenko beam does not assume that the cross section
remains perpendicular to the centreline during deformation. This causes the method to account for
shear deformation. Similar to the Rayleigh model, the Timoshenko beam model also accounts for
rotational inertia.

k(z) = ±

√
ω2(p + 1)±

√
4p2ω2(A(z)/I(z)) + (p − 1)2ω4

2p
(5.5)

U(z) =

√√√√ k j(z)
p2ω2 A(z) + I(z)(ω2 − pk2

j (z))
2

(5.6)

where p = λ/(2(1 + ν)) and λ is the shear correction factor. For a circular cross-section, the shear
correction factor is given by

λ =
6(1 + ν)

7 + 6ν
(5.7)
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5.3.2 Comparison of WFEM with energy balance princible and WKB

The results for the solid conical geometry are represented for mode 1 (bending) and show a gradual
decrease in all normalised amplitudes along the structure from top to bottom, as shown in Figure
5.5. The Rayleigh beam model gives the largest decay in the amplitude, while the Timoshenko model
shows the lowest amplitude decay, resulting in a higher amplitude at the end of the structure. The
Bernoulli-Euler model yields a slightly lower value than the Timoshenko model.

The three analytical beam models all rely on different kinematic assumptions. The Rayleigh and Tim-
oshenko models account for rotary inertia, and the Timoshenko model is the only model to include
shear deformation. In contrast, Bernoulli-Euler does not include shear deformation or rotational in-
ertia, which should lead to a stiffer result on the structural response. Bernoulli-Euler is also more
suitable for long beams compared to the two models.

However, the observed behaviour is somewhat unexpected. It might be expected that the Timoshenko
and Rayleigh models would exhibit more similar trends due to their shared inclusion of rotary inertia,
and that the Bernoulli model would deviate the most from the others. Instead, the results show a
different result. This might be because the combined influence of shear deformation and rotary inertia
leads to more complex interactions in the wave propagation characteristics.

The WFEM results exhibit the same overall decay behaviour and fall between the three analytical
solutions, providing strong validation of the WFEM implementation with the applied energy balance
formulation and confirming conservation of energy flow along the structure. Based on the underlying
assumptions, one might expect the WFEM solution to align most closely with the Timoshenko model,
as it accounts for both rotary inertia and shear deformation. However, the results show that the WFEM
solution instead lies between all three models.

Figure 5.5: Change in amplitude for wave mode 1 (bending) in a solid conical tower for WFEM
compared to analytical solutions. The tower top corresponds to an axial position of z = 0 m and the
tower bottom to z = 2 m.

The reason for slightly higher amplitudes obtained with WFEM compared to the Rayleigh solution, but
lower than the Timoshenko method, may be a result of the fundamental differences in the modelling



28 Chapter 5. Method verification for Simpler geometries

approaches. However, it is unclear why the Timenshinko model seems to be stiffer than the Bernoulli-
Euler and not closer to the WFEM. The WFEM is based on a full three-dimensional representation
of the structure, while the applied analytical method relies on one-dimensional representations. The
current WFEM formulation uses linear finite elements, with enhanced strain formulation, and depends
on the use of a discretised approximation of the geometry and displacement field, which may result
in a slightly more compliant response compared to the analytical beam models. As a result of these
differences in the methods, the WFEM method gives amplitudes between the analytical beam models,
exceeding the Rayleigh prediction, while remaining lower than the others.
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6|Wave propagation of conical shell

Having verified the propagation procedure for both uniform and simply tapered geometries, the
method is then applied to the full conical shell model of the wind turbine tower, which will be com-
pared and verified to a shell-based WKB method. Only free vibrations will be looked at in this chapter,
while the chosen frequencies from Chapter 4 will be investigated as the frequencies of interest. Due to
the time frame of the project, the scope of the section is limited to only investigating the axial/breath-
ing mode n = 0.

The analysis is carried out as a stepwise procedure. The structural behaviour is first investigated using
a finite element model in ANSYS, providing a reference description of the global response. Followed
by this, dispersion curves are computed using WFEM at several locations along the tower to examine
how the axial wavenumber kz varies with the changing geometry. Similar to the cylindrical tower
in the previous Section 5.1, the wavenumbers will be found at frequencies of 106.25 Hz and 504 Hz,
respectively.

The representation of the conical tower used for the analysis is illustrated in Figure 6.1. Based on this
framework, the propagation behaviour is analysed using both WFEM and WKB methods to capture
the influence of the gradually varying geometry on wave amplitudes and energy transport along the
tower.

WKB WFEM

x
y

z

Figure 6.1: Simplified model of wind turbine tower for WKB and WFEM.

6.1 ANSYS FE Reference Model

A full-scale tower model has been analysed in Ansys Workbench to obtain a Finite Element repre-
sentation of the deformation amplitudes corresponding to mode 0 (breathing). The finite element
model serves as a reference for validating and comparing the WKB approach and the WFEM formu-
lation with the energy balance principle. It must be stressed that this analysis does not treat travelling
waves, but solves for natural frequencies and corresponding mode shapes.

Quadratic elements were used in the finite element model to capture the deformation associated with
the breathing mode. Several mesh refinements were performed since the model could not capture
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mode 0 (breathing mode) when the mesh was too coarse. The final mesh with an element height of
100 mm was therefore considered sufficient for the reference model.

The full tower model has been subjected to a modal free vibration analysis in Ansys Mechanical, with
fixed support at the base. The Ansys FE analysis only provides results at 504 Hz, and not at 106.25
Hz. This is because no breathing mode 0 exists as an eigenmode of the structure at this frequency.
The FE reference is available for comparison at 504 Hz, as the mode 0 breathing mode is a natural
frequency at this frequency. Figure 6.2 shows the full tower model angled in a horizontal view for
mode 0 (breathing) at 503.81 Hz.

Figure 6.2: Mode 0 (breathing) for full ANSYS FE model at 504 Hz.

To obtain displacements in different directions, a path along the surface has been made. This path
defines the locations at which displacement data are extracted, as shown in Figure 6.3. The displace-
ments are measured in the axial and radial directions along this path, which follows the curvature of
the tower.

Figure 6.3: Mode 0 (breathing) displacement amplitude path for full ANSYS FE model at 504 Hz.

The total displacement amplitudes and the amplitudes in the radial and axial directions are obtained
and plotted together on a graph shown in Figure 6.4. The absolute values of the displacements are
used to represent amplitudes independent of the signs, since it is deforming in both directions. The
plot shows that the deformation amplitude quickly increases to a maximum value and then decreases
along the structure. The analysis shows that the radial displacement dominates the response and
closely follows the total amplitude, which is consistent with the breathing character of mode 0 shown
Figure 6.2.

These displacement amplitudes create the basis for the comparison with the WKB and WFEM results
in the following sections, where similarities and differences between the modelling approaches are
evaluated along the total, axial and radial amplitudes.



6.2. Propagation of axial wavenumbers kz computed with WFEM 31

0 10 20 30 40 50 60 70
Length along tower [m]

0

0.002

0.004

0.006

0.008

0.01

D
is

pl
ac

em
en

t a
m

pl
itu

de
 [m

]

Total, radial, axial displacement amplitudes

Axial amplitude
Radial amplitude
Total amplitude

Figure 6.4: Displacement amplitude plots for Mode 0 (breathing) for full ANSYS FE model at 504 Hz.

It should be noted that the Ansys FE method has a fundamental difference from the WKB and WFEM
methods. The ANSYS model is based on a modal analysis, where standing wave solutions are obtained
at specific eigenfrequencies corresponding to the global modes of the structure. In contrast, the WKB
and WFEM formulations describe wave propagation in terms of frequency-dependent wavenumbers
and can therefore be evaluated at arbitrary frequencies. Despite these differences, the ANSYS results
should still remain comparable, as they represent the same deformation behaviour at the correspond-
ing frequency.

6.2 Propagation of axial wavenumbers kz computed with
WFEM

To investigate how the axial wavenumbers kz vary along the tower, the structure is computed and
plotted for a discretisation of six cylindrical segments, extending from the tower top down to the base
where the diameter reaches 6 m, which corresponds to the height of interest of 75 m. This discretisa-
tion of six segments allows the variation of kz along the tower to be investigated as a function of the
increasing diameter.

A WFEM analysis has been performed for each segment in MATLAB with the corresponding script
provided in Appendix B.5. The wavenumbers have been extracted from the dispersion curves for the
frequency of 106.25 Hz and wave mode 0-6. The results have been plotted for kz at each segment to
illustrate the propagation through the tower as illustrated in Figure 6.5.
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Figure 6.5: Wavenumber through tower dependent on cylinder diameter.

The results of the analysis show a general tendency for the wavenumbers to decrease in a non-linear
manner along the segments. The magnitude of this change appears to depend on the wave mode. For
mode 0, the variation is almost flat, whereas the curvature increases for higher modes until modes
5 and 6 intersect each other. Initially, four segments were used for the analysis, but to obtain a
more detailed representation of the behaviour in the region where the modes intersect, two additional
segments were added between the diameters of 3000 mm and 4000 mm. The behaviour of modes 5
and 6 intersecting each other occurs because the cut-off frequency of mode 6 lies closer to the analysed
frequency of 106.25 Hz than for the other modes. As a result, mode 6 has not yet crossed and increased
beyond mode 5 in terms of axial wavenumber. Therefore, the values shown in Figure 6.5 for segment
1 correspond to the wavenumbers right before the two curves intersect on the dispersion curve, as
illustrated in Figure 6.6 (a) and 6.6 (b).

(a) Dispersion curve of d = 3000 mm. (b) Dispersion curve of d = 4000 mm.

Figure 6.6: Dispersion curves of cross section with d = 3000 mm and d = 4000 mm and highlighted
mode 5 and 6 together with the 106.25 Hz indicated with the red line.
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In Figure 6.6 (a), it can be observed that mode 6 has a lower axial wavenumber than mode 5 at the
frequency of 106.25 Hz. In Figure 6.6 (b), the cut-off frequency of mode 6 is located further away from
the frequency, and the two curves therefore do not intersect at this frequency.

Such cut-off phenomena can be critical and may lead to wave reflection because of the sudden change
in the propagation characteristics. This means that certain wave modes may be propagating in one
region while becoming non-propagating in another region.

In the lower segments of the tower, where the diameter becomes higher, the second branch of the lower
wave modes becomes more noticeable, since the curves shift more to the left. Figure 6.7 shows the dis-
persion curves for segments with diameters of 5000 mm and 6000 mm, respectively. For the 5000 mm
segment, the second branch of the mode with n = 1 has a cut-off frequency at approximately 200 Hz,
whereas for the 6000 mm segment, the corresponding cut-off frequency decreases to approximately
167 Hz. The shift in the cut-off frequency is consistent with the increase in structural diameter, leading
to a decrease in stiffness and an increase in mass. This means that the eigenfrequency for the modes
becomes lower for the larger segments.

(a) Dispersion curve of cross section with d =
5000mm.

(b) Dispersion curve of cross section with d =
6000mm.

Figure 6.7: Dispersion curves of cross section with d = 5000 mm and d = 6000 mm and highlighted
branches of mode 0 and 1, where the veering effect occurs.

In Figure 6.7 (b), the dispersion branches within the same mode number for mode n = 0 and n = 1
appear to veer off before the second branch cuts off. This effect only occurs between neighbouring
branches of the same mode, rather than between different mode numbers. This means that mode n = 0
does not affect mode n = 1. This veering may indicate a weak coupling between branches, where the
associated wave modes swap characteristics. Such behaviour may influence the propagation along the
tower and affect the dynamic response. Comparing the segments, it is evident that increasing the di-
ameter not only lowers the cut-off frequencies but also shows the higher branches earlier, highlighting
the sensitivity of dispersion curves to geometric changes.

The following sections investigate wave propagation through the tower using the WKB method for
slowly varying geometries and the WFEM approach combined with the energy balance principle.
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6.3 WKB

To assess the validity of the WFEM formulation for wave propagation in a conical shell, the results
are compared to an analytical method. In Morsbøl 2016, a WKB (Wentzel-Kramers-Brillouin) approx-
imation is derived for elastic waves in a shell of revolution, including conical shells. This is done by
combining classical shell theory with the assumption of slow axial variation and solving the result-
ing equations using the WKB method. The approach presented in this paper is used to compare the
WFEM results and to validate the applied methods. For this, a MATLAB script is made, which can be
found in the Appendix B.3. In Morsbøl 2016, a non-dimensional approach is used. This means that
to compare results from WFEM, it is necessary to establish relations between these non-dimensional
values and the corresponding dimensional values.

General shell theory, as described in Novozhilov 1959, establishes three groups of relations: the
displacement-deformation relations, the constitutive relations, and the equilibrium equations. The
theory is founded on two fundamental hypotheses, both attributed to Kirchhoff. The first states that
normals to the undeformed middle surface remain straight, normal, and inextensible after deforma-
tion, eliminating transverse shear strains and the strain in the thickness direction. The second states
that normal stresses acting on planes parallel to the middle surface are negligible in comparison with
the other stress components. Together, these two hypotheses reduce the three-dimensional elasticity
problem to a two-dimensional problem defined on the middle surface, analogously to how the plane
sections hypothesis reduces beam bending to a study of the neutral axis.

The displacement-deformation relations describe how the deformation of the middle surface, ex-
pressed in terms of strains and curvature changes, relates to the displacement field. The constitutive
relations connect these deformation measures to the internal stress resultants and moment resultants
through the material properties, assuming an isotropic linearly elastic material obeying Hooke’s law.
The equilibrium equations are expressed in terms of these force and moment resultants rather than
stresses directly, as the three-dimensional stress state is reduced to a two-dimensional problem by in-
tegrating the stresses through the shell thickness. Combining the three groups of relations yields the
equations of motion expressed purely in terms of displacements.

In the following, the approach of Morsbøl 2016 is followed, where the equations are specialised to a
shell of revolution by removing the dependency on the circumferential coordinate ϕ from the Lamé
parameters and the radii of curvature. All dimensional quantities are subsequently scaled by a char-
acteristic radius r0, introducing non-dimensional Lamé parameters, radii of curvature, shell thickness,
frequency, and displacements, to generalise the results and ensure asymptotic consistency. The result-
ing non-dimensional equations form the basis for the WKB analysis carried out in this work, with the
scaling defined in the following section.

The theory is based on two parameters: the fast parameter s, describing the axial position, and the
slow parameter S = ϵs, describing the variation in radius along the tower. The slow-scale parameter
ϵ = r0

D is defined by the reference radius r0 and the distance D over which the radius varies, in this
case taken as the height of the tower. These parameters are illustrated for an axisymmetric shell in
Figure 6.8. The radius r̄ is dependent on s and ϕ, and is described as:

r̄(s, ϕ) = r0 ·

 s
r̄(S) · cos (ϕ)
r̄(S) · sin (ϕ)

 . (6.1)
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ϕ

Figure 6.8: Illustration of the parameters for an axis-symmetric shell.

The non-dimensional frequency is defined as ω̄ = ωr0
c , where c =

√
E
ρ is the speed in the medium,

calculated using the material properties given in Table 3.1. The non-dimensional thickness parameter
is defined as δ = t

r0
describing the ratio between the shell thickness t and the reference radius r0. All

geometrical parameters used in the WKB analysis are summarised in Figure 6.9.

s = 75

s

S

r(S)

3000r0 = 1.5 m

1.5

s = 0
D = 75 m

t = 0.02 m

Figure 6.9: Geometry for WKB shell.

For the specific case illustrated in Figure 6.9, the parameters are δ = 0.0667, D = 75 m and ϵ = 0.02.
r0 is the measurable radius where the dimensionless radius is r̄(S) = 1. This means that the non-
dimensional radius is dependent on the measurable radius by the relation r̄(S) = r(S)

r0
, in this case

r0 = 1.5 m, corresponding to the radius at the top of the tower. The model radius is described as a
function of the slow scale parameter as in equation 6.2:

r(S) = r0 + S. (6.2)

The partial differential equation governing the dynamics of a shell of revolution is described by equa-
tion 6.3:

(L + (1 − ν2)ω̄2)ũ = 0, (6.3)

where ν is Poisson’s ratio and L is a 3×3 matrix with partial differential operators. The standard WKB
expansion is described as in equation 6.4
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ũ(S, ϕ) =
∞

∑
n=0

ejnϕ
(

α0(S) + ϵ · α1(S) + O(ϵ2)
)

e
1
ϵ

∫ S
0 k̄(σ)dσ

=
∞

∑
n=0

ejnϕ




α0(S)
β0(S)
γ0(S)

+ ϵ


α1(S)
β1(S)
γ1(S)

+ O(ϵ2)

 e
1
ϵ

∫ S
0 k̄(σ)dσ,

(6.4)

substituting 6.4 into 6.3 and collecting O(1) and O(ϵ) terms two systems of equations are found.

O(1) : M · α0 = 0,

O(ϵ) : M · α1 = f .
(6.5)

The components of the matrix M and the vector f are displayed in Appendix A.1. The dispersion
relations are found by taking the determinant of the matrix M and equating it to zero det(M) = 0,
while the modal vector is found by the relation:

αtot
0 =


α0(S)
β0(S)
γ0(S)

 =


1

V(S)
W(S)

 α(S), (6.6)

where V(S) and W(S) is defined

V(S) =
M2

13 − M11M33

M12M33 − M13M23
,

W(S) =
M11M23 − M12M13

M12M33 − M13M23
.

(6.7)

Circumferential mode order n = 0 (axial/breathing)

In the specific case where n = 0, the modal vector can be separated into the axial/breathing mode and
the torsional mode as the M-matrix simplifies to:

M =


−k̄(S)2 + (1 − ν2)ω̄2 0 − iνk̄(S)

r̄(S)

0 − (1−ν)k̄(S)2

2 − (1−ν)δ2 k̄(S)2

6r̄(S)2 + (1 − ν2)ω̄2 0

M13 0 δk̄(S)4

12 + 1
r̄(S)2 − (1 − ν2)ω̄2

 .

(6.8)
Here the terms M12, M21, M23, M32 vanish, meaning M22 is the only term associated with torsional/
circumferential mode and can be uncoupled. This means that the axial/breathing mode can be studied
independently, which is done in the following. In this case, the dispersion relation can be simplified
to the sixth-order polynomial in Equation 6.9:

Det(M) = 0 ⇔ M11M33 − M2
13 = 0. (6.9)

The modal vector corresponding to the axial/breathing mode can be calculated as:

αtot
0 =


α0(S)
β0(S)
γ0(S)

 =


1
0

−M11
M13

 α(S), (6.10)

where
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α(S) = C

√
k̄(S)√

r̄(S)
√

6ν2(1 − ν2)ω̄2 +
(
δ((1 − ν2)ω̄2 + k̄(S)2)k̄(S)r̄(S)

)2
. (6.11)

The formulation above describes wave propagation in a conical shell, where both the axial wavenumber
and modal amplitude vary along the structure. In the following section, this WKB formulation is
applied to the full conical tower geometry as described to obtain dispersion relations and examine
how the wavenumber and amplitude evolve along the tower.

6.3.1 Results for mode n = 0 (axial/breathing mode)

In this section, the WKB results for mode n = 0, the axial/breathing wave type, are presented. These
are computed with the MATLAB script shown in Appendix B.3. The non-dimensional axial wavenum-
ber k̄ is computed for a discrete set of non-dimensional frequencies ω̄ ∈ [0.1, 1.5] and slow-scale
parameter values S ∈ [0, 1.5], which describes the varying radius of the conical tower geometry shown
in Figure 6.9.

Figure 6.10 shows the dispersion relation, determined from Equation 6.9, as a contour plot with k̄ as
a function of ω̄ and S. Since the dispersion relation is a sixth-order polynomial in k̄, there are six
solutions, each representing a distinct n = 0 wave type, three with positive wavenumber and three
with negative, corresponding to waves travelling in opposite directions. Figure 6.10 (a) shows the first
propagating (purely real) n = 0 wave, and Figure 6.10 (b) shows the second. Regions where the wave
is evanescent are shown in white. It can be seen that as k̄ for the first wave tends toward infinity, the
second wave begins to propagate, consistent with the two waves exchanging dominance near the ring
frequency.

(a) First wave branch. (b) Second Wave branch.

Figure 6.10: Dispersion contour plot of first and second axial/breathing wave.

Figures 6.11 and 6.12 show the proportion of the total displacement carried by the axial and radial
components for the first and second propagating waves, respectively. The total displacement ampli-
tude is defined as

|αtot| =
√
|α|2 + |β|2 + |γ|2, (6.12)
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where α and γ denote the axial and radial components of the modal eigenvector. β denoted the cir-
cumferential components of the eigenvector which vanishes for n = 0, when only the axial/breathing
mode is studied. In each figure, (a) shows the normalised axial component |α(S)|/|αtot(S)| and (b)
shows the normalised radial component |γ(S)|/|αtot(S)|.

(a) Proportion of axial amplitude |α(S)|/|αtot(S)|. (b) Proportion of radial amplitude |γ(S)|/|αtot(S)|.

Figure 6.11: Contour plot of the first and third components of the modal unit vector related to the first
axial/breathing wave branch.

For the first wave, the displacement is dominated by axial motion at frequencies below the ring fre-
quency, while radial displacement becomes dominant above the ring frequency. The second wave
exhibits the opposite behaviour. Here, radial displacement is dominant near the ring frequency, while
axial displacement dominates at higher frequencies.

(a) Proportion of axial amplitude |α(S)|/|αtot(S)|. (b) Proportion of radial amplitude |γ(S)|/|αtot(S)|.

Figure 6.12: Contour plot of first and third components of the modal unit vector related to the second
axial/breathing wave branch.

In Chapter 4, the frequency f = 106.25 Hz is identified as the first frequency of interest, this cor-
responds to ω̄ ≈ 0.2. The modal composition along the tower at this frequency is shown in Figure
6.13. Figure 6.13 (a) shows the axial and radial components of the modal eigenvector, |α(S)|/|αtot(S)|
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and |γ(S)|/|αtot(S)|, normalised by the total displacement at each point S. Figure 6.13 (b) shows the
same two components together with the total displacement, all normalised by the total displacement
amplitude at S = 0.

(a) Normalised by |αtot(S)|. (b) Normalised by |αtot(0)|.

Figure 6.13: First and third components of modal unit vector related to the first axial/breathing wave.

At ω̄ = 0.2, the ring frequency is not encountered within the range of S considered. Referring to
Figures 6.10 and 6.11, the ring frequency for n = 0 is only reached for ω̄ ≳ 0.5 over the geometric
variation of the tower. Since the ring frequency transition is of physical interest, a second, higher
frequency of interest is identified from the excitation data of Chapter 4.

Revisiting the frequency content discussed in Chapter 4, the first significant spectral spike occurs at
engine order 4.7, while the next significant spike in acceleration appears at order 28, as visible in
Figure 4.3. Using the relationship between rotational speed and frequency established in Equation
4.1, f = RPM

60 · order, the higher order corresponds to a higher excitation frequency. Accordingly, the
second frequency of interest is taken as f = 504 Hz. Both frequencies of interest are indicated by the
red lines in Figure 6.14.



40 Chapter 6. Wave propagation of conical shell

Figure 6.14: Contour plot of dispersion relation, with red lines indicating the two frequencies of
interest.

Figure 6.15 shows the modal composition at f = 504 Hz for the first propagating n = 0 wave branch,
presented in the same format as Figure 6.13. In (b), the results are normalised by total displacement at
S = 1.5. A peak in displacement magnitude is observed at S ≈ 0.1, indicating that a ring frequency is
reached. At the same point, the axial part of the modal vector almost vanishes, and the displacement
becomes close to purely radial.

(a) Normalised by |αtot(S)|. (b) Normalised by |αtot(1.5)|.

Figure 6.15: First and third component of modal unit vector related to the first axial/breathing wave,
for f = 504 Hz (ω̄ = 0.94).

Figure 6.16 presents the equivalent results for the second propagating branch of mode n = 0 at
f = 504 Hz. This wave becomes purely real at S ≈ 0.18, shortly after the first branch peaks and the
ring frequency is obtained.



6.4. WFEM with Energy Balance Principle 41

(a) Normalised by |αtot(S)|. (b) Normalised by |αtot(1.5)|.

Figure 6.16: First and third component of modal unit vector related to the second axial/breathing
wave, for ω = 504 Hz.

Overall, the WKB analysis for the n = 0 mode reveals two distinct propagating wave types, each
with different characteristic behaviour relative to the ring frequency. The first wave is predominantly
axial in nature at lower frequencies, transitioning to radial displacement as the ring frequency is
approached, while the second wave exhibits the opposite behaviour. At the first frequency of interest,
f = 106.25 Hz, the ring frequency is not encountered, and the deformation remains largely axial
throughout the tower. At the higher frequency f = 504 Hz, the ring frequency is crossed within the
tower geometry, and a clear transition between axial and radial dominated displacement is observed
for both propagating waves.

6.4 WFEM with Energy Balance Principle

In this section, the WFEM model is applied together with the energy balance principle to analyse wave
propagation in the full conical shell tower. The purpose is to investigate how the varying geometry
influences the amplitude behaviour along the structure. First, a convergence study is performed to as-
sess the influence of mesh size and element aspect ratio on the accuracy of the results. Once a suitable
discretisation is determined, the method is used to analyse wave propagation along the tower. The
analysis is carried out for mode n = 0 under free vibration conditions, while the two frequencies of
interest identified in Chapter 4 are used.

The implementation of the WFEM formulation is carried out in the MATLAB script provided in Ap-
pendix B.5 together with the corresponding script for the wave propagation approach, including the
energy balance principle presented in Appendix B.4.

6.4.1 Convergence study of element height

Before analysing the wave amplitude behaviour along the full height of the tower using WFEM com-
bined with the energy balance principle, two convergence studies with respect to the ANSYS element
height are performed. The motivation for this study is that the tower is intended to be discretised into
13 segments, each with a 250 mm increase in diameter from 3 m to 6 m. At the same time, the local
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wave characteristics are extracted from the ANSYS models.

For a tower with a height of 75 m, this corresponds to a segment height of approximately 5.77 m.
However, such large segment heights result in poor mesh quality and highly stretched elements in the
ANSYS models. Therefore, the convergence studies investigate whether representative results can be
obtained using smaller segment heights in the range of 100–1000 mm with the same diameter change
of 250 mm. The purpose of the study is then to identify a suitable element height that avoids signifi-
cant numerical issues while maintaining consistent wave propagation behaviour.

Two different convergence studies is conducted to test the influence. The number of segments is kept
at 6 for each analysis, with the same segment height and varying diameter. Several element heights are
tested to determine the range for which the wave amplitude converges and remains numerically stable.

The first convergence study investigates the influence of element height while maintaining a fixed
number of circumferential elements without restrictions on the aspect ratio of the linear mesh ele-
ments in Ansys, as shown in Figure 6.17 (a) and (c). This approach ensures that all models use the
same circumferential discretisation across the different element heights.

The second convergence study investigates the influence of fixing the aspect ratio of the side of the
elements. The circumferential discretisation is selected such that the linear elements in segment 1
(top segment with d = 3000 mm) obtain an aspect ratio close to unity as shown in Figure 6.17 (b)
and (d). The number of elements is maintained constant through the different segments to satisfy
the requirements of the energy method. Due to this the element aspect ratio will be more stretched
through the segments as the diameter changes. Examples of the mesh discretisations for the two
studies are shown in Figure 6.17 for Le = 100 mm and Le = 1000 mm.

(a) Fixed number of elements for Le = 100 mm. (b) Fixed side-element aspect ratio for
Le = 100 mm.

(c) Fixed number of elements for Le = 1000 mm. (d) Fixed side-element aspect ratio for
Le = 1000 mm.

Figure 6.17: Comparison of mesh discretisation for fixed circumferential element number and fixed
side-element aspect ratio for segment 1 (d = 3000 mm) with Le = 100 mm and Le = 1000 mm.
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Convergence study with fixed number of circumferential elements

For the first convergence study, the number of nodes on a surface along the circumference was set to
50 for all six segments in each analysis, where each segment has a different height.

The wave amplitude has been analysed along all segments using the energy balance principle. The
results for different segment heights are shown in Figure 6.18. The plots show that segments with
a height between Le = 200 mm and Le = 1000 mm exhibit a nearly constant wave amplitude along
the segments, whereas the analysis for segments with Le = 100 mm shows a significantly increasing
amplitude compared to the others, as shown in Figure 6.18 (a). Figure 6.18 (b) shows a zoomed view
of the three cases that indicates convergence between each other.

(a) Full view of convergence results. (b) Zoomed view of converged results.

Figure 6.18: Convergence study of normalised wave amplitude for different ANSYS segment heights
with fixed circumferential element number. Figure (a) shows the full amplitude distribution, while
Figure (b) presents a zoomed-in view of the converged models.

To assess whether this behaviour is consistent or caused by the significant stretch in aspect ratio for
the Le = 100 mm segment, a second convergence study with a fixed side-element aspect ratio was
conducted.

Convergence study with fixed side-element aspect ratio

For the second convergence study, the number of elements along the circumference was selected to
have linear elements with an aspect ratio close to unity measured at the first segment with a diameter
of 3000 mm. Slight deviations in the aspect ratio of the first segment were accepted due to minor
complications in the discretisation in ANSYS. The number of nodes along the circumference is shown
in Table 6.1.

Number of nodes along circumference in ANSYS
Segment height: Le = 100 mm Le = 200 mm Le = 400 mm Le = 1000 mm
Nr. of nodes: 184 100 52 18

Table 6.1: Number of nodes on the surface along circumference in ANSYS.
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The wave amplitude has been analysed along six segments combined with the energy balance prin-
ciple. The results for different segment heights are shown in Figure 6.19. The plots show that the
change in wave amplitude along the different segments remains very close to a constant value with
minor deviations. The behaviour of these small deviations changes slightly between the different dis-
cretisations of the mesh, which may be caused by the small influence of the changes in mesh number
and aspect ratio.

To investigate whether there is an influence of changing the diameter transition between segments
from 250 mm to 100 mm, a small additional study was conducted for the model with Le = 100 mm
to test a smaller diameter change. The results indicated very similar behaviour, and since this would
require a lot more segments to represent the full tower, the 250 mm change will be used.

Figure 6.19: Convergence study of normalised wave amplitude for different ANSYS segment heights
with fixed side-element aspect ratio.

Most of the convergence studies indicate similar results with an approximately constant wave ampli-
tude along the segments, but with small numerical fluctuations. The second study verified that the
previously observed deviation for the Le = 100 mm case was caused by the mesh distortion from the
aspect ratio in the initial discretisation.

Based on these findings, the discretisation with a controlled aspect ratio is selected for the full tower
analysis, as it provides a more consistent numerical representation of the structure. Due to the
smoother behaviour and the similar trend observed for segment Le = 100 mm in the second study,
this discretisation will be used to investigate the full tower model. However, the finer discretisation
also increases the computational cost of the WFEM analysis due to the larger number of nodes.

6.4.2 WFEM Results for mode n = 0 (axial/breathing)

The conical shell model of the full tower was analysed and discretised into 13 cylindrical segments.
The results for the wave amplitudes are presented in Figure 6.20. The obtained values follow the same
general trend as observed in the convergence study case two for Le = 100 mm, now extended to the
full tower.



6.4. WFEM with Energy Balance Principle 45

Figure 6.20: Normalised wave amplitude along full conical shell tower for mode n = 0.

An unexpected increase in wave amplitude was observed for the segments with diameters above ap-
proximately 4500 mm. To investigate this behaviour, the mesh was modified such that the aspect ratio
was adjusted to unity at segment 7 (diameter 4500 mm). After this implementation, the wave ampli-
tude again showed the decreasing trend for most segments as shown in Appendix A.2. This behaviour
is related to changes in the element aspect ratio and the corresponding mesh discretisation. The de-
viations are only marginal, as the overall amplitude remains nearly constant throughout the tower.
Therefore, these observations are interpreted as numerical effects rather than physical behaviour and
are not expected to have a significant influence on the overall results.

The results from the WKB analysis were previously presented for 106.25 Hz and 504 Hz. The analysis
for these two cases was conducted with fixed frequency, together with the corresponding modal am-
plitudes in different directions. To obtain comparable results, similar plots have been made for WFEM
for both frequency cases, as presented below.

Results for 106.25 Hz

The results of the displacement amplitudes for 106.25 Hz are shown in Figure 6.21. These results are
obtained by looking at the displacement amplitudes, and for each segment, these are decomposed into
axial (α) and radial (γ) components. For a consistent comparison between segments, the amplitudes
are normalised with respect to the total amplitude at each segment, following the same procedure as
applied in the WKB analysis.

As mentioned previously, the energy flow must remain constant along the entire structure. In Table
6.2, the time-average energy flow is presented, which shows a constant value along all segments.

Time-average energy flow
Segments: Segment 1 Segment 2 Segment 3 Segment 4 · · · Segment 13
Energy flow: 537.447 537.447 537.447 537.447 537.447 537.447

Table 6.2: Time-average energy flow for 106.25 Hz.

Figure 6.21 (a) shows the amplitude of the axial and radial components of the modal eigenvector
treated with the energy balance principle |α(d)|/|αtot(d)| |γ(d)|/|αtot(d)|, each normalised by the total
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displacement amplitude at the corresponding point d, and plotted as a function of tower diameter.
The results are presented consistently with those for the WKB method, but as a function of the change
in diameter d. The axial component remains dominant throughout the structure, staying close to unity
with only a slight decay, while the radial component increases gradually with increasing tower diam-
eter. This indicates that the response is primarily governed by axial deformation, with only a minor
radial (breathing) contribution.

Figure 6.21 (b) shows the same two components together with the total displacement, all normalised
by the total displacement magnitude at the reference point d = 0. The results show an approximately
constant amplitude distribution along most of the structure, with only minor variations at larger
diameters. These variations are consistent with the numerical sensitivity related to mesh discretisation
and aspect ratio effects noted previously. Compared to the WKB results, the WFEM solution shows
a nearly constant radial amplitude rather than a slightly decreasing trend, whereas the axial trend
remains the same.

(a) Normalised with respect to local total
amplitude.

(b) Normalised with respect to total amplitude at
the first segment.

Figure 6.21: Amplitude of the axial and radial components of the modal eigenvector normalised by
the total displacement amplitude related to the first axial/breathing wave for 106.25 Hz.

The dominance of the axial amplitude component indicates that mode 0 primarily corresponds to axial
behaviour rather than breathing. In Section 5.3.2, the results also consist of a decreasing amplitude.
The key difference is that the simple geometry is a solid structure rather than a shell, meaning that
the stiffness increases along the tower. In contrast, the conical shell tower has a constant thickness,
and therefore, its stiffness decreases with height. This may explain why the amplitudes for the full
tower remain approximately constant, as the reduction in stiffness could counterbalance the geometric
effects along the structure. However, this result does not fully agree with the WKB approximation,
which will be further discussed in the next chapter.

Results for 504 Hz

The results for 504 Hz were obtained using the same procedure as for 106.25 Hz, still achieving a con-
stant energy flow.

When examining the dispersion curve for segment 2 (d = 3250 mm), it is observed that this segment is
located in a veering region right after the first branch veers off and before the second branch reaches its
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cut-off. Figure 6.22 shows the dispersion curve for this segment. On the curve, the first two branches
for mode 0 are highlighted with a blue line. This shows that a veering effect appears before 500 Hz,
whereas the measured frequency of 504 Hz is in between, as illustrated with the red line.

Figure 6.22: Dispersion curve for segment 2 ( 3250 mm). The blue lines highlight mode 0 branches and
the red line indicates 504 Hz.

The phenomenon seen in the dispersion curve causes the wavenumbers for the first branch to increase
rapidly. As for the WKB method, the amplitude components of the modal eigenvector will, in this
section, first be evaluated for the first branch and normalised with respect to the total amplitude at
the base of the tower, which, in this case, corresponds to the last segment (segment 13). The resulting
amplitude distributions are shown in Figure 6.23.

(a) Normalised with respect to local total
amplitude.

(b) Normalised with respect to total amplitude at
the last segment.

Figure 6.23: Amplitude of the axial and radial components of the modal eigenvector normalised by
the total displacement amplitude related to the first axial/breathing wave for dispersion branch 1 at
504 Hz.

The results indicate that the response is predominantly governed by the radial displacement compo-
nent, while the axial component quickly decreases to values close to zero. In the veering region, a
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pronounced peak in the displacement amplitude is observed at segment 2. Beyond this point, the
amplitude decays rapidly before approaching a nearly constant level along the remaining segments.

Next, the displacement amplitudes are evaluated across both the first and second branches in the same
analysis, shifting near the ring frequency, as shown in 6.24. For the first two segments, the results are
obtained from the first branch. However, as the tower diameter increases, the structural stiffness de-
creases, causing the second branch of mode 0 to shift towards lower frequencies in the dispersion
curve, as described in Section 6.2.

As a result, the information for the remaining segments is extracted from the second branch. This
transition can be observed in Figure 6.24 (a), where the axial and radial amplitude components change
character across the segments. Similar to the results in Figure 6.23, a pronounced peak in the amplitude
is observed, as shown in Figure 6.24 (b). However, further along the tower, the axial component
becomes dominant over the radial component.

(a) Normalised with respect to local total
amplitude.

(b) Normalised with respect to total amplitude at
the last segment.

Figure 6.24: Amplitude of the axial and radial components of the modal eigenvector normalised by
the total displacement amplitude related to the first axial/breathing wave for dispersion branches 1
and 2 at 504 Hz.

Overall, the results show two different propagation situations. At the lower frequency of 106.25 Hz,
the WFEM results are dominated by axial behaviour, and no significant amplitude variations are ob-
served along the tower. In contrast, at 504 Hz, a ring frequency is present and leads to a transition in
wave behaviour and results in a pronounced peak in the displacement amplitude near the tower top,
followed by a rapid decay. This shows a strong influence of frequency-dependent wave phenomena
on the structural response.

The resulting displacement amplitudes seem to agree with both the WKB predictions and the finite
element reference for this mode. This indicates that the method provides a physically meaningful
representation of the mode 0 response at this frequency, but further comparison between the different
modelling approaches is presented in the following chapter.
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7|Comparison of Methods

This chapter presents a comparison of the results obtained from the different methods for mode 0
shown in Chapter 6. Two methods have been applied to investigate the wave propagation along the
tower. This consists of a WKB implementation and a WFEM formulation combined with the energy
balance principle. Additionally, a modal FE analysis in Ansys Mechanical has been constructed inves-
tigating the eigenfrequency and corresponding eigenmode for n = 0 at f = 504 Hz.

The results for the frequency f = 106.25 Hz are presented and discussed first. This frequency was only
analysed using the WKB and WFEM methods. To provide an initial comparison of the wave behaviour,
the results of the axial wavenumber kz for mode 0 are shown as a function of the axial coordinate s
in Figure 7.1. The blue curve represents the WKB results, while the circular points correspond to the
WFEM results presented in Section 6.2.

0 20 40 60
s

0.1324

0.1326

0.1328

0.133
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0.1334

k z

Mode n=0

Figure 7.1: Axial wavenumber curve for mode 0 at 106.25 Hz.

These results show a good agreement in correlation between the analytical WKB method and the nu-
merical WFEM method.

Having established a good agreement between the WKB and WFEM methods in terms of the ax-
ial wavenumber, the corresponding displacement amplitudes are now compared. These results are
provided in Figure 7.2.
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(a) Normalised with respect to local total
amplitude.

(b) Normalised with respect to total amplitude at
the first segment.

Figure 7.2: Amplitude for WKB and WFEM for mode 0 at f = 106.25 Hz.

The results in Figure 7.2 (a) show the normalised axial and radial amplitude components as a function
of tower diameter, presented in the same format as Figures 6.13 and 6.21. Good agreement is observed
between the WKB and WFEM methods, with nearly identical behaviour across the diameter range.
The reason for this is also that the amplitudes are calculated in terms of the same variation along the
diameter, and not a fixed position, as for the other figure. In contrast, the results in Figure 7.2 (b)
show less consistent agreement between the two methods. The radial value has similar behaviour for
both methods, but it increases slightly more for the WFEM results. The axial component, on the other
hand, remains nearly constant in the WFEM solution, whereas the WKB results show a clear decay.

A possible explanation for this discrepancy might be the difference in the orientation of coordinate
systems and measurement directions used in the different approaches. In both the WKB and Ansys
FE methods, the wave propagation is described along the surface of the conical structure. This means
that the deformation amplitudes are evaluated along a direction that follows the slope of the geome-
try. In contrast, the WFEM results are extracted for cylindrical geometries, where the radial and axial
amplitudes are defined with respect to horizontal and vertical directions. This is illustrated in Figure
7.3. As a result, the displacement amplitudes between the WKB and WFEM might not be directly
comparable, since the corresponding directions differ. This may lead to the decay behaviour in the
WKB axial amplitude, while the WFEM axial amplitude appears nearly constant due to the projection
onto the global coordinate system.

In addition to this effect, the variation in structural stiffness may also influence the observed behaviour.
For the conical shell, the stiffness decreases with increasing diameter, in contrast to the solid geometry,
where the stiffness increases. This difference may further contribute to the nearly constant amplitude
observed in the WFEM results, as opposed to the decaying behaviour.
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Figure 7.3: Comparison of coordinate systems, where the red coordinate system represents WKB and
Ansys FE and the black represents WFEM.

For the analysis at the frequency f = 504 Hz, the results obtained using the WKB, WFEM, and ANSYS
FE methods are compared for mode 0. The results for both the first and second dispersion branches
are considered separately, as they represent different types of wave behaviour. Figure 7.4 presents
the radial and axial amplitudes for wave branch 1 for WFEM and WKB together with the Ansys FE
analysis. Figure 7.5 shows the corresponding amplitudes for both branches in the WFEM results, as
well as the second branch from the WKB method. Finally, Figure 7.6 presents the total amplitudes.
All methods are normalised with respect to the total amplitude at the bottom of the tower, where the
diameter is largest.

In Figure 7.4 (a), the radial displacement amplitudes are presented. The WFEM and WKB results for
the first branch follow the behaviour obtained from the ANSYS FE analysis closely, with some small
discrepancies. In particular, all methods show a pronounced peak at small diameters, followed by a
gradual decrease in amplitude along the tower. This indicates that the ANSYS FE model captures a
response associated with the first branch. Figure 7.4 (b) shows the results for the axial displacement
amplitudes. A generally similar trend is observed across all three methods, although some differences
can be observed. The WFEM results provide a coarser representation due to the discretisation into
13 segments. In addition, a small dip is observed in the WFEM results, where the amplitude initially
decreases and then increases before converging towards values that are slightly higher than those
predicted by the WKB and ANSYS methods.
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(a) Radial amplitudes (b) Axial amplitudes

Figure 7.4: Radial and axial amplitudes for WFEM branch 1, WKB branch 1 and Ansys FE for mode 0
at f = 504 Hz.

In Figure 7.5 (a), the radial displacement amplitudes are presented for the second branch for WKB and
first and second branch for WFEM. The results show a similar trend between the two methods, but with
a higher peak value for the WFEM. WKB is also Zero until approximately 3250 mm, where the second
wave branch begins. Figure 7.5 (b) shows the results for the axial displacement amplitudes. A generally
similar trend is observed across the two methods, although some differences can be observed. The
WFEM results initially follow the behaviour of the first branch, but as it emerges into the second
branch, the solution moves towards a response that aligns more closely with the WKB results for
the second branch. The WKB solution exhibits a slightly higher peak amplitude, but both methods
converge towards similar values. This is also because the results are normalised with respect to the
total amplitude at the largest diameter, such that the total amplitude is equal to one at this point by
definition.

(a) Radial amplitudes. (b) Axial amplitudes.

Figure 7.5: Radial and axial amplitudes for WFEM branch 1 and 2 and WKB branch 1 for mode 0 at
f = 504 Hz.

For the total amplitude, as shown in Figure 7.6, all methods converge towards the same normalised
value at the largest diameter as mentioned before. The overall behaviour closely follows that observed
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for the radial amplitudes, indicating that the total response is dominated by the radial component. All
approaches exhibit similar trends across the diameter range, with the most significant discrepancies
occurring at the peak amplitude. For branch 1, shown in Figure 7.6 (a), the ANSYS FE method predicts
the highest peak values, whereas in Figure 7.6 (b), the WFEM results show the highest amplitudes
when the second branch is included.

(a) Total amplitudes for branch 1. (b) Total amplitudes for branch 2.

Figure 7.6: Total amplitudes of WFEM, WKB and Ansys FE for mode 0 at f = 504 Hz

Overall, the comparison indicates that the three methods provide consistent results for wave mode 0
when the same wave branch is considered. The main differences arise from the presence of multiple
wave branches and the way each method captures or represents these solutions. Furthermore, the re-
maining discrepancies may be explained by differences in modelling assumptions and the orientation
of the coordinate system, but the overall physical trends are captured consistently across all methods.
All methods predict a peak in amplitude around a diameter of 3250 mm, with the WFEM showing
the highest peak value when applying the second branch, whereas the Ansys FE method shows the
highest value for branch 1. Beyond this point, the amplitudes decrease rapidly before gradually ap-
proaching a constant level.

The accuracy of the WFEM formulation is influenced by the number of segments used in the model,
as a lower number of segments results in a coarser representation of the geometry. This effect is
particularly evident near the beginning of the structure at the peak amplitude. Finally, only mode 0
has been considered in this comparison. Extending the analysis to higher-order modes would require
a more advanced formulation of the WKB method, which was beyond the scope of the present study.
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8|Forced Vibration

In this chapter, the full conical tower is considered with the excitation introduced in Chapter 4 ap-
plied, meaning forced vibration is now considered instead of free vibration as in the previous chapter.
Only the WFEM method is used for this analysis, as this method more easily determines the axial
wavenumber and modal deformation for higher-order circumferential modes. The noise that the wind
turbine tower produces will be evaluated by determining the radiated pressure at the frequencies of
interest. A comparison will be made between the pressure radiated for a cylindrical and a conical
tower.

In Chapter 4, the excitation of the largest acceleration magnitude is found at f = 106.25 Hz. However,
since the WKB analysis indicated that the ring frequency for the conical tower is encountered at higher
frequencies, a second frequency of interest is identified at f = 504 Hz. Since the data from Chapter
4 is normalised, the true magnitude of the acceleration remains unknown. It is therefore chosen to
normalise the deformation by the maximum absolute magnitude of the measured deformation at each
specific frequency, as

ūr =
ur( f )

max(|ur( f )|) . (8.1)

This normalisation is applied to the calculated displacements at each point prior to interpolation,
meaning that the interpolated deformation may exceed a value of 1. In Appendix B.1 the main MAT-
LAB script for the forced excitation is presented.

8.1 Excitation 106.25 Hz

For the excitation of 106.25 Hz, the radial displacement seen in Figure 4.5 is applied at the top of the
tower. The displacement of the cylindrical tower is computed as a sum of contributions from each
circumferential mode n = 0 to 4, using the amplitudes An from Table 4.3 and the wavenumbers kz

from Table 5.1, as expressed in Equation 8.2. Here the displacement of the tower is expressed as a sum
of contributions from each circumferential mode, and the propagation in the z-direction is calculated
based on the kz, as described in Chapter 2:

u(z) =
4

∑
n=0

Ane−inϕe−ikzn z. (8.2)

The resulting displacement through the height of the tower is shown in Figure 8.1 for both a cylindrical
and conical tower.
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(a) Cylindrical tower. (b) Conical tower.

Figure 8.1: Displacement of tower for forced vibration 106.25 Hz.

For the conical tower, both the wavenumber kz and the amplitude An depend on the z-position. This
is accounted for by extending Equation 8.2 to

u(z) =
4

∑
n=0

An Anc(z) e−jnϕe−jkzn (z)z, (8.3)

where, Anc(z) describes the variation of amplitude along the tower height. The combined amplitude
An Anc(z) at the top of the tower is equal to the values in Table 4.3 since Anc(z) is normalised to unity
at z = 0. The variation of kz(z) is obtained by dividing the tower into 13 discrete cylindrical segments
of varying diameter, performing a WFEM analysis for each, and linearly interpolating between the
resulting values, as shown in Figure 8.2 (a). The amplitude variation along the tower is determined
by applying energy conservation, where the amplitude is updated at each discrete step to ensure that
energy is conserved throughout the tower. The resulting variation of radial amplitude with tower
diameter is shown in Figure 8.2 (b).
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Figure 8.2: Axial wavenumber and amplitude at forced excitation f = 106.25 Hz.

In Figure 8.2 (b), it is evident that the amplitudes of specifically mode 1 and mode 3 exhibit some
irregular behaviour, which may be attributed to the discrete step size used for the diameter variation
and other numerical artefacts introduced by the WFEM approximation.

8.1.1 Radiated Pressure

The noise generated by tower deformation can be quantified by the pressure changes in the surround-
ing air. In Cremer et al. 1993, a method for calculating radiated pressure based on structure-borne
vibrations is presented. The method assumes outward propagating waves, where the pressure gra-
dient normal to the surface at any given point is determined by the normal vibration velocity at that
point, considering only the cross-sectional plane. In previous work, Overgaard 2025 implemented this
method in MATLAB for a cylindrical tower, where tower vibrations in the axial direction are calculated
using WFEM. In this project, the implementation has been modified such that the axial wavenumber
kz and the amplitude An are dependent on the local tower diameter at a given z-position.

The radiated pressure is calculated for a discrete horizontal field at the fixed position z = 70 and
for a vertical field at the fixed angle ϕ = 0◦. The position z = 70 is chosen to evaluate the noise
at a sufficiently large distance from the tower top, such that the effect of the conical geometry is
noticeable. For the cylindrical tower deformation in Figure 8.1 (a), the results of the radiated pressure
are presented in Figure 8.3, and the results for the conical tower with displacements as in Figure 8.1
(b) are presented in Figure 8.4.
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Figure 8.3: Radiated pressure for cylindrical tower with forced excitation f = 106.25 Hz applied.

Figure 8.4: Radiated pressure for conical tower with forced excitation f = 106.25 Hz applied.

The results are presented in the unitless form p̄ = p
ρ0c2

0
, where ρ0 is the air density and c0 is the speed of

sound in air. The denominator ρ0c2
0 is the bulk modulus of air, representing the compressive stiffness


