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Abstract

Carbon-based nanographenes are emerging as a promising and tunable platform for

molecular qubits, due to their weak spin-orbit coupling and precise synthesis. In

this thesis, Clar’s goblet is the central molecule used for characterising the elec-

tronic, magnetic, and optical properties to better elucidate the use of these types

of systems as platforms for qubits. The electronic structure is calculated using a

mean-field Hubbard model, which are in close agreement with DFT calculated val-

ues. These results are used in determining the total hyperfine tensors for both the

neutral and radical cation version of Clar’s goblet using generic sp2-hydrocarbon

fit parameters. Using these to simulate the continuous-wave electron paramagnetic

resonance (CW-EPR) spectra of the neutral and radical cation version showed accu-

rate representations in regards to measured spectra. To asses the application ability

of the molecule as a qubit platform, pulse-EPR sequences, Hahn echo and inver-

sion recovery, were simulated using the phenomenological Bloch equations and the

Lindblad master equation, in order to extract the decay rates γz = 0.30 MHz and

γ± = 0.00265 MHz for the associated Lindblad operators. This provides a complete

framework for simulating the time evolution of a qubit in the structure. Gener-

ally, this framework can be extended by applying the same methods to other planar

carbon-based structures, providing a way to probe future molecular qubit platforms

of similar planar hydrocarbon structures.
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Chapter 1

Introduction

The prospect of using quantum mechanical phenomena for communication and com-

putation has, from its inception, been considered a extremely promising tool [1–4].

Over the last few decades, it has evolved from being a more theoretical curiosity

into a fully fledged and very active research area [5–10]. Very central to quantum

computing is the actual platform on which these computations must be done. And

fundamentally, finding and characterising physical systems that can reliably store

easily manipulative quantum information. A two-level quantum system functioning

as a quantum bit (qubit) [11, 12], must be coherent, i.e. it must retain its quantum

state long enough to be used in various numbers of quantum gates. Meanwhile, it

must also be easily controllable and tuneable in order to be useful [13].

Planar carbon-based molecules can function as a viable platform for an easily

tunable and controllable qubit [14–16]. The conjugated molecules gives rise to easily

addressable electronic and optical properties [17, 18] through either the more com-

prehensive density functional theory (DFT) [19], or the less computationally heavy

mean-field Hubbard model [17, 20, 21]. Importantly, carbon-based molecules inher-

ently have weak spin-orbit coupling [22], limiting a crucial factor in the hyperfine

interactions [23, 24], which makes this a more favourable platform for a long-live

qubit.

Recent advances in on-surface synthesis have made the construction and charac-

terisation of open-shell nanographenes, such as Clar’s goblet, possible with atomic

precision [25–28]. Considerable efforts have been made in extending the coherence

time of qubits by applying multiple pulse-sequences [29–31], polarisation of the spin

bath [32], and structure design [33]. There are many different channels of decoher-

ence, but for nanographene molecular qubits, the dominating channels are generally

rooted in three phenomena: hyperfine coupling of the qubit to the surrounding bath

of nuclear spins, spin-orbit coupling, and dipolar anisotropy. The hyperfine coupling

predominantly comes from the 1H nuclei on the periphery of graphene structure,

and constitutes a dominant dephasing channel [34, 35]. Spin-orbit coupling usually

plays a larger role [36], however, for carbon, the coupling is very weak. When the
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structure exhibits a spin ≥ 1 the dipolar anisotropy adds another level of complex-

ity as zero-field splitting must be taken into account [23, 24], which contributes to

energetic relaxation and dephasing of the qubit.

Experimental access to the above mechanisms is provided by electron paramag-

netic resonance (EPR) spectroscopy. The energetic relaxation and dephasing of the

qubit are addressable through the times T1 and T2 respectively [23, 24]. The Hahn

echo sequence refocuses static inhomogeneities to yield the transverse relaxation time

T2 [37, 38], while and inversion recovery sequence gives the longitudinal relaxation

time T1 [23, 39]. The theoretical interpretation of these measurements relies on

the Lindblad master equation [40], which essentially provides an equation for the

time evolution of the density matrix, describing the state of the qubit. Within this

framework, T1 and T2 is tied directly to the decay rates with the Lindblad operators,

which directly determine how the qubit will dephase over time.

Understanding and ultimately engineering coherence, requires a solid foundation

consisting of the quantum chemistry governing the electronic structure and hence

the optical structure of the physical system, and the spin dynamics which govern the

relaxation and time evolution of the qubit state. This thesis describes and develops

exactly such a framework. In this thesis, we start by introducing tight-binding

and the mean-field Hubbard model for the determination of the electronic and later

optical structure. Afterwards, we simulate the continuous-wave EPR (CW-EPR)

spectra for the neutral, and the radical cation version of Clar’s goblet, including

anisotropic effects and the calculations of the hyperfine tensors. Finally, we simulate

a Hahn echo sequence and inversion recovery sequence for the determination of the

decay rates in the Lindblad operators, which describe the time evolution of a qubit

in a structure, by fitting of relaxation times T1 and T2.
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Chapter 2

Electronic and Optical Properties

In this thesis, we are interested in describing some of the properties associated with

carbon-based molecules, and in particular we look to describe the two localised

electrons found in either end of the symmetric and nearly planar molecule known as

Clar’s goblet (1:14, 3:4, 7:8, 10:11-tetrabenzoperopyrene), see figure 2.1 [14, 41]. Due

to the shape and structure of the molecule, and Lieb’s theorem [42], two electrons

on either side of the molecule must be unpaired, localised, and with opposite spin,

making the structure antiferromagnetic with a total global spin of S = 0 for the

ground state. The work here will be on the pristine Clar’s goblet, i.e. a purely either
12C or 13C molecule with attached hydrogen on the edges, the neutral cg-2 version

of Clar’s goblet and the radical cation version of cg-2. cg-2 here refers to the Clar’s

goblet synthesised in Jiao et al. [14]. The difference between the pristine and cg-2

version of Clar’s goblet, is the fact that the cg-2 version posses different chemical

groups at all but eight of the available sites for hydrogen, cf. figure 2.1b.

Since this structure, in its pristine and neutral cg-2 version, has two localised elec-

trons cf. figure 2.1, it makes it ideal for analysis of the multiple quantum mechanical

phenomena necessary for quantum computing, as the qubits need to interact with

each other in a controlled manner. In order to correctly describe how these qubits

can work and function as effective qubits, the electronic, magnetic, and optical prop-

erties must be elucidated.

We will start by describing the electronic properties, which in turn will provide ample

foundation for the magnetic properties to be explained, and optical to be used. In

this chapter we will consider three main theories. Firstly, the tight-binding formalism

of a planar molecule will be derived and explained for the use in the further elec-

tronic description. Secondly, a mean-field Hubbard model is used to determine the

Hamiltonian of the structure, in order to provide an adequate description. Thirdly,

Bleaney-Bowers’ equation will be described to define the correct Hubbard parameter

necessary for the description of the structure.
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(a) (b)

Figure 2.1: a) Pristine Clar’s goblet, b) neutral cg-2 version of Clar’s goblet, taken directly
from [14]. The red dots denote the two localised, yet spatially segregated, electrons with
opposite spin, making the molecule anti-ferromagnetic. Note that, contrary to the pristine
goblet, there are only eight hydrogen attached to the cg-2 version of Clar’s goblet together
with four aryl groups and four n-butyl groups.

2.1 Tight binding

In this section we elucidate the tight binding model, also known as linear combina-

tion of atomic orbitals (LCAO) in chemistry, for the efficient calculation and physical

description of the electronic, and thus the optical, properties of our systems.

In general, when we deal with a small amount of atoms it is possible to use highly

accurate calculations for the ground state energy and the electronic band structure.

However, the computational cost of this method generally becomes practically infea-

sible with a large number of atoms and we need a different and more approximative

method. For large systems this could be DFT, or simply a tight binding model,

the latter of which we will use in this thesis. Tight binding is a model that applies

the linear combination of the individual atomic wavefunctions as an approximation

of the total molecular wavefunction. It is usually used when looking at singular

molecules or periodic structures.

We start by imagining isolated atomic orbitals φj(r) which are eigenfunctions to

their respective Hamiltonians and where j denotes the orbital e.g. s, px, py, pz, . . . ,

the symmetries of which can be seen in figure 2.2. Since these are isolated atomic

orbitals, their overlap will be small and we are thus able to describe the wavefunction
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Figure 2.2: The symmetries of the lowest atomic orbitals s, px, py, and pz.

of an electron in the structure by the linear combination

|ψ(r)⟩ =
∑
j,Rn

cj,n |φj(r−Rn)⟩ ,

where Rn is the position vector for the n’th atom and cj,n are the correspond-

ing coefficients for the linear combination. We now consider the time-independent

Schrödinger equation

Ĥ |ψ⟩ = E |ψ⟩ ⇔
∑
j,Rn

Ĥ |φj(r−Rn)⟩ cj,n = E
∑
j,Rn

|φj(r−Rn)⟩ cj,n

⇒
∑
j,Rn

⟨φi(r−Rm)|Ĥ|φj(r−Rn)⟩ cj,n

= E
∑
j,Rn

⟨φi(r−Rm)|φj(r−Rn)⟩ cj,n,

where we, in the second step, multiplied both sides by ⟨φi(r−Rm|). Together, the
matrix elements on either side of the equation are, respectively, the im, jn’th entry

in a greater Hamiltonian matrix
←→
H and the im, jn’th entry in an overlap matrix

←→
S , i.e.

Him,jn = ⟨φi(r−Rm)|Ĥ|φj(r−Rn⟩),
Sim,jn = ⟨φi(r−Rm)|φj(r−Rn)⟩ .

The overlap matrix, as the name suggests, describes the overall overlap of the or-

bitals, which directly influences how much the electrons interact with each other.

This enables us to write this as matrix equation, namely

←→
H c = E

←→
S c, (2.1)

where c = (. . . , cj, . . . ). In order to describe the equation and the orbitals in further

detail, we proceed with an example of two atoms A and B, each of which has one s-
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orbital and three p-orbitals. We take the atoms A and B as lying on the x-axis with

the vector R joining the two. We now differentiate between two types of orbitals,

namely σ- and π-orbitals. σ-orbitals arise directly from the overlap of orbitals and

are generally what binds the material together. Electrons in these orbitals are usually

tightly bound, typically in a covalent bond. π-orbitals arise from indirect overlap of

orbitals and are generally what contributes to the electronic properties, and hence

are also what describes the optical properties, of the structure. Electrons in these

orbitals are usually bound more loosely. In this formalism the s and px orbitals do

not change under rotation of the x-axis, and create σ-orbitals, whereas py and pz do

change under rotation of the x-axis, and therefore create π-orbitals. We set up the

overlap matrix first using the following basis:

|s(r)⟩ , |px(r)⟩ , |py(r)⟩ , |pz(r)⟩ , |s(r−R)⟩ , |px(r−R)⟩ , |py(r−R)⟩ , |pz(r−R)⟩ .

The orbitals from the same atom are orthonormal, so diagonal elements are simply

1. Moreover, we note that the there is no overlap between the σ- and π-orbitals,

nor between the py- and pz orbitals, since all of these combinations are over uneven

functions, which become zero when integrated over all space. So the total overlap

matrix becomes

←→
S =



1 0 0 0 Sssσ Sspσ 0 0

0 1 0 0 Spsσ Sppσ 0 0

0 0 1 0 0 0 Sppπ 0

0 0 0 1 0 0 0 Sppπ

Sssσ Sspσ 0 0 1 0 0 0

Sspσ Sppσ 0 0 0 1 0 0

0 0 Sppπ 0 0 0 1 0

0 0 0 Sppπ 0 0 0 1


,

where Sijk = ⟨i|j⟩, where i and j are the i’th and j’th basis element respectively,

and k ∈ {π, σ} denotes whether the overlap does or does not change parity under

rotation of the x-axis. By rearranging our basis, we can construct a distinct σ- and

π-block inside the overlap matrix. We rearrange our basis to

|s(r)⟩ , |px(r)⟩ , |s(r−R)⟩ , |px(r−R)⟩ , |py(r)⟩ , |py(r−R)⟩ , |pz(r)⟩ , |pz(r−R)⟩ .
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and achieve

←→
S =



1 0 Sssσ Sspσ 0 0 0 0

0 1 Spsσ Sppσ 0 0 0 0

Sssσ Sspσ 1 0 0 0 0 0

Sspσ Sppσ 0 1 0 0 0 0

0 0 0 0 1 Sppπ 0 0

0 0 0 0 Sppπ 1 0 0

0 0 0 0 0 0 1 Sppπ

0 0 0 0 0 0 Sppπ 1


.

Likewise, the Hamiltonian will produce an almost identical matrix, however, the

diagonal elements we define as

Es ≡ ⟨s(r)|Ĥ|s(r)⟩ = ⟨s(r−R)|Ĥ|s(r−R)⟩ ,
Ep ≡ ⟨pi(r)|Ĥ|pi(r)⟩ = ⟨pi(r−R)|Ĥ|pi(r−R)⟩ .

Thus we have that

←→
H =



Es 0 Hssσ Hspσ 0 0 0 0

0 Ep Hpsσ Hppσ 0 0 0 0

Hssσ Hspσ Es 0 0 0 0 0

Hspσ Hppσ 0 Ep 0 0 0 0

0 0 0 0 Ep Hppπ 0 0

0 0 0 0 Hppπ Ep 0 0

0 0 0 0 0 0 Ep Hppπ

0 0 0 0 0 0 Hppπ Ep


.

Since we are interested in the electronic and optical properties, we only need the

π-block, i.e. we only need the lower-rightmost 4 × 4 matrix. Consider a benzene

ring, which Clar’s goblet and a lot of carbon-based molecules consists of, cf. 2.3.

In benzene, the π-block only contains pz orbitals, as these are decoupled from the

s-, px-, and py-orbitals. The entire π-block in the Hamiltonian, if we only consider
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z xy
Figure 2.3: A benzene-ring with the associated coordinate system used.

nearest neighbours, must be

←→
H π,benzene =



Ep Hppπ 0 0 0 Hppπ

Hppπ Ep Hppπ 0 0 0

0 Hppπ Ep Hppπ 0 0

0 0 Hppπ Ep Hppπ 0

0 0 0 Hppπ Ep Hppπ

Hppπ 0 0 0 Hppπ Ep


= −γ



0 1 0 0 0 1

1 0 1 0 0 0

0 1 0 1 0 0

0 0 1 0 1 0

0 0 0 1 0 1

1 0 0 0 1 0


,

(2.2)

where the second equality comes from choosing a zero point Ep = 0, and by letting

Hppπ = −γ, where γ > 0 is the coupling energy between the orbitals. We note that

in eq. (2.2), the effect of two electrons occupying the same atomic site has not been

accounted for, which will produce an on-site effect. Thus, the kinematic part of the

Hamiltonian in the subsequent section 2.2 regarding the Hubbard model, will be

constructed using the preceding theory, where only the 2pz-orbitals are used in the

construction of Hamiltonian.

An additional caveat arises when working with certain carbon-based molecules as

they might exhibit a bend or a twist in the structure [43, 44]. This, of course, breaks

the assumption that the molecules are strictly planar and can be treated as such, as

a bend and/or twist will induce a mixing between the σ- and π-orbitals. Thankfully,

for Clar’s goblet, this mixing proves minor and we are still able to work with each

part of a structure as being planar, and only adding a small amount mixing of the

π-orbitals across a twisted bond [44]. Thus, in the case of Clar’s goblet, we identify

two symmetric triangulenes - an upper and lower triangulene. It suffices to mix

the four π-orbitals at the ”waist” with cos(θ), where θ is the angle between two

π-orbitals on either side of the ”waist”, cf. figure 2.4.
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Figure 2.4: An illustration of Clar’s goblet showcasing the twist at the ”waist” of the
structure, here depicted with an angle of 37◦. Depending on the version of the structure
the angle will be different. Specifically for the cg-2 version described in [14] has an angle of
∼ 37◦ whereas the pristine Clar’s goblet has an angle of ∼ 9◦. The illustration was made
using ChemSketch [45].

2.2 Hubbard Model

In order to describe Clar’s goblet and its properties, we will utilise an orthogonal

π-electron tight-binding model, since this is almost a planar molecule1. However,

such a model neglects spin coupling when describing the interaction between elec-

trons in a lattice structure. In such a model, without spin, the on-site energies can

be set to zero as a baseline. Of course, to accurately describe the system, spin must

be included, since the spin coupling has a pronounced effect on the system’s Hamil-

tonian, and since spin is needed for pulsed electron paramagnetic resonance (EPR)

and qubits as a whole. This can be achieved by adding a Hubbard parameter U on

the on-site elements. [20, 46, 47]

The Hubbard model is an approximate ab inito model, which functions by describing

the motion of the electrons in the system through the use of two forces, a kinetic term

described by hopping (tunnelling) between lattice sites, together with a potential

term for the on-site interactions. In other words, the Hubbard model assumes no

interaction between electrons at different sites, and an interaction using a potential

term if two electrons occupy the same site, using a screened Coulomb interaction [47].

Moreover, it assumes that every lattice site (the lattice used for the atomic positions

of the structure) contains at most two electrons of opposite spin in the same spatial

1The molecule exhibits an angle between the two triangulene parts of 37◦ [14]
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orbital, and it assumes that the lattice is rigid, i.e. we omit any influence from

lattice vibrations. We consider a two-dimensional lattice Λ of N sites wherein we

describe a specific lattice site as the i’th site, i.e. i ∈ Λ. The Hamiltonian can thus

be described by [20, 46]

Ĥ =
∑
σ

∑
⟨i,j⟩

tij ĉ
†
i,σ ĉj,σ +

U

2

∑
i

n̂i,σn̂i,σ̄

 ,

=
∑
⟨i,j⟩,σ

tij ĉ
†
i,σ ĉj,σ + U

∑
i

n̂i,↑n̂i,↓,

= Ĥt + ĤU ,

(2.3)

where ⟨i, j⟩ denotes summing over all bonds in the lattice, tij is the hopping matrix

elements for the electron hopping from the i’th to the j’th lattice site, σ ∈ {↑, ↓}
describes the spin state of the electron, ĉ†i , ĉj are the creation and annihilation opera-

tors respectively, n̂i,σ = ĉ†i,σ ĉi,σ is the number operator, U is the Hubbard parameter,

expressed in units of energy, Ĥt is the kinetic part of the Hamiltonian, i.e. the

part responsible for the movement of the electrons, and ĤU is the on-site-interaction

part, which adds an interaction energy at all doubly occupied lattice sites. The

creation operator ĉ†i,σ can best be thought of as creating an electron with spin σ

at the site i. Similarly, the annihilation operator, ĉj,σ, removes an electron with

spin σ at site i. Together they signify the movement of an electron from one site

to another. Moreover, they define the number operator n̂i,σ ≡ ĉ†i,σ ĉi,σ, which es-

sentially counts the number of electrons with spin σ at the site i. Its expectation

value, ⟨n̂i,σ⟩ = ⟨Ψ0|n̂i,σ|Ψ0⟩ = ni,σ, is the electron density at the site i with spin

σ, where |Ψ0⟩ represents the ground state of the many-body system. The hopping

matrix elements, tij, will be taken as −2.7 eV, −0.20 eV, and −0.18 eV for the first-,

second-, and third-nearest neighbour respectively and 0 otherwise [17, 48]. It should

be noted that it, of course, would be the same for an electron to move from site

i to site j as for the same electron to move from site j to site i; as such we note

(tij)
∗ = tji [46]. It should also be noted that a honeycomb structure, as many purely

hydrocarbon-based molecules tend to be, the lattice structure is bipartite, meaning

Λ can be divided into two sublattices A and B. In such a case, at half-filling, Lieb’s

theorem [42] states the total spin can be determined by S = |NA − NB|/2 for any

U > 0 where NA and NB are the number of sites in lattice A and B respectively.

Determining the total spin of these structure is therefore a simple task. It should

also be mentioned that, for most applications, including in this thesis, half-filling is

used. Half-filling is defined by an average number of one electron per lattice site in
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structures where we only allow two electrons per lattice site.

It is clear, that if U = 0 in, i.e. we assume no on-site-interaction, then we are left

with the previous orthogonal π-electron tight-binding model. The exact value of

the Hubbard parameter in this structure can be determined using density functional

theory (DFT), however, since we focus on a studied structure, the experimental data

will yield the more accurate result, see section 2.2.2.

2.2.1 Mean-field Approximation

In the mean-field approximation we neglect the second, and higher, order effects

in Ĥ terms. The first order deviation can be represented by n̂i,σ − ⟨n̂i,σ⟩, i.e. a

perturbation around the mean density [20, 46]. This in turn means that we can

represent our number operators as their expectation values plus a deviation from

that expectation value, i.e.

n̂i,↑ = ⟨n̂i,↑⟩+ (n̂i,↑ − ⟨n̂i,↑⟩),
n̂i,↓ = ⟨n̂i,↓⟩+ (n̂i,↓ − ⟨n̂i,↓⟩)

Thus we can rewrite the product of the number operators as

n̂i,↑n̂i,↓ ≈ ⟨n̂i,↑⟩⟨n̂i,↓⟩+ ⟨n̂i,↑⟩(n̂i,↓ − ⟨n̂i,↓⟩) + ⟨n̂i,↓⟩(n̂i,↑ − ⟨n̂i,↑⟩),
= ⟨n̂i,↑⟩n̂i,↓ + ⟨n̂i,↓⟩n̂i,↑ − ⟨n̂i,↓⟩⟨n̂i,↑⟩,

where we have neglected the term containing the product of the second order term,

since this term will be very small. In the mean-field approximation we thus see that

the spin down electrons interact with the mean value of the spin up electrons and

vice versa. Hence the mean-field Hubbard part of the Hamiltonian, in eq. (2.3),

becomes

ĤMF
U = U

∑
i

n̂i,↑⟨n̂i,↓⟩+ n̂i,↓⟨n̂i,↑⟩ − ⟨n̂i,↓⟩⟨n̂i,↑⟩,

= U
∑
i,σ

n̂i,σ⟨n̂i,σ̄⟩ − U
∑
i

⟨n̂i,↓⟩⟨n̂i,↑⟩.
(2.4)

The total Hamiltonian can thus be calculated using this result in eq. (2.4) via self-

consistent tight-binding. The procedure for the self-consistent tight-binding used in

this thesis can be seen in figure 2.6.

To help the self-consistent loop to converge faster, we implement a linear combination
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of the newly calculated occupation numbers and previously used occupation numbers

in the following

n′
σ = αnnew

σ + (1− α)nold
σ , (2.5)

where n′
σ is the new occupation number used in the new iteration of the loop. From
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Figure 2.5: Total energy of the singlet and triplet state as a function of the Hubbard
parameter for a) the neutral Clar’s goblet, i.e. no twist is included, and b) neutral version
with a 37◦ degree twist.

the self-consistent tight-binding mean-field approximation loop for ĤMF
U , given in

eq. (2.4), it is possible to plot the total energy of the singlet and triplet state as a

function of the Hubbard parameter U . Such a plot for Clar’s goblet can be seen in

figure 2.5. It is obvious from this figure that the ground state of our system is the

singlet state. We also notice a flat part of the singlet state for low values of U . This

interval corresponds to configurations where all the electrons generally are localised

and paired, i.e. U is not strong enough to break the symmetry of the localised

electrons. For larger values of U , we also notice that the gap between the singlet

and triplet state widens. This is what we would expect, since the singlet state is

being more heavily rewarded for reinforcing the disjoint structure of Clar’s goblet

and its unpaired electrons, i.e. each half of the molecule, than the triplet is, due to

the triplet state having parallel spin for the unpaired electrons.

2.2.2 Determining the Hubbard parameter

As mentioned before, in a many-body system for which we would like to study the

ground state, DFT can be used. However, in the case where experimental data is

available, these measurements are favoured. For Clar’s goblet the article by Jiao et

12



Input initial parameters:
Hubbard U ,
Hopping tij ,

Electron densities ni,↑, ni,↓

Compute Ĥt

Generate 2N × 2N ĤU ,
where the upper N columns
is for spin up and lower N
columns is for spin down

Add Hubbard Unσ on the di-
agonal for each spin state

Compute eigenvec-
tors and eigenvalues

Compute new occu-
pation numbers, nnew

i,σ

|nold
i,σ − nnew

i,σ | < tolerance ∀i ∈ Λ

Total energy and
spin densities

Calculate new occupation num-
ber n′

i,σ. Use e.g. eq. (2.5)

True

False

Figure 2.6: Flowchart describing the method for calculating the total energy of a known
structure. The tolerance must be sufficiently small to ensure convergence.

al. [14], provides a measurement using a superconducting quantum interference de-

vice (SQUID), which describes the molar magnetic susceptibility χm as a function of

the temperature T . This measurement can be used in conjunction with the so-called

Bleaney-Bowers’ equation [49], as this equation describes a connection between the

magnetic susceptibility and exchange coupling from the coupling between the two

spins. Clar’s goblet is antiferromagnetic in its ground state, and we can utilise the

antiferromagnetic coupling to describe the difference between the ground state (sin-

13



glet state) and the first excited state (triplet state). The total energy of the singlet

and triplet states can be calculated for different values of the Hubbard parameter, U .

We can describe an antiferromagnetic system, like that of Clar’s goblet, as an inde-

pendent double spin 1/2 system, where the two electrons interact with each other.

As usual the total spin can be denoted as S = S1 + S2, S2 commutes with the

Hamiltonian and has the eigenvalue S(S+1). As we are looking at a non-relativistic

system, the spatial and the spin part of the electron wavefunction are separable,

thus for each electron we have

ψ(r, σ) = ϕ(r)σ,

for each electron’s individual spin and spatial state, where σ denotes the spin state

and ϕ(r) the spatial state. For a fermion we describe spin up with α or ↑ and spin

down with β or ↓. Constructing the appropriate Slater determinant for each of the

four cases of |α, α⟩ , |α, β⟩ , |β, α⟩, and |β, β⟩, i.e. for the two electrons

|α, α⟩ = 1√
2
α1α2[ϕ1(r1)ϕ2(r2)− ϕ2(r1)ϕ1(r2)]

|α, β⟩ = 1√
2
[ϕ1(r1)ϕ2(r2)α1β2 − ϕ2(r1)ϕ1(r2)α2β1],

where |β, β⟩ , and |β, α⟩ are just these two states where α and β are reversed. It

is easy to show that this system possesses a triplet state S = 1 and a singlet state

S = 0. The Hamiltonian for this model must be [47]

ĤS = JŜ1 · Ŝ2,

where we set2 the singlet energy to −2J and J is the exchange coupling and is

constant. This makes the triplet energy −geµBB, 0 or geµBB respectively for the

microstates |α, α⟩ , 1√
2
(|α, β⟩ + |β, α⟩), and |β, β⟩, where ge is the g-factor for an

electron and µB is the Bohr magnetron. We now consider the magnetisation of this

system. The magnetic moment of the system can be described as

µ = −geµBS.

2Note that the zero point has been moved up by J for both the singlet and triplet state.
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Thus the magnetisation must be

M = ⟨ψ|µ|ψ⟩ /Ω,

where Ω is the volume of the unit cell of the system and ψ is the eigenstate of the full

Hamiltonian Ĥ = ĤS −µ ·B [50]. We let Ĥ have the eigenvalue E(B) = ⟨ψ|Ĥ|ψ⟩.
If we differentiate energy by the magnetic field, we see that

∂E(B)

∂B
=

∂

∂B
⟨ψ|Ĥ|ψ⟩ =

〈
∂ψ

∂B

∣∣∣∣Ĥ∣∣∣∣ψ〉+ ⟨ψ| ∂
∂B

Ĥ|ψ⟩+
〈
ψ

∣∣∣∣Ĥ∣∣∣∣ ∂ψ∂B
〉
. (2.6)

The first and third term can thus be described by〈
∂ψ

∂B

∣∣∣∣Ĥ∣∣∣∣ψ〉+

〈
ψ

∣∣∣∣Ĥ∣∣∣∣ ∂ψ∂B
〉

= E(B)

(〈
∂ψ

∂B

∣∣∣∣ψ〉+

〈
ψ

∣∣∣∣ ∂ψ∂B
〉)

= E(B)
∂

∂B
⟨ψ|ψ⟩ = 0,

due to the normalisation condition ⟨ψ|ψ⟩ = 1. We now turn to the middle term in

eq. (2.6), since this is the only term that survives. We note that ∂Ĥ/∂B = −µ
since ĤS is not dependent on B. Thus, we must have that

∂E(B)

∂B
= −⟨ψ|µ|ψ⟩ = MΩ⇔M = − 1

Ω

∂E(B)

∂B
.

Considering N instances of our structure, we consider a many-electron system at a

finite temperature. Thus, we sum over all instances using a Fermi-Dirac distribution,

f ,

M(B) = − 1

Ω

∑
i

∂Ei(B)

∂B
f [Ei(B)].

We are interested in the linear response of this system, since this will yield our

magnetic susceptibility. Our statistical mechanical partition function, Z, is given by

its usual definition and will thus for Ĥ be

Z =
∑
r

e−Er/kBT = e2J/kBT + e−geµBB/kBT + 1 + egeµBB/kBT ,

where r denotes the specific microstate and kB is Boltzmann’s constant. We expand

our expression for the magnetisation and since we are only interested in the linear

15



response of this system, it suffices to describe the total magnetisation by [50]

M =
geµB

Ω

e−geµBB/kBT − egeµBB/kBT

1 + e2J/kBT + e−geµBB/kBT + egeµBB/kBT

=
geµB

Ω

2 sinh (geµBB/kBT )

1 + e2J/kBT + 2 cosh (geµBB/kBT )

≈ 2g2eµ
2
BB

ΩkBT (3 + e2J/kBT )
,

where the direction of M is in the field’s direction and the approximation is that

geµBB ≪ J . Since the magnetic susceptibility can be calculated by χ = µ0∂M/∂B

[50], we arrive at Bleaney-Bowers’ equation:

χ =
2µ0g

2
eµ

2
B

ΩkBT (3 + e2J/kBT )
. (2.7)

Since 2J is the energy difference between the singlet and triplet state, the goal is

now to determine its value. It is possible to fit Bleaney-Bowers’ equation, (2.7), to

experimental data provided by Jiao et al. [14], and by doing so we achieve figure

2.7. The fit provides 2J = −0.012 eV. Note that the sign of J tells us this is an
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Figure 2.7: A fit of Bleaney-Bowers equation, (2.7), on experimental data from Jiao et al.
[14]. The fit provides 2J = −0.012 eV.

antiferromagnetic system, as we would expect for Clar’s goblet [51]. Moreover, we
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can use this value in conjunction with figure 2.5 in order to determine the appropriate

value for the Hubbard parameter, which is ∼ 1.930 eV and corresponds to an energy

of −144.245 eV for the goblet not experiencing a twist and −142.948 eV for the

goblet which does experience a twist of 37◦.

With this theory, we know the complete electronic structure of the system, which

essentially also determines the optical structure. By calculating the polarisability,

the optical properties can inferred as the absorbance is directly proportional to the

polarisability, cf. figure 2.8. The more important effect of the optical structure is

the fact that we can excite the unpaired electrons, our future qubits, by stimulation

of microwave radiation, as this is crucial for the next chapter, cf. chapter 3. Note

that in the figure 2.8 we have only considered the backbone of the cg-2 version of

Clar’s goblet, i.e. what is represented in figure 2.1a. This means that if one were

to compare the imaginary part of the structure to the measured absorbance of cg-2,

the absorbance of the aryl-groups and n-butyl accounts for the remaining difference

[52, 53].
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Figure 2.8: Simulation of the polarisability of the neutral Clar’s goblet.
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2.2.3 Simulation results and discussion

By using the above theory it is possible to accurately calculate the spin densities

using the average number of spin up and spin down electrons on each site as σ(i) =

⟨n̂i,↑⟩−⟨n̂i,↓⟩, where i is the site index [48]. We note the sum of all the spin densities

must equal the total global spin, i.e.
∑

i σi = S. By using Lieb’s theorem [42], we

have that for the neutral Clar’s goblet S = 0 and for the cation S = 1/2. By doing

so we achieve the figures 2.9, 2.10, and 2.11. We notice that the twist does indeed
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have an impact, however, the difference is slight, and for most purposes can be

ignored. We also note that the Hubbard model disperses the electrons dependent on

the Hubbard parameter U , thus with a larger U , we would expect the electrons to be

driven to opposite sublattices, leading to higher spin polarisation, and vice versa. In

figures 2.12 and 2.13 we notice that almost all the significant differences in spin, i.e.

a higher absolute spin-density, is located in the lower part of the goblet. Thankfully,

this is also what we would expect since the removal of an electron would produce a

hole in either the upper or lower part of the structure - which is exactly what we

see. It should also be mentioned that the effect from the Hubbard parameter U has

a high degree of influence for the values of the spin densities, even surpassing the

effect of the twist in the structure3. This also underlines the importance of having

the correct Hubbard parameter for the structure, as future calculations which rely

on the electronic structure will be severely impacted for using a wrong Hubbard

parameter. Since we use the experimentally measured the electric susceptibility by

Jiao et al. [14], the electronic structure should be as close to reality as the model

allows; though it is still an approximation, that generally will overestimate the energy

as the model reduces the electron interaction to an average repulsion for every site.

For later purposes, in the next chapter, we mention that the appropriate Hubbard

parameter for the negative naphthalene radical is suggested to be around U ≈ 2.0

eV [54].

3The spin polarisation near the ”waist” for the neutral Clar’s goblet changes by 0.001, whereas a change
in U from 1.930 eV to 2.5 eV changes by 0.009 for the same sites, cf. fig. A.1 in the appendix.
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Chapter 3

EPR (Electron Paramagnetic Resonance)

As a continuation to describing the properties of our structure, we will in this chapter

describe the magnetic properties, and how these might be probed. In this chapter

we will discuss and explain the theory of continuous-wave electron paramagnetic res-

onance (CW-EPR)1 together with the hyperfine interaction and g-tensor anisotropy.

EPR is a spectroscopic method for the study of materials with unpaired elec-

trons, such as free radicals, and transition metals. The method is very analogous

to NMR (nuclear magnetic resonance), however, as the name suggests, EPR excites

the electrons and model their interactions as a function of either frequency or the

magnitude of the applied external magnetic field. Most of this section is based on

information from [23, 55].

One of the aims of this thesis is the determination of the T ∗
2 -time as this time is

the inhomogeneous dephasing time of spin-spin coupling, and is thus relevant for the

qubit application of a carbon-based molecule. Firstly, we will describe the general

idea with EPR, then we describe CW-EPR, whereafter we will produce simulations

and compare these results to contemporary sources.

As the name suggests, EPR uses the paramagnetic resonance of the electrons in a

structure to characterise said structure. Each material will generally have a unique

combination of spin interactions, which produces a characteristic EPR spectrum with

a well-defined spin Hamiltonian. Generally, a sample of the material one wishes

to characterise is placed in a high external magnetic field, typically denoted B0.

Usually this field is in the range of about 300-400 mT. The sample is then exposed

to microwaves, usually in the X-band, typically around 9-10 GHz. Two options are

now available in order to sweep through the desired electromagnetic spectrum: Keep

B0 fixed and scan using different frequency microwaves, or keep the frequency of the

light fixed and vary B0. Most EPR spectrometers [55] scan by varying B0, as the

frequency is limited by a resonator chamber wherein the sample sits. This resonator

allows for a higher sensitivity but severely limits the bandwidth. Since the electrons

in the sample have a magnetic moment, they align themselves either parallel or

1In some literature EPR is referred to as ESR (electron spin resonance).
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antiparallel to the external B0. The energy level of the two states is split according

to the electron Zeeman interaction. The EPR spectrum, like other spectroscopic

methods, use the absorption of electromagnetic radiation as its measurement. By

varying the external magnetic field, electrons can only be excited when the resonance

condition is fulfilled. This resonance condition is determined by the splitting of the

energy levels by the electron and nuclear Zeeman interactions as well as the hyperfine

interaction, and is thus different for different materials. At a given temperature, due

to the Maxwell-Boltzmann distribution, there are more electrons in the lower energy

state and the movement of electrons between energy states can be measured as

an absorption of energy, producing a spectrum. In EPR, it is, however, also very

common to use the first derivative of this spectrum as the measurement.

3.1 CW-EPR

Most EPR spectre is swept using CW-EPR [55], and it is thus also of interest in the

general discussion of EPR spectre.

3.1.1 The Electron Zeeman Interaction

We generally differentiate between two types of Zeeman interaction, the electronic

and nuclear. The electronic stems from electrons interacting with the external mag-

netic field, whereas the nuclear stems from the nucleus interaction with the external

magnetic field and is discussed next. The electronic Zeeman effect occurs when

an electron interacts with an external magnetic field. The electron has a magnetic

moment from being negatively charged, which produces an orbital angular momen-

tum. Moreover, the electron posses 1/2-spin, and thus also an intrinsic spin angular

momentum. The associated magnetic moments are also readily known and can be

described by [23]

µ̂L = − gLe
2me

L̂ = −gLµBL̂/ℏ,

µ̂S = − gee

2me

Ŝ = −geµBŜ/ℏ, (3.1)

where gL = 1, ge ≈ 2.0023193,2 me is the electron mass, and µB = eℏ/2me is the

Bohr magnetron. Classically the energy in this interaction between the magnetic

field and a magnetic moment is given by E = −µ · B. We continue by writing in

2This has been measured to an extreme degree of precision, cf. [56].
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atomic units and drop ℏ. Quantum mechanically it can be written as [23, 55]

Ĥ = −µ̂J ·B = µB(geŜ+ L̂) ·B. (3.2)

In some structures, quenching of the orbital angular momentum can occur, which

effectively removes the spin angular momentum part of the Zeeman shift [23]. More-

over, in EPR it is often the case that the spin angular momentum in the electron

Zeeman is enveloped into the g-tensor, which will be elucidated further in section

3.2. Isotropically we work write eq. (3.2) as

ĤEZ = µBgeŜ ·B. (3.3)

3.1.2 The Nuclear Zeeman Interaction

Like the electron itself, the nucleus also possess a spin in the case where both the

number of protons and neutrons are uneven. This nuclear spin is denoted using the

nucleus quantum number I. Like the electron spin, the nuclear spin projection is

also quantised as it stems directly from the neutrons and protons. Like the electron

spin, a nucleus with a non-zero nuclear spin gives rise to a magnetic dipole which

has a magnetic moment given by [55]

µ̂I =
gnep
2mp

Î = gnµN Î/ℏ, (3.4)

where gn is the g-factor for the nucleus, ep is the charge of a proton, mp is the mass

of a proton, and µN = epℏ/2mp is the nuclear magnetron. Again, we continue in

atomic units and drop ℏ. Thus, the spin Hamiltonian from this effect must be

ĤNZ = −gnµN Î ·B = −γN Î ·B, (3.5)

where γN = gnµN is the nuclear gyromagnetic ratio. For a structure made entirely

of 12C, like that of the pristine Clar’s goblet, the gyromagnetic ratio is 0, since

the g-factor becomes 0 due to 12C having net magnetic dipole moment of zero. In

short, the nuclear Zeeman interaction is totally analogous to the electronic one, but

simply with a different g-factor and different magnetron. Note also that the sign is

different, so the electronic and nuclear Zeeman will split the energy levels in different

directions.
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3.1.3 The Hyperfine Interaction

As described, the energy of an electron bound to an atom depends on the interaction

between the magnetic field and the spin of the electron itself, as well as the interac-

tion of the magnetic field and the nuclear spin the electron is bound to. However, it

also experiences another contribution to the energy from the interaction between the

electron and the nuclei of the given structure, as these nuclei exhibits a magnetic

moment. This interaction gives rise to a so-called hyperfine interaction. We dif-

ferentiate between two different contributions to this interaction, the dipole-dipole

interaction and a Fermi-contact interaction. We begin by describing the latter.

Since electrons exhibit a spin, they must have a magnetic moment. In the case

where the electron wavefunction is non-zero at the nucleus, the magnetic field which

the nucleus experiences from the electron can be modelled as a point dipole moment

located right at the nucleus. Only electrons in an s-orbital is non-zero at the nucleus,

and due to the spherical geometry of the s-orbital this contribution is intrinsically

isotropic. Fermi was the first to propose this interaction, hence the name Fermi-

contact interaction [57]. Generally, both the Fermi contact term and the dipole-

dipole interaction term can be described by a perturbation of the fine structure

due to internal magnetic dipoles interacting [23, 55]. The magnetic field due to the

presence of a magnetic dipole will interact with both the orbital angular momentum

L̂ and the spin Ŝ, of the atomic electron under consideration. The perturbation will

thus be made up of these two contributions, where the Fermi contact term specifically

requires l = 0 and thus only depends on spin Ŝ, whereas the full anisotropic hyperfine

contribution will require both [58]. For the following derivation we follow [58] and

[24]. The vector potential A of a magnetic point dipole, our nucleus, placed at the

origin is readily known to be [59]

A(r) =
µ0µI × r

4πr3
= −µ0

4π

(
µI ×∇

1

r

)
, (3.6)

which makes the associated magnetic field

B(r) = ∇×A(r) = −µ0

4π

(
µI∇21

r
−∇(µI · ∇)

1

r

)
.

The associated contribution to the energy for the electron magnetic moment thus
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becomes

Ĥ ′ = −µS ·B(r) = −µ0

4π
geµBgnµN

(
Ŝ · Î∇21

r
− (Ŝ · ∇)(̂I · ∇)1

r

)
. (3.7)

These equations generally hold for both the Fermi contact and the dipole-dipole

contribution when we only consider spin as the Fermi contact requires l = 0 for it to

be an s-orbital. And for s-orbitals the case where r = 0 is important, which poses a

problem for eq. (3.7). Hence, we evaluate the Laplace operator on 1/r in eq. (3.7)

to be ∇2(1/r) = −4πδ(r). Likewise, we want to evaluate (Ŝ · ∇)(̂I · ∇)(1/r), and
since Î does not depend on r we have that

(Ŝ · ∇)(̂I · ∇)1
r
=

(
Ŝx

∂

∂x
+ Ŝy

∂

∂y
+ Ŝz

∂

∂z

)(
Îx
∂

∂x
+ Îy

∂

∂y
+ Îz

∂

∂z

)(
1

r

)
,

=
3∑

i=1

3∑
j=1

SiIj
∂2

∂xi∂xj

1

r
,

(3.8)

where xi and xj denotes the i’th and j’th coordinate variable, respectively. We

notice that due to the spherical symmetry of l = 0 only the i = j terms remain, as

the others become equal and opposite. In turn, the spherical symmetry means that

the second partial derivative of 1/r for each coordinates, i.e. x, y, and z, must be

the same. The product (Ŝ · ∇)(̂I · ∇) can thus be reduced to

(Ŝ · ∇)(̂I · ∇)1
r
= (Ŝ · Î)∇2 1

3r
= −4π

3
Ŝ · Îδ(r).

We notice now that both terms inside the parentheses in eq. (3.7) are proportional

to δ(r), when l = 0.

So in all, the Hamiltonian for this interaction can be written as [23, 55]

ĤFC = −µ0

4π
geµBgnµN

8π

3
Ŝ · Îδ(r) = 2

3
µ0geµBµN |ψ(0)|2Ŝ · Î = A0Ŝ · Î, (3.9)

where A0 = 2
3
µ0geµBµN |ψ(0)|2. Generally we attribute ĤFC to being the isotropic

hyperfine interaction. It is also common to use the hyperfine splitting constant given

by a0 = A0/geµB. Like it was said in the above derivation, systems in higher orbitals

than s in a singly-occupied molecular orbital (SOMO) model does not exhibit any

Fermi-contact as the electron wavefunction is zero at the nucleus. This proves a

problem for many carbon-based molecules as some consists of aromatic rings, like

those in consideration in this thesis, and we might therefore expect them not exhibit

any isotropic hyperfine interactions. However, Harden M. McConnell [60] showed in
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1956 that electron spin polarisation from the π-orbital can indeed produce a spin

polarisation of the s-orbital at the nucleus. It was shown that a linear relation

existed between the hyperfine coupling splitting constant and the associated spin

densities3

ak = Qσk, (3.10)

where the subscript k indicates the k’th atom of interest and Q is a proportionality

factor which depends on the structure, but is usually set to −2.3 mT [23]. We will

elucidate the argument for measuring a spin density at the nucleus. We consider

a C-H bond in a conjugated hydrocarbon-molecule, cf. figure 3.1. We assign a

single spin ↑ in the 2pz-orbital, then there must be two possible spin-configurations

for the C-H σ-bond which is responsible for the covalent bond with the hydrogen,

cf. figure 3.1. In the case where no electron is in the 2pz-orbital each of the spin-

configurations for the C-H σ-bond will, of course, be equally likely, which would

produce the expected spin density of zero. However, when an electron is present in

the 2pz-orbital, this is no longer the case - the two spin-configurations are no longer

equally probable. In the case where the unpaired electron in the 2pz-orbital is spin

BH2pz
2pxy
(a)

H2pz
2pxy

(b)

Figure 3.1: An illustration of the a possible spin configuration of a C-H bond in a con-
jugated hydrocarbon-molecule with a single spin ↑, and thus unpaired, electron in the
2pz-orbital. Adapted from [23].

↑, as we proposed before, the more probable spin-configuration will be that of (a)

since this follows Hund’s first rule. This effect is called spin polarisation. If the spin

density is positive at carbon nucleus, as it would be with the assumed spin ↑, the
spin density at the proton in the hydrogen will be negative. Likewise, if we assumed

the spin of the unpaired electron in the 2pz-orbital to be spin ↓, the more probable

3If the splitting constant is for hydrogen, the nearest neighbour carbon’s spin density is used [48].
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spin-configuration would be (b) and the spin density at the carbon nucleus would

be negative and at the proton it would be positive. Since there will be a non-zero

wavefunction at the carbon nucleus, this will result in an isotropic contribution.

We now turn to describe the dipole-dipole interaction, which, as stated before,

yields the origin of anisotropic hyperfine interaction. We already have an expression

for the from the spin of the electron in eq. (3.7), but we are missing the interaction

of the orbital angular momentum. We will for the derivation of the interaction of the

orbital angular momentum, like the spin part, follow [58]. From the perturbation

of the time-independent Hamiltonian for a one-electron hydrogen in the presence of

the vector potential eq. (3.6) and no spin, we know that [58]

Ĥ ′ = −iℏe
m

A · ∇ = geµBA · p̂.

Inserting eq. (3.6) into this yields

Ĥ ′ =
µ0

4πr3
geµB(µI × r) · p̂ =

µ0

4πr3
geµBµI · (r̂× p̂) =

µ0

4πr3
µI · L̂. (3.11)

Since the anisotropic interaction includes both contributions, we combine eqs. (3.7)

and (3.11) yielding the dipole-dipole Hamiltonian

Ĥdd =
µ0

4πr3
µI · L̂−

µ0

4π
geµBgnµN

(
Ŝ · Î∇21

r
− (Ŝ · ∇)(̂I · ∇)1

r

)
.

We simplify the second term by noting that, when r ̸= 0 the first term in the

parentheses vanishes due to the Dirac delta function since ∇2(1/r) = −4πδ(r).
Moreover, we note that when r ̸= 0 eq. (3.8) becomes

(Ŝ · ∇)(̂I · ∇)1
r
=

3∑
i=1

3∑
j=1

SiIj
∂2

∂xi∂xj

1

r
=

3∑
i=1

3∑
j=1

SiIj
∂

∂xi

(
−xj
r3

)
,

=
3∑

i=1

3∑
j=1

SiIj

(
−δij
r3

+
3xixj
r5

)
=

3∑
i=1

3∑
j=1

(
−SiIjδij

r3
+

3SiIjxixj
r5

)
,

= − 1

r3

(
Ŝ · Î− 3(Ŝ · r)(̂I · r)

r2

)
,

where δij is the Kronecker delta. This makes the dipole-dipole Hamiltonian

Ĥdd =
µ0

4πr3
geµBgnµN

(
Î · L̂− Ŝ · Î+ 3(Ŝ · r)(̂I · r)

r2

)
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However, since the electrons in Clar’s goblet, which produces the EPR spectrum are

the unpaired electrons, and since these are in the 2pz-orbital, the orbital angular

momentum is quenched and the terms containing Ŝ and Î dominate. As this is the

case we will proceed by using the following dipole-dipole Hamiltonian [23, 24, 61]

Ĥdd(r) = −
µ0

4πr3
geµBgnµN(Ŝ · Î− 3(Ŝ · r/r)(̂I · r/r)), (3.12)

where ge and gn are evaluated as being isotropic g-factors. Eq. (3.12) describes the

anisotropic hyperfine interaction. This can more easily be seen when expanding the

vectors and dot products. This time, however, we factor out the terms with different

proportionalities to r and explicitly write out the sums, yielding

Ĥdd(r) = −
µ0

4π
geµBgnµN

(
r2(ŜxÎx + Ŝy Îy + Ŝz Îz)− 3(Ŝxx+ Ŝyy + Ŝzz)(Îxx+ Îyy + Îzz)

r5

)

= −µ0

4π
geµBgnµN

(
r2 − 3x2

r5
ŜxÎx +

r2 − 3y2

r5
Ŝy Îy +

r2 − 3z2

r5
Ŝz Îz−

3xy

r5
(ŜxÎy + Ŝy Îx)−

3xz

r5
(ŜxÎz + Ŝz Îx)−

3yz

r5
(Ŝy Îz + Ŝz Îy)

)
,

(3.13)

where the associated nucleus is set at the origin and the coordinates x, y, and z of

the position vector r is set with respect to the axes set in the structure. We see in

this equation that the Hamiltonian is dependent on the structure and its orientation

with regards to the chosen coordinate system - thus producing the anisotropic fea-

tures stated earlier. By integrating over the spatial variables, which constitutes to

averaging over the electron spin distribution, we achieve a spin Hamiltonian of the

form

Ĥdd(r) = −
µ0

4π
geµBgnµN

Ŝx

Ŝy

Ŝz


T

·

⟨
r2−3x2

r5
⟩ ⟨−3xy

r5
⟩ ⟨−3xz

r5
⟩

⟨ r2−3y2

r5
⟩ ⟨−3yz

r5
⟩

⟨ r2−3z2

r5
⟩

 ·
ÎxÎy
Îz


= Ŝ ·T · Î,

(3.14)

where T is a symmetric and traceless matrix which describes, in congruence with Ŝ

and Î, the anisotropic hyperfine interaction. The full hyperfine interaction requires

both the isotropic, (3.9), and anisotropic, (3.14), components and can be described

by

ĤHF = Ŝ ·A · Î, (3.15)
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where A = A0I3×3 + T with tr(A)/3 = A0 is the isotropic component since T is

traceless and where I3×3 is the 3 × 3 unit matrix. Together with the electronic

and nuclear Zeeman effects, we can describe the two cases of anisotropic hyperfine

interaction and isotropic g-factor, and that of isotropic hyperfine interaction and

isotropic g-factor using the following equation, which draws from eqs. (3.3), (3.5),

and (3.15):

Ĥ = geµBŜ ·B− gnµN Î ·B+ Ŝ ·A · Î. (3.16)

The totally isotropic Hamiltonian can thus be written as

Ĥiso = geµBŜ ·B− gnµN Î ·B+ A0Ŝ · Î.

3.2 Anisotropy of the g-factor

The previous sections has dealt with an isotropic g and an isotropic A0 and an

anisotropic A. Physically, for an isotropic g, this equates to the system, looking

exactly the same regardless of the direction of the external magnetic field B0, and

for A0 this equates to having a negligible dipolar interaction between the electron

and a nuclei further away. In the isotropic cases, this interaction between electron

and other nuclei could be attributed to the overlap in the electron wavefunction and

its nearest nuclei neighbours. The anisotropy from the dipolar interaction can be

described by the hyperfine interaction and was discussed in the previous section.

Now, we tackle the anisotropy in the g-factor. This anisotropy generally arises from

the spin-orbit coupling of the some of the excited states, which leaves a small or-

bital angular momentum in the proper ground state [23]. These contributions are

generally small and are structure dependent. We use perturbation theory to derive

the second order energy, as we treat the spin-orbit coupling as a perturbation effect.

We view the unperturbed system as a non-degenerate orbital.

In order to quantitatively describe the effect of an anisotropic g-factor we start

by looking at the total angular momentum µJ , which was described in section 3.1.1,

regarding the electronic Zeeman effect:

µJ = −µB(geŜ+ L̂).

When we also consider the spin-orbit coupling, which is represented by the term

ĤSO = λL̂ · Ŝ (3.17)
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where λ is the spin-orbit coupling constant, we can write the total Hamiltonian,

disregarding hyperfine interaction and the nuclear Zeeman effect, by adding (3.17)

to the electronic Zeeman effect, where it includes the orbital angular momentum,

Ĥ1 = ĤEZ + ĤSO = µBB
T · (geŜ+ L̂) + λL̂ · Ŝ. (3.18)

Hence Ĥ1 is our perturbation Hamiltonian and we aim now to derive the second order

energy. We consider the orbitally non-degenerate ground state to be represented by

|G,MS⟩, where G is the spatial state and MS is the spin projection. For such

a ground state orbital angular momentum is quenched [24]. The orbital angular

momentum thus enters only by certain excited states which contributes to mixing

the g-factor into the ground state. We thus make use of perturbation theory and

follow the sources [23, 24, 62]. The first order energy is thus given by the following

diagonal matrix element

E
(1)
G = ⟨G,MS|geµBBzŜz|G,MS⟩+ ⟨G,MS|(µBBz + λŜz)L̂Z |G,MS⟩ .

Note that the matrix elements containing Ŝx and Ŝy are evaluated to zero since

⟨Ms|Ŝx|Ms⟩ = ⟨Ms|Ŝy|Ms⟩ = 0. We note that the second term can be rewritten as

⟨G,MS|(µBBz + λŜz)L̂Z |G,MS⟩ = (µBBz + ⟨MS|λŜz|MS⟩) ⟨G|L̂Z |G⟩ .

Since our ground state is orbitally non-degenerate, the matrix element ⟨G|L̂Z |G⟩
evaluates to zero [23]. From perturbation theory we know that the first-order cor-

rection to the wavefunction must be

ψ(1)
n = −

∑
m ̸=n

⟨m|Ĥ1|n⟩
E

(0)
m − E(0)

n

|n⟩ ,

where ψ
(1)
n is the first-order part of the total wave-function, E0

i is the i’th 0’th order

energy and where we have denoted ψ
(0)
n ≡ |n⟩. And since the second order energy is

given by

E(2)
n =

〈
n
∣∣Ĥ1

∣∣ψ(1)
n

〉
= −

∑
m ̸=n

| ⟨m|Ĥ1|n⟩ |2

E
(0)
m − E(0)

n

,

we can describe the second-order perturbation of each element in the Hamiltonian
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as, when considering eq. (3.18),

ĤMS ,M
′
S
= −

∑
n̸=G

| ⟨G,MS|(µBB+ λŜ) · L̂+ geµBB · Ŝ|n,M ′
S⟩ |2

E
(0)
n − E(0)

G

.

Due to normalisation we note that ⟨G|n⟩ = 0, and hence the term geµBB · Ŝ disap-

pears. We are thus left with

ĤMS ,M
′
S
= −

∑
n̸=G

| ⟨MS|(µBB+ λŜ)|M ′
S⟩ · ⟨G|L̂|n⟩ |2

E
(0)
n − E(0)

G

,

= −
∑
n̸=G

[ ⟨MS|(µBB+ λŜ)|M ′
S⟩ · ⟨G|L̂|n⟩][ ⟨n|L̂|G⟩ · ⟨M ′

S|µBB+ λŜ|MS⟩]
E

(0)
n − E(0)

G

.

(3.19)

It will later be apparent that defining the matrix

Λ ≡ −
∑
n̸=G

⟨G|L̂|n⟩ ⟨n|L̂|G⟩
E

(0)
n − E(0)

G

, (3.20)

is very convenient. Firstly, we can write eq. (3.19) as

ĤMS ,M
′
S
= ⟨M ′

S|µ2
BB ·Λ ·B+ 2λµBB̂ ·Λ · Ŝ+ λ2Ŝ ·Λ · Ŝ|MS⟩ . (3.21)

Since this is just the expectation value it provides a constant contribution to all spin

states. We thus have the first and second order corrections to the energy, and hence

our Hamiltonian. We are thus able to describe our Hamiltonian to second order as

the combination of eqs. (3.3) and (3.21),

Ĥ = geµBB · Ŝ+ µ2
BB ·Λ ·B+ 2λµBB̂ ·Λ · Ŝ+ λ2Ŝ ·Λ · Ŝ

The second convenient application of eq. (3.20) is allowing us to simplify the equation

further into

Ĥ = µBB · (geI3×3 + 2λΛ) + Ŝ · λ2Λ · Ŝ,
= µBB · g · Ŝ+ Ŝ ·D · Ŝ.

(3.22)

where g = geI3×3 + 2λΛ and D = λ2Λ. This g-tensor is formally a matrix and

represents the anisotropy in the gyromagnetic ratio when Λ ̸= 0. The matrix D, on

the other hand, describes the splitting effects from the electronic quadrupole. This
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electronic quadrupole only has an effect as long as the total electronic spin S ≤ 1/2.

In the cases where S > 1/2 another splitting must be taken into account, namely

the zero-field splitting, as D is not identically zero any more. In the case of the

neutral Clar’s goblet, we note that the singlet state of course exhibits S = 0 whereas

the triplet state exhibits S = 1. It must be mentioned that there also exists and

effect from nuclear quadrupole couplings, however, since these only have an effect

if I > 1/2 these are not important to the systems being studied in this thesis. In

the neutral Clar’s goblet we assume all carbon to be 12C and thus they have I = 0,

hence it is only the hydrogen 1H at the edges which splits the energy levels studied

using EPR. The full general Hamiltonian including anisotropy in the g-factor and in

the hyperfine interaction is thus the summation of the eqs. (3.5), (3.14), and (3.22)

yielding

Ĥ = µBB · g · Ŝ+ Ŝ ·D · Ŝ+ Ŝ ·A · Î− gnµBB · Î. (3.23)

Although the g-tensor is a 3×3 matrix it is often described only through its diagonal

entries by using the principal axes for this matrix. Experimentally this is often not

feasible and the principal axes are not known, but for theoretical uses it is often

convenient as the g-tensor is then described exclusively through three parameters

gxx, gyy, and gzz. From these we differentiate between three different symmetries:

Cubic (or isotropic), axial, and rhombic. In the cubic case we have that gxx =

gyy = gzz, i.e. or isotropic case. For axial two of the three parameters are equal

and are denoted by g⊥ whereas the the last parameter is denoted g∥. Lastly, when

gxx ̸= gyy ̸= gzz we are in the rhombic case.

3.3 Determining the hyperfine interaction tensors

It is argued in Sengupta et al. [48], that it is possible to achieve a set of generic

sp2-hydrocarbon fit parameters that should be able to characterise the hyperfine in-

teraction for all hydrocarbon molecules. Specifically, they suppose that the isotropic

hyperfine and dipole-dipole interaction can be calculated, respectively, by

A
(N)
0 = F

(M)
0 Π(N) + F

(M)
1

∑
k∈N(N)

Π(k),

T(N) = D
(M)
0 Q0Π

(N) +D
(M)
1

∑
k∈N(N)

Qvk
Π(k),

(3.24)

where Π(N) is the electron spin density at the site N , N(N) is the set of the nearest

neighbour within 1.7Å of site N , the superscript (M) denotes the material, here
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either C or H, while the superscripts (N) and (k) indicate the site to which each

the quantity refers. The two tensors are defined as Q0 = diag(−1,−1, 2)/2, and
Qvk

= (3vT
k vk − ∥vk∥2I3×3)/∥vk∥5, where vk is the position vector from the site

N to the site k. The isotropic equation is generally motivated by McConnel’s eq.

(3.10) where the generic sp2-hydrocarbon fit parameters F
(M)
0 and F

(M)
1 correspond

different proportionality constants (Q in eq. (3.10)) depending on the contribution

from the on-site (at site N) or from its nearest neighbour, respectively [63]. Likewise,

the dipole-dipole hyperfine equation is motivated by eq. (3.14). Specifically, the

first and second term in the dipole-dipole equation in (3.24), determining the fit

parametersD
(M)
0 andD

(M)
1 respectively, arises from eq. (3.14), as d0 and Q0 manages

the on-site contribution from the dipole-dipole interaction and d1 and Qvk
describes

the dipole interaction the spin density at a neighbouring site generates at the nucleus.

The generic sp2-hydrocarbon fit parameters are then F
(M)
0 , F

(M)
1 , D

(M)
0 , and D

(M)
1

and are calculated by taking the average fit parameter value for different hydrocarbon

structures using the same method, e.g. a mean-field Hubbard with U = 4.0 eV, and

the least-mean square equations

(F
(S,M)
0 , F

(S,M)
1 ) = argminf0,f1

N(S,M)∑
j=1

∣∣∣∣∣∣A(j,S)
0 −

f0Π(j,S) + f1
∑

k∈N(j)

Π(k,S)

∣∣∣∣∣∣
2 ,

(D
(S,M)
0 , D

(S,M)
1 ) = argmind0,d1

N(S,M)∑
j=1

∥∥∥∥∥∥T(j,S) −

d0Q0Π
(j,S) + d1

∑
k∈N(j)

Qvk
Π(k,S)

∥∥∥∥∥∥
2 ,

where the values for A
(j,S)
0 and T(j,S) for which the fit is made, are calculated us-

ing ORCA using DFT-calculations. S denotes the specific structure for which the

calculations are made.

By looking at multiple hydrocarbonic structures4, and averaging over these struc-

tures, for the mean-field Hubbard model, for U = 4.0 eV and U = 3.0 eV, we achieve

the same generic sp2-hydrocarbon fit parameters (F
(M)
0 , F

(M)
1 , D

(M)
0 , D

(M)
1 ) within

< 3% deviation from the reported numbers in Sengupta et al. [48], except for D
(C)
1

and D
(H)
0 with a deviation of 6% and 12% respectively. We note here that Sengupta

et al. [48], report a root-mean square error of 2.1 MHz and 2.6 MHz respectively for

D
(C)
1 and D

(H)
0 , which our values fall within. We expect that any discrepancies might

arise from the simulated structure of the [n]triangulenes, as in our simulations this

structure is not energy optimised, but instead all carbon-carbon bonds are set to 1.42

4The structures in question are [n]triangulenes, where n ∈ {2, 3, 4, 5, 6, 7}, 7AGNR (7-armchair graphene
nanoribbon), indene, flourene, and indeno[2,1-b]-flourene. These are also the same structures used in [48].

33



Å and all carbon-hydrogen bonds are set to 1.09 Å. Granted that the generic sp2-

hydrocarbon fit parameters accurately describe the hyperfine interactions present in

hydrocarbon-structures it stands to reason that when applied on Clar’s goblet, in

any form, and the negative naphthalene ion, that the resulting hyperfine values are

accurate too. Likewise, calculating the fit parameters for a Hubbard parameter of

U = 1.930 eV is also possible. However, the values that will be used for the actual

hyperfine calculations are in fact the following using U = 4.0 eV, in MHz,

(F
(C)
0 , F

(C)
1 , D

(C)
0 , D

(C)
1 ) = (86.63,−33.37, 173.5, 4.316)

(F
(H)
1 , D

(H)
0 , D

(H)
1 ) = (−78.67, 25.36, 34.58).

Since these are the generic hydrocarbon fit parameters for U = 4.0, these are the

closest to the ORCA values provided by Sengupta et al. [48], and hence these values

are closer to the suggested general fit parameters. It should be mentioned that

for each individual structure, the hydrogen parameters vary wildly, but the average

seems to stay consistent.

3.3.1 Simulation results and discussion

By using the above method it is possible to calculate the hyperfine coupling for each

of the sites in either the carbon structure itself and/or the hydrogen surrounding it.

In the case where a radical, or some other group sits at a site where a hydrogen might

in the pristine model, the hyperfine value will change accordingly. However, for the

resulting EPR-spectra we will only be simulating the hydrogen. Actual calculations,

using the spin densities calculated using a mean-field Hubbard model, can be seen

in figures 3.2, 3.3, 3.4, 3.5, 3.8, and 3.9.5

As is apparent by the eqs. 3.24 for the calculation of the hyperfine values, a higher

spin density leads to a larger hyperfine coupling constant - and this is exactly what

we see in the figures 3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.8, and 3.9. Moreover, we notice that

the twist in the structure has a greater effect on the hyperfine values since the spin

densities are being multiplied. In other words, the hyperfine coupling constants are

very sensitive to changes in spin density and are in effect also very dependent on the

use of a correct Hubbard parameter U . The accuracy of these parameter, will later

prove crucial, as these determine the further accuracy of the subsequent CW-EPR

spectra compared to the actual experimentally measured.

5The total hyperfine matrix can be found at https://github.com/NordiskGhost/P10_Master_Thesis,
together with all the other code relevant to this thesis.
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Figure 3.2: The calculated isotropic hyper-
fine coupling constants for the carbon in
Clar’s goblet using spin densities calculated
with a Hubbard parameter of U = 1.930 eV
and no twist angle, and the eqs. (3.24).
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Figure 3.3: The calculated isotropic hyper-
fine coupling constants for the hydrogen in
Clar’s goblet using spin densities calculated
with a Hubbard parameter of U = 1.930 eV
and no twist angle, and the eqs. (3.24).
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Figure 3.4: The calculated isotropic hyper-
fine coupling constants for the carbon in
Clar’s goblet using spin densities calculated
with a Hubbard parameter of U = 1.930 eV
and a twist angle of 37◦, and the eqs. (3.24).
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Figure 3.5: The calculated isotropic hyper-
fine coupling constants for the hydrogen in
Clar’s goblet using spin densities calculated
with a Hubbard parameter of U = 1.930 eV
and a twist angle of 37◦, and the eqs. (3.24).
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Figure 3.6: The calculated isotropic hyper-
fine coupling constants for the carbon in
Clar’s goblet cation using spin densities cal-
culated with a Hubbard parameter of U =
3.0 eV and a twist angle of 37◦, and the eqs.
(3.24).
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Figure 3.7: The calculated isotropic hyper-
fine coupling constants for the hydrogen in
Clar’s goblet cation using spin densities cal-
culated with a Hubbard parameter of U =
3.0 eV and a twist angle of 37◦, and the eqs.
(3.24).
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Figure 3.8: The calculated isotropic hyper-
fine coupling constants for the carbon in a
naphthalene negative ion using spin densi-
ties calculated with a Hubbard parameter
of U = 2.0 eV, and the eqs. (3.24).
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Figure 3.9: The calculated isotropic hyper-
fine coupling constants for the hydrogen in
a naphthalene negative ion using spin den-
sities calculated with a Hubbard parameter
of U = 2.0 eV, and the eqs. (3.24).

By comparing the figures 3.4, 3.5 and 3.6, 3.7 with sources like [14] and [64], we

note that not only does the hyperfine values seem consistent with other research, but

also that the two disjoint sublattices are very distinct - the bipartite nature of the

molecule stands out as the hyperfine values change sign at every site. We also note

that, although all hydrogen are visible in figures 3.3, 3.5, and 3.7 this is not the case

in reality. In reality, the goblet should be synthesised as done by Jiao et al., and thus
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arrive at a structure that looks exactly like that in fig. 2.1b. This means that we

only have eight hydrogen that actually contribute to the EPR spectra. Although we

do not simulate the other groups, since the effect of these on our hydrogen are very

small, they do have an effect which will lead to slight inaccuracies later. However,

the effect these groups would produce is smaller than that of the inaccuracies in the

spin. Moreover, the effect these other groups would produce is also smaller than

the error experienced in the calculation of the generic fit parameters. Since the

error both of these sources generally produce is small, we expect that the simulated

hyperfine values are close to what actual measurement will produce.

3.4 Isotropic CW-EPR of S = 1/2, I = 1/2

In this section, we look at the isotropic g-factor and isotropic hyperfine interaction of

simple system containing one electron of total spin S = 1/2 and a nuclei of total spin

I = 1/2. Since the system exhibits an isotropic g-factor and an isotropic hyperfine

interaction, it will later be apparent that mostly the spin projection of the electron

and the nuclei (or perhaps multiple nuclei), will have a defining effect on the CW-

EPR spectrum. For CW-EPR we use a very high magnetic field B0 ≫ BHF , where

BHF is the hyperfine field at the nucleus. In this case the Zeeman effects dominate,

and Î and Ŝ can be quantised along B0. We let B0 = B0ez; thus we can write eq.

(3.16) as

Ĥ = geµBB0Ŝz − gnµNB0Îz + A0(ŜxÎx + Ŝy Îy + Ŝz Îz). (3.25)

We rewrite the spin operators in the x- and y- direction using ladder operators. I.e.

since

Ĵ± = Ĵx ± iĴy ⇒

Ĵx =
Ĵ+ + Ĵ−

2
, Ĵy =

Ĵ+ − Ĵ−
2i

,

then the terms ŜxÎx + Ŝy Îy can be rewritten as

ŜxÎx + Ŝy Îy =
1

4

(
(Ŝ+ + Ŝ−)(Î+ + Î−)− (Ŝ+ − Ŝ−)(Î+ − Î−)

)
=

1

2
(Ŝ+Î− + Ŝ−Î+),

37



allowing us to write eq. (3.25) as

Ĥ = geµBB0Ŝz − gnµNB0Îz + A0

(
1

2
Ŝ+Î− +

1

2
Ŝ−Î+ + Ŝz Îz

)
. (3.26)

We now choose to look at the Hamiltonian in a basis of |↑,⇑⟩ , |↑,⇓⟩ , |↓,⇑⟩ , |↓,⇓⟩
where we denote spin up and spin down as ↑, ↓ and ⇑,⇓ for the electron and nucleus

respectively. We note that the spin operators for the electron are invariant on the

state of the nuclei spin and vice versa. Moreover, we remind the reader of the

interactions of the spin operators in the table 3.1. Since the state of the electron

Ŝz Ŝ+ Ŝ−
|↑⟩ 1

2 |↑⟩ 0 |↓⟩
|↓⟩ −1

2 |↓⟩ |↑⟩ 0

Îz Î+ Î−
|⇑⟩ 1

2 |⇑⟩ 0 |⇓⟩
|⇓⟩ −1

2 |⇓⟩ |⇑⟩ 0

Table 3.1: The interactions of the spin and nuclear spin operators working from the left
on the spin up and spin down states for the electron an nuclei respectively.

is independent of the state of the nuclei we can write, e.g. |↑,⇑⟩ = |↑⟩ ⊗ |⇑⟩ which
lets the spin operators act on their appropriate spins. Moreover, this means that

⟨↑,⇑|↑,⇑⟩ = ⟨↑|↑⟩ ⊗ ⟨⇑|⇑⟩ = 1 for each state in the basis, however, any combination

results in a zero, e.g. ⟨↑,⇑|↑,⇓⟩ = 0. This in turn makes the time independent

Schrödinger of the Hamiltonian from eq. (3.26) into

Ĥ


↑,⇑
↑,⇓
↓,⇑
↓,⇓

 =


Ce

2
− CN

2
+ A0

4
0 0 0

0 Ce

2
+ CN

2
− A0

4
A0

2
0

0 A0

2
−Ce

2
− CN

2
− A0

4
0

0 0 0 −Ce

2
+ CN

2
+ A0

4



↑,⇑
↑,⇓
↓,⇑
↓,⇓

 ,
(3.27)

where Ce = geµBB0 and CN = gNµNB0. Determining the eigenvalues gives us the

possible energy levels of the system, namely

Ea =
Ce

2
− CN

2
+
A0

4
, Eb =

1

2

√
(Ce + CN)2 + A2

0 −
A0

4

Ec = −
Ce

2
+
CN

2
+
A0

4
, Ed = −

1

2

√
(Ce + CN)2 + A2

0 −
A0

4
.

As is most often the case, CW-EPR is usually done in the X-band with a frequency

around ∼ 9.5 GHz, whereas most hyperfine coupling constants for organic radicals

are around ∼ 1− 100 MHz. Thus a high field approximation, namely geµBB ≫ |A0|
is often used. In addition the electron Zeeman interaction, in this approximation,
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also dwarfs the nuclear Zeeman interaction and together with the selection rules the

nuclear Zeeman interaction can be ignored. The so-called selection rules determine

the allowed transitions. The most common is ∆MS = ±1 ∧ ∆MI = 0, since

we excite the electron whilst keeping the nucleus independent. Using the high field

approximation we can rewrite the two energies Ea and Ed by doing a series expansion

and dropping the term containing A2
0. For Ea this is

Ea =
1

2

√
(Ce + CN)2 + A2

0 −
A0

4

≈ 1

2
(Ce + CN)

(
1 +

A2
0

(Ce + CN)2
+O

(
A4

0

(Ce + CN)4

))
− A0

4

≈ 1

2
(Ce + CN)−

A0

4
,

and likewise for Ed. So, from these rules and from figure 3.10, we see that we

have two allowed EPR transitions, namely when ℏω = ∆Eac = Ea − Ec and when

ℏω = ∆Ebd = Eb−Ed. Thus, in the case where we keep the magnetic field constant,

and we would like to sweep with the frequency, we would expect two peaks, one at

ω = ∆Eac/ℏ and one at ω = ∆Ebd/ℏ. As mentioned earlier, it is usually easier to

sweep using the magnetic field and keeping the frequency ω constant. In this case,

we expect the peaks to be at

B = ℏω/geµB − A0/2geµB ∧ B = ℏω/geµB + A0/2geµB,

for MI = 1/2 and MI = −1/2 respectively. For systems like Clar’s goblet where the

electrons interact with multiple equivalent nuclei a further splitting occurs.

3.5 Isotropic hyperfine splitting from multiple equivalent

nuclei

If we imagine a single electron interacting with two equivalent nuclei, the interaction

with the first nuclei will split the energy levels associated with MS = +1/2 and

MS = −1/2 by A0/2, assuming the high-field approximation; whereas the interaction

with the second nuclei will split the levels again by the same factor A0/2, since the

nuclei are equivalent. This produces an energy level scheme as shown in figure 3.11.

Note that in this case two levels coincide at MI = 0, thus making this level double

degenerate. Such a spectrum would produce transitions with relative intensities

1 : 2 : 1. It is possible to describe a CW-EPR spectrum using these intensities in

the case that geµBB ≫ |A0| and kBT ≫ |A0|[23].
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Figure 3.10: The three interactions, the electronic and nuclear Zeeman and the isotropic
hyperfine, affect and split the ground state energy when exposed to an external magnetic
field.
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Figure 3.11: The energy levels of an S = 1/2 electron interacting with two equivalent
nuclei with isotropic hyperfine coupling constant A0.

The interaction for a single electron and three equivalent nuclei will split MS =

+1/2 and MS = −1/2 by A0/2 thrice producing four distinct energy levels and

a relative intensity scheme 1 : 3 : 3 : 1 as the two inner levels become threefold

degenerate. From the three cases of one, two, and three equivalent nuclei I = 1/2

and one electron S = 1/2, we have the relative intensities 1 : 1, 1 : 2 : 1, 1 : 3 : 3 : 1.

Continuing the pattern for n equivalent nuclei, it can be seen that the number of
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lines is given by 2MI +1, the total number of energy levels is given by 2n, and most

importantly the relative intensities is a line in Pascals triangle, cf. table 3.2.

No. of Total No.
equiv. nuclei of lines
0 1 1
1 2 1 1
2 3 1 2 1
3 4 1 3 3 1
4 5 1 4 6 4 1
5 6 1 5 10 10 5 1
...

...
...

...
...

...
...

...

Table 3.2: Pascal’s triangle can be used to describe the intensities for equivalent spin
I = 1/2 nuclei interacting with the same electron. Each multi-set of equivalent nuclei have
their intensity pattern which each of the other sets.

With this knowledge, it is easy to simulate CW-EPR spectra of an arbitrary num-

ber of equivalent nuclei given one knows the isotropic hyperfine coupling constant.

But real structures does rarely only contain a single type of nuclei with the same

nuclear spin and isotropic hyperfine coupling constant. Instead, it is more common

to have multiple sets of equivalent nuclei. Each of these sets can be handled as if they

where independent of each other, whereafter each line of one set will be split by each

of the lines of another set. E.g. consider the naphthalene anion radical in a given

structure where the splitting constants are known together with a comparison to

experiment, see figure 3.12. In this structure we note two different sets of equivalent

nuclei each consisting of four hydrogen. Thus for each group we expect the relative

intensities 1 : 4 : 6 : 4 : 1, i.e. five splits for each group resulting in a total of 25 lines.
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Figure 3.12: The CW-EPR spectrum of a naphtalene anion radical. Note, in a multi-set
of equivalent nuclei system, that each set will split each of the other sets by their Zeeman
effects and isotropic hyperfine coupling constant. In this case, since both groups consists of
1H, it is only the hyperfine interaction that defines the different splitting between the two
groups. Note, the comparison between the measured spectrum of a negative naphthalene
ion, done by James R. Bolton in [23], in blue, and a simulated plot using the hyperfine
coupling constants in figure 3.9, in red.

Looking at a more complex structure like Clar’s goblet, we note five different sets

of equivalent hydrogen nuclei consisting of 2, 4, 4, 4, and 4 nuclei sharing the hyper-

fine coupling constants seen in figure 3.5. The isotropic hyperfine values depicted

here (same as for the spin density figures), have all been subject to the high-field

approximation, and we are thus able to qualitatively determine the multiplicities of

degenerate energy levels as these exhibit the same hyperfine coupling constant. E.g.

we notice the same 4, 4 pattern for the negative naphthalene radical in figure 3.9,

resulting in 25 EPR-lines, as just described. We produce, using a similar analysis

using all the calculated energies and not just Pascal’s triangle, the spectra seen in

figures 3.12 and 3.13. Likewise a CW-EPR spectrum can be simulated for the radical

cation of Clar’s goblet using the hyperfine values in figure 3.7 to produce the figure

3.14.

We notice a slight discrepancy in the figure 3.12 between the simulated and the

experimental graph, as the accuracy of the simulated graph seems to taper off farther

from the central line. However, this is exactly what we would expect, as the simulated

values for the hyperfine splitting exhibit one value being too high and the other too

low. Explicitly they are 15.377 MHz and 4.943 MHz compared to the 13.87 MHz
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and 5.241 MHz measured values by James R. Bolton in [23]. The higher 15.377 MHz

contributes to pushing the simulated lines further away from the central absorption

line, which seems to be the dominant value, and vice versa for the lower 4.943

MHz. We note that all of the lines are represented in the plot, though some are

very close to each other making them harder to distinguish. However, in general,

the theory is supported by the available experimental measurement. It is even

more so evident when viewing figure 3.13, where the simulated plot is practically

indistinguishable from the experimentally motivated graph. Rather unfortunately,

the complex structure of Clar’s goblet, which includes four aryl-groups next to the

hydrogen, distorts the spin densities at two of the carbon sites at the edges in

the radical cation version, which contributes to the hyperfine values being slightly

different. In all, Jiao et al. [14] find four distinct hyperfine couplings, whereas our

work determines two - two with 13.069 MHz and two with 13.075 MHz. This is

evident in comparison between the simulated and measured CW-EPR spectrum of

this structure in figure 3.14. Nevertheless, the comparison also suggests that even

without these groups our simulations hold, and shows the same actual shape, though

with larger deviation in the line intensities at large off-sets from the central peak.
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Figure 3.13: The simulated CW-EPR spectrum of the doublet component (one unpaired
electron with Ms = ±1/2) in the neutral version of Clar’s goblet using the hyperfine
coupling constants determined in figure 3.5, i.e. 12.541 MHz and 12.785 MHz, which
were convolved with a Lorentz broadening of 7.112 MHz at FWHM, together in (a) with
the experimentally measured spectrum by Jiao et al. [14], and in (b) with the simulated
spectrum of the doublet component in the neutral version of Clar’s goblet given in Jiao et
al. [14].
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Figure 3.14: An illustration of the CW-EPR spectrum of the radical cation version of Clar’s
goblet [14] using the measured spectrum from Jiao et al. [14] together with a simulated
spectrum using the hyperfine coupling constants determined in figure 3.7, i.e. 13.069 MHz
and 13.075 MHz. The simulated spectrum was convolved with a Lorentz broadening of
0.14 MHz at FWHM.

3.6 Motion effects and powder spectrum

When EPR is used on an anisotropic sample we know from sections 3.1.3 and 3.2 that

the angle of scanning magnetic field B0 and the sample is important as changing this

angle changes the splitting of the energy levels and thus the resulting spectrum. In

addition to the orientation of the sample, the motion of the molecules and atoms has

a considerable impact on the EPR spectrum. We differentiate between four different

motion regimes [55]: The isotropic limit, the fast-motion regime, the slow-motion

regime, and the rigid motion regime. In the isotropic limit all anisotropic effects

are averaged to zero due to the very rapid motion and tumbling of the molecules.

The fast-motion regime is close to the isotropic limit, however a small amount of

anisotropy is not averaged away. The slow-motion regime is closer to the rigid

motion and exhibits greater amounts of anisotropy but not the full amount. In

the rigid motion regime there is no motion averaging of anisotropic effects. In the

slower regimes we see the longest relaxation times [55], thus these are often the

regimes studied. In solids, as in carbon-based molecules, we differentiate between an

additional two types, the single crystal and the powder spectrum. The single crystal

functions as a singular bulk material with an orientational ordering and so that the
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principal axes of the the g-factor can be measured. However, in most cases a single

crystal is not feasible since it is randomly ordered, randomly orientated and measured

in a powder or in a frozen solution. In a crystalline powder every individual piece

of the powder exhibits the same properties as it would have had in a large crystal,

however, since each piece is randomly orientated, with respect to a chosen coordinate

system, it is assumed that the powder exhibits every possible orientation of the

principal axes, i.e. the g-factor and A is viewed from every possible orientation.

Thus we average over all possible orientations using Euler angles. Practically, the

ZXZ rotation matrix in proper Euler angles was used to change the the orientation of

the sample in the simulations in this project, which produces the average spectrum.

In effect, the spectrums often look a lot like those of figure 3.13 since the anisotropic

hyperfine contributions are small compared to the larger electron Zeeman interaction

- the high-field approximation. As said, this effect is seen as a larger line-broadening

of the isotropic spectra, so depending on the structure the isotropic graphs convolved

with a high Lorentz or Gaussian broadening can be an effective approximation of the

actual anisotropic spectra. This is, however, only the case when the anisotropic terms

are near-zero. In other carbon structures there might be a defect or a very localised

electron, in which case this approximation simply fails to accurately describe the

intricate effects the hyperfine interactions have on the structure of the EPR spectrum

[23, 61]. For these systems the full, and more general model, must be utilised for

an accurate result. Such a plot can be seen for the cation version of cg-2, cf. figure

3.14.

3.7 Relaxation times

By utilising the mean-field Hubbard model described in section 2.2 in conjunction

with the appropriate Hubbard parameter value, the spin densities of any purely

carbon-based and 2-dimensional6 molecules can be determined. Since we focus on

carbon-based molecules and on the ground state, the effect from g-anisotropy is very

small compared to the anisotropic effects from the hyperfine interactions, and as

such we can generally neglect the effects from g-anisotropy in this section. Moreover,

since a purely carbon-based molecule will consist of either 12C, 13C, or probably some

combination of the two, together with 1H, all nuclear spins are at most 1/2, which

in turn means the absence of any quadrupolar interactions and a small nuclear-

nuclear interaction between 13C and 1H. By simply employing CW-EPR one is not

6If the molecule exhibits a twist or bend, the model still functions, however, this will need the introduc-
tion of the mixing of orbitals across the twist. The effects of this twist can be seen in the slight difference
of spin densities in figures 2.9 and 2.10.
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able to achieve the true spin-spin relaxation time T2 nor is it possible to determine

the spin-lattice relaxation time T1 [23]. It is, however, possible to achieve a lower

bound represented by the inhomogeneous dephasing time T ∗
2 closely examining the

linewidths of the structure. In this section we will provide the necessary theory to

determine this decoherence time for the simulated plots in figures 3.13 and 3.14.

3.7.1 Homogeneous and Inhomogeneous Linebroadening

Generally the lineshape of the CW-EPR spectrum is determined by the resonances

the carbon-structure exhibits. These resonances can be considered as infinitely thin

lines, but this is of course not what we observe in reality as each of these resonance-

lines are broadened by whatever environment the carbon-structure is in and by the

carbon-structure’s interaction with itself. We differentiate between two different

types of linebroadening: Homogeneous and inhomogeneous linebroadening. Crudely

the difference between the two broadening types is that homogeneous linebroaden-

ing effect each resonance-line equally as each resonance experiences the same en-

vironment, whereas the inhomogeneous linebroadening effects each resonance-line

differently as a superposition of many slightly shifted resonances [23, 61]. Sources

for the homogeneous linebroadening arises from the spin-lattice relaxation, the dipo-

lar interaction between spins, and from the interaction with the applied microwave

irradiation - this produces a natural linewidth which depends directly on the spin-

spin relaxation time T2. The inhomogeneous linebroadening arises when individual

resonance-lines are merged together into a greater envelope, see figure 3.15. We

generally see inhomogeneous linebroadening when the CW-EPR spectrum exhibits

a degree of anisotropic effects as, cf. the previous section 3.6, resonance-lines bleed

together when producing the powder spectrum. Likewise, the isotropic CW-EPR

spectrums often predominately exhibit homogeneous linebroadening as the hyper-

fine interactions are usually resolved in the spectrum7. As mentioned previously, we

are also interested in the T ∗
2 inhomogeneous dephasing time, and this is dominated

by inhomogeneous linebroadening in both figures 3.13 and 3.14. It does not pro-

vide any meaningful access to the homogeneous T2 relaxation time, which requires

a Hahn echo measurement [23]. We will thus provide a mathematical treatment of

extracting the T ∗
2 inhomogeneous dephasing time from the case of inhomogeneous

linebroadening.

As for many other inhomogeneous systems, we expect the broadened line to ex-

7If multiple sets of equivalent nuclei, however, have close to an integer multiple between their respective
isotropic hyperfine coupling constants, resonance-lines might be very close together and produce unresolved
resonance lines.
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Figure 3.15: An illustration of a hypothetical CW-EPR absorption spectrum, together
with a singular orientation in the powder spectrum. The envelope of the entire spectrum
is thus constructed by the superposition many of these overlapping resonance-lines.

hibit a Gaussian shape as the superposing homogeneous lines will fulfil the central

limit theorem. This collective lineshape is the free induction envelope since the spins

precess with their respective Larmor frequency, ω0 = geµBB0/ℏ, at resonance and

evolves freely when they are no longer excited by a driving field. Each resonance-

line, i.e. spin will precess with a slightly different frequency and will eventually be

out of phase with each other, which will cause the detected signal to decay. It should

be mentioned that the CW-EPR spectrum does not directly give a free induction

decay signal, but it can be inferred by using a Fourier transform [24]. As stated, the

inhomogeneous broadening will produce a Gaussian, which can be represented by,

in frequency units,

G(ω) =
1√
2πσ2

ω

e

(
− (ω−ω0)

2

2σ2
ω

)
,

where σω is the standard deviation in frequency units. The total signal S(t), from our

EPR experiment, in the time domain can be represented by the Fourier transform

of this Gaussian [24]

S(t) = eiω0te−
σ2
ωt2

2 .

We are interested in the envelope of the signal in order to evaluate how it decays

over time. This can be achieved by taking the modulus of the signal [24]

|S(t)| = |e−
σ2
ωt2

2 |.
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For this inferred signal we define the T ∗
2 -time as the time at which the Gaussian

envelope has fallen to e−1 [24], so in the case we can write

e−σ2
ω(T

∗
2 )

2/2 = e−1,

σ2
ω(T

∗
2 )

2

2
= 1,

T ∗
2 =

√
2

σω
.

(3.28)

However, from the simulated spectra we do not achieve σω but the peak-to-peak

linewidth ∆Bpp. We rewrite σω into field units by σω = geµBσB/ℏ. Now, what is left
is to relate σB to ∆Bpp. We look at a singular resonance which has been broadened

inhomogeneously represented by a Gaussian. The shape of the absorption spectrum

can be represented by

G(B) ∝ e
− (B−Br)

2

2σ2
B ,

where Br is the magnitude of the magnetic field at resonance. We differentiate this

function with respect to B in order to achieve the first derivative spectrum like the

spectrums for which we want to measure ∆Bpp are represented:

dG(B)

dB
= −B −Br

σ2
B

e
− (B−Br)

2

2σ2
B .

We find the extrema of this function by differentiating with respect to B again,

d2G(B)

dB2
=

(
(B −Br)

2

σ4
B

− 1

σ2
B

)
e
− (B−Br)

2

2σ2
B = 0.

This can only be 0 if the term in the parentheses is 0. Thus the solutions to this,

and thus the extrema, must be

(B −Br)
2

σ4
B

=
1

σ2
B

,

(B −Br)
2 = σ2

B,

B −Br = ±σB,

i.e. the maximum, at dG/dB, will occur at Br + σB and the minimum at Br − σB
making the peak-to-peak distance exactly ∆Bpp = 2σB. We substitute this into
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equation (3.28) and obtain

T ∗
2 =

2
√
2ℏ

geµB∆Bpp

. (3.29)

From equation (3.29) it is possible to achieve the inhomogeneous dephasing time, in-

cluding inhomogeneous broadening, T ∗
2 from the previous simulated CW-EPR spec-

tra. For the neutral Clar’s goblet, simulated spectrum in figure 3.13a and 3.13b,

we have T ∗
2 = 0.103 µs and for the cation version, the simulated spectrum in figure

3.14, yielded T ∗
2 = 0.102 µs. Both of these values are not only consistent with each

other, since they lie very close together, which is expected since it is the same overall

molecule, they are also consistent with what we would expect for this structure [14].

The values are generally low, but for a planar and monolayer structure, we expect

them to be exactly that since the structure is more prone to environmental noise

due to the smaller size and exposed qubits. The inhomogeneous dephasing time

is, however, not error-free as it builds on previous simulations that includes small

amounts of error. However, since these errors are generally small, we expect these

dephasing times to reliably represent the structure, Clar’s goblet.

In the next chapter, we will determine the dephasing time T2, where the inho-

mogeneous broadening has been refocused, meaning we essentially are left with the

homogeneous broadening. This dephasing time will prove more relevant for the ap-

plication of qubits in the structure. T ∗
2 manages to establish a lower limit for the

dephasing time T2, and moreover no additional measurements, except for the first

measurement determining the correct Hubbard parameter, is necessary for T ∗
2 .
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Chapter 4

Pulse-EPR

Until now, we have mainly considered a driven system with continuous microwave

radiation. The idea behind pulse-EPR is, as the name suggest, to only use a pulse

of microwave radiation. Pulse-EPR is used to spectroscopically study how unpaired

electrons will evolve without the constant driving electromagnetic radiation field, but

instead through pulses of varying lengths. This allows for accurate measurements of

the relaxation times through spin echo or the measurements of interactions electrons

and surrounding nuclei. As we are interested in the former, this will be the focus

of this chapter. Firstly, we will describe the Bloch equations and their use-case for

resonance, Larmor precession, and the overall representation of the state of qubits in

a Bloch sphere. Secondly, we look at the Hahn spin echo and how this can be used to

determine the relaxation times for the qubit. Thirdly, we will look at the Lindblad

master equation for a mathematical description of qubit decoherence through the

use of physically motivated Lindblad operators.

4.1 The Bloch Equations

The idea behind the Bloch model, and the subsequent Bloch equations, is the idea

of describing the time dependence of an ensemble of electron spins in the presence

of an external constant magnetic field B0. This is done primarily though the mag-

netisation. In the presence of an arbitrary constant magnetic field B0, the equation

of motion for the angular momentum of an ensemble of spin magnetic moments can

be described by [23, 24]
dM

dt
= M× (−geµBB0).
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Taking B0 to be along the z-axis, yields

dMx

dt
= −geµBB0My,

dMy

dt
= geµBB0Mx,

dMz

dt
= 0.

(4.1)

In a steady-state system, i.e. where we assume no relaxation processes occur, these

have the solutions

Mx =M⊥ cos(ωBt),

My =M⊥ sin(ωBt),

Mz =M∥,

whereM⊥ andM∥ is the perpendicular and the parallel magnitude ofM to the z-axis,

respectively, and ωB = geµBB0 is the Larmor frequency. In addition to the constant

external magnetic field B0, we add an oscillating magnetic field B1 perpendicular to

B0 and varying with the components [24]

B1x = B1 cos(ω1t),

B1y = B1 sin(ω1t),

B1z = 0,

where ω1 is the frequency of the varying B1 field. This effectively makes the total

magnetic field

B = (B1 cos(ω1t), B1 sin(ω1t), B0), (4.2)

making our cross product

dM

dt
= M× (−geµBB) =

 ωBMy − ωB1Mz sin(ω1t)

−ωBMx + ωB1Mz cos(ω1t)

ωB1(Mx sin(ω1t)−My cos(ω1t))

 , (4.3)

where ωB1 = geµBB1 is the second Larmor frequency. Now, it is difficult to keep

the static Cartesian coordinate system when we would like to describe the time de-

pendence of M, since M now precesses around the z-axis and B1 is time-dependent.

We therefore switch to a rotating frame of reference around the z-axis, which rotates

with the frequency ω1 in-phase with B1, i.e. in the right-hand sense about the z-axis.

Specifically, we define the new x-axis to be in the direction of B1 and the new y-axis
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to be perpendicular to this new x-axis and the invariant z-axis. To do this, we define

MR
x =Mx cos(ω1t) +My sin(ω1t),

MR
y = −My cos(ω1t) +Mx sin(ω1t),

where the superscript denotes that these magnetisation components are in the ro-

tating frame. We differentiate MR
x w.r.t. time and substitute the first and second

component of eq. (4.3) and arrive at

dMR
x

dt
=
dMx

dt
cos(ω1t)−Mxω1 sin(ω1t) +

dMy

dt
sin(ω1t) +Myω1 cos(ω1t),

= (ωBMy − ωB1Mz sin(ω1t)) cos(ω1t)−Mxω1 sin(ω1t),

+ (−ωBMx + ωB1Mz cos(ω1t)) sin(ω1t) +Myω1 cos(ω1t),

= −(ωB − ω1)(Mx sin(ω1t)−My cos(ω1t)),

= −(ωB − ω1)M
R
y = −ΩBM

R
y ,

where we define ΩB = ωB−ω1 to lighten the notation a bit. Likewise, one can obtain

the following for the other two components of eq. (4.3)

dMR
y

dt
= ΩBM

R
x − ωB1Mz,

and
dMR

z

dt
= ωB1M

R
y .

These makes a new set of equations of motion for M in the rotating frame, with

no loss. In the presence of both magnetic fields, the magnetisation experiences two

precessions, which leads to a nutation about an effective magnetic field, which is the

direction of (ωB1, 0,ΩB), with nutation frequency ωeff =
√
Ω2

B + (ωB1)2, cf. figure

4.1. This magnetisation will decay over time, as this precession cannot go on forever

[23, 24]. Classically, we cannot describe the relaxation processes which gives rise

to this decay, since it utilises a quantum view of the spin. We can, however, use

phenomenological time parameters, which describes the relaxation within the Bloch

model. We assume that the transverse relaxation can be described by an exponential

decay with the time T2. Likewise, we assume that the longitudinal relaxation is

described by another exponential decay with time T1. The relaxation of Mz will

tend toward M∥ (at thermal equilibrium), thus this decay can be described by

dMz

dt
=
−(Mz −M∥)

T1
. (4.4)
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Figure 4.1: Precession of the magnetisation in the presence of (a) only B0 and (b) B0 and
B1 in the rotating frame. Adapted from [24].

Likewise, we expect the transverse components to decay toward zero, so their decay

can be described by

dMx

dt
=
−Mx

T2
,

dMy

dt
=
−My

T2
.

(4.5)

In turn, this means the equations of motion for the magnetisation in the rotating

frame can be described by the following

dMR
x

dt
= −ΩBM

R
y −

MR
x

T2
,

dMR
y

dt
= ΩBM

R
x − ωB1Mz −

MR
y

T2
,

dMR
z

dt
= ωB1M

R
y −

Mz −M∥

T1
.

(4.6)

These equations are known as the rotating-frame Bloch equations. These equations

fully describe the two-level electron spin system in the presence of the two magnetic

fields B0 and B1, and are therefore used in various spin pulse sequences like that of

the Hahn spin echo.
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The relaxation noted in the eqs. (4.4) and (4.5) does, of course, not only occur

when we apply both magnetic fields, but will instead always be present. This means

that eqs. (4.1) must be modified exactly like eqs. (4.6). This yields the eqs. with

only the field B0 turned on to be [24]

dMx

dt
= −ωBMy −

Mx

T2
,

dMy

dt
= ωBMx −

My

T2
,

dMz

dt
= −

Mz −M∥

T1
.

(4.7)

Until now we have considered both magnetic fields B0 and B1 being turned on,

always. However, in the case of pulse-EPR, we would like to apply pulses of the

second, and oscillating magnetic field, B1 instead, as this corresponds to turning the

microwave radiation in the CW-EPR on and off. We will thus consider the system in

the constant external magnetic field B0 being affected by a resonant pulse, i.e. when

ΩB = 0, of the oscillating field B1 for a time tp. When the magnetic field is turned

off the magnetisation only precesses around the z-axis, however, when B1 is turned

on, the magnetisation will precess around the x-axis for the duration of tp. Usually

the two pulses used are the π- and π/2-pulses which are defined as time tp when the

flip angle β = ωB1tp is π- and π/2 respectively [23, 24]. If we consider a singular

pulse which induces a flip angle β, right after the flip (time tp), our magnetisation

components are

MR
x = 0,

MR
y = −M∥ sin(β),

MR
z =M∥ cos(β),

since the flip is around the x-axis. After the pulse, i.e. after a time tp, we let the

spin precess freely, free spin evolution, where it will continue to precess around z.

This precession will thus not effect Mz, yet they will all experience their respective

loss, and thus our components are now

MR
x =M∥ sin(β) sin(ΩBt)e

−t/T2 ,

MR
y = −M∥ sin(β) cos(ΩBt)e

−t/T2 ,

MR
z =M∥ cos(β)e

−t/T1 .

(4.8)

Stringing different pulses together of varying lengths allows for the determination of
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both T1 and T2. Moreover, it allows for sustaining a qubit by a significant length of

time - much longer than a single pulse measurement suggests [29].

4.2 Pulse sequences and relaxation

We have established that the relaxation times T1 and T2 can be used to describe a

precession of an electron state using the phenomenological Bloch equations. Now,

we would like to extend this formalism to describe a spin qubit, and specifically

how this qubit can be probed using a Hahn spin echo. To facilitate the subsequent

sequences of B1 pulses, we introduce the density matrix formalism.

A qubit can be made from any two state quantum system, and in regards to a

polycyclic aromatic molecule like Clar’s goblet, our qubit is a localised electron we

can externally control and interact with. An overall interesting property of Clar’s

goblet is the fact that Clar’s goblet has two such localised unpaired electrons, one

sitting on either side of the molecule, that can be used as qubits. The ground

state of our two state system will be denoted |0⟩ and the first excited state will be

denoted |1⟩. As discussed previously, the energy level of the first excited state is

very dependent on the surrounding nuclei through hyperfine interactions, and when

subjected to a magnetic field it is also impacted by Zeeman splitting. A measured

qubit will always be found in either |0⟩ or |1⟩. Before any measurement, however,

we can conclude that it must have been in a state [11, 12, 24, 65]

|ψ⟩ = c0 |0⟩+ c1 |1⟩ ,

where c0 and c1 are the complex probability amplitudes associated with the ground

state and first excited state respectively, and fulfil |c0|2 + |c1|2 = 1. However, in

practice we will rarely find a qubit in a perfectly isolated system, meaning we must

contend with interactions with the environment. We therefore introduce the density

matrix, or operator, formalism as this formalism allows for the handling of both pure

and mixed states within the same framework. We can describe our density matrix

ρ as

ρ ≡ |ψ⟩ ⟨ψ| =

[
|c0|2, c0c∗1
c∗0c1, |c1|2

]
=

[
ρ00, ρ10

ρ∗10, ρ11

]
, (4.9)

where ρ00 = |c0|2, ρ11 = |c1|2 and ρ10 = c0c
∗
1. We note that the diagonal elements,

which describe the probability of measuring |0⟩ and |1⟩, still fulfil the normalisation

condition by Tr{ρ} = 1, which always holds. The off-diagonal elements denote the
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coherence of the qubit as these describe the relative phase between the two states.

When the density matrix is described by a single state, such as |ψ⟩ ⟨ψ| in eq. (4.9),

we call this a pure state, and all the information of the matrix is equivalent to that

of the state itself. We can, however, also consider a set of N states |ψi⟩ with different

probabilities pi of being the actual state when the qubit is measured. This situation

can also be described by the density matrix [11, 12]

ρ =
N∑
i=1

pi |ψi⟩ ⟨ψi| , (4.10)

where
∑N

i=1 pi = 1. We note here, that we do not know specifically which of the

states |ψi⟩ our system is in, but only the probability. This is what we call a mixed

state. It is clear for both representations, that ρ must be positive semidefinite, i.e.

that its eigenvalues must be non-negative, since if they where negative we would be

dealing with a negative probability. As an example, consider a qubit which is, of

course, a two level system with states |0⟩ and |1⟩. So, it must have the pure states

|0⟩ ⟨0|, |1⟩ ⟨1|, and 1√
2
(|0⟩+ |1⟩)(⟨0|+ ⟨1|) 1√

2
. However, ρ = (|0⟩ ⟨0|+ |1⟩ ⟨1|)/2 is an

example of a mixed state as it cannot be expressed as |ψ⟩ ⟨ψ|, and only in sum of

eq. (4.10) with probabilities 1/2 for both states.

As a general tool to examine if a density matrix is a pure or a mixed state, one can

check the purity of the system [11, 12]. The purity is calculated by taking the trace

of the density matrix squared. So, for any pure state the purity can be calculated as

Tr
{
ρ2
}
= Tr{|ψ⟩ ⟨ψ|ψ⟩ ⟨ψ|} = Tr{ρ} = 1.

Likewise, we find that for any mixed state the purity is1

Tr
{
ρ2
}
= Tr

{
N∑
i=1

p2i |ψi⟩ ⟨ψi|ψi⟩ ⟨ψi|

}
=

N∑
i=1

p2i Tr{|ψi⟩ ⟨ψi|} =
N∑
i=1

p2i < 1.

When we have an ensemble of spins, or simply just a single qubit, we also provide a

more visual, and perhaps more intuitive, approach by use of a Bloch sphere. Since the

density matrix is 2×2 Hermitian matrix, we make use of the basis {I2×2,σx,σy,σz},
and we can thus always describe the density matrix as

ρ = c1I2×2 + c2σx + c3σy + c4σz.

1Here we have assumed that the states in the set |ψi⟩ are orthonormal, however, it is still true that any
mixed state will have Tr

{
ρ2

}
< 1.
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Using the normalisation condition we find that

Tr{ρ} = c1 · 2 + c2 · 0 + c3 · 0 + c4 · 0 = 1,

meaning c1 = 1/2. Hence we can write

ρ =
1

2
(I2×2 + 2c2σx + 2c3σy + 2c4σz).

By setting r = (rx, ry, rz) = (2c2, 2c3, 2c4), we can rewrite the previous expression

as [12, 23, 24]

ρ =
1

2

([
1 0

0 1

]
+ rx

[
0 1

1 0

]
+ ry

[
0 −i
i 0

]
+ rz

[
1 0

0 −1

])
,

=
1

2

[
1 + rz rx − iryrx + iry 1− rz

]
=

1

2
(I2×2 + r · σ),

(4.11)

where σ̂ = (σx,σy,σz). We call the vector r the Bloch vector, and it effectively

displays the state in or on a sphere with axes as shown in the figure 4.2. It follows

x y

z
r

|0⟩

|1⟩

2 Im{ρ10}
2 Re{ρ10}

ρ00  ρ11_

Figure 4.2: A Bloch sphere with the associated coordinate system and two Bloch vectors,
one corresponding to a pure state, and the other to a mixed state.

from the representation in eq. (4.11), that the eigenvalues of ρ are (1± |r|)/2, and
since ρ is positive semidefinite we must have that |r| ≤ 1. Moreover, since it for

pure states requires a purity of 1 and since the trace of a matrix is equal to the sum
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of the eigenvalues, we find that

Tr
{
ρ2
}
=

(
1 + |r|

2

)2

+

(
1− |r|

2

)2

=
1

2
(1 + |r|2) = 1,

which can only be true when |r| = 1. This means that the surface of the Bloch

sphere is populated by pure states, and that any mixed state must be within the

sphere. This also suggests that the maximally mixed state must be at the origin of

the Bloch sphere.

The finale property of the density matrix we introduce, is the handling of expec-

tation values [11, 12]. We let Â be a general operator. Then the expectation value

is given by

⟨A⟩ =
N∑
i=1

pi ⟨ψj|Â|ψj⟩ =
N∑
i=1

pi Tr
{
⟨ψj|Â|ψj⟩

}
=

N∑
i=1

piTr{|ψj⟩ ⟨ψj| ⟨A⟩}

= Tr

{
N∑
i=1

pi |ψj⟩ ⟨ψj| ⟨A⟩

}
= Tr

{
ρÂ
}
,

where the second equality holds since the matrix element is just a scalar, the third

equality holds due to the trace property Tr
{
ÂB̂
}

= Tr
{
B̂Â
}
. A very similar

derivation can be done for the pure state, yet the result is the same.

We reach one finale hurdle before we can use this formalism to actually describe

the Hahn echo sequence with an addressable T1 and T2 relaxation time: The evolution

of the density matrix. The Bloch equations described in section 4.1 are specifically

the equations of motion of the Bloch vector in the Bloch sphere. This means that

we can view the time evolution of our qubit state in the Bloch sphere, including any

sequences of B1 pulses.

If we imagine a pure state being prepared in the ground state |0⟩ the corresponding
density matrix can be written

ρ =

[
1 0

0 0

]
,

which makes the Bloch vector r = (0, 0, 1). By applying a resonant π/2-pulse, then

from eqs. (4.8), we find that the Bloch vector will become r = (0,−1, 0). This

Bloch vector corresponds to MR = (0,−M0, 0), where M0 is magnitude of MR at

time t = 0. We now let the qubit precess for a time τ . During this time, an

ensemble of spins will precess with different Larmor frequencies using eqs. (4.7). We

then apply a resonant π-pulse, which essentially flips all the Bloch vectors in the xy-
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plane. This results in the ensemble of spins to precess opposite as opposed to before

the π-pulse. Waiting another time τ , the Bloch vectors will recollect, producing a

measurable echo, cf. figure 4.3. This sequence of pulses and delay-time τ is called

the Hahn echo sequence [23, 24]. More succinctly, the pulse sequence is described

by π/2− τ − π − τ − echo.

π/2 π
τ

echo
τ

x
y

|1⟩

|0⟩z
rπ/2

x
y

|1⟩

|0⟩z

x
y

|0⟩z

x
y

|1⟩

|0⟩z

x
y

|1⟩

|0⟩z

|1⟩

1) 3) 5)

2) 4)
π

Figure 4.3: Hahn echo sequence and echo. 1) : The qubit is flipped onto the xy-plane
with a π/2-pulse. 2) : The ensemble of possible states disperse during a time τ with their
individual Larmor frequencies and spread out over the xy-plane. 3) : All states are flipped
180◦ by a π-pulse. 4) : Again, the states disperse over the xy-plane during a time τ , though
now that the states have been flipped, they disperse in the opposite direction. 5) : The
state ensemble all collect in an echo envelope after another delay time τ .

We notice, that in the evolution of the Bloch vectors, cf. eqs. (4.6) and (4.7),

the dephasing time T2 enters for both the x- and y-components, which we will

extract from the Hahn echo sequence. As described above, the π/2-pulse drives the

Bloch vectors into the xy-plane, and since it is only the in-plane components that

contribute to the later echo amplitude [23, 24], we provide a composite component
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M̃ =MR
x + iMR

y , which makes free precession in-plane evolution become

dM̃

dt
=
dMR

x

dt
+ i

dMR
y

dt
=

(
−ΩBM

R
y −

MR
x

T2

)
+ i

(
ΩBM

R
x −

MR
y

T2

)

= − 1

T2
(MR

x + iMR
y )− iΩB(M

R
x + iMR

y ) = −M̃
(

1

T2
+ iΩB

)
.

Solving this ordinary differential equation and applying the initial condition, at time

t = 0, M̃(0) = −iM0, as we have already established that after the π/2-pulse the

Bloch vector must be r = (0,−1, 0), we must have that

M̃(t) = −iM0e
−(1/T2+iΩB)t = −iM0e

−t/T2e−iΩBt.

We now denote τ− and τ+, respectively, as being the time just before and after the

π-pulse. We now apply the π-pulse on the system, which flips the sign of Bloch

vector, i.e. in this case MR
y → −MR

y . Effectively, this corresponds to taking the

complex conjugate of M̃ which makes [11]

M̃(τ+) =
(
M̃(τ−)

)∗
= iM0e

−τ/T2eiΩBτ . (4.12)

We now proceed to the free precession for the time τ < t < 2τ . The same ordinary

differential equation must be solve, but for a different time and with the initial

condition, at time t = τ+, being the eq. (4.12). Setting t′ = t − τ , we must have

that, for the free precession for time τ < t < 2τ that

M̃(t′) = M̃(τ+)e−t′/T2e−iΩBt′ = iM0e
−τ/T2eiΩBτe−t′/T2e−iΩBt′ = iM0e

−(τ+t′)/T2eiΩB(τ−t′).

It now becomes obvious that when t′ = τ , i.e. when t = 2τ the second exponential

becomes unity and we are left with

M̃(2τ) = iM0e
−2τ/T2 . (4.13)

Taking the modulus of M̃(2τ) provides the echo amplitude, which must be |M̃(2τ)| =
M0 exp{(−2τ/T2)}. Thus, if one has a measurement, or alternatively a simulation,

of the echo envelope, and hence the echo amplitude at various values of τ , one

can fit this envelope to an exponential decay and extract T2. Physically, the Hahn

echo refocuses the inhomogeneous dephasing in order to determine the irreversible

decoherence described by T2 [38].

On the other hand, the T1 time is addressable by an inversion-recovery sequence
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π−T−π/2−τ−π−τ−echo [23, 39]. We note here that the latter part is actually the

Hahn echo sequence, which in practical terms is necessary for the echo measurement.

Experimentally this is done to refocus the inhomogeneous dephasing, like that for

the T2 relaxation time. It is, of course, the T1 time we are interested in this time,

hence it is T that we will vary, whilst we keep the delay τ at a fixed 400 ns, and

this also lets the T1 relaxation time be addressable rather than T2. Like with the

Hahn sequence, our qubit starts in the ground state which makes the Bloch vector

r = (0, 0, 1). We apply the π-pulse flipping the vector making r = (0, 0,−1). At the
start, i.e. at equilibrium, and after the π-pulse, the magnitude of the Bloch vector

must be entirely in Mz. Immediately after the π-pulse, at time t = 0+, where the

superscript + denotes after the pulse, we must have that Mz(0
+) = −M∥. This

functions as our initial condition to the ordinary differential equation eq. (4.4),

which in turn must have the solution

Mz(t) =M∥ + Ce−t/T1 ⇒Mz(t) =M∥
(
1− 2e−t/T1

)
,

where C = −2M∥. Hence, at t = T , then

Mz(T ) =M∥
(
1− 2e−T/T1

)
,

which is the envelope of interest. Experimentally a Hahn sequence is added after-

wards, for which the derivation is exactly like before, except now the Bloch vector

is r = (0, 0, 1 − 2e−T/T1). Carrying through the sequence we will achieve the same

result as for the Hahn echo, but M0 = 1− 2e−T/T1 , hence the total amplitude must

be

M̃(2τ) = iM∥e
−2τ/T2

(
1− 2e−T/T1

)
, (4.14)

where the time 2τ is after the time T has passed. Since iM∥e
−2τ/T2 is constant when

we sweep through T , we thus fit the envelope to an exponential decay described by

1 − 2e−T/T1 . We now have the capability to simulate two different sequences that

can individually be used to determine the relaxation times T1 and T2.

4.2.1 The Lindblad master equation

The above theory holds, but does not make use of the powerful density matrix

formulation. If we briefly return to a pure state described by a density matrix,

differentiating ρ w.r.t. time we achieve

dρ

dt
=
d |ψ⟩
dt
⟨ψ|+ |ψ⟩ d ⟨ψ|

dt
= − i

ℏ
Ĥρ+ ρĤ

i

ℏ
= − i

ℏ
[Ĥ,ρ] = Lρ, (4.15)
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where L is a superoperator2, we in the second equality have made use of the time-

dependent Schrödinger equation iℏ d |ψ⟩ /dt = Ĥ |ψ⟩, and in the third equality we

have used the commutator [Ĥ,ρ] = Ĥρ − ρĤ. A very similar derivation exists

for the mixed state [11, 12]. The eq. (4.15) is known as Liouville-von Neumann

equation. The concept of the Liouville-von Neumann equation can be further ex-

panded by introducing the Lindblad master equation3, which naturally expands on

the Liouville-von Neumann by adding a phenomenological dissipator term, as eq.

(4.15) only describe a coherent Hamiltonian evolution [11]. The Lindbladian de-

scribes the time evolution of density matrix, like the one for a qubit, and is given by

[11, 12, 40, 66]

dρ

dt
= − i

ℏ
[Ĥ,ρ]− 1

2

{
N∑
j=1

L̂†
jLj,ρ

}
+

N∑
j=1

L̂jρL
†
j, (4.16)

where the brackets {Â, B̂} = ÂB̂ + B̂Â denotes the anti-commutator, L̂j denotes

Lindblad operators (also known as jump operators). Following Breuer and Petruc-

cione [11], the Lindblad operators for a two-level system, such as our qubit, can be

described by

L̂1 =
√

2γ+σ+, L̂2 =
√

2γ−σ−, L̂3 =
√

2γzσz, (4.17)

where

σ+ =
1

2
(σx + iσy) =

[
0 1

0 0

]
, σ− =

1

2
(σx − iσy) =

[
0 0

1 0

]
,

together with the decay rates γ+ and γ−, respectively describes the induced absorp-

tion and emission from and to the surrounding reservoir, i.e. the local environment.

Likewise, σz and γz describes the pure dephasing through loss of phase coherence.

These decay rates are phenomenological and are closely associated with the previ-

ously described relaxation times T1 and T2.

We explicitly compute dρ/dt using the Lindblad operators described in eq. (4.17)

during free precession. As such, we first calculate L̂jρL̂
†
j − (L̂†

jL̂jρ + ρL̂†
jL̂j)/2 for

2A superoperator is essentially an operator that acts on other operators, mapping them into other linear
maps.

3Also known as the Lindbladian or the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation.
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each j ∈ {1, 2, 3}:

L̂1ρL̂
†
1 −

1

2
(L̂†

1L̂1ρ+ ρL̂†
1L̂1) = 2γ+

[
ρ11 0

0 0

]
− 2γ+

[
0 ρ10

ρ10 2ρ11

]
= γ+

[
2ρ11 −ρ10
−ρ10 −2ρ11

]
,

L̂2ρL̂
†
2 −

1

2
(L̂†

2L̂2ρ+ ρL̂†
2L̂2) = 2γ−

[
0 0

0 ρ00

]
− 2γ−

[
2ρ00 ρ10

ρ10 0

]
= γ−

[
−2ρ00 −ρ10
−ρ10 2ρ00

]
,

L̂3ρL̂
†
3 −

1

2
(L̂†

3L̂3ρ+ ρL̂†
3L̂3) = 2γz

[
ρ00 −ρ10
−ρ10 ρ11

]
− 2γz

[
ρ00 ρ10

ρ10 ρ11

]
= −4γz

[
0 ρ10

ρ10 0

]
.

Together this makes the free precession Lindbladian for our qubit

dρ

dt
=

[
2γ+ρ11 − 2γ−ρ00 −(γ+ + γ− + 4γz)ρ10

−(γ+ + γ− + 4γz)ρ10 −2γ+ρ11 + 2γ−ρ00

]
.

As we described earlier, the diagonal elements describe the probability of finding the

qubit in either the state |0⟩ or |1⟩. Thus, the diagonal elements are associated with

T1, i.e. the energy relaxation. This also becomes very obvious, when observing the

Bloch sphere in concurrence with eqs. (4.7), cf. fig. 4.2, since the z-axis is exactly

the difference between the diagonal elements. Likewise, a similar argument can be

made for the off-diagonal elements and their association with T2, the total dephasing

time [11, 38]. Form the off-diagonal elements we find that

dρ10
dt

= −(γ+ + γ− + 4γz)ρ10,

matches the x- and y-components of eq. (4.7), when viewed in the rotating frame

at resonance4. Hence, we have that

1

T2
= γ+ + γ− + 4γz.

Likewise, we find from the diagonal elements, that when we use the normalisation

condition Tr{ρ} = 1⇒ ρ11 = 1− ρ00 then

dρ00
dt

= 2γ+(1− ρ00)− 2γ−ρ00 = −2(γ+ + γ−)ρ00 + 2γ+,

which matches the form of the z-component of eq. (4.7). Equivalently, the same

4This constitutes to removing the Larmor frequency ωB terms in both equations.
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argument can be made with dρ11/dt. Hence, we have that

1

T1
= 2(γ+ + γ−).

We can thus use the relaxation times to determine the appropriate decay rates and

vice versa, for any structure. Now, the only unknown in the Lindbladian is the

Hamiltonian for when B1 is turned on and off. When it is turned off, there is

no interaction with the time-varying magnetic field, so the Hamiltonian is simply

Ĥ = [ 0 0
0 0 ]. The Hamiltonian for the driven field, i.e. during the pulses, however,

must be derived from eqs. (4.6). When we apply the pulse on resonance, we have

that ω1 = ωB ⇒ ΩB = 0 and, implicitly, we have already assumed earlier (and so we

will again here) that during the pulse, the qubit does not decohere. Meaning that

eqs. (4.6) becomes

dMR
x

dt
= 0,

dMR
y

dt
= −ωB1Mz,

dMR
z

dt
= ωB1M

R
y .

(4.18)

Very fundamentally, we have that M = ⟨µ⟩ for a single qubit, and from eq. (3.1)

and the fact that Ŝ = σ̂/2, we must have, in the rotation frame, that the three

components of the magnetisation are [11]

MR
j = −geµB⟨σj⟩/2,

where the subscript j denotes the x, y, and z components respectively. This allows

us to rewrite eqs. (4.18) into

d⟨σx⟩
dt

= 0,

d⟨σy⟩
dt

= −ωB1⟨σz⟩,

d⟨σz⟩
dt

= ωB1⟨σy⟩.

Since the Pauli matrices are operators we can use the density matrix, and so for the
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j’th coordinate we can write

d⟨σj⟩
dt

= Tr

{
σj
dρ

dt

}
= − i

ℏ
Tr
{
σj[Ĥ,ρ]

}
.

It can now be seen by substitution that the following Hamiltonian constitutes the

Hamiltonian that describes the evolution of the density matrix during B1-pulses,

since it reproduces the eqs. (4.18):

Ĥ =
ℏωB1

2

[
0 1

1 0

]
=

ℏωB1

2
σx. (4.19)

It is the Lindbladian, eq. (4.16), with Lindblad operators given in eqs. (4.17)

and the driven Hamiltonian given by eq. (4.19), that is used in conjunction to

numerically simulate the Hahn echo and inversion recovery sequence for various

decay rates, in order to determine a likely configuration of decay rates that matches

what experiments show in [14].

4.2.2 Simulation results and discussion

As described above, we use the Lindbladian, eq. (4.16), with the Lindblad operators

for a two level system like ours, eqs. (4.17), and the Hahn echo sequence and

inversion recovery sequence, in order to fit the associated simulated envelopes to

eqs. (4.13) and (4.14), respectively. Doing so results in the two plots 4.4 and 4.5.

We note that we have assumed that the decay rate of absorption and emission to

the environment, i.e. γ− and γ+ are equal. Since, we at thermal equilibrium must

have that the population of the spin states |0⟩ and |1⟩ are stationary, i.e. we must

have that

dρ00
dt

= 2γ+ρ11 − 2γ−ρ00 = 0,

⇔ γ+ρ11 = γ−ρ00 ⇔
γ+
γ−

=
ρ00
ρ11

.

From statistical mechanics [50], we know that when a system is in thermal equilib-

rium that the probability of the system is in state r is pr = exp{(−E/kBT )}/Z.
Since we only have the two states, the ratio between the ground state population

and excited state population must be

p0
p1

=
e−E0/kBT

e−E1/kBT
= e(E1−E0)/kBT = e∆E/kBT ,
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where ∆E = E1 − E0 is the energy difference between the ground state energy and

excited state energy. We have already established in chapter 3 that the Zeeman

splitting provides the largest contribution to the energy difference between the two

states. We will exclusively use this splitting to motivate the approximation. Since the

Zeeman splitting gives and energy difference of approximately ℏωB ≈ 0.00625 meV,

whereas kBT ≈ 26 meV at room temperature, we observe that energy difference

between states is three orders of magnitude. Thus we have that

e∆E/kBT ≈ 1 ⇒ 1 ≈ p0
p1

=
ρ00
ρ11

=
γ+
γ−
⇔ γ+ ≈ γ−,

at thermal equilibrium. This also makes sense since we do not expect the environ-

ment to favour absorption or emission. We thus scan over the same values for the

decay rates in figure 4.5. From both plots we notice that with a lower decay rate,
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Figure 4.4: A scan of γz decay rates for the fit of the total dephasing time T2 of Clar’s
goblet, together with the experimentally measured data provided by Jiao et al. [14]. Note,
that γz = 0.3 MHz is closest to the experimentally measured, and produces a relaxation
time T2 = 0.8 µs, which is equal to that reported by Jiao et al.

we of course have longer relaxation times, which is visible by noticing that the more

red-coloured graphs exhibit a less steep decline in figure 4.4 and a less steep incline in

figure 4.5. From both figures we note that we can reliable reproduce the same signal

envelope as the experimentally measured by Jiao et al. [14]. In other words, we can

use these results to determine the phenomenological decay rates γz, γ+, and γ− for

Clar’s goblet, given the experimental measurement. This means, we can simulate

how a qubit in Clar’s goblet would evolve over any sequence of pulses and at any
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Figure 4.5: A scan of γ± decay rates for the fit of the energetic relaxation time T1 of
Clar’s goblet, together with the experimentally measured data provided by Jiao et al. [14].
Note, that γ± = 0.00265 MHz is closest to the experimentally measured, and produces a
relaxation time T1 = 95.77 µs, which is 0.24% off from that reported by Jiao et al.

time - which includes pulses used for quantum operations [67–69].

Since we are effectively fitting our curve to the one experimentally measured by

Jiao et al. [14], we can get arbitrarily close to the relaxation times they produce.

The extracted decay rates are only as reliable as the Lindblad model and Hahn echo

sequence themselves. In other words, deviations from the true decay rates could arise

from the fact that they are use here phenomenologically in the Lindblad operators,

or from effects not considered in this implementation of the two-level system. E.g.

we have not considered the effect of a surrounding phonon bath, since the molecule

would interact mechanically with other molecules through collisions. However, we

would still expect these decay rates to represent the actual decay rates of Clar’s

goblet, since we are still able to produce the Hahn echo envelope and the inversion

recovery envelope through the use of the Lindblad master equation.
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Chapter 5

Conclusion

As the title of this thesis suggests, one of the major goals is to characterise the elec-

tronic, optical, and magnetic properties of carbon-based molecules, here with Clar’s

goblet as a primary case. The first two chapters deal with actually determining

these properties using a mean-field Hubbard model and EPR. It was shown that al-

though the mean-field Hubbard model is a simplification from ab initio models such

as DFT, it gives remarkably good results, which differ only slightly from experimen-

tal measurements and from more complicated simulations made by Jiao et al [14].

The mean-field Hubbard model showed that it is essentially only the nearest neigh-

bours, and their spin-density, that has a significant influence on an electron’s state.

Extended into EPR it was shown that by determining the generic sp2-hydrocarbon

fit parameters, we can produce accurate CW-EPR spectra of a complex molecule

like Clar’s goblet. We did notice discrepancies in the CW-EPR spectra, which is

likely caused by the approximate approach by using the mean-field Hubbard model

together with fact that supporting groups of the structure (the four aryl-groups and

two n-butyl groups) have a slight influence on the spin density. Naturally, how-

ever, using the mean-field Hubbard to achieve accurate CW-EPR spectra is easily

extendable to other planar hydrocarbon molecules.

Perspectively, we extend our knowledge of the electronic, optical, and magnetic

properties to determine the application for qubits on a carbon-based molecule such

as Clar’s goblet. We do this by using pulse-EPR together with the Lindblad master

equation, and the Hahn echo sequence and inversion recovery sequence of pulses.

From these it is possible to simulate the time evolution of a qubit in our structure

when we know the dephasing time T2 = 0.8 µs and energy relaxation time T1 =

96 µs. Doing so, we have extracted the decay rates γz = 0.30 MHz and γ+ =

γ− = 0.00265 MHz for Clar’s goblet. With these decay rates and the Lindblad

master equation we are able to totally calculate the time evolution of a qubit in

Clar’s goblet, where the only source of error is the phenomenological framework

the Lindbladian and the relaxation times T1 and T2 build on. This is a sufficient

framework to be able to reproduce the experimental coherence behaviour provided

by Jiao et al. [14].
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Appendix A

Appendix

Relevant code for the production of this thesis can be found at https://github.

com/NordiskGhost/P10_Master_Thesis.
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Figure A.1: Spin densities for the neutral Clar’s goblet with a Hubbard parameter U = 2.5
eV and no twist angle.
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