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Abstract:

Kvanteberegning har tiltrukket sig bety-
delig opmærksomhed, siden det blev fores-
lået i 1980’erne. Adskillige kvantealgo-
ritmer har vist en stor fordel i bereg-
ningsmæssig kompleksitet sammenlignet
med deres klassiske modparter. Disse al-
goritmer kræver dog et stort antal fejltol-
erante qubits; en uopnåelig begrænsning
i nutidens støjende mellemstore kvante-
computere. Derfor udgør kvantefejlkorrek-
tion et fundamentalt felt i udviklingen af
kvantecomputere. Denne afhandling stud-
erer de veletablerede stabilisatorer sammen
med deres generaliserede entanglement-
assisterede (ea) modparter. Studiet kul-
minerer i en punkteringsmetode for mod-
tagerens qubits i en ea stabilisator baseret
på en tidligere udviklet metode til ikke-
ea stabilisatorer. Denne metode mulig-
gør en dynamisk fejlkorrektionsopsætning,
hvor ea stabilisatoren tilpasses tilgænge-
ligheden af entanglement-ressourcer. Den
udviklede metode transformerer en ea
stabilisator med parametrene [[N, k, d; c]]
til en ea-stabilisator med parametrene
[[N, k, d′; c − 1]]. Metoden blev testet på
en [[5, 1, 5; 4]] ea stabilisator, hvilket re-
sulterede i en [[5, 1, d′; 3]] ea stabilisator
med d′ ∈ {1, 2, 3, 4} afhængigt af det val-
gte punkteringsscenarie.
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Nomenclature

The study of quantum error-correcting codes involves the fields of physics, mathematics
and engineering, each of which may apply different symbols and notations. The following
nomenclature summarizes the conventions adopted throughout this thesis.

Symbol Description

R The set of all real numbers

C The set of all complex numbers

F2 The Galois field of order 2

A Physical system

A1 · · · AN Composition of physical systems

H Hilbert space

HA State space of physical system A

|ψ⟩ , |ϕ⟩ State vectors

⟨ψ| , ⟨ϕ| Dual state vectors

⟨ψ|ϕ⟩ Inner product of the state vectors |ψ⟩ and |ϕ⟩

|ψ⟩ ⟨ϕ| Outer product of the state vectors |ψ⟩ and |ϕ⟩

⊗ Tensor product

ρ, σ Density operators

F (ρ, σ) Fidelity between ρ and σ

X, Y, Z Pauli matrices

I Identity matrix

δij Kronecker delta

H† Hermitian conjugate of H

α∗ Complex conjugate of α ∈ C
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Symbol Description

E ,F ,R Quantum channels

PN The N -fold Pauli group.

⟨g1, . . . , gN ⟩ Generating set for the group G.

NPN
(G) Normalizer of subgroup G of PN in PN

CPN
(G) Centralizer of subgroup G of PN in PN

[N, k, d] Classical linear code encoding k bits in N with minimum distance d

[[N, k, d]] Quantum stabilizer encoding k qubits in N with minimum distance d

[[N, k, d; c]] Quantum entanglement-assisted stabilizer encoding k qubits in N with
minimum distance d relying on c Bell pairs
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1 | Introduction

Merriam-Webster defines a computer as: “a programmable usually electronic device that
can store, retrieve, and process data” [Merriam-Webster]. While this is a somewhat open
definition, most people associate a computer with the laptop they use to perform their job
duties or surf the internet. Although this is the most common computer encountered in our
everyday life (along with our modern mobile phone, tablets, and smart screens), this is not
the way people would interpret a computer in the past and perhaps this interpretation will
also change in the future. In recent times, the concept of quantum computing has become
more widespread; from a proposal by Richard Feynman in 1981 to working quantum
computers in the present. The actual impact of these machines still depends largely on
their evolution, however, to comment on their importance, it is beneficial to consider the
classical computers as we know them; their origin, evolution, capabilities, and lack thereof
[Preskill, 2021, pp.2-4].

1.1 Classical Computers

The modern classical computer is a central part of everyday life. It allows people to maintain
contact with their relatives and friends over vast distances in real time. It simplifies many
professions, both by automating physically demanding positions and by compressing data,
making information easier to store and share. The younger generation of today was born
into this digital age, making it seem as if the computer is an indispensable part of the
world, even though the digital computer as we know it is less than a century old.

Strictly speaking, the brain satisfies Merriam-Webster’s definition of a computer, making
the first computer at least as old as humanity itself. However, restricting attention to
man-made devices capable of performing operations based on human input, the picture is
a bit more nuanced. Devices easing calculations of certain processes, e.g. the abacus, have
been around for centuries (even millennia); whether or not these are considered computers
depends on context. The digital computer has its origin in the 1940s. These computers
store data in the binary domain; as strings of ones and zeroes. The first versions consisted
of vacuum tubes to manipulate the data. In the 1940s the transistor was invented and
about a decade later these replaced the vacuum tubes.

1
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(a) NPN transistor.

C

E

B

(b) PNP transistor.

Figure 1.1: Circuit symbols for NPN and PNP transistors.

A transistor is a physical device with three legs that is used in electrical circuits. The
three legs are labeled “collector”, ”emitter”, and ”base”. The current flowing through the
collector-emitter circuit is controlled by the current applied to the base leg. Identifying
no current flow with a 0 and current flow with a 1, this device effectively realized the bit
system. Although not the only important specification of a pc, the number of transistors
is vital for storing and retrieving data. Other important specifications are the number of
operations the computer can do per second and how the memory (made up of transistors)
is located (SSD, RAM, Cache etc.). For reference, the guidance system used during the
moon landings in the 1960s and 1970s, which was only a couple decades after the birth of
the digital computer, had 72 kb of memory, 4 kb of ram and performed at 14, 245 FLOPS
while the computer used to write this report has 477 Gb of memory, 16 Gb of ram and
performs at 0.55 TFLOPS. An average modern computer thus performs around 30, 000, 000
times faster than the Apollo guidance system (AGS) and contains about 5, 000, 000 times
more memory. While these numbers may seem extreme, they are minuscule compared to
the supercomputer “El Capitan” located in the United States. What is considered the
world’s fastest supercomputer has a total of 45, 613 Tb of memory and performs at 2, 792.9
PFLOPS [Top500]. That is approximately 600 billion times more memory and 196, 000
billion times more operations per second compared to the AGS. Considering that the AGS
were able to put mankind on the moon, this raises the question: Do problems exist for
which even modern supercomputers lack computing power [O’Regan, 2026, pp.3-5], [Averill,
2022, p.1], [LLNL]?

Surprisingly, the answer is yes. To protect messages with confidential information, encryp-
tion can be used; this makes the message unreadable without the correct key. One such
encryption scheme is the RSA. This scheme has been widely used, including in the older
“NemID”. Informally, breaking the RSA scheme relies on finding two prime factors p and q
of some number N = pq (according to the fundamental theorem of number theory, this
representation is unique, making the problem unambiguous [Hansen et al., 2013, p.60]).
The problem is that this number, N , is represented using at least 1, 024 bits, making it a
number of at least ≈ 300 decimals. Although the search only requires evaluation of the
primes up to

√
N in the “easiest” case, this potentially requires checking all prime numbers

consisting of less than or equal to ≈ 150 decimals. Since there are approximately
√
N

ln(√
N)

primes between 1 and
√
N , this amounts to ≈ 2.9 · 10147 primes of less than or equal to

2
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150 decimals. Even if the El Capitan supercomputer could check a prime in a single flop,
it would still require 10129 seconds or ≈ 10121.5 years to check all primes of less than or
equal to 150 decimals, making the task infeasible on a classical computer [Hansen et al.,
2013, pp.64, 73-74].

Factoring large integers into their prime components may appear infeasible due to the
immense size of the numbers involved. However, quantum computers offer fundamentally
more efficient approaches to this problem. In particular, Shor’s algorithm demonstrates
that prime factorization can be performed in polynomial time on a quantum computer,
compared to exponential/sub-exponential time on a classical computer [Shor, 1997]. More
generally, quantum computation enables faster algorithms for certain classes of problems
that are believed to be intractable on classical computers.

1.2 Quantum Computers

The quantum computer is fundamentally different from the classical computer. As men-
tioned, the classical computer operates in the binary domain; it stores, processes, and
retrieves data as bits. The quantum computer, on the other hand, operates on quantum
bits or qubits; briefly, a qubit is described by the state of a quantum system with a
two-dimensional state space. The state space is some complex Hilbert space, and the state
vector is a unit vector in this Hilbert space. Although a two-dimensional Hilbert space can
be abstract, they are all unitarily isomorphic to C2, so for intuition and calculations, the
latter is usually used. Defining the basis vectors of C2 by

|0⟩ :=

1

0

 and |1⟩ :=

0

1

 .
A qubit is then described by a superposition of these two basis vectors

|ψ⟩ = α |0⟩+ β |1⟩ , |α|2 + |β|2 = 1. (1.1)

This may seem as though a qubit potentially stores infinite information; however, not
all state vectors can be distinguished by measurement, greatly diminishing the potential
information a qubit stores. A quantum state may equivalently be represented by a
density operator; an operator on the state space. The strength and weaknesses of the two
descriptions will be discussed later, for now it suffices to accept that both provides an
equally valid description of qubits and how they are manipulated in a quantum computer.
Associating 0 with |0⟩ and 1 with |1⟩, the bit arises as a special case of the qubit, making
the classical computer a special case of the quantum computer. This may seem as though
the classical computer is obsolete compared to its quantum counterpart. However, since
the classical computer is more advanced in terms of development and practical deployment,
deciding which to use is largely determined by the nature of the task at hand [Nielsen and
Chuang, 2010, pp.13, 80, 98].

1.2.1 Quantum Supremacy and Quantum Algorithms

The era of quantum computers has come a long way from the proposal by Feynman in
1981. Today, multiple companies and states invest heavily in the development of quantum

3
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hardware and software, and several quantum computers have been build; some with
commercial access. A large breakthrough in the field was in 2019 when google claimed
quantum supremacy: They had successfully completed a task on the Google “Sycamore”
quantum processor featuring 54 qubits. The task was to sample from a quantum circuit.
The classical computer would need to simulate the circuit, keeping track of the amplitudes
(α and β of (1.1)) of each qubit as they pass through the circuit, whereas the quantum
computer simply executes the circuit on qubits and measures the result. The quantum
computer could obtain 3 million samples in about 600 seconds, something that was estimated
to take 50 trillion cores hours; even with 10 million cores this amounts to more than 570
years [Arute et al., 2019, pp.506, 508-509].

Although very synthetic, the task completed by the Google quantum computer is part
of a broader list of tasks made more efficient by quantum computers: The simulation of
quantum systems. To understand why classical computers are inefficient, let a classical
computer store α and β of (1.1) as k-bit complex numbers. For an n qubit quantum system,
this would mean storing k2n bits of information, updating each as the qubits evolve in the
system. A quantum computer, on the other hand, requires only the n qubits (depending
on the circuit, error correction may introduce the need for extra qubits); the quantum
system encodes its evolution directly in these qubits. Altogether, this means the runtime
and memory evolve exponentially in n for the classical computer, while only polynomial in
n for the quantum computer. Since

lim
n→∞

na

bn
= 0, b > 1, a ∈ R,

for large n, the runtime of a quantum computer is negligible compared to the classical
runtime [Preskill, 2021, p.7].

Quantum computers excel at not only simulating quantum systems. Algorithms for
numerous other tasks have been proposed. Although some may be demonstrative tasks,
such as the Deutsch-Jozsa algorithm able to determine whether a function f : FN2 → F2 is
constant or balanced (preimage of 0 and 1 is of equal cardinality). On a classical computer,
this could potentially require evaluating the function for 2N−1 + 1 different inputs; a
quantum computer can do it in a single function evaluation. Others solve a very requested
task, such as Shor’s algorithm which provides an efficient solution to the prime factorization
problem. However, the practical implementation of Shor’s algorithm is years ahead of our
time. Recent studies show 20 million qubits are necessary to factor a 2, 048 bit number in
8 hours. For reference, the biggest quantum computer to date is the IBM Condor having
1,121 qubits [Gidney and Ekerå, 2021], [Bergou et al., 2021, p.117-119].

1.2.2 Physical Implementation and Quantum Gates

Classical computers use transistors to represent bits that are then manipulated through
different gate setups called logic gates. Quantum computers, instead, operate on qubits
and manipulate them using quantum gates. These qubits can be represented in different
ways. For these implementations to be compared, the notion of decoherence and fidelity
are introduced.
The quantum computer manipulates qubits, transforming their state. The state of a

4
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qubit, given by (1.1), is prone to noise and will eventually change even without any active
intervention; the time it takes is called the decoherence time. Depending on the qubit,
this decoherence time can range from fractions of nanoseconds to seconds or even years.
A longer decoherence time is generally favorable, as this imposes less constraints on the
quantum gate time; the time it takes for a qubit to be manipulated by a quantum gate.
Denoting the decoherence time by TD and the initialization time of the qubit by T0, the
interval [T0, T0 + TD] is referred to as the coherence time window of the qubit [Nielsen and
Chuang, 2010, pp.278-279].
The fidelity of a quantum gate is an expression of how well the output of the gate matches
the intended or ideal output of the gate. If the gate introduces error, the actual output
may deviate from the ideal output. More rigorously, the fidelity of two quantum states
given by density operators ρ and σ is defined as

F (ρ, σ) := tr
(√√

ρσ
√
ρ

)
.

Using Uhlmann’s theorem, it is evident that 0 ≤ F (ρ, σ) ≤ 1 with F (ρ, σ) = 1 if and only
if ρ = σ. Thus, the closer the gate fidelity is to 1, the better [Nielsen and Chuang, 2010,
pp.409-411].

The 5 most common quantum computer implementations are summarized below along with
the advantages, disadvantages, and companies involved in the realization and advancement
[SpinQ].

1. Superconducting qubits: These are among the most widespread quantum comput-
ers. They rely on circuits operating at cryogenic temperature, making the resistance
of the circuit negligible, hence the name superconducting. This type of quantum com-
puter have high gate speed and fidelity, and they are suitable for scalability. However,
they require very low temperatures and the coherence time is short compared to
other quantum computers. The Google Sycamore and the largest quantum computer
to date, the IBM Condor with 1,121 qubits, are of this type.

2. Trapped ions: These types of quantum computers manipulate ions (electrically
charged atoms) in vacuum using electromagnetic fields. These types of computers
have long coherence time and high fidelity gates. However, the gate speeds are lower
and such computers are not easily scalable and require vacuum in the implementation.
IonQ and Honeywell focus on this type of quantum computer.

3. Quantum Dots: A quantum dot computer uses confined electrons as qubits. The
electrons are confined using semiconductors. The spin of the electrons are then
manipulated using magnetics fields. Quantum dots have high gate fidelity and speed.
They are scalable and relies on existing advanced semiconductor technology. However,
they are sensitive to noise and requires cryogenic temperature. Intel and Microsoft
are contributors to the advancement of this type of quantum computer.

4. Photons: This type uses particles of light as qubits. These qubits are then ma-
nipulated using beam splitters, mirrors, etc. These computers have extremely fast
gates, they require no use of vacuum or cryogenic temperature, and the qubits are
not prone to environmental noise. However, the qubits are generally more difficult

5
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to make interact and the gates have lower fidelity. Furthermore, while the lower
environmental noise makes them optimal for transmission over distances, the photons
can be lost. They are not easily scalable, since not losing qubits and/or making them
interact as the number increases remains an issue. Companies involved in this type
of quantum computer includes PsiQuantum and Xanadu.

5. Neutral Atom: This type traps atoms and manipulates them using lasers. The
qubits are then the state of the atom, e.g. the energy level of an electron. Such
computers have a long coherence time, high gate fidelity, and atoms can easily be
packed together, making the scalability promising. However, measurements can be
difficult to perform in larger scale, and the gate speeds are not as fast as in other
types of quantum computers. Aliro Quantum and researchers at Harvard are involved
in this type of quantum computer.

Similarly to classical computers, quantum computers, regardless of the physical choice of
implementation, manipulate qubits, and thus quantum information, through the use of
quantum gates. Considering a single bit, the only two operations that can be performed
on such a bit is the identity operation, leaving the bit unchanged, and the bit flip or NOT
gate changing the bit from 0 to 1 or vice versa. In the quantum case, the picture is a bit
more nuanced. For reasons later elaborated upon, quantum systems evolve linearly and
unitarily. This means that for a single qubit, the operation |ϕ⟩ = A |ψ⟩ is a valid quantum
gate if and only if A ∈ C2×2 is unitary. Although only two classical gates exist on a single
bit, infinitely many quantum gates exist on a single qubit. In general, any unitary matrix
U ∈ C2×2 can be decomposed as

U = eiα

e−iβ 0

0 eiβ


cos (δ) − sin (δ)

sin (δ) cos (δ)


e−iγ 0

0 eiγ

 , (1.2)

=

cos (δ)ei(α−β−γ) − sin (δ)ei(α−β+γ)

sin (δ)ei(α+β−γ) cos (δ)ei(α+β+γ),

 (1.3)

for some α, β, δ, γ ∈ [0; 2π]. Thus, any quantum gate can be described by some
x ∈ [0; 2π] × [0; 2π] × [0; 2π] × [0; 2π]. Some commonly encountered are the three Pauli
matrices X, Y , and Z and the Hadamard gate, H, defined by

X :=

0 1

1 0

 Y :=

0 −i

i 0

 Z :=

1 0

0 −1

 H := 1√
2

1 1

1 −1



In the multi-qubit case, the state space is composed by tensor products. This means
that any operator on the multi-qubit system is a superposition of tensor products. Since
quantum systems evolve unitarily, the composed operator must be unitary. Commonly
encountered multi-qubit gates are the CNOT and Toffoli (CCNOT) gates. Their circuit
symbols and actions are shown in figure 1.2. Since the gates are linear, it suffices to know
their action on some basis of the vector space they operate on.

6
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|i⟩

|k⟩

|i⟩

|i⊕ k⟩

(a) The CNOT gate.

|k⟩

|j⟩

|i⟩

|ij ⊕ k⟩

|j⟩

|i⟩

(b) The Toffoli gate.

Figure 1.2: Circuit symbols for the CNOT and Toffoli gate. Here, i, j, k ∈ F2.

A remarkable fact in the quantum realm, opposed to the classical one, is that any quantum
gate is described by some unitary matrix U , and thus any quantum gate is invertible.
This means that no information is lost when a quantum system evolves. A simple circuit
composed of the Hadamard gate and the CNOT gate is shown below. This circuit takes
as input |00⟩ and outputs

∣∣Φ+〉 := 1
2(|00⟩ + |11⟩) known as one of the four Bell states.

This bell state is an example of two entangled qubits. Entanglement is a powerful tool in
quantum mechanics described more extensively later.

|0⟩

|0⟩

H
|Φ+⟩

Figure 1.3: Example of a quantum circuit.

Consider a quantum system on N qubits. Such a quantum system evolves according to
some unitary U ∈ C2N ×2N , while infinite such matrices exist, they can all be realized
by the composition of a finite set of unitary matrices. One such set is {CNOT, H, S, T}
where

T =

1 0

0 ei
π
4

 S =

1 0

0 i

 .
The gates in the set {CNOT, H, S, T} are called universal gates. Figure 1.4 illustrates the
Toffoli gate realized by the universal gates.

|k⟩

|j⟩

|i⟩

H T † T T † T H

T T †

T

|ij ⊕ k⟩

|j⟩

|i⟩

Figure 1.4: The Toffoli gate realized by the CNOT gate, the Hadamard gate and the T
gate.

An inherent problem with quantum gates, almost not existent in the classical counterpart,
is the presence of noise. Classical gates may achieve error rates lower than 10−10%, less
than a single error in a trillion uses. Quantum gates, on the other hand, experience error

7
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rates higher by several magnitudes. Although the error rate depends on the choice of
quantum computer, for single qubit gates, it typically ranges from 1% down to 0.01%, that
is, an error in every 100 − 10, 000 uses. For two-qubit gates, the error rate is typically
higher, but can be as low as a single error for every 2, 000 uses. A way of achieving a lower
error rate is by correcting some of the errors that may occur. Classical computers do this
using techniques from the classical error-correction field. This theory has been extensively
studied since its origin with Claude Shannon in the middle of the 20th century. For obvious
reasons, the quantum error-correction field has not yet been studied as extensively; however,
powerful tools have been constructed [Spectrum], [Science], [Nielsen and Chuang, 2010,
pp.xxx-xxxi, 17-22].

1.2.3 Quantum Error Correction

The field of quantum error correction concerns the study of correcting errors that may
occur to a qubit being; transformed by a gate, transmitted between quantum computers,
or even undergoing decoherence while sitting idle in memory. Such errors may be mitigated
by encoding a number of qubits into a larger number of qubits, thus adding redundant
information that can be used to correct errors. The errors a coding scheme can correct,
and thus the significance of the code, depends on the number of redundant qubits added
and the assumption on the errors.

An important class of quantum error-correcting codes is the stabilizer codes. This class
of codes will be defined in more depth later; for now, it suffices to know that they can
be defined in terms of a check matrix. The check matrix of a stabilizer code, which
encodes k qubits into N qubits for some N, k ∈ N where k ≤ N , is a matrix C ∈ FN−k×2N

2 .
For the stabilizer to have a non-trivial coding space, any two rows of the check matrix,
[ai bi], [aj bj ] ∈ F2N

2 where ai, aj , bi, bj ∈ FN2 and i, j ∈ {1, . . . , N − k}, must be symplectic
orthogonal with respect to the symplectic form

([ai bi], [aj bj ])S :=
〈
ai
∣∣∣bj〉+

〈
bi
∣∣∣aj〉 .

This requirement greatly limits the number of matrices A ∈ FN−k×2N
2 defining a valid

stabilizer. However, this requirement can be overcome by using the most powerful resource
in the quantum toolbox; entanglement. Given any matrix A ∈ FN−k×2N

2 , the rows can be
suitably extended to satisfy the self-orthogonality constraint. This extension is realized by
distributing entangled qubits between the sender and the receiver. The stabilizer codes
realized in this way are part of the class of entanglement-assisted quantum error-correcting
codes (EAQECCs). Based on this idea, any classical linear code can be the foundation
for a stabilizer code. A classical linear code with parameters [N, k, d] is characterized by
messages, u ∈ Fk2 encoded by a generator matrix G ∈ Fk×N

2 such that the resulting encoded
message is given by c = uG ∈ FN2 . The coding space is the k dimensional subspace given
by the row space of the generator matrix. This also implies that the rows are required to
be linearly independent. The distance d of such codes is the minimum number of non-zero
entries in any non-zero codeword. Associated with such codes is a parity check matrix
defined to be the matrix H ∈ FN−k×N

2 such that GHT = 0 ∈ Fk×N−k
2 . The rows of the

check matrix are also required to be linearly independent, and its row space is exactly
the subspace orthogonal to the coding space. For classical linear code with parameters

8
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[2N,N + k, d] the parity check matrix defines a valid stabilizer if the rows are symplectic
orthogonal, if not, it can be paired with entangled qubit pairs, such that the unity defines a
valid stabilizer. The number of entangled qubit pairs can be rigorously found depending on
the parity check matrix chosen. However, introducing entanglement in the code introduces
a problem; the new resource is not free and needs to be continuously supplied when using
the code. As already mentioned, entangled qubits can be realized by the Hadamard gate
and the CNOT gate, both of which are faulty, especially the CNOT gate. Although this
problem may be overcome by a simple overproduction of entangled qubits, this may not
be feasible in practice. Denote by k the number of logical qubits to be encoded, c the
number of entangled qubit pairs that the code requires, and s the number of ancilla qubits
needed for encoding. Then N − k = s+ c and the total number of qubits needed for the
code is 2c + s + k. Thus, if the code is to be used every T seconds, it is necessary to
have c entangled qubit pairs ready each T seconds. Depending on T and the hardware
used to create the entangled qubit pairs, creating and distributing c entangled qubit pairs
each T seconds may be difficult or even impossible. If instead only c− t entangled qubit
pairs could be distributed, for some 1 ≤ t ≤ c− 1, the stabilizer code previously defined
that relies on c entangled qubit pairs is useless; a new stabilizer that requires only c− t
entangled qubit pairs is needed. Figure 1.5 show two setups in which this problem could
arise. In the first setup, less entangled qubit pairs are distributed simply due to hardware
constraint; the entanglement resource cannot be distributed in the given time frame. In the
second setup, a new network node appears. The entanglement resource available thus has
to be split between the nodes (assuming the hardware prohibits availability of additional
resources), leading to less available resource between each node-pair. This report proposes
a simple solution to the limited entanglement resource described based on the notion of
puncturing [Justesen and Høholdt, 2004, pp.3-5].

9
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Entanglement
Distributor

Alice Bob
Communication

c Qubit c Qubit

(a) The original setup.

Entanglement
Distributor

Alice Bob
Communication

c-t Qubit c-t Qubit

(b) Less entangled qubits available due
to hardware constraints.

Entanglement
Distributor

Alice

BobCharlie

CommunicationCommunication

c Qubits

c-t Qubitst Qubits

(c) Available resource split between
multiple nodes.

Figure 1.5: The original setup and the two additional setups leaving the two original nodes
with less entangled qubit pairs available.

Puncturing has been a known procedure on classical codes for decades. Briefly, the
punctured code of a [N, k, d] classical linear code is obtained by removing a column from
the generator matrix. Assuming that the rows remain linear independent after removing
this column, the resulting code has parameters [N − 1, k, d′] where d− 1 ≤ d′ ≤ d. This
procedure increases the rate of the code since k

N < k
N−1 . Since d′ ≤ d it comes at the cost of

being less efficient in error correction, as any code can correct the error e if and only if t < d
2

where t is the number of non-zero entries in e. This general idea can be applied with care
to stabilizer codes. A stabilizer code that encodes k logical qubits into N physical qubits
is called a [[N, k, d]] stabilizer. The distance d requires additional theory to define, but it
describes the error-correcting abilities of the code analogues to the classical distance. A
recent study has found a method to puncture such stabilizers that produces a new stabilizer
of parameters [[N − 1, k, d′]]. Consider an entanglement-assisted stabilizer of parameters
[[N, k, d; c]] where c is the number of entangled qubits needed. This report investigates
whether the previously defined puncturing of a stabilizer can be used to puncture the
code [[N, k, d; c]] to a new code [[N ′, k′, d′; c− 1]]. This will solve the problem of available
entanglement resources as no new stabilizer need to be defined, one simply puncture the
already defined stabilizer t times, leading to a stabilizer only requiring c − t entangled
qubit pairs [Gundersen et al., 2025], [Justesen and Høholdt, 2004, p.15].

10
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The problem is collected in the following problem formulation:

Can an algorithm, capable of puncturing the number of entangled qubit pairs
required for an entanglement-assisted stabilizer, be constructed?

If such a method could be developed, the transformation of the parameter c under the
puncturing is required to decrease by 1. However, no constraint is placed on the transfor-
mation of the other parameters, N , k, and d. To this end, it is required that the method
maintain k and provide an upper bound on the decrease of d. In the case of N , the only
requirement is that it does not increase to ensure that the communication rate does not
decrease, and it transforms in a predictable manner.

11



2 | Quantum Mechanics

Unlike the classical bit belonging to F2, a qubit is a state vector of a quantum system,
therefore belonging to C2 as will be postulated shortly. This allows for the potential
storage of much more information; the problem is accessing it. However, before diving
into quantum information theory, it is first important to understand the mathematical
foundation of quantum systems; learning which actions are allowed and which are not in
such systems. This chapter is primarily based on [Nielsen and Chuang, 2010].

Throughout the report, the first and second basis vector of C2 will be denoted as

|0⟩ :=

1

0

 , |1⟩ :=

0

1


Thus, any vector |ψ⟩ ∈ C2 can be expressed by |ψ⟩ = α |0⟩ + β |1⟩ for some α, β ∈
C. It will be postulated that a time evolution of a quantum system is described by
linear transformations, three important of such are given by the Pauli matrices defined
below.

X :=

0 1

1 0

 , Z :=

1 0

0 −1

 , Y :=

0 −i

i 0

 .
The Pauli matrices acting on the basis vectors reveals their importance;

X |0⟩ = |1⟩ , X |1⟩ = |0⟩ , Z |0⟩ = |0⟩ , Z |1⟩ = − |1⟩ , , Y |0⟩ = i |1⟩ , Y |1⟩ = −i |0⟩ .

The X Pauli matrix corresponds to a qubit flip, changing |0⟩ to |1⟩ and vice versa. The Z
changes the phase of the second basis vector, but leaves the first unchanged. The Y Pauli
matrix corresponds to a qubit and a phase flip, thus combining both the X and the Z
Pauli matrices [Nielsen and Chuang, 2010, p.65].

2.1 The Postulates of Quantum Mechanics

The foundation of quantum mechanics lies on four postulates describing what a quantum
system is, how it evolves in time, how to measure it, and how composite quantum systems
operate. First, the description of what a quantum system is.

12
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Postulate 2.1
The state space of any isolated quantum system, A, is a complex Hilbert space, HA. The
system is completely described by its state vector, |ψ⟩ ∈ HA.

[Nielsen and Chuang, 2010, p.80]

The state vector mentioned in the first postulate is a unit vector in the state space, that is,
⟨ψ|ψ⟩ = 1. The second postulate concerns time evolutions of quantum systems.

Postulate 2.2
Given a state vector, |ψ⟩, of a closed quantum system, A, its time evolution is described
by the Schrödinger equation:

iℏ
d |ψ⟩
dt

= H |ψ⟩ .

[Nielsen and Chuang, 2010, p.82]

The quantity ℏ of postulate 2.2 is the reduced Planck’s constant given by

ℏ = h

2π = 1.054571817× 1034J · s,

where h is Planck’s constant.
The matrix H of postulate 2.2 is the Hamiltonian of the quantum system. It a fixed
Hermitian operator, that is, H† = H, where H† := (H∗)T is the hermitian conjugation
corresponding to the conjugate-transpose of a matrix.
Let Ĥ := (iℏ)−1H, the differential equation of postulate 2.2 simplifies to

d |ψ⟩
dt

= Ĥ |ψ⟩ .

The solution of such a differential equation is given by

|ψ(t2)⟩ = e(t2−t1)Ĥ |ψ(t1)⟩ ,
= U(t1, t2) |ψ(t1)⟩ ,

where U(t1, t2) := e(t2−t1)Ĥ . The operator U is unitary, meaning U †U = I. To see this,
first realize Ĥ is anti-hermitian since

Ĥ† = ((iℏ)−1)∗H† = (−iℏ)−1H = −Ĥ.

Thus,

(U(t1, t2))†U(t1, t2) =
(
e(t2−t1)Ĥ

)†
e(t2−t1)Ĥ = e(t2−t1)Ĥ†

e(t2−t1)Ĥ = I.

With the introduction of the unitary transformation U a new version of postulate 2.2
appears:

13
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The time evolution of a closed quantum system, A, is described by a unitary transformation
U(t1, t2) relating the state vector at time t1, to the state vector at time t2 by

|ψ(t2)⟩ = U(t1, t2) |ψ(t1)⟩ .

The Pauli matrices presented in the beginning of the chapter are easily verified to be
unitary (and Hermitian), and thus describes a valid time evolution of a quantum system
[Nielsen and Chuang, 2010, pp.81-83].

Postulate 2.3
Quantum measurements are described by a set of measurement operators {Mj}Nj=1 on the
state space, HA, of the quantum system, A, being measured. Let the quantum system, A,
have state vector |ψ⟩ before a measurement, then the probability that the measurement
yields outcome j is given by Born’s rule

pj = ⟨ψ|M †
jMj |ψ⟩ . (2.1)

The state vector after the measurement is,

|ψ⟩post
j := Mj |ψ⟩√

⟨ψ|M †
jMj |ψ⟩

. (2.2)

[Nielsen and Chuang, 2010, p.84]

By postulate 2.3, it must be the case that

1 =
N∑
j=1

pj =
N∑
j=1
⟨ψ|M †

jMj |ψ⟩ .

This implies

N∑
j=1

M †
jMj = I. (2.3)

This is called a completeness equation and the measurement set {Mj}Nj=1 is said to satisfy
the completeness relation. The operators Ej = M †

jMj are called Positive Operator-Valued
Measures (POVM). Considering (2.1), the POVMs, {Ej}Nj=1, describes the probabilities of
each measurement outcome.
An important case of the above is when the measurement operators are orthogonal
projectors, that is, when M †

j = Mj and MjMi = δjiMj . Denote by {Pj := Mj}Nj=1 a set of
such orthogonal projective measurements. Let {aj}Nj=1 denote a set of real numbers, the
operator given by

O =
N∑
j=1

ajPj

14
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is then called an observable. The possible outcomes of the projective measurement involving
the observable O are its eigenvalues {aj}Nj=1 and the probability of measuring the eigenvalue
aj is given by Born’s rule from postulate 2.3

pj = ⟨ψ|Pj |ψ⟩ .

If the state before the measurement was |ψ⟩, the state immediately after the measurement
yielding outcome aj is given by

|ψ⟩post
j = Pj |ψ⟩√

⟨ψ|Pj |ψ⟩
.

Measuring directly after using the same projections always yields the same outcome as the
previous measurement, since

pi = ⟨ψ|PjPiPj |ψ⟩
⟨ψ|Pj |ψ⟩

=

1, if i = j,

0, else

and the post-measurement state is also unaffected;

(|ψ⟩post
j )post

j =
Pj |ψ⟩post

j√
⟨ψ|post

j Pj |ψ⟩post
j

=
Pj

Pj |ψ⟩√
⟨ψ|Pj |ψ⟩√

⟨ψ|Pj√
⟨ψ|Pj |ψ⟩

Pj
Pj |ψ⟩√
⟨ψ|Pj |ψ⟩

= Pj |ψ⟩√
⟨ψ|Pj |ψ⟩

= |ψ⟩post
j .

With the introduction of measurements in postulate 2.3 comes also a constraint of quantum
mechanics. The fact that two non-orthogonal states cannot be reliably distinguished.
Consider first the case of N state vectors {|ψi⟩}Ni=1, and let the set be orthogonal. Let the
quantum system be in state k ∈ {1, . . . , N} before the measurement. To determine k, define
measurement operators by Mi := |ψi⟩ ⟨ψi| for i ∈ {1, . . . , N} and M0 = I−

∑N
i=1 |ψi⟩ ⟨ψi| =

I −
∑N
i=1Mi. These measurement operators satisfy the completeness relation as

N∑
i=0

M †
iMi = M0M0 +

N∑
i=1
|ψi⟩ ⟨ψi|ψi⟩ ⟨ψi|

= I − 2
N∑
i=1

Mi +
N∑
i=1

N∑
j=1

MiMj +
N∑
i=1

Mi = I,

where it has been used that M †
i = Mi = MiMi and MiMj = 0 for any i, j ∈ {0, 1, . . . , N}

with i ̸= j. By postulate 2.3 it then follows

pi = ⟨ψk|M †
iMi |ψk⟩ = ⟨ψk|Mi |ψk⟩ = ⟨ψk|ψi⟩ ⟨ψi|ψk⟩ =

1, if i = k,

0, else,

for i ∈ {1, . . . , N} and

p0 = ⟨ψk|M †
0M0 |ψk⟩ = ⟨ψk|M0 |ψk⟩ = ⟨ψk|

(
|ψk⟩ −

N∑
i=1
|ψi⟩ ⟨ψi|ψk⟩

)
= 0.
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The measurement thus yields outcome k with probability 1 and the state after the mea-
surement, according to (2.2), is

|ψk⟩post
k = |ψk⟩ ⟨ψk|ψk⟩√

⟨ψk|M †
kMk |ψk⟩

= |ψk⟩ .

The state before the measurement can then be determined reliably by the measurement.
The following theorem concerns the case for which the set of state vectors is not assumed
to be orthogonal [Nielsen and Chuang, 2010, pp.85-88].

Theorem 2.4: Distinguishing non-orthogonal states
Let {|ψi⟩}Ni=1 be a set of non-orthogonal state vectors. Let a quantum system, A, be
in state |ψk⟩ for some k ∈ {1, . . . , N}. No set of measurement operators exists such the
state |ψk⟩ can be reliably determined.

[Nielsen and Chuang, 2010, p.87]

Proof
Let {|ψi⟩}N1

i=1 be a set of state vectors and without loss of generality assume ⟨ψ1|ψ2⟩ ≠ 0.
Let k = 1 ∨ k = 2, meaning the quantum system is in either state |ψ1⟩ or state |ψ2⟩. Let
further {Mj}N2

j=1 be a set of measurements and Si be the set of measurements for which
the outcome reveals the system was in state |ψi⟩, i.e. Si := {j | f(|ψi⟩post

j ) = |ψi⟩} where f
are some determination rule. To reliably determine the state of the system it would require

1 =
∑
j∈Sk

pj =
∑
j∈Sk

⟨ψk|M †
jMj |ψk⟩ = ⟨ψk|ESk

|ψk⟩ , ESi :=
∑
j∈Si

M †
jMj ,

that is,

⟨ψ1|ES1 |ψ1⟩ = 1 ∧ ⟨ψ2|ES2 |ψ2⟩ = 1 (2.4)

Assume (2.4) holds. According to (2.3)

I =
N2∑
j=1

M †
jMj =

N1∑
i=1

ESi =⇒
N1∑
i=1
⟨ψk|ESi |ψk⟩ = 1,

which implies ⟨ψ1|ES2 |ψ1⟩ = 0 ∧ ⟨ψ2|ES1 |ψ2⟩ = 0 due to (2.4). By the definition of ES2

it is evident that it is hermitian and positive semidefinite, it then follows it has a unique
hermitian square root, hence

0 = ⟨ψ1|ES2 |ψ1⟩ = ⟨ψ1|
(√

ES2

)†
ES2 |ψ1⟩ =

〈√
ES2ψ1

∣∣∣√ES2ψ1
〉

=
∥∥∥√ES2 |ψ1⟩

∥∥∥2

which implies
√
ES2 |ψ1⟩ = 0. Next, decompose |ψ2⟩ = α |ψ1⟩ + β |ϕ⟩ where ⟨ψ1|ϕ⟩ = 0,

⟨ϕ|ϕ⟩ = 1, |α|2 + |β|2 = 1 and |β|2 < 1 then√
ES2 |ψ2⟩ = α

√
ES2 |ψ1⟩+ β

√
ES2 |ϕ⟩ = β

√
ES2 |ϕ⟩ .

Taking the norm and applying the inequality

⟨ϕ|ES2 |ϕ⟩ ≤
N1∑
i=1
⟨ϕ|ESi |ϕ⟩ = 1
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yields

⟨ψ2|ES2 |ψ2⟩ = |β|2 ⟨ϕ|ES2 |ϕ⟩ < 1.

This is a contradiction to (2.4).

An important concept regarding measurements, is relative- and global phase. Let |ψ1⟩ =∑N
i=1 αi |ϕi⟩ and |ψ2⟩ =

∑N
i=1 βi |ϕi⟩, thus |ψ1⟩ and |ψ2⟩ are superposition of the same

states but possibly with different amplitudes. If αi = eiθiβi for some θi ∈ R, αi and βi
are said to differ by a relative phase factor of eiθ. The requirement αi = eiθβi implies
|αi| = |βi|, meaning αi and βi differs only by a relative phase if they lie on the same circle
periphery in the complex plane. If the relative phase factor are equal for all i, it is called a
global phase. In this case |ψ1⟩ = eiθ |ψ2⟩. The key difference between relative- and global
phase, is that from an observers point of view, two states differing by a global phase have
the same statistics and are thus identical. To see this let {Mj}Nj=1 be a set of measurement
operators then according to (2.1)

pj = ⟨ψ1|M †
jMj |ψ1⟩ = ⟨ψ2| e−iθM †

jMje
iθ |ψ2⟩ = ⟨ψ2|M †

jMj |ψ2⟩ .

The fact that this is not the case if the phase is only relative, can be seen by considering
the below example

|ψ1⟩ = |0⟩+ |1⟩√
2

, |ψ2⟩ = |0⟩ − |1⟩√
2

.

The amplitudes of the states differ by a relative phase factor of 1 and -1, respectively,
however, they are easily verified to be orthogonal and they can hence be distinguished,
meaning they cannot have the same statistics. Because of this phase condition, if a quantum
system is in state |ψ⟩, the physical state is said to be the ray generated by |ψ⟩. A ray
generated by |ψ⟩ are all the vectors of the form {α |ψ⟩ | α ∈ C}. However, if we impose
the constraint of unit length, then

⟨ψ|α∗α |ψ⟩ = |α|2 ⟨ψ|ψ⟩ = 1 =⇒ |α|2 = 1.

The complex scalar will hence be of the form α = eiθ for some θ ∈ R [Nielsen and Chuang,
2010, p.93].
The fact that two states differing by a global phase are identical allows for a convenient visual
representation of state vectors. Let |ψ⟩ = α |0⟩+ β |1⟩ with |α|2 + |β|2 = 1, transforming
to polar coordinates, the state vector can be expressed by

|ψ⟩ = eiγ
(

cos
(
θ

2

)
|0⟩+ eiφ sin

(
θ

2

)
|1⟩
)
, θ ∈ [0, π], φ ∈ [0, 2π].

Ignoring the global phase eiγ , the state vector is described by the two angles θ ∈ [0, π] and
ϕ ∈ [0, 2π];

|ψ⟩ = cos
(
θ

2

)
|0⟩+ eiφ sin

(
θ

2

)
|1⟩ , θ ∈ [0, π], φ ∈ [0, 2π].

This state vector can be visualized on the Bloch Sphere; a 3-dimensional unit ball shown in
figure 2.1. The Bloch Sphere can also be used to describe transformations of state vectors.
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Consider the X-matrix shown in the introduction of the chapter. Ignoring a global phase
and using the connection between sine and cosine, the X-matrix acting on a state vector is
expressed by

X |ψ⟩ = cos
(
π − θ

2

)
|0⟩+ e−iφ sin

(
π − θ

2

)
|1⟩ .

This action is visualized in the Bloch Sphere in figure 2.1 [Nielsen and Chuang, 2010,
p.15].

x

y

|0⟩
z

|1⟩

|ψ⟩

X |ψ⟩

φφ̃

θ

θ̃

Figure 2.1: The transformation of the X matrix on the Bloch Sphere. Here θ̃ := π − θ and
φ̃ := −φ.

Before presenting the last postulate of quantum mechanics, the tensor product will be
introduced. The tensor product space of two vector spaces HA1 and HA2 denoted HA1 ⊗
HA1 is a vector space, consisting of the set of all linear combinations of tensor product∑N
i=1 αi (|a1i⟩ ⊗ |a2i⟩) where |a1i⟩ ∈ HA1 and |a2i⟩ ∈ HA2 . By definition the tensor

product satisifies the following three properties: Let αi ∈ C, |a1⟩ , |a11⟩ , |a12⟩ ∈ HA1 and
|a21⟩ , |a22⟩ , |a2⟩ ∈ HA2 , then

1. αi(|a1⟩ ⊗ |a2⟩) = (αi |a1⟩)⊗ |a2⟩ = |a1⟩ ⊗ (αi |a2⟩),

18
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2. (|a11⟩+ |a12⟩)⊗ |a2⟩ = |a11⟩ ⊗ |a2⟩+ |a12⟩ ⊗ |a2⟩,

3. |a1⟩ ⊗ (|a21⟩+ |a22⟩) = |a1⟩ ⊗ |a21⟩+ |a1⟩ ⊗ |a22⟩.

The tensor product ⊗ : HA1 ×HA2 → HA1 ⊗HA2 is hence a bilinear map with a scalar
multiplication property (1.). An inner product can also be defined on the tensor product
space using the inner product on HA1 and HA2 byN1∑

i=1
αi(|a1i⟩ ⊗ a2i),

N2∑
j=1

βj
(∣∣∣a′

1j

〉
⊗
∣∣∣a′

2j

〉) :=
N1∑
i=1

N2∑
j=1

α∗
i βj

〈
a1i
∣∣∣a′

1j

〉〈
a2i
∣∣∣a′

2j

〉
.

The tensor product between two matrices A ∈ CM×N and B ∈ CP×Q can now be defined
as

A⊗B =


a11 · · · a1N
... . . . ...

aM1 · · · aMN

⊗

b11 · · · b1Q
... . . . ...

bP1 · · · bPQ

 :=


a11B · · · a1NB

... . . . ...

aM1B · · · aMNB

 .

The result thus yields a matrix A⊗B ∈ CMP×NQ. The vector version is a special case of
the above. Consider the example below of the tensor product of the first basis vector of C2

with itself and notice the notation:

|0⟩ |0⟩ := |00⟩ := |0⟩ ⊗ |0⟩ =
[
1 0

]T
⊗
[
1 0

]T
=
[
1 0 0 0

]T
.

The tensor product between two vectors of C2 are thus a vector in C4. The tensor product
are the central theme of the fourth postulate, concerning composite quantum systems
[Nielsen and Chuang, 2010, pp.72-74].

Postulate 2.5
The state space of a composition of N quantum systems, A = A1 · · · AN , is the tensor
product of the state space of each of the quantum systems, HA =

⊗N
i=1HAi . Furthermore,

if system i has state vector |ψi⟩, the state vector of the composite quantum system is
|ψ⟩ =

⊗N
i=1 |ψi⟩.

[Nielsen and Chuang, 2010, p.94]

The introduction of tensor products in postulate 2.5 may seem surprising. One could expect
the composition of quantum systems to be described by product spaces rather than tensor
product spaces. However, product spaces describes the composite system independently
through each subsystem, in reality, this is not the case as the introduction of entanglement
shows.

2.2 Entanglement and Superdensecoding

Entanglement is one of the many surprises of quantum mechanics.
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Definition 2.6: Entanglement
Let A = A1 · · · AN be a composite quantum system with state space HA =

⊗N
i=1HAi . A

state vector |ψ⟩ ∈ HA is an entangled state vector if no state vectors, |ψi⟩ ∈ HAi , exists
such |ψ⟩ =

⊗N
i=1 αi |ψi⟩.

[Nielsen and Chuang, 2010, p.95]

The four bell states (or EPR pairs) are examples of entangled states.

Example 1: Bell States
The four Bell states are given by:

|00⟩+ |11⟩√
2

=
[

1√
2 0 0 1√

2

]T
|00⟩ − |11⟩√

2
=
[

1√
2 0 0 − 1√

2

]T
|01⟩+ |10⟩√

2
=
[
0 1√

2
1√
2 0

]T
|01⟩ − |10⟩√

2
=
[
0 1√

2 − 1√
2 0

]T
.

Writing the first bell state in terms of a tensor product between two state vectors in C2

[
a1 a2

]T
⊗
[
b1 b2

]T
=
[
a1b1 a1b2 a2b1 a2b2

]T
=
[

1√
2 0 0 1√

2

]T
.

This gives rise to the following equations,

a1b1 = 1√
2
∧ (a1 = 0 ∨ b2 = 0) ∧ (a2 = 0 ∨ b1 = 0) ∧ a2b2 = 1√

2
.

Obviously, all of these cannot be satisfied at once. The same applies to the other bell
states, and they are hence said to be entangled states.

Entanglement entwines two quantum systems such one cannot make a change in one of the
systems without affecting the other. This proves very useful in quantum coding theory.
An example of how i can be used is superdensecoding. This allows for the communication
of two bits of information between a sender and a receiver, while transmitting only a single
qubit between the two. The setup is as follows: A third party prepares an entangled state
vector, this state is distributed between two parties, Alice and Bob. Alice now wishes to
send two bits of information to Bob using only the single entangled qubit she was sent
from the third party. The setup is shown in figure 2.2.
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|00⟩+|11⟩√
2

Alice Bob
1 Qubit

1 Qubit 1 Qubit

Figure 2.2: The setup of superdensecoding. A third party prepares a bell state and sends
it to Alice and Bob. Alice then performs an operation on her qubit and sends it to Bob.

The way Alice is able to send two bits of information using only her single qubit, is by
performing the correct operation on it. Consider the following codebook consisting of the
Bell states:

00 : |00⟩+ |11⟩√
2

01 : |00⟩ − |11⟩√
2

10 : |01⟩+ |10⟩√
2

11 : |01⟩ − |10⟩√
2

Given Alice’s entangled qubit, she can perform the following operation to encode the
information she wishes

(I ⊗ I) |00⟩+ |11⟩√
2

= |00⟩+ |11⟩√
2

(Z ⊗ I) |00⟩+ |11⟩√
2

= |00⟩ − |11⟩√
2

(X ⊗ I) |00⟩+ |11⟩√
2

= |01⟩+ |10⟩√
2

(iY ⊗ I) |00⟩+ |11⟩√
2

= |01⟩ − |10⟩√
2

.

After the operation has been performed, Alice sends her qubit to Bob. From example 1
it is clear the Bell states are orthogonal. Bob can then, by measurement, determine the
exact state of the qubits reliably, revealing the two bits of information Alice wished to
communicate [Nielsen and Chuang, 2010, pp.97-98].
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2.3 The Density Operator

The previous section introduced the postulates of quantum mechanics, postulates which
relied on the state vectors of the quantum systems. An equivalent foundation can be laid
using the notion of density operators.

Definition 2.7: The Density Operator
Let {|ψi⟩}Ni=1 be a set of state vectors. Suppose a quantum system is in state |ψi⟩ with
probability pi. The operator defined defined by

ρ :=
N∑
i=1

pi |ψi⟩ ⟨ψi|

is called the density operator.

[Nielsen and Chuang, 2010, p.99]

The set consisting of the state vectors together with their respective probabilities, {pi, |ψi⟩}Ni=1,
is called an ensemble of pure states. If N = 1 the system is said to be in a pure state,
else it is said to be in a mixed state. For a system in a pure state, the density operator
satisfies

tr(ρρ) = tr(|ψ⟩ ⟨ψ|ψ⟩ ⟨ψ|) = tr(|ψ⟩ ⟨ψ|) = ⟨ψ|ψ⟩ = 1.

Conversely, if the system is in a mixed state. Then

tr(ρρ) = tr

 N∑
i=1

pi |ψi⟩ ⟨ψi|
N∑
j=1

pj |ψj⟩ ⟨ψj |


=

N∑
i=1

N∑
j=1

pipj tr(|ψi⟩ ⟨ψi|ψj⟩ ⟨ψj |)

=
N∑
i=1

N∑
j=1

pipj ⟨ψi|ψj⟩ ⟨ψj |ψi⟩

=
N∑
i=1

p2
i +

∑
i ̸=j

pipj |⟨ψi|ψj⟩|2

≤
N∑
i=1

p2
i +

∑
i ̸=j

pipj =
(

N∑
i=1

pi

)2

= 1,

with equality if and only if |ψi⟩ = α |ψj⟩ for i ≠ j and α ∈ C. However, from earlier it was
seen that this implies α = eiθ for some θ ∈ R, meaning the states differ only by a global
phase. In this case the system is said to be in a pure state, since they are a mixture of the
same physical state [Bergou et al., 2021, p.18].
The trace condition of ρρ can therefore be used to determine whether the system is in a
pure or mixed state. Another unique property of the density operator, which proves useful
when restating the postulates of the previous section in terms of the density operator, is
shown in the following theorem.
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Theorem 2.8: Properties of the density operator
The operator ρ : HA → HA is a density operator corresponding to the ensemble of pure
states {pi, |ψi⟩} if and only if tr(ρ) = 1 and ⟨ϕ| ρ |ϕ⟩ ≥ 0 for all |ϕ⟩ ∈ HA.

[Nielsen and Chuang, 2010, p.101]

Proof
Let ρ be the density operator corresponding to the ensemble of pure states {pi, |ψi⟩}Ni=1,
that is,

ρ =
N∑
i=1

pi |ψi⟩ ⟨ψi| .

Then

tr(ρ) = tr
(

N∑
i=1

pi |ψi⟩ ⟨ψi|
)

=
N∑
i=1

pi tr(|ψi⟩ ⟨ψi|) =
N∑
i=1

pi = 1,

and

⟨ϕ| ρ |ϕ⟩ =
N∑
i=1

pi ⟨ϕ|ψi⟩ ⟨ψi|ϕ⟩ =
N∑
i=1

pi|⟨ϕ|ψi⟩|2 ≥ 0.

Conversely, suppose the operator ρ satisfies the trace and positivity condition. Due to the
positivity condition, it follows that ρ is hermitian and therefore has a spectral decomposition,
hence

ρ =
N∑
i=1

λi |ψi⟩ ⟨ψi| ,

where {λi}Ni=1 are the non-negative eigenvalues of ρ and {|ψi⟩}Ni=1 are the corresponding
orthonormal eigenvectors. From the trace condition it follows

1 = tr(ρ) =
N∑
i=1

λi.

The operator ρ is hence a density operator corresponding to the ensemble of pure states
{λi, |ψi⟩}Ni=1.

The trace and positivity condition are the foundation of the density operator and will be
the defining factor of the first postulate.

Postulate 2.9
The state space of any isolated quantum system, A, is a complex hilbert space HA. The
quantum system is completely described by its density operator, ρ : HA → HA, which
is a positive semidefinite operator with trace equal to one. Let the quantum system be
in state ρi = |ψi⟩ ⟨ψi| where |ψi⟩ ∈ HA with probability pi, the density operator of the
system is then

∑
i piρi.

[Nielsen and Chuang, 2010, p.102]
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The second postulate of quantum mechanics, describing the time evolution of a quantum
system, can now be motivated with the notion of density operators rather than state vectors.
Let {pi, |ψi⟩}Ni=1 be an ensemble of pure states. Suppose the quantum system was in state
|ψ(t1)⟩ at time t1, then after some time evolution the system will be in state U(t1, t2) |ψ(t2)⟩
where U are some unitary transformation, according to postulate 2.2. Denote by ρ(t1)
the density operator before the time evolution, then after the time evolution, the density
operator is given by

ρ(t2) =
N∑
i=1

piU(t1, t2) |ψi(t1)⟩ ⟨ψi(t1)|U †(t1, t2)

= U(t1, t2)
(

N∑
i=1

pi |ψi(t1)⟩ ⟨ψi(t1)|
)
U †(t1, t2) = U(t1, t2)ρ(t1)U †(t1, t2).

This is exactly the statement of the second postulate [Nielsen and Chuang, 2010, p.99].

Postulate 2.10
The time evolution of a closed quantum system is described by a unitary transformation,
U(t1, t2) relating the state at time t1 to the state at time t2 by

ρ(t2) = U(t1, t2)ρ(t1)U †(t1, t2).

[Nielsen and Chuang, 2010, p.102]

The density operator can also be used to describe measurements, which was the central
principle of postulate 2.3. Let {|ψi⟩}N1

i=1 be a set of state vector and {Mj}N2
j=1 be a set of

measurement operators. Let the quantum system be in state |ψi⟩ with probability pi, the
associated density operator of the quantum system is then given by ρ =

∑N1
i=1 pi |ψi⟩ ⟨ψi|.

The probability of getting measurement j, if the quantum system was in state |ψi⟩ is

pj|i := ⟨ψi|M †
jMj |ψi⟩ = tr

(
M †
jMj |ψi⟩ ⟨ψi|

)
(2.5)

according to postulate 2.3 and the fact that if {|ϕ1⟩ = |ψi⟩ , |ϕ2⟩ , . . . , |ϕN3⟩} is an orthonor-
mal basis for the vector space which |ψi⟩ belongs to and A are some operator on that
vector space, then

tr(A |ψi⟩ ⟨ψi|) =
N3∑
j=1
⟨ϕj |A |ψi⟩ ⟨ψi|ϕj⟩ = ⟨ψi|A |ψi⟩ .

By the law of total probability it then follows

pj =
N1∑
i=1

pj|ipi =
N1∑
i=1

pi tr
(
M †
jMj |ψi⟩ ⟨ψi|

)
= tr

(
M †
jMjρ

)
, (2.6)

which describes the probability of getting outcome j of a measurement in terms of the
density operator rather than the state vector. The state after the measurement can also be
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described in terms of the density operator. By postulate 2.3, if the measurement resulted
in outcome j

|ψi⟩post
j = Mj |ψi⟩√

⟨ψi|M †
jMj |ψi⟩

.

The ensemble of states after the measurement is therefore {pi|j , |ψi⟩
post
j }. The corresponding

density operator after the measurement is hence

ρpost
j =

N1∑
i=1

pi|j |ψi⟩
post
j ⟨ψi|post

j

=
N1∑
i=1

pi|j
Mj |ψi⟩√

⟨ψi|M †
jMj |ψi⟩

⟨ψi|M †
j√

⟨ψi|M †
jMj |ψi⟩

,

using Bayes formula along with (2.5) and (2.6) the post-measurement density operator can
be rewritten as

ρpost
j =

N1∑
i=1

pj|ipi

pj

Mj |ψi⟩ ⟨ψi|M †
j

⟨ψi|M †
jMj |ψi⟩

=
Mj

∑N1
i=1 pi |ψi⟩ ⟨ψi|M

†
j

tr
(
M †
jMjρ

) =
MjρM

†
j

tr
(
M †
jMjρ

)
The above expression for the post-measurement density operator together with (2.6) is
exactly the foundation of the next postulate [Nielsen and Chuang, 2010, pp.99-100].

Postulate 2.11
Quantum measurements are described by a set of measurement operators {Mj}Nj=1 on the
state space, HA, of the quantum system, A, being measured. Let the quantum system
be in state ρ before a measurement. The probability of that the measurement yields
outcome j is given by

pj = tr
(
MjρM

†
j

)
.

The state of the quantum system after the measurement is given by

ρpost
j =

MjρM
†
j

tr
(
MjρM

†
j

) .
[Nielsen and Chuang, 2010, p.102]

A surprising fact of the density operator, is that two different ensembles can correspond to
the same density operator. The density operator is therefore not uniquely determined by
a single ensemble. The next theorem, however, determines when two ensembles can be
associated to the same density operator.
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Theorem 2.12: Generating Sets for the Density Operator
Let A be a quantum system with state space, HA. Let {pi, |ψi⟩}N1

i=1 and {qj , |ϕj⟩}N2
j=1 be

two ensembles of state vectors in HA. The two sets generate the same density operator if
and only if

√
pi |ψi⟩ =

N2∑
j=1

uij
√
qj |ϕj⟩

where uij ∈ C are the ijth entry of a unitary matrix. The set with smallest cardinality is
padded with vectors having probability zero such the two are of equal cardinality.

[Nielsen and Chuang, 2010, pp.103-104]

Proof
Let {pi, |ψi⟩}N1

i=1 and {qj , |ϕj⟩}N2
j=1 be the sets of the theorem. Without loss of generality,

assume the second set has the smallest cardinality and define a new set {qj , |ϕj⟩}N1
j=1 where

qj = 0 for j > N2.
First, assume √pi |ψi⟩ =

∑N1
j=1 uij

√
qj |ϕj⟩. Then

N1∑
i=1

pi |ψi⟩ ⟨ψi| =
N1∑
i=1

N1∑
j=1

uij
√
qj |ϕj⟩

 N1∑
k=1

u∗
ik
√
qj ⟨ϕk|


=

N1∑
i=1

N1∑
j=1

N1∑
k=1

uiju
∗
ikqj |ϕj⟩ ⟨ϕk|

=
N1∑
j=1

N1∑
k=1

N1∑
i=1

(uiju∗
ik) qj |ϕj⟩ ⟨ϕk|

=
N1∑
j=1

N1∑
k=1

δjkqj |ϕj⟩ ⟨ϕk|

=
N1∑
j=1

qj |ϕj⟩ ⟨ϕj | .

The two sets thus generate the same density operator.
Conversely, let

ρ =
N1∑
i=1

pi |ψi⟩ ⟨ψi| =
N1∑
j=1

qj |ϕj⟩ ⟨ϕj | .

ρ is easily seen to be hermitian, and by theorem 2.8 it is also positive semidefinite.
By the spectral theorem, it then has a decomposition ρ =

∑N3
k=1 λk |ak⟩ ⟨ak|, where

{|ak⟩}N3
k=1 are orthonormal and {λk}N3

k=1 are strictly positive (Notice N3 = rank(ρ) ≤∑N1
j=1 rank(qj |ϕj⟩ ⟨ϕj |) = N2 ≤ N1). Let |b⟩ be an arbitrary vector orthogonal to the set
{|ak⟩}N3

k=1, then

⟨b| ρ |b⟩ = ⟨b|
N3∑
k=1

λk |ak⟩ ⟨ak|b⟩ =
N3∑
k=1

λk ⟨b|ak⟩ ⟨ak|b⟩ = 0,
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hence

0 = ⟨b| ρ |b⟩ = ⟨b|
N1∑
i=1

pi |ψi⟩ ⟨ψi|b⟩ =
N1∑
i=1

pi ⟨b|ψi⟩ ⟨ψi|b⟩ =
N1∑
i=1

pi|⟨b|ψi⟩|2

implying all ⟨b|ψi⟩ = 0 meaning |b⟩ are also orthogonal to the set {|ψi⟩}N1
i=1. This means

any vector |ψi⟩ must be in the span of {|ak⟩}N3
k=1, thus can be expressed as

|ψi⟩ =
N3∑
k=1

cik |ak⟩ .

Using this to rewrite ρ

ρ =
N1∑
i=1

pi |ψi⟩ ⟨ψi| =
N1∑
i=1

pi

 N3∑
k=1

cik |ak⟩

 N3∑
k′=1

c∗
ik′ ⟨ak′ |

 =
N1∑
i=1

N3∑
k=1

N3∑
k′=1

picikc
∗
ik′ |ak⟩ ⟨ak′ |

The operators |ak⟩ ⟨ak′ | are all linearly independent, and since

ρ =
N3∑
k=1

λk |ak⟩ ⟨ak| =
N3∑
k=1

N3∑
k′=1

N1∑
i=1

(picikc∗
ik′) |ak⟩ ⟨ak′ |

it must imply
∑N1
i=1(
√
λk)−1√picikc∗

ik′
√
pi(
√
λk)−1 = δkk′ . Let C̃ik := (

√
λk)−1√picik then

C̃C̃† = I. Extra columns can now be appended to C̃ to make it unitary if N1 < N3 (the
set {ak}N3

k=1 are also expanded with zero vectors to gain cardinality N1). Call this new
square matrix V . Repeating the same argument as above for the set {|ϕj⟩}N1

j=1 yielding
another unitary matrix W with indices Wjk := (

√
λk)−1√qjdjk. The matrix U = VW † is

then also unitary and

√
pi |ψi⟩ =

N1∑
k=1

√
picik |ak⟩ =

N1∑
k=1

Vik
√
λk |ak⟩ =

N1∑
k=1

N1∑
j=1

VikW
†
kj

√
qj |ϕj⟩ =

N1∑
j=1

uij
√
qj |ϕj⟩ .

The following example shows two ensembles corresponding to the same density operator,
even though they might seem very different at first glance.

Example 2: Generating Sets for the Density Operator
Consider the two ensembles {

(
1
2 , |0⟩

)
,
(

1
2 , |1⟩

)
} and {

(
1
2 ,

|0⟩+|1⟩√
2

)
,
(

1
2 ,

|0⟩−|1⟩√
2

)
}. The corre-

sponding density operator is

ρ = 1
2

( |0⟩+ |1⟩√
2

)(⟨0|+ ⟨1|√
2

)
+ 1

2

( |0⟩ − |1⟩√
2

)(⟨0| − ⟨1|√
2

)
= 1

2

( |0⟩ ⟨0|+ |0⟩ ⟨1|+ |1⟩ ⟨0|+ |1⟩ ⟨1|
2

)
+ 1

2

( |0⟩ ⟨0| − |0⟩ ⟨1| − |1⟩ ⟨0|+ |1⟩ ⟨1|
2

)
= 1

2 |0⟩ ⟨0|+
1
2 |1⟩ ⟨1|

Showing that both ensembles are associated with the same density operator. This is in
correspondance with theorem 2.12 since

|0⟩+ |1⟩√
2

= 1√
2
|0⟩+ 1√

2
|1⟩
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and
|0⟩ − |1⟩√

2
= 1√

2
|0⟩+ −1√

2
|1⟩

The unitary matrix of theorem 2.12 is therefore

U =

 1√
2

1√
2

1√
2 − 1√

2

 = 1√
2

1 1

1 −1

 .
That is, the Hadamard matrix.

The density operator can also be used to describe composite quantum systems as the last
postulate proposes.

Postulate 2.13
The state space of a composition of N quantum systems, A = A1 · · · AN , is the tensor
product of the state space of each of the quantum systems, HA =

⊗N
i=1HAi . If system i

is in state ρAi , the state of the composite quantum system is ρ =
⊗N

i=1 ρ
Ai .

[Nielsen and Chuang, 2010, p.102]

According to postulate 2.13, the density operator for a composite system, is given as the
tensor product of the density operators for each subsystem. One might wonder, if the
composite systems density operator is known, how can one find the density operator for
each subsystem. The answer is to "trace out" all other systems besides the one of interest.
This is exactly what the reduced density operator is.

Definition 2.14: Reduced Density Operator
Let A1A2 be a composite quantum system with density operator

ρA1A2 =
N∑
i=1

pi |ψi⟩ ⟨ψi|

=
N∑
i=1

pi

N1∑
j=1

N2∑
k=1

αjk(|a1j⟩ ⊗ |a2k⟩)

 N1∑
j′=1

N2∑
k′=1

αj′k′(
〈
a1j′

∣∣⊗ ⟨a2k′ |)


=

N∑
i=1

N1∑
j=1

N2∑
k=1

N1∑
j′=1

N2∑
k′=1

βijkj′k′
(
|a1j⟩

〈
a1j′

∣∣⊗ |a2k⟩ ⟨a2k′ |
)
,

where |a1j⟩ ∈ HA1 , |a2k⟩ ∈ HA2 and |ψi⟩ ∈ HA1A2 . The reduced density operator of
system A1 is

ρA1 := trA2(ρA1A2),

where

trA2

 ∑
i,j,k,j′,k′

βijkj′k′
(
|a1j⟩

〈
a1j′

∣∣⊗ |a2k⟩ ⟨a2k′ |
) :=

∑
i,j,k,j′,k′

βijkj′k′ |a1j⟩
〈
a1j′

∣∣ tr(|a2k⟩ ⟨a2k′ |)
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=
∑

i,j,k,j′,k′

βijkj′k′ |a1j⟩
〈
a1j′

∣∣ ⟨a2k|a2k′⟩ .

[Nielsen and Chuang, 2010, pp.105-106]

To motivate the use of the partial trace, let {pi, |ψi⟩}N1
i=1 and {qj , |ϕj⟩}N2

j=1 be two ensembles
and ρA1 and ρA2 be the associated density operators respectively. The composite density
operator is now given by postulate 2.13, and the reduced density operator can then be
found as

trA2(ρA1A2) = trA2

N1∑
i=1

pi |ψi⟩ ⟨ψi|

⊗
N2∑
j=1

qj |ϕj⟩ ⟨ϕj |


= trA2

N1∑
i=1

N2∑
j=1

piqj(|ψi⟩ ⟨ψi| ⊗ |ϕj⟩ ⟨ϕj |)


=

N1∑
i=1

N2∑
j=1

piqj |ψi⟩ ⟨ψi| ⟨ϕj |ϕj⟩

=
N1∑
i=1

pi |ψi⟩ ⟨ψi| = ρA1

The reduced density operator of system A1 is exactly the density operator of system A1.
The next examples shows a remarkable result regarding the reduced density operator of a
Bell state.

Example 3: Reduced Density Operator
Consider the bell state (

√
2)−1(|00⟩+ |11⟩), the corresponding density operator is

ρ =
( |00⟩+ |11⟩√

2

)(⟨00|+ ⟨11|√
2

)
= |00⟩ ⟨00|+ |00⟩ ⟨11|+ |11⟩ ⟨00|+ |11⟩ ⟨11|

2 .

In this case, the density operator of the first system is given by

ρA1 = trA2(ρ)

= trA2

( |00⟩ ⟨00|+ |00⟩ ⟨11|+ |11⟩ ⟨00|+ |11⟩ ⟨11|
2

)
= trA2(|00⟩ ⟨00|) + trA2(|00⟩ ⟨11|) + trA2(|11⟩ ⟨00|) + trA2(|11⟩ ⟨11|)

2

= trA2(|0⟩ ⟨0| ⊗ |0⟩ ⟨0|) + trA2(|0⟩ ⟨1| ⊗ |0⟩ ⟨1|) + trA2(|1⟩ ⟨0| ⊗ |1⟩ ⟨0|) + trA2(|1⟩ ⟨1| ⊗ |1⟩ ⟨1|)
2

= |0⟩ ⟨0| ⟨0|0⟩+ |0⟩ ⟨1| ⟨0|1⟩+ |1⟩ ⟨0| ⟨1|0⟩+ |1⟩ ⟨1| ⟨1|1⟩
2

= |0⟩ ⟨0|+ |1⟩ ⟨1|2 = 1
2I.

It then follows ρρ = 1
4I and therefore tr(ρρ) = 1

2 < 1, meaning the first system is in a
mixed state, even though the composite system is in a pure state. If the composite state is
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entangled, and the reduced density matrices are proportional to the identity, the composite
state is said to be maximally entangled [Bergou et al., 2021, pp.31-32].

Example 3 showed that even if two systems are in a mixed state, the composite system can
be in a pure state. This is the idea behind purification. Purification is the theoretical act
of introducing an auxiliary system, Aa, such that if a system, A1 is in a mixed state, the
composite system, A1Aa is in a pure state. To see this, let ρA1 =

∑N
i=1 pi |ψi⟩ ⟨ψi| be in a

mixed state. Let further {|ϕi⟩}Ni=1 be an orthonormal set in HAa . Define a state vector
by

|ψ⟩ :=
N∑
i=1

√
pi(|ψi⟩ ⊗ |ϕi⟩).

Suppose the state of the composite system is ρ = |ψ⟩ ⟨ψ|, the composite system is hence in
a pure state and

ρA1 = trAa(ρ) = trAa

(
N∑
i=1

√
pi(|ψi⟩ ⊗ |ϕi⟩)

N∑
i′=1

√
pi′(⟨ψi′ | ⊗ ⟨ϕi′ |)

)

= trAa

(
N∑
i=1

N∑
i′=1

√
pi
√
pi′(|ψi⟩ ⟨ψi′ | ⊗ |ϕi⟩ ⟨ϕi′ |)

)

=
N∑
i=1

N∑
i′=1

√
pi
√
pi′ trAa(|ψi⟩ ⟨ψi′ | ⊗ |ϕi⟩ ⟨ϕi′ |)

=
N∑
i=1

N∑
i′=1

√
pi
√
pi′ |ψi⟩ ⟨ψi′ | ⟨ϕi|ϕi′⟩

=
N∑
i=1

pi |ψi⟩ ⟨ψi|

The introduced auxiliary system has no physical meaning, which is why the act of purifica-
tion is a theoretical tool [Nielsen and Chuang, 2010, pp.110-111].
The density operator of a composite system in a pure state reveals an important property
of the reduced density operator of the subsystems. To derive this property, the Schmidt
decomposition is a necessary tool.

Theorem 2.15: The Schmidt Decomposition
Let HA1 and HA2 be the state space of the two quantum systems, A1 and A2 respectively
and let HA := HA1 ⊗HA2 be the state space of the composite system A := A1A2. For
any state vector |ψ⟩ ∈ HA there exists orthonormal state vectors {a1i}Ni=1 and {a2i}Ni=1
in HA1 and HA2 respectively, such

|ψ⟩ =
N∑
i=1

λi(|a1i⟩ ⊗ |a2i⟩),

where
∑N
i=1 λ

2
i = 1 and λi ≥ 0 for all i.

[Nielsen and Chuang, 2010, p.109]
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Proof
Let {a′

1k}
N1
k=1 and {a′

2j}
N2
j=1 be orthonormal bases for HA1 and HA2 respectively. Without

loss of generality, assume N1 ≤ N2. Then for any |ψ⟩ ∈ HA

|ψ⟩ =
N1∑
k=1

N2∑
j=1

αkj(
∣∣a′

1k
〉
⊗
∣∣∣a′

2j

〉
)

Let A be the matrix with indices Akj = αkj , then by the singular value decomposition
A = UΣV where U ∈ CN1×N1 and V ∈ CN2×N2 are unitary, and Σ ∈ RN1×N2 is a diagonal
matrix with non-negative entries. It then follows

|ψ⟩ =
N1∑
k=1

N2∑
j=1

N1∑
i=1

ukiσiivij(
∣∣a′

1k
〉
⊗
∣∣∣a′

2j

〉
)

=
N1∑
i=1

σii

N2∑
j=1

vij
∣∣∣a′

2j

〉⊗
 N1∑
k=1

uki
∣∣a′

1k
〉

Defining σii := λi, |a1i⟩ :=
∑N1
k=1 uki |a′

1k⟩ and |a2i⟩ :=
∑N2
j=1 vij

∣∣∣a′
2j

〉
. Then since U and V

are unitary it follows

⟨a1i′ |a1i⟩ =
N1∑
k=1

N1∑
k′=1

u∗
k′i′uki

〈
a′

1k′
∣∣a′

1k
〉

=
N1∑
k=1

u∗
ki′uki =

1, if i = i′

0, else,

and similarly

⟨a2i′ |a2i⟩ =

1, if i′ = i

0, else,

Furthermore

1 = ⟨ψ|ψ⟩ =

 N1∑
i′=1

σi′i′(⟨a1i′ | ⊗ ⟨a2i′ |)

N1∑
i=1

σii(|a1i⟩ ⊗ |a2i⟩)


=

N1∑
i′=1

N1∑
i=1

σi′i′σii ⟨a1i′ |a1i⟩ ⟨a2i′ |a2i⟩ =
N1∑
i=1

σ2
ii.

The non-negative scalars {λi}Ni=1 of the Schmidt decomposition is called the Schmidt
coefficients, and the number of non-zero Schmidt coefficients is called the Schmidt rank.
The Schmidt decomposition has an important implication. Let the density operator for a
composite system be in a pure state. Then

ρ = |ψ⟩ ⟨ψ| =
(

N∑
i=1

λi(|a1i⟩ ⊗ |a2i⟩)
) N∑

ij=1
λj(⟨a1j | ⊗ ⟨a2j |)


=

N∑
i=1

N∑
ij=1

λiλj(|a1i⟩ ⟨a1j | ⊗ |a2i⟩ ⟨a2j |).

Deriving the reduced density operator for the subsystems

ρA1 =
N∑
i=1

N∑
ij=1

λiλj |a1i⟩ ⟨a1j | ⟨a2i|a2j⟩ =
N∑
i=1

λ2
i |a1i⟩ ⟨a1i| (2.7)
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and similarly

ρA2 =
N∑
i=1

N∑
ij=1

λiλj ⟨a1i|a1j⟩ |a2i⟩ ⟨a2j | =
N∑
i=1

λ2
i |a2i⟩ ⟨a2i| . (2.8)

The non-zero eigenvalues for both reduced density operators are therefore {λ2
i }Ni=1.

From the Schmidt decomposition, it can also be seen that |ψ⟩ is entangled if and only if
the Schmidt rank is strictly greater than 1. Suppose the Schmidt rank is Q > 1, then
according to (2.7), assuming ρA1A2 = |ψ⟩ ⟨ψ|

tr
(
ρA1ρA1

)
= tr

 Q∑
i=1

Q∑
j=1

λ2
iλ

2
j |a1i⟩ ⟨a1i|a1j⟩ ⟨a1j |

 =
Q∑
i=1

λ4
i tr(|a1i⟩ ⟨a1i|) =

Q∑
i=1

λ4
i < 1,

where it has been used that {λ2
i }
Q
i=1 sums to 1 and are non-negative, implying 0 < λ2

i < 1
and thus λ4

i < λ2
i . Altogether, this shows the state ρA1 is mixed if and only if ρA1A2 is an

entangled state [Nielsen and Chuang, 2010, p.109].

The two corollaries of the Schmidt decomposition prove useful when analyzing the entropy of
quantum states; unavoidable theory when exploring the limits of quantum channels.

With the general quantum mechanics theory in place, the focus can be laid upon quantum
information theory. Describing how to use the quirks of quantum mechanics as a strength
to store and/or send information from one place to another.
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3 | Quantum Information Theory

Classical information theory quantifies information and studies the object of storing and
communicating information. In this regard, two important concepts arrive; the entropy of
an information source and communication channels.
The entropy quantifies the uncertainty in an information source, thereby the amount of
information present in the source. This, in turn, provides details of how well the source
can be compressed; important knowledge when storing or communicating the information
in the source.
Communication channels describe the evolution of information when transmitted between
two nodes, an important tool in the theoretical study of noise.

The two concepts are also present in the quantum realm and in a similar manner provide
useful details about uncertainty in quantum states and a theoretical description of noise
when transmitting qubits between two nodes. The chapter is primarily based on [Nielsen
and Chuang, 2010].

3.1 Entropy

Before defining the entropy of quantum states, a quick recap of classical entropy is
presented.

The Shannon entropy for the discrete random variable X ∼ p taking values in the alphabet
X is defined by

H(X) := −
∑
x∈X

p(x) log(p(x)), (3.1)

with the convention log(0) := 0. The logarithm is usually chosen to be base 2, leading to
the entropy having bits as unit. Other bases can be chosen, leading to other units.
The definition can easily be extended to random vectors [X1 · · ·XN ]T ∼ p where Xi takes
values in the alphabet Xi by

H(X1, . . . , XN ) := −
∑

xN ∈XN

· · ·
∑
x1∈X1

p(x1, . . . , xN ) log(p(x1, . . . , xN ))

Notice the entropy is a function of the distribution of X only, and not its values, why
it is often denoted H(p). The entropy quantifies the amount of information required to
describe a random variable and thus the amount of "randomness" contained in it. Let
X = {x0, x1, . . . , xN}. Let p(x) = 0 for x ∈ X\{x0} and p(x0) = 1. The random variable
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with such a distribution will be deterministic and have entropy H(X) = 0. Conversely if
p(x) = 1

N+1 , meaning the corresponding random variable is uniformly distributed, and
thus as "random" as possible, its entropy will be

H(X) = −
N+1∑
i=1

1
N + 1 log

( 1
N + 1

)
= log(N + 1).

This can be proven to be the maximum entropy achievable for a discrete random variable
with alphabet size N + 1, intuitively justifying it as a quantification of randomness [Cover
and Thomas, 2006, pp.14-16].
Similar to classical alphabets and their associated probability distributions, quantum
systems are described by a density operator, which is in a superposition of multiple
quantum states. According to postulate 2.9, density operators are described by a set of
quantum states with an associated probability distribution, paving the way for a new
definition of entropy.

Definition 3.1: Von Neumann Entropy
Let A be a quantum system with state space HA and associated density operator
ρ : HA → HA. The Von Neumann entropy of the density operator ρ is defined by

S(ρ) := − tr(ρ log(ρ)),

where log is the matrix logarithm.

[Nielsen and Chuang, 2010, p.510]

Let the density operator ρ : HA → HA with dim(HA) = N have spectral decomposition
ρ =

∑N
i=1 λi |ψi⟩ ⟨ψi| where {|ψ⟩}Ni=1 are eigenvectors of ρ forming an orthonormal basis of

HA and {λi}Ni=1 are the corresponding eigenvalues, then

S(ρ) = − tr

 N∑
i=1

λi |ψi⟩ ⟨ψi| log

 N∑
j=1

λj |ψj⟩ ⟨ψj |


= − tr

 N∑
i=1

λi |ψi⟩ ⟨ψi|
N∑
j=1

log(λj) |ψj⟩ ⟨ψj |


= − tr

 N∑
i=1

N∑
j=1

λi log(λj) |ψi⟩ ⟨ψi|ψj⟩ ⟨ψj |


= − tr

(
N∑
i=1

λi log(λi) |ψi⟩ ⟨ψi|
)

= −
N∑
i=1

λi log(λi), (3.2)

where the second equality is a property of taking the matrix logarithm of a diagonalizable
matrix. For λi = 0 the convention 0 log(0) := 0 is used. The entropy of a density operator
is therefore completely determined by the its eigenvalues [Nielsen and Chuang, 2010, p.510].
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The Von Neumann entropy has a lot of useful properties, some of which are expressed in
the following theorem.

Theorem 3.2: Properties of Von Neumann Entropy
1. S(ρ) ≥ 0 with equality if and only if ρ is a pure state.

2. Let dim(HA) = N , then S(ρ) ≤ log(N) for ρ : HA → HA with equality if and only
if ρ = 1

N I.

3. Let ρA1 : HA1 → HA1 and ρA2 : HA2 → HA2 , then

S(ρA1 ⊗ ρA2) = S(ρA1) + S(ρA2).

4. Let ρA1A2 : HA1A2 → HA1A2 be a pure state, then S
(
ρA1

)
= S

(
ρA2

)
.

5. Let {pi}Ni=1 be such that pi ≥ 0 and
∑N
i=1 pi = 1. Let {ρi}Ni=1 be a set of density

operators with support on orthogonal subspaces. Then

S
(

N∑
i=1

piρi

)
= H(p) +

N∑
i=1

piS(ρi),

where H(p) = −
∑N
i=1 pi log(pi).

6. Let {pi}Ni=1 be such that pi ≥ 0 and
∑N
i=1 pi = 1. Let {|ψi⟩ ∈ HA1}Ni=1 be orthogonal

states and {ρi : HA2 → HA2}Ni=1. Then

S
(

N∑
i=1

pi |ψi⟩ ⟨ψi| ⊗ ρi

)
= H(p) +

N∑
i=1

piS(ρi),

where H(p) = −
∑N
i=1 pi log(pi).

[Nielsen and Chuang, 2010, p.513]

Proof
(1)
According to postulate 2.9, the density operator is positive semidefinite and has trace 1.
Let {λi}Ni=1 be the eigenvalues of the density operator, then these properties together imply
0 ≤ λi ≤ 1 for all i ∈ {1, . . . , N}. The statement then follows from (3.2).
(2)
The proof requires introduction of additional theorems, see [Nielsen and Chuang, 2010,
p.513].
(3)
Let {λ1i}Ni=1 and {λ2j}Mj=1 be the eigenvalues of ρA1 and ρA2 , respectively, with correspond-
ing eigenvectors {|a1i⟩}Ni=1 and {|a2j⟩}Mj=1, then

(ρA1 ⊗ ρA2)(|a1i⟩ ⊗ |a2j⟩) = λ1iλ2j(|a1i⟩ ⊗ |a2j⟩)
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{λ1iλ2j}1≤i≤N, 1≤j≤M are thus eigenvalues of ρA1 ⊗ ρA2 . By (3.2) it follows

S(ρA1 ⊗ ρA2) = −
N∑
i=1

M∑
j=1

λ1iλ2j log(λ1iλ2j)

= −
N∑
i=1

λ1i log(λ1i)
M∑
j=1

λ2j −
M∑
j=1

λ2j log(λ2j)
N∑
i=1

λ1i

= −
N∑
i=1

λ1i log(λ1i)−
M∑
j=1

λ2j log(λ2j)

= S(ρA1) + S(ρA2).

(4)
According to (2.7) and (2.8) the reduced density operators of a composite system in a pure
state will have identical eigenvalues. Since the entropy of a density operator is completely
determined by the eigenvalues, the statement follows.
(5)
Let {λij}Mj=1 be the eigenvalues of ρi with corresponding eigenvectors {|eij⟩}Mj=1. Assuming
the set {ρi}Ni=1 have support on orthogonal subspaces, it follows that {piλij}1≤i≤N, 1≤j≤M
are the eigenvalues of

∑N
i=1 piρi with corresponding eigenvectors {|eij⟩}1≤i≤N, 1≤j≤M . Ac-

cording to (3.2)

S
(

N∑
i=1

piρi

)
= −

N∑
i=1

M∑
j=1

piλij log(piλij)

= −
N∑
i=1

pi log(pi)
M∑
j=1

λij −
N∑
i=1

pi

M∑
j=1

λij log(λij)

= H(p) +
N∑
i=1

piS(ρi)

(6)
Consider ρA1A2

i := |ψi⟩ ⟨ψi| ⊗ ρi, then ρA1A2
i is a density operator of the composite system

A1A2 according to postulate 2.13. Let {λij}Mj=1 be the eigenvalues of ρi and {|eij⟩}Mj=1
the corresponding eigenvectors. Then {λij}Mj=1 are also the eigenvalues of ρA1A2

i with
eigenvectors {|ψi⟩ ⊗ |eij⟩}Mj=1, since

(|ψi⟩ ⟨ψi| ⊗ ρi)(|ψi⟩ ⊗ |eij⟩) = |ψi⟩ ⟨ψi|ψi⟩ ⊗ ρi |eij⟩ = λij(|ψi⟩ ⊗ |eij⟩).

Furthermore, these eigenvectors are orthogonal since

(⟨ψi| ⊗ ⟨eij |)(|ψi′⟩ ⊗
∣∣ei′j〉) = ⟨ψi|ψi′⟩

〈
eij
∣∣ei′j〉 =

= ∥|ψi⟩∥2∥|eij⟩∥2, if i′ = i,

= 0, else.

The operators {ρA1A2
i }Ni=1 thus satisfy the conditions of statement 4, implying

S
(

N∑
i=1

piρ
A1A2

)
= H(p) +

N∑
i=1

piS(ρA1A2
i )
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According to statement 1 and 3, it follows

S(ρA1A2
i ) = S(|ψi⟩ ⟨ψi|) + S(ρi) = S(ρi).

LetA1 andA2 with state spacesHA1 andHA2 respectively. Suppose the composite quantum
system A1A2 with state space HA1 ⊗HA2 has density operator ρA1A2 := ρA1 ⊗ ρA2 , the
joint entropy is the entropy of the density operator of the composite system

S
(
ρA1A2

)
:= − tr

(
ρA1A2 log

(
ρA1A2

))
.

With the joint entropy, conditional entropy and mutual information can be defined.

Definition 3.3: Conditional Entropy and Mutual Information
Let Let ρA1 : HA1 → HA1 , ρA2 : HA2 → HA2 and ρA1A2 : HA1 ⊗ HA2 → HA1 ⊗ HA2 ,
the conditional entropy of ρA1 given ρA2 is defined by

S
(
ρA1 |ρA2

)
:= S

(
ρA1A2

)
− S

(
ρA2

)
. (3.3)

The mutual information between ρA1 and ρA2 is defined by

S
(
ρA1 : ρA2

)
:= S

(
ρA1

)
+ S

(
ρA2

)
− S

(
ρA1A2

)
.

[Nielsen and Chuang, 2010, p.514]

Combining the two definitions above, the mutual information can also be expressed by

S
(
ρA1 : ρA2

)
= S

(
ρA1

)
− S

(
ρA1 : ρA2

)
= S

(
ρA2

)
− S

(
ρA2 |ρA1

)
It follows from the definition of Shannon’s entropy that H(X1) ≤ H(X1, X2). Given the
entropy quantifies the uncertainty in a random variable, this seems reasonable; a set of
random variable will always be at least as uncertain, as any single random variable in the
set. In the quantum world, the corresponding statement would be S

(
ρA1

)
≤ S

(
ρA1A2

)
.

According to (3.3) that is equivalent to S
(
ρA2 |ρA1

)
≥ 0. The next theorem will show,

that this is not always the case.

Theorem 3.4: Conditional Entropy of Entangled States
Let ρA1A2 : HA1A2 → HA1A2 be a pure state. Then ρA1A2 is entangled if and only if
S
(
ρA2 |ρA1

)
< 0 for ρA2 : HA2 → HA2 and ρA1 : HA1 → HA1 .

[Nielsen and Chuang, 2010, p.514]

Proof
Assume ρA1A2 is pure, then according to statement 1 of theorem 3.2 it follows

S
(
ρA2 |ρA1

)
:= S

(
ρA1A2

)
− S

(
ρA1

)
= −S

(
ρA1

)
The conditional entropy is therefore strictly negative if and only if ρA1 is in a mixed state.
Since ρA1A2 is pure, it was shown in a corollary to the Schmidt decomposition ρA1 is mixed
if and only if ρA1A2 is entangled.
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The last theorem introduced pertains to the subadditivity property of the Von Neumann
entropy; an important property when examining the quantum singleton bound. The
quantum singleton bound will be described more thoroughly in the following chapters on
quantum error correction.

Theorem 3.5: Subadditivity of Von Neumann Entropy
Let the composite system A1A2 be in state ρA1A2 , then

S(ρA1A2) ≤ S(ρA1) + S(ρA2)

[Nielsen and Chuang, 2010, pp.515-516]

Proof
The proof follows directly from Klein’s inequality (see [Nielsen and Chuang, 2010, p.511])
and properties of the matrix logarithm.

S(ρA1A2) ≤ − tr
(
ρA1A2 log

(
ρA1 ⊗ ρA2

))
= − tr

(
ρA1A2

(
log
(
ρA1

)
⊗ I + I ⊗ log

(
ρA2

)))
= − tr

(
ρA1A2

(
log
(
ρA1

)
⊗ I

))
− tr

(
ρA1A2

(
I ⊗ log

(
ρA2

)))
= − tr

(
ρA1 log

(
ρA1

))
− tr

(
ρA2 log

(
ρA2

))
= S(ρA1) + S(ρA2)

The inequality is an equality if and only if ρA1A2 = ρA1 ⊗ ρA2 , cf. Klein’s inequality.

As previously mentioned, present quantum computers are noisy and inter-mediate scale
(NISQ), this implies a necessity of exchanging quantum information between quantum
computers if more qubits than can be provided by a single quantum computer is needed. A
theoretical framework describing the action of noise on quantum states within and between
quantum computers are thus vital. This framework is provided by the notion of quantum
channels.

3.2 Quantum Channels

The postulates of chapter 2 concerned closed quantum systems. In practice no systems
(besides the universe as a whole) can be regarded completely closed. Small interactions
between the quantum system of interest (called the principal system) and its environment
will appear as noise. This section gives a mathematical foundation of quantum channels
and how noise is modelled in such channels.

A quantum channel, E , relates two quantum states by some transformation.

ρ′ = E(ρ).

The transformation depends on the physical process the channel describes. Whether the
physical process is a measurement or a time evolution, the channel behaves linearly and
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are given as ρ′ = AρA† for some matrix A (possibly requiring some normalisation given
by tr(AρA†)). Assuming the principal-environment system is in a product state ρ⊗ ρenv.
The state of the principal system after the channel can then be found by tracing out the
environment

ρ′ = trenv(U(ρ⊗ ρenv)U †).

This setup is depicted in figure 3.1.

Time
Evolution

E(ρ) = ρ′

ρ′
env

ρ

ρenv

Figure 3.1: Illustration of the time evolution of a quantum system.

Let {|ψi⟩}Ni=1 be an orthonormal basis for the state space of the environment, then

ρ′ = trenv

(
U

(
ρ⊗

(
N∑
i=1

αi |ψi⟩ ⟨ψi|
))

U †
)

=
N∑
i=1

αi trenv
(
U(ρ⊗ |ψi⟩ ⟨ψi|)U †

)

=
N∑
i=1

αi

 N∑
j=1

(I ⊗ ⟨ψj |)U(ρ⊗ |ψi⟩ ⟨ψi|)U †(I ⊗ |ψj⟩)


=

N∑
i=1

N∑
j=1

αi(I ⊗ ⟨ψj |)U(I ⊗ |ψi⟩)ρ(I ⊗ ⟨ψi|)U †(I ⊗ |ψj⟩)

=
N∑
i=1

N∑
j=1

EijρE
†
ij =

N2∑
k=1

EkρE
†
k

where Eij := √αi(I⊗⟨ψj |)U(I⊗|ψi⟩) are called Kraus operators. This way of describing a
quantum channel is called the operator-sum representation. To ensure positive probabilities
under measurements, the output, ρ′, must be positive semidefnite, however, this is always
the case since

⟨ψ| ρ′ |ψ⟩ =
N2∑
k=1
⟨ψ|EkρE†

k |ψ⟩ =
N2∑
k=1
⟨ψk| ρ |ψk⟩ ≥ 0, |ψk⟩ := E†

k |ψ⟩ .

Moreover, the trace of a density operator corresponds to the probability of being in any
possible state and must therefore satisfy tr(ρ′) ≤ 1, thus

tr
(
ρ′) = tr

ρ N2∑
k=1

E†
kEk

 ≤ 1 = tr(ρ) =⇒ 0 ≤ tr

ρ
I − N2∑

k=1
E†
kEk

.
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This implies the operator I −
∑N2
k=1E

†
kEk must be positive semidefinite. If

∑N2
k=1E

†
kEk = I

the channel is said to be trace-preserving since

tr(E(ρ)) = tr

N2∑
k=1

EkρE
†
k

 = tr

N2∑
k=1

E†
kEk

 ρ
 = tr(ρ).

Such channels are also called completely positive trace-preserving (CPTP) since they map
a positive semidefinite operator to a positive semidefinite operator and preserves the trace.
Channels for which

∑N2
k=1E

†
kEk ̸= I is called non-trace-preserving (or trace-decreasing)

channels. They arise when conditioning on the output of the channel. An example is the
channel E(ρ) = pρ for some 0 < p < 1. This channel is obviously non-trace-preserving and
can be implemented by discarding the output if it is not equal to the input. M uses of this
channel would thus result in approximately Mp outputs yielding ρ and (1− p)M outputs
being discarded [Nielsen and Chuang, 2010, pp.357-360].

Similar to the fact that different sets of states, motivates the same density operator, one
might wonder if two different sets of Kraus operators could correspond to the same quantum
channel. The next theorem provides the condition for when this is the case.

Theorem 3.6: Uniqueness of Quantum Channels
Let E and F be two quantum channels with Kraus operators {Ei}Ni=1 and {Fj}Mj=1
respectively. Assume M ≤ N and extend {Fj}Nj=1 such Fj = 0 for M < j ≤ N . Then
E = F if and only if Ei =

∑N
j=1 uijFj where uij are the entries of a unitary matrix.

[Nielsen and Chuang, 2010, pp.372-373]

Proof
Assume E and F are related by a unitary transformation, then

E(ρ) =
N∑
i=1

EiρE
†
i

=
N∑
i=1

 N∑
j=1

uijFj

 ρ
 N∑
j′=1

u∗
ij′F

†
j′


=

N∑
j=1

N∑
j′=1

N∑
i=1

uijuj′iFjρF
†
j′

=
N∑
j=1

FjρF
†
j = F(ρ).

Conversely, assume E = F , that is,
∑N
i=1EiρE

†
i =

∑N
j=1 FjρF

†
j for any density operator ρ

on the state space of the quantum channel, H, where Fj = 0 for M < j ≤ N . Let {|αi⟩}i
be an orthonormal basis for H. Define

|ψ⟩ :=
∑
k=1
|αk⟩ ⊗ |αk⟩

and thereby

|ei⟩ := (I ⊗ Ei) |ψ⟩ =
∑
k

|αk⟩ ⊗ Ei |αk⟩
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|fj⟩ := (I ⊗ Fj) |ψ⟩ =
∑
k

|αk⟩ ⊗ Fj |αk⟩

Introduce density operator

σ := (I ⊗ E)(|ψ⟩ ⟨ψ|) =
∑
k,k′

|αk⟩ ⟨αk′ | ⊗ E(|αk⟩ ⟨αk′ |)

=
∑
k,k′

|αk⟩ ⟨αk′ | ⊗ F(|αk⟩ ⟨αk′ |) = (I ⊗F)(|ψ⟩ ⟨ψ|)

and notice
N∑
i=1
|ei⟩ ⟨ei| =

N∑
i=1

∑
k,k′

|αk⟩ ⟨αk′ | ⊗ Ei(|αk⟩ ⟨αk′ |)E†
i

= σ

=
N∑
j=1

∑
k,k′

|αk⟩ ⟨αk′ | ⊗ Fj(|αk⟩ ⟨αk′ |)F †
j =

N∑
j=1
|fj⟩ ⟨fj |

According to theorem 2.12 it then follows

|ei⟩ =
N∑
j=1

uij |fj⟩

where uij are the entries of some unitary matrix. Denote by |ϕ⟩ =
∑
k γk |αk⟩ an arbitrary

vector of H and define ˜|ϕ⟩ :=
∑
k γ

∗
k |αk⟩ then

Ei |ϕ⟩ = ( ˜⟨ϕ| ⊗ I) |ei⟩

=
N∑
j=1

uij( ˜⟨ϕ| ⊗ I) |fj⟩

=
N∑
j=1

uijFj |ϕ⟩ .

By the arbitrariness of |ϕ⟩ it can be concluded that

Ei =
N∑
j=1

uijFj .

The study of quantum channels conclude with an example of a specific quantum channel;
the depolarizing channel.

Example 4: The Depolarizing Channel
Let the Kraus operators for a quantum channel be given by

{√
1− 3p

4 I,
√
p

2 X,
√
p

2 Y,
√
p

2 Z

}
for some parameter 0 ≤ p ≤ 1. This channel can be verified to be trace-preserving and

E(ρ) =
(

1− 3p
4

)
ρ+ p

4XρX + p

4Y ρY + p

4ZρZ (3.4)

= (1− p)ρ+ p

4(ρ+XρX + Y ρY + ZρZ). (3.5)
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Simple calculations show that

ρ+XρX + Y ρY + ZρZ = 2I.

Substituting into (3.4) yields

ρ′ = (1− p)ρ+ p

2I.

With probability p the channel changes the input state into the completely mixed state
1
2I while leaving the input state unchanged with probability p [Nielsen and Chuang, 2010,
pp.378-379].

With the foundational concepts of quantum information theory, including entropy, con-
ditional entropy, mutual information, and properties thereof, along with the formalism
of quantum channels, rigorously defined and established, the study of quantum error
correction can now commence.
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4 | Quantum Error-Correcting Codes

Error-correcting codes are a vital tool when transmitting information, classical or quantum,
through channels subject to noise. When applying error-correcting codes for such scenarios,
the probability of faulty transmission can be drastically reduced; a desirable objective.

This chapter is primarily based on [Nielsen and Chuang, 2010], [Gundersen et al., 2025]
and [Bergou et al., 2021].

4.1 Classical Error Correction

Classical computers exchange information between each other using classical channels. A
discrete, memoryless classical channel is defined by the input alphabet, the output alphabet
and a transition matrix, containing the conditional probability of observing some output
in the alphabet given some input in the input alphabet. The most simple of such is the
binary symmetric channel, in which a bit is sent through the channel and flipped with
probability p. The channel is shown in figure 4.1.

0

1

0

1

1 − p

p

1 − p

p

Figure 4.1: The binary symmetric channel

Suppose Alice whishes to send Bob 1 bit of information through the binary symmetric
channel. Alice could simply transmit the bit she wishes to send, and accept it is only
received successfully with probability 1

2 ≤ 1− p ≤ 1. Another strategy is to transmit the
bit N times through the channel and tell Bob to choose whichever bit appears the most
times as the bit Alice whished to transmit. This strategy is called "majority voting" and
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for N = 3 the probability of successful transmission is the probability that no more than 1
bit is flipped of the 3 transmitted. This probability is exactly

ps = (1− p)3 + 3p(1− p)2 = 1− 3p2 + 2p3

implying the probability of error is given by

pe = 1− ps = 3p2 − 2p3.

Sending just 1 bit through the channel would fail with probability p, while sending 3 bits
will fail with probability 3p2 − 2p3 which is less than p for p < 1

2 . In the case p = 1
2 no

information can be sent through the channel, as it has capacity 0, making any coding
scheme equal [Cover and Thomas, 2006, pp.183-184,187].

Though a simple example of an error-correcting code, majority voting shows the possibility
of lowering the probability of error using the channel more times than strictly necessary.
This is the foundation of error-correcting codes; add redundant information, such the
received signal is less prone to errors. This idea is useful even in the quantum realm, however,
some caveats needs to be addressed. Firstly, the errors in the classical world consists of
bits being flipped, and are hence discrete. In the quantum realm, a qubit’s state is not
limited to discrete flips; its phase can vary continuously, forming a continuum of possible
states and hence possible errors. Secondly, in the error-correction strategy used above, Bob
decided which bit Alice wished to send, based on the output of the channel. However, in
the quantum realm this would require a measurement, thus collapsing the quantum state.
Thirdly, the repetition strategy in which Alice creates N − 1 additional copies of the state
to be transmitted and sends all N copies through the channel is prohibited in the quantum
realm due to the no-cloning theorem: Let |ψ⟩ ∈ HA1 be a qubit one wishes to clone and
|γ⟩ ∈ HA2 the qubit one wishes to clone |ψ⟩ onto. Since quantum systems evolve unitarily,
the existence of such cloning would imply the existence of a unitary U such

U(|ψ⟩ ⊗ |γ⟩) = |ψ⟩ ⊗ |ψ⟩ .

The no-cloning theorem shows that no such U can exist.

Theorem 4.1: The No-Cloning Theorem
Let |ψ⟩ ∈ HA1 and |γ⟩ ∈ HA2 . No unitary operator U exists such that

U(|ψ⟩ ⊗ |γ⟩) = |ψ⟩ ⊗ |ψ⟩ .

[Nielsen and Chuang, 2010, p.532]

Proof
Suppose |ψ⟩ ∈ HA1 and |ϕ⟩ ∈ HA1 are two arbitrary states, for which a unitary operator
U exists such that

U(|ψ⟩ ⊗ |γ⟩) = |ψ⟩ ⊗ |ψ⟩
U(|ϕ⟩ ⊗ |γ⟩) = |ϕ⟩ ⊗ |ϕ⟩ .

44



4.2. QUANTUM ERROR CORRECTION MT10-10

Taking the inner product of the two equations yield

⟨ψ|ϕ⟩2 = (⟨ψ| ⊗ ⟨ψ|)(|ϕ⟩ ⊗ |ϕ⟩) = (⟨ψ| ⊗ ⟨γ|)U †U(|ϕ⟩ ⊗ |γ⟩) = ⟨ψ|ϕ⟩ .

This implies ⟨ψ|ϕ⟩ = 0 ∨ 1, meaning the states |ψ⟩ and |ϕ⟩ are orthogonal or identical, a
contradiction with the fact that they were chosen arbitrarily.

The three downsides to how the quantum realm operates, however, does not mean no
error-correcting codes exists for quantum channels.

4.2 Quantum Error Correction

To show that quantum error-correcting codes exists despite the caveats, consider the
following example: A qubit is given by

|ψ⟩ = α |0⟩+ β |1⟩ .

The qubit is then encoded into a larger state space by

|0⟩ Encode−→ |0⟩L := |000⟩

|1⟩ Encode−→ |1⟩L := |111⟩ .

The notation emphasizes the fact that one logical qubit is encoded in three physical qubits.
The encoded qubits are then of the form

|ψ⟩Enc := α |0⟩L + β |1⟩L . (4.1)

The codewords in this scheme are thus vectors in the subspace spanned by |0⟩L and |1⟩L.
Such an encoding can be achieved by the circuit depicted in figure 4.2, using two CNOT
gates and five Hadamard gates.

|0⟩

|0⟩

|ψ⟩

H H

H H

H

|ψ⟩enc

Figure 4.2: The quantum circuit encoding one logical qubit in three physical qubits.

This encoding allows for the correction of one bit flip on any of the three physical qubits
by performing a set of orthogonal projective measurements. Consider table 4.1 outlining
the possible errors and an associated projector.
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Bit flip position Projector Error

No bit flip P0 = |000⟩ ⟨000|+ |111⟩ ⟨111| E0 = I ⊗ I ⊗ I

First qubit P1 = |100⟩ ⟨100|+ |011⟩ ⟨011| E1 = X ⊗ I ⊗ I

Second qubit P2 = |010⟩ ⟨010|+ |101⟩ ⟨101| E2 = I ⊗X ⊗ I

Third qubit P3 = |001⟩ ⟨001|+ |110⟩ ⟨110| E3 = I ⊗ I ⊗X

Table 4.1: The possible errors and their associated projectors.

Notice that the sum of the projectors equal the identity making them a valid set of
measurement operators. Let error k ∈ {0, 1, 2, 3} occur and define

Ek |ψ⟩Enc = α |ϕ1⟩+ β |ϕ2⟩

Then with probability 1, measurement k will occur since

(α ⟨ϕ1|+ β ⟨ϕ2|)P †
kPk(α |ϕ1⟩+ β |ϕ2⟩) = (α ⟨ϕ1|+ β ⟨ϕ2|)(|ϕ1⟩ ⟨ϕ1|+ |ϕ2⟩ ⟨ϕ2|)(α |ϕ1⟩+ β |ϕ2⟩)

= 1

Furthermore, the measurement does not collapse the superposition, since

Pk(α |ϕ1⟩+ β |ϕ2⟩) = α |ϕ1⟩+ β |ϕ2⟩ .

This means the measurement reveals the error but not the actual state of the encoded
qubit. The error can then be corrected by flipping the corresponding qubit again [Nielsen
and Chuang, 2010, pp.427-429].

The error-correcting quantum code introduced above exhibits a remarkable property
commonly encountered in the quantum realm but absent from classical error correction.
Consider (4.1) and the outcome of performing any two phase flips on the encoded state. It
is easy to verify

|ψ⟩enc = (Z ⊗ Z ⊗ I) |ψ⟩enc = (Z ⊗ I ⊗ Z) |ψ⟩enc = (I ⊗ Z ⊗ Z) |ψ⟩enc . (4.2)

Although the three choices of two phase flips are distinct errors, they all yield the same
encoded state. In classical coding theory, two distinct errors applied to the same string of
bits result in different outputs.

In the general setup, an error is modeled as the result of some quantum channel E . The error-
correcting channel R is then applied to the erroneous state E(|ψ⟩enc ⟨ψ|enc) reproducing
the original state if the error is correctable, that is

R(E(|ψ⟩enc ⟨ψ|enc)) ∝ |ψ⟩enc ⟨ψ|enc .

The quantum channel E modeling the error may not be trace-preserving. The error-
correction channel, however, is required to succeed with probability 1, explaining pro-
portionality rather than equality. In the case where E is trace-preserving, taking the
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trace on both sides of the proportionality yields a proportionality constant of 1, hence an
equality.

The three qubit example considered above was able to correct the errors {Ei}3i=0 defined
in table 4.1. This is only a small subset of the possible errors that may occur. The next
theorem provides a method for checking which errors a given code protects against.

Theorem 4.2: The Knill-Laflamme Condition
Let E be a quantum channel with Kraus operators {Ei}Ni=1. In addition, let C be some
quantum code and P an orthogonal projector onto the code space of C. Then

R(E(ρ)) ∝ ρ

if and only if

PE†
iEjP = hijP, (4.3)

where R is some error-correcting quantum channel and hij are the entries of some
hermitian matrix H.

[Nielsen and Chuang, 2010, p.436]

Proof
Assume first (4.3) holds for the Kraus operators {Ei}Ni=1. Since H is hermitian it follows
from the spectral theorem it can be decomposed as H = UDU † or equivalently D = U †HU

where D is a real diagonal matrix and U is unitary. Define new Kraus operators by
{Fj :=

∑N
i=1 uijEi}Nj=1. Since these are related by a unitary matrix, it follows from

theorem 3.6 they both correspond to the same quantum channel. For these new Kraus
operators it holds;

PF †
kFk′P =

N∑
i=1

N∑
j=1

u∗
ikujk′PE†

iEjP =
N∑
i=1

N∑
j=1

u∗
ikhijujk′P = dkk′P

Since D is real and diagonal it is also hermitian. The Kraus operators {Fj}Nj=1 thus satisfies
a special, more strict, case of (4.3). By the polar decomposition

FkP = Uk

√
P †F †

kFkP = Uk
√
dkkP.

Define orthogonal projectors by Pk := UkPU
†
k = (

√
dkk)−1FkPU

†
k . It is evident they project

onto orthogonal subspaces since

PkPk′ = P †
kPk′ = (UkPU †

k)†Uk′PU †
k′ =

UkPF
†
kFk′PU †

k′√
dkkdk′k′

=
Ukdkk′PU †

k′√
dkkdk′k′

= δkk′UkPU
†
k′ .

The error-detection and correction channel is then the trace-preserving channel given
by R(σ) :=

∑
k U

†
kPkσP

†
kUk, where {Pk}k may be augmented with additional orthogonal

projectors to fulfill the completeness relation
∑
k P

†
kPk =

∑
k Pk = I. To realize this

channel corrects the errors encountered by E , consider first the following: Let ρ operate on
the code space, then PρP = ρ and thus

U †
kPkFk′ρF †

k′P
†
kUk = U †

kP
†
kFk′PρPF †

k′PkUk
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=
U †
kUkPF

†
kFk′PρPF †

k′FkPU
†
kUk

dkk

= dkk′dk′kPρP

dkk

= δkk′dkkρ.

Consequently

R(E(ρ)) =
∑
k

U †
kPk

(
N∑
k′=1

Fk′ρF †
k′

)
P †
kUk

=
∑
k

N∑
k′=1

U †
kPkFk′ρF †

k′P
†
kUk

=
(∑

k

dkk

)
ρ ∝ ρ.

Conversely, assume R(E(ρ)) ∝ ρ. Since P is a projector onto the code space, PρP is an
operator on the code space for any density operator ρ, it thus follows R(E(PρP )) ∝ PρP .
Expressing R ◦ E in terms of Kraus operators

∑
j

N∑
i=1

RjEiPρPE
†
iR

†
j = cPρP,

for some constant c ∈ C independent of ρ and where {Rj}j and {Ei}Ni=1 are the Kraus
operators for R and E , respectively. This equation reveals that the channel R ◦ E with
Kraus operators {RjEi}i,j is identical to the channel with a single Kraus operator

√
c.

According to theorem 3.6 this implies

RjEi = cij ⇔ E†
iR

†
j = c∗

ij , cij ∈ C.

It then follows

PE†
iR

†
kRkEjP = c∗

ikcjkP.

Since R is trace-preserving
∑
k R

†
kRk = I. Addition over k of the above equation then

yields

PE†
iEjP =

(∑
k

c∗
ikcjk

)
P = αijP

where αij :=
∑
k c

∗
ikcjk. These are indices of a hermitian matrix since α∗

ij =
∑
k cikc

∗
jk =

αji.

The Kraus operators for the channel E introducing the noise is called errors and if an
error-correcting channel R exists the Kraus operators are called a correctable set of
errors.

As mentioned earlier, the set of possible errors in the quantum realm forms a continuum.
The following theorem, which can be seen as an extension of the Knill-Laflamme condition,
allows for a discretization of the possible errors a quantum code needs to correct.
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Corollary 4.3
Let E be a quantum channel with Kraus operators {Ei}Ni=1 and F be a second quantum
channel with Kraus operators {Fj =

∑N
i=1 αijEi}Nj=1, where αij are some complex

numbers. Suppose the Kraus operators {Ei}Ni=1 are correctable errors for the error-
correcting quantum channel R on some quantum code C. Then {Fj}Nj=1 is also a set of
correctable errors for R.

[Nielsen and Chuang, 2010, p.438]

Proof
Let the noise introducing channel E have Kraus operators {Ei}Ni=1 and assume this is a
correctable set of errors, thus satisfying (4.3). According to the proof of theorem 4.2, the
hermitian matrix H of (4.3) can be chosen to be real and diagonal without loss of generality.
Let P be the projector onto the code space C, and Uk be the unitary matrix from the
polar decomposition of EkP , that is, EkP = Uk

√
P †E†

kEkP = Uk
√
hkkP . Moreover, let

Pk be the orthogonal projectors defined by Pk := UkPU
†
k . From the proof of theorem 4.2

it follows that U †
kPk are the Kraus operators of the error-correction channel R for E and

satisfies

U †
kPkEiρE

†
iP

†
kUk = δkidkkρ.

Since Fj =
∑N
i=1 αijEi, multiplication by αij followed by addition over i reveals

UkPkFjρF
†
j P

†
kUk =

N∑
i=1

αijδkidkkρ = αkjdkkρ.

Altogether, this implies the quantum channel F with Kraus operators {Fj}Nj=1 is correctable
by R as

R(F(ρ)) =
∑
k

U †
kPk

 N∑
j=1

FjρF
†
j

P †
kUk

=

∑
k

dkk

N∑
j=1

αkj

 ρ ∝ ρ.
It is fairly simple to show that any 2× 2 complex matrix A can be expressed as a linear
combination of the three Pauli matrices and the identity. The Y Pauli matrix can further
be expressed as the product of the X and Z matrix. Combined this means there exists
complex numbers α, β, γ and δ such

A = αX + βXZ + γZ + δI.

Taking into account corollary 4.3, it is sufficient to consider the Pauli errors when examining
the correctability properties of a quantum error-correcting code. It is furthermore seen that
if one can show a code protects against any single bit flip, phase flip, and the combination
of both, the code protects against any arbitrary single qubit error.
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4.3 Stabilizer Codes

This section makes use of group-theoretic definitions and results presented in appendix A.
An important group used in stabilizer codes is the N -fold Pauli; an extension of the Pauli
group defined in the appendix, given by

PN := {α
N⊗
i=1

Ai | Ai ∈ {I,X, Y, Z}, α ∈ {±1,±i}}.

Consider the example of section 4.2, which encodes one logical qubit in three physical
qubits, and especially (4.2). The equations show that any two phase flips leave the encoded
state unchanged; obviously, this is also the case for the 3-fold identity matrix. Consequently,
one says the set {I ⊗ I ⊗ I, Z ⊗Z ⊗ I, Z ⊗ I ⊗Z, I ⊗Z ⊗Z} stabilizes |ψ⟩enc. For a given
operator, the vectors it stabilizes are exactly the eigenvectors corresponding to eigenvalue 1.
This principle is fundamental to stabilizer codes. However, prior to their formal definition,
several preliminary concepts require introduction.

Firstly, assume the set {Ai}Ni=1 consists of matrices, forms a group under matrix mul-
tiplication, and stabilizes some vector |x⟩. Let the set be generated by {Bi}Mi=1, that
is, ⟨B1, . . . , BM ⟩ = {Ai}Ni=1. Since the set stabilizes |x⟩, all generators stabilize |x⟩ as
they belong to the set. Consider the converse, i.e. |x⟩ is stabilized by all Bi. Then for
any Ai = B

ri,1
1 · · ·Bri,M

M with ri,j ∈ Z, but since the generators stabilize |x⟩, it follows
Ai |x⟩ = B

ri,1
1 · · ·Bri,M

M |x⟩ = |x⟩. This means a set can be verified to stabilize some vector
simply by considering a generating set; a time-saving fact as there exists a generating set
for which M ≤ log(N). Considering this, it is of interest to find a generating set such

Br1
1 · · ·B

ri−1
i−1 B

ri+1
i+1 · · ·B

rM
M = Bri

i , r1, . . . , rM ∈ Z

implies ri = 0 for all i ∈ {1, . . . ,M}, since the converse would imply

⟨B1, . . . , Bi−1, Bi, Bi+1, . . . , BM ⟩ = ⟨B1, . . . , Bi−1, Bi+1, . . . , BM ⟩.

Generating sets for which ri = 0 for all i ∈ {1, . . . ,M} is said to be independent.

Checking if a generating set for a subgroup of PN is independent may seem infeasible,
as it possibly involves large sets of huge matrices. The introduction of the check matrix
presents a straightforward method involving simple linear algebra. Consider the example of
section 4.2. The code space is stabilized by the matrices of figure 4.3a. These matrices forms
a group under matrix multiplication and is generated by the elements in boldface.

For a general code space with stabilizers G = ⟨g1, . . . , gM ⟩ ⊆ PN , the check matrix is an
M × 2N matrix with entries in F2 where row i corresponds to generator gi of G. Since
gi ∈ PN it is of the form α

⊗N
k=1Ak for some Ak ∈ {I,X, Y, Z} and α ∈ {±1,±i}. Let

j ∈ {1, . . . , N} the ij′th entry of the check matrix is then a 1 if Aj = X∨Y and 0 otherwise.
Similarly, the n + j′th entry of row i is 1 if Aj = Z ∨ Y . Notice the check matrix does
not encode information regarding the phase α. Since Y = iXZ any element of PN can be
expressed as

α
N⊗
i=1

XaiZbi , ai, bi ∈ {0, 1}. (4.4)
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A row in the check matrix is therefore given by the map r : PN → F2N
2 defined by

r

(
α

N⊗
i=1

XaiZbi

)
:= [a1 . . . aN b1 . . . bN ]. (4.5)

The check matrix corresponding to the three qubit code of section 4.2 is the 4× 6 matrix
shown in figure 4.3b [Nielsen and Chuang, 2010, pp-456-457].

g1 I ⊗ I ⊗ I

g2 Z⊗ Z⊗ I

g3 Z ⊗ I ⊗ Z

g4 I⊗ Z⊗ Z

(a) Stabilizers for the three-qubit code.

 0 0 0 1 1 0

0 0 0 0 1 1


(b) Corresponding 2× 6 check matrix.

Figure 4.3: Stabilizers for the three qubit code and corresponding check matrix. The
generators of the stabilizer group is marked in boldface.

As postulated, the check matrix is an important object in determining the independence of
a generating set. The following theorem connects the independence of a generating set to
the linear independence of the rows of the associated check matrix.

Theorem 4.4
Let G = ⟨g1, . . . , gM ⟩ ⊆ PN be a group under matrix multiplication. Assume G is abelian
and −I /∈ G. The generators of G are then independent if and only if the rows of the
check matrix are linearly independent.

[Bergou et al., 2021, p.180]

Proof
Let g ∈ PN , it then follows gg = I ∨ −I. Since G = ⟨g1, . . . , gM ⟩ ⊆ PN it specifically
applies to g = gi for any i ∈ {1, . . . ,M}, however, by assumption −I /∈ G implying gigi = I.
Notice the statement of the theorem is equivalent to the rows of the check matrix being
linearly dependent if and only if the generators of G are dependent. Thus, assume the
rows of the check matrix are linearly dependent and denote by r(gi) the row corresponding
to generator gi. Then there exists {αi ∈ {0, 1}}Mi=1 not all zero such

M∑
i=1

αir(gi) = r

(
M∏
i=1

gαi
i

)
= 0.

Considering how the check matrix encodes information, the element of G (expressed as a
product of elements of G) must be the identity possibly with an additional phase

M∏
i=1

gαi
i = ±I ∨ ±iI.
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Since −I /∈ G it follows ±iI /∈ G. The above equation must therefore evaluate to I. Assume
αk = 1 for some k ∈ {1, . . . ,M}. Multiplication by g−1

k on both sides of the above, paired
with the fact that G is assumed abelian it follows

gk = g−1
k =

M∏
i=1
i ̸=k

gαi
i .

Conversely, assume the generating set is dependent, then there exists k ∈ {1, . . . ,M} and
{αi ∈ Z}Mi=1 not all zero such

M∏
i=1
i ̸=k

gαi
i = gαk

k ⇔
M∏
i=1

gαi
i = I, αi ∈ {0, 1},

where the bi-implication follows from the fact that G is assumed abelian and gigi = I. Now
consider the rows of the check matrix

M∑
i=1

αir(gi) = r

(
M∏
i=1

gαi
i

)
= 0.

Since αi are not all zero, the rows of the check matrix are linearly dependent.

Not only does the above theorem connect independence of generators to the check matrix,
it also provides useful information necessary to prove the next important theorem.

Theorem 4.5
Let G = ⟨g1, . . . , gN−k⟩ ⊆ PN be a group under matrix multiplication. Assume G is
abelian, −I /∈ G and its generators are independent. The vector space stabilized by the
elements of G is then of dimension 2k.

[Bergou et al., 2021, p.181]

For proof see appendix B.

The next theorem is vital when defining stabilizer codes and can be viewed as an extension
of the above theorem.

Theorem 4.6
Let G = ⟨g1, . . . , gN−k⟩ be a subgroup of PN under matrix multiplication and assume
the generators are independent. The vector space stabilized by the elements of G is a
non-trivial subspace if and only if −I /∈ G and G is abelian.

[Nielsen and Chuang, 2010, p.455]

Proof
Assume G stabilizes a non-trivial vector space V ̸= {0} and let |x⟩ ≠ [0 · · · 0]T ∈ V . If
−I ∈ G then − |x⟩ = −I |x⟩ = |x⟩ a contradiction since |x⟩ ≠ [0 · · · 0]T . Furthermore,
since all Pauli matrices commute or anti-commute it suffices to show the elements of G
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cannot anti-commute. Let A,B ∈ G anti-commute, then |x⟩ = AB |x⟩ = −BA |x⟩ = − |x⟩
a contradiction.
The converse implication, that any abelian group G for which −I /∈ G stabilizes a non-trivial
vector space, follows directly from theorem 4.5.

4.3.1 Construction and Error Correction

Keeping the above theorems and notation in mind, stabilizer codes can now be formally
defined. Let G = ⟨g1, . . . , gN−k⟩ ⊆ PN be an abelian group with independent generators
and −I /∈ G. The vector space stabilized by G, denoted VG, is then, by definition, a
stabilizer code space, and the stabilizer code is denoted C(G). The code space VG is the
intersection of the +1 eigenspace of the operators of G. According to theorem 4.5, VG is of
dimension 2k, thus encoding k logical qubits in N physical qubits. Such a code is called an
[[N, k]] code with the double parenthesis indicating a quantum code, thereby distinguishing
it from a classical code.

Two important questions arise when defining an error-correcting code. Firstly, what errors
can the code detect and correct? And secondly, what scheme can correct the correctable
errors? Consider the first question. Any error E ∈ PN can be divided into three categories
according to theorem A.8. Either the error belongs to the stabilizer group G, to the N -fold
Pauli group but not the normalizer of G in PN or to the normalizer of G in PN but not
to G. In the first case, no error has occurred since E ∈ G implies E |ψ⟩ = |ψ⟩ for any
|ψ⟩ ∈ VG. In the second case, since NPN

(G) = CPN
(G) for any stabilizer group G, not

belonging to the normalizer implies at least one element of G does not commute with the
error E. Any two elements of the N -fold Pauli group either commutes or anti-commutes,
thus at least one stabilizer anti-commutes with the error. Denote this stabilizer by g, then
for any |ψ⟩ , |ϕ⟩ ∈ VG,

⟨ϕ|E |ψ⟩ = ⟨ϕ| g†Eg |ψ⟩ = −⟨ϕ|E |ψ⟩ ,

which would imply ⟨ϕ|E |ψ⟩ = 0. The error thus maps any vector in VG to an orthogonal
subspace. The erroneous codeword can therefore be reliably distinguished from any
codeword. In the third case, the error commutes with every stabilizer, but is not in the
stabilizer group, that is, Eg = gE for every g ∈ G. Let |ψ⟩ ∈ VG, then

E |ψ⟩ = Eg |ψ⟩ = gE |ψ⟩

which implies E |ψ⟩ ∈ VG. The error thus maps a codeword into a new codeword, making
it undetectable [Nielsen and Chuang, 2010, p.465].

The following theorem summarizes the above, highlighting the fact that the critical errors
lies in the third category considered.

Theorem 4.7: Error-Correction Condition for Stabilizer Codes
Let G ⊆ PN be a stabilizer group for some stabilizer code C(G). Let {Ei ∈ PN}Mi=1 be a
set of Pauli operators such E†

iEj /∈ NPN
(G)\G for all i, j ∈ {1, . . . ,M}. Then {Ei}Mi=1 is

a correctable set of errors for the code C(G).

[Nielsen and Chuang, 2010, p.466]
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Proof
Let P be the orthogonal projector onto the code space VG of the code C(G) and assume
E†
iEj /∈ NPN

(G)\G. According to theorem A.8 G ⊆ NPN
(G) ⊆ PN , thus two cases are

possible. Either E†
iEj ∈ G or E†

iEj ∈ PN\NPN
(G). In the first case, since E†

iEj ∈ G,
they stabilize any vector in VG and it thus follows PE†

iEjP = P = PE†
jEiP . Next,

consider the second case. Since E†
iEj ∈ PN\NPN

(G) and NPN
(G) = Z(G) there must be

at least one element in G that does not commute with E†
iEj , however, all elements of

PN either commute or anti-commute, thus there exist g ∈ G such E†
iEjg = −gE†

iEj . Let
{g1 = g, . . . , gN−k} be a generating set for G. The projector P can then be expressed as

P =
∏N−k
i=1 (I + gi)

2N−k

Since E†
iEj anti-commutes with g1 it follows

E†
iEjP = (I − g1)

∏N−k
i=2 (I + gi)

2N−k .

By definition of G, gi commutes and thus I + gi also commutes. Since (I + g1)(I − g1) = 0
it is the case that P (I − g1) = 0, hence PE†

iEjP = 0 = PE†
jEiP . The errors {Ei}Mi=1

are therefore correctable according to theorem 4.2, with the matrix H having entries
hij = hji ∈ {0, 1}.

With the first important question answered, focus can be laid upon the second. However,
before showing a correction strategy for the correctable errors, consider first the N -fold
Pauli group. Based on (4.4), the weight of any element E ∈ PN is defined by

w(E) =
N∑
i=1

1[ai=1 ∨ bi=1]. (4.6)

The weight of E, is the number of entries in the tensor product of E not equal to the
identity. Notice the phase α has no effect on the weight.

Suppose an error E ∈ PN occurred, transforming the codeword |ψ⟩ ∈ VG into the erroneous
state E |ψ⟩. Define orthogonal projectors onto the +1 and −1 eigenspace, respectively, of
each generator of the stabilizer group G by

P
(+)
i := I + gi

2 and P
(−)
i := I − gi

2 .

Since the generators commute, so does the projectors
{
P

(+)
i , P

(−)
i

}N−k

i=1
. Furthermore, for

each i these projectors satisfy the completeness relation(
P

(+)
i

)†
P

(+)
i +

(
P

(−)
i

)†
P

(−)
i = I,

and thus define valid measurement operators. Measuring these projectors for each i reveals
the syndrome given by [fg1(E), . . . , fgN−k

(E)]T where

fgi(E) :=

1, if [gi, E] := giE − Egi = 0,
−1, if {gi, E} := giE + Egi = 0.
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Suppose the syndrome is −1 for entries S ⊆ {1, . . . , N − k}. Define the set

T := {A ∈ PN | gkA = −Agk ∧ glA = Agl, k ∈ S, l ∈ {1, . . . , N − k}\S} ,

the error, E, then belongs to T . Since T is a subset of the N -fold Pauli group, all elements
are unitary and hence invertible, the inverse being the hermitian conjugate. Suppose an
error-correction scheme identifies the error as some minimum weight element of T , denoted
Emin. Then since both the identified error and E have the same syndrome, it must be
the case that EmingiE

†
min = ±gi = EgiE

† and thus E†
minEgiE

†Emin = gi, implying E†
minE

belongs to the normalizer of G in PN . Two cases could now occur, either E†
minE ∈ G,

in which case E†
minE |ψ⟩ = |ψ⟩ hence restoring the original state. If, on the other hand,

E†
minE ∈ NPN

(G)\G then E†
minE |ψ⟩ = |ϕ⟩ ∈ VG for some |ϕ⟩ ̸= |ψ⟩, that is, the error

correction incorrectly maps the erroneous state back into the code space [Gottesman, 1997,
pp.19-20].

The distance, d, of an [[N, k]] stabilizer code is defined to be the minimum weight of
any element of NPN

(G)\G. Such a code is called an [[N, k, d]] code. According to the
above paragraph and theorem 4.7, the error E is correctable if E†

minE /∈ NPN
(G)\G,

since any element of NPN
(G)\G has weight at least d, the condition is guaranteed if

w(E†
minE) ≤ d− 1 < d. Let E = α1

⊗N
i=1X

aiZbi and Emin = α2
⊗N

i=1X
ciZdi then

w(E) =
N∑
i=1

1[ai=1 ∨ bi=1] := t and w(E†
min) =

N∑
i=1

1[ci=1 ∨ di=1].

Furthermore, E†
minE = α2α1

⊗N
i=1 Z

diXciXaiZbi and thus

w(E†
minE) =

N∑
i=1

1[ai ̸=ci ∨ bi ̸=di] ≤
N∑
i=1

1[(ai=1 ∨ bi=1) ∨ (ci=1 ∨ di=1)]

≤
N∑
i=1

1[ai=1 ∨ bi=1] +
N∑
i=1

1[ci=1 ∨ di=1]

= w(E) + w(E†
min).

Since Emin was chosen as the minimum weight element of T and E ∈ T it follows

w(E†
minE) ≤ w(E†

min) + w(E) ≤ 2w(E) = 2t.

If 2t ≤ d− 1 it is then guaranteed the error is correctable.

The above derivation does not, however, imply an error of weight greater than t is not
correctable as the next example will show.

Example 5: Correctable Errors
Consider the stabilizer code introduced in section 4.2. The stabilizer group was found to be
{I ⊗ I ⊗ I, Z⊗Z⊗ I, Z⊗ I ⊗Z, I ⊗Z⊗Z}. The operator Z commutes with itself and it is
thus easy to verify that {Z ⊗ I ⊗ I, I ⊗ Z ⊗ I, I ⊗ I ⊗ Z} belongs to the normalizer of the
stabilizer group in PN , but not the stabilizer group itself. Since all three of these elements
have weight 1, the lowest possible weight of an element not in the stabilizer, the code has
distance 1. It can therefore correct any arbitrary error of weight ⌊1−1

2 ⌋ = 0, which is only
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satisfied by the identity operator, an operator belonging to the stabilizer and thus not an
error. However, a simple derivation shows the code can detect an arbitrary single bit flip
error, since such an error anti-commutes with either the first, second or both generators.

As mentioned previously, in quantum coding theory, distinct errors could lead to the same
state, a property not encountered in classical coding theory. This implies that distinct
errors may be corrected by a single inverse operation. Based on this, quantum error-
correcting codes can be divided into two groups; degenerate and nondegenerate. Denote by
A := {Ej ∈ PN}j the intended correctable set of errors for some code. If the code indeed
corrects A and, in addition, multiple errors in A are mapped to the same syndrome, then
the code is called degenerate. This also means a code that is degenerate with respect to A
may be nondegenerate with respect to B ⊂ A [Smmith and Smolin, 2006, p.1].

Considering the error-correcting abilities of stabilizer codes derived above, an important
connection between the number of physical qubits, the number of logical qubits, and the
distance of a stabilizer code can be derived. The connection is known as the quantum
singleton bound, a quantum version of the classical connection under the same name.

Theorem 4.8: Quantum Singleton Bound
Let a stabilizer code with parameters [[N, k, d]] be given. Then

N − k ≥ 2(d− 1)

[Nielsen and Chuang, 2010, pp.568-569]

Proof
Let an [[N, k, d]] stabilizer code be given and denote by HA the state space to which the
N physical qubits belong. The coding space is then a 2k dimensional subspace of HA
denoted by HAc according to theorem 4.5. Denote by {|ψi⟩}2

k

i an orthonormal basis of
HAc . Let HB be a 2k dimensional state space with orthonormal basis identical to that of
HAc . Consider the entangled state of HAc ⊗HB given by

|ϕ⟩ = 1√
2k

2k∑
i

|ψi⟩ ⊗ |ψi⟩ .

Thus, B, is a reference system that keeps track of the logical information encoded in A.
The density operator ρBAc = |ϕ⟩ ⟨ϕ| can be verified to be pure. Furthermore, the reduced
density operator of system Ac is given by ρAc = 1

2k I, the maximally mixed state. By the
second property of theorem 3.2 it then follows S(ρAc) = log

(
2k
)

= k. Divide the system A
consisting of N qubits into three. The first two, A1 and A2, containing d− 1 qubits, and
the third system, A3, containing the remaining N − 2(d− 1) qubits. Since the stabilizer
has distance d, any located error of weight d− 1 can be corrected. Thus, if either A1 or
A2 are corrupted, the logical information can be recovered. This would imply that no
logical information reside in A1 or A2 alone. Since B is a reference system keeping track of
the logical information, the mutual information between B and A1 or A2 must be zero,
by the definition of mutual information, it then follows S(ρBA1) = S(ρB) + S(ρA1) and
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S(ρBA2) = S(ρB) + S(ρA2). Additionally, by the purity of ρBA = ρBA1A2A3 according to
property 4 of theorem 3.2, S(ρBA1) = S(ρA2A3) and S(ρBA2) = S(ρA1A3) in conjunction
with the subadditivity of theorem 3.5, two equations have been derived

S(ρB) + S(ρA1) = S(ρBA1) = S(ρA2A3) ≤ S(ρA2) + S(ρA3)
S(ρB) + S(ρA2) = S(ρBA2) = S(ρA1A3) ≤ S(ρA1) + S(ρA3).

Adding the two equations and simplifying yields

2S(ρB) + S(ρA1) + S(ρA2) ≤ S(ρA1) + S(ρA2) + 2S(ρA3) ⇒ S(ρB) ≤ S(ρA3)

Since system A3 consists of N − 2(d− 1) qubits, by property 2 of theorem 3.2, S(ρA3) ≤
N − 2(d− 1), thus k ≤ N − 2(d− 1) or N − k ≥ 2(d− 1)

Suppose that Alice wishes to send 1 logical qubit encoded in 5 physical qubits to Bob. The
quantum singleton bound then implies d ≤ 3. For given N and k the quantum singleton
bound thus provides an upper bound on the achievable distance.

Having established the definition of a stabilizer code and characterized its error-correction
capabilities, the vital question remains; given k logical qubits, how to encode the information
they contain in N physical qubits? An encoding circuit for a general stabilizer is derived
in the following.

4.3.2 Encoding and Decoding

In classical linear coding theory, codes are defined by their generator matrix. Not only
does this matrix give insight into the parameters of the code, it also provides an encoding
strategy; simple matrix multiplication between the message and generator matrix yields
the encoded message. In the quantum case, stabilizer codes are defined in terms of their
check matrix; however, this matrix does not directly provide the encoded state by matrix
multiplication. Instead, row and column operation can be performed on the check matrix
to reveal the encoding circuit. The encoding circuits are derived using the theory of [Wilde,
2008, Sec.3.5].

Let |ψ⟩ belong to some subspace stabilized by the operator A. Then A |ψ⟩ = |ψ⟩, suppose
that B is some unitary operator, then

BAB†B |ψ⟩ = BA |ψ⟩ = B |ψ⟩ .

Thus, if A stabilizes |ψ⟩, then BAB† stabilizes B |ψ⟩. This is the foundation behind the
encoding strategy for a general stabilizer derived below. Consider the action of the 3
Clifford gates; the Hadamard gate H, the phase gate S, and the CNOT gate

HXaZbH† = XbZa

SXaZbS† = XaZa+b

CNOT(XaZb ⊗XcZd)CNOT† = XaZb+d ⊗Xa+cZd

The actions are summarized below
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H: Performed on qubit i interchanges the Z and X column on qubit i.

S: Performed on qubit i add the X column to the Z column.

CNOT: Performed between qubit i and qubit j adds the X column on qubit i to the X
column on qubit j and adds the Z column on qubit j to the Z column on qubit i.

Three CNOT gates in connection can also be used to swap two qubits. This is depicted in
figure 4.4.

|i⟩

|j⟩

|j⟩

|i⟩
Figure 4.4: Circuit consisting of 3 CNOT gates able to swap two qubits.

To encode a general stabilizer, one simply finds a stabilizer with known coding space and
encoding scheme, this stabilizer will be referred to as a stabilizer in standard form, then
transforms the associated check matrix of the general stabilizer into the check matrix of
the standard form stabilizer using the Clifford operators and swap gate. The operators,
in reverse order, then transform the standard coding space into the general coding space.
The standard form stabilizer can be found as follows: Let the general stabilizer be defined
by N − k independent generators operating on state space

⊗N
i=1Hi. Define operators on

state space
⊗N

i=1Hi by

Zi =
i−1⊗
j=1

I ⊗ Z ⊗
N⊗

k=i+1
I, i ∈ {1, . . . , N − k}. (4.7)

These operators then defined a stabilizer with coding space

N−k⊗
i=1
|0⟩ ⊗

k⊗
j=1
|ψj⟩ .

where |ψj⟩ ∈ HN−k+j is an arbitrary state. The information is thus encoded in
⊗k

j=1 |ψj⟩
and

⊗N−k
i=1 |0⟩ are ancilla qubits used for error correction.

Algorithm 1 provides a general method for transforming the general check matrix into the
check matrix associated with the stabilizer of (4.7).
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Algorithm 1 Encoding Algorithm for Stabilizers
1: Let G = ⟨g1, . . . , gN−k⟩ be a stabilizer group.
2: Denote by ri := r(gi) for i ∈ {1, . . . , N − k} row i of the check matrix cf. (4.5)
3: for i = 1, . . . , N − k do
4: if ri,i = 0 ∧ ri,i+N = 0 then
5: Apply swap gate between qubit i and qubit l for some i < l ∈ {i+ 1, . . . , N}

with ri,l = 1 ∨ ri,l+N = 1
6: end if
7: for j = i, . . . , N do
8: if ri,j = 1 ∧ ri,j+N = 0 then
9: Continue

10: else if ri,j = 0 ∧ ri,j+N = 1 then
11: Apply Hadamard gate on qubit j
12: else if ri,j = 1 ∧ ri,j+N = 1 then
13: Apply phase gate to qubit j
14: end if
15: end for
16: for j = i+ 1, . . . , N do
17: if ri,j = 1 then
18: Apply CNOT gate from qubit i to qubit j
19: end if
20: end for

21: Row i are now of the form ri,j =

1, if j = i

0, else
for j ∈ {1, . . . , 2N}

22: for j = i+ 1, . . . , N − k do
23: if rj,i = 1 then
24: Add row i to row j

25: end if
26: end for
27: Apply Hadamard gate to qubit i
28: for j = i+ 1, . . . , N do
29: if rj,N+i = 1 then
30: Add row i to row j

31: end if
32: end for
33: end for
34: The check matrix has now been transformed into standard form

In the following example, the encoding algorithm is used on the stabilizer of section 4.2.
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Example 6
Consider the check matrix associated with the stabilizer example of section 4.2 given by 0 0 0 1 1 0

0 0 0 0 1 1

 .
Denote by Hi a Hadamard gate on qubit i and by CNOT(i, j) a CNOT gate from qubit i
to qubit j. Following algorithm 1, the matrix is transformed in the following way 0 0 0 1 1 0

0 0 0 0 1 1

 H1H2
−−−−−−−−−→

 1 1 0 0 0 0

0 1 0 0 0 1


 1 1 0 0 0 0

0 1 0 0 0 1

 CNOT(1, 2)
−−−−−−−−−→

 1 0 0 0 0 0

0 1 0 0 0 1


 1 0 0 0 0 0

0 1 0 0 0 1

 H1H3
−−−−−−−−−→

 0 0 0 1 0 0

0 1 1 0 0 0


 0 0 0 1 0 0

0 1 1 0 0 0

 CNOT(2, 3)
−−−−−−−−−→

 0 0 0 1 0 0

0 1 0 0 0 0


 0 0 0 1 0 0

0 1 0 0 0 0

 H2
−−−−−−−−−→

 0 0 0 1 0 0

0 0 0 0 1 0


The encoder is shown in figure 4.5.

|0⟩

|0⟩

|ψ⟩

H H

H H

H

|ψ⟩enc

Figure 4.5: The encoder of the stabilizer code of section 4.2.

It should be noted that the encoder is not unique. Several encoders may achieve the same
result by using different numbers of gates. Finding an optimal encoder is thus a challenge
in itself.

Having established the important concepts of stabilizer codes, the notion of puncturing is
examined.

4.3.3 Puncturing

Puncturing is an important concept that has been thoroughly studied for classical error-
correcting codes. In a classical error-correcting code, k bits are encoded into N bits, which
are then transmitted. Let such a code have distance d, then it is denoted an [N, k, d]
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code. The rate of such a code is given by R = k/N . Suppose one wishes to increase this
rate. One way of achieving this is to decrease N while maintaining k; a task made easy
by puncturing. Mathematically, this is done by removing one or more columns from the
generator matrix, specified by an index set T . Denoting by vi row i of the generator matrix,
such a procedure can be achieved by applying the map π defined by

πT (vi) := [vi,j ]j /∈T , (4.8)

to each row of the generator matrix. In practice, the encoder can be kept and one simply
removes the bits in the positions specified by T . The choice of T must be made carefully,
as it can significantly affect d and therefore the error-correcting capability of the code.
In a quantum code, the idea is fundamentally the same; decrease the number of physical
qubits while maintaining the number of logical qubits. However, the math is a bit more
nuanced. Consider the check matrix of a stabilizer code. Since the stabilizer group is
abelian r(gi)Λr(gj)T = 0 for any two elements gi and gj of the stabilizer group where

Λ =

 0 IN

IN 0

 .
Denote a row of the check matrix by r(gi) = [ai,1 . . . ai,N bi,1 . . . bi,N ] = [ai bi], then

r(gi)Λr(gj)T =
N∑
k=1

(ai,kbj,k + bi,kaj,k) =
〈
ai
∣∣∣bj〉+

〈
bi
∣∣∣aj〉 = 0.

Define

([ai bi], [aj bj ])S :=
〈
ai
∣∣∣bj〉+

〈
bi
∣∣∣aj〉 . (4.9)

By this definition (·, ·)S : F2N
2 × F2N

2 → F2 is a symplectic bilinear form, and the stabilizer
group is self-orthogonal with respect to this form. Since the symplectic form vanishes for
any two commuting elements, CPN

(G) is orthogonal to G with respect to the symplectic
form. Denote by G2 ⊆ F2N

2 and G⊥S
2 ⊆ F2N

2 the image of G and CPN
(G) under r, defined

by (4.5), respectively. Both sets are vector spaces over F2 and the image of the generating
set of the respective group under r is a basis of the corresponding space. Since G ⊆ CPN

(G)
it implies the inclusion G2 ⊆ G⊥S

2 ⊆ F2N
2 . The check matrix, denoted C ∈ FN−k×2N

2 , is
the matrix which rows consists of the image of the generating set of the stabilizer under
r and the rows thus constitutes a basis of G2. This basis can be extended to a basis
of G⊥S

2 by adding an extra 2k elements to the generating set of the stabilizer, such it
becomes a generating set for CPN

(G), then taking the image of this new generating set
under r. Denote the matrix which rows consists of the image of the added elements by
C⊥S\C ∈ F2k×2N

2 , the centralizer matrix, is then the matrix Cext ∈ FN+k×2N
2 defined

by

Cext :=

 C

C⊥S\C

 .
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This matrix plays a great role when puncturing a stabilizer code. To begin puncturing,
choose some [α β] ∈ F2

2\{[0 0]}. The stabilizers after puncturing are then given by

G
[α β]
2 := {πQ{m}([a b]) | [a b] ∈ G2, ([am bm], [α β])S = 0}, m ∈ {1, . . . , N}, (4.10)

where πQ{m}([a b]) := [π{m}(a) π{m}(b)] for a, b ∈ FN2 and π is defined by (4.8). The
punctured stabilizers thus corresponds to the stabilizers for which the m’th entry of their
G2 representation is symplectic orthogonal to [α β], then removing the operator acting on
the m’th qubit of these stabilizers.

To show that this indeed corresponds to stabilizers for a stabilizer code with parameters
[[N − 1, k, d′]] it remains to be argued that G[α β]

2 is the image under r of an abelian
subgroup of PN−1, denoted G[α β], not containing −I and which can be generated by an
independent generating set of (N − 1)− k elements.

The fact that G[α β] is a subset of PN−1 is directly evident from (4.10), since the m’th
operator of the stabilizers are removed. Furthermore, −I /∈ G[α β] can be satisfied by
choice. The puncturing is done to the G2 representation of the stabilizers which contains
no information on the phase, thus, after puncturing one simply chooses the phase on the
punctured stabilizers. Since any stabilizer is hermitian, only ±1 is a valid phase choice,
simply choosing +1 for the element representing I satisfies the condition. As for the
other elements, the choice only affects the subspace containing the logical states, not the
properties of the code.
Regarding the last two statements, recall that G[α β] is abelian if and only if G[α β]

2 is
self-orthogonal with respect to the symplectic form of (4.9). Moreover, the image under r
of a generating set for G[α β] forms a basis for G[α β]

2 . Consequently, if G[α β] is a subspace
of dimension (N − 1) − k = dim(G2) − 1, then G[α β] has a generating set consisting of
(N − 1)− k elements.
Before proving the first statement, consider the following extension of an element e ∈ FM2
for some M ∈ N given by

[e|em]i =


[e]i, 1 ≤ i < m,

em, i = m,

[e]i−1, m < i ≤M.

Then [e|em] ∈ FM+1
2 with the added element being em in the m’th entry.

Theorem 4.9
Let G[α β]

2 be defined by (4.10). Then G
[α β]
2 is a self-orthogonal with respect to the

symplectic form of (4.9).

[Gundersen et al., 2025, p.4]

Proof
Let [a b], [a′ b

′] ∈ G[α β]
2 . Then by definition of G[α β]

2 there exist am, bm, a′
m, b

′
m ∈ F2 such

πQ{m}([a|am b|bm]) = [a b] ∧ ([am bm], [α β])S = 0
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and

πQ{m}([a′|a′
m b

′|b′
m]) = [a′ b

′] ∧ ([a′
m b′

m], [α β])S = 0.

It can be verified that ([e1 e2], [α β])S = 0 if and only if [e1 e2] = c[α β] for some
[e1 e2], [α β] ∈ F2

2 and c ∈ F2. It must therefore be the case that [am bm] = c1[α β] and
[a′
m b′

m] = c2[α β], hence ([am bm], [a′
m b′

m])S = 0. It then follows

([a b], [a′ b
′])S = ([am bm], [a′

m b′
m])S + ([a b], [a′ b

′])S
= ([a|am b|bm], [a′|a′

m b
′|b′
m])S = 0.

The last equality follows from [a|am b|bm], [a′|a′
m b

′|b′
m] ∈ G2.

Before proving the second statement, consider the linear map σ[α β] : G2 → F2 defined
by

σ[α β]([a|am b|bm]) := ([am bm], [α β])S , [a|am b|bm] ∈ G2.

Puncturing can then be expressed by πQ{m}(ker(σ[α β])). The second statement now depends
on d as the following theorem shows.

Theorem 4.10
Assume d ≥ 2 and [α β] ̸= [0 0]. Then dim

(
G

[α β]
2

)
= dim(G2)− 1.

[Gundersen et al., 2025, p.4]

Proof
Define the restriction of πQ{m} to ker(σ[α β]) by π̃Q{m} := πQ{m} ↾ker(σ[α β]). Then according to
the rank-nullity theorem for the restricted map

dim(im(π̃Q{m})) = dim(domain(π̃Q{m}))− dim(ker(π̃Q{m}))

⇔

dim(G[α β]
2 ) = dim(ker(σ[α β]))− dim(ker(π̃Q{m})).

Since [a b] ∈ ker(σ[α β]) implies ([am bm], [α β])S = 0 which is the case if and only if
[am bm] = c[α β] for some c ∈ F2 thus any [a b] ∈ ker(π̃Q{m}) must be of the form
[0|am 0|bm] = c[0|αm 0|βm], where 0 is the zero-vector. Consequently, ker(π̃Q{m}) is at most
1 dimensional. Define by Gm2 := {[am bm] | [a b] ∈ G2}, that is, the restriction of G2 to the
m’th coordinate. Two mutually exclusive cases now arise; either span(Gm2 ) ⊆ span({[α β]})
or span(Gm2 ) ⊈ span({[α β]}).
In the first case [am bm] = c[α β] for all [a b] ∈ G2 implying ker(σ[α β]) = G2, but then
[0|αm 0|βm] ∈ G⊥S

2 . Obviously, [0|αm 0|βm] corresponds to a weight 1 Pauli operator and
can thus by assumption not be in G⊥S

2 \G2 meaning it belongs to G2. Since [0|αm 0|βm] ∈
ker(π̃Q{m}) it is of dimension 1.
In the second case there exist at least one element [a b] ∈ G2 such [am bm] ̸= c[α β]
implying ([am bm], [α β])S ̸= 0. This means σ[α β] is not the zero-map on G2. Applying the
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rank-nullity theorem to the linear functional σ[α β] yields dim(ker(σ[α β]) = dim(G2)−1. It
thus only remains to show that the kernel of π̃Q{m} is trivial. It has already been established
that elements in ker(π̃Q{m}) are of the form c[0|αm 0|βm]. Pick an element [a b] ∈ G2 such
[am bm] ̸= c[α β] then ([am bm], [α β])S ̸= 0. Since G2 is symplectic self-orthogonal

0 = ([a b], [0|cαm 0|cβm])S = c([am bm], [α β])S .

This can only be satisfied if c = 0 thus implying ker(π̃Q{m}) = {0}.

Based on the previous two theorems, the method of (4.10) indeed describes a valid stabilizer
code. The punctured stabilizer encodes k logical qubits in N − 1 physical qubits. However,
it remains to study the effect of puncturing on the distance of the code. This information
lies in (G[α β]

2 )⊥S\G[α β]
2 , that is, the centralizer excluding the stabilizer of the code. The

next theorem eases the study of this set.

Theorem 4.11
Let G[α β]

2 be defined by (4.10). Then

(G[α β]
2 )⊥S = (G⊥S

2 )[α β].

[Gundersen et al., 2025, p.4]

For proof see [Gundersen et al., 2025, p.4].

The centralizer of the punctured code is found simply by puncturing the centralizer of the
unpunctured code. With this in mind, the dimension of the punctured centralizer can be
determined.

Corollary 4.12
Let d ≥ 2 and [α β] ̸= [0 0]. Then

dim((G⊥S
2 )[α β]) = dim(G⊥S

2 )− 1.

[Gundersen et al., 2025, p.5]

Proof
The proof follows directly from theorem 4.10 and theorem 4.11, together with the dimension
identity for a subspace and its symplectic complement.

dim((G⊥S
2 )[α β]) = dim((G[α β]

2 )⊥S )

= 2(N − 1)− dim(G[α β]
2 )

= 2N − 2− dim(G2) + 1

= dim(G⊥S
2 )− 1.
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From theorem 4.11 it is evident no new elements are introduced into the centralizer when
puncturing. Some are removed and those kept have their operator on the m’th qubit
removed. According to theorem 4.10 and corollary 4.12 it is also the case that all elements
of (G⊥S

2 )[α β]\G[α β]
2 is a punctured version of some element from G⊥S

2 \G2. The distance
of the punctured code, d′, can thus at most decrease by 1, i.e. d′ ≥ d− 1, where d is the
distance of the unpunctured code. The lower bound is attained if and only if an element of
weight d belonging to G⊥S

2 \G2 survives the puncturing and acts non-trivially on the m’th
qubit. The next theorem shows that choosing [α β] carefully may lead to a non-decrease
in distance when puncturing.

Lemma 4.13
Let G2 define an [[N, k, d]] stabilizer code with d ≥ 2. Assume [am bm] ̸= [α β] for all
[a|am b|bm] ∈ G⊥S

2 \G2. Then puncturing on the m’th qubit with respect to [α β] yields
a code with distance d′ ≥ d.

[Gundersen et al., 2025, p.6]

Proof
Denote by [a|am b|bm] ∈ G⊥S

2 \G2 a weight d element. Two cases can now occur. Either
am = bm = 0 or am = 1 ∨ bm = 1. In the first case [a b] ∈ G[α β]

2 since ([am bm], [α β])S = 0
for any [α β] ̸= [0 0], but puncturing this element does not change its weight. Such an
element does therefore not decrease the distance of the punctured code. In the second
case, let [a′|a′

m b
′|b′
m] ∈ ker(σ[α β]) ⊆ G2, that is, ([a′

m b′
m], [α β])S = 0, then since

[am bm] ̸= [α β] it follows ([am bm], [a′
m b′

m])S ̸= 0. But ([a|am b|bm], [a′|a′
m b

′|b′
m])S = 0

and thus by linearity of the symplectic form it follows ([a b], [a′ b
′])S ̸= 0. However,

[a′ b
′] ∈ πQ{m}(ker(σ[α β])) = G

[α β]
2 and it must therefore be the case that [a b] /∈ (G[α β]

2 )⊥S .
This means all elements of G⊥S

2 \G2 of weight d with [am bm] ̸= [0 0] are removed during
puncturing. Combining the two cases it can be concluded that d′ ≥ d.

The method of (4.10) requires evaluating all of G2, to determine whether they are re-
moved or kept. A preferable method would involve only the generators of the stabilizer
group and would then be performed directly on the check- or centralizer matrix. A sim-
ple example shows such a method is not as straight forward as one would hope. Let
[a|am b|bm], [a′|a′

m b
′|b′
m] ∈ G2 and assume ([am bm], [α β])S = ([a′

m b′
m], [α β])S = 1 for

some [α β] ̸= [0 0]. Puncturing with respect to [α β] would discard [a b], [a′ b
′], that is,

[a b], [a′ b
′] /∈ G[α β]

2 , however,

([am + a′
m bm + b′

m], [α β])S = ([am bm], [α β])S + ([a′
m b′

m], [α β])S = 1 + 1 = 0.

This means [a + a′ b + b
′] ∈ G[α β]

2 . Simply applying the method of (4.10) directly to a
generating set does not, in general, produce a generating set for the punctured code, as
this may remove generators whose linear combinations satisfy the puncturing condition.
Instead, since the rows of the centralizer matrix constitutes a basis of G⊥S

2 exactly one row
should be removed according to theorem 4.10 and corollary 4.12. Performing appropriate
row operations yields a basis in which all but a single stabilizer generator satisfy the
puncturing condition. This procedure is summarized in the following algorithm.
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Algorithm 2 Puncturing on the Check Matrix

1: Denote centralizer matrix by Cext ∈ FN+k×2N
2

2: Denote row i of Cext by ri = [a(i) b
(i)] for i ∈ {1, . . . , N + k}

3: Initialize l = 0 and j = 0
4: for i = 1, . . . , N − k do
5: Compute σ(ri) = ([a(i)

1 b
(i)
1 ], [α β])S

6: if σ(ri) = 1 then
7: l← l + 1
8: if l = 1 then
9: Remove row i from Cext and set j = i

10: else
11: ri ← ri + rj
12: end if
13: else
14: Continue
15: end if
16: end for
17: Return Cext ∈ FN+k−1×2N

2

The puncturing algorithm is applied in a simple example below.

Example 7: Puncturing the Five Qubit Code
Consider the [[5, 1, 3]] code given by the stabilizers and corresponding centralizer matrix
shown below.

g1 X ⊗ Z ⊗ Z ⊗X ⊗ I

g2 I ⊗X ⊗ Z ⊗ Z ⊗X

g3 X ⊗ I ⊗X ⊗ Z ⊗ Z

g4 Z ⊗X ⊗ I ⊗X ⊗ Z

(a) Stabilizers for the [[5, 1, 3]] code.



1 0 0 1 0 0 1 1 0 0

0 1 0 0 1 0 0 1 1 0

1 0 1 0 0 0 0 0 1 1

0 1 0 1 0 1 0 0 0 1

1 0 0 0 1 0 0 1 0 0

0 0 1 0 0 0 1 0 1 0


(b) Corresponding 6× 10 centralizer matrix.

Let [α β] = [0 1] and {m} = {1}, that is, puncturing is performed on the first qubit. Then
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according to algorithm 2, the centralizer matrix of the punctured code is found by

1 0 0 1 0 0 1 1 0 0

0 1 0 0 1 0 0 1 1 0

1 0 1 0 0 0 0 0 1 1

0 1 0 1 0 1 0 0 0 1

1 0 0 0 1 0 0 1 0 0

0 0 1 0 0 0 1 0 1 0



Algorithm 2−−−−−−−→



1 0 0 1 0 0 1 1 0 0

0 1 0 0 1 0 0 1 1 0

0 0 1 1 0 0 1 1 1 1

0 1 0 1 0 1 0 0 0 1

0 0 0 1 1 0 1 0 0 0

0 0 1 0 0 0 1 0 1 0


The new centralizer matrix and corresponding stabilizer group are summarized below.

g2 X ⊗ Z ⊗ Z ⊗X

g3 Z ⊗ Y ⊗ Y ⊗ Z

g4 X ⊗ I ⊗X ⊗ Z

(a) Stabilizers for the punctured code.



1 0 0 1 0 1 1 0

0 1 1 0 1 1 1 1

1 0 1 0 0 0 0 1

0 0 1 1 1 0 0 0

0 1 0 0 1 0 1 0


(b) Corresponding 3× 8 check matrix.

The punctured code has parameters [[4, 1, 2]]. The distance has thus been reduced by 1 and
while the unpunctured code could protect against any weight 1 error, there exist weight 1
errors against which the punctured code cannot protect. An example is E = Z ⊗ I ⊗ I ⊗ I
and E′ = I ⊗ I ⊗ Y ⊗ I. Both of these anti-commutes with the first and third generator,
but commutes with the second generator and thus produces the same syndrome. However,
r(E) + r(E′) ∈ (G[0 1]

2 )⊥S\G[0 1]
2 meaning an error-correction-strategy correcting E would

fail to correct E′ and vice versa.

The puncturing procedure described above removes a single physical qubit. To remove
multiple qubits, the procedure can be applied iteratively: After puncturing the first qubit,
one can apply the puncturing method to the already punctured code. Repeating this
procedure j times yields a stabilizer code on N − j physical qubits while preserving the
number of logical qubits, k. For this iterative method to make the transformation

[[N, k, d]] code j puncturings−−−−−−−−→ [[N − j, k, d′]] code,

it relies on d′ ≥ 2. If performing the puncturing procedure on a code for which d = 1, the
parameters are not as easily determined. In such a case it may lead to the loss of not only
physical qubits but also logical qubits. The reader is referred to [Gundersen et al., 2025]
for a more extensive analysis of such cases.
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5 | Entanglement-Assisted Quantum
Error-Correcting Codes

Stabilizer codes can be constructed directly from classical linear codes with an added
constraint of self-orthogonality. This added constraint greatly limits the number of classical
linear codes admissible in the construction of stabilizer codes. The constraint, however,
can be overcome by the introduction of entanglement. This chapter is primarily based on
[Brun et al., 2006].

As previously mentioned, a stabilizer code is defined by an abelian subgroup, G =
⟨g1, . . . , gN−k⟩, of PN with independent generators and such −I /∈ G. A stabilizer code can
similarly be defined by its corresponding check matrix. The check matrix, C ∈ FN−k×2N

2 ,
has linearly independent rows defined by (4.5) and is self-orthogonal with respect to the
symplectic form of (4.9). Considering this, constructing a stabilizer code simplifies to
constructing a matrix C ∈ FN−k×2N

2 with the desired properties of linear independence
and self-orthogonality. One way of finding such a matrix is through the use of classical
linear codes. These are defined by a generator matrix, or equivalently by a parity check
matrix. For a classical linear code with parameters [N, k, d], the parity check matrix is of
size N −k×N with full rank. The parity check matrix of a [2N,N +k] classical linear code
thus defines a stabilizer code with parameters [[N, k]] if the rows of the parity check matrix
are self-orthogonal. The search for a parity check matrix that meets this requirement
among all classical linear codes with parameters [2N,N + k] is very impractical. However,
introducing a number of entangled bits between the sender and the receiver makes it
possible to remove this constraint.

To facilitate a rigorous justification of how the distribution of entanglement between a
sender and a receiver relaxes the self-orthogonality constraint, the notion of symplectic
vector spaces is introduced. Let the set {a1, . . . , an, b1, . . . , bm} be a basis of some vector
space V . The basis is called symplectic if

(ai, aj)S = (bi, bj)S = 0 and (ai, bj)S = δij .

The following theorem provides a procedure for transforming any basis of a vector space
into a symplectic basis.
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Theorem 5.1
Let V be an N − k′ dimensional subspace of F2N

2 for N, k′ ∈ N with N ≥ k′. Then
there exists a symplectic basis of F2N

2 given by {a1, . . . , aN , b1, . . . , bN} such the subset
{a1, . . . , as+c, b1, . . . , bc} with 2c + s = N − k′ for some c, s ∈ N0 forms a basis of
V . The subspace symp(V ) := span{a1, . . . , ac, b1, . . . , bc} is symplectic and iso(V ) :=
span{a1+c, . . . , as+c} is isotropic.

Proof
Let {c1, . . . , cN−k′} be an arbitrary basis for V . Extend the basis to a basis of F2N

2 denoted
{c1, . . . , cN−k′ , cN−k′+1, . . . , c2N}. This basis of F2N

2 is then inductively transformed into a
symplectic basis in N cycles; one pair at a time.
To initialize, set i = 1, m = N − k′ and A = B = ∅. The i’th cycle then goes as follows:
From the previous cycles, the basis has been transformed into
{c1, . . . , c2(N−i+1), a1, . . . , ai−1, b1, . . . , bi−1}. For this set it holds true that

1. {c1, . . . , c2(N−i+1), a1, . . . , ai−1, b1, . . . , bi−1} is a basis of F2N
2

2. (aj , cq)S = (bj , cq)S = 0 for j ∈ {1, . . . , i− 1} and q ∈ {1, . . . , 2(N − i+ 1)}

3. V = span{cj | j ∈ {1, . . . ,m}} ⊕ span{aj | j ∈ A} ⊕ span{bj | j ∈ B}

Obviously, these are all satisfied for i = 1 when initializing the induction, thus let
i ∈ {1, . . . , N}. The proof is then a matter of showing that a pair of elements of
{c1, . . . , c2(N−i+1)} can be transformed into (ai, bi) while still satisfying the three items.
Define ai := c1. If m ≥ 1 add i to A. Since the symplectic form is non-degenerate and ai
is not the zero vector, there exists z ∈ F2N

2 such (ai, z)S = 1. Express this z in the basis
given in item 1, then

(ai = c1, z)S =
2(N−i+1)∑

q=1
αq(c1, cq)S +

i−1∑
q=1

βq(c1, aq)S +
i−1∑
q=1

γq(c1, bq)S

=
2(N−i+1)∑

q=1
αq(c1, cq)S = 1, αq, βq, γq ∈ {0, 1}.

This implies the existence of at least a single q ≥ 2 such (ai, cq)S = 1. Denote by j the
smallest of such q’s and define bi := cj . Two cases can now occur.

If j ≤ m, then add i to B and swap c2 with cj . For q = 3, . . . , 2(N − i+ 1) define

c′
q−2 := cq − (bi, cq)Sai − (ai, cq)Sbi. (5.1)

After this linear transformation

(c′
q−2, ai)S = (cq, ai)S − (bi, cq)S(ai, ai)S − (ai, cq)S(bi, ai)S = 0 = (c′

q−2, bi)S . (5.2)

Furthermore, for l ∈ {1, . . . , i− 1}

(c′
q−2, al)S = (cq, al)S − (bi, cq)S(ai, al)S − (ai, cq)S(bi, al)S = 0 = (c′

q−2, bi)S .

Item 2 is therefore still satisfied for {a1, . . . , ai, b1, . . . , bi} and {c′
1, . . . , c

′
2(N−i)}. The

linear transform of (5.1) from {c3, . . . , c2(N−i+1)} to {c′
1, . . . , c

′
2(N−i)} is invertible and thus
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span{c1, c2, c3, . . . , c2(N−i+1)} = span{ai = c1, bi = c2, c
′
1, . . . , c

′
2(N−i)} implying item 1 is

satisfied for {c′
1, . . . , c

′
2(N−i), a1, . . . , ai, b1, . . . , bi}. For this case set m := m− 2.

If j > m, then swap cj with c2(N−i+1) and for q = 2, . . . , 2(N − i) + 1 define

c′
q−1 := cq − (bi, cq)Sai − (ai, cq)Sbi (5.3)

By similar argumentation to (5.2) it follows

(c′
q−1, ai)S = (c′

q−1, bi)S = 0

and

(c′
q−1, al)S = (c′

q−1, bl)S = 0, l ∈ {1, . . . , i− 1}.

Together these equations imply item 2 is satisfied for {a1, . . . , ai, b1, . . . , bi} and
{c1, . . . , c2(N−i)}. With the same argumentation as in the first case, item 1 is also satisfied
for
{c′

1, . . . , c
′
2(N−i), a1, . . . , ai, b1, . . . , bi}. In this case if m ≥ 1 set m := m− 1 otherwise leave

m = 0.

It remains to argue that item 3 is satisfied for {c′
1, . . . , c

′
2(N−i), a1, . . . , ai, b1, . . . , bi} in both

cases. If m = 0 in the beginning of the cycle, A and B remains unchanged, item 3 are thus
satisfied from the previous cycle. If m ≥ 1, then in the first case the linear transformation
between {c1, . . . , cm} and {ai, bi, c′

1, . . . , c
′
m−2} ⊂ V is invertible thus satisfying item 3. In

the second case, since (bi, cq)S = 0 for q ∈ {1, . . . ,m}, the linear transformation of (5.3)
restricted to {c2, . . . , cm} has codomain span{ai = c1, c2, . . . , cm} ⊂ V and is invertible
thus satisfying item 3.

By defining ai and bi this way it is the case that

(aq, al)S = (bq, bl)S = 0 and (aq, bl)S = δql, q, l ∈ {1, . . . , i}

This means {a1, . . . , ai, b1, . . . , bi} is a symplectic basis for span{a1, . . . , ai, b1, . . . , bi}.

It is clear that from the beginning m ≤ 2N , where m denotes the number of elements in
the basis of F2N

2 also part of the basis of V . Thus 0 ≤ m ≤ 2(N − i) meaning after at
most N cycles V = span{aj | j ∈ A} ⊕ span{bj | j ∈ B} after reordering the elements of
{a1, . . . , aN} and {b1, . . . , bN} the theorem is satisfied.

Regarding the isotropic statement of the theorem. The subspace iso(V ) := span{a1+c, . . . , as+c}
is isotropic if and only if (·, ·)S ↾iso(V ): iso(V ) × iso(V ) → F2 is the zero-map. Since
{a1, . . . , aN , b1, . . . , bN} is a symplectic basis (aq, al)S = 0 for q, l ∈ {1, . . . , N}, the state-
ment then follows by linearity of the symplectic form.
For the symplectic part. The subspace symp(V ) := span{a1, . . . , ac, b1, . . . , bc} is symplec-
tic if and only if (·, ·)S ↾symp(V ): symp(V ) × symp(V ) → F2 is non-degenerate. Let
x =

∑c
l=1 αlal +

∑c
l=1 βlbl and assume (y, x)S = 0 for all y ∈ symp(V ). Thus for

q ∈ {1, . . . , c} let y = bq then

0 = (x, y = bq)S =
c∑
l=1

αl(al, bq)S +
c∑
l=1

βl(bl, bq)S = αq.
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Similarly for q ∈ {1, . . . , c} let y = aq

0 = (x, y = aq)S =
c∑
l=1

αl(al, aq)S +
c∑
l=1

βl(bl, aq)S = βq.

Together, these equations imply x is the zero vector.

Let G = ⟨g1, . . . , gN−k′⟩ ⊆ PN be a group not containing −I. Theorem 5.1 implies the exis-
tence of a generating set {Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c} such thatG = ⟨Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c⟩
for some c, s ∈ N0 with 2c+ s = N − k′ and with the commutation relations:

[Z̃i, Z̃j ] = 0, i, j ∈ {1, . . . , s+ c},
[X̃i, X̃j ] = 0, i, j ∈ {1, . . . , c},
[Z̃i, X̃j ] = 0, i ̸= j,

{Z̃i, X̃i} = 0, i ∈ {1, · · · , c}.

(5.4)

The subgroup ⟨Z̃1, . . . , Z̃c, X̃1, . . . , X̃c⟩ is called the symplectic subgroup and ⟨Z̃c+1, . . . , Z̃c+s⟩
the isotropic subgroup. Considering the commutation relations, the isotropic subgroup is
abelian and hence a stabilizer group. The symplectic subgroup (and hence G) is, however,
not abelian and can therefore not be considered a stabilizer group. The problem lies in the
last commutation relation. This relation states that c pairs of the symplectic generating
set anti-commutes. Define operators by

Zi =

i−1⊗
j=1

I

⊗ Z ⊗
s+c+k′⊗
j=i+1

I

 and Xi :=

i−1⊗
j=1

I

⊗X ⊗
s+c+k′⊗
j=i+1

I

 (5.5)

Then the group G = ⟨Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c⟩ has similar commutation relations to the
group H = ⟨Z1, . . . , Zs+c, X1, . . . , Xc⟩ in the sense that a group isomorphism exists between
them. The groups are thus said to be isomorphic, denoted G ∼= H. A group isomorphism
is a bijective map ϕ : G→ H satisfying

ϕ(g1g2) = ϕ(g1)ϕ(g2), ∀g1, g2 ∈ G. (5.6)

The commutation relations between two elements g1, g2 ∈ G can be expressed by

g1g2g
−1
1 g−1

2 =

I, if g1g2 = g2g1

−I, if g1g2 = −g2g1

A group isomorphism preserves these commutation relations since

αI = ϕ(αI) = ϕ(g1g2g
−1
1 g−1

2 ) = ϕ(g1)ϕ(g2)ϕ(g1)−1ϕ(g2)−1, α ∈ {1,−1}.

A group isomorphism can therefore only be defined between two groups with similar
commutation relations. With that in mind, define ϕ : {Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c} →
{Z1, . . . , Zs+c, X1, . . . , Xc} by

ϕ(Z̃i) := Zi and ϕ(X̃i) := Xi. (5.7)
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The function can then be extended to all of G by requiring the property of (5.6). This, in
turn, makes the codomain all of H. It is fairly simple to show the image of ϕ under G is
exactly H, making ϕ a surjection. Since G and H contain the same number of elements,
this suffices to argue ϕ is a bijection and hence a group isomorphism. Though abstractly
defined, the isomorphism defined above can be realized by a unitary transformation, as the
next theorem shows.

Theorem 5.2
Let G = ⟨Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c⟩ and H = ⟨Z1, . . . , Zs+c, X1, . . . , Xc⟩ be subgroups of
PN , where Zi and Xi are defined by (5.5). Assume G ∼= H with the group isomorphism,
ϕ, satisfying ϕ(Z̃i) = Zi and ϕ(X̃i) = Xi. Then there exists a unitary operator U such
that

∀g ∈ G∃h ∈ H : g = UhU †.

Proof
The generating set for H satisfies the commutation relations:

[Zi, Zj ] = 0, i, j ∈ {1, . . . , s+ c}
[Xi, Xj ] = 0, i, j ∈ {1, . . . , c}
[Zi, Xj ] = 0, i ̸= j

{Zi, Xi} = 1, i ∈ {1, . . . , c}

Since ϕ(Z̃i) = Zi and ϕ(X̃i) = Xi, the generating set for G satisfies the commutation
relation of (5.4). By theorem 5.1 the generating set ⟨Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c⟩ can be
extended to a generating set for PN/⟨I,−I, iI,−iI⟩ such

[Z̃i, Z̃j ] = 0, i, j ∈ {1, . . . , N}
[X̃i, X̃j ] = 0, i, j ∈ {1, . . . , N}
[Z̃i, X̃j ] = 0, i ̸= j

{Z̃i, X̃i} = 1, i ∈ {1, . . . , N}.

(5.8)

This is achieved by adding an additional s elements {X̃c+1, . . . , X̃c+s} and an additional
N − (s+ c) pairs of elements {Z̃s+c+i, X̃s+c+i} for i ∈ {1, . . . , N − (s+ c)} to the generating
set of G. Extending the generating set for H by {Z1, . . . , ZN , X1, . . . , XN} yields a
generating set for PN/⟨I,−I, iI,−iI⟩ having similar commutation relations to that of (5.8).
Multiplying the extended generating set of G or H by a phase α ∈ {±1,±i} leaves the
commutation relations and the group they generate unchanged. Both sets can therefore,
without loss of generality, be assumed hermitian. Since the generators of both G and
H belong to PN they are also unitary. Together, these properties imply the eigenvalues
of both generating sets are ±1 and eigenvectors corresponding to distinct eigenvalues
are orthogonal. Let

∣∣0̃〉 be an eigenvector corresponding to the +1 eigenvalue for all
generators of G. Furthermore, let α ∈ FN2 and define

∣∣∣ψ̃α〉 := X̃α1
1 · · · X̃

αN
N

∣∣0̃〉. Then for
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i ∈ {1, . . . , N}
Z̃i
∣∣∣ψ̃α〉 = Z̃iX̃

α1
1 · · · X̃

αN
N

∣∣0̃〉
= (−1)δαi,1X̃α1

1 · · · X̃
αN
N Z̃i

∣∣0̃〉
= (−1)δαi,1X̃α1

1 · · · X̃
αN
N

∣∣0̃〉
= (−1)δαi,1

∣∣∣ψ̃α〉 .
(5.9)

This means
∣∣∣ψ̃α〉 is an eigenvector of Zi corresponding to eigenvalue +1 if αi = 0 and −1

if αi = 1. Furthermore, if α1, α2 ∈ FN2 , then
∣∣∣ψ̃α1

〉
and

∣∣∣ψ̃α2

〉
are orthogonal if α1 ̸= α2.

Since Zi operates on C2N , the eigenvectors
∣∣∣ψ̃α〉 belongs to C2N , paired with the fact they

are orthogonal and there are 2N of them, they constitutes an orthonormal basis of C2N .
Similar results to (5.9) can be expressed for the extended generating set of H, simply
replace Z̃i by Zi and X̃i by Xi. Denote the corresponding eigenvector basis of this case by
|ψα⟩. The operator

U :=
∑
α∈FN

2

|ψα⟩
〈
ψ̃α
∣∣∣

is then a unitary operator on C2N . Consider now the effect of U on the extended generating
set of G. For i ∈ {1, . . . , N}

UZ̃iU
† =

 ∑
α∈FN

2

|ψα⟩
〈
ψ̃α
∣∣∣
 Z̃i

 ∑
α′∈FN

2

∣∣∣ψ̃α′

〉
⟨ψα′ |


=

∑
α,α′∈FN

2

(−1)δα′
i
,1 |ψα⟩

〈
ψ̃α
∣∣∣ψ̃α′

〉
⟨ψα′ |

=
∑
α∈FN

2

(−1)δαi,1 |ψα⟩ ⟨ψα|

=
∑
α∈FN

2

Zi |ψα⟩ ⟨ψα| = Zi

For the effect of U on X̃i consider first

X̃i

∣∣∣ψ̃α〉 = X̃iX̃
α1
1 · · · X̃

αN
N

∣∣0̃〉 = X̃α1
1 · · · X̃

αi−1
i−1 X̃αi+1

i X̃
αi+1
i+1 · · · X̃

αN
N

∣∣0̃〉 =
∣∣∣ψ̃α+ei

〉
where (ei)j = δij . Analogues results hold for Xi. For i ∈ {1, . . . , N} it follows

UX̃iU
† =

 ∑
α∈FN

2

|ψα⟩
〈
ψ̃α
∣∣∣
 X̃i

 ∑
α′∈FN

2

∣∣∣ψ̃α′

〉
⟨ψα′ |


=

∑
α,α′∈FN

2

|ψα⟩
〈
ψ̃α
∣∣∣ψ̃α′+ei

〉
⟨ψα′ |

=
∑

α′∈FN
2

|ψα′+ei
⟩ ⟨ψα′ |

=
∑

α′∈FN
2

Xi |ψα′⟩ ⟨ψα′ | = Xi.
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The effects of U on the extended generating set of G determines the effect of U for any g ∈
⟨Z̃1, . . . , Z̃N , X̃1, . . . , X̃N ⟩ as for any g = Z̃γ1

1 · · · Z̃
γN
N X̃

γN+1
1 · · · X̃γ2N

N with γ1, . . . , γ2N ∈ Z
it is the case that

UgU † = UZ̃γ1
1 U †U · · ·U †UZ̃γN

N U †UX̃
γN+1
1 U †U · · ·U †UX̃γ2N

N U †

= Zγ1
1 · · ·Z

γN
N X

γN+1
1 · · ·Xγ2N

N .

Since U maps G to H by conjugation, U † is unitary and maps H to G by conjugation and
the proof is concluded.

Suppose both H and thus G of theorem 5.2 define a stabilizer group. As derived earlier,
the error-correction capabilities of a stabilizer group depends solely on the commutation
relations concerning the group: The stabilizer defined by H corrects the set of errors
A := {Ei ∈ PN}i if and only if E†

jEi /∈ NPN
(H)\H for all i, j. Thus, if the product

between any two elements of A and A−1 := {E−1
i }i either anti-commutes with at least one

stabilizer or belongs to the stabilizer group, the set A is a correctable set of errors.

Consider two arbitrary elements of ⟨Z1, . . . , ZN , X1, . . . , XN ⟩ and ⟨Z̃1, . . . , Z̃N , X̃1, . . . , X̃N ⟩,
respectively, defined by hi := Z

αi,1
1 · · ·Zαi,N

N X
αi,N+1
1 · · ·Xαi,2N

N and similarly
gi := Z̃

αi,1
1 · · · Z̃αi,N

N X̃
αi,N+1
1 · · · X̃αi,2N

N for i = 1, 2. By the proof of theorem 5.2 UgiU † = hi
and thus Ug−1

i U † = h−1
i . The commutation relation between g1 and g2 are captured by

the product

h1h2h
−1
1 h−1

2 =

I, if h1h2 = h2h1

−I, if h1h2 = −h2h1.

This relation is preserved by the unitary since

αI = UαIU † = Uh1h2h
−1
1 h−1

2 U † = g1g2g
−1
1 g−1

2 . (5.10)

As a consequence, since the stabilizer of H (and only the stabilizer) is mapped to the
stabilizer of G according to theorem 5.2, if A = {Ei ∈ PN}i is a correctable set of errors
for H then UAU † := {UEiU †}i is a correctable set of errors for G. Furthermore, if A is
the largest correctable set of errors possible for H, then UAU † will be the largest possible
set of correctable errors for G. The codespace of the two stabilizers are also related by the
unitary U , since if |ψ⟩ is an eigenvector corresponding to the simultaneous +1 eigenspace
for all h ∈ H, then for any g = UhU † ∈ G

gU |ψ⟩ = UhU †U |ψ⟩ = Uh |ψ⟩ = U |ψ⟩

Conversely, if |ϕ⟩ belongs to the codespace of G, then U † |ϕ⟩ belongs to the codespace of
H.

The problem with the above is that neither H nor G generally defines a stabilizer, since
neither is abelian if c > 0. However, inspecting the generating set ⟨Z1, . . . , Zs+c, X1, . . . , Xc⟩
for H reveals a method of converting H into an abelian group by embedding the generators
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in operators on a larger state space. Define new operators by

Ẑi := Zi ⊗

i−1⊗
j=1

I

⊗ Z ⊗
 c⊗
j=i+1

I

 , i ∈ {1, . . . , c},

Ẑi := Zi ⊗

 c⊗
j=1

I

 , i ∈ {c+ 1, . . . , s+ c},

X̂i := Xi ⊗

i−1⊗
j=1

I

⊗X ⊗
 c⊗
j=i+1

I

 , i ∈ {1, . . . , c}.

(5.11)

The group defined by Ĥ := ⟨Ẑ1, . . . , Ẑs+c, X̂1, . . . , X̂c⟩ is then abelian and thus defines a
stabilizer. An analogue extension of the generating set for G can be defined by replacing
Z with Z̃ in (5.11). Define a function by

ϕ( ˆ̃Zi) = Ẑi and ϕ( ˆ̃Xi) = X̂i,

and require (5.6) is satisfied, it is evident that the newly obtained groups are still isomorphic.
It thus suffices to consider Ĥ when studying the properties of the stabilizer defined by
Ĝ := ⟨ ˆ̃Z1, . . . ,

ˆ̃Zs+c, ˆ̃X1, . . . ,
ˆ̃Xc⟩; a helpful fact when trying to identify the codespace.

Denote by
⊗N

i=1HAi and
(⊗N

i=1HAi

)
⊗
(⊗c

j=1HBj

)
the state space which the operators

of H and Ĥ operates on, respectively. The embedding of H into Ĥ necessary to satisfy
the abelian property thus adds qubits residing in

⊗c
j=1HBj . The codespace of Ĥ can now

be identified and expressed as

VĤ =

 c⊗
j=1

∣∣∣Φ+
〉

Aj ,Bj

⊗
 c+s⊗
j=c+1

|0⟩Aj

⊗
 k⊗
j=1
|ψj⟩Ac+s+j

 (5.12)

where |ψi⟩ is an arbitrary state in state space HAs+c+i , k = N − (c+ s) and
∣∣Φ+〉

Ai,Bi
∈

HAi ⊗HBi is the Bell state given by

∣∣∣Φ+
〉

Ai,Bi

:=
|0⟩Ai

⊗ |0⟩Bi
+ |1⟩Ai

⊗ |1⟩Bi√
2

.

Since the added qubits are entangled, such a setup can be realized by the sender and the
receiver sharing c Bell pairs before communication. The sender then encodes k logical
qubits into k physical qubits, s ancilla qubits and their half of the c pre-shared entangled
qubits. The k + c+ s qubits are then transmitted to the receiver who uses the received
qubits in conjunction with their half of the c Bell pairs to error correct and decode. Since
the receiver’s half of the Bell pairs are never transmitted over the noisy channel, these
are assumed noiseless. The possible errors are therefore of the form E ⊗ I where E

operates on
⊗N

j=1HAj and I on
⊗c

j=1HBj . For these errors to be correctable they must
at the minimum anti-commute with at least one generator or belong to the stabilizer
group, Ĥ. Consider the first case, the error E ⊗ I anti-commutes with some element
A ⊗ B ∈ Ĥ if and only if E anti-commutes with A ∈ H. This is the case if and only if
E ∈ PN\NPN

(H) where NPN
(H) = CPN

(H). In the second case E ⊗ I ∈ Ĥ if and only
if E ∈ iso(H) = ⟨Zc+1, . . . , Zc+s⟩. Altogether, D ⊂ PN is a correctable set of errors if
E†
iEj ∈ iso(H) ∪ PN\NPN

(H) for any two Ei, Ej ∈ D.
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An entanglement-assisted quantum error-correcting code such as the above is characterized
by four parameters. k; the number of logical qubits containing the information wanting to
be transmitted, N ; the number of physical qubits transmitted over the noisy channel, d; the
minimum weight of any uncorrectable error, that is, the minimum weight of NPN

(H)\iso(H)
and lastly, c; the number of entangled qubit pairs utilized in the code. A code of these
parameters is called an [[N, k, d; c]] entanglement-assisted quantum error-correcting code.
The rate of such a code can be defined in 3 ways depending on the perspective of the
entanglement resource. In the first case, the resource is considered free, therefore, the rate
is defined as k

N , the fraction of logical qubits transmitted to the total number of qubits
transmitted per channel use. In the second case, the resource is not free and the rate is
defined as the pair ( kN ,

c
N ). The first entry is the number of logical qubits transmitted to

the total number of qubits transmitted per channel use, the second entry is the number of
entangled qubits consumed per transmission, to the total number of qubits transmitted per
channel use. In the last case, the resource comes at the expense of transmitted qubits, and
thus the rate is given by k−c

N ; the fraction of the difference between the number of logical
qubits transmitted and the number of entangled qubits consumed to the total number of
qubits transmitted per channel use. In the last case, the rate can be negative if the code
requires more entangled qubits than transmitted logical qubits per channel use.

The following example demonstrates how generators of a simple non-abelian subgroup of
P4 that are not initially categorized into symplectic and isotropic parts can be transformed
into generators that are categorized accordingly by applying the method of theorem 5.1.
This process, in turn, reveals how to extend the group into an abelian group.

Example 8
Consider the group generated by the following generators and the corresponding check
matrix.

g1 := Z ⊗X ⊗ Z ⊗ I,
g2 := Z ⊗ Z ⊗ I ⊗ Z,
g3 := X ⊗ Y ⊗X ⊗ I,
g4 := X ⊗X ⊗ I ⊗X.

−→



0 1 0 0 1 0 1 0

0 0 0 0 1 1 0 1

1 1 1 0 0 1 0 0

1 1 0 1 0 0 0 0



Denote the group by G and the corresponding subspace whose basis are the rows of the
check matrix by G2. The rows of the check matrix are easily extended to a basis of F8

2
using Gaussian elimination. By the transformation explained in the proof of theorem 5.1,
this basis is then converted into a symplectic basis, keeping track of the rows constituting
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a basis of G2. The convertion are depicted below.

c1

c2

c3

c4

c5

c6

c7

c8



0 1 0 0 1 0 1 0

0 0 0 0 1 1 0 1

1 1 1 0 0 1 0 0

1 1 0 1 0 0 0 0

0 0 0 1 0 1 0 1

0 0 0 0 0 1 0 1

0 0 0 0 0 0 1 1

0 0 1 1 0 1 0 1



→



0 1 0 0 1 0 1 0

0 0 0 0 1 1 0 1

1 1 1 0 1 0 0 1

0 0 0 0 1 0 0 0

0 1 1 1 1 1 1 0

0 1 1 1 1 1 1 1

0 0 1 0 1 1 0 0

0 0 0 0 1 0 1 1



a1

b1

a2

b2

a3

b3

a4

b4

The elements of {ai}4i=1 and {bi}4i=1 which belongs to G2 are given by indices A = {1, 2, 3}
and B = {1}, respectively. The operators

Z̃1 := Z ⊗X ⊗ Z ⊗ I,
X̃1 := Z ⊗ Z ⊗ I ⊗ Z,
Z̃2 := Y ⊗X ⊗X ⊗ Z,
Z̃3 := Z ⊗ Y ⊗ Y ⊗X,

thus constitutes a generating set for G. The symplectic subgroup is given by ⟨Z̃1, X̃1⟩ and
the isotropic subgroup is given by ⟨Z̃2, Z̃3⟩. The group can now be extended to an abelian
group by

ˆ̃Z1 := Z ⊗X ⊗ Z ⊗ I ⊗ Z,
ˆ̃X1 := Z ⊗ Z ⊗ I ⊗ Z ⊗X,
ˆ̃Z2 := Y ⊗X ⊗X ⊗ Z ⊗ I,
ˆ̃Z3 := Z ⊗ Y ⊗ Y ⊗X ⊗ I.

The above generators can be verified to define a valid [[5, 1, 3]] stabilizer or a [[4, 1, 3; 1]]
entanglement-assisted stabilizer depending on the view of origin.

Entanglement-assisted stabilizers have now been established along with their motivation
and error-correcting abilities. However, it remains to examine their encoding schemes;
given the required Bell pairs, the logical qubits containing the information of interest and
the ancilla qubits, how to encode the information into the set of qubits consisting of the
logical qubits, the ancilla qubits and the transmitters half of the Bell pairs.

5.1 Encoding and Decoding

The encoding scheme for an entanglement-assisted stabilizer follows a construction similar
to that of non-entanglement-assisted stabilizers derived in section 4.3.2. In the algorithm
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providing the encoding circuit for an entanglement-assisted stabilizer, the three Clifford
gates and the swap gate lie the foundation. Furthermore, the entanglement-assisted
stabilizer of interest is transformed into an entanglement-assisted stabilizer with known
coding space and encoding circuit denoted the standard entanglement-assisted stabilizer.
A suitable choice of standard entanglement-assisted stabilizer is the one with the coding
space provided in (5.12).

Following the above notation, denote two non-abelian isomorphic subgroups of PN by
H := ⟨Z1, . . . , Zs+c, X1, . . . , Xc⟩ and G := ⟨Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c⟩ with isomorphism
defined by (5.7). Extend both subgroups using the method of (5.11) into abelian subgroup.
The extension transforms H into the standard entanglement-assisted stabilizer denoted
Ĥ := ⟨Ẑ1, . . . , Ẑs+c, X̂1, . . . , X̂c⟩ and G into a general entanglement-assisted stabilizer
denoted Ĝ := ⟨ ˆ̃Z1, . . . ,

ˆ̃Zs+c, ˆ̃X1, . . . ,
ˆ̃Xc⟩. Since the last c entries in the tensor product

of each generator coincide, the encoder only considers the transformation of the first N
entries, that is, the non-abelian subgroups pre-extensions. The last c qubits are thus not
transformed by the encoding circuit in agreement with the fact that these correspond to
the receivers half of the shared Bell states. Since these are shared before the encoding
begins, they are not possessed by the transmitter during encoding.

In algorithm 3 it is assumed that the pre-extended entanglement-assisted stabilizer of interest
follows the isomorphic structure described above. If that is not the case, theorem 5.1 should
be applied to the non-abelian subgroup before following the encoding algorithm.
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Algorithm 3 Encoding Algorithm for Entanglement-Assisted Stabilizers
1: Let G = ⟨Z̃1, . . . , Z̃s+c, X̃1, . . . , X̃c⟩ be a subgroup of PN

2: Denote by ri :=

r(Z̃i), i ∈ {1, . . . , s+ c},
r(X̃i), i ∈ {s+ c+ 1, . . . , s+ 2c},

row i of the check matrix

of G cf. (4.5)

3: Perform row swaps such ri ←


r i+1

2
, i ∈ {1, 3, 5, . . . , 2c− 1}

rs+c+ i
2
, i ∈ {2, 4, 6, . . . , 2c}

ri−c, i ∈ {2c+ 1, . . . , 2c+ s}
4: for i = 1, . . . , c do
5: if r2i−1,i = 0 ∧ r2i−1,i+N = 0 then
6: Apply swap gate between qubit i and qubit l for some i < l ∈ {i+ 1, . . . , N}

with ri,l = 1 ∨ ri,l+N = 1
7: end if
8: for j = i, . . . , N do
9: if r2i−1,j = 1 ∧ r2i−1,j+N = 0 then

10: Continue
11: else if r2i−1,j = 0 ∧ r2i−1,j+N = 1 then
12: Apply Hadamard gate on qubit j
13: else if r2i−1,j = 1 ∧ r2i−1,j+N = 1 then
14: Apply phase gate to qubit j
15: end if
16: end for
17: for j = i+ 1, . . . , N do
18: if r2i−1,j = 1 then
19: Apply CNOT gate from qubit i to qubit j
20: end if
21: end for

22: Row 2i− 1 are now of the form ri,j =

1, if j = i

0, else
for j ∈ {1, . . . , 2N}

23: Apply Hadamard gate on qubit i
24: for j = i, . . . , N do
25: if r2i,j = 1 ∧ r2i−1,j+N = 0 then
26: Continue
27: else if r2i,j = 0 ∧ r2i−1,j+N = 1 then
28: Apply Hadamard gate on qubit j
29: else if r2i,j = 1 ∧ r2i−1,j+N = 1 then
30: Apply phase gate to qubit j
31: end if
32: end for
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Algorithm 3 Encoding Algorithm for Entanglement-Assisted Stabilizers (continued)
33: for j = 2i+ 1, 2i+ 2, . . . , 2c+ s do
34: if rj,i = 1 then
35: Add row 2i− 1 to row j

36: end if
37: if rj,N+i = 1 then
38: Add row 2i to row j

39: end if
40: end for
41: end for
42: for i = 1, . . . , s do
43: if r2c+i,i = 0 ∧ r2c+i,i+N = 0 then
44: Apply swap gate between qubit i and qubit l for some i < l ∈ {i+ 1, . . . , N}

with ri,l = 1 ∨ ri,l+N = 1
45: end if
46: for j = i, . . . , N do
47: if ri,j = 1 ∧ ri,j+N = 0 then
48: Continue
49: else if ri,j = 0 ∧ ri,j+N = 1 then
50: Apply Hadamard gate on qubit j
51: else if ri,j = 1 ∧ ri,j+N = 1 then
52: Apply phase gate to qubit j
53: end if
54: end for
55: for j = i+ 1, . . . , N do
56: if ri,j = 1 then
57: Apply CNOT gate from qubit i to qubit j
58: end if
59: end for

60: Row i are now of the form ri,j =

1, if j = i

0, else
for j ∈ {1, . . . , 2N}

61: for j = i+ 1, . . . , N − k do
62: if rj,i = 1 then
63: Add row i to row j

64: end if
65: end for
66: Apply Hadamard gate to qubit i
67: for j = i+ 1, . . . , N do
68: if rj,N+i = 1 then
69: Add row i to row j

70: end if
71: end for
72: end for
73: The check matrix of G has now been transformed into the check matrix of H
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Following algorithm 3, the encoding circuit for the pre-extended entanglement assisted
stabilizer presented in example 8 can be found. The pre-extended entanglement-assisted
stabilizer and corresponding check matrix is shown figure 5.1.

Z̃1 := Z ⊗X ⊗ Z ⊗ I,

X̃1 := Z ⊗ Z ⊗ I ⊗ Z,

Z̃2 := Y ⊗X ⊗X ⊗ Z,

Z̃3 := Z ⊗ Y ⊗ Y ⊗X.

(a) Pre-extended entanglement-assisted sta-
bilizer.



0 1 0 0 1 0 1 0

0 0 0 0 1 1 0 1

1 1 1 0 1 0 0 1

0 1 1 1 1 1 1 0


(b) Corresponding 4× 8 check matrix.

Figure 5.1: Pre-extended entanglement-assisted stabilizer and corresponding check matrix
of example 8.

The encoding circuit for the extended entanglement-assisted stabilizer is depicted in
figure 5.2. As previously stated, the part of the Bell state in possession of the receiver is
untouched by the encoder.

|ψ⟩

|0⟩

|0⟩

∣∣Φ+〉
H H

H H S

H S H

H H

Figure 5.2: Encoding circuit of the new stabilizer group.

The encoding scheme of entanglement-assisted stabilizers reveal one of their great ad-
vantages. The following section, examining the communication setup, elaborates on this
advantage.

5.2 Communication Framework

Entanglement-assisted stabilizers arise from non-abelian subgroups of PN . As has been
established, such groups can be extended by the use of Bell pairs effectively embedding the
non-abelian group in an abelian group operating on a larger set of qubits. The result is a
stabilizer on N + c qubits with c being the number of additional qubits needed to make the
non-abelian group abelian. Since the abelian group on N + c qubits defines a stabilizer, it
may be implemented as such, yielding a [[N + c, k, d]] stabilizer. However, recognizing and
implementing it as an entanglement-assisted stabilizer grants abilities beyond what the
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stabilizer may achieve. In section 5.1 it was revealed that the encoder of an entanglement-
assisted stabilizer leaves the added c qubits untouched. This facilities the possibility of
pre-distributing the added qubits, prior to encoding. Such a framework is depicted in
figure 5.3: A base station prepares the c needed Bell pairs for the entanglement-assisted
stabilizer. The Bell pairs are then distributed between the transmitter and receiver. Once
c Bell pairs have been distributed, the Bell pairs on the transmitter’s side are passed to the
encoder along with the ancilla and logical qubits. The encoded qubits are then transmitted
to the receiver, who, in conjunction with its half of the Bell pairs, performs error correction
and decoding. This framework obtains a communication rate of N

k in the communication
phase. The stabilizer, not leveraging entanglement, may only obtain a rate of N+c

k .

The distribution may require the use of distillation before entering the communication
phase, as the Bell pairs may undergo decoherence in the transmission and/or waiting
phase. However, such a procedure can be performed in parallel to the communication
phase. Suppose that the transmitter wants to send k qubits of logical information at time
T . Then c Bell pairs must be distributed at time T . However, assuming no decoherence
while idle in memory, the Bell pairs can be distributed several time steps prior to time T
[Nielsen and Chuang, 2010, pp.578-580].

From the framework it is evident why the receiver’s half of the Bell states are assumed
error free; they are never transmitted once being passed to the communication phase. They
may still undergo decoherence while idle in memory. The communication phase should
thus be time constrained to ensure that the decoherence, from distillation to decoding, is
negligible.

Figure 5.3: The communication framework when using entanglement-assisted stabilizers.
The framework is split in two parts; setup and communication. The first part concerns
entanglement distribution, the second concerns encoding, error correction and decoding.

5.2.1 Imperfect Bell Pairs and Latency Considerations

The error correction and decoder in the communication phase are based on the assumption
that the c qubits input from the receiver are error-free. As mentioned, this is an impractical
assumption, as the qubits may undergo decoherence while idle in memory, waiting for the
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transmitter to encode and transmit their N qubits. This assumption may be relaxed by
introducing a stabilizer code to protect the receivers qubits. After the qubits are passed to
the communication phase, the transmitter encodes the logical information and transmits it.
In the meantime, the receiver could encode the c qubits in its possession, using a number
of ancilla qubits. The error correction and decoding of this scheme should then be done
in a timely fashion such that the transmitter’s qubits are received shortly after decoding,
otherwise the decoded qubits are prone to decoherence in this (although shorter) waiting
time. Let T denote the start time of the communication phase, at which time both the
receiver and the transmitter begin the encoding of their respective qubits. Assume that the
encoding on the transmitter’s side ends at time tenc,trans after which the encoded qubits
are transmitted to the receiver. The receiver is then in possession of all qubits at time
ttrans. Denote by tenc,rec, tdec,1 and tdec,2, the end of the encoding, the beginning of the
error correction/decoding and the end of the error correction/decoding of the receiver’s
error-correction scheme, respectively. To ensure that the additional error-correction scheme
introduced at the receiver’s end does not increase communication latency, it is required
tdec,2 < tenc,trans. Although this alleviates the decoherence errors that emerge from qubits
lying idle in memory, the scheme is only designed to protect against errors in the time span
[tenc,rec; tdec,1], the error-correction scheme should therefore be implemented as to minimize
the difference ttrans − tdec,2>0. The timeline described above are illustrated in figure 5.4
[Lai and Brun, 2012].

time
T tenc,trans ttrans

Transmitter: Encoding Transmission

Receiver: Encoding Decoding

Error-correction
and Decoding

time
T tenc,rec tdec,1 tdec,2

Figure 5.4: The timeline with an additional error-correction scheme introduced at the
receiver’s end to correct decoherence errors emerging as qubits lie idle in memory. The
timeline requires synchronization between transmitter and receiver to minimize the com-
munication latency.

Although the above introduction of an error-correction code to protect the receiver’s c
qubits mitigates the error-free assumption, the communication framework still requires
c perfect Bell pairs passed to the communication phase. Not only does this require the
base station to create perfect Bell pairs, but it also requires that there be no errors in
the transmission of the Bell pairs to the transmitter/receiver, and that no decoherence
occurs from the creation of the first Bell pair to the last Bell pair has been distributed. As
mentioned, distillation may be used to obtain the perfect Bell pairs, thereby alleviating the
requirements of the setup; however, this, in turn, requires a large number of imperfect Bell
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pairs to be distributed. While this may be feasible given no time-constraints, practical
settings typically demand a latency upper bound. In such a setting, distributing a large
number of imperfect Bell pairs to be distilled, or simply waiting for the base station to
supply c perfect Bell pairs consecutively, is unfeasible. Instead, a choice must be made;
use c imperfect Bell pairs or puncture the error-correcting code to match the number of
supplied perfect Bell pairs. The following section investigates the latter. It should be
noted that a combination of both choices may be the best practical option. By using a
combination of the two methods, one could require Bell pairs with a given fidelity. These
Bell pairs are then supplied through distillation, and the error-correcting code is punctured
to match the outcome of the distillation.

5.3 Puncturing

The notion of puncturing qubits in non-entanglement-assisted stabilizers has already been
established in section 4.3.3. This section extends the method to include entanglement-
assisted stabilizers, in particular, puncturing the qubits possessed by the receiver prior to
the communication phase and examining its effect on the parameters of such codes. An
entanglement-assisted stabilizer of parameters [[N, k, d; c]] is a quantum error-correcting
code on N + c qubits where N = s+ c+ k qubits are possessed by the transmitter. The
remaining c qubits, corresponding to the receiver’s half of the required Bell states, are
possessed by the receiver only. Such codes arise from non-abelian groups on N qubits,
extended to an abelian group by adding an additional c qubits. Since the code on N + c

qubits is abelian, it may be viewed as a stabilizer with parameters [[N+c, k, d′]] rather than
an entanglement-assisted stabilizer with parameters [[N, k, d; c]]. The notion of puncturing
already established can thus be used directly on the entanglement-assisted setup with a few
remarks. Assuming the distance of the code prior to puncturing is greater than or equal to
2, puncturing on one of the c qubits possessed by the receiver transforms the parameters
of the code by

[[N + c, k, d′]] puncturing−−−−−−→ [[N + c− 1, k, d′
p]].

The corresponding code is on N + c− 1 qubits, the missing qubit is exactly one of the c
qubits possessed by the receiver. Since d ≥ 2 the number of logical qubits after puncturing
remains k. For an entanglement-assisted stabilizer, such a puncturing would imply N and
k remain unchanged while c decreases by 1. Thus,

[[N, k, d; c]] puncturing−−−−−−→ [[N, k, dp; c− 1]]. (5.13)

Taking into account N = c+ s+ k, it implies that s increases by 1. The punctured qubit
is part of a Bell state with a qubit possessed by the transmitter. This corresponding
qubit thus changes the characteristic from an entangled qubit to an ancilla qubit under
puncturing.

The procedure is shown in the following example. An entanglement-assisted code is
punctured on one of the receiver’s qubits. The resulting code requires one less pre-shared
Bell state. The previously required Bell state is instead transformed into an ancilla qubit
given to the transmitter before encoding.
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Example 9: Puncturing an EAQECC
Consider the non-abelian group of example 8 given by

Z̃1 := Z ⊗X ⊗ Z ⊗ I,
X̃1 := Z ⊗ Z ⊗ I ⊗ Z,
Z̃2 := Y ⊗X ⊗X ⊗ Z,
Z̃3 := Z ⊗ Y ⊗ Y ⊗X.

The first and second generators anti-commute, making the coding space trivial. Adding a
qubit, the group can be made abelian by

ˆ̃Z1 := Z ⊗X ⊗ Z ⊗ I ⊗ Z,
ˆ̃X1 := Z ⊗ Z ⊗ I ⊗ Z ⊗X,
ˆ̃Z2 := Y ⊗X ⊗X ⊗ Z ⊗ I,
ˆ̃Z3 := Z ⊗ Y ⊗ Y ⊗X ⊗ I.

This new group thus defines a valid stabilizer with parameters [[5, 1, 3]] or as an entanglement-
assisted stabilizer [[4, 1, 3; 1]]. The encoder of the extended group is shown in figure 5.2.
The check matrix of the new group is given by

ˆ̃Z1

ˆ̃X1

ˆ̃Z2

ˆ̃Z3



0 1 0 0 0 1 0 1 0 1

0 0 0 0 1 1 1 0 1 0

1 1 1 0 0 1 0 0 1 0

0 1 1 1 0 1 1 1 0 0


.

Puncture the code wrt. (10) on the last qubit.



0 1 0 0 0 1 0 1 0 1

0 0 0 0 1 1 1 0 1 0

1 1 1 0 0 1 0 0 1 0

0 1 1 1 0 1 1 1 0 0


→


0 0 0 0 1 1 0 1

1 1 1 0 1 0 0 1

0 1 1 1 1 1 1 0

 .

The punctured stabilizer is given by

g2 := Z ⊗ Z ⊗ I ⊗ Z,
g3 := Y ⊗X ⊗X ⊗ Z
g4 := Z ⊗ Y ⊗ Y ⊗X.

This can be encoded by the circuit shown in figure 5.5.
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|ψ⟩

|0⟩

|0⟩

|0⟩ H H

H S H

H S

S H

Figure 5.5: Encoding circuit of punctured stabilizer.

This code utilizes only the qubits possessed by the transmitter and thus does not require
any pre-distributed Bell states. The code has parameters [[4, 1, 2]].

The puncturing algorithm allows for a dynamic setup, solving the problem of non-provided
Bell states explained in section 5.2: Rather than defining codes relying on c′ Bell states for
all c′ ∈ {1, . . . , c} in case the base station is unable to provide c Bell states, one simply
punctures the code requiring c Bell states (possibly recursively).

It remains to examine the change in distance under puncturing. For a non-entanglement-
assisted stabilizer, the distance may decrease by at most 1. In the entanglement-assisted
case, this cannot be guaranteed for all codes. As mentioned previously, the qubits possessed
by the receiver are assumed to be error-free. This implies that the set of valid logical errors
contains identities on the c entries corresponding to the receiver’s qubits. The set of valid
logical errors for an [[N, k, d; c]] entanglement-assisted stabilizer is thus a subset of the logical
errors for the corresponding [[N + c, k, d′]] non-entanglement-assisted stabilizer. In case the
subset does not contain the minimum weight elements of the set, the entanglement-assisted
stabilizer achieves a greater distance than the corresponding non-entanglement-assisted
stabilizer. When using the puncturing strategy developed for non-entanglement-assisted
stabilizers on entanglement-assisted stabilizers, part of the process requires viewing the
entanglement-assisted stabilizers as non-entanglement-assisted stabilizer before puncturing
and vice versa post puncturing. These steps introduce a possible change in distance
in addition to the change in distance occurring under puncturing. The steps to follow
when puncturing an entanglement-assisted stabilizer are illustrated in figure 5.6. The
figure highlights the possible changes in distance that may occur under a puncturing
procedure.
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[[N, k, d; c]]

[[N + c, k, d′]] [[N + c− 1, k, d′
p]]

[[N, k, dp; c − 1]]

View as

Puncture

View as

Figure 5.6: The steps necessary to puncture an entanglement-assisted stabilizer. Each step
may change the distance of the examined code.

The following example provides a specific case of an entanglement-assisted stabilizer that
achieves a greater distance than its non-entanglement-assisted counterpart. The distance
of such codes under puncturing is highly volatile.

Example 10
Consider the non-abelian group given by

Z̃1 := Z ⊗ Z ⊗ I ⊗ I ⊗ I

X̃1 := I ⊗X ⊗X ⊗X ⊗X

Z̃2 := I ⊗ Z ⊗ Z ⊗ I ⊗ I

X̃2 := X ⊗X ⊗ I ⊗ I ⊗ I

Z̃3 := I ⊗ I ⊗ Z ⊗ Z ⊗ I

X̃3 := I ⊗ I ⊗ I ⊗X ⊗X

Z̃4 := I ⊗ I ⊗ I ⊗ Z ⊗ Z

X̃4 := X ⊗X ⊗X ⊗X ⊗ I.

Extending the group by the introduction of four additional qubits yields the abelian group

Z̃1 := Z ⊗ Z ⊗ I ⊗ I ⊗ I ⊗ Z ⊗ I ⊗ I ⊗ I

X̃1 := I ⊗X ⊗X ⊗X ⊗X ⊗X ⊗ I ⊗ I ⊗ I

Z̃2 := I ⊗ Z ⊗ Z ⊗ I ⊗ I ⊗ I ⊗ Z ⊗ I ⊗ I

X̃2 := X ⊗X ⊗ I ⊗ I ⊗ I ⊗ I ⊗X ⊗ I ⊗ I

Z̃3 := I ⊗ I ⊗ Z ⊗ Z ⊗ I ⊗ I ⊗ I ⊗ Z ⊗ I

X̃3 := I ⊗ I ⊗ I ⊗X ⊗X ⊗ I ⊗ I ⊗X ⊗ I

Z̃4 := I ⊗ I ⊗ I ⊗ Z ⊗ Z ⊗ I ⊗ I ⊗ I ⊗ Z

X̃4 := X ⊗X ⊗X ⊗X ⊗ I ⊗ I ⊗ I ⊗ I ⊗X
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The resulting entanglement-assisted stabilizer has parameters [[5, 1, 5; 4]] while the underly-
ing stabilizer has parameters [[9, 1, 2]]

In example 10 an entanglement-assisted stabilizer achieved a distance of 5, while the
underlying stabilizer only has a distance of 2. The added qubits possessed by the receiver
correspond to qubits 6 through 9. Puncturing qubit 9 on the non-entanglement-assisted
stabilizer yields the following relations:

[[9, 1, 2]] qubit 9 wrt. X−−−−−−−−−→ [[8, 1, 1]]

[[9, 1, 2]] qubit 9 wrt. Y−−−−−−−−−→ [[8, 1, 2]]

[[9, 1, 2]] qubit 9 wrt. Z−−−−−−−−−→ [[8, 1, 2]].

The stabilizer is thus able to maintain its distance when puncturing with respect to Y or
Z. Considering the entanglement-assisted version, with the same puncturing scenarios, the
following relations are obtained;

[[5, 1, 5; 4]] qubit 9 wrt. X−−−−−−−−−→ [[5, 1, 1; 3]]

[[5, 1, 5; 4]] qubit 9 wrt. Y−−−−−−−−−→ [[5, 1, 2; 3]]

[[5, 1, 5; 4]] qubit 9 wrt. Z−−−−−−−−−→ [[5, 1, 3; 3]].

In this case, the distance cannot be maintained for any puncturing scenario. In the best
case, the distance is decreased by 2, while in the worst case, the distance is decreased by 4.
Following the notion of figure 5.6, the 4 stages of codes under puncturing is summarized in
table 5.1.

Original code Puncturing scenario View as Puncture View as

[[5,1,5;4]] qubit 9 wrt. X [[9,1,2]] [[8,1,1]] [[5,1,1;3]]

[[5,1,5;4]] qubit 9 wrt. Y [[9,1,2]] [[8,1,2]] [[5,1,2;3]]

[[5,1,5;4]] qubit 9 wrt. Z [[9,1,2]] [[8,1,2]] [[5,1,3;3]]

Table 5.1: The change of parameters when following the puncturing method of figure 5.6.

In this case, the greatest source of distance decrease is found when viewing the entanglement-
assisted stabilizer as its non-entanglement-assisted counterpart to initiate the puncturing.
In all cases, this causes a decrease of 3 in distance. The puncturing itself causes at most a
decrease of 1, in fact, the distance is maintained in two of three scenarios. Lastly, viewing
the punctured stabilizer as an entanglement-assisted stabilizer has the potential for an
increase in distance. However, this is only experienced in one of the three puncturing
scenarios.

While the upper bound for distance decrease is 1 in the non-entanglement-assisted case,
such a bound cannot be satisfied in the entanglement-assisted case, as shown by the
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example above. However, define l := d − d′ ≥ 0, where d is the distance of the un-
punctured entanglement-assisted stabilizer and d′ is the distance of the corresponding
non-entanglement-assisted stabilizer, both given by figure 5.6. Puncturing an entanglement-
assisted stabilizer of parameters [[N, k, d; c]] can then at most decrease the distance by l+ 1.
Although this provides an upper bound on the possible distance decrease, the bound may
be vacuous for practical purposes. For the above example l+ 1 = 4, which was encountered
when puncturing qubit 9 with respect to X. Before puncturing, the code could protect
against an arbitrary weight 2 error or any positional weight 4 error. After puncturing, the
code cannot even protect against a single positional error in the worst case. Choosing the
correct puncturing scenario is thus vital in the entanglement-assisted setup.

Consider a scenario in which errors occur independently on each qubit with probability p
and uniformly in {X,Y, Z}. An error resulting from an outcome of this scenario can be
corrected if it belongs to the correctable set of errors for the underlying error-correction
code. Figure 5.7 illustrates the probability that the underlying code can correct errors
resulting from an experiment of 100,000 independent trials for each probability p ∈
{0.01, 0.02, . . . , 0.99, 1.0} on the entanglement-assisted stabilizers of table 5.1. The figure
highlights the importance of finding an optimal puncturing scenario. Puncturing qubit 9
with respect to Z yields an entanglement-assisted stabilizer with error-correcting abilities
close to the unpunctured version. These abilities change drastically when puncturing with
respect to X or Y , although all scenarios solve the problem of inadequately supplied Bell
pairs described in section 5.2. Denote by A the correctable set of errors for any of the
error-correcting codes examined in figure 5.7. The probability of an error, E, from the
independent trials being identical to some E′ ∈ A is given by

P(E = E′) =
(
p

3

)w(E′)
(1− p)5−w(E′),

where w is the weight map defined in (4.6). The probability that E is correctable, meaning
the probability that E ∈ A, is therefore

P(E ∈ A) =
∑
E′∈A

(
p

3

)w(E′)
(1− p)5−w(E′),

In all four cases examined, the maximum absolute deviation from the theoretical probability
across all codes and all p is 0.00368. The average absolute deviation is 0.00081.

Table 5.2 is an extension of table 5.1 providing parameters for all puncturing scenarios
involving the receiver’s half of required Bell pairs for the [[5, 1, 5; 4]] entanglement-assisted
stabilizer. Puncturing qubit 9 experiences almost all possible distance change scenarios
except one. Puncturing qubits 7 or 8 with respect to Y yields a distance decrease of only
one. Either of these two scenarios are thus the optimal puncturing scenario with respect to
distance for solving the inadequately supplied Bell pairs problem.
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Figure 5.7: Probability of correctability as a function of probability of error on an
entanglement-assisted stabilizer and three of its punctured variants.

Original code Puncturing scenario View as Puncture View as

[[5,1,5;4]] qubit 9 wrt. X [[9,1,2]] [[8,1,1]] [[5,1,1;3]]

[[5,1,5;4]] qubit 9 wrt. Y [[9,1,2]] [[8,1,2]] [[5,1,2;3]]

[[5,1,5;4]] qubit 9 wrt. Z [[9,1,2]] [[8,1,2]] [[5,1,3;3]]

[[5,1,5;4]] qubit 8 wrt. X [[9,1,2]] [[8,1,2]] [[5,1,3;3]]

[[5,1,5;4]] qubit 8 wrt. Y [[9,1,2]] [[8,1,2]] [[5,1,4;3]]

[[5,1,5;4]] qubit 8 wrt. Z [[9,1,2]] [[8,1,2]] [[5,1,3;3]]

[[5,1,5;4]] qubit 7 wrt. X [[9,1,2]] [[8,1,2]] [[5,1,3;3]]

[[5,1,5;4]] qubit 7 wrt. Y [[9,1,2]] [[8,1,2]] [[5,1,4;3]]

[[5,1,5;4]] qubit 7 wrt. Z [[9,1,2]] [[8,1,2]] [[5,1,3;3]]

[[5,1,5;4]] qubit 6 wrt. X [[9,1,2]] [[8,1,1]] [[5,1,1;3]]

[[5,1,5;4]] qubit 6 wrt. Y [[9,1,2]] [[8,1,2]] [[5,1,2;3]]

[[5,1,5;4]] qubit 6 wrt. Z [[9,1,2]] [[8,1,2]] [[5,1,3;3]]

Table 5.2: The change of parameters when following the puncturing method of figure 5.6.

According to the quantum Singleton bound, the best possible distance for a stabilizer
encoding 1 logical qubits in 9 physical qubits is 5. This is achieved in the pre-punctured
entanglement-assisted stabilizer. After puncturing, the stabilizer encodes 1 logical qubits
in 8 physical qubits. In this case, the best possible distance is 4. The Singleton bound is
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thus saturated for this setup, if and only if the puncturing is performed with respect to Y
on qubit 7 or 8.

A method to puncture the qubits possessed by the receiver in an entanglement-assisted sta-
bilizer setup has been derived. The method rely on existing methods for non-entanglement-
assisted stabilizers and is a step towards a dynamical communication framework for
entanglement-assisted stabilizers. However, the method possess some caveats, namely the
unpredictable change in distance. While it may be feasible to explore every puncturing
scenario in the above example, for entanglement-assisted stabilizers involving a greater
number of qubits, that may not be the case.
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6 | Conclusion and Discussion

Puncturing of error-correcting codes has been extensively studied in the classical setting,
and more recently, a corresponding framework has been developed for quantum stabilizer
codes. In this report, the framework is extended to encompass entanglement-assisted (ea)
stabilizer codes, restricting attention to the puncturing of qubits held by the receiver prior
to the communication phase. This extension allows for a dynamic coding strategy in a
situation where the base station may be unable to provide the necessary Bell pairs required
for the ea stabilizer.

Any ea stabilizer may be viewed as a non-ea stabilizer, possibly at the cost of a decrease in
distance. The developed framework takes advantage of this fact; rather than developing a
strategy directly for ea stabilizers, it transforms the ea stabilizer into a non-ea stabilizer,
performs the puncturing, then transforms the punctured stabilizer back to an ea stabilizer.
The developed strategy transforms the coding parameters by

[[N = c+ s+ k, k, d; c]] puncturing−−−−−−→ [[N = (c− 1) + (s+ 1) + k, k, d′; c− 1]],

assuming d ≥ 2. If d = 1, logical information may be lost under puncturing; it is therefore
generally not advised to puncture codes with distance 1. The developed method decreases
the number of required Bell pairs by 1 while maintaining N and k. This implies that the
qubit on the transmitter’s end, previously part of the removed Bell pair, is transformed
into an ancilla qubit. The parameters N , k, and c are thus mapped in a controlled manner
under puncturing. This is unfortunately not the case for the distance d. Generally, the
distance d undergoes 3 transformations when performing puncturing in the developed
method. The first is when viewing the ea stabilizer as a non-ea stabilizer. This may lead
to a decrease of l ∈ N0, since the logical errors for an ea stabilizer are a subset of those for
the corresponding non-ea stabilizer, as the receiver’s qubits in an ea setup are treated as
error-free. Secondly, the puncturing may decrease the distance of the stabilizer by at most
1. Thirdly, when viewing the punctured non-ea stabilizer as an ea stabilizer, a distance
increase may be experienced. The distance loss is thus bounded by l + 1.
The puncturing method may be recursively executed yielding the transformation

[[N = c+ s+ k, k, d; c]] puncturing−−−−−−→ [[N = (c− q) + (s+ q) + k, k, d′; c− q]],

for q ∈ {1, . . . , c} assuming the distance is at least 2 throughout.
A [[5, 1, 5; 4]] code was examined. The code was transformed in the following way:

[[5, 1, 5; 4]] view as−−−−→ [[9, 1, 2]] puncturing−−−−−−→ [[8, 1, d]] view as−−−−→ [[5, 1, d′; 3]].
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where d ∈ {1, 2} and d′ ∈ {1, 2, 3, 4}. This suggest the distance is very volatile under
puncturing. In this case l = 3 the distance decrease is thus bounded by 4 which was
achieved in 2 out of 12 puncturing scenarios. Such a decrease is detrimental to the error
correction, as the code transforms from being able to protect against 2 arbitrary error or 4
positional errors, to not being able to protect against a single positional errors.

The distance under puncturing for an ea stabilizer is very volatile. In future work, it should
be explored whether an optimal puncturing scenario with respect to distance could be
derived as a function of the examined ea stabilizer. In this report, all possible scenarios to
puncture a single qubit on the receiver’s end were explored. While this was feasible when
the receiver was in possession of only 4 qubits, this may not be the case generally. For a
receiver in possession of c qubits, the number of puncturing scenarios is 3c.

It also remains to examine the transformation of encoders under puncturing. In the
classical setting, puncturing a bit corresponds to removing a column of the generator
matrix (or removing the corresponding bit after encoding). This allows for a dynamic
encoding strategy. In the quantum setting, encoding is not as simple. For the developed
puncturing strategy to be implementable, there should exist a simple transformation of
the encoding circuit; transforming the unpunctured encoding circuit into the punctured
encoding circuit. Preferably by the removal of a number of gates. Unfortunately, this is
not satisfied for the encoders examined in this report. However, encoders are not unique,
and perhaps a transformation of encoders could reveal a satisfiable relationship. If no such
relationship exist, encoder for all possible puncturing scenarios should be implemented.
This eliminates the dynamic advantage in puncturing as one could equivalently store
optimized ea stabilizers requiring c− q Bell pairs for q ∈ {0, . . . , c}.

Lastly, it remains to examine the effect of utilizing imperfect Bell pairs in an ea stabilizer
setup. In practice, one may be forced to accept Bell pairs with fidelity less than one, despite
the application of a distillation protocol. How this affects the error-correction capabilities
of an ea stabilizer should be studied in depth before practical deployment.
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A | Group Theory

This appendix provides the necessary group theory used in section 4.3. The appendix is
mainly based on [Dummit and Foote, 2004].

Group theory is the study of the algebraic structure of groups. From these simple definitions,
powerful concepts can be developed that apply to a wide variety of sets. Thus, the study
begins with the definition of a group.

Definition A.1: Group
The pair (G, ∗) consisting of a set G and a binary operation ∗ : G×G→ G is called a
group if the following axioms are satisfied:

1. (a ∗ b) ∗ c = a ∗ (b ∗ c), ∀a, b, c ∈ G (Associative Axiom),

2. ∃e ∈ G : a ∗ e = e ∗ a = a, ∀a ∈ G (Identity Axiom),

3. ∀a ∈ G∃a−1 ∈ G : a ∗ a−1 = a−1 ∗ a = e (Inverse Axiom).

[Dummit and Foote, 2004, pp.16-17]

Let (G, ∗) be a group, we say G is a group under ∗. If the elements of a group (G, ∗)
commute, that is, a ∗ b = b ∗ a for all a, b ∈ G, the group is called abelian. In the following
appendix, the definition ak := a ∗ · · · ∗ a︸ ︷︷ ︸

k times

for some k ∈ N is used.

The size of a group, (G, ∗), is the number of elements in the set G, i.e. the sets cardinality.
The size is denoted |G|. A group is called finite if |G| <∞.

Instead of listing every element of a group, one can specify a small subset of the elements,
from which all the other elements can be derived using the binary operation ∗. This is
concept of generating sets, providing a compact description of a group.

Definition A.2: Generating Sets
Let (G, ∗) be a group. A generating set for (G, ∗) is a subset {g1, . . . , gN} ⊆ G such that
a = gr1

1 ∗ · · · ∗ g
rN
N for all a ∈ G with ri ∈ Z. The elements gi are called generators of

(G, ∗).

[Dummit and Foote, 2004, p.26]
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If (G, ∗) is a group and {g1, . . . , gN} is a generating set for the group we write ⟨g1, . . . , gN ⟩ =
G.

Theorem A.3: Size of a Generator
Let (G, ∗) be a group. Then there exists a generating set for the group containing at
most log2(|G|) elements.

[Nielsen and Chuang, 2010, p.611]

Proof
Let G = ⟨g1, . . . , gN ⟩ be a finite group. For every n ∈ {1, . . . , N}, define Gn := ⟨g1, . . . , gn⟩.
Assume g /∈ Gn for some g ∈ G and let i ∈ {1, . . . , n}, then this implies g ∗ gi /∈ Gn, as
the converse would imply g = (g ∗ gi) ∗ g−1

i ∈ Gn which is false by assumption. Letting
g = gn+1 the new group Gn+1 thus has at least the elements of Gn and the additional
g ∗ gi elements, implying 2|Gn| ≤ |Gn+1|. Recursively this means

2N ≤ 2N−1|G1| ≤ 2N−2|G2| ≤ · · · ≤ 22|GN−2| ≤ 2|GN−1| ≤ |GN | = |G|,

implying N ≤ log2(|G|).

Let G be a set of matrices and the binary operation ∗ be matrix multiplication. Matrix
multiplication satisfies the associative axiom for any three matrices. The set G is hence a
group under matrix multiplication if it is closed under matrix multiplication, contains the
identity matrix and every element in G is invertible, with the inverse contained in G. A
group consisting of matrices under matrix multiplication is called a matrix group.

Example 11: A Simple Group
Consider the set

G = {±I,±X}.

Under matrix multiplication this is a group. It contains the identity and since both I and
X are unitary and hermitian, they are their own inverses. This implies the set contains
the inverses of every element. It only remains to show the set is closed under matrix
multiplication. This can be done by the use of a multiplication table as shown in table A.1.

∗ I −I X −X

I I −I X −X

−I −I I −X X

X X −X I −I

−X −X X −I I

Table A.1: Multiplication table for the Pauli group.
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A more commonly encountered group when studying quantum error-correcting codes is
the Pauli group consisting of the set;

P1 := {±I,±X,±Y,±Z,±iI,±iX,±iY,±iZ},

paired with matrix multiplication. It is evident that for the set of example 11, G ⊆ P1.
The group of example 11 is therefore called a subgroup of the Pauli group.

Definition A.4: Subgroup
Let (G, ∗) be a group. If H ⊆ G and (H, ∗) is a group, then (H, ∗) is a subgroup of (G, ∗).

[Dummit and Foote, 2004, p.46]

Given a subset of a group, the next theorem provides a simple method of verifying if the
subset is also a subgroup.

Theorem A.5: The Subgroup Criterion
Let (G, ∗) be a group and H ⊆ G. Then (H, ∗) is a group if and only if H ̸= ∅ and for
all a, b ∈ H it follows a ∗ b−1 ∈ H.

[Dummit and Foote, 2004, p.47]

Proof
Assume (H, ∗) is a subgroup of (G, ∗), then H contains at least the identity element e
implying H ̸= ∅. Furthermore, if b ∈ H, then b−1 ∈ H and H is closed under ∗. Thus if
a, b ∈ H then a ∗ b−1 ∈ H.
Conversely, assume H ⊆ G is non-empty and if a, b ∈ H then a ∗ b−1 ∈ H. Let a ∈ H and
choose b = a, then e = a ∗ a−1 ∈ H. Since H contains the identity, choose a = e and b = a,
then a−1 = e∗a−1 ∈ H. It only remains to show that H is closed under ∗. Suppose a, b ∈ H
since H is closed under inverses, it follows b−1 ∈ H and thus a ∗ (b−1)−1 = a ∗ b ∈ H.

If (G, ∗) is group, H ⊆ G and H is finite. It suffices to check that H is non-empty and
closed under ∗ to conclude that (H, ∗) is a subgroup of (G, ∗). To realize this, let H be
finite, closed under multiplication and non-empty. Now let a ∈ H and consider the sequence
h, h2, h3, . . .. Since the set is finite and closed under ∗, the sequence lies in H and must
therefore eventually repeat, meaning there exist n,m ∈ N with n < m such hn = hm, setting
l = m− n > 0 it follows hl = hm−n = e. Furthermore, h−1 = hl ∗ h−1 = hl−1 ∈ H.

The study of group theory ends with a short introduction of some important groups,
beginning with the centralizer group.

Definition A.6: Centralizer
Let (G, ∗) be a group and A ⊆ G be a non-empty subset. The centralizer of A in G is
the set defined by

CG(A) := {g ∈ G | g ∗ a ∗ g−1 = a, ∀a ∈ A}.
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[Dummit and Foote, 2004, pp.49-50]

Since g ∗ a ∗ g−1 = a⇔ g ∗ a = a ∗ g the centralizer of A in G is exactly the elements of
G which commutes with every element of A. Choosing A = G one obtains the set of all
elements in G commuting with all elements of G, this set is called the center of G denoted
Z(G) := CG(G). For an abelian group, G = Z(G). Conversely, if G = Z(G) then G is an
abelian group.

The centralizer is a group under ∗ since e ∗ a ∗ e = a for all a ∈ A thus e ∈ CG(A) =⇒
CG(A) ̸= ∅. Furthermore, assuming b, c ∈ CG(A) it follows c∗a∗c−1 = a⇔ a∗c−1 = c−1∗a
implying c−1 ∈ CG(A) thus (b ∗ c−1) ∗ a = b ∗ (a ∗ c−1) = (a ∗ b) ∗ c−1 = a ∗ (b ∗ c−1) hence
b ∗ c−1 ∈ CG(A), the statement now follows from the subgroup criterion.

The next group of importance is the normalizer group.

Definition A.7: Normalizer
Let (G, ∗) be a group and A ⊆ G be non-empty. Define g ∗A∗g−1 := {g ∗a∗g−1 | a ∈ A}.
The normalizer of A in G is the set NG(A) := {g ∈ G | g ∗A ∗ g−1 = A}.

[Dummit and Foote, 2004, p.50]

For any g ∈ NG(A), g ∗A∗ g−1 induces a permutation of the elements of A; that is, it maps
each a ∈ A to another element of A. In the special case where the induced permutation is
the identity permutation the corresponding elements form the centralizer. Consequently,
CG(A) ⊆ NG(A).

The normalizer is also a group under ∗ since e∗A∗e = A thus e ∈ NG(A) =⇒ NG(A) ̸= ∅
and if b, c ∈ NG(A) then (b ∗ c−1) ∗A ∗ (c ∗ b−1) = b ∗ (c−1 ∗A ∗ c) ∗ b−1 = b ∗A ∗ b−1 = A

thus b ∗ c−1 ∈ NG(A). The statement then follows from the subgroup criterion.

Two important properties of the normalizer, when considering the N -fold Pauli group, are
presented in the following theorem.

Theorem A.8: Properties of the Normalizer
Let G ⊆ PN be a subgroup of the N -fold Pauli group.

1. G ⊆ NPN
(G),

2. If −I /∈ G then NPN
(G) = CPN

(G).

[Nielsen and Chuang, 2010, pp.465-466]

Proof
(1)
Let g ∈ G, since G is a group, it follows by the inverse axiom g−1 ∈ G. For any a ∈ G,
closure under ∗ entails, g ∗ a ∗ g−1 ∈ G. Since a was arbitrary, it must hold g ∗G ∗ g−1 ⊆ G.
Substitution of g by its inverse in the above reasoning analogously reveals g−1 ∗G ∗ g ⊆ G
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and thus G ⊆ g ∗ G ∗ g−1. In conjunction of the two derivations it can be concluded
g ∗ G ∗ g−1 = G, from the definition of the normalizer it then follows g ∈ NPN

(G), and
since g was arbitrary G ⊆ NPN

(G).
(2)
It has already been established that CPN

(G) ⊆ NPN
(G), thus it remains to show the reverse

inclusion. Any two Pauli operators either commute or anti-commute, that is for any two
a, b ∈ PN it holds a ∗ b = ±b ∗ a and thus a ∗ b ∗ a−1 = ±b. Let g ∈ NPN

(G) ⊆ PN , by the
definition of the normalizer it then follows that for every a ∈ G ⊆ PN ; g ∗a∗g−1 = ±a ∈ G.
Assume g ∗ a ∗ g−1 = −a ∈ G. Because a ∈ G, a−1 ∈ G. Consequently, due to closure
under ∗, G ∋ (−a) ∗ a−1 = −I, which is false by assumption, thus it must be the case
g ∗ a ∗ g−1 = a, and hence g ∈ CPN

(G), which implies NPN
(G) ⊆ CPN

(G).

For any subgroup G of PN with −I /∈ G, the Venn diagram of figure A.1 depicts the
relationsship between G, NPN

(G) and PN .

NPN (G) = CPN (G) PNG

Figure A.1: The relationship between a group, G, the corresponding normalizer and the
N -fold Pauli group.

Before concluding the appendix, the notion of normal groups and quotient groups are
introduced, starting with normal groups.

Definition A.9: Normal Subgroups
Let (N, ∗) be a subgroup of some group (G, ∗). (N, ∗) is then called a normal subgroup
of G if for all g ∈ G, gNg−1 = N .

[Dummit and Foote, 2004, p.82]

Let (H, ∗) be a subgroup of (G, ∗) and g an element of G. The sets defined by gH :=
{gh | h ∈ H} (Hg := {hg | h ∈ H}) is called a left (right) coset of H in G. For a subgroup
(N, ∗) of (G, ∗), an equivalent definition to definition A.9, is that (N, ∗) is normal if the left
and right coset of N in G are equal for all g ∈ G since gNg−1 = N ⇔ gN = Ng [Dummit
and Foote, 2004, p.77].
The normal subgroups are used to define quotient groups.
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Definition A.10: Quotient Groups
Let (N, ∗) be a normal subgroup of (G, ∗). The set defined by

G/N := {g ∗N | g ∈ G}

paired with the binary operation defined by

∗quo : (a ∗N) ∗quo (b ∗N) 7→ (a ∗ b) ∗N, a, b ∈ G

is called the quotient group.

[Dummit and Foote, 2004, p.77]

The quotient group G/N is thus the set of all left cosets of N in G. Although the definition
defines a set and a binary operation on the set, it strictly does not justify calling the pair
a group. In fact, it has not even been proven that the binary operation ∗quo is well defined.
Consider the four elements g, g′, h, h′ ∈ G. Assume g ∗ N = g′ ∗ N and h ∗ N = h′ ∗ N .
For ∗quo to be well defined it is required that (g ∗N) ∗quo (h ∗N) = (g′ ∗N) ∗quo (h′ ∗N).
However, since N is normal, this is satisfied

(g ∗N) ∗quo (h ∗N) = ((g ∗ h) ∗N) = (g ∗ (h ∗N)) = (g ∗ (h′ ∗N)) = (g ∗ (N ∗ h′))
= ((g ∗N) ∗ h′) = ((g′ ∗N) ∗ h′) = (g′ ∗ (N ∗ h′)) = (g′ ∗ (h′ ∗N))
= ((g′ ∗ h′) ∗N) = (g′ ∗N) ∗quo (h′ ∗N).

With the group operation being well defined, it can be justified that G/N is in fact a group.
Since G is closed under ∗ and ∗ is associative, it follows that G/N is closed under ∗quo and
∗quo is associative. Furthermore, the element e ∗N is the identity element of G/N where e
is the identity element of G and for any element g ∈ G, the inverse element of g ∗N is the
element g−1 ∗N . Both e ∗N and g−1 ∗N belong to G/N since e, g−1 ∈ G.

The center of P1 are given by the normal subgroup Z(P1) = {I,−I, iI,−iI} of P1. An
important quotient group encountered when studying quantum error correction is the
phase independent Pauli group given by

P1/Z(P1) = {[I], [X], [Y ], [Z]},

where

[I] = {I,−I, iI,−iI}, [X] = {X,−X, iX,−iX},
[Y ] = {Y,−Y, iY,−iY }, [Z] = {Z,−Z, iZ,−iZ}.
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This appendix proves the statement of theorem 4.5. The appendix is primarily based on
[Bergou et al., 2021, pp.184-186].

Before proceeding to the proof, a brief overview of necessary theory is introduced.

Let g1, g2 ∈ P1, they can then be expressed by

g1 = α1X
a1Zb1 and g2 = α2X

a2Zb2 , αi ∈ {±1,±i}.

Then g1g2 = g2g1 if and only if a1b2 +b1a2 = 0 where addition is modulo 2. For g1, g2 ∈ PN ,
the expression is extended as

g1 = α1

N⊗
i=1

Xa1,iZb1,i and g2 = α2

N⊗
i=1

Xa2,iZb2,i , αi ∈ {±1,±i}.

Define g1,i := Xa1,iZb1,i and g2,i := Xa2,iZb2,i , then g1 and g2 commute if and only if all
g1,i commutes with their corresponding g2,i or and even number of pairs anti-commute.
Thus, g1g2 = g2g1 if and only if

∑N
i=1(a1,ib2,i + b1,ia2,i) = 0 where addition is modulo 2.

With this in mind, a necessary lemma can be introduced and proved.

Lemma B.1
Let g1, g2 ∈ PN . Define

Λ :=

 0 IN

IN 0

 .
Then g1 and g2 commute if and only if r(g1)Λr(g2)T = 0 where r(gi) denotes the row of
the check matrix corresponding to gi and addition is modulo 2.

[Bergou et al., 2021, pp.184-185]

Proof
Let gj = αi

⊗N
i=1X

aj,iZbj,i , the corresponding row of the check matrix is then given by
r(gj) = [aj,1 . . . aj,N bj,1 . . . bj,N ]. Now, consider the expression;

r(g1)Λr(g2)T = [a1,1 . . . a1,N b1,1 . . . b1,N ] [b2,1 . . . b2,N a2,1 . . . a2,N ]T

=
N∑
i=1

(a1,ib2,i + b1,ia2,i).
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With the paragraph leading to the lemma in mind, the proof is concluded.

Since any two g1, g2 ∈ PN either commutes or anti-commutes, it follows directly from the
lemma that g1g2 = −g2g1 if and only if r(g1)Λr(g2)T = 1.

The theory necessary to prove theorem 4.5 has now been discussed and the proof can
commence.
Proof (Proof of Theorem 4.5)
Let G = ⟨g1, . . . , gN−k⟩ be an abelian subgroup of PN such −I /∈ G and g1, . . . , gN−k are
independent. Then gi operates on the 2N dimensional state space H = C2N . Let further
x ∈ FN−k

2 and define

Px :=
N−k∏
i=1

I + (−1)xigi
2 .

Since I ± gi project onto the ±1 eigenspace of gi, Px projects onto the intersection of
the (−1)xi eigenspaces. Define P0 := P[0 ... 0], then P0 projects onto the code space
VG. Furthermore, it is evident that there exists 2N−k projectors and these are mutually
orthogonal. The orthogonality comes from the fact that gi commute which implies I +
(−1)xigi commute and thus if x ̸= x′, that is they differ in at least the j′th entry, then
PxPx′ will contain a factor (I + gj)(I − gj) = 0 hence PxPx′ = 0. It is also the case that∑

x∈FN−k
2

Px = I (B.1)

To realize this, define

Qm :=
∑
x∈Fm

2

m∏
i=1

I + (−1)xigi
2 .

Obviously Q1 = I, furthermore

Qm+1 =
∑

x∈Fm+1
2

m+1∏
i=1

I + (−1)xigi
2

=
∑

xm+1∈{0,1}

(
I + (−1)xm+1gm+1

2

) ∑
x∈Fm

2

m∏
i=1

I + (−1)xigi
2

= Qm + gm+1Qm
2 + Qm − gm+1Qm

2 = Qm,

which proves QN−k = I, the assertion of (B.1). Denote by PxH the subspace of H for
which Px projects onto. Since PxH are mutually orthogonal and collectively span H, the
union of any basis of PxH is a basis of H, consequently

dim(H) =
∑

x∈FN−k
2

dim(PxH) = 2N . (B.2)

Since G is abelian and any two member of PN either commute or anti-commute,

r(gi)Λr(y)T =

0, if giy = ygi,

1, if giy = −ygi,
(B.3)
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for gi any generator of G and y ∈ PN according to lemma B.1. Furthermore, since −I /∈ G
and its generators are independent, it follows that the rows of the check matrix are linearly
independent, according to theorem 4.4. This implies the check matrix, denoted C, has
full rank. The same applies to Λ, meaning rank(CΛ) = rank(C) = N − k. The map
CΛ : F2N

2 → FN−k
2 is therefore onto, and thus for any x ∈ FN−k

2 there exists y ∈ PN such

CΛr(y)T = x.

Based on (B.3), this equation corresponds to ygi = (−1)xigiy, hence

yP0y
† = y

(
N−k∏
i=1

I + gi
2

)
y† =

N−k∏
i=1

yy† + ygiy
†

2 =
N−k∏
i=1

I + (−1)xigi
2 = Px.

This implies

dim(P0H) = rank(P0) = rank(yP0y
†) = rank(Px) = dim(PxH),

and thus with (B.2) in mind

dim(PxH) = 2N2−(N−k) = 2k

proving that dim(VG = P0H) = 2k.

105



C | Software

Throughout the project, 3 Python scripts have been developed and are attached to the
report. The scripts are described in detail below.

stabilizer_group : This scripts contains a class by the name examine_group. The class
takes as input a subgroup of the N -fold Pauli group or its associated check matrix
and is able to return a number of properties of the group. Including but not limited
to; whether the group is abelian, the extended group (if the group is not abelian),
the centralizer matrix, the parameters of the stabilizer generated by the group (after
extension if the group is not abelian) and it can puncture the stabilizer generated by
the group, returning the punctured centralizer matrix of the punctured code.

examine_stabilizer : This script serves as an interface for the constructed class in
stabilizer_group. When running the script, the user can provide a group it wishes
to examine. The script then returns the parameters of the associated stabilizer if
the group is abelian. If not the group add Bell pairs and return the parameters of
the entanglement-assisted stabilizer. The user also has the ability to puncture the
provided stabilizer and get the parameters of the punctured stabilizer in return. If
the stabilizer is entanglement-assisted, only the added qubits on the receiver’s end
can be punctured. The tables of section 5.3 have been constructed using this script.

error_properties : This script takes as input a group and examines the error-correcting
abilities of the underlying stabilizer before and after puncturing. If the provided
group is not abelian, the script adds Bell pairs, making the underlying stabilizer
entanglement-assisted. Figure 5.7 have been constructed using this script.

106


	Title page
	Title page
	Introduction
	Classical Computers
	Quantum Computers
	Quantum Supremacy and Quantum Algorithms
	Physical Implementation and Quantum Gates
	Quantum Error Correction


	Quantum Mechanics
	The Postulates of Quantum Mechanics
	Entanglement and Superdensecoding
	The Density Operator

	Quantum Information Theory
	Entropy
	Quantum Channels

	Quantum Error-Correcting Codes
	Classical Error Correction
	Quantum Error Correction
	Stabilizer Codes
	Construction and Error Correction
	Encoding and Decoding
	Puncturing


	Entanglement-Assisted Quantum Error-Correcting Codes
	Encoding and Decoding
	Communication Framework
	Imperfect Bell Pairs and Latency Considerations

	Puncturing

	Conclusion and Discussion
	Bibliography
	Appendices
	Group Theory
	Proof of theodim
	Software

