
Aalborg University

10th semester

Mathematics-Economics

Master thesis

Dependence Modelling in Portfolio
Optimization

A GARCH-Copula Approach under Mean-CVaR Optimization

27/05-2026



The Department of Mathematical Sci-
ences
Mathematics-Economics
Thomas Manns Vej 23
9220 Aalborg Øst
https://math.aau.dk

Title:

Dependence Modelling in
Portfolio Optimization

Subtitle:

A GARCH-Copula Approach under
Mean-CVaR Optimization

Project period:

1. February 2026 - 27. May 2026

Authors:

Cecilie Stoklund Nørnberg

Supervisor:

Esben Høg

Pagecount: 82 + front page
Done: 27/5-2026

Abstract:

This thesis investigates portfolio performance
under different dependence structures using a
mean–CVaR optimisation framework. In par-
ticular, three copula models are considered,
namely the Gaussian, Student’s t, and R-vine
copula, in order to assess how the modelling
of dependence affects the trade-off between
return and downside risk. The analysis is
based on ten stocks from the OMX C25 in-
dex, representing different sectors, where op-
timal portfolio allocations are constructed un-
der varying levels of risk aversion and evalu-
ated against a naive equally weighted bench-
mark. The results show that all copula-based
portfolios consistently outperform the bench-
mark portfolio in terms of both return and
risk-adjusted performance. Among the cop-
ula specifications, Student’s t delivers the
strongest overall performance, followed by
R-vine, while Gaussian generally underper-
forms. However, despite differences in re-
alised returns, the model-implied downside
risk dynamics are highly similar across all
models, with nearly identical responses to pe-
riods of market stress. Overall, the findings
suggest that the choice of dependence struc-
ture primarily affects portfolio performance
through realised returns rather than through
differences in downside risk.

The contents of the report is publicly available, but publicizing (with references) may only happen in agree-
ment with the authors.

https://math.aau.dk


Aalborg University

Preface
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1 | Introduction

In highly volatile and unpredictable financial markets, uncertainty is inevitable, meaning
that investors are continuously faced with difficult decisions when allocating capital across
different assets. Having an efficient portfolio optimization strategy that balances the trade-
off between expected return and downside risk is therefore essential, as the rapidly changing
financial markets offer both the potential for substantial gains as well as significant losses.

A commonly used approach within Modern Portfolio Theory is Mean-Variance Portfolio
Optimization, introduced by the economist Harry Markowitz. This approach formalizes
the portfolio optimization problem as a trade-off between maximizing the expected port-
folio return and minimizing the variance. Risk is therefore solely characterised by the
covariance matrix, which assumes linear dependence between the assets and treats positive
and negative deviations from the mean equally. In practice, these assumptions are often
too restrictive for financial markets, where stock returns typically exhibit skewness, heavy
tails, and non-linear dependence structures, which cannot be fully described by variance
alone.

To address these limitations an alternative approach, known as Mean-Conditional Value-at-
Risk (Mean-CVaR), is implemented in this thesis. Here, risk is measured by CVaR, which
captures the expected loss in the lower tail of the return distribution, thereby focusing
explicitly on downside risk rather than the overall variability of the returns. This opti-
mization problem is therefore particularly sensitive to extreme negative outcomes, which
makes it well suited for financial markets, where large losses tend to co-occur more fre-
quently than large gains. However, implementing this approach requires an appropriate
specification of the joint distribution of the stock returns

There a several ways of modelling the joint distribution of stock returns. A relatively
straightforward method is to use a multivariate distribution, describing both the stocks’
individual behaviour and their dependence structure. However, this approach quite restric-
tive in practice, as it typically requires all marginal distributions to belong to the same
distributional family, while also imposing a fixed dependence structure. A more flexible
approach is to separate the modelling of the marginal distributions from the dependence
structure, which is the core of the copula framework. In particular, copulas allow the
dependence structure between stocks to be modelled independently of the marginal distri-
butions, making it possible to capture non-linear and tail dependence commonly observed
in financial markets. In this thesis, a GARCH–copula framework is therefore used, where
the marginal distributions are modelled using GARCH processes to capture time-varying
volatility, while the dependence structure is specified through different copula families.
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In view of this, the problem statement for this thesis is as follows:

Problem statement How does the specification of dependence structure in a GARCH-
copula framework influence portfolio performance compared to a naive equal-weight strategy.

Furthermore, how does portfolio performance vary across different levels of downside risk
aversion?

2
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2 | Copula Theory

A typical mathematical framework for portfolio optimization is Modern Portfolio Theory
(MPT), which assumes that portfolio returns can be fully characterised by a mean vector
and a covariance matrix, typically estimated from historical data. Consequently, the depen-
dence structure between the assets in the portfolio is entirely determined by the covariance
matrix, meaning that only linear dependence is captured. This limitation is particularly
important in portfolio optimization, as asset returns typically exhibit complex dependence
structures, including non-linear relationships and extreme co-movements in the tails of the
distribution. (See Allen and Luciano [2019])

Another approach is to fit a multivariate distribution directly to the data, and use it to
model the portfolio returns. However, in this case both the marginal behaviour of the assets
and the dependence structure are fully determined by the chosen multivariate distribution.
For instance, if the portfolio returns are modelled by a multivariate normal distribution,
the dependence structure is restricted to linear dependence, and the marginal distributions
are all assumed to be normal, where neither the marginals nor the dependence structure
can be adjusted or changed without altering the entire multivariate distribution.

To address these limitations, copulas are introduced as a flexible framework for modelling
the multivariate distribution of a portfolio. By separating the modelling of the marginal
distributions from the dependence structure, copulas allow both linear and non-linear co-
movements to be captured, including extreme co-movements in the tails of the distribution,
which is crucial for accurate risk assessment and effective portfolio management. In the
following sections, the fundamental concepts of copulas, including Sklar’s theorem, will be
presented, along with different dependence measures and some of the most commonly used
copula families.

2.1 Foundations of Copula Theory

To establish the proper mathematical framework, it is first necessary to introduce a few
fundamental concepts. Central to these is the extended real line [−∞,+∞], denoted by
R̄, along with its d-dimensional Cartesian product, R̄d, which will be used throughout this
section. (See Durante and Sempi [2016])

The first concept, which will be introduced, is the d-box.

3
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Definition 2.1.1. d-Box
Let d ≥ 2 and let a,b ∈ R̄d, where a ≤ b. A d-box, denoted as [a,b], is then defined
as

[a,b] = [a1, b1]× [a2, b2]× · · · × [ad, bd].

So intuitively, when d = 1 the d-box represents a closed interval, when d = 2 it represents
a rectangle, and when d = 3 it forms a rectangular box. The d-box is therefore a gener-
alization of a rectangle to d-dimensions, also known as a hyperrectangle. The vertices of
the d-box correspond to the points c = c1, . . . , cd, where each ci is equal to either ai or bi.
These vertices play a central role in defining the H-volume of an d-box.

Definition 2.1.2. H-Volume of an d-Box
Let S1, . . . , Sd be non-empty subsets of R̄, let H : S1×· · ·×Sd → R and let B = [a,b]
be a d-box, where a,b ∈ S1 × · · · × Sd. The H-volume of B is then given by

VH(B) =
∑

c∈{a1,b1}×···×{ad,bd}

sign(c)H(c),

where the sign of the corners c of B is defined as

sign(c) =

{
1, if ci = ai for an even number of indices i

−1 if ci = ai for an odd number of indices i.

The H-volume measures the total change of the function H over the d-box. For instance,
if H is a bivariate distribution function, then the H-volume of a 2-box B represents the
probability that two random variables assume values within B, which is calculated as

VH(B) = H(b1, b2)−H(a1, b2)−H(b1, a2) +H(a1, a2). (2.1)

The altering signs in (2.1) account for the contributions of the corners of the box. Each
corner contributes positively or negatively depending on number of coordinates equal to
the lower bound ai, for example corners with an odd number of lower bounds contribute
negatively, while corners with an even number contribute positively. For instance, in (2.1),
the corner c = [a1, b2] contains one lower bound a1, meaning that it contributes negatively,
while the corner [a1, a2] contains two lower bounds a1 and a2, meaning that it contributes
positively. (See Jaworski et al. [2010])

Now that the H-volume of a d-box has been introduced, it is possible to define a copula.
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Definition 2.1.3. Copula
Let d ≥ 2. A function C : [0, 1]d → [0, 1] is called a copula it it satisfies the following
properties:

1. C is grounded, i.e., for each i ∈ {0, . . . , d}

C(u1, . . . , ui−1, 0, ui+1, . . . , ud) = 0, for all uj ∈ [0, 1], where j ̸= i,

2. C has uniform marginals Ci : [0, 1] → [0, 1] for every i ∈ {1, . . . , d}, i.e.,

Ci(ui) = C(1, . . . , 1, ui, 1, . . . , 1) = ui, for all ui ∈ [0, 1],

3. C is d-increasing, i.e., for every a,b ∈ [0, 1]d, where a ≤ b:

VC([a,b]) ≥ 0.

Remark. Notice, that a copula is sometimes referred to as a d-copula to emphasise its
domain [0, 1]d for d ≥ 2.

As stated in Definition 2.1.3, a copula is both grounded, has uniform marginals and is
d-increasing. These properties ensure that it also satisfies the defining properties of a d-
dimensional distribution function, which are provided in Theorem A.0.2 (Properties of d-
Dimensional Distribution Functions). In other words, a copula is a multivariate distribution
function that models the dependence structure between variables by joining their marginal
distributions, which is exactly what Sklar’s theorem states. (See Nelsen [2006])

Theorem 2.1.4. Sklar’s Theorem
Let d ≥ 2 and let F : R̄d → [0, 1] be a d-dimensional distribution function with
univariate marginal distribution functions Fi : R̄ → [0, 1] for i ∈ {1, . . . , d}, then there
exists a d-copula C : [0, 1]d → [0, 1], such that for all (x1, . . . , xd) ∈ R̄d

F (x1, . . . , xd) = C
(
F1(x1), . . . , Fd(xd)

)
.

If all Fi are continuous, then C is unique, otherwise, C is uniquely determined on
ran(F1) × · · · × ran(Fd). Conversely, if C is a d-dimensional copula and F1, . . . , Fd

are univariate marginal distribution functions, then F is a d-dimensional distribution
function with univariate marginal distribution functions F1, . . . , Fd.

Proof. This proof is omitted, but it can be found in [Durante and Sempi, 2016, p. 54–
56].

The decomposition of the d-dimensional distribution function in Theorem 2.1.4 separates
the individual behaviour of the random variables from the dependence structure captured
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by the copula. This makes it possible to analyse the relationships between the random vari-
ables independently of their individual distributions, which is particular useful in portfolio
optimization.

Under the assumptions of Theorem 2.1.4 (Sklar’s Theorem), if the d-dimensional distri-
bution F is also absolutely continuous, the joint density of (X1, . . . , Xd) with marginal
densities f1, . . . , fd can be expressed as

f(x1, . . . , xd) = c1,...,d
(
F1(x1), . . . , Fd(xd)

)
· f1(x1) · · · fd(xd), (2.2)

for almost all (x1, . . . , xd) ∈ R̄d, where c1,...,d denotes the Copula Density given by

c1,...,d
(
F1(x1), . . . , Fd(xd)

)
=

∂d C
(
F1(x1), . . . , Fd(xd)

)
∂ F1(x1) · · · ∂ Fd(xd)

.

It is thus possible to extend Theorem 2.1.4 (Sklar’s Theorem) to densities, when the d-
dimensional distribution function F is absolute continuous. The joint density can then
be decomposed into a product of copula densities and marginal densities, which allows
the dependence structure and the marginal behaviour to be modelled separately, while
maintaining the d-dimensional distribution function. (See Durante and Sempi [2016])

2.2 Dependence Measures

As states in Theorem 2.1.4 (Sklar’s Theorem), the joint distributions of a set of random
variables can be decomposed into its marginal distributions and a copula capturing their
dependence structure. While marginal distributions can often be determined directly from
the data, choosing a suitable copula is less straightforward. A naive approach is to just
select a copula family, from the families introduced in Section 2.3, fit it to the data and then
evaluate its goodness-of-fit. However, this approach may be misleading, as different copula
families impose different characteristics, such as symmetry or particular tail behaviours,
which may not reflect the actual dependence structure observed in the data. (See Jaworski
et al. [2010])

A more robust approach is to first analyse the pairwise dependence between the variables.
In a d-dimensional setting, this involves examining the dependence for each unique pair of
variables individually, where each generic pair will be denoted as (X1, X2) throughout this
section for simplicity. Three commonly used measures of dependence are Tail Dependence,
which quantifies the probability that extreme values occur simultaneously in a pair of
variables, and Kendall’s Tau, which measures the tendency that the pair move in the same
direction, and Spearman’s Rho, which captures the strength and direction of association
between the pair. Collectively, these dependence measures provide a nuanced insight into
the dependence structure and will be discussed in more detail in the following sections.

6
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2.2.1 Spearman’s Rho

Spearman’s rho is a rank-based dependence measure, meaning that it relies on the relative
ordering of the observations of the random variables rather than their numerical values.
It is therefore necessary to formally introduce the concept of the rank of an observation,
before defining Spearman’s rho.

Definition 2.2.1. Rank of an Observation
Let X1 be a random variable with n ∈ N observations. The rank of an observation
X1,k, denoted Rank

(
X1,k

)
, is defined as

Rank
(
X1,k

)
=

n∑
j=1

1{X1,j≤X1,k},

where k ∈ {1, . . . , n}.

In other words, the rank of an observation Xi,k in the sample X1,1, X1,2, . . . , X1,n is equal to
1 if the observation is the smallest in the sample, 2 if it is the second smallest and so on, up
to n if it is the largest observation. By converting the observations into ranks, Spearman’s
rho can be interpreted as the usual Pearson correlation coefficient just based on the relative
ordering of the observations instead of their actual numerical values, allowing it to measure
the strength of the monotonic relationship between two random variables. (See Ruppert
and Matteson [2015])

To provide a more intuitive understanding of how Spearman’s rho relates to the Pear-
son correlation, consider a pair of variables (X1, X2), each with n observations, then the
empirical Spearman’s rho, ρ̂s ∈ [−1, 1] for the pair is given by

ρ̂s = ρ̂
(
Rank(X1),Rank(X2)

)
=

∑n
k=1

(
Rank(X1,k)− Rank(X1)

)(
Rank(X2,k)− Rank(X2)

)
√∑n

k=1

(
Rank(X1,k)− Rank(X1)

)2∑n
k=1

(
Rank(X2,k)− Rank(X2)

)2 ,
where ρ̂ denotes Pearson’s correlation, and where Rank(Xi) = 1

n

∑n
k=1 Rank

(
Xi,k

)
for

i = 1, 2, meaning that, rather than centering the observations around their mean as in
the Pearson correlation, Spearman’s rho centers them around the mean of the ranks. If
the empirical Spearman’s rho, ρ̂s, is equal to −1 the pair (X1, X2) have a perfect decreas-
ing monotonic relationship, if it is equal to 1, they have a perfect increasing monotonic
relationship, and if it is 0, where is no monotonic association. (See Czado [2019])

So while the empirical Spearman’s rho is based on observed data, the Population Spear-
man’s rho, which will be referred to as Spearman’s rho throughout the rest of the thesis,

7



Copula Theory Aalborg University

is defined in terms of the underlying distributions of the variables.

Definition 2.2.2. Spearman’s Rho
Let (X1, X2) be a pair of continuous random variables. Spearman’s Rho, ρs ∈ [−1, 1],
for (X1, X2) is defined as

ρs(X1, X2) = ρ
(
F2(X1), F2(X2)

)
,

where ρ ∈ [−1, 1] denotes the Pearson correlation coefficient, and Fi(Xi) is the marginal
distribution function of Xi for i = 1, 2.

By this definition, Spearman’s rho of a pair of variables (X1, X2) can be interpreted as as
the Pearson correlation applied to the marginal distribution functions of X1 and X2.

Now, since the two random variables X1 and X2 are continuous, their marginal distribu-
tion functions are also continuous, meaning that by Theorem A.0.3 (Probability Integral
Transform) it follows that Fi(Xi) ∼ Uniform(0, 1) for i = 1, 2. It is therefore possible to
write

ρs(X1, X2) = ρ
(
F2(X1), F2(X2)

)
= ρ (U1, U2) ,

where Fi(Xi) = Ui and Ui ∼ Uniform(0, 1) for i = 1, 2. So basically, by transforming both
marginal distribution functions into standard uniform variables, Spearman’s rho reflects
only the dependence structure between X1 and X2, and is independent of their specific
marginal distributions. Furthermore, by Theorem 2.1.4 (Sklar’s Theorem) the joint distri-
bution of U1 and U2 is completely determined by the copula C of (X1, X2). It is therefore
possible to express Spearman’s rho entirely in terms of C as defined in Theorem 2.2.3. (See
Czado [2019])

Theorem 2.2.3. Copula Representation of Spearman’s Rho
Let (X1, X2) be a pair of continuous random variables with copula C. Spearman’s Rho,
ρs ∈ [−1, 1], for (X1, X2) can be expressed as

ρs(X1, X2) = 12

∫
[0,1]2

u1 u2 dC(u1, u2)− 3

where u1 = FX1(x1) and u2 = FX2(x2) denote the marginal distribution functions of
X1 and X2, respectively, so that ui ∼ Uniform(0, 1) for i = 1, 2.

Proof. Firstly, Spearman’s rho can be expressed as

ρs(X1, X2) = ρ
(
F2(X1), F2(X2)

)
= ρ (U1, U2) ,

by Definition 2.2.2 (Spearman’s Rho), where Ui = Fi(Xi) for i = 1, 2.

8
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Then recall that the formula for Pearson’s correlation coefficient is given by

ρ (U1, U2) =
Cov(U1, U2)√

Var(X1)Var(X2)
=

E[U1U2]− E[U1]E[U2]√
Var(X1)Var(X2)

.

Since U1 and U2 are both uniformly distributed on the interval [−1, 1], their variance and
expected value can be expressed as

Var(Ui) =
1

12
, and E[Ui] =

1

2
, for i = 1, 2,

which means that

ρ (U1, U2) =
E[U1U2]− 1

4
1
12

= 12 · E[U1U2]− 3

Finally, by Theorem 2.1.4 (Sklar’s Theorem), the joint distribution of (U1, U2) can be
expressed in terms of their copula C, allowing the expected value to be written as

E[U1U2] =

∫
[0,1]2

u1 u2 dC(u1, u2).

The expression for Spearman’s rho therefore becomes

ρ (U1, U2) = 12

∫
[0,1]2

u1u2dC(u1, u2)− 3,

concluding the proof.

2.2.2 Kendall’s Tau

Kendall’s tau is another rank-based correlation coefficient, measuring the strength of asso-
ciation between two variables based on the ordering of their observations rather that their
actual values. This rank-based association is formalized through the notions of Concordant
and Discordant Pairs. (See Nelsen [2006])

Definition 2.2.4. Concordant and Discordant Pairs
Let (X1, X2) be a pair of random variables, each with n ∈ N observations. Consider two
distinct observation from this pair, (x1,k, x2,k) and (x1,l, x2,l), where k, l ∈ {1, . . . , n}
and k ̸= l. This observation pair is classified as

• Concordant if both variables move in the same direction, i.e., either x1,k < x1,l

and x2,k < x2,l or x1,k > x1,l and x2,k > x2,l.

• Discordant if the variables move in opposite directions, i.e., either x1,k < x1,l and
x2,k > x2,l or x1,k > x1,l and x2,k < x2,l.

9
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Concordant pairs are therefore determined as those observation pairs that preserve the same
ordering across both variables, whereas discordant pairs are those for which the ordering is
reversed. Kendall’s tau quantifies the overall tendency of the pair by comparing the total
number of concordant and discordant observation pairs. (See Czado [2019])

Specifically, for a pair of variables (X1, X2) based on a sample of n observations, the
empirical Kendall’s tau, τ̂ ∈ [−1, 1], is given as

τ̂ (X1, X2) =
Nc −Nd(

n
2

) =

(
n

2

)−1 ∑
1≤k<l≤n

sign
(
(x1,k − x1,l)(x2,k − x2,l)

)
, (2.3)

where
(
n
2

)
denotes the total number of unique observation pairs, and Nc, Nd ∈ N denote

the number of concordant and discordant observation pairs, respectively.

The first expression in (2.3) is the normalized difference between the number of concordant
and discordant observation pairs, which can be interpreted as the overall tendency for the
pair (X1, X2) to move together. The second expression is an equivalent measure, just with
the numerator rewritten as a sum over all observation pairs using the sign function, which
is defined as

sign
(
(x1,k − x1,l)(x2,k − x2,l)

)
=


+1, if the pair is concordant,
−1, if the pair is discordant,
0, otherwise.

This empirical version of Kendall’s tau thereby provides a concrete way of estimating the
dependence between a pair of variables directly from observed data. (see Ruppert and
Matteson [2015])

This concept can also be extended to a theoretical setting, where Kendall’s tau for a pair of
random variables (X1, X2) is defined as the probability that two independent observations
drawn from the same joint distribution are concordant or discordant.

Definition 2.2.5. Kendall’s Tau
Let (X1, X2) be a pair of random variables. Kendall’s Tau, τ ∈ [−1, 1], for (X1, X2) is
defined as

τ(X1, X2) = P
(
(X1,1 −X2,1)(X1,2 −X2,2) > 0

)
− P

(
(X1,1 −X2,1)(X1,2 −X2,2) < 0

)
,

where (X1,1, X1,2) and (X2,1, X2,2) are i.i.d. copies of (X1, X2).

In other words, Kendall’s Tau measures the probability that a pair of i.i.d. observations
move in the same or opposite directions. Specifically, when τ(X1, X2) > 0 concordant

10
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pairs are more likely, when τ(X1, X2) < 0 discordant pairs are more likely, and when
τ(X1, X2) = 0 there is no tendency for the variables to move together.

From Definition 2.2.5 (Kendall’s Tau) it also becomes clear, that Kendall’s tau is based
solely on the dependence structure of the variables and not their marginal distributions,
which allows it to be expressed directly in terms of the copula associated with (X1, X2), as
stated in the following theorem. (See Czado [2019])

Theorem 2.2.6. Copula Representation of Kendall’s Tau
Let (X1, X2) be a pair of continuous random variables with copula C. Kendall’s Tau,
τ ∈ [−1, 1], for (X1, X2) can be expressed as

τ(X1, X2) = 4

∫
[0,1]2

C(u1, u2) dC(u1, u2)− 1,

where u1 = FX1(x1) and u2 = FX2(x2) denote the marginal distribution functions of
X1 and X2, respectively, so that ui ∼ Uniform(0, 1) for i = 1, 2.

Proof. This proof is omitted, but it can be found in [Czado, 2019, p. 32–33].

It has now been established that Kendall’s tau can be expressed either in terms of proba-
bilities of concordant and discordant pairs or directly through the copula of the variables,
while remaining invariant to their marginal distributions. This makes it a robust measure
of the overall dependence structure between variables, reflecting how they move together.
However, Kendall’s tau primarily captures the general tendency of association and does
not provide any information about tail behaviour. To address this limitation, it is therefore
useful to also introduce tail dependence.

2.2.3 Tail Dependence

Tail Dependence is a difference type of dependence measure compared to Spearman’s rho
and Kendall’s tau, as it assesses the strength of association between a pair of variables in
the tail of their distributions. One way of defining tail dependence is in terms of the pairs’
marginal distribution functions.

11
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Definition 2.2.7. Tail Dependence
Let X1 and X2 be two continuous random variables with marginal distribution func-
tions F1 and F2. The Lower-Tail Dependence Coefficient of the pair (X1, X2),
λL ∈ [0, 1], is defined as

λL(X1, X2) = lim
q ↓ 0

P
(
X2 ≤ F−1

2 (q)
∣∣ X1 ≤ F−1

1 (q)
)
,

while the Upper-Tail Dependence Coefficient, λU ∈ [0, 1], is defined as

λU(X1, X2) = lim
q ↑ 1

P
(
X2 > F−1

2 (q)
∣∣ X1 > F−1

1 (q)
)
,

with q ∈ [0, 1], if the limits exist.

Hence, the lower tail dependence coefficient, λL(X1, X2), quantifies the limiting probability
that X2 takes on an extremely low value given that X1 is already very low, while the upper
tail dependence coefficient, λU(X1, X2), captures the limiting probability that X2 takes on
an extremely high value given that X1 is already high. In terms of interpretation, values
close to 1 indicate a strong tail dependence, meaning that extreme events tend to occur
together, while values close to 0 indicate a weak tail dependence, where extreme events are
unlikely to coincide.

While Definition 2.2.7 (Tail Dependence) provides a definition for tail dependence in terms
of marginal distribution functions of the variables, it is also possible to define it in terms
of the copula of the pair (X1, X2).

Theorem 2.2.8. Copula Representation of Tail Dependence
Let X1 and X2 be two continuous random variables with marginal distribution func-
tions F1 and F2 and let C be the copula of (X1, X2). The Lower-Tail Dependence
Coefficient of the pair (X1, X2), λL ∈ [0, 1], is defined as

λL(X1, X2) = lim
q ↓ 0

C(q, q)

q
,

while the Upper-Tail Dependence Coefficient, λU ∈ [0, 1], is defined as

λU(X1, X2) = lim
q ↑ 1

1− 2q + C(q, q)

1− q
,

where q ∈ [0, 1], if the limits exist.

Proof. In order to prove Theorem 2.2.8 (Copula Representation of Tail Dependence), be-
gin with the definition of the lower-tail dependence coefficient from Definition 2.2.7 (Tail
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Dependence), which for q ∈ [0, 1] is given as

λL(X1, X2) = lim
q ↓ 0

P
(
X2 ≤ F−1

2 (q)
∣∣ X1 ≤ F−1

1 (q)
)
, (2.4)

Then by the definition of conditional probability,

P
(
X2 ≤ F−1

2 (q)
∣∣ X1 ≤ F−1

1 (q)
)
=

P
(
X2 ≤ F−1

2 (q), X1 ≤ F−1
1 (q)

)
P
(
X1 ≤ F−1

1 (q)
) (2.5)

Now since X1 and X2 are both continuous, their marginal distribution functions, F1 and
F2, are also continuous. It then follows from Theorem 2.1.4 (Sklar’s Theorem) that the
joint probability in the numerator of (2.5) can be expressed in terms of the copula C. In
particular,

P
(
X2 ≤ F−1

2 (q), X1 ≤ F−1
1 (q)

)
= C

(
F
(
F−1
1 (q)), F2(F

−1
2 (q)

))
= C(q, q),

where the last equality follows Definition A.0.4 (Quasi-Inverse).

Similarly, the denominator can be written as

P
(
X1 ≤ F−1

1 (q)
)
= F1

(
F−1
1 (q)

)
= q.

Combining these expressions, the lower-tail dependence coefficient in (2.4) can be written
as

λL(X1, X2) = lim
q ↓ 0

C(q, q)

q
. (2.6)

The proof for the upper-tail dependence coefficient follows a similar approach, where it can
be expressed as

λU(X1, X2) = lim
q ↑ 1

P
(
X2 > F−1

2 (q)
∣∣ X1 > F−1

1 (q)
)
= lim

q ↑ 1

P
(
X2 > F−1

2 (q), X1 > F−1
1 (q)

)
P
(
X1 > F−1

1 (q)
) ,

for q ∈ [0, 1] according to Definition 2.2.7 (Tail Dependence) and the definition of condi-
tional probability.

Then using the laws of probability, the numerator can be written as

P
(
X2 > F−1

2 (q), X1 > F−1
1 (q)

)
= 1− P

(
X1 ≤ F−1

1 (q)
)
− P

(
X2 ≤ F−1

2 (q)
)

+ P
(
X1 ≤ F−1

1 (q), X2 ≤ F−1
2 (q)

)
= 1− q − q + C(q, q),

and using the complement rule, the denominator becomes

P
(
X1 > F−1

1 (q)
)
= 1− P

(
X1 ≤ F−1

1 (q)
)
= 1− q.
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Now combining these expressions, the upper-tail dependence coefficient can be written as

λU(X1, X2) = lim
q ↑ 1

1− 2q + C(q, q)

1− q
, (2.7)

which completes the proof.

In summary, all dependence measures introduced in this section can be expressed either
in terms of the joint probability of the pair (X1, X2) or equivalently in terms of their
copula. Spearman’s rho and Kendall’s tau captures the overall dependence between the
variables, while tail dependence focuses specifically on the co-movements in the tails of
the distributions, so together, these measures provide a complementary insight into the
dependence structure.

2.3 Families of Copulas

As discussed in Section 2.2 (Dependence Measures), choosing an appropriate copula family
when modelling the dependence structure between random variables is crucial, as different
copula families impose specific assumptions on the dependence structure. The two main
classes of copula families, included in this project, are the Elliptical and the Archimedean
copulas, which differ in their flexibility and their ability to capture asymmetric dependence
and extreme co-movements.

2.3.1 Elliptical Copulas

Elliptical copulas are derived from multivariate elliptical distributions, such as the multi-
variate Gaussian or Student’s t distributions, which are both included in this section.

The key idea behind elliptical copulas is to isolate the dependence structure of an elliptical
distribution by transforming the marginals into uniform variables. Specifically, given a d-
dimensional elliptical distribution function F with marginal distributions F1, . . . , Fd, each
marginal is transformed using Theorem A.0.3 (Probability Integral Transform), such that
Fi(xi) = ui, where Ui ∼ Uniform(0, 1), for all i ∈ {1, . . . , d}. Once the margins are
uniform, Theorem 2.1.4 (Sklar’s Theorem) can be applied to construct the elliptical copula
by evaluating the joint distribution at the inverse marginal distribution functions of these
uniform variables, i.e.,

C(u1, . . . , ud) = F
(
F−1
1 (u1), . . . , F

−1
d (ud)

)
.

This formula illustrates how the elliptical copula can be used to separate the dependence
structure form the marginal distributions, providing a flexible framework for modelling the
joint behaviour, while preserving the behaviour of each individual variable.
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The Gaussian Copula

The most well-known elliptical copula is the Gaussian copula, which is constructed from
the multivariate normal distribution and is defined the following definition.

Definition 2.3.1. Gaussian Copula
Let d ≥ 2 and let ΦP : Rd → [0, 1] denote the standardized d-dimensional normal
distribution function with correlation matrix P ∈ Rd×d, where P is symmetric, positive
definite and satisfies diag(P ) = (1, . . . , 1)T . The Gaussian Copula is then defined as

CGa
P (u1, . . . , ud;P ) = ΦP

(
Φ−1(u1), . . . ,Φ

−1(ud)
)
,

for all (u1, . . . , ud) ∈ [0, 1]d, with the corresponding copula density

cGa
P (u1, . . . , ud;P ) = |P |−

1
2 exp

(
−1

2
ςT
(
P−1 − Id

)
ς

)
,

where ς =
(
Φ−1(u1), . . . ,Φ

−1(ud)
)T .

So basically, the Gaussian copula captures the dependence structure of a multivariate
normal distribution while allowing the marginals to follow any continuous distribution.
(See Cherubini et al. [2004])

The dependence structure is entirely characterized by the correlation matrix P = [ρi,j],
where ρi,j ∈ [−1, 1] for i, j ∈ {1, . . . , d} with i ̸= j describes the pairwise linear dependence
between the variables. In particular, values of ρi,j close to 1 or −1 indicate a strong positive
or negative dependence, respectively, while values of ρi,j = 0 indicate independence between
the two variables. (See Czado [2019])

In the special case of two variables, i.e., the bivariate Gaussian copula, the dependence
is fully described by ρ1,2 = ρ2,1 as the correlation matrix is symmetric. This dependence
structure can be further analysed by implementing a dependence measure, such as Kendall’s
tau, τ

(
CGa

P

)
, or Spearman’s rho, ρs

(
CGa

P

)
, which are given as

τ
(
CGa

P

)
=

2

π
arcsin(ρ1,2), and ρs

(
CGa

P

)
=

6

π
arcsin

(
ρ1,2
2

)

or by the tail dependence coefficients, which is expressed as

λL

(
CGa

P

)
= λU

(
CGa

P

)
= 0,

Notice, that the Gaussian copula exhibits no tail dependence, meaning that extreme values
in one variable do not increase the probability of extreme values in the other variable. This
might be a limitation in many financial applications, where extreme values often occur
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simultaneously and need to be accounted for properly. An alternative elliptical copula is
therefore the Student’s t copula, which allows for tail dependence and is presented in the
next section. (See Cherubini et al. [2004])

The Student’s t Copula

The Student’s t Copula is a natural extension of the Gaussian copula within the class
of elliptical copulas. It is derived from the multivariate Student’s t distribution, whose
heavier tails allow for greater flexibility, as it is able to capture extreme co-movements in
the tails. A formal definition of the Student’s t Copula is provided below.

Definition 2.3.2. Student’s t Copula
Let d ≥ 2 and let tP,ν : Rd → [0, 1] denote the standardized d-dimensional Student’s t
distribution function with ν > 0 degrees of freedom and correlation matrix P ∈ Rd×d,
where P is symmetric, positive definite and satisfies diag(P ) = (1, . . . , 1)T . The d-
Dimensional Student’s t Copula is then defined as

Ct
P,ν(u1, . . . , ud;P, ν) = tP,ν

(
t−1
ν (u1), . . . , t

−1
ν (ud)

)
,

for all (u1, . . . , ud) ∈ [0, 1]d, with the corresponding copula density is

ctP,ν(u1, . . . , ud;P ) = |P |−
1
2

Γ
(

ν+d
2

) (
Γ
(
ν
2

))d (
1 + 1

ν
ςTP−1ς

)− ν+d
2(

Γ
(
ν+1
2

))d
Γ
(
ν
2

) ∏d
i=1

(
1 +

ς2i
ν

)− ν+1
2

where ς =
(
t−1
ν (u1), . . . , t

−1
ν (ud)

)T and t−1
ν : R → [0, 1] denotes the inverse of the

univariate standard student’s t distribution with ν degrees of freedom.

In contrast to the Gaussian copula, the dependence structure of the Student’s t Copula
is characterised by both the correlation matrix P , and the degrees of freedom parameter
ν. Here, the correlation matrix P plays the same role as in the Gaussian copula Subsec-
tion 2.3.1, capturing the linear dependence between the variables, while the degrees of free-
dom parameter ν controls the heaviness of the tails, where smaller values of ν correspond
to heavier tails and increases the probability of extreme values occurring simultaneously
in the variables. Consequently, the Student’s t copula provides a more flexible framework
for modelling dependence in cases where extreme co-movements are present. (See Bouye
et al. [2000])

Similarly to the Gaussian copula, the dependence measures for the Student’s t copula
depend only on the correlation parameter ρ1,2 = ρ2,1, and can be expressed as

τ
(
Ct

P,ν

)
= τ

(
CGa

P

)
and ρs

(
Ct

P,ν

)
= ρs

(
CGa

P

)
,

meaning that they are identical to corresponding measures for the Gaussian copula.
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However, while the Gaussian copula exhibits no tail dependence, the Student’s t-copula
allows for symmetric tail dependence, as captured by the tail dependence coefficients, which
are given by

λL

(
Ct

P,ν

)
= λU

(
Ct

P,ν

)
= 2 tν+1

−

√
(ν + 1)(1− ρ)

1 + ρ

 ,

where tν+1 denotes the univariate standard student’s t distribution function with ν + 1
degrees of freedom. (See Czado [2019])

2.3.2 Archimedean Copulas

Archimedean copulas are another widely used class of copulas, particularly known for their
flexibility and their ability to model asymmetric tail dependencies. Unlike elliptical copulas,
Archimedean copulas are able to capture asymmetric dependence structures, allowing for
different behaviour in the lower and the upper tails. This makes them especially useful in
situations where joint extreme events are more likely to occur in one tail than the other.

A key feature of Archimedean copulas is that they can be written in an explicit form.
Rather than being constructed through Sklar’s Theorem, as in the case of elliptical copulas,
they are defined via a function, known as the additive generator, which is introduced in
the following definition. (See Jaworski et al. [2010])

Definition 2.3.3. Additive Generator
A function φ : [0,∞[→ [0, 1] is said to be an Additive Generator if

1. it is continuous,
2. it is decreasing,
3. it satisfies

φ(0) = 1, and lim
t→∞

φ(t) = 0,

4. it is strictly decreasing on [0, t0], where t0 = inf{t > 0 : φ(t) = 0}.

Remark. The Pseudo-inverse of the additive generator is defined as

φ(−1)(t) =

{
φ−1(t), t ∈]0, 1],
t0, t = 0.

The additive generator and its pseudo-inverse fully determines the structure of an Archimedean
copula, which is defined in the following definition.
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Definition 2.3.4. Archimedean Copula
Let d ≥ 2 and let C be a d-copula. If there exists an additive generator φ, such that

C(u) = φ
(
φ(−1)(u1) + · · ·+ φ(−1)(ud)

)
for every u ∈ [0, 1]d, then C is called a Archimedean copula.

Archimedean copulas include some of the most well-known copula families, such as the
Gumbel copula, the Clayton Copula and the Frank Copula, which will be the focus of the
remainder of this section. (See Durante and Sempi [2016])

The Gumbel Copula

The Gumbel copula is particularly well-suited for situations where extreme joint events are
more likely to occur in the upper tail, as it effectively captures upper tail dependence. Being
a Archimedean copula, it can be expressed in a simple, explicit form, which is introduced
in the following definition.

Definition 2.3.5. Gumbel Copula
Let d ≥ 2 and let α ≥ 1. A d-copula defined as

CGum
α (u1, . . . , ud) = exp

−

 d∑
i=1

(− log(ui))
α

1/α
 (2.8)

for (u1, . . . , ud) ∈ [0, 1]d is referred to as a Gumbel copula with the Archimedean gen-
erator φα(t) = exp

(
−t1/α

)
, where t ∈ [0,∞).

The Gumbel copula can therefore be defined either through the explicit formula in (2.8)
or by it Archimedean generator.

The parameter α governs the strength of dependence between the variables, where a higher
value of α corresponds to stronger dependence and more pronounced upper tail behaviour.
In the bivariate case, this dependence can be quantified using the measures introduced
in Section 2.2 (Dependence Measures). For the bivariate Gumbel copula, Kendall’s tau,
τ(CGum

α ) ∈ [0, 1], is given by

τ(CGum
α ) =

α− 1

α
,

whereas Spearman’s rho does not admit a closed-form expression, but can be evaluated
numerically using Theorem 2.2.3 (Copula Representation of Spearman’s Rho). The lower-
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and upper-tail dependence coefficients are expressed as

λL

(
CGum

α

)
= 0, λU

(
CGum

α

)
= 2− 21/α.

Notice, that the Gumbel copula is asymmetric, exhibiting a positive dependence in the
upper-tail, while the lower tail is asymptotically independent, with λL = 0. This means,
that it is best suited for variables where extreme high values tend to occur simultaneously,
and where extreme low values are unlikely to occur together. (See Czado [2019])

The Clayton Copula

As opposed to the Gumbel copula, the Clayton copula is more well-suited for modelling
situations in which extreme joint events occur more frequently in the lower tail. Like other
Archimedean copulas, it can be expressed either through an explicit formula or via its
Archimedean generator, which are both provided in the following definition.

Definition 2.3.6. Clayton Copula
Let d ≥ 2 and let α ≥ −1

d−1
, where α ̸= 0. A d-copula defined as

CClay
α (u1, . . . , ud) = max


 d∑

i=1

(−u−α
i − (d− 1)

−1/α

, 0


for (u1, . . . , ud) ∈ [0, 1]d, is referred to as a Clayton copula with the Archimedean
generator φα(t) = (max {1 + αt, 0})−1/α, where t ∈ [0,∞).

Again, the parameter α determines the level of dependence between the variables, with
higher values of α corresponding to stronger lower-tail dependence. In the bivariate case,
Kendall’s tau τ(CClay

α ) ∈ [0, 1], is given by

τ(CClay
α ) =

α

α + 1
,

while Spearman’s rho does not admit a closed-form expression. The lower- and upper tail
dependence coefficients are given as

λL

(
CClay

α

)
=

{
2−1/α, a > 0,

0, α ∈ [−1, 0],
λU

(
CClay

α

)
= 0.

These two tail dependence coefficients emphasize that the Clayton copula is asymmetric,
showing pronounced lower-tail dependence. It is therefore most appropriate for modelling
variables where extreme low values tend to occur simultaneously. (See Durante and Sempi
[2016])
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The Frank Copula

Unlike the Gumbel and Clayton copulas, the Frank copula is symmetric and best suited
for variables in which extreme co-movements are unlikely in either of the tails. The Frank
copula is introduced in the following definition.

Definition 2.3.7. Frank Copula
Let d ≥ 2 and let α > 0. A d-copula defined as

CFrank
α (u1, . . . , ud) = − 1

α
log

(
1 +

∏d
t=1

(
e−αui − 1

)
(e−α − 1)d−1

)

for (u1, . . . , ud) ∈ [0, 1]d, is referred to as a Frank copula with the Archimedean gener-
ator φα(t) =

1
α
log
(
1−

(
1− e−α

)
e−t
)
, where t ∈ [0,∞).

The parameter α governs the overall dependence between the variables, with larger values
indicating a stronger dependence.

In the bivariate case, Kendall’s tau, τ(CFrank
α ) ∈ [−1, 1], is given by

τ(CFrank
α ) = 1− 4

α

(
1−D1(α)

)
and Spearman’s rho is given by

ρs(C
Frank
α ) = 1− 12

α

(
D1(α)−D2(α)

)
,

where Dn is the Debye function, which for any n ∈ N is defined as

Dn(x) =
n

xn

∫ x

0

tn

et − 1
dt.

As stated in the beginning, the Frank copula exhibits no tail dependence, meaning that
both tail dependence coefficients are

λL

(
CFrank

α

)
= λU

(
CFrank

α

)
= 0.

Consequently, the Frank copula is best suited for modelling moderate, symmetric depen-
dence, rather then extreme co-movements. (See Durante and Sempi [2016])
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Rotated Copulas

Rotated copulas can be seen as an extension of bivariate copula families, particularly within
the class of Archimedean copulas. In many cases, such as for the Gumbel and Clayton cop-
ulas, Archimedean copulas exhibit asymmetric tail dependence, meaning that dependence
is present in either the lower- or the upper-tail, but not in both.

This asymmetry naturally motivates the use of transformations, which provide more flexi-
bility and allow the dependence structure to be adapted to different tail behaviours. One
such transformation is rotations, which provide a simple method for preserving the copula
structure, as defined in Definition 2.1.3 (Copula), while also modifying the way dependence
is allocated between the tails. The notation of rotated copulas is formally introduced in
the following definition.

Definition 2.3.8. Rotated Copulas
Let C be a 2-dimensional Archimedean copula. The 90, 180 and 270 degree rotations
of C are then given as

C90(u1, u2) = u2 − C(1− u2, u1),

C180(u1, u2) = u1 + u2 − 1 + C(1− u1, 1− u2),

C270(u1, u2) = u1 − C(u2, 1− u1)

respectively, where (u1, u2) ∈ [0, 1]2.

Basically, a rotated copula can be seen as a transformation of the original copula, where
the tail dependence structure is altered. In particular, a 180 degree rotated copula, C180,
corresponds to an interchange of the lower- and upper-tail dependence. For instance, the
180 degree rotated Gumbel copula, also referred to as the Survival Gumbel copula, is a
reflection of the Gumbel copula, exhibiting lower tail dependence instead of upper tail
dependence. This means that the Survival Gumbel copula can be expressed as

CGum,180
α = u1 + u2 − 1 + CGum

α (1− u1, 1− u2),

with the tail dependence coefficients

λL

(
CGum,180

α

)
= 2− 21/α, λU

(
CGum,180

α

)
= 0,

highlighting that the rotation do not change the copula structure, but only the direction of
the tail dependence. Rotated copulas are therefore a useful tool for modelling asymmetric
dependence structures within the class of Archimedean copulas. (See Czado [2019])
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3 | Vine Copulas

While copulas provide a flexible method for modelling dependence between random vari-
ables by separating their individual behaviour from the dependence structure, limitations
tend to arise as the dimensionality increases. In particular, many copula families impose
restrictive assumptions on the dependence structure. For instance, the Archimedean cop-
ulas, presented in Subsection 2.3.2 (Archimedean Copulas), rely on a single parameter,
α, to describe the dependence between all variables, implying that the strength of depen-
dence must be the same across all variable pairs. On the other hand, elliptical copulas,
such as those presented in Subsection 2.3.1 (Elliptical Copulas), allow for different levels
of dependence between the variables by incorporating a correlation matrix P . However,
these copulas still exhibit some limitations, as the Gaussian copula cannot capture tail
dependence, while the Student’s t copula relies on the degrees of freedom parameter ν to
model the tail dependence, enforcing the same type of tail behaviour across all variables.

To overcome these limitations, vine copulas are introduced as a far more flexible approach
in which multivariate copulas are constructed from a sequence of bivariate copulas by
implementing a technique called the pair-copula constructions (PCC). This technique will
be presented in the following sections together with the construction of vine and R-vine
copulas, which provide a framework for organizing these bivariate building blocks.

3.1 Pair-Copula Construction

Pair-copula constructions (PCCs) provide a flexible framework for modelling complex de-
pendence structures in high dimensions by decomposing a joint density into a sequence
of bivariate copulas and marginal densities. Using such a decomposition provides greater
flexibility, as each bivariate copula can be chosen independently, allowing the dependence
between pairs of variables to reflect their individual relationships rather than enforcing the
same dependence structure across all pairs. In order to implement PCC it is assumed that
the joint distribution, F , of a random vector X is absolutely continuous. This guarantees
the existence of a joint density, f , which forms the basis for the PCC decomposition.

For an intuitive understanding of PCC, consider a random vector X = (X1, . . . , Xd) with
marginal densities f1(x1), . . . , fd(xd) and joint density f(x1, . . . , xd). The joint density can
then be decomposed into a product of conditional densities using the chain rule, such that

f(x1, . . . , xd) = f(xd|x1, . . . , xd−1) · f(xd−1|x1, . . . , xd−2) · · · f(x2|x1) · f1(x1).

This decomposition is the starting point of PCC, as it allows the joint density to be
expressed as a sequence of conditional densities. The idea is then to express each conditional
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density in terms of bivariate copulas, thereby reducing the modelling of high-dimensional
dependence structures into a collection of bivariate copulas, which are considerably easier
to estimate and interpret.

To exemplify this approach, consider a bivariate case with two random variables X1 and
X2 with marginal density functions f1 and f2. Their joint density can then be expressed
as

f(x1, x2) = f(x2|x1) · f1(x1). (3.1)

Using (2.2), the same joint density can be expressed using a bivariate copula c1,2, such that

f(x1, x2) = c1,2
(
F1(x1), F2(x2)

)
· f1(x1) · f2(x2), (3.2)

where F1 and F2 denote the marginal distributions of X1 and X2, respectively. Using (3.2),
it is possible to rewrite the conditional density, f(x1|x2), in (3.1) as

f(x2|x1) =
f(x1, x2)

f1(x1)

=
c1,2
(
F1(x1), F2(x2)

)
· f1(x1) · f2(x2)

f1(x1)

= c1,2
(
F1(x1), F2(x2)

)
· f2(x2). (3.3)

This shows how the conditional density can be expressed by the bivariate copula density c1,2
and the marginal density f2, and thereby how the dependence structure can be separated
from the marginal behaviour, which is the essence of PCC. (See Jaworski et al. [2010])

To understand how this extends to higher dimensions, consider the three-dimensional case
with the random variables X1, X2 and X3 and their marginal densities f1, f2 and f3. The
joint density can be expressed as

f(x1, x2, x3) = f(x3|x1, x2) · f(x2|x1) · fx1(x1).

In contrast to the two-dimensional case, this expression contains the conditional density,
f(x3|x1, x2), which involves multiple conditioning variables. This is where the recursive
structure becomes apparent, because instead of modelling f(x3|x1, x2) directly, the idea of
PCC is to decompose it into simpler components, such that

f(x3|x1, x2) = c1,3|2
(
F (x1|x2), F (x3|x2)

)
· f(x3|x2),
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where

f(x3|x2) = c2,3
(
F2(x2), F3(x3)

)
· f3(x3).

Using the expression for f(x2|x1), derived in (3.3), the joint density can be written as

f(x1, x2, x3) = c1,3|2
(
F (x1|x2), F (x3|x2)

)
· c2,3

(
F2(x2), F3(x3)

)
· c1,2

(
F1(x1), F2(x2)

)
· f3(x3) · f2(x2) · f1(x1).

This decomposition illustrates the idea of PCC in higher dimensions, as the joint density
is expressed as a product of marginal densities and bivariate copulas. The dependence
structure is therefore fully captured through the copulas c1,2 c2,3 and c1,3|2, rather than
through a single copula.

An important note is that this decomposition is not unique. In particular, the representa-
tion of the conditional density f(x3|x1, x2) can be decomposed in different ways depending
on the choice of the conditioning variable in the copula density. For example, an alternative
decomposition of f(x3|x1, x2) is

f(x3|x1, x2) = c2,3|1
(
F (x2|x1), F (x3|x1)

)
· f(x3|x1),

where the role of the conditioning variable is shifted from X2 to X1, resulting in a different
but equivalent decomposition.

Formalizing the structure of PCC in a d-dimensional setting, the conditional density of Xi

given a set of variables Xv =
(
Xv1 , . . . , Xvd−1

)
can be written as

f(xi|xv) = ci,vj |v−j

(
F (xi|xv−j

), F (xvj |xv−j
)
)
· f(xi|xv−j

), (3.4)

for any i ∈ {1, . . . , d}, where vj ∈ v and v−j = v \{vj}. The choice of vj is arbitrary, which
reflects the non-uniqueness of the decomposition.

The copula densities appearing in (3.4) can be expressed as

ci,vj |v−j

(
F
(
xi|xv−j

)
, F
(
xvj |xv−j

))
=

∂2Ci,vj |v−j

(
F
(
xi|xv−j

)
, F
(
xvj |xv−j

))
∂F
(
xi|xv−j

)
∂F
(
xvj |xv−j

) ,

whereas the corresponding conditional distribution functions can be obtained by
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F (xi|xv) =
∂Ci,vj |v−j

(
F
(
xi|xv−j

)
, F
(
xvj |xv−j

))
∂F
(
xvj |xv−j

) ,

where Ci,vj |v−j
denotes the underlying bivariate copula. (See Czado [2019])

PCC therefore provides a flexible approach for modelling high-dimensional distributions
through bivariate copulas. However, it does not specify how these bivariate copulas should
be organised. This motivates the introduction of vine copulas, which provide a hierarchical
structure for arranging these bivariate copulas.

3.2 Vine Structures

In order to construct a vine copula, it is essential to understand the underlying structure of
vines. Vines are graphical models that provide a systematic framework for organising the
bivariate building blocks obtained from the PCC introduced in Section 3.1. However, before
presenting a formal definition of vines, some fundamental concepts within graph theory
must be introduced. First, is the definition of a graph, which formalizes the relationships
between nodes and edges.

Definition 3.2.1. Graph
A graph is defined as a pair (N,E), where

• N is a non-empty set of nodes,

• E ⊆ {{a, b} : a, b ∈ N, a ̸= b} is a set of edges,

• d(v) is the number of nodes connected to the node v ∈ N by an edge and is
referred to as the degree of v.

The definition of a graph provided in Definition 3.2.1 is typically referred to as an undirected
graph, meaning that the connection between two nodes does not have any specific direction.
In contrast, if the connection between the nodes have a clear direction, the graph is referred
to as a directed graph. (See Czado [2019])

Building on to this framework, it is natural to consider how multiple nodes can be connected
through a sequence of edges. This concept is referred to as a path and is formally defined
in the following definition together with a cycle.

Definition 3.2.2. Path and Cycle
Let k ∈ N0, and consider the node set N = {v0, v1, . . . , vk} and the edge set E =
{{v0, v1}, {v1, v2}, . . . , {vk−1, vk}}. A path is defined as a graph P = (N,E) and a
cycle is defined as a path where v0 = vk.
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A path can thereby be interpreted as a route through the graph, where the nodes are
connected sequentially by the edges, while a cycle represents a path that starts and ends
at the same node. The presence or absence of such a cycle is important when characterizing
different types of graphs. In particular, a tree is a special type of graph with no cycles.
(See Czado [2019])

Definition 3.2.3. Tree
A tree is a graph T = (N,E) in which any two nodes a, b ∈ N are connected by a
unique path.

So basically, a tree is connected, meaning that every node can be reached from any other
node through a sequence of edges, and also that it contains no cycles. This acyclic property
of trees provides the foundation for the definition of a vine, presented below.

Definition 3.2.4. Vine
Let d,m ∈ N, with d ≥ 2. A set of trees V = (T1, . . . , Tm) is called a vine on d elements
if

• T1 is a tree with node set N1 = {v1, . . . , vd} and edge set E1.

• for i = 2, . . . ,m, the tree Ti has a node set Ni and an edge set Ei, where

Ni ⊂ N1 ∪ E1 ∪ . . . ∪ Ei−1.

Essentially, a vine is a hierarchical sequence of trees, where the edges of Ti serve as the
nodes of Ti+1 for all i = 2, . . . ,m. This recursive structure allows complex multivariate
dependencies to be decomposed into bivariate building blocks, which may be conditioned
on other variables. It also provides a graphical representation of the dependence structure
in the joint distribution, making it easier to specify and interpret the relationships between
variables. Two commonly used vine structures are the Canonical vine (C-vine), where one
variable is chosen as the central node connected to all other nodes, and the Drawable vine
(D-vine), in which the nodes are arranged in a single line structure. Both of these vine
structures are presented in greater detail in Appendix A.1. The focus of this thesis is
the Regular vine (R-vine), which generalizes both C-vines and D-vines by allowing a more
flexible tree structure.

26



Vine Copulas Aalborg University

Definition 3.2.5. Regular Vine (R-Vine)
Let d ≥ 2. A vine V = (T1, . . . , Td−1) is called a regular vine (R-vine) on d elements if

• the tree T1 has node set N1 = {v1, . . . , vd} and edge set E1.

• for j = 2, . . . , d− 1
– the node set of the tree Tj is Nj = Ej−1.

– the proximity condition holds, i.e., any two nodes {a, b} ∈ Ej satisfy |a∩b| =
1.

Remark. The notation |a ∩ b| denotes the cardinality of the set a ∩ b, i.e., the number of
shared elements between the two nodes.

In practice, an R-vine is a sequence of trees, where the first tree, T1, represents the original
set of nodes, N1, with edges representing the connecting between them. Each subsequent
tree, Tj then uses the edges from the previous tree, Tj−1, as its nodes. An important rule
for these higher-level trees is the proximity condition, which requires that any two nodes in
Tj can only be connected by an edge if they share exactly one node from the previous tree.
To formally describe how the nodes and edges are organized across different tree-levels,
the concepts of complete union, conditioning set and conditioned set must be defined. (See
Bedford and Cooke [2002])

Definition 3.2.6. Complete Union, Conditioning and Conditioned Sets
Let d ≥ 2 and let V = (T1, . . . , Td−1) be a R-vine, then for any edge e ∈ Ei, where
i = 1, . . . , d− 1, the Complete Union of e is the subset defined by

Ae =

e, i = 1{
n ∈ N1

∣∣ ∃ e1 ∈ E1, . . . , ei−1 ∈ Ei−1, such that n ∈ e1 ∈ · · · ∈ ei−1 ∈ e
}
, i ≥ 2.

For e = {a, b} the Conditioning Set of e is defined as

De = Aa ∩ Ab,

and the Conditioned Sets of e are defined by

Ce,a = Aa \De, Ce,b = Ab \De,

where Ce = Ce,a ∪ Ce,b

The sets defined in Definition 3.2.6 describe the structure of an edge in an R-vine, meaning
that the complete union identifies all nodes that are included in the edge, the condition-
ing set specifies the nodes shared between the connected nodes, and the conditioned sets
contain the nodes that are unique to each. Using these sets, any edge e = {a, b} can be
compactly written as e = (Ce,a, Ce,b | De), clearly distinguishing the nodes in the condi-
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tioned sets from those in the conditioning set. To give a further understanding of these
concepts an example see Example 3.2.7.

Example 3.2.7. Consider an R-vine on d = 6 elements, whose structure is illustrated
in Figure 3.1.

T1

1 4 5

236

1,4 4,5

5,24,3

3,6

T2

1,4 4,5

5,24,33,6

1, 5|4

2, 4|51, 3|4
4, 6|3

T3

1, 5|4 2, 4|5

1, 3|4 4, 6|3

1, 2|4, 5

1, 6|3, 4

3, 5|1, 4

T4

1, 2|4, 53, 5|1, 4

1, 6|3, 4

2, 3|1, 4, 5

5, 6|1, 3, 4

T5

2, 3|1, 4, 5

5, 6|1, 3, 4

2, 6|1, 3, 4, 5

Figure 3.1: Example of an R-vine.

For the first tree, T1, the node set is N1 = {1, 2, 3, 4, 5, 6} and the edge set is

E1 = {{1, 4}, {4, 5}, {3, 6}, {4, 3}, {5, 2}}.

These edges in T1 form the foundation of the R-vine structure, because once they are
fixed, all edges in the subsequent trees are systematically determined according to the
proximity condition in Definition 3.2.5 (Regular Vine (R-Vine)).

Continuing to the second tree, T2, its nodes is defined as the edges from T1, such that
N2 = E1 and it edge set is

E2 = {{{1, 4}, {4, 5}}, {{4, 5}, {5, 2}}, {{4, 5}, {4, 3}}, {{4, 3}, {3, 6}}}.

Now consider as an example the edge e = {{1, 4}, {4, 5}} ∈ E2, the complete union is
then defined as the set Ae = {1, 4, 5}, whereas the conditioning set is De = {4} and
the conditioned set is Ce = {1, 5}.
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In the third tree, T3, the node set is N3 = E2 and the edge set consists of pairs of
nodes that satisfy the proximity condition. For example, the edge {{1, 5|4}, {2, 4|5}}
is included in E3 because these two nodes share exactly one node from T2, namely
{4, 5}. In contrast, there is no edge between the nodes {2, 4|5} and {4, 6|3} as they do
not share a node from T2.

3.3 R-Vine Copulas

Having established the graphical structure of R-vines, it is possible decompose a multi-
variate distribution into a sequence of bivariate building blocks using the PCC framework
introduced in Section 3.1. Each of these bivariate building blocks corresponds to an edge
in the R-vine and can be modelled by a bivariate copula, capturing the dependence be-
tween the variables associated with that edge. Thus, by arranging these bivariate copulas
according to the hierarchical R-vine structure, the resulting multivariate distribution can
be formally described as an R-vine specification. (See Bedford and Cooke [2002])

Definition 3.3.1. R-Vine Specification
Let d ≥ 2. The d-dimensional distribution function F of a random vector X =
(X1, . . . , Xd) is said to admit an R-vine specification if there exists a triplet (F ,V ,B)
such that

1. F = (F1, . . . , Fd) is a vector of continuous invertible marginal distribution func-
tions of X1, . . . , Xd.

2. V = (T1, . . . , Td−1) is an R-vine on d elements.

3. B = {Ce | e ∈ Ei ; i = 1, . . . , d − 1} is a set of bivariate copulas, such that for
each edge e = {a, b} ∈ Ei:

• Ce is the copula associated with the conditional distribution of XCe,a and
XCe,b given XDe = xDe ,

• Ce does not depend on the specific value of xDe .

As stated in Definition 3.3.1, a multivariate distribution function F of a random vector
X = (X1, . . . , Xd) can be represented by an R-vine structure through the triplet (R,V ,B),
if Xi has a continuous, invertible marginal distribution for all i = 1, . . . , d, the vine V is a
valid R-vine, and the set B consists of bivariate copulas associated with the edges of the
vine.

In this framework, each edge e = {a, b} is associated with a bivariate copula Ce, often
referred to as a pair copula, capturing the dependence between the two sets of variables
XCe,a and XCe,b conditioned on the set XDe , determined by the lower-level trees. For
example, taking the edge e = {{1, 5|4}, {2, 4|5}} from the third tree, T3, in Example 3.2.7,
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then XCe,a = X1, XCe,b = X2 and XDe = {X4, X5}, so that the corresponding pair copula
can be written as C1,2|4,5. An commonly imposed assumption of each pair copula, Ce, is
that it does not depend on the specific values of the conditioning variables xDe , which is
referred to as the simplifying assumption. With these notations, each pair copula can be
written as CCe,a,Ce,b|De , with corresponding density cCe,a,Ce,b|De .

Based on Definition 3.3.1 (R-Vine Specification), it is now possible to define its correspond-
ing density, which is expressed in the following theorem.

Theorem 3.3.2. R-vine Density
Let d ≥ 2 and assume that the triplet (F ,V ,B) satisfy the properties (1) − (3) of
Definition 3.3.1 (R-Vine Specification). Then there exists a unique d-dimensional dis-
tribution function F that realizes this R-vine copula specification with density

f(x1, . . . , xd) =
d∏

j=1

fj(xj)
d−1∏
i=1

∏
e∈Ei

cCe,a,Ce,b|De

(
FCe,a|De(xCe,a | xDe), FCe,b|De(xCe,b | xDe)

)
,

where e = {a, b}, fi denotes the density for Fi for i = 1, . . . , d, and xDe = {xi|i ∈ De}.

Proof. This proof is omitted, but it can be found in [Bedford and Cooke, 2001, p. 259 –
260].

The density provided in Theorem 3.3.2 is fully consistent with the formula for the joint
density introduced in Section 3.1 (Pair-Copula Construction). In particular, the structure
of the R-vine density is based on the same idea as in PCC, where a d-dimensional density
is decomposed into a product of marginal densities and bivariate copulas.

The main difference is that in this R-vine framework, the bivariate copulas are organised
in a systematic and hierarchical way. More precisely, each tree Ti in the R-vine V =
(T1, . . . , Td−1) consists of an edge set Ei, where every edge e = {a, b} ∈ Ei corresponds to
a bivariate copula density cCe,a,Ce,b|De , Here, the conditioning set, De, specifies the variables
that have already been accounted for in previous trees, while the conditioned sets, Ce,a and
Ce,b, specify the variables whose conditional dependence is modelled at the current stage.
As an example, consider tree T3 in Example 3.2.7. Here the edge connecting the nodes
{1, 5|4} and {1, 3|4} is associated with the conditional copula density c3,5|1,4, modelling
the dependence between X3 and X5 given X1 and X4. This specific copula density can be
denoted as

c3,5|1,4
(
F5|1,4(x5|x1, x4), F3|1,4(x3|x1, x4)

)
,

illustrating how the copula density should be interpreted within the R-vine structure. (See
Dißmann et al. [2013])
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One of the main difficulties in evaluating the R-vine density in Theorem 3.3.2 lies in com-
puting the conditional distributions FCe,a|De(xCe,a | xDe) and FCe,b|De(xCe,b | xDe), which
are not specified directly in the model, but are derived recursively, as described in Theo-
rem 3.3.1 (Sequential Estimation).

It is now possible to define an R-vine copula, as a special case of the R-vine specification,
where the marginals are uniformly distributed.

Definition 3.3.3. R-Vine Copula
A R-vine copula is an R-vine specification (F ,V ,B), whose marginal distributions are
all uniform on [0, 1].

Thus, this definition implies that an R-vine copula can be constructed by applying the
transformation defined in Theorem A.0.3 (Probability Integral Transform), such that the
transformed variables are defined by Fi(xi) := ui for i = 1, . . . , d, where ui ∼ Uniform(0, 1).
The corresponding copula density is then given by

c(u1, . . . , ud) =
d−1∏
i=1

∏
e∈Ei

cCe,a,Ce,b|De

(
uCe,a|De , uCe,b|De

)
.

OVERVEJ OM RESTEN HER SKAL MED! something of a overgang. R-vine matrix,
which provides a compact representation of an R-vine structure.

Definition 3.3.4. R-Vine Matrix
Let d ≥ 2 and let M ∈ Rd×d be an upper triangular matrix with entries mi,j ∈
{1, . . . , d} for i ≤ j. The matrix M is called a R-vine matrix if it satisfies

1. {m1,i, . . . ,mi,i} ⊂ {m1,j, . . . ,mj,j} for all i < j.
2. mi,i /∈ {m1,i−1, . . . ,mi−1,i−1}.
3. For all i = 3, . . . , d and k = 1, . . . , i− 1, there exists indices j < i and l < j, such

that

{mk,i} ∪ {m1,i, . . . ,mk−1,i} = {mj,j} ∪ {m1,j, . . . ,ml,j} or
{mk,i} ∪ {m1,i, . . . ,mk−1,i} = {ml,j} ∪ {m1,j, . . . ,ml−1,j,mj,j}.

Condition 3. in Definition 3.3.4 is equivalent to the proximity condition from Defini-
tion 3.2.5 (Regular Vine (R-Vine)) and ensures that edges in higher tree levels are only
formed between nodes sharing exactly one node from the previous tree level. This guar-
antees that only nodes with exactly one element in common can be connected by an edge,
thereby preserving the structure of an R-vine.

The R-vine matrix is an convenient tool for representing an R-vine structure in a compact
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way, as it provides a systematic way of identifying both the conditioned and conditioning
sets associated with each edge. This can be shown by considering a given column k, the
diagonal element mk,k together with an entry mi,k, where i < k, then defines the condi-
tioned set, while the entries above mi,k in the same column determine the corresponding
conditioning set. More formally, for an edge e ∈ Ej, where j = 1, . . . , d−1, the conditioned
set is given by

Ce = {mk,k,mi,k},

and the conditioned set is given by

De = {mi−1,k, . . . ,m1,k},

where i < k. De = {mi−1,k, . . . ,m1,k}. Thus, each column of the R-vine matrix represents
a collection of conditional pair copulas, where the dependence structure is constructed
recursively from previously tree levels.

Finally, it should be noted that the R-vine matrix is not unique, meaning that many differ-
ent matrices may represent the same R-vine structure. For a more practical understanding,
see Example 3.3.5.

Example 3.3.5. This example is a continuation of Example 3.2.7. Given the tree
structures of the R-vine in Figure 3.1, it is possible to construct multiple R-vine ma-
trices representing this structure. Two examples of possible R-vine matrices are seen
in (3.5).

M1 =



4 4 5 4 1 1
5 4 5 4 3

2 2 5 4
1 2 5

3 2
6


, M2 =



6 6 4 3 1 1
4 6 4 3 3

3 6 4 4
1 6 5

5 6
2


(3.5)

Based on these two matrices, it is possible to reconstruct the underlying R-vine struc-
ture together with its associated edges, copulas and copula densities.

As an example, consider M1 column 4, here the diagonal entry is m4,4 = 1, and the
entry above is m3,4 = 2, meaning that the conditioned set is

Ce = {1, 2}.

The conditioning set is constructed from the entries above M3,4 in the same column,
meaning that

De = {4, 5}
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This corresponds to the conditional pair copula C1,2|4,5 with the corresponding density

c1,2|4,5
(
F1|4,5(x1|x4, x5), F2|4,5(x2|x4, x5)

)
.

3.3.1 Estimation

The practical implementation of R-vine copulas for modelling dependence structures can
be described by the following three steps:

1. Determine the R-vine structure.

2. Select a bivariate copula family for each pair copula.

3. Estimate the copula parameters.

The first step is to choose the R-vine structure, defining how the variables are connected
and specifying which pairs are conditioned on others. In practice, this involves determining
the edges in each tree of the R-vine, which for a d-dimensional R-vine corresponds to d(d−1)

2

edges in total. Once, the R-vine structure has been determined, a suitable bivariate copula
family is selected for each pair, followed by an estimation of the associated parameters.
Each of these steps is essential when constructing a model the adequately describes the
dependence structure among the variables.

In principle, one way to identify the best model could be by performing steps (2) and (3)
for all possible R-vine constructions. However, this quickly becomes computationally infea-
sible, as the number of possible constructions grows extremely rapidly with the number of
variables, reaching approximately

(
d!
2

)
·2(

d−2
2 ) possible combinations (See Morales-Nápoles

et al. [2010]). Furthermore, some methods used in step (2) rely on visual interpretation of
diagnostic plots , such as K- or Chi-plots, which further limits their practical application.
(See Dißmann et al. [2013])

To address these challenges, a sequential heuristic method is proposed as an alternative.
This method is described in more detail in the next section.

Sequential Estimation

A more feasible estimation approach is sequential estimation, where the R-vine copula is
constructed stepwise, tree by tree, starting from the first tree and proceeding to higher
level trees. To formalize this approach, a full R-vine copula specification can be identified
by the triplet (

V ,B(V),Θ(B(V))
)
,

where V = (T1, . . . , Td−1) denotes the R-vine structure, B(V) is the set of all bivariate copula

33



Vine Copulas Aalborg University

families associated with the edges of the R-vine and Θ(B(V)) denotes the corresponding
set of copula parameters.

This triplet is constructed sequentially, starting with the first tree, T1. As explained in
Subsection 3.3.1 (Estimation), the first step is to determine the structure of T1. This
is done by computing the pairwise dependence between all variable pairs (Xi, Xj), for
1 ≤ i < j ≤ d, using empirical Kendall’s tau, defined in Subsection 2.2.2, and then selecting
the maximum spanning tree based on the absolute values of these empirical Kendall’s taus.1
Formally, T1 is given by

T1 = argmax
T

∑
(i,j)∈EP,1

|τ̂
(
Xi, Xj

)
|, (3.6)

where EP,1 denotes all of the admissible edges in T1 satisfying the proximity condition from
Definition 3.2.5 (Regular Vine (R-Vine)), and τ̂

(
Xi, Xj

)
denotes the empirical Kendall’s

tau between the pair
(
Xi, Xj

)
. Once (3.6) have been solved, each selected pair (Xi, Xj) is

represented as an edge e = (a, b) and stored in E1, ensuring that the final edges in the first
tree, E1, correspond to the strongest pairwise dependencies.

The second step combines steps (2) and (3) from Subsection 3.3.1 (Estimation), meaning
that both a bivariate copula family and the corresponding parameters are determined
for each edge in E1. This procedure is best explained by considering an arbitrary edge
e = (a, b) = (Ce,a, Ce,b) ∈ E1, where Be denotes the set of candidate bivariate copula
families for this edge.

For each edge e, initial pseudo observations are constructed form the marginal distributions
as

uk,Ce,a = FCe,a
(
xk,Ce,a

)
and uk,Ce,b = FCe,b

(
xk,Ce,b

)
,

for k = 1, . . . , n, where n ∈ N denotes the number of observations in the dataset. Given
these pseudo-observations, the parameter vector θB for each candidate copula family CB ∈
Be is then estimated by maximum likelihood (ML). The ML estimator θ̂B is defined as

θ̂B = argmax
θB

L (θB;ue) ,

where the log-likelihood is given as

L (θB;ue) =
n∑

k=1

log

(
cB
(
uk,Ce,a , uk,Ce,b ; θB

))
,

where cB denotes the copula density associated with CB.

1Note that Kendall’s tau is used in this section as it is the most commonly used dependence measure
in the literature, however, alternative measures such as Spearman’s rho or tail dependence coefficients can
also be used.
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These ML estimates yield the best-fitting parameters within each family, allowing for model
comparison across all candidate families CB using a information criteria such as the Akaike
Information Criterion (AIC) or the Bayesian Information Criterion (BIC). The AIC is
defined as

AIC(CB, θ̂B;ue) = −2
n∑

k=1

log

(
cB
(
uk,Ce,a , uk,Ce,b ; θ̂B

))
+ 2kB, (3.7)

where kB = Dim (θB), whereas the BIC is defined as

BIC(CB, θ̂B;ue) = −2
n∑

k=1

log

(
cB
(
uk,Ce,a , uk,Ce,b ; θ̂B

))
+ log(n)kB, (3.8)

where n ∈ N denotes the number of observations. (See Nagler et al. [2026])

The copula family Ce and the corresponding parameter estimate θ̂B are then selected as the
combination that minimizes the chosen information criteria the most across all candidate
families.

For the remaining trees Ti, where i ≥ 2, the estimation procedure changes slightly, as the
pair copulas are now defined conditionally on previously estimated variables. Consequently,
the initial observations are replaced by recursively updated pseudo-observations, which are
obtained from previous trees.

More precisely, assuming that all pair copula parameters in tree T1, . . . , Ti−1 have already
been estimated and collected in θ̂(T1, . . . , Ti−1), the pseudo-observations for an edge e =
(a, b) = (Ce,a, Ce,b|De) ∈ Ti are given by

uk,Ce,a|De
:= FCe,a|De

(
uk,Ce,a|uk,De ; θ̂(T1, . . . , Ti−1)

)
,

uk,Ce,b|De
:= FCe,b|De

(
uk,Ce,b|uk,De ; θ̂(T1, . . . , Ti−1)

)
,

for k = 1, . . . , n. These values are then used as inputs for tree Ti in the same way as in
T1. The remaining of the estimation and selection procedure is otherwise identical to that
used for T1, including the ML estimates of the copula parameters for each candidate family
and the subsequent model comparison via chosen information criteria. This procedure is
applied sequentially to each pair copula in the R-vine until every edge is specified.

Using this sequential estimation approach, the edges in the first tree E1 typically capture
the strongest dependence structure in the data, implying that T1 has the largest impact
on the overall model fit. Consequently, it is crucial that these dependencies are modelled
accurately, particularly as many copula families exhibit very similar behaviour under weak
dependence, for instance when τ ≈ 0, families such as Frank, Gaussian, Clayton and
Gumbel act quite similar, whereas their behaviour becomes more distinct under strong
dependence.
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Another point is that although this approach is computationally efficient and widely used
in literature (See Czado [2019] and Dißmann et al. [2013]), it does not guarantee a global
optimal R-vine specification in terms of the likelihood. This is a direct consequence of
its sequential construction, where each tree is constructed based on local optimums rather
than the overall global optimum of the R-vine. For this reason, this procedure is commonly
classified as a greedy algorithm.

An well-known realisation of this idea is the Dißmann algorithm, where the R-vine copula
is constructed sequentially tree by tree. An example of this algorithm is presented in
Appendix A.2 using Kendall’s tau as the dependence measure.

3.3.2 Sampling

Once an R-vine copula specification
(
V ,B(V),Θ(B(V))

)
has been estimated, it is possible

to generate random samples from the corresponding multivariate distribution.

The key idea is to generate a random vector (u1, . . . , ud) from the R-vine copula specifi-
cation, using a vector of i.i.d. random variables (w1, . . . , wd), where wi ∼ Uniform(0, 1)
for i = 1, . . . , d. This is conducted by sequentially obtaining each uj by transforming wj

through the inverse of its conditional distribution function, conditioned on all previously
generated uj−1. Here the random variables (w1, . . . , wd) are transformed as

u1 = w1

u2 = F−1
2|1 (w2|u1)

u3 = F−1
3|1,2(w3|u1, u2)

...
ud = F−1

d|1,...,d−1(wd|u1, . . . , ud−1),

where F−1
j|1,...,j−1 denotes the inverse conditional distribution function of Uj given U1, . . . Uj−1.

These conditional distributions are not specified directly, but are obtained recursively from
the R-vine specification via the bivariate copulas associated with the edges of the R-vine. In
particular, for each edge e = (Ce,a, Ce,b|De), the corresponding conditional distribution func-
tions are obtained from the associated bivariate copula distribution function CCe,a,Ce,b|De ,
such that

FCe,a|Ce,b;De

(
uCe,a |uCe,b , uDe

)
=

∂CCe,a,Ce,b|De

(
uCe,a , uCe,b

)
∂uCe,b

:= hCe,a|Ce,b;De

(
uCe,a , uCe,b

)
,

or equivalently

FCe,b|Ce,a;De

(
uCe,b |uCe,a , uDe

)
=

∂CCe,a,Ce,b|De

(
uCe,a , uCe,b

)
∂uCe,a

:= hCe,b|Ce,a;De

(
uCe,a , uCe,b

)
.
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Here, the choice of which h-function to use for each edge depends on how the conditioning
is specified within the R-vine structure. Hence, sequentially applying the h-functions to
all edges allows for the construction of the conditional distributions used to generate the
random vector (u1, . . . , ud). (See Czado [2019])
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4 | Portfolio Optimization Framework

In this chapter, the theoretical framework for portfolio optimization is introduced, estab-
lishing the fundamental concepts of portfolio construction and the portfolio optimization
problem.

A portfolio is defined as a collection of investments in different financial assets such as
stocks and bonds. Bonds are often refereed to as riskless assets, as they represent a
debt security issued by the government or a corporation, where the investor lends money
to the issuer over a agreed upon period and interest rate. Stocks, on the other hand, are
typically considered more risky assets, as they represents shares of ownership in a company.
Consequently, their returns depend on both the performance of the company, as well as
market conditions and geopolitical events. (See Morah [2026])

When constructing a portfolio, an investor is not only concerned with which assets to
include, but also how to allocate the portfolio weights. This leads to the portfolio op-
timization problem, which determines how capital is allocated across the assets in the
portfolio in order achieve the desired trade-off between risk and return. For this purpose,
the Mean-CVaR portfolio optimization framework is introduced, focusing on maximizing
the expected return, while also reducing the worst-case losses.

To formalize this portfolio optimization problem, consider a portfolio of d ∈ N assets, the
portfolio return is then defined through the function R : (0, 1)d × Rd → R, given by

R(ω, r) =
d∑

i=1

ωiri,

where r = (r1, . . . , rd) ∈ Rd contains the asset returns and ω = (ω1, . . . , ωd) ∈ (0, 1)d

contains the portfolio weights. These weights must satisfy
d∑

i=1

ωi = 1,

in order to ensure, that the entire capital is allocated across the assets in the portfolio.

To assess the risk associated with the portfolio, it is convenient to consider the portfolio
losses rather then the returns. The loss of the portfolio is defined through the Loss Function
L : (0, 1)d × Rd → R, given by

L(ω, r) = −R(ω, r)

Based on this loss function, the probability that the portfolio loss does not exceed a given
threshold α ∈ R, is given by

Ψ(ω, α) =

∫
L(ω,r)≤α

p(r) dr,
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where p(r) denotes the probability density of the asset returns and Ψ(ω, α) : (0, 1)d×R →
(0, 1) denotes the distribution function of the portfolio loss associated with the weights ω.

Now that the loss function has been introduced, the Value at Risk (VaR), which forms the
basis for the Conditional Value-at-Risk (CVaR), can be introduced. For a given confidence
level β ∈ (0, 1), the risk measure VaRβ : (0, 1)d → R is defined as

VaRβ(ω) = min{α ∈ R : Ψ(ω, α) ≥ β }.

The value of VaRβ therefore represents the smallest threshold α, that the loss of the
portfolio will not exceed with probability β. However, although VaR is able to provide a
threshold, that the losses are expected to remain below with a certain confidence level, it
provides no information about the magnitude of the losses exceeding this threshold.

To address this limitation, the CVaR is introduced. The risk measure CVaR : (0, 1)d → R
measures the expected portfolio loss in the tail of the loss distribution beyond the VaR
threshold. Formally, CVaR is defined as

CVaRβ =
1

1− β

∫
L(ω,r)≥VaRβ(ω)

L(ω, r) p(r) dr.

This means, that CVaR is able to capture the expected severity of the losses beyond the
threshold determined by VaR, making it a more comprehensive measure of tail risk in
portfolio optimization. (see Tyrrell Rockafellar and Uryasev [1999])

With the CVaR defined, it is now possible to introduce the mean-CVaR optimization
problem, which is formulated as

max
ω

(1− λ)E
[
R(ω, r)

]
− λCVaRβ(ω), (4.1)

where the term E
[
R(ω, r)

]
denotes the expected portfolio return, and λ ∈ (0, 1) denotes the

risk aversion parameter controlling the trade-off between the expected return and downside
risk. Here, a higher value of λ implies a greater degree of risk aversion, where the emphasis
is on minimizing extreme losses, whereas a lower value of λ is associated with a lower
degree of risk aversion, placing a greater emphasis on maximizing the expected returns.
This parameter can therefore be interpreted as reflecting different investors’ preferences
towards risk. (See Luan et al. [2022])

Other commonly used frameworks in portfolio optimization include mean-variance and
mean-VaR optimization. Mean-variance optimization is a framework where the portfolio
weights are based on the trade-off between the expected return and risk, where the risk
is measured as the variance of the portfolio returns. However, since the variance treats
positive and negative deviations from the mean equally, it fails to account for skewness
and heavy tails, which are often observed in financial data. Mean-VaR optimization, on
the other hand, defines the risk through the risk measure VaR, meaning that the portfolio
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weights are determined based on the trade-off between the expected return and the VaR of
the portfolio. When minimizing the risk, it therefore only focuses on reducing the threshold
α for a given confidence level β, but does not account for the severity of the losses beyond
this threshold. These limitations therefore motivates the use of mean-CVaR, which focuses
directly on the expected tail losses and thereby captures their severity.
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5 | Empirical Framework
The aim of this chapter is to present the empirical framework used to construct different
portfolios by implementing the theory from Chapter 2 and Chapter 3. In this thesis,
three copula-based portfolio strategies are constructed based on the Gaussian copula, the
Student’s t copula, and the R-vine copula. These copula specifications are chosen, based on
their ability to capture different dependence characteristics, ranging from linear dependence
to tail dependence and more flexible pairwise dependence structures. However, before
these portfolios can be constructed, several components of the empirical framework must
be specified. The following sections will therefore provide a description of the dataset
used in this thesis, including the selected stocks and the sample period, the specification
of the marginal models used to describe the individual stock behaviour, as well as the
out-of-sample portfolio construction framework.

5.1 Data Description

The portfolios are all constructed using an identical set of ten constituent stocks selected
from the OMX Copenhagen 25 (OMX C25). The OMX C25 is a stock index, tracking
the 25 largest and most traded stocks on Nasdaq Copenhagen, covering a broad range of
sectors including financials, healthcare, consumer goods and industrials. (See Nasdaq) It
is therefore widely regarded as a reliable benchmark for the Danish stock market.

The ten stocks included in this thesis are picked from different sectors within the OMX
C25, deliberately selected to ensure sectoral diversification. This reduces the portfolio’s
exposure to adverse shocks within a single sector, while also introducing a greater variation
in the dependence structure between stocks, which is important when assessing the ability
of different copulas to capture dependence. The selected stocks, along with their sector,
ticker symbol and industry classification, are listed in Table 5.1.

Sector Stock Ticker Symbol Industry

Healthcare

Nova Nordisk NOVO-B.CO Drug Manufacturers, General

Demant A/S DEMANT.CO Medical Devices

Coloplast A/S COLO-B.CO Medical Instruments & Supplies

Industrials
DSV A/S DSV.CO Integrated Freight & Logistics

Vestas Wind Systems A/S VWS.CO Specialty Industrial Machinery

Financial
Danske Bank A/S DANSKE.CO Banks - Regional

Jyske Bank A/S JYSK.CO Banks - Regional

Basic Materials Novozymes A/S NSIS-B.CO Specialty Chemicals

Consumer Defensive Carlsberg A/S CARL-B.CO Beverages, Brewers

Consumer Cyclical Pandora A/S PNDORA.CO Luxury Goods

Table 5.1: Providing the sector, ticker symbol and industry of the ten selected stocks
from OMX C25. (See Nasdaq)
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Throughout the remainder of this thesis, each stock is referred to by its ticker symbol.

For each of the selected stocks, listed in Table 5.1, the daily adjusted closing prices are
obtained from Yahoo Finance (see Yahoo Finance [b]) for all trading days during the period
spanning from January 1st 2017 to December 31st 2025. This choice to use adjusted closing
prices, rather then raw closing prices, is based on their ability to accurately reflect the value
of the underlying stock, as adjusted closing prices account for corporate actions such as
dividends and stock splits. (See Yahoo Finance [a]) The sample period from January
1st 2017 to December 31st 2025 is chosen to provide a sufficiently long sample, including
periods of varying market volatility. This sample is then split into an in-sample period from
January 1st 2017 to December 31st 2018, used for the selection of the marginal models,
and an out-of-sample period from January 1st 2019 to December 31st 2025, used for the
construction of the portfolios. The adjusted closing prices for all ten stocks over the entire
sample are plotted in Figure 5.1, where the dashed vertical line marks the split between
the two periods.

Figure 5.1: Plot of the adjusted closing prices for the selected stocks from the OMX C25
index over the period from January 1st 2017 to December 31st 2025, where the black,

dashed, vertical line separates the in-sample and out-of-sample periods.

From Figure 5.1 substantial differences in both price dynamics and volatility across the
selected stocks can be observed. Here some stocks exhibit relatively stable prices, such as
VWS, DANSKE and DEMANT, while others display stronger upward trends and larger
fluctuations, particularly DSV and JYSK. These differences indicate varying return and
volatility characteristics across stocks, motivating the use of copulas to capture the depen-
dence structure between the stocks.

Before modelling the dependence structure, an appropriate marginal distribution must be
specified for each stock. Since stock prices are typically non-stationary, as also illustrated
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in Figure 5.1 where both trends and fluctuations are present, they are not consistent with
the assumption of stationarity typically required in time series analysis. The adjusted
closing prices are therefore transformed into daily log returns, which for each stock are
computed as

rt = log

(
Pt

Pt−1

)
, t = 1, . . . , T,

where T ∈ N denotes the number of observations in the sample period, and Pt denotes the
price of the stock at time t. (See Franke et al. [2019]) Having transformed the adjusted
closing prices into log returns, the next step is to specify suitable marginal distributions,
which is done in the following section.

5.2 Model selection for the Marginal Distributions

The specification of the marginal distribution for each selected stock is based on the in-
sample period from January 1st 2017 to December 31st 2018. Selecting an appropriate
marginal distribution for each stock is essential, as they form the basis for the dependence
structure, which will be modelled using copulas as described in Theorem 3.3.1.

A commonly used approach is to model the marginal distributions of the log returns us-
ing an Autoregressive Moving Average (ARMA) combined with a Generalized Autoregres-
sive Conditional Heteroscedasticity (GARCH) model, commonly referred to as an ARMA-
GARCH model. This framework is particularly well suited for financial time series, as is
captures both potential short-term dynamics in the mean, as well as time-varying volatil-
ity. However, before specifying the marginal models, the statistical properties of the log
returns are examined in order to assess whether they are suitable for the ARMA-GARCH
framework. This is done by computing descriptive statistics and conducting diagnostic
tests over the in-sample period. The results are presented in Table 5.2.

Looking at Table 5.2, the log returns of all stocks have mean values close to zero, providing
no evidence of a clear trend over time. The standard deviations are also relative small, how-
ever, they differ notable across stocks. In particular, the standard variation of PNDORA
is more than three times higher that the standard deviation of CARL-B, highlighting the
differences in volatility across the stocks. So, even though the level of volatility is relative
low, it varies considerably across the selected stocks.
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Stock Mean SD Skew Kurt JB2 ADF LB(15)

NOVO-B 0.00039 0.015 -0.263 5.793 0 0.01 0.167

DEMANT 0.00079 0.0178 -1.318 9.674 0 0.01 0.028

COLO-B 0.00055 0.014 -1.684 16.078 0 0.01 0.921

DSV 0.00061 0.013 0.073 3.027 0 0.01 0.050

VWS 0.00013 0.021 -1.904 22.238 0 0.01 0.126

DANSKE -0.00089 0.015 -0.602 5.709 0 0.01 0.033

JYSK -0.00064 0.014 -1.263 10.262 0 0.01 0.012

NSIS-B 0.00040 0.0132 -0.649 2.889 0 0.01 0.132

CARL-B 0.00032 0.009 -0.035 1.421 0 0.01 0.161

PNDORA -0.00233 0.028 -3.005 24.031 0 0.01 0.350

Table 5.2: The results from the descriptive statistics and diagnostic tests for the log
returns over the in-sample period from January 1st 2017 to December 31st 2018.

In terms of skewness, most stocks deviate from zero, indicating asymmetry in their log
return distributions. Only DSV exhibits positive skewness, while the remaining stocks are
negatively skewed, suggesting a higher likelihood of extreme negative returns. In addition
to this asymmetry, most stocks also exhibit pronounced tail behaviour, as all assets, ex-
cept for DSV, NSIS-B and CARL-B, have kurtosis values exceeding that of a Gaussian
distribution. This indicates that they have heavy tailed distributions, where extreme re-
turns occur more frequently than what would be expected under a Gaussian distribution.
Overall, while most stocks exhibit noticeable deviations from the Gaussian distribution in
terms of asymmetry and heavy tails, the distribution of DVS appears to be relatively close
to a Gaussian distribution. However, this is rejected by the Jarque-Bera (JB) test, which
strongly rejects the null hypothesis that the log returns of any of the stocks are normally
distributed.

In addition to the distributional properties of the log returns, it is also necessary to examine
whether these are actually stationary. This is assessed using the Argumented Dickey-Fuller
(ADF) test, where the null hypothesis assumes the presence of a unit root, implying non-
stationarity. This null hypothesis is strongly rejected for all stocks with p-values of 0.01,
indicating that the log returns can be treated as stationary.

The next step is then to examine whether the log returns exhibit autocorrelation, as this

2Note that the Jarque Bera Test yields p-value < 2.2 · 10−16 for all stocks except CARL-B where
p-value < 4.458 · 10−10, meaning that their p-values are effectively close to zero.
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indicates whether an ARMA specification is necessary. Autocorrelation is analysed by first
performing a Ljung–Box (LB) test, where the null hypothesis assumes that no autocorre-
lation is present up to a given lag. This test is conducted using 15 lags, which corresponds
to 15 trading days. As reported in Table 5.2, the null hypothesis cannot be rejected for
the majority of the stocks, suggesting limited evidence of autocorrelation. This is then
further analysed through a visual assessment of the plots of the autocorrelation function
(ACF), which measures the linear dependence between log returns across different lags.
Note that only the ACF plots for COLO-B, DSV and JYSK are included in Figure 5.2,
while the remaining ACF plots can be found in Appendix A.3. These three stocks are
selected based on their results from the LB test in Table 5.2, as they represent different
degrees of evidence against the null hypothesis.

Figure 5.2: ACF plots over 30 lags of the log returns for COLO-B (left), DSV (middle)
and JYSK (right) based on the in-sample period from January 1st 2017 to December 31st

2018.

COLO-B exhibits the highest p-value of 0.921, implying that the null hypothesis of no
autocorrelation cannot be rejected. This is also consistent with its ACF plot in Figure 5.2,
where the autocorrelation across all lags remain small, fluctuate around zero and show no
clear systematic pattern. DSV, with a p-value of 0.05, barely rejects the null hypothesis
and shows slightly more variation in the autocorrelation across lags, including two spikes
outside the confidence bounds. Finally, JYSK, with the lowest p-value of 0.012, strongly
rejecting the null hypothesis. However, despite this, its ACF plot does not exhibit any
systematic pattern, but rather a few isolated spikes outside the confidence bounds.

Even though the evidence of autocorrelation is generally weak, an ARMA specification is
still considered in order to capture any remaining linear dependence in the log returns.

In practice, the log returns of each stock can be decomposed as

rt = µt + εt, (5.1)

where µt = E[rt|Ft−1] denotes the conditional mean at time t based on the available infor-
mation at time t− 1, which is contained in the set Ft−1 and εt represents the innovations.

The conditional mean in (5.1) is modelled using an ARMA(m,n) specification defined as
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µt = µ+
m∑
j=1

ϕjrt−j +
n∑

k=1

θkεt−k, (5.2)

where µ denotes the unconditional mean, ϕj is the autoregressive coefficient, capturing the
linear dependence of past log returns and θk is the moving average coefficient, capturing
the dependence on past innovations.

For each stock, ARMA(m,n) are estimated for m,n ∈ {0, 1, 2, 3}, where the final ARMA
specification is selected based on the lowest value of the Bayesian Information Criterion
(BIC). The BIC is calculated as

BIC = −2 ln
(
L̂
)
+ p ln(N),

where L̂ denotes the maximum likelihood of the ARMA model, p is the number of param-
eters, and N is the number of observations.

Unlike the Akaike Information Criterion (AIC), which primarily focuses on finding the
model with the best in-sample fit, BIC penalizes complex models, meaning that it favours
simpler models. This helps reducing the risk of overfitting and improves model stability
over time, which is particular important in the out-of-sample portfolio framework presented
in Section 5.3. Based on the result from the BIC ranking, an ARMA(0,0) specification is
chosen for all stocks, implying that the conditional mean is sufficiently captured by the
unconditional mean, µ, in (5.2). The the log returns in (5.1) is therefore simplified to

rt = µ+ εt. (5.3)

The attention is now shifted to the modelling of the innovations, which are decomposed as

εt = σtzt, where zt ∼ i.i.d.(0, 1),

where zt is an independent and identically distributed sequence with zero mean and unit
variance. The innovations also satisfy

E[εt|Ft−1] = 0, Var(εt|Ft−1) = σ2
t ,

where the conditional variance σ2
t is modelled using a GARCH(p, q) specification, defined

as

σ2
t = ω +

p∑
j=1

αj ε
2
t−j +

q∑
k=1

βk σ
2
t−k,

where ω > 0, αj ≥ 0 and βk ≥ 0. The parameter αj captures the impact of past squared
innovations, while βk captures the persistence in the conditional variance.
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Before specifying the GARCH models for the conditional variances of the innovations,
it is first examined whether volatility clustering is present in the data. This is done by
examining the ACF plots of the squared log returns over 30 lags. Notice that only the plots
for COLO-B, DSV and DANSKE are included in Figure 5.3, while the remaining plots can
be found in Appendix A.4.

Figure 5.3: ACF plots over 30 lags of the squared log returns for COLO-B (left), DSV
(middle) and DANSKE (right) based on the in-sample period from January 1st 2017 to

December 31st 2018.

Looking at the ACF plots in Figure 5.3, COLO-B exhibits only weak autocorrelation
in the squared log returns, which is mainly concentrated in the first few lags, providing
limited evidence of volatility clustering. DSV displays a slightly higher degree of volatility
clustering with several positive spikes exceeding the confidence bounds across multiple lags.
DANSKE, on the other hand, shows a more pronounced and persistent pattern of positive
autocorrelation with several spikes beyond the confidence bounds over a larger number of
lags, suggesting a stronger degree of volatility clustering compared to the other stocks.

To formally identify the most appropriate GARCH specification for each stock, GARCH(p, q)
are estimated for p, q ∈ {1, 2, 3} and selected based on the BIC. Specifications with p = 0,
q = 0 or p = q = 0 are excluded, as the focus of this thesis is on modelling the joint
distribution of stock returns for a portfolio using a GARCH-copula framework. Based on
the BIC ranking, all stocks are modelled using a GARCH(1,1) specification, except for
DSV and VWS, which are better described by a GARCH(1,3). This suggests that, despite
DANSKE showing stronger evidence of volatility clustering in the ACF plots in Figure 5.3,
a GARCH(1,1) specification is still sufficient to capture its volatility dynamics. Conversely,
DSV, which shows a more moderate degree of volatility clustering, is better described by
a GARCH(1,3) specification, indicating more persistent volatility over time.

Given the selected GARCH specifications, the estimated conditional variance σ̂2
i,t for each

stock i = 1, . . . , 10 is used to obtain the standardized residuals, defined as

zi,t =
ε̂i,t
σ̂i,t

,

where ε̂i,t denotes the estimated innovations. These standardized residuals are going to
be used as inputs for the copulas in Section 5.3. However, since the copula framework is
formulated in terms of uniformly distributed variables on the interval [0, 1], as defined in
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Definition 2.1.3 (Copula), the standardized residuals are transformed using Theorem A.0.3
(Probability Integral Transform), such that

ui,t = Fi(zi,t),

where ui,t ∼ Uniform(0, 1) and Fi denotes the assumed distribution function of the stan-
dardized residuals for stock i.

Since the true distribution of the standardized residuals is unknown, Fi is selected based
on the empirical characteristics of the standardized residuals for each stock. These are
analysed by first performing a visual inspection comparing the empirical distribution of the
standardized residuals to the standard normal distribution using QQ-plots. In Figure 5.4,
the QQ-plots for the standardized residuals of DSV, DANSKE and PNDORA are shown,
while the remaining plots can be found in Appendix A.5.

Figure 5.4: QQ-plots of the sample quantiles of the standardized residuals against the
theoretical quantiles of the standard normal distribution for DSV (left), DANSKE

(middle) and PNDORA (right) based on the in-sample period from January 1st 2017 to
December 31st 2018.

According to the QQ-plots of the sample quantiles of the standardized residuals against
the theoretical quantiles in Figure 5.4, all three stocks exhibit clear deviations form the
standard normal distribution. This is particular evident in the lower tails, which lie below
the reference line, and the upper tails, which lie above it, indicating the presence of heavier
tails compared to the normal distribution.

This visual analysis is supported by the JB test, which is performed on the standardized
residuals, and strongly rejects the null hypothesis of normality for all stocks, with p-values
equal to zero. These results are consistent with the findings from the QQ-plot analysis,
providing statistical evidence of non-normal behaviour in the standardized residuals. It is
therefore necessary to consider alternative distributions for standardized residuals. This
is done by fitting them to a range of candidate distributions, including the standardized
normal distribution, the standardized Student’s t distribution and the standardized Normal
Inverse Gaussian (NIG) distribution, where the final distribution for each stock is selected
based on the lowest value of the BIC.

The selected marginal models for each stock, are presented in Table 5.3, reporting the esti-
mated ARMA-GARCH specifications, the distributions and the corresponding parameter
estimates.
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Stock Model µ ω α β β2 β3 Distribution Shape Skewness

NOVO-B ARMA(0, 0)-GARCH(1, 1) 0.0003 0 0 0.999 0 0 std 3.067 0

DEMANT ARMA(0, 0)-GARCH(1, 1) 0.0011 0 0.025 0.974 0 0 std 2.689 0

COLO-B ARMA(0, 0)-GARCH(1, 1) 0.0009 0 0 0.999 0 0 std 3.093 0

DSV ARMA(0, 0)-GARCH(1, 3) 0.0008 0 0.199 0.214 0 0.434 std 4.184 0

VWS ARMA(0, 0)-GARCH(1, 3) 0.0003 0 0.100 0.059 0 0.768 std 4.454 0

DANSKE ARMA(0, 0)-GARCH(1, 1) -0.0001 0 0.037 0.962 0 0 std 4.078 0

JYSK ARMA(0, 0)-GARCH(1, 1) -0.0002 0 0.021 0.966 0 0 std 3.413 0

NSIS-B ARMA(0, 0)-GARCH(1, 1) 0.0001 0 0.141 0.745 0 0 nig 1.379 -0.344

CARL-B ARMA(0, 0)-GARCH(1, 1) 0.0003 0 0 0.999 0 0 std 5.031 0

PNDORA ARMA(0, 0)-GARCH(1, 1) -0.0005 0 0.004 0.993 0 0 std 2.778 0

Table 5.3: The selected marginal models and their parameter estimates for each stock
based on the in-sample period from January 1st 2017 to December 31st 2018.

5.3 Out-Of-Sample Portfolio Construction

This section presents the rolling window approach used to construct the copula-based
portfolios over the out-of-sample period. This framework is designed to mimic realistic
investment strategies, where the portfolios are updated and reallocated daily using only
the information available that day. To ensure that the subsequent analysis focuses solely
on the how the different copulas affect portfolio performance, the portfolios are constructed
under a frictionless market assumption, where costs such as transaction costs, fees, taxes
and other trading frictions are ignored.

The rolling window approach is set up such that for each trading day t, a fixed-length
estimation window of the most recent historical log returns up to t−1 is used to update and
reallocate the portfolio weights before the market opens. The resulting portfolio weights
are then implemented at the beginning of day t, whereafter their performance is evaluated
by the end of the same day using the realized log returns. Within this framework, the
parameters of the selected marginal models are re-estimated each trading day t, as stock
prices can change rapidity in response to market events, trends or geopolitical events. In
contrast, the copula parameters are only updated every 21 trading days, corresponding to
approximately one month, as the dependence structure between the stocks is assumed to
evolve at a slower pace.

In order to analyse how these copula-based portfolios perform under different levels of risk-
aversion in the mean-CVaR framework, presented in Chapter 4, they are all constructed
for λ ∈ {0.2, 0.5, 0.8}. These values of the risk-aversion parameter are chosen to represent
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different investor preferences with respect to the trade-off between the expected return and
downside risk.

Formally, the out-of-sample portfolio construction is implemented according to the follow-
ing procedure, where for each trading day t, all portfolio strategies are evaluated simulta-
neously across the selected copula specifications and risk aversion values.

Step 1. Construct a rolling estimation window of length W = 498 using realized log
returns from {t−W, . . . , t− 1}.

Step 2. Fit the selected marginal models from Section 5.2 on the rolling estimation win-
dow and obtain one-step-ahead forecasts of the conditional mean µ̂i,t and volatility
σ̂i,t and compute the standardized residuals ẑi,t.

Step 3. Transform the standardized residuals into uniform variables using Theorem A.0.3
(Probability Integral Transformation), yielding the corresponding pseudo-observations

ûi,t = F̂i,t(ẑi,t), ûi,t ∼ Uniform(0, 1).

The following steps are implemented separately for each of the considered
copula specifications.

Step 4. Model the dependence structure using the copula specification, where Student’s t
and Gaussian are estimated using maximum likelihood, while R-vine is estimated
using the approach introduced in Theorem 3.3.1, with BIC as the information
criteria.

Step 5. Simulate N = 5000 uniform random samples from the fitted copula, yielding

(v̂1,k, . . . , v̂10,k), k = 1, . . . , N.

Step 6. Transform the simulated uniform samples into standardized residuals using the
inverse marginal distributions, such that

ẑi,k = F̂−1
i,t

(
v̂i,k
)
, i = 1, . . . , 10, k = 1, . . . , N.

Step 7. Obtain the simulated returns as

r̂
(k)
i,t = µ̂i,t + σ̂i,tẑi,k, i = 1, . . . , 10, k = 1, . . . , N.

The following steps are implemented separately for each of the considered levels
of risk aversion.
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Step 8. Use the simulated returns to obtain the expected return as

Et[R] =
1

N

N∑
k=1

R̂t,k, where R̂t,k =
10∑
i=1

ωi,tr̂
(k)
i,t ,

and the CVaR as

CVaRβ,t = α̂t +
1

(1− β)N

N∑
k=1

ût,k,

subject to

ût,k ≥ −R̂t,k − α̂t,

ût,k ≥ 0

where α̂t denotes the VaRβ,t threshold with β = 0.95, and ût,k captures the
simulated portfolio losses exceeding this threshold.

Step 9. Use the expected return and the CVaR to solve the mean-CVaR portfolio op-
timization problem, presented in Chapter 4, and obtain the portfolio weights
(ω1,t, . . . , ω10,t).

Step 10. Compute the realized out-of-sample portfolio return for t using the realized log
returns, as

Rt =
10∑
i=1

ωi,tri,t

Step 11. Update the rolling estimation window by removing the oldest observation and
including the realized returns ri,t.

After running the rolling window procedure across the entire out-of-sample period, all three
copula-based portfolios are constructed for all chosen risk aversion levels.
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6 | Out-of-Sample Performance Analy-
sis

In this chapter the out-of-sample portfolio performance is analysed is in order to evaluate
how the different copula-based portfolio strategies, constructed in Section 5.3, perform in a
frictionless market setting using historical data. The analysis is divided into three sections.
In first section, the copula-based strategies are compared to an equally weighted bench-
mark portfolio under a fixed risk aversion parameter in order to assess their performance
relative to a naive portfolio construction. In the second section, the copula-based portfo-
lios are evaluated individually across different levels of risk aversion within the mean-CVaR
framework to examine how changes in risk preferences affect their performance. Finally,
in the last section, the different copula-based portfolios are compared in order to evaluate
how alternative dependence structures affect portfolio performance

6.1 Comparison with Benchmark Portfolio

In order to compare the performance of the three copula-based portfolios with the naive
benchmark portfolio, an equally weighted portfolio is constructed over the out-of-sample
period. The equally weighted portfolio uses the weights

ωi =
1

10
,

over the entire period, such that its portfolio return, REW
t , at trading day t is defined as

REW
t =

10∑
i=1

ωiri,

This portfolio is referred to as Equal-weight for the remainder of the thesis, while the
copula-based portfolios are referred to as Gaussian, Student’s t and R-vine.

For the copula-based portfolios, the risk aversion parameter is set to λ = 0.5, representing a
balanced trade-off between the expected return and downside risk within the mean–CVaR
framework. This level of risk aversion is used throughout the remainder of this section, as
it provides a baseline for the analysis, where extreme preferences for either maximisation
of the expected return or minimisation of downside risk is avoided. However, to ensure
robustness across different levels of risk aversion, the cumulative returns for λ = 0.2 and
λ = 0.8 are plotted in Appendix A.8.
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To compare the performance of the three copula-based portfolios with Equal-weight, the
cumulative returns3 are plotted in Figure 6.1 over the entire out-of-sample period.

Figure 6.1: Plot of the cumulative return for each portfolio under a risk aversion
parameter of λ = 0.5 over the out-of-sample-period.

From Figure 6.1, it is evident that the three copula-based portfolios outperform Equal-
weight throughout most of the out-of-sample period. Equal-weight consistently exhibits
the lowest cumulative return, only temporarily reaching a performance level similar to the
copula-based portfolios during the early parts of the sample and in connection with the
stock market crash in early 2020 due to COVID-19.

Among the copula-based portfolios, Gaussian shows the closest resemblance of Equal-
weight in terms of cumulative performance. This is particularly evident during the periods
where their two graphs almost align, such as from early 2021 to mid-2022, around the
turn of 2024 and during the market crash in April 2025 following the introduction of new
tariff policies by the United States. However, outside these periods, a more persistent
gab between Gaussian and Equal-weight is observed with Gaussian outperforming Equal-
weight.

The cumulative returns of the three copula-based portfolios appear to follow the same
overall pattern, just on different levels. Since they all share the same underlying marginal
distributions, these differences must stem from their copula specifications, which determine
the dependence structure between the assets and thereby influence the joint return distri-
bution used in the portfolio optimization. Looking at Figure 6.1, Student’s t and R-vine
tend to follow each other closely over the entire period, alternating between who achieves
the highest cumulative return, although Student’s t appears to have a small advantage. In
contrast, Gaussian consistently underperforms, only shortly approaching the same level of

3The cumulative returns are computed using simple returns.
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cumulative return as the other two copula-based portfolios around mid-2022, before falling
behind for the rest of the period.

These differences in their cumulative performance are also reflected by their performance
statistics in Table 6.1, where Equal-weight achieves both the lowest total and annualized
returns. Over the out-of-sample period Equal-weight increases its initial capital by ap-
proximately 115.25%, with an average annual growth rate of 11.6%. In comparison, the
copula-based portfolios achieve substantially higher total returns, ranging from 134.50%
for Gaussian to 178.70% for Student’s, with R-vine positioned in between at 164.35%.

Model Total
Return (%)

Annualized
Return (%)

Sortino
Ratio VaR0.95 (%) CVaR0.95 (%)

Equal Weight 115.25 11.57 0.0609 1.91 2.66

Gaussian 134.50 12.95 0.0725 1.68 2.47

Student’s t 178.70 15.78 0.0860 1.65 2.49

R-vine 164.35 14.91 0.0818 1.64 2.48

Table 6.1: Performance statistics for each portfolio under a risk aversion parameter of
λ = 0.5 over the out-of-sample-period.

The risk measures in Table 6.1 confirm the ranking of their overall performances, while also
providing a more nuanced view of their underlying risk characteristics. These measures
include Sortino ratio, VaR and CVaR , which are all defined in Appendix A.7. When
calculating the Sortino ratio value, the Minimum Acceptable Return (MAR) is set to zero,
meaning that it measures the excess return generated per unit of downside risk, where
downside risk is defined as the variability of returns below zero. This value is lowest for
Equal-weight, which only generates 0.0609 units of return per unit of downside risk. As
for the tail-risk measures, Equal-weight also exhibits the most adverse VaR and CVaR
values, implying a 5% probability that the daily losses exceed 1.91%, and an expected loss
of 2.66% in these extreme cases.

Among the copula-based portfolios, Student’s t achieves the highest Sortino ratio at 0.0860,
followed closely by R-vine at 0.0818 and Gaussian at 0.0725. This suggests that Student’s t
delivers the most efficient trade-off between return and downside risk among all portfolios,
and a similar ranking is also observed in the tail-risk measures, although the differences in
their values are relatively small.

Overall, the results from both the cumulative returns in Figure 6.1 and the performance
statistics in Table 6.1 indicate that the copula-based portfolios consistently outperform
Equal-weight in terms of both return and risk-adjusted performance. This is reflected
by both higher annualized and total returns, where the copula-based portfolios achieve
between 19.25 and 63.45 percentage points higher total return than Equal-weight. In
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addition, they exhibit improved Sortino ratio values, which is further supported by more
favourable tail-risk outcomes, as reflected by their consistently lower CVaR values across
all copula specifications.

6.2 Comparison Across Different Levels of Risk Aver-
sion

In this section the performance of the three copula-based portfolios across different levels of
risk aversion is examined. This is done for λ ∈ {0.2, 0.5, 0.8} which are selected in order to
represent low, moderate and high risk aversion. In contrast to the previous section, where
the copula-based portfolios were compared to Equal-weight at a fixed risk aversion level,
each copula is now evaluated separately in order to assess how changes in risk preferences
affect portfolio performance.

6.2.1 Gaussian

The first copula-based portfolio considered is Gaussian, where the cumulative return dy-
namics across different levels of risk aversion are examined using the plot in Figure 6.2.

Figure 6.2: Plot of the cumulative return for Gaussian under different levels of risk
aversion over the out-of-sample-period.

Overall, the three strategies exhibit very similar patterns, with λ = 0.5 and λ = 0.8 fol-
lowing each other so closely that they are often difficult to distinguish visually. These
two strategies frequently alternate between who delivers the highest cumulative return,
although λ = 0.5 ultimately achieves the highest return, which is also reflected by the
performance statistics in Table 6.2, where it gets the highest total return of 134.50%. In
contrast, the λ = 0.2 strategy generally attains higher cumulative returns over most of the
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period. However, from early 2024 onwards this pattern reverses, with performance deteri-
orating and ultimately resulting in the lowest total return of 121.54%, despite exhibiting
the highest cumulative return over the first five years.

λ
Total-

Return (%)
Annualized
Return (%)

Sortino
Ratio VaR0.95 (%) CVaR0.95 (%)

0.2 121.54 12.40 0.0661 1.79 2.58

0.5 134.50 12.96 0.0725 1.68 2.47

0.8 131.18 12.73 0.0714 1.61 2.47

Table 6.2: Performance statistics for Gaussian under different levels of risk aversion over
the out-of-sample-period.

When comparing the tail-risk measures, the λ = 0.2 strategy exhibits slightly higher VaR
and CVaR values compared to the other strategies, implying a 5% probability of daily losses
exceeding 1.79% and an expected loss of 2.58% in these extreme cases. This is also reflected
by its Sortino ratio value, which is 0.0661, meaning that it generates relatively low excess
return per unit of downside risk compared to the other strategies. The strategies with
λ = 0.5 and λ = 0.8 are more similar in terms of risk characteristics, as they have identical
CVaR values, while their VaR and Sortino ratio values only show minor differences, with
λ = 0.5 performing marginally better. However, given that CVaR is identical for λ = 0.5
and λ = 0.8, the lower Sortino ratio value for λ = 0.8 appears to be driven by lower realized
returns rather than improved tail-risk management.

Overall, Gaussian does not exhibit a consistent pattern in performance across different
levels of risk aversion. In the mean-CVaR framework, an increase in λ would typically
be expected to lead to higher CVaR and lower returns, as higher level of risk aversion
places a higher emphasis on minimizing downside risk relative to expected return. This
is, however, not the case for Gaussian, which instead shows non-monotonic behaviour in
terms of downside risk and return measures across different values of λ.

In particular, for the strategy with λ = 0.2, where a stronger emphasis is placed on
the maximisation of the expected return, Gaussian unexpectedly delivers the lowest total
and annualized returns among the three strategies. Conversely, when increasing the risk
aversion to λ = 0.5, the downside risk is reduced as expected, however, this is accompanied
by an increase in both total and annualized returns, which deviates from the expectation.

56



Out-of-Sample Performance Analysis Aalborg University

6.2.2 Student’s t

The second copula-based portfolio considered is Student’s t, where the cumulative return
across the different levels of risk aversion is plotted in Figure 6.3 for the entire out-of-sample
period.

In contrast to Gaussian, the cumulative return for Student’s t exhibit slightly more dis-
persion across different risk aversion levels. While the strategies appear to follow broadly
similar patterns, the differences in magnitude over time make it easier to visually distin-
guish them. It therefore becomes clear that Student’s t displays a more stable ranking
of the strategies, with fewer crossovers, suggesting a more consistent trade-off between
downside risk and return across the different levels of risk aversion.

Figure 6.3: Plot of the cumulative return for Student’s t under different levels of risk
aversion over the out-of-sample-period.

Looking at Figure 6.3 it is evident that the strategy with λ = 0.2 delivers the highest
cumulative return over the entire period, with the gap to the other strategies gradually
increasing over time. In comparison, the λ = 0.5 and λ = 0.8 strategies appear more
similar, although their differences become slightly more apparent over time, with λ = 0.5
achieving a total return that is approximately 9%-point higher. These observations are
also confirmed by the performance statistics summarized in Table 6.3, where the λ = 0.2
strategy achieves both the highest total and annualized returns at 196.05% and 16.78%
respectively. Generally, both total and annualized returns decline as λ increases, reflecting
the reduced weight placed on expected return in mean-CVaR framework.
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λ
Total-

Return (%)
Annualized
Return (%)

Sortino
Ratio VaR0.95 (%) CVaR0.95 (%)

0.2 196.05 16.78 0.0893 1.70 2.50

0.5 178.70 15.78 0.0860 1.65 2.49

0.8 169.67 15.23 0.0835 1.66 2.49

Table 6.3: Performance statistics for Student’s t under different levels of risk aversion
over the out-of-sample-period.

Looking at the tail-risk measures in Table 6.3, the VaR for λ = 0.2 is slightly higher
than for the other strategies, which is expected as λ = 0.2 places less weight on downside
risk minimisation. However, interestingly enough the tail-risk measures for λ = 0.5 and
λ = 0.8 are almost identical, suggesting that increasing risk aversion beyond λ = 0.5 does
not necessary reduce realized tail risk, but instead appears to lower the expected return.

Given that the values of the risk measures are almost identical across these two strategies,
the small deterioration in risk-adjusted performance, as captured by the Sortino ratio,
which decreases slightly from 0.0860 to 0.0835 between λ = 0.5 and λ = 0.8, is therefore
most likely driven by lower realized returns for λ = 0.8, rather than improved tail-risk
management. Student’s t therefore only partly confirms the expected behaviour within the
mean-CVaR framework, as higher levels of risk aversion do not consistently lead to lower
realized tail risk.

6.2.3 Vine

Lastly, R-vine is examined to see how a more flexible and complex dependence structure
performs across different risk aversion levels.

Looking at the plot of it cumulative returns over the out-of-sample period in Figure 6.4, it
is evident that the three strategies exhibit a high degree of similarity across the different
levels of risk aversion, with only small deviations between the strategies over time. In
particular, the λ = 0.5 and λ = 0.8 strategies evolve almost identically over time, with their
paths overlapping throughout most of the period. This is also reflected in the performance
statistics in Table 6.4, where the difference in their total and annualized returns is only
3.76%-point and 0.24%-point, respectively. The strategy with λ = 0.2 shows a bit more
variation, with both periods of underperforming and outperforming the other strategies.
In particular, it appears to generate a lower cumulative return from late 2021 to mid-2023,
whereafter it recovers and converges towards the other strategies before ultimately taking
the lead. It therefore still achieves the highest total and annualized returns with values of
181.16% and 15.92% respectively.
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Figure 6.4: Plot of the cumulative return for R-vine under different levels of risk aversion
over the out-of-sample-period.

Looking at the risk measures in Table 6.4, the strategy with λ = 0.2 exhibits the highest
VaR and CVaR values, indicating a greater exposure to downside risk, which is consis-
tent with its relatively low emphasis on downside risk minimisation in the mean–CVaR
framework. When increasing the level of risk aversion to λ = 0.5 both tail-risk measures
decline, reflecting a reduction in downside risk exposure. However, this pattern becomes
less consistent when looking at λ = 0.8, where the CVaR remains unchanged while the
VaR increases slightly relative to λ = 0.5. This therefore suggests that placing a stronger
emphasis on CVaR minimisation, beyond λ = 0.5, does not necessarily lead to further
improvements in the realised tail risk.

λ
Total-

Return (%)
Annualized
Return (%)

Sortino
Ratio VaR0.95 (%) CVaR0.95 (%)

0.2 181.16 15.92 0.0854 1.76 2.51

0.5 164.35 14.91 0.0818 1.64 2.48

0.8 160.59 14.67 0.0806 1.66 2.48

Table 6.4: Performance statistics for R-vine under different levels of risk aversion over the
out-of-sample-period.

Overall, the results for R-vine do not reveal a fully consistent pattern reflecting that a
increased emphasis on maximizing the expected return in the mean-CVaR framework ac-
tually leads to a higher realized return. Although the strategy with λ = 0.2 ultimately
achieves the highest total return, the cumulative return dynamics in Figure 6.4 show ex-
tended periods, in which it underperforms relative to the other strategies. At the same
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time, the performance statistics suggest that increasing the emphasis on CVaR minimi-
sation beyond λ = 0.5 does not lead to any substantial improvement in downside risk
management.

So even though the Sortino ratio decreases slightly form 0.0818 to 0.0806 for λ = 0.5 to
λ = 0.8, this appears to be driven primarily by lower realized returns rather than any
meaningful improvements in downside risk. Hence, for R-vine a higher degree of risk
aversion does not necessarily translate into lower tail risk, at least not beyond λ = 0.5.

6.2.4 Summary of results

In summary, the results from the analyses of the three copula-based portfolios across dif-
ferent levels of risk aversion reveal some differences in how they respond to changes in
risk aversion within the mean-CVaR framework. In particular, Gaussian did not fulfil the
expected behaviour regarding how realised performance would respond to different levels
of risk aversion. Specifically, CVaR decreased only slightly as λ increased, while realised
returns exhibited a non-monotonic pattern across the different levels of risk aversion.

In contrast, both Student’s t and R-vine displayed a more coherent response to changes
in risk aversion. For Student’s t, total and annualized returns declined more consistently
as λ increases, while CVaR remained relatively stable. R-vine showed a similar pattern,
with total and annualized return as decreasing as λ increased, while CVaR only decreased
slightly. So, although both Student’s t and R-vines results are more consistent with the
expectations within the mean-CVaR framework, no further improvements in downside risk
were seen beyond λ = 0.5.

Overall, these results suggest that while more flexible dependence structures, such as Stu-
dent’s t and R-vine, improve the consistency of the relationship between risk aversion
and realised performance, this does not necessarily translate into improved downside risk
management beyond λ = 0.5.
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6.3 Comparison of Dependence Structures

In this section, a more comprehensive comparison of the three copula-based portfolios is
conducted. This is done by analysing Table 6.5, which summarises their performance statis-
tics from the previous section across the three levels of risk aversion, thereby allowing for a
direct comparison of how the different dependence structures affect portfolio performance
within the mean-CVaR framework.

λ = 0.2 λ = 0.5 λ = 0.8

Gaussian Student’s t R-vine Gaussian Student’s t R-vine Gaussian Student’s t R-vine

Total
Return 121.54 196.05 181.16 134.50 178.70 164.35 131.18 169.67 160.59

Annualized
Return 12.40 16.78 15.92 12.96 15.78 14.91 12.73 15.23 14.67

Sortino
Ratio 0.0661 0.0893 0.0854 0.0725 0.0860 0.0818 0.0714 0.0835 0.0806

VaR0.95(%) 1.79 1.70 1.76 1.68 1.65 1.64 1.61 1.66 1.66

CVaR0.95(%) 2.58 2.50 2.51 2.47 2.49 2.48 2.47 2.49 2.48

Table 6.5: Performance statistics for the copula-based portfolios under different levels of
risk aversion over the out-of-sample-period, where the best performing value within each

risk aversion level is highlighted in blue.

From Table 6.5 it is quite clear, that Student’s t delivers the best overall performance
among the copula-based portfolio strategies, achieving the highest total and annualized
returns as well as the highest Sortino ratio across all levels of risk aversion. However,
when considering the tail-risk measures, the ranking becomes less distinct, with Gaussian
generally performing relatively well, achieving the lowest VaR and CVaR for λ = 0.8, as well
as the lowest CVaR for λ = 0.5, which is somewhat unexpected, as it is unable to capture
tail dependence. In contrast, R-vine achieves the lowest VaR for λ = 0.5, while Student’s t
achieves the lowest VaR and CVaR for λ = 0.2. However, overall these differences in their
tail-risk measures remain relatively small and do not indicate any consistent dominance
across the three copula specifications.

This therefore suggests that the differences in realized portfolio performance may be at-
tributed to differences in the simulated return distributions generated for each trading day
within the rolling window framework and then used to determine the portfolio weights
through the mean-CVaR optimization problem. To investigate this further, the CVaR val-
ues obtained during the rolling window estimation are plotted over time for each copula-
based portfolio under λ = 0.5 in Figure 6.5. These CVaR values are referred to as model-
implied CVaR, as they are obtained from the simulated portfolio return distributions gen-
erated by the fitted GARCH-copula models and then used within the Mean-CVaR opti-
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mization problem to determine the portfolio weights. They therefore reflect each model’s
expectation for the downside risk based on the simulated return distribution. For compar-
ison, the corresponding plots for λ = 0.2 and λ = 0.8 are provided in Appendix A.9.

Figure 6.5: Plot of model-implied CVaR for the copula-based portfolios with λ = 0.5 over
the out-of-sample-period from January 1st 2019 to December 31st 2025.

Overall, the three copula-based portfolios exhibit a very similar pattern, responding almost
simultaneously to periods of increased market stress, which is especially evident around
2020 during COVID-19 as well as during the Russian invasion of Ukraine in 2022. During
these periods, the model-implied CVaR increases notably for all portfolios, reflecting a
common response to market stress in terms of increased estimated downside risk across
all dependence structures. These similar responses to market stress are also reflected in
Table 6.6, reporting the annual mean and standard deviations of the model-implied CVaR
for each portfolio.

While the model-implied CVaR follows a similar pattern across all three copula-based
portfolios, small but consistent differences can still be observed. In particular, Student’s t
generally produces slightly higher CVaR values, while R-vine tends to yield slightly lower
values, with Gaussian positioned in between. However, these differences remain relatively
stable and are small compared to how much CVaR changes over time. In particular,
Gaussian exhibits annual mean CVaR values ranging from 1.58% to 2.22%, while Student’s
t ranges from 1.63% to 2.28% and R-vine from 1.52% to 2.20%, which confirms that all
three models operate within a very similar risk range throughout the entire sample period.
In terms of the standard deviations of the model-implied CVaR, the three portfolios are
also very similar, with volatility peaking in 2022 and reaching its lowest level in 2024.

62



Out-of-Sample Performance Analysis Aalborg University

Gaussian Student’s t R-vine

Year Mean SD Mean SD Mean SD

2019 1.66 0.167 1.71 0.164 1.60 0.157

2020 2.11 0.395 2.15 0.408 2.08 0.409

2021 1.82 0.200 1.85 0.206 1.80 0.207

2022 2.22 0.222 2.28 0.226 2.20 0.219

2023 1.93 0.152 1.97 0.174 1.87 0.157

2024 1.58 0.113 1.63 0.107 1.52 0.115

2025 1.69 0.156 1.72 0.164 1.64 0.146

Table 6.6: Annual mean and standard deviation of model-implied CVaR (in %) for the
copula-based portfolio strategies under a risk aversion parameter of λ = 0.5 over the

out-of-sample-period.

Overall, these results indicate that the different copulas play a more important role in
shaping the realized portfolio returns than in determining the dynamics of the model-
implied CVaR. While the different copula specifications lead to noticeable differences in
their returns, the model-implied CVaR remains highly similar across all specifications in
terms of both pattern and level.

This therefore suggests that, within the considered GARCH–copula framework, differences
in the modelling of the dependence structure primarily affect the portfolio allocation and
the realized returns, whereas the estimation of downside risk appears to be largely driven
by common market conditions and identical marginal distributions. Consequently, the
observed differences in portfolio performance cannot be attributed to differences in tail-risk
estimation, but rather to how the simulated return distributions implied by the different
copula specifications are translated into optimal portfolio weights within the mean–CVaR
framework.
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7 | Discussion

In this thesis, multiple portfolios have been constructed based on different assumptions
about dependence structures in order to examine how they compare to a more naive equally
weighted benchmark portfolio, as well as how they perform under different levels of risk
aversion. This chapter therefore aims to discuss and highlight some of the limitations and
choices made when constructing the portfolios.

The first part of the discussion focuses on the choice of the sample period and how it
affects the selection of the marginal models. The sample period was chosen as the period
from January 1st 2017 to December 31st 2025, which includes several events affecting the
financial market, such as the COVID-19 pandemic, the Russian invasion of Ukraine and
multiple periods of heightened uncertainty due to Donald Trump’s tariff policies. Conse-
quently, choosing to perform the marginal model selection using data from 2017 to 2018
may be seen as a limitation, since this period is relatively stable compared to the subse-
quent period. As a result, the selected marginal models may not fully capture changes in
the volatility dynamics during the periods of market stress in the out-of-sample period, and
may therefore provide a less accurate representation of the returns over time. Choosing
the period from 2017 to 2025 was however intentional, as it reflects a reality where sudden
global events and political decisions affects the financial markets. Including periods af-
fected by major global events therefore provides a more realistic setting for evaluating how
GARCH-copula models perform under different market conditions, particularly in terms of
capturing changes in volatility and dependence structures during periods of market stress,
rather then solely focusing on more stable periods.

Building on the discussion about the selection of the marginal models, these were selected
based on the lowest BIC, which is a relatively conservative information criterion, imposing
a strong penalty on model complexity. This is also reflected in the selected model specifi-
cations, where most stocks are modelled using a GARCH(1,1) specification combined with
the student’s t distribution. While this specification contributes to model stability within
the rolling estimation, it may be too restrictive to fully capture more complex or time-
varying volatility dynamics over time. However, this trade-off was considered necessary, as
the marginal models were re-estimated daily over a period of seven years, which requires
a specification that is stable over time.

In an addition to the standard GARCH specification, other more flexible specifications,
such as EGARCH and GJR-GARCH, were also considered, as they are able to capture
asymmetric volatility, where negative returns tend to increase volatility more than posi-
tive returns with the same magnitude. However, implementing these models within the
rolling estimation framework with daily re-estimation proved challenging, as the behaviour
of the stocks changed over time, leading unstable model estimation. This problem could
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potentially have been addressed by re-selecting the marginal model specifications through-
out the sample period in order to ensure that they we able to capture the current market
conditions. However, this would introduce additional model uncertainty and reduce com-
parability over time, as changes in the portfolio performance may then come from changes
in the marginal specification rather then differences in the copula specifications themselves.

An important aspect to consider next is the choice of portfolio optimization problem. In
this thesis the mean–CVaR optimization problem was chosen even though more traditional
methods such as mean–variance optimization could have been used. Mean–variance is a
widely used method within portfolio optimization, known for its simplicity and its ability
to account for co-movements between portfolio stocks through the covariance matrix. How-
ever, it relies on the assumption that risk can be adequately captured by the variance of
the return distribution, which is a rather restrictive assumption within financial markets,
as return distributions are typically non-normal, exhibiting skewness and heavy tails. In
contrast, mean–CVaR focuses explicitly on downside risk by measuring the expected loss
in the tail of the return distribution beyond a given confidence level. This means that,
instead of minimizing overall variance, it concentrates solely on reducing extreme losses,
making it particularly well suited for financial markets where extreme negative returns
tend to co-occur more frequently than extreme positive returns. It also aligns more closely
with investor preferences, as the primary concern is typically to avoid large losses rather
than large fluctuations in both directions.

When using CVaR within the mean-CVaR framework, the accuracy of the estimated return
distribution is important, as CVaR is directly driven by the tail of this distribution. In
this thesis, the distribution is obtained through simulated returns from the copula models,
meaning that the accuracy of the CVaR estimates depends both on the number of sim-
ulations as well as the chosen copulas ability to capture the dependence in the tails. To
balance the computational efficiency and the estimation accuracy, 5.000 simulations were
used in the portfolio allocation. While this number is considered sufficient in practice to
obtain reasonably stable estimates, a higher number of simulations may have improved the
precision of the CVaR estimates and thereby may have led to more pronounced perfor-
mance differences across the copula-based portfolios. In regards to the choice of copulas,
each specification has different properties in terms of how dependence is captured, partic-
ularly in the tails of the distribution. For instance, the Gaussian copula does not allow
for tail dependence, implying that extreme co-movements between stocks are systemati-
cally underestimated, which may explain why Gaussian had a overall worse performance
compared to R-vine and Student’s t. These two copulas are both better suited for the
mean–CVaR framework, where the portfolio allocation is directly driven by the minimiza-
tion of downside risk, making an accurate modelling of joint tail dependence particularly
important.

A further critique of the mean–CVaR framework in this thesis is that it is only implemented
for three fixed values of λ, whereas in a standard mean–CVaR setting, performance is typ-
ically evaluated along an efficient frontier, which allows for a more complete assessment
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of the trade-off between expected return and downside risk across different levels of risk
aversion. In this thesis, it can therefore only be concluded that increasing the level of
risk aversion beyond λ = 0.5 does not reduce CVaR substantially, but rather just reduces
expected returns. Had the efficient frontier been computed, it may have provided a more
detailed picture of how this trade-off evolves across different risk aversion levels. How-
ever, estimating the full efficient frontier within the rolling estimation framework would
be very computationally demanding, which is why three different levels of risk aversion,
representing low, moderate and high risk aversion, were considered sufficient to capture
the variation in portfolio performance.

Lastly, in terms of the market assumptions, the portfolios where constructed under a
frictionless market setting, where short-selling was allowed, and frequently used as the
portfolio weights were updated daily within the rolling estimation procedure. This was
done to increase flexibility and improve the ability to manage risk exposure, however, it
also makes the portfolio more sensitive to estimation errors, leading to larger and more
frequent adjustments in portfolio weights than in a market that prohibits short-selling.
Short-selling is therefore seen as a useful modelling assumption supporting the mean–CVaR
framework. Within the frictionless market setting, no transaction coasts, taxes or other
trading fees were included, meaning that the daily rebalancing of the portfolios could be
carried out without any cost. While this simplifies the analysis and isolates the effect
of the different copulas, more dynamic strategies may appear more attractive than they
would in a realistic market setting, where frequent trading would be costly. Overall, these
assumptions should therefore be considered when interpreting the results, as they reflect a
simplified and frictionless market setting.

66



Conclusion Aalborg University

8 | Conclusion

For this thesis the main goal was to assess how different dependence structures, modelled
using different copulas, affect portfolio performance within a mean–CVaR framework. This
was done by constructing portfolios of ten stocks from the OMX C24 index over the period
from January 1st 2017 to December 31st 2025, where the joint return distribution of the
stocks were modelled using a GARCH-copula framework based on Gaussian, Student’s t
and R-vine copulas.

The results showed that all three copula-based portfolios consistently outperform the naive
equally weighted benchmark portfolio in terms of both return and downside risk. In par-
ticular, the copula-based portfolios generate substantially higher cumulative, total and
annualized returns over the out-of-sample period, while also exhibiting lower downside risk
as measured by VaR and CVaR.

When analysing each copula-based portfolio across different levels of risk aversion, the re-
sults indicate that the relationship between risk aversion and realised portfolio performance
is not fully monotonic for all models. While Student’s t and R-vine generally exhibit more
stable and theoretically consistent behaviour across different values of λ, Gaussian shows
a less consistent response, particularly in terms of its return dynamics. In addition, im-
provements in downside risk appear to be limited beyond λ = 0.5, as further increases in
the risk aversion level mainly reduce the realised returns while CVaR remains unchanged.

Finally, when comparing the three copula-based portfolio strategies, the results show that
Student’s t delivers the strongest overall performance, followed by R-vine, while the Gaus-
sian copula generally underperforms. However, despite the differences in their realised
returns, the model-implied CVaR dynamics are highly similar across all specifications,
both in terms of their level and pattern, with all responding almost identically to periods
of market stress. This therefore suggests that the estimation of downside risk is primarily
driven by the underlying market conditions and identical marginal distributions, rather
than the specific copula’s ability to model tail dependence.

Overall, these results suggest that the chosen copula specification mainly affects portfolio
allocation through the simulated joint return distribution rather than the assessment of
tail risk. As a result, differences in performance between the copula-based portfolios are
primarily driven by how their dependence structures are used to find the optimal weights
within the mean–CVaR framework, rather than by differences in estimated downside risk.
This thesis therefore highlights that, while more flexible dependence structures such as
Student’s t and R-vine may improve overall performance, these improvements are mainly
reflected in their realised returns rather than in improved downside risk. This indicates
that, within the considered modelling framework, the choice of copula is more relevant for
portfolio optimisation and allocation decisions than for the risk estimation itself.
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A | Appendix

This chapter provides a selection of fundamental definitions and theorems from probability
theory, included to support the theoretical framework presented in Chapter 2 (Copula
Theory).

First is the definition of a d-dimensional distribution function.

Definition A.0.1. d-Dimensional Distribution Function
Let d ∈ N and let X = (X1, . . . , Xd) be a random vector on the probability space
(Ω,F ,P). The d-dimensional distribution function, F : Rd → [0, 1], of X is then
defined as

FX(x1, . . . , xd) = P (X1 ≤ x1, . . . , Xd ≤ xd) ,

for all x1, . . . , xd ∈ Rd.

By Definition A.0.1, a d-dimensional distribution function is defined as the joint probability
that all components of the random vector X = (X1, . . . , Xd) are less than or equal to some
specified values. Although this definition provides a formal description of a d-dimensional
distribution function, a theorem specifying the necessary properties is required to determine
whether an arbitrary function represents a valid d-dimensional distribution function.

Theorem A.0.2. Properties of d-Dimensional Distribution Functions
Let d ∈ N. A function F : Rd → [0, 1] is a distribution function of a random vector
X = (X1, . . . , Xd) be a random vector on a probability space (Ω,F ,P), if and only if

• F is right continuous in each coordinate,

• F is d-increasing,

• F satisfies the lower boundary condition, meaning

F (x1, . . . , xd) → 0, if at least one coordinate xi → −∞,

• F satisfies the upper boundary condition, meaning

F (x1, . . . , xd) → 1, as min(x1, . . . , xd) → +∞.

Proof. This proof is omitted, but it can be found in [Billingsley, 1995, p. 259 – 260].

Having defined the necessary properties for a function to qualify as a valid d-dimensional
distribution function, it is useful to consider the one-dimensional case, as it provides the
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foundation for mapping a random variable to a standard uniform distribution.

Theorem A.0.3. Probability Integral Transform
Let X be a random variable on a probability space (Ω,F ,P) with the distribution
function F : R → [0, 1]. Then

• if F is continuous, then F (X) ∼ Uniform(0, 1).

• if U ∼ Uniform(0, 1), then F−1(U) ∼ F .

Proof. This proof is omitted, but can be found in [Durante and Sempi, 2016, p. 5 – 6].

The probability integral transform states that applying the distribution function F to a
continuous random variable X produces a new random variable F (X), which is uniformly
distributed on [0, 1]. Conversely, a uniform random variable on [0, 1] can be transformed
back to the original distribution using the inverse of F , which is defined in the following
definition.

Definition A.0.4. Quasi-Inverse
Let F : R → [0, 1] be a distribution function. The quasi-inverse, F (−1) : [0, 1] → R, of
F is defined such that

• if t /∈ Ran(F ), then

F (−1)(t) =

{
inf{x ∈ R : F (x) ≥ t}, t ∈ (0, 1],

inf{x ∈ R : F (x) > t}, t = 0.

• If t ∈ Ran(F ), then
F (F (−1)(t)) = t.

Remark. Note, that when F is continuous and strictly increasing the quasi-inverse, F (−1),
coincides with the standard inverse, F−1.

So basically, the quasi-inverse provides a way of mapping values from the codomain [0, 1]
of a distribution function back to the corresponding values in its domain. In the special
case where t ∈ Ran(F ), meaning that t is a value that F actually attains, the quasi-inverse
satisfies F (F−1(t)) = t. Durante and Sempi [2016]
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A.1 C- and D-vines

In this section, Canonical vines (C-vines) and Drawable vines (D-vines) are introduced as
special cases of R-vines, obtained by imposing additional constrains on the tree sequence
of R-vines defined in Definition 3.2.5 (Regular Vine (R-Vine)). More specifically, they
introduce restrictions on how the nodes are connected in each tree, as specified in the
definition below.

Definition A.1.1. Canonical Vine (C-Vine) and Drawable Vine (D-Vine)
Let d ≥ 2. A regular vine V = (T1, . . . , Td−1) is called a

• C-vine, if in each tree Ti, there exists one root node, meaning a node n ∈ Ni,
such that |{e ∈ Ei | n ∈ e}|= d− i,

• D-vine, if each node n ∈ Ni satisfies |{e ∈ Ei | n ∈ e}|≤ 2,
for i = 1, . . . , d− 1.

So, in addition to the conditions required for a general R-vine, C-vines and D-vines impose
additional restrictions on the way the nodes are connected in each tree.

For a C-vine, each tree must contain one root node, which is connected to all other nodes
in the tree. An visual example on this is seen in Figure A.1 (left), where the first tree T1

is depicted for a C-vine with four nodes. Here the root node is n1 = 1, as it is connected
to all other nodes in the tree through an edge.

In contrast, a D-vine has a more straight path-like structure, where each node is connected
to two nodes at the most. An example of this is seen in Figure A.1 (right), where the
first tree for a D-vine is depicted. Here, nodes 1 and 4 are connected to only one other
node, while nodes 2 and 3 have two connections. This structure, therefore creates a linear
ordering of the variables, where the dependence structure is modelled sequentially along
the path. (See Czado [2019])

The joint density associated with a C-vine is given as

f(x1, . . . , xd) =
d∏

k=1

fk(xk)
d−1∏
j=1

d−j∏
i=1

cj,j+i;1,...,j−1.

Similarly, for a D-vine it is given by

f(x1, . . . , xd) =
d∏

k=1

fk(xk)
d−1∏
j=1

d−j∏
i=1

ci,(i+j);(i+1)...,(i+j−1).

These expressions show that both their joint densities can be decomposed into bivariate
copulas.
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C-vine

1

2

3

4

1,2
1,3

1,4

1,2

1,3

1,4

2, 3|1

2, 4|1

2, 3|1 2, 4|1
3, 4|1, 2

D-vine

1 2 3 4
1, 2 2, 3 3, 4

1,2 2,3 3,4
1, 2|3 2, 4|3

1, 2|3 2, 4|3
1, 4|2, 3

Figure A.1: Examples of a C-vine (left) and a D-vine (right)
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A.2 The Dißmann Algorithm
In this section the Dißmann algorithm for sequential estimation of an R-vine copula is
provided.

Algorithm 1 Dißmann’s algorithm (using Kendall’s tau)
1: Compute the empirical Kendall’s tau τ̂i,j for all pairs 1 ≤ i < j ≤ d
2: Construct the first tree as

T1 = argmax
T=(N,E) spanning tree

∑
e=(Ce,a,Ce,b)∈E

|τ̂Ce,a,Ce,b|

3: for each edge e ∈ E1 do
4: Estimated parameter(s) for each copula family θ̂Ce,a,Ce,b by ML
5: Select a copula CCe,a,Ce,b by AIC
6: for k = 1, . . . , n do

ûk,Ce,a|Ce,b = FCe,a|Ce,b

(
uk,Ce,a | uk,Ce,b ; θ̂Ce,a,Ce,b

)
ûk,Ce,b|Ce,a = FCe,b|Ce,a

(
uk,Ce,b | uk,Ce,a ; θ̂Ce,a,Ce,b

)
7: end for
8: end for
9: for i = 2, . . . , d− 1 do

10: Determine τCe,a,Ce,b;De for all admissible edges e =
(
Ce,a, Ce,b;De

)
in the set Ep,i

11: Select the maximum spanning tree among the edges e ∈ Ti as

Ti = argmax
T=(N,E) spanning tree with E⊂EP,i

∑
e=(Ce,a,Ce,b;De)∈E

|τ̂Ce,a,Ce,b;De|

12: for each edge e =∈ Ei do
13: Estimated parameter(s) for each copula family θ̂Ce,a,Ce,b|De by ML.
14: Select a copula CCe,a,Ce,b|De by AIC.
15: for k = 1, . . . , n do

ûk,Ce,a|De = FCe,a|Ce,b∪De

(
uk,Ce,a | uCe,b , uk,De ; θ̂Ce,a|Ce,b∪De

)
ûk,Ce,b|De = FCe,b|Ce,a∪De

(
uk,Ce,b | uCe,a , uk,De ; θ̂Ce,a|Ce,b∪De

)
16: end for
17: end for
18: end for
19: return The model estimate

(
V̂ , B̂, Θ̂

)
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A.3 ACF plots for log returns

In this section the remaining ACF plots are provided.

Figure A.2: ACF plots over 30 lags for the log returns based on the in-sample period
from January 1st 2017 to December 31st 2018.
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A.4 ACF plots for squared log returns

In this section the remaining ACF plots for the squared log returns is provided.

Figure A.3: ACF plots over 30 lags for the squared log returns based on the in-sample
period from January 1st 2017 to December 31st 2018.
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A.5 QQ-plots plots for the standardized residuals

In this section the remaining QQ-plots for the standardized residuals is provided.

Figure A.4: QQ-plots of the sample quantiles of the standardized residuals against the
theoretical quantiles of the standard normal distribution for the remaining stocks based

on the in-sample period from January 1st 2017 to December 31st 2018.
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A.6 Distributions

In this section the distributions used to model the standardized residuals in Section 5.2
are introduced.

A random variable X ∈ R is said to follow a student’s t distribution with ν > 2 degrees of
freedom, if it density function is given by

f(x; ν) =
Γ
(
ν+1
2

)√
(ν − 2)πΓ

(
ν
2

) (1 + x2

ν − 2

)−( ν+1
2 )

,

where Γ denotes the gamma function. (See Galanos [2026]) The distribution is then stan-
dardized when

E[X] = 0, Var(X) = 1.

If the random variable is said to follow a Normal Inverse Gaussian (NIG) distribution, its
density function is given by

f(x;α, β, µ, δ) =
αδ

π
exp

(
δ
√

α2 + β2 + β(x− µ)
) K1

(
α
√
δ2 + (x− µ)2

)
√

δ2 + (x− µ)2
,

where the kurtosis parameter α and the skewness parameter β satisfy the condition 0 ≤
|β|< α, δ > 0 is the scale parameter and µ ∈ R is the location parameter. K1 denotes the
modified Bessel function of the second kind. (See Hadri and Mikhail [2014])

The mean and variance is given by

E[X] = µ+
δβ√

α2 − β2
, Var(X) =

δα2

(α2 − β2)
3
2

,

where the distribution is standardized if

E[X] = 0, Var(X) = 1.
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A.7 Risk and Performance measures for Portfolio Anal-
ysis

In this section the risk and performance measures used to evaluate the portfolio perfor-
mance in Chapter 6 is defined.

First is the performance measure the cumulative return, which measures the total wealth
growth over the chosen period. This is defined as

Rcum =
T∏
t=1

(1 +Rt)− 1,

where Rt is the portfolio return at time t = 1, . . . , T . To ensure comparability across time
the annualized return is also included, providing the average growth or loss of the portfolio
per year. This is defined as

Rannual = (1 +Rcum)
250
T − 1,

where T ∈ N it the total number of observations, and 250 represents the number of trading
days per year.

The risk-adjusted performance is measured using Sortino ratio, which is defined as

Sortino Ratio =
E[Rt]− MAR

δMAR
,

where MAR is the Minimum Acceptable Return and δMAR is the downside deviation, which
is given by

δMAR =

√√√√ 1

T

T∑
t=1

min(Rt − MAR, 0)2.

To capture tail risk, the empirical VaR and CVaR are calculated based on the return
distribution. The VaR at confidence level β is defined as

VaRβ = inf
{
α ∈ R : P(Rt ≤ α) ≥ β

}
,

where α ∈ R is the threshold, where the probability of observing returns below this level
is at least β. The CVaR is then defined as the expected loss conditioned on exceeding this
VaR threshold and is computed as

CVaRβ = E
[
Rt | Rt ≤ V aRβ

]
.

Finally, the downside risk over time is captured using the maximum drawdown, which
measures the largest peak-to-trough decline in the portfolio wealth over the sample period.
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The maximum drawdown is defined as

min
t

 Wt

max
s≤t

Ws

− 1

 ,

where Wt denotes the portfolio wealth at time t, calculated as

Wt =
t∏

i=1

(1 +Ri).

The maximum drawdown therefore captures the portfolio’s worst observed loss from a
previous high over the sample period. (See Peterson et al. [2026])
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A.8 Cumulative return plots

In this section the plots for the cumulative returns for the copula-based portfolios and
Equal-weight for the remaining risk aversion parameter values λ = 02 and λ = 0.8 are
provided.

Figure A.5: Plot of the cumulative return for each portfolio under a risk aversion
parameter of λ = 0.2 over the out-of-sample-period from January 1st 2019 to December

31st 2025.

Figure A.6: Plot of the cumulative return for each portfolio under a risk aversion
parameter of λ = 0.8 over the out-of-sample-period from January 1st 2019 to December

31st 2025.
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A.9 Model-implied CVaR plots

In this section the plots for the model-implied CVaR for the remaining risk aversion pa-
rameter values λ = 02 and λ = 0.8 are provided.

Figure A.7: Plot of model-implied CVaR for the copula-based portfolios with λ = 0.2
over the out-of-sample-period from January 1st 2019 to December 31st 2025.

Figure A.8: Plot of model-implied CVaR for the copula-based portfolios with λ = 0.8
over the out-of-sample-period from January 1st 2019 to December 31st 2025.
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