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Abstract

This thesis explores aspects of operator theory relevant to quantum mechanics. We
primarily focus on three different subjects: Self-adjoint unbounded operators, pseudo-
differential calculus, and simple quantum systems of particles in Euclidean space.

First we present some of the theory of self-adjoint unbounded operator covering
basic definitions, variational operators, and spectral theory. While introducing the basic
definitions we prove standard results such as criteria for self-adjointness and the Kato-
Rellich Theorem. For variational operators we also include Friedrich’s Extension. As for
spectral theory we prove the spectral theorem for bounded and unbounded self-adjoint
operators, Stone’s Formula, and Helffer-Sjostrand Formula.

Secondly we study tempered distributions and pseudo-differential operators. The
Schwartz space and space of tempered distributions are introduced, and results such
as reflexivity of the spaces, Schwartz Kernel Theorem, and the Structure Theorem
are proven. Afterwards we deal with quite general quantization schemes for pseudo-
differential operators, mostly working with Hérmander classes of smooth symbols with
decay controlled by a tempered weight. For these we establish a Calderén-Vaillancourt
Theorem, a Moyal product, and for certain quantizations a Beal’s Commutator Crite-
rion. To prove all these results we make use of modulated tight Gabor frame, and we
characterize the different spaces by their coordinates or matrices in this frame.

Lastly we analyze some one particle systems directly and a many-body particle sys-
tem in the Hartree-Fock approximation, both under the influence of a regular mag-
netic field. As a start we omit the magnetic field and give classical results on the free
Schrodinger operator and harmonic oscillator. Then we give elementary results on free
magnetic Schrodinger operators and find the Landau spectrum. Afterwards we turn
our attention toward the Hartree-Fock approximation of a many-body particle system
under the influence of a constant magnetic field. Essentially the many-body particle sys-
tem is approximated by a single particle Schrodinger operator with an added potential
representing the particle cloud. This potential satisfies a fix-point equation, which we
solve.
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Introduction

In the pursuit of understanding the universe, quantum mechanics was developed to
explain how the smallest of things the universe have to offer behave. These, such as
photons and electrons, were proven to exhibit both particle-like and wavelike behavior
through experiments. Having a hard time explaining how e.g. light comes in quanta,
but behaves like a wave in an ensemble, lead to this strange and stochastic theory of
quantum mechanics.

Quantum mechanics supposes that we work with a Hilbert space as our phase space
and associate observables of our quantum system with self-adjoint operators on the
Hilbert space. The state of our quantum system is then described by a non-negative,
self-adjoint trace class operator with trace one, whom together with the spectral decom-
position of an observable gives a probability distribution for what the "realized" value
of that observable is. One quite important observable is the energy of the system and
the associated operator is called the Schrodinger operator, sometimes the Hamiltonian.
The Schrodinger operator governs the time evolution of the quantum system through
the Schrodinger equation, which expresses how the state develops in time. See [2, [15,
28] for historical notes or discussion of the "axioms" of quantum mechanics, specifically
[15, Chapter 1, 3, and 19] and [28| Chapter 2 and 5].

Dealing with all of the above rigorously in a mathematical sense necessitates the
development of new mathematical tools, especially developing the theory of operators
to encompass those relevant to quantum mechanics. This is the main interest of this
project and we aim to elucidate theory both abstract and concrete, general and specific.

For a start, much of the theory of operators, and even more so unbounded operator,
has been created with applications to quantum systems in mind. As seen in e.g. [14}
22, 23|, this theory is far from trivial, although well developed at this point. We will
in Chapter [| take a very general approach to the notion of operator and give a short
account of self-adjointness and spectral theory for operators on Hilbert spaces. This
covers basic material beyond the case of bounded operators with only a few perhaps
non-standard topics such as the Helffer-Sjostrand formula, taken from [10, 16, 28]

Continuing, the question of which operators are associated with which observable
begs for an answer. The more intuitive classical mechanics, where one works with sys-
tems as deterministic and observables as functions of states giving a specific value, one
often has an easier time finding the function associated with a certain observable, see
[15, Chapter 2 and 3]. The energy function, henceforth Hamiltonian, is one example.
Trying to translate classical mechanics to its quantum counterpart leads to quantiza-
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tion procedures and in cases classes of pseudo-differential operators, see [15, Chapter
13]. Thus this is the subject of Chapter 3| where we present some technical tools in
terms of spaces and transformations which enables us to quantize classical observables
through general schemes. The approach taken is mainly from the articles [8, 9], where
the usefulness of modified Gabor frames to pseudo-differential operators is shown.

Lastly, we would be negligent if we do not delve into some specifics, and so in
Chapter [ several Schrodinger operators for simple quantum systems are studied in
detail. A large part is spent on making sure that what should be the Schrédinger op-
erators actually exists in an appropriate sense, i.e. as self-adjoint operators. In some
instances we also compute the spectrum of the Schrodinger operator, which is relevant
when considering the time evolution of the quantum system. We focus on a range of
techniques in large part based off [7, 28]. It should be noted that Schrodinger operators
are not always amenable to an analysis, and approximations have to take place. Many-
body systems can give raise to such situations and the last topic of Chapter 4| concerns
the Hartree-Fock approximation, particularly recovering an approximative Schrodinger
operator. This last problem is due to H. Cornean and the proofs are constructed in
collaboration, yet to be published.

1.1 Notation and Conventions

Before moving on we introduce some notation and conventions used throughout. While
some are common, others are certainly not. Some of the notation clashes, so we count
on the viewer to look at the context in which it is used.

We let IN denote the natural numbers, INg the natural numbers plus zero, Z the
integers, R the real numbers, and C the complex numbers. The absolute value of a
complex number is denoted | - | and the Euclidean norm in C%, d € N, by || - ||. The
associated metric is denoted as d, not to be confused with the dimension. On C? we also
define the Japanese bracket (-) = (1+ | - HZ)% and remind the reader of the following
generalization of Peetre’s inequality:

() ) <2% {x -yl
for x,y € C? and p € R. At times a C € R will denote a positive constant with possible
subscripts showing its dependencies. We also let ¢; denote the jth canonical basis vector
inC4, d> j.

The graph of a function f is denoted by I'(f), the domain by D(f), and the range
R(f). Anindicator function on some subset () is denoted by 1, and the identity function
by idn. The subscripts are omitted when the context allows it. We also allow the notation
f(+) for a function to avoid the cumbersome notation of always having dummy variables.

Given a metric space (), we denote the ball at x € Q) with radius r > 0 by B,(x; Q).

For vector spaces V we denote a translationby ¢ € Vas 1y =V > ¢ — p — ¢ and
use the same notation for its pullback, i.e. 75 = 7y. Norms or semi-norms are denoted
as || - ||y with possibility of added subscripts, and for inner products we use (-, -)y. Inner
products, and in general sesquilinear forms, are taken antilinear in the first entry and
linear in the second. For tensor products we use ®.

Lebesgue spaces over RY, d € N, are denoted as L?(R?) with p € [1,00]. Spaces
of continuous and continuous differential functions are denoted as C"(R?) with n €
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N U {oo}, and if these are required to be bounded, then we use BC"(R?). If we take
the subspace of functions with compact support, then a c is added as a subscript. All
these spaces are equipped with their canonical topology, making them Hilbert, Banach,
or Fréchet spaces.

For a linear integral operator T, we denote its, or a, kernel by Kr. We work with

F:LY(RY) > f— (IRd S3¢— (2:[)3 /]Rd e_ig'xf(x)dx>

as the definition of the Fourier transform on L'(R?). The symbol F will in general
denote the Fourier transform in any of its forms.

We make use of multi-index notation: For a multi-index « € N4, d € IN, we have
an absolute value |a| := ):;»1:1 aj, the monomial x* = H;lzl x?j for x € C% and the

differential operator 0* := H?l:l g% on suitably defined objects.






2

Unbounded Operators, Self-adjointness, and
Spectral Theory

In general we mathematicians are quite fond of being precise, but somehow the natural
world has not caught up to that fact yet. It seems that one always needs more complex
and abstract theory to model different aspects of physics, and quantum mechanics is no
exception: We need to have a good grasp on Hilbert spaces and the general notion of an
operator on these spaces. This motivates the study of unbounded operators, which will
be our goal this chapter.

Our presentation of the subject is based on many well-known sources. Most defini-
tions and common theorems stem from [14, 23, 24, 25, 31], especially the first two sec-
tions, which focuses respectively on the general notion of an operator between topolog-
ical vector spaces and the adjoints for operators between Hilbert spaces. The following
section on variational operators is inspired by [14, 22] and delves into the relation be-
tween operators and sesquilinear forms. In the last section we present some elementary
spectral theory and most importantly the spectral theorems for self-adjoint operators.
Much of the spectral theory is stitched together from material in [5] 23, 24} 27] while the
Stone’s formula is taken form [16, 28] and the Helffer-Sjostrand formula from [10, [16]. A
lot of attention in the second section and onwards is given to exploring self-adjointness,
whereas we neglect to study objects such as normal operators.

Note when referring to a vector space we always mean a complex vector space. We
also mostly consider Banach and Hilbert spaces in this section though some definitions
are stated more generally.

2.1 Unbounded Operators

Let us start with some definitions.

Definition 2.1.1. (Unbounded Operators) A linear map T from a subspace of a topolog-
ical vector space V; into another topological vector space V> is called an operator on V;
into V,, and the space of such objects denoted by L£(V3, V»). Also L(V;) = L(V4, V1).

If T € £L(V4,V,) is not bounded, then T is called unbounded. The subspace of
L(Vy, V) consisting of bounded operators defined on the entirety of V; will be denoted
by B(Vi, V,) and the bounded dual by V] = B(V;,C). Spaces of bounded operators are
equipped with the strong topology.
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We make two notes after this first definition. First of all, for the spaces we consider,
boundedness of an operator is equivalent to continuity, see [21, Theorem 4.12] for a gen-
eral statement of this fact. Secondly, whenever we define operators on topological vector
spaces one often defines the domain before the operator, leading to some notational sins.

Definition 2.1.2. (Operations on Operators) Let Ty, T, € L(V3,V,) and T5 € L(V3, V3) be
operators and a € C a scalar.

We define sum of Ty, T, on D(T1) N D(Tz) by (T1 + T2)¢ = Tip + Tag for ¢ € D(T1) N
D(T,). We define the scalar product of a and Ty on D(Ty) by (aT;)¢ = aTi¢ for ¢ €
D(Th). Lastly, we define the composition of Tj, T3 on

D(T:Ti) = {¢ € D(T1)|T1¢ € D(T5)}
by (T3T1)(P = T3T1(P for QD € D(T3T1).

Another important operation on operators invariating some space is the commutator
bracket, defined by
[, o] = ' — T

for Ty, T, € L(V).
Definition 2.1.3. (Densely Defined) An operator T € L(V3, V) is called densely defined
if its domain D(T) is dense in V;.

The operators of interest are mostly densely defined.
Definition 2.1.4. (Extension) For two operators Ty, T, € L£(V3, V2), Ty is called an exten-
sion of Ty if D(Ty) € D(Tz) and Tz|p(r,) = T1, and we write Ty C To.

Definition 2.1.5. (Closed, Closable) An operator T € L(V3,V,) is called closed if its
graph I'(T) is closed in the product topology.
If an operator T has a closed extension, then it is called closable. Its smallest closed

extension, as measured in the sense of extensions, is then called T’s closure and denoted
T.

Note if T is a closable operator, then simply I'(T) = Nyc7 7 is ciosea L (T)-

A equivalent definition of closedness when dealing with Fréchet spaces is the fol-
lowing: For every sequence (¢, )nen in D(T) where (¢,)nen is convergent in V; and
(Tn)nen is convergent in Vs, then limy, oo ¢ € D(T) and T limy 0 ¢ = limy 0 Tpy.

Moreover, if we are dealing with Banach spaces, then D(T) is the completion of D(T) in
the graph norm:

|- lpery: D(T) € ¢ = ligllv + I Tellv,

2.2 Adjoints

The next step is to define a conjugation for operators between Hilbert spaces.

Definition 2.2.1. (Adjoint Operator) For an densely defined operator T € L(H;, Hy)
between Hilbert spaces we define the adjoint operator as follows: On the set

D(T*) ={¢ € Ha|Fp € H1: (¢, T(-)) m,|p(r) = (¥, )1 |p(m) }
define T*¢ € H; for ¢ € D(T*) by the unique vector such that

(@, T()mlpry = (T°¢, )1 Ip(r)-

6
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The uniqueness of the vector T*¢ comes from the density of D(T) in H; and Riesz’
representation. We also note the simple identity ker(T*) = R(T)* since for ¢ € R(T)~*

we have (¢, T(:))m,|p(r) = 0.
Lemma 2.2.2. The adjoint of any densely defined operator is closed.

Proof. Let T € L(Hy, Hy) be densely defined. Suppose (¢,)nen is a sequence in D(T*)
such that (¢, ),en converges in Hp and (T*¢,),eN converges in Hy. Then for any ¢ €
D(T)

(bn, TY) 1, = (T Pn, ) by

and passing to the limit

< lim Pn,s T¢>H2 = <nlgl;}o T*(Pn/ lP>H1

n—oo

By definition limy, e ¢ € D(T*) and T* limy, 0 ¢y = limy—y00 T* . [ |

Proposition 2.2.3. An densely defined operator T € L(Hy, Hy) between Hilbert spaces is clos-
able if and only if T* is densely defined. In the positive case T- = T* and T = T** hold.

Proof. If T* is densely defined, then T** exists and it is a closed extension of T, hence T
is closable.

Let us prove the converse. Suppose T is closable. Define the unitary operator
U: Hi x Hy 5 (¢,9) — (=, ¢). From the identity defining the adjoint we see that
forp € D(T) and ¢ € D(T*)

0= <T*IIJ, ¢>H1 - <1P, T(P>H2 = <u*(¢’/ T*I,U), (¢r T¢)>H1><H2‘

Thus I'(T)*+ = U*T(T*), so T'(T) = (U*T(T*))* = U*T(T*)*. Now assume that T*
is not densely defined and find ¢ € D(T*)* \ {0}. Then (¢,0) € T(T*)* = UT(T)
implying 0 = TO = ¢, a contradiction. Hence T* must be densely defined.

Lastly, we prove the two identities. From the above we get UT(T**) = T(T*)* =
UT(T), showing that T(T**) = I'(T) and so T** = T. Then

where we use that T* is closed. [ |

Proposition 2.2.4. If an densely defined operator T € L(Hy, Hy) between Hilbert spaces is
closed, injective, and has dense range, then T* and T-1 are both densely defined, closed, and
injective with dense range. Furthermore, (T*)~1 = (T~1)* holds.

Proof. Clearly T 1is densely defined, injective and has dense range. Also, if (¢n)nen is
a sequence in D(T~!) where (¢,)qen is convergent in Hy and (T~ ¢, ) N is convergent
in Hy, then by T being closed, lim, o T '¢p, € D(T) and Tlimy, 00 T 1 = limy,—sc0 P,
showing that T~! is closed.

From Lemma and Proposition we have that T* is densely defined and
closed. The dense range of T implies that T* is injective and using T** = T together
with T being injective gives that T* has dense range.

Let U be defined as in Proposition Then

P((T1)) = WT(T-)* = U (UT(=T))* = T(~T)* = U'T(~T*) = T((T") ),
so (T*)~! = (T~1H)*. [
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221 Symmetric and Self-adjoint Operators
Of special interest are operators, which are partly or entirely equal to their adjoint.

Definition 2.2.5. (Symmetric) An densely defined operator T € £(H) on a Hilbert space
is called symmetricif T C T*.
For a symmetric operator T we define the lower bound of T by

m(T) = inf{(Tg, $)ul¢ € D(T) N13By(0; H)}
and the upper bound by
M(T) = sup{{T¢,¢)ul¢ € D(T) N9B1(0; H)}.

We call T lower bounded if m(T) > —oo and analogously for upper bounded. If m(T) >
0 we call T non-negative, if m(T) > 0 we call T positive, and analogously for non-
positive and negative.

For two symmetric operators T;, T € L(H) we write Ty < T, if D(T7) € D(T,) and
<T1gb, ¢>H < <T2¢/¢>H for all ¢ € D(T]).

Note that the above definition of bounds and comparison is well-defined, since

(Tg,¢)n € R for all ¢ € D(T) when T is symmetric. This fact gives the following
identity for T and z € C:

(T = 2)¢lI% = (T — Re(2))¢[}; — i(Im(z) — Im(2)){p, T — Re(2)¢)n + Im(2)*[| 9|13
= (T — Re(2))¢|1F; + Im(2)*[| 9|15
for all ¢ € D(T).

From the definition we also see that symmetry of T implies that T** exists and so T
is closable.

(2.2.1)

Definition 2.2.6. (Self-adjoint) A densely defined operator T € £(H) in a Hilbert space
is called self-adjoint if T = T*.
A symmetric operator T € L(H) is called essentially self-adjoint if T = T*.

Self-adjointness implies T is already closed and symmetric, but the converse is false.
Let us give some equivalent statements.

Proposition 2.2.7. For a densely defined operator T € L(H) the following is equivalent to T
being self-adjoint:

(i) T is closed, symmetric and ker(T* i) = {0}
(ii) T is symmetric and R(T £i) = H

Proof. Suppose T is self-adjoint. Then closedness and symmetry follows as mentioned
above. Furthermore, if ker(T —a) # {0} for some a € C \ R, then there exist an eigen-
vector ¢ € D(T) \ {0} for T and the eigenvalue 4, so

a3 = (@, To)u = (T, ¢)u = al| |3,

which is impossible. Hence ker(T —a) = {0} and this is especially true for a € {£i}.
Thus the proof of self-adjointness implying |(1)|is done.

8
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Now suppose ((i)| holds. We prove that [(ii)| holds too by showing that R(T £ i) is
closed and dense in H. For definiteness we prove that R(T — i) is closed and dense,
where the same follows for R(T + i) by similar arguments. Let (¢,),cn be a sequence
in H such that ((T —i)¢,)nen converges towards ¢ € H. Them implies

(T = i)glIE = [ITelE + I9lI
for all ¢ € D(T), which shows that since ((T — i)¢n)nen is a Cauchy sequence, then so
is (¢n)nen. Hence (¢ )nen has a limit ¢ in H. Now T is closed, hence
Y = lim (T —i)¢, = (T —i)p € R(T —1)

n—oo

and R(T — i) is closed.

Assume then that R(T — i) is not dense. Then there exist ¢ € R(T — i)+ \ {0}, which
means

0=, (T—1)(-))ulpry = (0, )ulp)-

Thus (T* +i)¢ = (T —i)*¢ = 0 by definition of the adjoint, which is impossible by
Hence R(T — i) is dense in H, and together with being closed we deduce R(T — i) =

Lastly we shall show that implies that T is self-adjoint by proving T* C
Suppose ¢ € D(T*). By R(T —i) = H there exists ¢ € D(T) such that (T — i)y
(T* —i)¢, and then using symmetry of T we get (T* —i)(¢ — ¢) = 0. But this implies
(¢ —¢,(T+1i)("))ulpry = 0, which when added with R(T +i) = H implies ¢ = ¢.
Hence D(T*) C D(T). This and T being symmetric shows T = T*. |

Similar conditions exists for essential self-adjointness.

Corollary 2.2.8. For a densely defined operator T € L(H) the following is equivalent to T being
essentially self-adjoint:

(i) T is symmetric and ker(T* £i) = {0}
(ii) T is symmetric and R(T =+ i) are dense in H

Note that both results still hold if +i is switched with a,a for a € C \ R. We now
give an equivalent criteria for self-adjointness in case of positivity.

Proposition 2.2.9. A closed, positive operator T € L(H) is self-adjoint if and only if ker(T*) =
{0} or equivalently R(T) = H.

Proof. Tt is clear that ker(T*) = {0} if T is self-adjoint since T is injective, so suppose
ker(T*) = {0} and let us show that T is self-adjoint.

The first step is to show that R(T) is closed, which we do independent of the hy-
pothesis ker(T*) = {0}. Since T is positive, we have for all ¢ € D(T) that

m(T) )% < (To, ) u < 1Tl ullpllH
implying
|Tollg = m(T)||¢[ a-

Thus if (¢)nen is a sequence in R(T) converging in H, then the sequence (¢n)uenN in
D(T) satisfying ¢, = T¢p, for all n € IN is a Cauchy sequence, hence convergent in H.
By T being closed, this implies that

lim ¢, = T lim ¢, € R(T),

n—oo

9
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and thus the range of T is closed.
Now the identity ker(T*) = R(T)" together with R(T) being closed implies ker(T*)+
= R(T). Hence for T closed and positive, ker(T*) = {0} is equivalent to R(T) = H.
Let us return to the goal of showing that T is self-adjoint. For ¢ € D(T*) there exists
¢ € D(T) such that T*¢ = Ti. Then

(W, T(-))ulpr = (T¢, Y alpr) = (T°¢, ) ulpr) = (¢, T()alp(T)

and by R(T) = H we conclude ¢ — ¢ € H* or equivalently ¢ = ¢. Hence T* C T and
so T is self-adjoint. [

2.2.2 Relatively Bounded Perturbations

A common situation is having an operator with good qualities and then adding a per-
turbation. We will show an example of when self-adjointness is preserved.

Definition 2.2.10. (Relatively Bounded) For two densely defined operators T7,T, €
L(H) in a Hilbert space if D(T;) C D(T) and there exists a,b > 0 such that

| T2¢lla < al| Tyl + bll¢l| 1

holds for all ¢ € D(Ty), then T; is called T;-bounded. If T is called Ti-bounded, then
we call

a(Ty, Tz) = inf{a > 0[3b : | T2()[|ulp(ry) < all () lulpery) + 0l - |1lper) }
the relative Ty-bound of T>.

Note, when T;, T, € L(H) are densely defined and closable, if T, is Tj-bounded,
then T, is T;-bounded.

Theorem 2.2.11. (Kato-Rellich Theorem) If Ty, T, € L(H) with Tj self-adjoint and T, symmet-

ric, then T, being Ty-bounded with a(Ty, T) < 1 implies that Ty + T is self-adjoint.
Additionally, if V. C D(Ty) is a vector space and T |y is essentially self-adjoint, then Ty |y +

T, is essentially self-adjoint.

Proof. Let a,b > 0 be constants satisfying the relative boundedness condition for T; and

T, with a < 1. Note T; + T; is densely defined and symmetric, thus by Proposition

we only need to prove that R(T; + T, £ ci) = H for some ¢ > 0.
Fixing ¢ > 0 for now, we see

Ty —ie)gll7; = [ TaglIZ + eIl

for all ¢ € D(Ty) using 22.1). Proposition 2.2.7 shows that (T; —ic)~': H — D(T})
exists and the above shows that ||(Ty — ic) | gy < Land |T(Ty — ic) Mlpm) < 1.
Using that T, is T;-bounded, we get

ITa(Ts = ) s < alITi(Ty = i) gl +bl(Ty ~ie) gl < (a2 ) 9l

b

for all ¢ € H, hence if ¢ > =, then T (T, — ic)_1 has operator norm less than one.

This means that 1 4+ T»(T; — ic)*1 is bijective with bounded inverse, seen through using
a Neumann series. But then since R(T; — ic) = H we have

H = R((1+ To(Ty —ic) ) (Ty —ic)) = R(Ty + T» — ic).

10
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Proving R(Ty + T, + ic) = H for ¢ > % follows along the same lines.

Considering the last part, we know that T; |y + T has a self-adjoint extension T; + T».
Since T is Ty-bounded, the completion of I'(T;|y + T2) and T'(Ty|y) leads to the same
domain for the closure, i.e. D(Ti|y + T2) = D(Ti|y) = D(T}), implying Ty|y + T» =
T1 + T>. [ |

2.3 Variational Operators

Variational operators make up an important class of operators, and some of the opera-
tors we deal with will partly be of this class.

Definition 2.3.1. (Variational Operator) Let V be an inner product space and H a Hilbert
space such that V — H continuously, densely, and algebraically, and let s be a sesquilin-
ear form on V.

Associated with (V,s) we define the variational operator as follows: On the set

D(T)={¢cVFpcH:s(¢)= (- )ulv}
define T¢ € H for ¢ € D(T) by the unique vector such that

s(¢, ') = (T, )ulv-

Remark! 2.3.2. Note the adjoint operator of some densely defined operator T € L(H)
is a variational operator associated with (D(T),s), where

s: D(T) x D(T) > (¢, ¢) = (&, TY)n.

The Lax-Milgram Theorem is important when discussing variational operators. Es-
sentially, when s is bounded and elliptic, and V = H, then the variational operator is a
homeomorphism of H, see [14, Lemma 12.15].

Theorem 2.3.3. Let V,H be Hilbert spaces such that V. — H continuously, densely, and
algebraically, let s be an elliptic and bounded sesquilinear form on V, and let T be the variational
operator associated with (V,s). Then T is closed, bijective onto H with bounded inverse, and
D(T) is dense in both V and H.

Furthermore, the variational operator associated with (V,s*) is the adjoint of T.

Proof. The operator T being closed essentially follows from the boundedness of s, V <>
H continuously, and the arguments of Lemma[2.2.2]

Now on to bijectivity. Let T € B(V) be the homeomorphism of V associated with s
from the Lax-Milgram Theorem. Since V < H continuously, densely, and algebraically,
the injection 1: H* — V™ exists, and it is also continuous and linear, with dense range.
Thus for each ¢ € H we have

(@, dulv = (i, )y = (T hg, ),
and we conclude TT~1ip = ¢, so T is surjective onto H. Also for ¢ € D(T) we have
s(¢,) = (Tg, Yulv = (1T¢,-)v = s(T1iT¢, "),

implying by ellipticity of s that ¢ = T~ 1/ T¢. Hence T~! = T~1;, which is a bounded
map.

11
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We move on to proving the density of D(T) in H and V. Suppose D(T) is not dense
in H or equivalently that there exists ¢ € H \ {0} orthogonal to D(T) in H. Then for
every ¢ € D(T)

0= (9, s = (TT "¢, ) = s(T"'9, ).
Choosing 1 = T~1¢ we get by ellipticity of s that ¢ = TT~!¢ = TO = 0, a contradiction.

Next assume that there exists ¢ € V' \ {0} orthogonal to D(T) in V. Then for every
€ D(T)

0= (p,¢)v = (T, (T*) ¢}y = s(, (T*) ') = (Ty, (T*) 'P)m,

and since R(T) = H, then ¢ = T*(T*)"1¢ = 0, a contradiction.
Last statement to prove is that T* is the variational operator associated with (V,s*),
which we denote by S. Suppose ¢ € D(S). Then for all y € D(T) we have

(So.9)u = 5" (¢, ) = s(,¢) = (T, P)ru = (¢, TY) 1.

This implies that ¢ € D(T*) and T*$ = S¢. Thus T* is an extension of S.
Now suppose ¢ € D(T*). Then the same calculation as before shows

(T"¢, ¥)u = s" (0, ),
hence ¢ € D(S) and S¢ = T*¢. They are extensions of each other hence equal. n

Corollary 2.3.4. Under the hypothesis of Theorem except replacing ellipticity of s with
|| - || g-coercivity, then T is closed, D(T) is dense in both V and H, and the variational operator
associated with (V,s*) is the adjoint of T.

Proof. The || - ||g-coercivity of s implies that there exists a,b > 0 such that

Res(p, @) +all¢llu = blollv,

which means that § := s+ a(-,-)y is elliptic and (V,35) satisfies the hypothesis in Theo-
rem Thus the variational operator T for (V,3) is closed with domain dense in V
and H. Since D(T) = D(T) and T = T — a, we see that T is likewise closed with domain
dense in V and H.

The same procedure with the same constants works for s* and from Theorem [2.3.3|we
get that T* = (T — a)* = T* — a is the variational operator associated with (V,s*). W

Corollary 2.3.5. Under the hypothesis of Corollary[2.3.4} if s is Hermitian, then T is self-adjoint.
Proof. The additional assumption that s = s* implies T = T* since T and its adjoint T*
are both the variational operator associated with (V,s). u
2.3.1 Friedrich’s Extension

Friedrich’s extension is a means of extending a symmetric operator which is lower or
upper bounded.

Theorem 2.3.6. (Friedrich’s Extension) Every symmetric and lower bounded operator defined
on a Hilbert space has a self-adjoint extension satisfying the same lower bound. An analogous
statement holds for upper bounded operators.

12
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Proof. We reduce the theorem to the case of positive operators: If T is upper bounded,
then we consider the operator —T — m(—T) + 1, and if T is lower bounded, we consider
the operator T — m(T) + 1.

Solet T € L(H) be a positive operator. Define the sesquilinear form

5: D(T) x D(T) 3 (¢, ) — (T9, $)us + (¢, ).

This is an inner product on D(T), inducing the graph norm of T, and we denote the
completion of D(T) in s by V and the extension of s to V by s again. When D(T) is
equipped with s, then D(T) — H continuously, so it extends to a bounded linear map
12V — H. If this map is injective, then V — H continuously, densely, and algebraically.
Suppose it is not, i.e. there exists ¢ € V'\ {0} for which «p = 0. We then have a sequence
(¢n)nen in D(T) such that ¢, "= ¢ in V and ¢, "= 0 in H. Then

s(,¢) = lim s(,pn) = Hm (T, ¢u) 1 + (, pu) = O

for all p € D(T). Since D(T) is dense in V, this implies ¢ = 0, a contradiction. Thus ¢ is
injective and we can identify V with a subspace of H.

By Corollary the variational operator T associated with (V,s — (-,-)y) is self-
adjoint. It also satisfies

(To, o) = s(¢,¢) — (¢, ¢y = m(T) [Pl

for all ¢ € D(T), so it is positive with lower bound at least m(T). The fact that T C T
also holds leaves us to conclude m(T) = m(T). [

Friedrich’s extension leads to a simple sufficient condition for essential self-adjointness,
building upon Proposition

Corollary 2.3.7. A positive operator T € L(H) is essentially self-adjoint if and only if ker(T*) =
{0}

Proof. By Friedrich’s Extension T is necessarily positive. Since T = T* the rest of
the corollary follows from Proposition [2.2.9} |

2.4 Spectral Theory

Here we focus on the ever so interesting and useful concepts such as spectrum, resolvent,
and functional calculus.

Definition 2.4.1. (Resolvent Set, Spectrum) For an operator T € £(V') we call
p(T) ={z € Clker(T —z) ={0},R(T—z) =V}

the resolvent set of T and the complement ¢(T) = C \ p(T) the spectrum of T. The set
of eigenvalues we call the point spectrum of T and denote by 0, (T).
In addition, we call
o(T) 2z (T—2z)"1 e L(V)

the resolvent of T.

13
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The resolvent might not seem like much at first glance, but it has nice properties.
E.g. For a closed operator T € L£(V) and z € p(T), the operator (T —z)~! is defined
on entirety of V and has a closed graph. Thus if V is a Fréchet space, then by the
Closed Graph Theorem (T —z)~! € B(V). To find out more, we have to utilize complex
analysis.

Theorem 2.4.2. When T € L(B), B a Banach space, is closed and densely defined, then p(T) is
open and the resolvent is a 3(B)-valued holomorphic function.

Proof. Let w € p(T) be given. Then for every z € B(r—w)1 58, (w; C), the power series

i (T —w) "t

converges absolutely, hence S, € B(B). For such a z we want to confirm that S; is an
inverse to T — z. By a short computation

(z=w)"(T—w) " HT—w+w-z)

N
3

|
o

Il
e

n=0
=Y (z—w)"(T —w) "idpry — Y_ (z — w)" (T —w) " tidp
n=0 n=0

|
o
S

(T)
and similarly, since R(S;) C D(T),

(T—2)5: = (T~ w+w—2) ) (s~ )" (T )"

This shows both ker(T —z) = {0} and R(T —z) = B, so z € p(T) and we conclude
that p(T) is open. Also (T —z) ! =S, forz € B(T—w) 1505, (w; C), thus the resolvent is
locally expandable into a power series. n

Theorem 2.4.3. For T € B(B), B a Banach space, then o(T) is non-empty and contained in
BHT”B(B)(O;C). Moreover,

sup |A| = hm HT”HB
Aeo(T)

Proof. Suppose z & By, (0;C). Then writing T —z = z(z7!T — id) and expanding
z7!T —id in a Neumann series, we see that z € p(T).

If o(T) = @, then the resolvent of T is an entire function by Theorem From
the first paragraph one also gets (T —z)~! =z }(z71T —id) ! for z € C \ {0}, whence

(T —z)7 Y B(B) F2% 0. Thus Liouville’s Theorem tells us that the resolvent of T is

constant, which together with the limit tells us that the resolvent is zero everywhere, an
impossibility. In conclusion ¢ (T) # @.

14
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For the limit result we get a bit creative. Defining S: {0} U{z7 1|z € p(T) \ {0}} —
B(B) by S(0) = 0 and otherwise S(z) = (T —z~!)~! we get a holomorphic function. In
fact for z € By, (0;C):

S(z) = —z i)(zT)”

1
The inverse of the radius of convergence for this power series is both limsup, _, ., [|T"|| (B)
and inf,cp(s)c |z = sup,cqr) [Al, 5O

1
sup |A| = limsup HT”H%(B).
Aeo(T) n—oo
Now, z € o(T) implies z" € o(T") and by that has been proven we must have
1
|z|" < ||T"||5s)- Hence |z| < liminf, e ||T”Hl”3(B), so taking the supremum one gets:
1
sup |z| < liminf ||T"(|} .\,
ceo(T) H—y00 B(B)

giving us the desired conclusion. n

The following identities are called the resolvent identities. The one stated in the
lemma is called the second, while the one after is called the first.

Lemma 2.44. If T1, T, € L(V) have the same domain and z € p(Ty) N p(To), then
(T1—2) ' = (Tr—2) '= (T —z) (T —T)(Ta—z)"".
Proof. Since D(T;) = D(T) it holds that
T1 —Zz = TZ_Z_ (TZ_Tl)r
SO
idD(Tl) = (T1 — Z)fl(Tz — 2z — (T2 — T1)>
and
(lr—2)' = (1 —2) "' (i[d = (. - T)(T = 2) )
=(T1—2)'= (M1 —2) (- Th) (T —2) " u

The difficulty of the proof lies in checking the domains of different compositions and
additions of the operators in the above calculation commute in the sense of distributive
laws. Here it was enough that the operators in question had equal domain.

For T € L(V) and z,w € p(T) the first resolvent identity follows from the first by
choosing T; := T and T, := T + z — w resulting in

(T—2) ' —(T-w) '=(T-2)z—w)(T—-—w)" "
Remark! 2.4.5. Note that for a self-adjoint operator T on a Hilbert space H, C\ R C
p(T). Also in the case of a self-adjoint operator T we have for z € C \ R that
(T = 2)¢ll7 = I(T —Re(2))p 17 +Im(2)*[|p ]I
for all ¢ € D(T), as noted before in (2.2.1)), so
(T = 2) " sy < [Im(2)]

A sharper estimate is presented later in Corollary [2.4.24
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2.4.1 Resolution of the Identity

The spectral theorems covered in this report will be in the form of a resolution of the
identity, and we will therefore introduce them here.

Definition 2.4.6. (Resolution of the Identity) A family of orthogonal projections (E) ) er
on a Hilbert space H is called a resolution of the identity if it is non-decreasing, strongly
right-continuous,

and

both being strong limits.
We say that a resolution of the identity (Ey)er is bounded if there exists u,v € R
such that E, = 0 and E, = id.

For a resolution of the identity (E)) cr and a measurable function f: R — C, we
want to ascribe an operator to the symbol [, f(A)dE,, meant as the limit of Stieltjes-type
sums in concept.

Let us first consider f equal to a simple function of the type Y\, cnl(a,p,], Where
the intervals are disjoint. Then for each ¢ € H it would be natural to define

N
[ FNAErD = Y- cu(Es, — En )9
R n=0
and then it would follow that

N
= L. @enl (B, — Ea)é, (B, — En )¢ = | FOPAIEAIR, @41

2
H

H | FQdE

where the integral is taken in the Stieltjes-Lebesgue sense with Stieltjes-Lebesgue mea-
sure induced by the non-decreasing, right-continuous function R 3 A — ||Ex¢|/3,.

Now functions of the above type are dense in L*(RR,d||E.¢||%;) for every ¢ € H. So
if f € L?(R,d||E.¢[|3) for some ¢ € H, then [, f(A)dE ¢ could be defined as the limit
lim, e [ fu(A)dEp¢ in H, where (f,)nen is an arbitrary sequence of simple functions
of the above type converging towards f in L?(R,d| E.¢||3). This limit is exists and is
independent of choice of sequence by (2.4.1).

Henceforth we denote by BM(IR) the complex-valued Borel measurable functions
and S(R) the simple functions on left-open, right-closed intervals.

Definition 2.4.7. For a resolution of the identity (E)),ecr and f € BM(R) we define the

o D </Rf(A)dEA> - {4’ cH| [ ‘f(A)‘zd”E“PHZH}

and on it the operator [, f(A)dE, by the following procedure: For each ¢ € D ( [, f(A)dE,)
find any arbitrary sequence (f;)nen in S(IR) converging toward f in L?(R, d||E.¢||3;) and
then define

[ FAErg = lim [ fu(A)AEg

with convergence in H-norm.
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Remark! 2.4.8. From our definition of integration w.r.t. (E;)icr it follows that the
extremities of 2.4.T) holds for all f € BM(RR) and ¢ € D ([ f(A)dE,).

It is now on us to prove that this definition gives reasonable results: Firstly, for every
# € R we have by dominated convergence that 1, AZge Loy in L*(R,d||E.¢||%),
¢ € H. Thus

where E, 42520 strongly by definition. Furthermore, again by dominated convergence
L A2 1R in L*(R,d||E.¢||3) for each ¢ € H, showing that

/R IR(V)AErp = lim (Ex—E_\)¢ = ¢,

using again E, A25% 0 and also E A A2 d strongly.
Now onto a more general result.

Proposition 2.4.9. Let (E)) cr be a resolution of the identity. For every f € BM(R) the
operator [ f(A)dE, is densely defined and closed. Moreover, for f,g € BM(R) and a €

c\{o}
(i) (Jf(MEL)" = [ f(A)dE,
(ii) a [ f(M)AEy = [gaf(A)dEx
(iii) [y FNAEL + [ §MAEL C [o(f + ) (A)dE,
(iv) [g f(MAE, [g g(M)dEy C [ (fg)(A)dEA

Proof. The space S(IR) is mapped into the space of projections and the algebraic proper-
ties listed above holds for f, g € S(IR), which one checks by straightforward calculation.
Next step is looking at f,¢ € L*(R). Then quite clearly

J FOIPAIEADIs < 113 g 91 < o0

for all ¢ € H, which shows that [, f(A)dE, is everywhere defined and together with
that [, f(A)dE, is bounded with bound less than or equal to || f]| (). Similarly
for g. The rest of the properties are checked by choosing an approximating sequence
from S(RR) at every point.

Let ¢, € H be given and let (f,)nen and (g4 )nen be a sequence in S(IR) converging
to respectively f and ¢ in L?(R,d||E.¢[|%) N L?(R,d||E.¢||%). Then (afy + gn)nen is in
S(R) and converges to af + g in L?(R,d||E.¢||3) N L*(R,d| E.y||%;), and linearity follows

[ (@f +9)(V)aEx = lim [ (afu+ ) (A)AEr
— alim /]R falAEAp + lim /R 2n(\)dErg

n—oo

= [ fO)E¢+ [ g(A)dE.
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For adjoints we again compute

< A f(A)dEAq>,¢>H= ,}gr;o< /. fn(A)dEA¢,¢>H= lim <¢, /. fn(A)dEw>H
~(# /Rf(A)dEAz/J>H,

and from this we get a proof of multiplicativity on L*(RR):

</]Rf(/\)dEA/Rg(/\)dEA¢,1/J>H = </Rg(?t)dEA¢,/Rf(A)dEA¢>H
= lim </H;gn(A)dE/\¢/ /H;fn(A)dEA¢>H

n—00

= lim ([ (hig (V4 )

n—o0

~{ o) .

Fix f € BM(R). Consider Py = [ 1f-1(ju—1,1))(A)dEx for some n € N. Clearly
Lif1-1(n—1,m) € L*(R) and by the above properties P, is an orthogonal projection. Sup-
pose ¢ € R(P,). Then

913 = Pl = |

d||Exe||3,
-1 (In=1,m)) IExell

which implies that f € L*(RR,d||Ex¢||%) with norm less than or equal to n. Thus ¢ €
D (fg f(A)dE,). Since n was chosen arbitrarily, [, f(A)dE, is defined on each of the
space R(P,), n € N. Actually [; f(A)dE, invariates each of these spaces and it is
bounded with bound less than or equal to n. Let ¢ € R(P,), n € IN, and choose a
sequence (fum)men in S(R) converging to f in L*(R,d| E.¢||3;). Then

Pn/]Rf(A)dEMb:Pn n%iggo/ﬁ{fm(}\)dfim:n%iggopn/ﬁzfm(/\)dEAcp

— 1im /IR Fu(A)AEAPugp = /]R F(A)dExg.

m—o0

The bound on [, f(A)dE,|g(p,) follows from f € L®(R,d||E.¢||3), ¢ € R(Py), withnorm
less than or equal to 1 as deduced earlier. These orthogonal projection (P,),cn are pair-
wise orthogonal by our functional calculus on L*(IR), and by dominated convergence

2
2 n—00

= d||E =70
/f|1<[n,oo)) IExgll

for every ¢ € H, and this has the implication that

H/IR 1\f\’1([0,n))()\)dEA¢ —¢

H

Y=L / Lif-1(n—1,n)) (A)dEx = id
n=1 =1 R

with strong convergence. Combining these results we are able to show that D ( [, f(A)dE,)
is dense in H: For ¢ € H, ¢ = Y_;” 1 P,¢ in norm and each finite truncation of the sum

isin D ([ f(A)dEy).
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To prove that [, f(A)dE, is closed, let (¢,)nen be a sequence in H with limit ¢ and
such that ( [ f(A)dE )Lgbn)neN has limit i. Then

P = Jim P [ FONAEAs = Jim [ FOVAENPugs = [ FOVENPug

and monotone convergence of measures gives

0o ) 2
JIFORAIEIE = & [ 1FOPAIEPagll = X | [ FA)EPug
m=1 m=1 H

= Y 1Pagpl} = |9l < 0.

m=1

Thus ¢ € D ( [ f(A)dE,). Furthermore,

[ FOE = P [ BN = X [ FO)AEPup = 3 Pap =1

Hence [ f(A)dE, is closed.
The algebralc properties now follow for BM(R) functions as they did for L*(R)
functions, except we only get [, f(A)dEy C ([ f(A)dE,)". Again fix f € BM(R) and

define the projections (P,),eN as above. Suppose ¢ € D (( Jg fF(A)AEL)" ) Then

<¢, P, ( /. f(A)dEA>*‘P>H = < A f(A)dEA¢rPn¢>H = <w, /. f()‘)dE/\Pn(P>H

for all ¢ € R(P,). Thus P, ([ f(A)dEy)" ¢ = [ f(A)dE)Py¢. Now reusing arguments
from the last paragraph let us conclude that:

[ Fmaey < ( [ ) .
R R

In the above proof we showed that for f € L*(R) we had [ f(A)dE, € B(H) with
norm less than or equal to || f[|;~(r)- This is not necessarily the maximal set of functions

mapped into bounded operators by our integral, we will instead need to analyse func-
tions essentially bounded w.r.t. (Ej)ier, meaning functions in yepy L¥(RR,d |E-¢1%)
with norms uniformly bounded. Here the idea is that if () C R is a Borel measurable
set and [ 1n(A)dE, = 0, then it implies that Q) is a null set for each of the measures
4¢3

Definition 2.4.10. For a resolution of the identity (E, ) cr and we call a Borel measurable
set O C R a (E))per-null set if

/ 1a(A)dE, = 0.
R

We say ® C R (E,),ecr-almost everywhere if R \ O is a subset of a (E,)cr-null set.
A function f € BM(R) is called essentially bounded w.r.t. (Ey)er if

inf{a € [0,00)|[f]"}((a,)) is a (Ex)per-null set} < .

The space of functions essentially bounded w.r.t. (Ey) cr will be denoted by L*(R, E)
and for f € L®(RR, E) the above infimum is denoted by | f|;~(r )
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Note L®(R) — L®(RR, E) continuously.

Lemma 2.4.11. For a resolution of the identity (E) ) er we have f € L®(IR,E) if and only if
f € Npen L (R, d||E.¢||F;) and

sup{”f“L“(R,dHE.(pH%{)‘4) € H} < oo.
In the positive case, || f|| 1~ (r ) equals the above supremum.

Proof. If [i 1j¢-1((a,00))(A)dEx = 0 holds for some f € BM(R) and a € [0,00), then it
implies that | f|7!((a, )) is a null set for each of the measures d||E.$||3;, and hence

SUp{ || fll L= (w,a E.02) 1# € H} < a.
This shows that f € L®(RR, E) implies f € Ngen L*(R,d||E.¢||3) and
sup{ [l fll .= .a) 912 1® € HY < [Ifllo(r E)-
Conversely, if f € Nyen L*(R,d||E.¢||%) and

a:= Sup{”f||Loo(R,d|\E_¢|\§,)|<P € H} < oo,

then necessarily
/]R 111 ((a.00)) (A)AEL = 0

by @),
We know sup{||fllsmajeqp) ¢ € H} < [|fliwmpe for every f € L¥(R,E), so

assume the inequality is strict for some f. Then there would exists an a € [0, o) strictly
between sup{||f || .« (g 4.9z, |® € H} and ||| 1= (R ) such that |f|71((a,00)) is a null set

for each of the measures d||E.¢||3;. Hence by (2.4.1) we must have

/IR Lif1-1((ac0)) (AM)MEL = 0,

a contradiction. [ |

Proposition 2.4.12. For a resolution of the identity (E))cr the space L* (R, E) is a C*-algebra
when L® (R, E) is equipped with pointwise multiplication and conjugation, and the map

L®(R, E) 9f»—>/]Rf(A)dEA

has image in B(H) and is a continuous *-algebra-homomorphism into B(H). Furthermore,

| [ s,

= Hf||L°°(]R,E)~
B(H)

Proof. First we remark that the fact that L®(RR, E) is a C*-algebra follows directly from
Lemma 2.4.11} By our definition of L*(R, E) and (2.4.7), for f € L*(IR, E) we necessarily
have

PPN < 71 a5 191

which first implies D ( [ f(A)dE,) = H and secondly that [, f(A)dEy € B(H) with
norm less than or equal to | f[[;~r ). Thirdly, we now also have that the map in
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question is continuous. Note this mimics the calculation for L®(IR) functions in the
proof of Proposition

Now the algebraic properties of the map in the proposition simply follows from
Proposition and the fact we only deal with bounded operators. The last identity

holds since
/ dE, —id
R

and both 1R and id have norm 1 in the respective spaces. u
We also have a version of dominated convergence:

Lemma 2.4.13. Let (E))rcr be a resolution of the identity. Suppose (fn)neN is a sequence
in L®°(R, E) converging pointwise to f € L*(R,E) (Ej)rer-almost everywhere and being
uniformly bounded w.r.t. (Ex)yer. Then [g fu(A)dEy "= [ f(A)dE, strongly.

Proof. For each ¢ € H we simply have that (f,),en converges to f in L2(R,d||E.¢||%) by
dominated convergence, hence

/IR Fa(MAE g "5 /m F(A)Erg
in norm by (2.4.1). [ |

Remark! 2.4.14. We have given a strong pointwise definition of integral w.r.t. a resolu-
tion of the identity. There also exists a weak variational approach, one we state in this
remark.

Fix a resolution of the identity (E, ) cr. By first verifying the following for functions
in S(R) and then by approximation extending it to BM(IR) we get

< /]Rf()\)dEA(Prlp>H = /}R FAN)A(Exd, ¢\ 1 (2.4.2)

for f € BM(R) and ¢, 9 € D ([ f(A)dE,). The right-hand side of is well-defined
in that R 3 A +— (Ex¢, ) is of bounded variation, as seen through the polarization
identity. Moreover, it defines a sesquilinear form s on V := D ([ f(A)dE,). The op-
erator f]R f(A)dE, is now easily seen to be the variational operator associated with the

space (V,s) by the identity (2.4.2).

2.4.2 Spectral Theorem for Bounded Self-adjoint Operators

It is time to prove the first spectral theorem, here for bounded self-adjoint operators.
First, we define the usual continuous functional calculus.

Theorem 2.4.15. (Continuous Functional Calculus) Let T € B(H) be self-adjoint. There exists
a unique continuous C*-algebra-homomorphism T : C(0(T)) — B(H) such that T1 = id and
Tidg(ry = T. In addition || T ||gc(o(r)),8m)) = 1 and if f € C(c(T)) is non-negative, then
T f is non-negative.

Proof. Let P(R) denote the set of complex-valued polynomials on R and consider the
canonical *-algebra-homomorphism P(R) > p — p(T). This is the unique *-algebra-
homomorphism on P(R) into B(H) satistying 71 = id and Tid,(r) = T. Fix some p €
P(R). We will prove p(¢(T)) = o (p(T)), and then secondly | p(T)| 51y = sup,ep(r) [P(A)]-
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Let u € o(T). Then p(A) —p(p) = (A —u)q(A) for all A € R for some g € P(R), thus
p(T) — p(u) = (T — u)q(T). Since T — p has no inverse we conclude p(u) € o(p(T))
and p(c(T)) € o(p(T)). Conversely, if u € o(p(T)), then factoring p — u into linear

factors we get p(T) —u = aH?igi(p)(T — ;) witha # 0and y; € Cfor j =1,...,deg(p).
If all of the factors T — y; are invertible, then p(T) — u would be too, a contradiction.
Thus y; € o(T) for some j, meaning u = p(u;) € o(p(T)), so p(c(T)) = o(p(T)). Now

1P (D) 3wy = 1" (T)p(T) s = EP)(T) 1 5(11)-

Using that (pp)(T) is self-adjoint we know that || (5p)(T)*||5m) = || (Pp)(T) H%(H), whence
Theorem leads us to

Ip(DEey = sup  [Al= sup [p(A)*
Ae@p)o(T)  Ace(T)

Let us move on to the C*-algebra C(c(T)). P(R) is dense in C(¢(T)), so the canonical
*-algebra-homomorphism P(R) > p — p(T) has a unique extension to a bounded
operator 7: C(¢(T)) — B(H), also satisfying 71 = id and Tid,(y) = T. Furthermore,

I T Ay = Il fllc@ery)

for all f € C(o(T)). Lastly, if f € C(c(T)) is non-negative, then Tf = (T /f)? is
non-negative. n

We usually use the notation f(T) =T f for f € C(c(T)).
Corollary 2.4.16. Let T € B(H) be self-adjoint. If (f,)nen is a bounded sequence in C(c(T))

converging pointwise to f € C(c(T)), then f,(T) "= f(T) strongly.

Proof. Fix ¢ € H. The map C(0(T)) > g — (g(T)¢, ¢)n is a positive linear functional, so
from the Riesz-Markov-Kakutani Representation Theorem there exists a positive mea-
sure m such that

ST, p)= [ sim

Hence

IFo(T)o = £l = (fy = SR 9 = [ 1Fu= flm.
By dominated convergence we get | o(T) |fu — f|2dm "= 0, hence f,(T)¢ "= f(T)¢ in
norm. [

We are just about ready to construct a resolution of the identity, we will only be
needing one more lemma.

Lemma 2.4.17. Every bounded monotonic sequence of bounded self-adjoint operators has a limit
in norm.

Proof. Let (T,)sen be a bounded monotonic sequence of bounded self-adjoint operators
on H. If (T,)sen is non-increasing, then we consider (—T},),eN instead, and further-
more if T; is not non-negative, then we consider (T, — m(T;))en. Thus we reduce
the statement to that of a bounded non-decreasing sequence of bounded, non-negative
self-adjoint operators.
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Fix ¢ € H. Now for m,n € N, n < m, we have T,, — T, > 0 and hence

HTM‘P - Tn‘l’”%{ = <(Tm - Tn)4’r (Tm - Tn)4’>H
< (T = Ta)$, @) (T — Tu)?¢, (Te — Tu)P) b
< (T, @011 — (Tu, )i T — Tl 1013

Here we used that H x H 3 (¢,¢) — (T¢, ) is a semi-inner product whenever T is
everywhere defined and non-negative, and so the Cauchy-Schwartz inequality holds.
By hypothesis ((T,¢, $) H)nen is a bounded non-decreasing sequence in R, hence it has
a limit. Since also (T}),en is bounded, then the above inequalities implies that (T,¢),eN
is a Cauchy sequence in H. Thus (T,),en has a strong limit and it is bounded, which
together implies that that (T, ),en has a limit in norm. |

Theorem 2.4.18. (Spectral Theorem for Bounded Self-adjoint Operators) For every bounded self-
adjoint operator T there exists a unique resolution of the identity (E))jer, which is bounded,

such that
T = / AE,.
R

We call (E) ) er the spectral resolution of T.

Proof. Let some y € R be given. Find a sequence (f,)nen of real-valued functions in
BC(R) that decrease pointwise to 1(_q, on ¢(T). Then f,(T) is defined for every
n € IN by the Continuous Functional Calculus and (fx(T))nen is a bounded
monotonic sequence of bounded self-adjoint operators. Thus (f,(T))sen has a limit
in norm from Lemma and we define the limit as E,. If (g1)nen is some other
sequence of real-valued functions in BC(R) that decrease pointwise to 1(_,,] on on
o(T), then (g1 — fu)nen goes to zero pointwise on ¢(T) and are bounded. Hence by

Corollary

lim ¢,(T) = lim £,(T) = Ey.
Thus E, is independent of approximating sequence. Since (f2).cn satisfies this criteria,
we must have Eﬁ = E,, hence E,, is an orthogonal projection.

Thus we have created a family of orthogonal projections (E)),er. Let us show that
it is a resolution of the identity.

To show that it is non-decreasing, let (f,)neN, (§n)nen be sequence in BC(R) as
above for y,v € R respectively, where y < v. Then (f,gn)neN decreasing pointwise to
L(—eoy on 0(T), s0

E, = r}%fn(T)gn(T) = E,E, = E,E,.

By this we can conclude E, < E,.
Next we prove continuity from the right. Let » € R and construct a sequence of
real-valued functions (f;)sen from BC(R) such that f, > L _eopp1] ON o(T) for all

n € N and (fn)sen decrease pointwise to 1(_,, on ¢(T). Then f,(T) > E,.1 and

lim, e0 fu(T) = E;, hence Ej Aigﬁ E, by monotonicity.

To prove the limits at —co and oo it will be sufficient to prove boundedness: If
u <info(T), then (0),en decrease pointwise to 1(_, ,j on ¢(T), hence E;, = 0. Similarly,
if 4 > supo(T), then (1),en decrease pointwise to 1(_,,; on ¢(T), hence E, = id.
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So we have proven that (E))\cr is a resolution of the identity. Left is only to prove
the main identity T = fR AE,. For p,v € R, u < v, let (fu)nen, (¢n)nen be sequence
in BC(R) as above for y, v respectively such that f, < ¢, and g, = 1 on (—oo, 1] for all
n € IN. Using these sequences we get

V(Ev_Ey):y}g{}oMgn( ) — fu(T)) < hm T(gn(T) — fu(T)) = T(E, _EH)

by p(gn — fu) < idy(r)(gn — fu) on o(T) for all n € N leading to pu(gx(T) — fu(T)) <
T(gn(T) — fu(T)), and the norm convergence of the sequences (f,(T))nen, (£2(T))neN-
Similarly T(E, — E,) < v(E, — E,). From this we see that for every finite, increasing
sequence (‘u]-)]-lio, N € N, in R that

N
T(Eﬂj Z .“I )

j=1

™=

N
Z ;I’lj—l(EHj - Eyjfl) <
=1

Il
—

j

We can now choose partitions such that the left and right side converge strongly to
f]R AE) by Lemma [2.4.13| But then T = f]R AdE, must hold as desired.
Suppose (Ex)rcr is another resolution of the identity such that T = flR AE,. Then

/]RP(A)dEA =p(T) = /RP(A)dEA

for every p € P(R). If (E))er is unbounded, then we may find ¢ € H and a sequence of
polynomials (p,)sen, which is bounded in L?(RR, d||E.¢||%;), but 1Pl 2 a2.0)2,) "2 oo
This contradicts the fact that ||pull 2 aje.g2) = lIPnll2wa)zg)z) for all n € N, thus
(E))rer must be a bounded resolution of the identity.

Since (Ej)acr and (E)),er are bounded, every L(—copu) # € R, is the pointwise limit
of a sequence of polynomials (p,)uen (Ex)rer- and (E)),cr-almost everywhere, with

(pn)nen bounded in L*(R, E) N L*(R, E). Applying Lemma wegetE, =E, W

It should not be hard to deduce from the above proof that f € BM(R) is in f €
L*(R,E) as long as f is essentially bounded on ¢(T). Hence C(¢(T)) — L*(R,E)
when extending functions C(c(T)) to the entire real line in a continuous, but otherwise
arbitrary manner. Now the uniqueness in the Continuous Functional Calculus
shows that

Tf= /Rf(/\)dEA,

where f is a continuous extension of f.
For this reason we will also denote the operator [, f(A)dE, by f(T) for each f €
BM(R).

2.4.3 Spectral Theorem for Self-adjoint Operators

Moving on, we go now to the unbounded case and prove the spectral theorem for
general self-adjoint operators. But to prove this version, we will need to reduce our
problem to the bounded case, which the two following lemmas ensure is possible.

Lemma 2.4.19. Let (Py),eN be a sequence of orthogonal projections on H such that P,P,, = 0
forall n,m € IN and

S
n=1
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and suppose (T )neN is a sequence of operators such that T, € B(R(P,)) and T, is self-adjoint.
Then there exists a unique self-adjoint T € L(H) such that TP, = T, P, for all n € IN. In fact,

n=1

D(T) = {‘f’ € H| Z HTnPn‘PH}zLI < OO}

and for ¢ € D(T)
T =Y TuPus.
n=1
Remark! 2.4.20. This lemma and its proof should remind the reader about some of the

reasoning in the proof of Proposition With some adjustments, the above lemma
also provides a definition of [, f(A)dE, for general f € BM(R).

Proof. The set D(T) as defined in the lemma is dense in H since for every ¢ € H we
have ¢ = Y%, Py¢ in norm and YN | P,¢ € D(T) for each N € IN. Additionally
the sum defining T is well-defined on D(T): Actually for any ¢ € H, the condition
Yo 1 ITuPag||3; < oo is equivalent with Y% 4 T, Py converging since the sum has or-
thogonal elements. This follows from:

2

M M M
Y. TuPup| = Y (TuPatp, TPl = Y [ TuPutll?,
n=N H n=N n=N

where N, M € IN.
The identity TP, = T,,P, for n € IN follows from R(P,) C D(T) and

Tpn¢ = Z TumPn(P - Tnpn(P/

m=1

which holds for all ¢ € H. This leads to a proof of T being symmetric, since for
¢, € D(T) one then has

[ee] [ee] [ee]

(To, ) = Y (TPugp, Patp)ri = Y (TuPutp, Putp)r = Y (Puth, TuPutp) 11 = (¢, TY) 1.

n=1 n=1 n=1

So to prove that T is self-adjoint we only have to show T* C T. Suppose ¢ € D(T*).
Then

(W, PaT* )i = (TPutp, )11 = (Tutp, Pup) i = (¢, TuPup) b1
holds for all € R(P,) and n € IN, hence P,T*¢ = T,,P,¢, so

Y N TaPugllFr = Y (IPaT 0117 = I T*plF < co.
n=1 n=1

Thus T* C T as desired.
Assume then that T is a self-adjoint operator on H such that TP, = T,P, for all
n € N. Then we have Y | T,P,¢ = TY. | P,¢ for any ¢ € H and N € N. Since T
must be closed, one has that if ) ;> ; T,,P,¢ converges for some ¢ € H, then it follows
that .
Tp =) T.Pup =To.
n=1
Hence T C T, and because T is self-adjoint it cannot have any strict self-adjoint exten-
sions, so we conclude T = T. [ |
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Lemma 2.4.21. For a densely defined closed operator T € L(H) in a Hilbert space, the operators
(14 T*T)"Y and T(1 + T*T)~! are members of B(H) both with norm less than or equal to 1.
Furthermore, (1+ T*T) ™! is non-negative and self-adjoint.

Proof. Let U be defined as in the proof of Proposition so that H> = T'(T) & U*T(T*)
and I'(T) L U*(T(T*)). Thus for each ¢ € H, (¢,0) has a unique decomposition into the
sum of a element of I'(T) and U*T'(T*), i.e. there exists unique ¢ € D(T),w € D(T*)
such that

p=¢+Tw
and

0=T¢y —w.

Let S1,S2 € L(H) be the everywhere defined operators such that ¢ = S1¢ + T*S,¢ and
0 = TS1¢ — Sa¢p. Then S, = TSy and id = S; + T*TS; = (1 + T*T)S;. The operator
1+ T*T is positive, hence injective and it has an inverse on R(1 + T*T), which must
equal H by id = (1 + T*T)S;. Hence S; = (1 + T*T) ..
The boundedness of S1, S, follows from the definition in that
911F = 119, 0) [}z = 1(S1¢, TS19) 17 + 1(T" S2p, —529) 32
= 151911% + I TS1911% + I T"S200 17 + 124

for all ¢ € H. For the non-negativity and self-adjointness of S; let ¢, ¢ € H be given.
Then firstly

(S$19,¥)n = (S190, 1+ T*T)S19)y = (S1¢, S1¢)u + (TS19, TS19) 1

by which we conclude that if ¢ = 1, then (S1¢, ¢) > 0. Continuing the above calcula-
tion we get

(S19,¥)m = (S19, S19) 1 + (TS19, TS19p)
= (510, 519) 1 + (T°T$19, S19) 1 = (¢, S19) h,
showing that S; is self-adjoint. n

Theorem 2.4.22. (Spectral Theorem for Self-adjoint Operators) For every self-adjoint operator
T there exists a unique resolution of the identity (E))jer such that

T:/ AdE,.
R

As in the bounded case, (E) ) cr will be called the spectral resolution of T.

Proof. The operator S; = (1+ T?)~! is by Lemma [2.4.21|a bounded self-adjoint operator,
hence by the Spectral Theorem for Bounded Self-adjoint Operators [2.4.18| there exists a
bounded resolution of the identity (F)),er such that

S, = / AdE,.
R

Since 0 < m(S1) and M(S1) < 1, then ¢(S1) C [0,1]. Thus if we define the sequence

(Pn)nen of orthogonal projections by P, = F1 — Fi =114 (S1) for each n € IN, then
n n+ n+l’n

Yoo P, =1id and
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forall n,m € N, n # m.
We want to use Lemma 2.4.19|on T and (P, ),enN, thus it is essential that T invariates
R(Py) and T|g(p,) € B(R(Py)) for each n € N. We have

ST =5T(1+T?)S; = S;(1+ T?)TS; C TSy,
and then letting S, := TS leads to
515, = $1TS; C TS1S1 = S,51.

Both S; and S, are bounded from Lemma [2.4.21, so 515, = 5,51. Since S; and 5
commute, then as a consequence S, must also commute with all functions of S;. For
each n € N define f,: R A — %1( 1), 50 that f,,(51)S1 = Py. Then

Tpn = TSlfn(Sl) = San(Sl)

and
PyT = fu(51)51T C fu(51)TS1 = fu(S1)S2

hence P,T C TP, for all n € N. So T invariates R(P,) and TP, € B(H), implying also
that T|g(p,) € B(R(Py)).

To each of the bounded self-adjoint operators T|g(p,) we have a bounded resolution
of the identity (E, 1)aer by Theorem From Lemma 2.4.19 we have for each A € R
a unique self-adjoint operator E, such that E\P, = E, \P, for all n € IN. Since for ¢ € H
we have

Y NEaPudplity < Y IPugllF = N0l
n=1 n=1

so D(Ey) = H. Moreover, it should be clear that E3 = E, using the pairwise orthogo-
nality of (P,),ecn. We conclude that E, is an orthogonal projection. Next step is proving
that (E))aer is a resolution of the identity.

For p,v € R with u < v we have

E Ev¢ - En, Pn Em,vpm¢ - En, En,vpn47 = En, Pn¢ =E 47
M H M M M
n=1 m=1 n=1 n=1

for all ¢ € H which implies E,E, = E,, and by a similar calculation one shows E,E, =
E,. Hence (E))cr is increasing. The properties of right-continuity and limits at —oo

and oo follow from dominated convergence: Let us prove that E, M2 4d strongly. For
¢ € H we compute

IGd = E)gll% = Y, I(idrp,) — Ena) Pat ||
n=1

Because (Ej,))aer is a bounded resolution of the identity we have lim)_,q ”idR(pn) —
EuallB(r(p,)) = 0 for all n € N. Also

[ee]

Y IGdrp,) = Ena)Pagllls < ) 4lIPag |l = 4ll¢ll,

n=1 n=1
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hence we may use dominated convergence to conclude that
2 = 2
lim ||(id — E = lim || (id —E,0)P = 0.
Jim i~ Bl = 3 fim e~ Enn) P

So (Ex)aer is a resolution of the identity, and we are only missing the identity

T:/ AE,.
R

For any ¢ € H the following holds by monotone convergence of measures

Thus D(T) = D ( f]R AdE A). Next, by the pointwise definition of f]R AdE, we see that

2

JMERg| =Y [ APl = [ A4l
R /R R

H

/ AdE\P, = / AE,, APy = TP,,
R JIR

by which we conclude T = [, AdE, using Lemma

For uniqueness, assume (Ex)rcr is another resolution of the identity such that
T = f]R AdE,. Then each E, commutes with T and hence commutes with S;. More
significantly each E, must commute with P, for each n € IN since P, is the strong limit
of polynomials in S. Then for each n € N, (Er|g(p,))ack = (Ena)aer and (Ex|g(p,))rer
are both spectral resolutions for T\R(pn). But T|R( p,) has a unique spectral resolution
by the Spectral Theorem for Bounded Self-adjoint Operators With the help of
Lemma we conclude that (Ej) cr and (E))aer must be equal. [ |

Like with the bounded version, for any function f € BM(R) we let f(T) denote

Jr f(A)dE,.
Combining Proposition and Theorem [2.4.22| we see that there is a one-to-one
correspondence between resolution of the identity and self-adjoint operators. Further-

more, bounded resolutions of the identity correspond to bounded self-adjoint operators.

2.4.4 Stone’s Formula

As was teased after the bounded version of the spectral theorem, the spectral resolution
is "supported" on the spectrum of the associated operator. We look into this connection
in this subsection.

Proposition 2.4.23. Let T € L(H) be self-adjoint. Then:
(i) p(T) = {A € R[Fe > 0: 1(_g1.e)(T) = 0}
(i) o(T) = {A € R|Ve > 0: 1y, 14 (T) # 0}
(iit) 0p(T) = {1 € R|1,,(T) # 0}

Proof. Let (Ex)aer be the spectral resolution of T.

If 1,_¢ute)(T) = 0 for some p € R and ¢ > 0, then the function f: R > A
Ly pseyc(A) (A — u)~tis in L¥(R, E). It follows that Tf(T) = id and f(T)T = idp(r)
by the calculus of Proposition whence u € p(T).
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Conversely, suppose for some p € R, 1(,_,,1¢(T) # 0 for all ¢ > 0. Then for each
n € N we may find ¢ € R(1(,_y1,4,-1)(T)) N9B1(0; H) and consequently we have a
sequence in 0B (0; H) for which

-2 n—>oo

ptnt
T =gl = [, 1A= Pl Eagulfy < n7 "5

Soueo(T).
This finishes (i) . )| and (i) E For assume first that ¢ € R(1y,,(T)) \ {0}. Then

<T—m¢=ﬂwm—uma¢=a

implying that u € 0, (T).
Next, say p € 0,(T) and ¢ € H\ {0} is a corresponding eigenvector. Define f;: R >
A= 1 gpie)e(A) (A — u) 7! for each & > 0. Then

1(y —&,p+e)° ( )¢ = fe(T)(T —pu)¢p =0,
and so ¢ = 1(;478,]44»8)(71)47 = 1,1 (T)¢, as desired. m

This gives us a sharper estimate for the norm of the resolvent:

Corollary 2.4.24. Let T € L(H) be self-adjoint. Then for each z € p(T) we have
1
J— -1 _
T =2 lsn = 757777
Proof. From everything we gathered up till this point we get

(T —2) " lls) = sup [A—z|7" u
Aeo(T)

Lastly, we present Stone’s formula showing that the spectral resolution can be recov-
ered from the resolvent.

Theorem 2.4.25. (Stone’s Formula) For every self-adjoint operator T and A1, A, € R it holds

that

1 A2 | L N—1 e—0 1

zm/A ((T—A—zs) — (T = A +ie) )d/\ = E<1[A1M(T)+1(A1,A2)(T))
strongly.

Proof. Fix ¢ € H. Given ¢ > 0, the Bochner integral fA/\lz (T—A—ie) P = (T—A+ie)~t)dr
is well-defined and using the variational approach in Remark [2.4.14| we get:

1 /M ((T— A—ig)"l - (T—A+is)—1) A

27i Jo,

—/ 1/“ ((r=r—ie) = (u—A+ie) ") dAdE
- ]R27T1 A ‘u ‘u }44)
Since

1 A2 SN —1 L N—1 _1 A2 €
ﬁ/)\ ((y—A—ze) — (u— A +ie) )d/\_rt/M —(‘u—)x)z—l—ﬁd)\

e—0 1
=2 (1[/\1 A (1) + 1(/\1,/\2)(.”)>

for every u € R and the functions involved are dominated by 1, the theorem follows
from Lemma u

29



Chapter 2. Unbounded Operators, Self-adjointness, and Spectral Theory

2.4.5 Helffer-Sjostrand Formula

The Helffer-Sjostrand formula relates the operator f(T) of certain well-behaved func-
tions f to a complex Cauchy-type integral of the resolvent for T, generalization a for-
mula for functions. It is entirely possible to work out a functional calculus for these
functions without using the results of the prior subsections as done in [10]. We concen-
trate our effort on proving the formula for Schwartz functions.

We shall introduce the Schwartz space of functions more fully in the next chapter,
but currently a definition will be sufficient. The Schwartz space on RR is:

7 (R) = {f € C*(R)| S§P<’>m\3”f! < oo, Vm,n € No}

Fix f € #(R) and construct x € C(R) such that 1;_; 3 < x < 1{_5,. Then for any
N € IN we define

~ y O\ X
fN:Coz=x+iy— ) (<x>> 7Z%)aa”f(x)y”.
No matter the chosen N we call fy an almost analytic extension of f.
Lemma 2.4.26. Let f € .#(R) and N € IN. The almost analytic extension fy satisfies:
i) fnIr = fIr
(ii) |fn(2)| < Cu(z)™™" forall m > 0
(iii) |0-fn(2)| < CplIm(2)|/(z)~™ forall 1 € {0,1,...,N} and m > 0.
Here we note for the uninitiated that 9, = %(ax +idy).

Proof. [(i)] is immediate. Pick m > 0 in Using the cutoff function x we get the

estimates ix <<yx>> < 2(x)y <<yx>> <V8(1+|x|)x <(yx>>

and

@m(y)s¢rum+WWXQ;)SVH+@+O+WWW%<&)

(x)
< \/17—1—2(1 +v/8)2|x|2x <<Z> < max{Vv17, V2(1+ v8)} (x)x <(yx>>

~

for all z € C. This especially shows that

W () <clx () <car

Thus

Cm,n
n!

)3

n=

N
M (x) " ()" < Cunl2) ™,

Lol <x (%) %

n=0

@l<x ()

where m > 0 is arbitrary.
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Next pick I € {0,1,..., N} and m > 0. First we see that

N ;
v =x (&) L s - Lo () L Sarsoon

‘N . N
(X)Lt Ny (¥ b Y Do n
- () W (85 - g ) o () o
Dealing with one term at the time we get

X <<yx>> Y F ()™ < Crmx (<yx>> yl'(x) ™" < Cumlyl' ()7,

and with the extra estimates

o () < wiox () <2man ().

we also get
; N . N
yx_l);, (}/) o fyt| <y lo <y> R
’<<x>3 <x> X <x> n;o”! f( )]/ = Com |OX <x n:0< > ‘y|
< Crlyl' ()™
Thus we are done. |

It will not matter which N we choose in the following, or indeed which C!(C) ex-
tension of f we choose, as long as we have the properties [(ii)] and Actually weaker
conditions will work, see [16, Theorem 1.17].

Theorem 2.4.27. (Helffer-Sjostrand Formula) Let T € L(H) be self-adjoint and f € ./ (R).
Then

F1) = =1 BT~ 2) iy

for any N € N with convergence of the integral in B(H)-norm.
Proof. By Lemma and ||(T —z) 7| gm) < |Im(z)| 7! for z € C \ R we see that

192 (2)(T = 2) " sy < Cl2) >
This decay at infinity together with the continuity and boundedness of C\R € z —
0.fn(z)(T — z)~! gives us uniform continuity and also importantly:

sup||9zfn (2)(T —2) ™

C\R

- D 32 (@)(T = ) ™My any1 an 1 (3|

we[—nn2Nn=1(271+i2714+72) B(H)
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This implies that the Bochner integral in the theorem exists and defined by

o . 1 i .
LA —2) dxdy = lim — T AT
we[—nn)2Nn-1(2-1+i2-14+22)

Let now (E))aer be the spectral resolution of T. Then by p(T) being open, R >
A~ (A—z)"lisin L*(RR,E) for each z € p(T), and one can check that (T —z)~! =
Jg(A —z)7'dE,. Furthermore, the following identity holds:

flw) = fntw) = == [ 3f(z)(z — w) ldxdy

for all w € R. Hence, using the variational form of (T —z) !, see Remark [2.4.14) we get
for ¢, € D(f(T)) that

ST = [ FOHEg 9w == [ [ 3fuz) @ = 2) dxdyd (Eag )
= —— [3n(z) [ = 0)a{Erg, phudxdy
= —— [T ~2) g,y
We needed to use Fubini’s Theorem, but
|13 @)z = 2) axdy < oo

and the measure d(E.¢, )y has finite total variation, so that is no problem. Using the
norm convergence of the integral we see

) =~ [T (T —2) 0 p)dxdy
2 { [ BT -2 sty y)

for all ¢, € D(f(T)), giving the desired result. [
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3

Tempered Distributions and Pseudo-differential
Calculus

The ordinary or classical calculus has long been replaced by its weak or distributional
counterpart, giving more structure to differentiation and new tools. We will also have
need of this apparatus, so in this chapter we introduce tempered distributions and cal-
culus on them as well as a pseudo-differential calculus dealing with quantization of
classical Hamiltonians.

To start with we introduce a phase-modified tight Gabor frame, a generalization of
the magnetic tight Gabor frame from [8, 9]. Basic results from frame theory will be
used, see [4]. Next is our presentation of Schwartz space and tempered distribution,
largely inspired by the various sources [1} 12, (13, 14, 21, 29| 30, |31, 32|], but some original
proofs are provided. Lastly, we explore a quite general definition of pseudo-differential
operators and deduce a calculus for these operators. The main results follow [8, 9, 30],
while [20] 26, 33] has been used for background material.

The setting is Euclidean space and we fix dimensions d,d;,d, € IN throughout the
chapter.

3.1 A Modulated Tight Gabor Frame

We will work out most of the theory in this chapter using a modified tight Gabor frame,
i.e. a modification of the standard combination of a quadratic partition of unity and
Fourier series. Thus in this short section we make a proper introduction of this tool.

Definition 3.1.1. (Phase Function) A continuous, uni-modular function 9: R? x RY —
dB1(0;C) will be called a phase function.

Note by uni-modular we mean that |¢| = 1.

Let ¢ be a phase function. Construct u € CZ(R) satisfying supp(#) C (—1,1) and
Yoez(Tatt)> = 1. Let Ey: R 3 x = e for a’ € Z. Then the elements of our modulated
tight Gabor frame are:

Ga,o = 0(,0) @1, (2n)*%mj(uga;),

where & = (a,a') € Z% x 7% = 7.
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Lemma 3.1.2. The family (Gy ) zcz2e constitutes a Parseval frame in L2(IRY). Importantly:

=3 (Gio ¢)r2rt)Ga0

ez
for all ¢ € L*(R?) with unconditional convergence in L?(R?)-norm.

Remark! 3.1.3. In this context, unconditional convergence means that the convergence
is not conditional upon the way one takes the limit in the index of the sum.

Proof. For ¢, ¢ € L*(IR?) we have by dominated convergence:

(@) ey = Y (00, @) (@701, (-, @) (@1 Ta; )W) 120 (1))
aezd
The space L?(ax + (—m,7)%) has as an orthonormal basis (®}1:1(ZH)*%TD(](E“;))“/GZ@
whence

@G ewy = Y, Y (D Gas) 2 (—nmt) (Gas ) 12(at (- o))

weZ4 o' c74

(3.1.1)
- 2 2 (¢, Ga0) L2 RRY) (Ga0, )12 (R9)-
weZ4 o' cZ
This implies that
H‘PHB RR¥) Z Z |(Ga0,P) L2 R) | ’ (3.1.2)
acZd o' 7

hence (Gz 9)zcz24 is a Parseval frame.

Now according to [4, Corollary 5.1.7], the convergence statement follows from (Gz,¢) zc 72
being a Parseval frame. However, we will give a simple direct proof of this fact using
a technique from [9]. Fix ¢ € L?(IRY) and enumerate Z?? arbitrarily to get a sequence
(&n)nen- Then for N,M € N with N < M

=

N
Z gﬂ‘n 19’ Lz (]Rd)g&n/l? - 2 <g1’5¢n/l9’ ¢>L2 (]Rd)g&n/ﬁ

n=1

L2(IRY)

M
<1P/ Y. (Gae ¢>L2(1Rd)g5¢n,l9>
" L2(R4)

=N+1

= sup
1€0By (0;L2(RY))

M

< sup Y. (G0, 9) 12(re) (Y2 Gaio0) 12(R7) |

P€dB (0;L2(RY)) n=N+1
M

< Y Gane ¢)12 ]Rd)’21
n=N+1
where we used the Cauchy-Schwartz inequality, (3.1.2), and [|¢[|;2(rsy = 1. When

N,M — oo the above goes to zero by (3.1.2), whence (zﬁ’zl(g@n,ﬁ,¢>L2(Rd)g&n,ﬂ)Ne]N
is a Cauchy sequence. The limit must then be ¢ by (3.1.1), and so the lemma has been
proven. [

In each of the preceding sections we require extra conditions on the phase function,
which are stated when needed.
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3.2 Schwartz Space and Tempered Distributions

The spaces of Schwartz functions and tempered distributions are hugely important
spaces by the fact that they together extend in what ways we are able to use deriva-
tives and the Fourier transform. The apparently crucial conditions are faster decay than
any polynomial and polynomial growth, conditions implied by classical results on the
Fourier transform on L!(R%).

We make a note that every polynomial p in R? has growth controlled by some (-)",
n € N, ie. supgs|p|(-)™" < oo and vice-versa in that (-)" < (-)*", where (-)*" is a
polynomial. Here (-) denotes the Japanese bracket, see Section

Definition 3.2.1. (Schwartz Space) The space of Schwartz functions . (IR?) consists of
smooth functions ¢ € C®(R?) such that for each n € Ny and y € N%:

sup(-)"[07| < oo
R4

We equip . (RY) with the topology induced by the semi-norms || - || S (RE) s T E
Ny, defined by

||¢H<5”(1Rd),n,m = Z sup<‘>ﬂ|a’y¢|
yeNS R¢
[y|<m

for all ¢ € 7 (IRY).
One often calls the decay property of Schwartz functions for rapid decay.

Proposition 3.2.2. . (R?) is a Fréchet space with the Heine-Borel property.

Proof. The semi-norm || - [| 5 (ra) g0 is just the L*(R¥)-norm restricted to .7 (IR%), so the
family of semi-norms on .#(R?) is separating. The topology is also metrizable by an
invariant metric since it is induced by countably many semi-norms. Thus we have only
to prove that .7 (IRY) is complete and the Heine-Borel property.

Suppose (¢,)uen is a Cauchy sequence in .7 (IR%). Then the sequence and the se-
quence of all derivatives converge uniformly to some functions in BC(RY) by BC(RR?)
being a Banach space in the norm || - ||pc(re). Hence (¢u)nen converges uniformly to
some smooth function ¢ € BC*®(IR%). Next for m € Ny, r > 0, and 7y € INg we have

sup (-)"[07¢| < sup(-)"[0"Pu| + sup (-)"™[97(¢ — ¢n)|
B,(0;R?) R B,(0;R%)

< supsup(-)"37¢;| + ()" sup [37(¢ — ¢pu)| "= supsup(-)"[a7¢;].
JEN Rd B, (0;R4) jEN Rd

Taking r — oo we see that ¢ € . (]Rd). Moreover, for m,j € Ny

¢ = ull s maymi < X sup ()"7(@—gu)[+ sup  ()"]07 (9 — )l

yeN! B (O;R?) R\ B, (O;R?)
1<)
m 2 m
< Y (n™ sup [97(¢— )l toysup sup () 97 g |
venNd By (ORY) keN R\ B, (0;R7)
lv|<j
nzee 2 sup sup(-)" a7 gy,
(r) keEN Rd
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where ¥ > 0 is arbitrary. Taking r — oo again, we see that (¢,),en converge to ¢ in
7 (R%).

Since . (R?) is metrizable, the Heine-Borel property follows from showing that ev-
ery bounded sequence has a convergent subsequence. But this follows from a standard
diagonalization argument, the Arzela—Ascoli Theorem, and the reasoning above. n

In the following we shall make use of the spaces (-)"LP(R?), n € Ny, p € [1,0),
meaning the space of elements of L? (R?) multiplied by (-)" pointwise. These spaces are
Banach spaces when equipped with the norms

I yrerray: ()"LP(RY) 3 = (1) 7"l o ey
respectively. We use a similar notation in case of the space BC"(IRY), m € IN.

Proposition 3.2.3. .7 (IRY) is continuously injected into the spaces (-)"LP(R?), n € Ny, p €
[1,00], and (-Y"BC™(R%), n € Ny, m € Np.

Proof. Tt will be enough to pick n = 0 since LP(R?) < (-)"LP(R?) and BC"(R%) —
(-)"BC™(RY).
For any p € [1,0) and ¢ € .7 (IR?) we have

p
J ol < [ e g < (i}; <->d“r¢l> L,

which clearly shows that ¢ € LP(R%) and .#(RY) — LP(R?). It is even easier to
see .Z(RY) < BC™(RRY) since the norm on BC"(IR?) corresponds to the semi-norm
91l 7 (re),0m for ¢ € 7 (R%), and this argument also works for L®(RRY), so we are
done. -

As a last basic result in developing the Schwartz space, we define several continuous
operations.

Definition 3.2.4. (Slowly Increasing Functions) The space &,,(R?) consists of smooth
functions ¢ € C®(R?) such that for each oy € IN4 there exists n, € Ny for which

sup(-)~"7[97p| < co.
R4

Proposition 3.2.5. The following are bounded operators on . (R%):
(i) 97, v € N4
(i) F and F~L.
(iii) Pointwise multiplication by a fixed ¢ € O, (R?).
(iv) Convolution with a fixed € ./ (R?).

(v) Affine change of coordinates.
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Proof. (i) and are trivial by definitions. Also, becomes obvious by Peetre’s in-
equality.

Since .(R?) < L'(R?), then both the Fourier transform and its inverse are well-
defined on .#(IR%). Classical results shows that rapid decay of w € L'(R) implies
Fw € BC®(RY) and smoothness of w implies rapid decay of Fw. We may use these
results to conclude that F and F~! invariates .7 (R?). Furthermore,

IF @l iy nm < Cumsup()™[(1 = A)'ew]
R

for all w € . (R%) and n,m € Ny, by which continuity follows.
Let us now consider the convolution in Fix w € .7 (R¥). The rapid decay shows
that ¢ x w € C*(R?) with the known identities

N(Yp*xw)="p*xw=1¢p*dw
holding for all v € IN4. Furthermore, for any such v € N and a n € Ny we have

()7 (9 w)[ (1) < Can 1) Pl (re) s§f<->"|87w|

using Peetre’s inequality. By this inequality we claim ¢ * w € . (IR?) and continuity of
convolution with a fixed element. u

As bonus information, the inversion formula implies that  is an isomorphism of
7 (R%). Moreover, the proof of continuity for convolution actually shows that it is a
bounded bilinear map . (R%) x .7 (RY) — .7 (R¥).

We now have a rather nice space .#(RR?%). Using variational principles we want to
extend these pleasant properties to its dual .7 (IR).

Definition 3.2.6. (Tempered Distribution) The elements of the dual .#’(R?) are called
tempered distributions and .#/(R?) is called the space of tempered distributions.

Remark! 3.2.7. It is uncommon to use function notation for tempered distributions.
Instead, one makes use of the duality bracket:

() iy, ey ' (RY) x .7 (RY) 3 (¢, 9) — p()

Remark! 3.2.8. Recall that we in Definition equipped bounded duals with the
strong topology. Explicitly, the strong topology on .#/(RR?) is induced by the semi-
norms

Il ray,a: " (RY) 5 ¢ — S‘;}P 91,
where Q) C .7 (IR?) varies over bounded sets of Schwartz functions.

There will be given three results for tempered distribution before moving on to
coordinate representations of Schwartz functions and tempered distribution. Thereafter
we shall give more information on .7/ (R%).

The first is an instance of a broader proposition: The dual of a Fréchet space is
complete.

Proposition 3.2.9. .7/ (R?) is complete.
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Proof. Suppose (¢;)jer is a Cauchy net in .%/(R?). Then ({¢;, ¥) »/(rt),»(rt))jel 1S a
Cauchy net in C, hence convergent. Thus we can define a linear functional ¢ on .7 (IR¥)
by pointwise limit of (¢;)jer.

Suppose now that Q C .#(R%) is a bounded subset and let ¢ > 0 be given. Then
there exists | € I such that

sup [(@j — Pk, ¥) o1 (re), 7 (r) | < €
pen

for all j,k > J. Thus for i € (), taking the limit in k we get

[ — & ¥) o (re), 7 (re)| < €

for all j > J. Now, this implies

sug {(#, ¥) o (re), 7 (r) | < sup (@ — @1, %) (R, 7 (re) | + 80P [{P), ) o (re), 77 (re) | < 00,
pe Ppe

so ¢ is bounded, hence ¢ € .#’(IRY). Furthermore, we get

¢j — ¢l o riy0 < €
for j > ] showing convergence of (¢;)ic; to ¢ in ./ (IR?). [
Next we show a form for converse of Proposition [3.2.3}

Proposition 3.2.10. Let B be one of the Banach spaces {-)"LF(R?), n € Ny, p € [1,0], or
(-)"BC™(RY), n € Ng, m € Ng. Then the map sending ¢ € B into the integral with density ¢,
ie.

F®RY > [ vy,
R4
defines a continuously injected of B into the space /' (R%).
Note this implies that .7 (R) < .#/(IR%).

Proof. Let us first consider B = (-)"LP(RY). By Holder’s inequality

Lol = [ 1100 < 16 Bllame 191 grasre

for all ¢ € .#(R%) and ¢ € B with g = (1 —p~1)~"1if p > 1 and otherwise g = c0. So
not only is the map .7 (R?) > ¢ +— [ P¢ a well-defined linear functional, but since
multiplication by ()" is continuous on .#(R%) and .#(R%) < L(IR%) continuously,
[(-)"9|l1a(re) is bounded by a constant times a semi-norm of .% (R?). This firstly gives
that .“(R?) > ¢ — [« ¢ is continuous for each ¢ € B, and secondly that the so
defined injection B — .#’(R%) is continuous.

For the spaces (-)"BC™(IR¥) the proposition follows from (-)*BC" (R%) < (-)"L*(R%)
continuously. [}

Thus we have a wealth of "normal" functions in .#/(R?). The strength of these
injections is that the operations in Proposition can be defined for all these func-
tions and in general on tempered distributions through duality. We have here need of

38



Mikkel Hviid Thorn

the transpose identity for these operations: For a map T: .7 (RY) — .#(R%) we call
S: Z(RY) — #(R?) the formal transpose of T if

(T3 = [ o(sy)

for all ¢, € #(R?). If S is continuous and linear, then we have a real transpose of S
defined as S*: .7/ (R%) 3 ¢ + ¢ o S, which would be weak*-continuous. But then if both
T and S are continuous and linear, we would have

(S'p, ) 1Ry, (1) = (@2 SP) o1 (re), 7 (Re) = (TP, ) oo1(Re), 7 (R

for all ¢, € . (R?). Identifying now S' with T on .7’ (IRY) we get an extension of T to
7 (RY).
Using this methodology on the operations in Proposition whom all have formal
transpose operators, gives:
Definition 3.2.11. We define the following operators on .’ (IR%):
@) 07 = (=D)"37] ()’ v € N,

(i) F:= ‘F‘;(Rd) and F~!:= F*1|fy(Rd).

(iii) Pointwise multiplication by a fixed ¢ € @, (R?) as the transpose of pointwise
multiplication by ¢ on .7 (R?).

(iv) Convolution with a fixed ¢ € .7 (IR?) as the transpose of convolution by (—id)*y
on .7 (R%).

(v) Affine change of coordinates by the transpose of the inverse affine change of coor-
dinates multiplied by the determinant of the inverse.

Remark! 3.2.12. With regards to convolution we know ¢ * ¢ = ¢ * ¢ when both elements
are Schwartz functions, which implies that extending left or right convolution to .#” (IR%)
gives the same operator and we shall write ¢ * ¢y = ¢ * ¢ even if one element is a
tempered distribution.

Remark! 3.2.13. By definition relations like 7, F¢ = F (®?:1Eyj4>) for ¢ € .7(R?) extend
to tempered distributions.

Sometimes we will add "distributional” before the operations in Definition 3.2.11] to
differentiate them from classical operations, e.g. distributional derivatives.

Proposition 3.2.14. All the operators in Definition |3.2.11|are continuous on . (R%).

Proof. Note standard results gives that the operators are linear and weak*-continuous,
but since they all are transpose operators of bounded operators, then they are also
continuous on the strong topology on .#”(R?). |

We end this introduction by noting that ./ (IR%) contains many "abnormal" objects.
One example is the Dirac delta distribution § defined by

(6,9) 71 (rt), 7 (rt) = ¢(0).
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No tempered distribution arising from a representation like the one in Proposition[3.2.10]
is equal to . Even though the Dirac delta § can be seen as a representation of the point
measure at 0 in .7 (IRY), the derivative 975, 7 € INZ \ {0}, has no representation as an
integral.

The Dirac delta ¢ is often single out as an extremely useful tempered distribution.
One example is through the concept of a fundamental solution. Consider a linear partial
differential operator T := }_, g ¢,97 with N € Ny and ¢, € 0,,(RY) for v € N&, || <

lv|<N
N. Looking at this operator distributionally, we may ask ourselves the question of

the existence of some ¢ € .#/(IR%) such that Ty = §. Such a distribution is called a
fundamental solution of the operator. This is especially useful if all the coefficients are
constants, since then for every w € .7 (IRY) we would have:

Twx¢)=wxTPp =w*6 = w.

3.2.1 Coordinate Representation of Schwartz Functions and Tempered Dis-
tributions

For the advanced results on the Schwartz space and space of tempered distributions we
need a coordinate representation of both in our modulated tight Gabor frame.

Lemma 3.2.15. Let ¢ € 0,,(R*) be a phase function.
If (a3) gegre € CZ* satisfies

sup (@)*(a’)!ag| < oo
acz2

forall k,1 € Ny, then Y721 azGs ¢ converges absolutely in . (RY).
Additionally, for ¢ € .7 (RY) we have

sup. (@) () (@, Ga0) 1Rty 7 (re)| < Coprlldp (R o .21
<y/4

for all k,1 € No and some ki3 € No, and ¢ = ¥ g2 (¢, %>y/(w),y(w)gw.

Remark! 3.2.16. By absolute convergence we mean that for any of the semi-norms
|+ |7 (R#) ,m OD 7 (R%) one gets:

Z |a5é|||gﬁt,l9||Y(]Rd),n,m <@
ez

Since .7 (IRY) is complete, this implies that the sum converges to some element of . (R?)
no matter the truncations.

Proof. For n € N and v € IN we have by Leibniz’s rule and Peetre’s inequality:
sup(-)"[07Gx,0| < Cojoy ()" sup(a(-)" 15 0°(9(, @) Ta(@7u))[(a) 7~
d d N
R R SN (3.2.1)
S Cﬂ,")’| <lx>ﬁn,l9 <DC/> |'7‘

with 1, 9 € INg possibly larger than n. Taking into account the criteria on the coefficients
stated in the lemma, we see that the sum ) ;.2 4G5 ¢ must converge absolutely in
7 (R%).
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As for the second half of the lemma, we already know that

o= <¢r%>§ﬁ’(ﬂid),y(ﬂ{d)g&,ﬂ

acz2
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holds in L?(R?) by Lemma so if we can prove a uniform estimate on

() (a")!| (¢, Ga,6) (i), 7 (R

for arbitrary k,I € IN, then we are done by the first part of the lemma. Luckily, such an
estimate follows from integration by parts, properties of the exponential function, and

Peetre’s inequality:

(@ (&) (9, Gag) sr(rty o (rey | = (270) 7% ()

< @m i [ |a-a) (¢80

< Cyxi | ¢ | S (RT) Ky 9,21

Lemma 3.2.17. Let & € 0,,(R*®) be a phase function.
If (a3) yega € CZ satisfies

sup (a) (o) 'az| < oo
acz

for some k,1 € N, then Y721 4Gy 9 converges absolutely in .’ (R¥).
Moreover, for ¢ € .7 (R?) there exists k,1 € Ng such that

sup <06>7k<0/>71\<¢/@>yf(w),y(w)\ <o
acz

and ¢ = Ygez20(P, Ga0) 5 (), 7 (r4) Gt 0-

Proof. Suppose (az)zcz2 € CZ satisfies the criteria in the lemma.

3.2.15, for every ¢ € .7 (IR¥) we have

Y aa(Ga0, ) o ray, o mey| < CllYll 5 (re o .2

acz2d

for some k, I € INp not dependent on 1. This shows that

SR 3P = Y az(Gao, ) o (re), 7 (1)

aez

[ #0000 (501 - 8) (1)

(@)

(3.2.2)

Then by Lemma

defines a continuous linear functional on .7 (R?). Furthermore, for a bounded set Q) C

7 (IR%), the estimates used above ensures that

Y sup [aa(Gas, ) o1 (we), o re)| < 0,
aez2d l[JGQ

whence the sum Y_; .21 4Gz 5 converges absolutely in ./ (R?).
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Given ¢ € .7/ (R%) and using the estimate (3.2.1) we get

(¢, Ga0) 7 (re), 7 (R) | < CollGaollsrayis < Colw a)For (!

for some k,I € IN. Hence Y ;.2 (¢, Gz 0) #1(RY),7(R1) Y0 eXists as a tempered distribu-
tion. Lemma [3.2.15|and duality now shows that

< Y. <4’rgﬁc,19>,5ﬂ'(nzd),,5ﬁ(1[<d)ga,l9,1/’>
aczx Z'(R?),.7 (RY)

= <<Pr Y. (¥.Ga0) s (re), 7 (&) Ga z9>
aez2 S (RY),.7 (R%)

= (), ¥) 9 (re), 7 (RY)

for every ¢ € .7 (IRY), finishing the proof. |

These results also gives us a frame version of Poissons summation formula for
Schwartz functions. For any ¢ € .#(R?) and « € Z?, then either by using Lemma
3.2.17|and 7,0, or Lemma [3.2.15] the easier choice, we get

¢(0) = Y (9, Gas) ey, rey(270) 28(a, ).
a'ezd

Thus . L
Y 2m)28(a,a)p(w) = Y (o) s (re), (R

weZd aez
with both sums absolutely convergent by the rapid decay of the elements. Of course ¢
is a phase function in @, (R?*).

3.2.2 Fundamental Theorems for Schwartz Functions and Tempered Distri-
butions

With the basics of . (RY) and .#’(IRY) understood and having the important tool of our
frame, it has become time to prove some advanced results.

Corollary 3.2.18. ®7.7(R%) is dense in ./ (R?) and .7 (R?).
Proof. Choosing ¢ = 1, the corollary follows from Lemma [3.2.15|and Lemma 3.2.17, W
Theorem 3.2.19. . (R%) and .#'(R?) are reflexive.

Proof. Clearly .7 (R%) — (.#/(IR¥))’ continuously by the map

L (RY) 3 ¢ () yr(ra), 7 ()

i.e. the evaluation maps.
Suppose ¢ is a continuous linear functional on .#’(R%) and let ¢ € 0,,(R*) be a
phase function. Then

= Y $(Ga0) (¥, Gao) (re), (R

xezX
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for any ¢ € .#'(R?) by Lemma S0 ¢ = Y zez2 P(Ga,0)Gs 0 with weak*-convergence
in (.#/(R%))’. But using Lemma [3.2.15

[#(Ga0)| < CollGae

71r)),0 = Cosup [(Ga,0, )| 5r(re), (R
pe0

< Cpapifa) ),

where Q) is some bounded subset of .7 (IRY) dependent on ¢ and k,I € Ny are arbitrary.
S0 Ysez2d $(Ga9)Gao converges absolutely in . (IRY) and by continuity of .7 (IRY) —
(" (R%))" we must have ¢ € .7 (R%), finishing the proof. |

Now comes a big one: The Schwartz Kernel Theorem. Before we prove it, we need
to define the notion of a Schwartz kernel.

Definition 3.2.20. (Schwartz Kernel) Fix a map T: . (R%) — .#/(R%). We call Kt €
' (RH+42) a Schwartz kernel of T if

<T47rl/’>(5ﬂ/(]1{d2),y(1Rdz) = (Kr,p® 4’>y/(]Rd1+d2),y(]Rd1+d2)
for all ¢ € .7(R%),p € .7(R%).
Theorem 3.2.21. (The Schwartz Kernel Theorem) For each T € B(.7(R%),.'(R%)) there
exists a unique Schwartz kernel Kt € ' (R%1%42), and the map
B((R™M), .7 (R%)) 5 T — Kr
defines a topological vector space isomorphism of B(.7(R%), ' (R%)) and .7’ (R +%2),

Proof. Uniqueness of Schwartz kernels is trivial by Corollary [3.2.18 Let us show exis-
tence. Fix two phase functions ¢; € &,,(R*"), 8, € 0,,(R*?2). Applying Lemma 3.2.15
twice, we get the following identity

(TP, ) 1 (ri2), 7 (R2)
- 2 <Tgﬁ,l91' g&,ﬂz>y'(mdz),y(wz) (Ga,0, © 93,191/ P ‘P>y/(1Rd1+dz ), (R +d2)s
acz¥ pez?h
(3.2.3)
which holds for all ¢ € . (R%), € . (R%). This leads us to make the ansatz that Kt
should be defined by the expansion:

Z (TG 8,017 ga,02>5ﬂf(mdz ),y(R@)M'
acz pez?h

Indeed, the coefficients satisfy
| <Tgﬁ,l91 fgﬁc,192>y'(]Rdz ), (R%2) |
< CrllGp o, ety | Gas | iy < Cr((BYB) et (@)

using the Banach-Steinhaus Theorem and (3.2.1) with n,m € Ny determined by T and
I € Ny determined by both T and ¢, ¢%. Thus Lemma [3.2.17| tells us that

Kt = Y. ( 1G5, ga,ﬁz>E¢/(Rd2),y(l{dz)ga,02 ® Gg 0,

aeZ fez?h
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is a well-defined tempered distribution. From (3.2.3) and the absolute convergence of
the involved sums, we conclude that T has Schwartz kernel Kr. The mapping of T into
Kr is clearly linear by the explicit formula for Kr.

Second step is to show that the map B(.7(R%),.#'(R%)) > T + Kr is surjective.
Let K € ./ (R%*%2), Then the map Tx: ./ (R%) — .#/(R%) defined by

TK(P - <K/ () ® ¢><7’(Rd1+d2),,7’(IRdl+d2)

for ¢ € /(R%) is a continuous operator with Schwartz kernel K if the tensor product
®: . (R%2) x #(R") — 7 (R%*4%) is continuous. But this follows from the elementary
estimate

H¢ ® 4’Hy(]Rd1+dz),n,m < Cn||¢Hy(11{dz),n,mH¢||y(]Rd1),n,m
for all ¢ € .7(R%),p € #(R%) and n,m € Ny. Whence we get surjectivity.

In the third and final step we show continuity. Here we note that the strong topology
on B(.7(R%),.#'(R%)) is induced by the semi-norms

|- ||B(yf(1Rd1),yr(u{dz)),g,@5 B(7(R™M), " (R?)) 5 T — , %‘15 o |<T47/1P>y/(nadz),y(nzdz)|/
c)pe

where Q) ranges over bounded subsets of .#(IR%) and ® over bounded subsets of
S (R%),

Assume (Kj)je is a convergent net of Schwartz kernels in .7/ (R%172) with limit K,
and let (Tx;)je1, Tk be the corresponding operators. Then for bounded sets 2 C . (R%)
and © C . (R%), the set

Yi={p@ylp e (RY)p e .7 (R?)}
is bounded in .7 (R¥17%), implying by hypothesis that:

i
||TK — TK]. ||B(Y(1Rdl),5”’(]Rd2)),Q,® = HK — Kj||Y/(Rd1+d2),Y =0

Now assume that (T)je; is a net in B(.(R%),.#/(R%)) converging to T, and let
(Kr,)je1, Kt be the corresponding Schwartz kernels. Then for @ € .7 (RH+42) we have

<KT - KT]/ q)>.5”’(]Rd1 +d2)’€5//(]Rd1+d2)

= Z <<T - T]')Q/;,gl, g&,192>y/(1Rd2 ),Y(]R’iZ) <gﬁ,02 &® g’glﬁl, q>>y/(]Rd1+d2 ),,y(]Rle’z)/

acz* pez*n

for every j € I. We will then use dominated convergence to take the limit in j under the
sum. The sets

G0 @G . 1 - ~
Q= {[{Ga0, ® G0, @) v -ie) o winiz) | Up g, |8 € Z2%, p € 2211}

and
- 1 ~ ~
@ = {’<g56,l92 ® gﬁ/ﬂll q)>_5ﬂ/(]Rd1+d2)’§//(]Rd1+d2) | 3 gﬁc,ﬂz |lx E ZZdZ; ﬁ E szl}

are bounded sets in .7 (R%) and .7 (R%) respectively by the rapid decay of the coeffi-
cients ((]54,192 & g‘glgl,q)>(5,;/(Rdl+d2) #(RA+2) Hence

e

————— 2
sup  |(Gx0, ® gﬁ,glch>y/(md1+dz) 7 (Ré1+42) 31T — Tj)gg,gl/ g&,ﬂ2>y/(mdz),y(]12d2)’

&€z pez?
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Furthermore,
—_— 1
Z ‘<g5€,l92 ® gﬁ,t%/¢><¢’(Rd1+d2),y(1[{d1+d2) 3 < 0.
a7 ,fecz?

Thus using dominated convergence we see that

’<KT - KT]1 q>>y/(]Rd1+d2) V(]Rd1+d2)’

e

< Z (T - Tj)gﬁ,ﬁl/ g&,ﬁ2>y/(mdz),§ﬂ(nzdz) | <gﬁc,192 ® gg,ﬁlr q>>5w(]Rd1+dz),y(]Rd1+dz)’
&z’ pcz?h

% o0.
Lemma [3.2.15| shows that the necessary estimates can be made uniformly for ® in a

bounded set, so by the above we conclude that K; L Kin &/ (R%i+2). |

As a corollary of the above we get that the tensor product of tempered distributions
has an extension as a tempered distribution on a larger Schwartz space. But more
than that, we get a distributional Fubini’s Theorem. Note we make use of some formal
variables in order to state the theorem.

Theorem 3.2.22. (Fubini’s Theorem) Fix any two distributions ¢ € .#'(R%),p € ' (R%).
Then ¢ ® y has a unique extension in ' (R1+%2),
Moreover, for every ® € . (R1+%) both
R" Sy — (¥, (-, Y)) 1R, 7 (R%2)
and
IRdZ 9 X — <(P, @(x, ')>,7/(]Rd1 ),y(Rdl)

defines Schwartz functions, and
<¢ @1, q)>y/(]12d1+dz),y(]12d1+dz) = <¢yr <’~Pr CD('/y)>,y/(Rd2),y(H{dz)>5ﬂ/(]Rd1),y(]Rd1)
= (¥x, (¢, D(x, ')>y/(]Rd1),y(1Rd1)>,7'(Rﬂ’2),y(]Rd2)'

Proof. The tensor product ¢ ® i defines a separately continuous bilinear form on .7 (IR%1) x
#(R%), which then can be subjected to a use of the Schartz Kernel Theorem [3.2.21
showing the existence of a unique K € .#/(R“+%) such that

(@, wW1) g1 (rir), 7 (R (Y7 W2) 1 (R2), 7 (RE2) = (K W1 @ W2) gr(mity ) oo (it +42)

for all w; € .7 (R%M),w, € .Z(R%). We identify K with ¢ ® ¢, as already done in the
theorem.
As for the second statement, fix some phase functions ¢; € &), (R*M), 8, € 0,,(R*2).

By Lemma 3.2.15| we have

(¥, (D(‘r]/»y/(nw),y(mdz)

= Z < Z <q’/gﬁc,t92®gﬁ,ﬂl>y’(]Rd1+dz),y(Rd1+dz)<¢/ gﬁc,ﬁz>,w(nzdz),,sﬂ(wz)> gﬁ,&l (v)

Bez* \&ez?"
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Chapter 3. Tempered Distributions and Pseudo-differential Calculus

for all y € R®. Combining Lemma [3.2.15/ and Lemma [3.2.17, we see that the above
coefficients satisfy the sufficient criteria in Lemma 3.2.15| for the above sum to converge
to a Schwartz function. It is now trivial by the expansions to show that

<‘P @1, q>>,yﬂ(]1{d1+dz),y(]1{d1+dz) = <4’y1 <l/71 CD('ry)>;ﬂ/(]Rdz),y(]Rdz)>y/(]Rd1),y(]Rd1)-
The statements with ¢ and ¢ interchanged follows by similar arguments. n

Our last theorem gives a sort of minimality of the extension of calculus to tempered
distributions.

Theorem 3.2.23. (Structure Theorem) Each ¢ € '(R?) is the distributional derivative of
a continuous function with polynomial growth, i.e. there exists an n € No,v € INZ and
¢ € (-)"BC(R?) such that 37y = ¢ in terms of distributions.

Proof. Our strategy is to take the convolution of our frame elements with a suitably
rotated fundamental solution and use the expansion in Lemma Fix some phase
function ¢ € &, (R*).

Define
xN*l
HN: R>x— ml]{{zo(x)

for N € N\ {0}. Then 0N Hy = 6 with 6 being the Dirac-delta distribution, i.e. Hy is a
fundamental solution for the differential operator o™.

Now we make the ansatz that for N € IN large enough, the following will be the
continuous function we are looking for:

Y=Y (9, Gas) o), ®)Gap * (®7:1 sign(aj)" (sign(a;)id)* Hy) (3.2.4)

acz2

Here we let sign(0) = 1. The steps to be taken are now that the sum converges to a
continuous function with polynomial growth, that the distributional derivative can be
taken under the sum, and finally use that

a(N,...,N)gﬁw * (@}1:1 sign(zxj)N(Sign((xj)id)*HN) = G (3.2.5)

and Lemma
For the convergence part, we want the sum (3.2.4) to converge absolutely in (-)M BC(RR?)
for some M € IN. From Lemma we know for some k,I € IN that

(¢, Ga0) (e, 57 ey | < Copr) (')
Furthermore, for x € R and if N is large enough we have
()R (Y G (®?=1 sign(a;)™ (sign(a;)id)* Hy ) (x)|

— <(X>k+d+1

/le Tx,a(—id)*(®?:1 sign(a;)N (sign(a;)id)* Hy)

(B +a,0) @7 u)(1—8) (&L Ey)

< ()1 /

R4

(1—A)F+t (Tx,a(—id)*(@)?:l sign(oc]-)N(sign(oc]-)id)*HN)
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(O(- + o, ) ®du))‘

< Gy (a1 y g\]d /]Rd

JeN? o
|6] <21 |o| <21+2d+2

" (0(- + o, o) @ u)‘

Te—a(—id)*(9° (@, (sign(a;)id) "Hn))

Now supp(®7u) C (—1,1)4 and supp(®f:1(sign((x]-)id)*HN) = H;»izl sign(a;)R>o, so
the above is only non-zero when 1 + sign(a;)x; > |a;| for all j = 1,...,d. This implies
that

() < C{x)

on the support of the &-term, hence
() T ) I G (@] sign(ag) (sign(ay)id) " Hiv) ()] < Crpon ()™

for M large enough. Thus each term in the sum (3.2.4) is contained in {-)MBC(IR¥) and
the sum converges absolutely in this space.

Since (-)MBC(R?) — .#'(R?) continuously, see Proposition the sum con-
verges in .#’(IR?), so we may take the distributional derivative term by term. Factoring
in (3.2.5) we are done. u

3.3 Pseudo-differential Calculus

Pseudo-differential operators generalize a large class of operators including some mul-
tiplication operators and linear partial differential operators. Simply put we "sandwich"
a function between its Fourier transform and its inverse, translating something that is
easy to interpret into a perhaps obscure operator. The function may be a classical observ-
able, which we quantize into a pseudo-differential operator, so it becomes a quantum
observable.

We start by defining the Weyl transform:

Definition 3.3.1. (Weyl Transform) For t € R and a phase function ¢ € &, (R*) we
define the (t, #)-Weyl transform of ® € .7 (R??) by

Tty ®@(x,y) = @)~ [ E 00, y)(t + (1 - 1)y, E)de

for x,y € RY.

The Weyl transform is a continuous linear operator on . (IR??): It is the composition
of a partial Fourier transform, a linear change of coordinates, and a multiplication by
a 0y, (R*)-function. It also has an inverse, the (¢, ¥)-Wigner transform, which for ® €
7 (R*?) is given by

Tvt\;il’;gner@(x, ¢) = /Rd eV 9(x — (1 — )y, x +ty)®(x — (1 — t)y, x + ty)dy

forall x,¢ € RY.
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Chapter 3. Tempered Distributions and Pseudo-differential Calculus

Similarly to other operators on Schwartz space, we can extend the Weyl transform to
tempered distributions using the transpose identity. Here the formal transpose of Tvt\}gyl
is given by

(27T) - (idy’(]Rd) ® (_id]Rd) )TW1gner (X, C)
= (2m)™ /]Rd eV (x — (1 —t)y, x + ty)D(x — (1 —t)y, x + ty)dy

for ® € .Z(R*) and x, ¢ € RY. Thus it follows that a suitable definition of the (t,0)-Weyl
transform on .’ (IR??) is the real transpose of (27r)*d(idy;(w) ® (—idga)* )TWIgner This
results in the Weyl transform being a linear homeomorphism of .#” (IR??). Furthermore,

the Wigner transform can be extended in the same manner and becomes the inverse of
the Weyl transform on .7/ (R??).

Definition 3.3.2. (Pseudo-differential Operator) Fix t € R and a phase function ¢ €
O (R?*). Then we define the (¢, ®)-quantization

Opye: ' (R?) — B(S(R?), 7' (RY))

in the following manner: For ® € .7/(R*), Op, (P ) S (R?) — ' (R?) is the unique
continuous linear operator with Schwartz kernel TWe |

The operator Op, 4(P) is called a pseudo-dlfferentlal operator and we call @ the
symbol of Op; o(P).

Remark! 3.3.3. The choices t = 1 or t = 1 are the most popular.

The case t = 1 is interesting since the symbol only impacts the outer position vari-
able, making it easier to deal with multiplication operators. When ¢t = 1 we call Op; 4
the ¢-standard quantization.

For t =  our interest comes from symmetry reasons, which we will elaborate on
shortly. We shall also mostly be interested in this case, and we omit t in the notation
and call Op, the 9-Weyl-quantization.

The space of tempered distributions .7’ (IR*) is vast and we only study the quantiza-
tion of some. Two particularly interesting and simple sets of operators are the position
and momentum operators. These will have a role to play beyond this chapter.

Fix j € {1,...,d}. The jth position operator Xy ; is defined as the (t, ¢)-quantization
of the symbol R > (x,&) x;j, while the jth momentum operator Il ; is defined by
the symbol R > (x,¢) + &;. Thus they both depend on the phase function chosen for
the quantization. A short calculation gives

X jp(x) = 8(x, x)xj¢p(x)

and
[Ty p(x) = —i (8(x,x)0% + o™it (x, x)) Pp(x)

for ¢ € (R?) and x € R?. Both have trivial continuous extensions to .7’ (R%).

3.3.1 Hoérmander Symbols

The symbols for which we develop a pseudo-differential calculus are called Héormander
symbols, which are smooth functions of tempered growth.

48



Mikkel Hviid Thorn

Definition 3.3.4. (Tempered Weight) A tempered weight is a positive continuous func-
tion M: R?? — (0, 00) such that there exists sy;, Cps > 0 for which

M(x +y, & +¢) < CuM(x, ¢)((y, 0))™
holds for all x,y,& ¢ € RY. We define the standard tempered weight by My: R* >
(x,8) = (&)
The space of tempered weights is denoted by M (R??), and on M (R*) we define the
relation < M(R2) by M; < M(R2) M, if and only if M; < CM; pointwise for My, M, €
M (IRZd )

For a tempered weight M € M (IR*?) we have a generalized Peetre’s inequality:

M(x,&)PM(y,0) " < Cll((x =y, & — )™ (33.1)
forpeR,x,y,8,0 € R?. Furthermore
CrM(0,0)((x,8)) "™ < M(x,&) < CiuM(0,0)((x,&))™

for x, & € RY. Also M(R*) is closed under multiplication and taking real powers, and
these operations act as expected w.r.t. the order < ().

Definition 3.3.5. (Hormander Class) The Hormander class with tempered weight M €
M (R?*) is defined as

Sm(R™) = {CD € C*(R™)| sup M(x,) [97®(x,¢)| < oo, ¥y € Ngd} '
x,C€RY

On Sy1(IR*) we define the semi-norms:

I sy ratynt SM(R¥) 5 @ = ) sup M(x,8) Ho7®(x, )|
’YeNg x/gele
lyl<n
for all n € INy.
Moreover, we define Seo(R*) = Upze pq(ror) Sm(R).

Proposition 3.3.6. Sy;(IR??) is a Fréchet space with the Heine-Borel property.

Proof. We skip many of the details since these mirror Proposition See also [30,
Proposition 3.1.6.].

The family of semi-norms we defined on Sy;(IR>?) are clearly separating and there
is countably many of them, hence the induced topology is metrizable. If we consider
some Cauchy sequence in Sy;(IR??), then the sequence and the sequences of derivatives
converge uniformly on compact sets to some smooth function and its derivatives respec-
tively. Then by the arguments in the proof of Proposition we find that the limit is
in Sp(R??) and so is the convergence. The Heine-Borel property is then a consequence
of Arzeld-Ascoli Theorem and a diagonalization argument. n

Proposition 3.3.7. .7 (R*) < Sy (R*) < Sy, (R*) — ' (R*) continuously for any
My, My € M(R*) with My < y(gaty Ma.

Proof. The continuous injections . (R*) < Sy (R?¥) and Sy, (R*) — #/(R*) are
simple extensions of the proofs of Proposition and Proposition[3.2.10} and Sy, (R??)
< Su, (R?) is trivial. |

Later on in Lemma we essentially prove that .7 (IR??) is dense in Sy;(IR?4).
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3.3.2 Coordinate Representation of Pseudo-differential Operators

When dealing with Schwartz functions and tempered distributions we had a lot of suc-
cess applying coordinate representations. One such application is the expansion

Top =3, (TG0 Gat) s wre),s®e) (P Gp0) (R, (R0 Ga 0
&,pez

for any T € B(.7(R%), 7' (R%)), ¢ € #(R?), and phase function ¢ € &,,(R*), with the
sum converging absolutely in .#’(R?). Then a reasonable hypothesis is that if the matrix
elements (TG 8,07 [ ) #/(RY),7(R) have some nice properties then so must the map T and
conversely. Note that these matrix elements are really the coordinates of the Schwartz
kernel of T.

Specifically, we consider the Hormander symbols. In order to exploit the tempered
weights governing the Hormander classes and make sharp estimate on the matrix ele-
ments, we need to make some assumptions on the phase function ¢ € &, (R??).

The first assumption is that ¢ is Hermitian, meaning that ¢(x,y) = 9¢(y, x) for all
x,y € RY. The second is that ¢ has the following triangle property: The function

n: R 5 (x,y,z) — (x,y)0(y,z)0(z, x)

satisfies that for every v € IN3? there exists some 1, € Ny such that

sup ((x —y){y —2)) ""|97n(x,y,2)| < 0.

xy,z€RY
Note 7 is cyclic:
n(xy,z) =n(zxy) =1y, zx)
forall x,y,z € RY.

Lemma 3.3.8. Let ¢ € 0,,(R**) be a Hermitian phase function satisfying the triangle property
and fix t € R, M € M(R*).
If (A&/B)&/BGZ” satisfies

sup (a—B)"(a’ — B') M(ta+ (1~ 1)B, (1 — )a’ +1p") | Az gl < 00
&,pez

for arbitrary k,1 € No, then } 5 scz00 Az 5’7' gner(g&,ﬂ ® %) converges unconditionally in
SM(IRZd)
Conversely, for ® € Sp(R*?) we have

sup (ax—B)(a' — p)M(ta+ (1= 1)B, (1~ t)a' +1p) !

&,Bez
1 Wequ) G0 © Gp ) 5/ (R24), 7 (R24) |

< Cwm o1 [1Pll 5, (R2) 1

for arbitrary k,1 € INg and some n € Nq determined by k, 1, and

@ = Z <’TWeych) % ® g‘B,l9>Y/(1R2d),Y(]R2d ngner(g“ 9 & gﬁ L9)
&,pcz™
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Remark! 3.3.9. The interpretation of the lemma is that the operators in Op, 4(Sp(IR*))
are exactly the operators having matrix elements satisfying the stated decay conditions:
The Schwartz kernel of Op; »(®P) is Tvi}gqu) and

<Dpt,19(q))g/§,z9/ %>Y’(]Rd),y(]Rd) = <Tvi}gy1q)'%® gﬁ,ﬂ>y'(1122d),y(]122d)-

Proof. Define 1 as above.
Let us begin by studying the Schwartz functions 7T, ngner(gzx 0 ®Gg, Gs)- Forx, ¢ € RY
we have

ngner(glx 9& gﬁ ﬂ)(x C)
= / VE(x — (1= 1)y, x +1y)Gao @ Gy g(x — (1 — H)y, x + ty)dy

9(B, “() ﬁ) pr / iz B)-(E— (1D —t8) ilw ) x
2m)d (—22)

na,x+tz+p—a),x—(1—-t)(z+B—a))y(a, B, x+t(z+p—n))
@Tu(x —(1—-t)z—ta— (1—-1)B) @ u(x +tz — ta — (1 —t)B)dz,
(3.3.2)
where we used the translation z := y — B + «, the Hermitian property of the phase
function, and the fact that supp(®“u) C (—1,1) implies that the above integrand has
support in (—2,2)4 by

=(x+tz—ta—(1—-t)p)—(x—(1—t)z—ta— (1 —1t)B).

Moreover, the support of the u’s tells us that is zero when x ¢ ta + (1 —t)B +
(=1, 1)%

If we take the y-derivative, 7 € N3, of T, ngner(g,x o ® G 9), then by (3.3.2) we get
polynomials in z +  — « and &’ — f/, and derivatives of # and u. Furthermore, using
integration by parts we can get arbitrary high powers of (¢ — (1 — t)a’ +tg')~! at the
cost of additional derivatives of # and u by using the exponential factor ¢z (¢~(1-Da'~t8)
We do this to get a factor of at least (& — (1 — t)a’ + tp/) =4~ 175m,

The polynomials in z and derivatives of u pose no problem since the integrand has
bounded support in z and u is a C°(R)-function. Recalling the triangle property of ¢
and Peetre’s inequality we may bound the derivatives of the #’s uniformly by

Cmpoq(z)" (0 —B)"(x+tz—ta — (1 —1t)B)"(x = (1 —t)z —ta — (1 —)B)™

for some n1, 1y, n3,ns € Ny dependent on 9, M, . Note again the factor of (z)"! gives no
issues and the factor (x 4tz —ta — (1 —t)B)"(x — (1 — t)z — ta — (1 — ) B)™ is bounded
by the support of the derivatives of the u’s.

Keeping tabs, we conclude that

|87 W1gner(g1)é ] ® gﬂ ﬂ)(x €)|
< Cumto, (0 —B)™ (@ =B (C— (1 —t)a' + tﬁ/>_d_l_sM1ta+(1ft)ﬁ+(—1,1)d(x)

for all x,¢ € R and some mq,my € Ny dependent on ¢, M, . Thus together with the
hypothesis on the coefficients (A&/B) apez2 and Peetre’s inequality (3.3.1) we get

sup Z M x (:) 1|Atx/3|’aly W1gner(g0€l9®gﬁ19)(x €)| < CMt19'yA/
x,LER 5, fez2d
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whence the sum Z&,Bezzd A&,Ba T

ngner(g&,ﬂ ® %) converges unconditionally and uni-

formly on R% when multiplied with a factor of M -1, Consequently, one can interchange
the sum and derivative, and so it is clear now that }; 5.2 Az 5 wlgner(ga 0 ® g, Gj ) con-

verges unconditionally in S (R??).
For the last part of the lemma we recall from Lemma that

T\/i]gqu) — 2 <TWequ) gg( 4 ® g‘B 19>// IRZd ]de ga o4 ® gﬁ 9
’Bezzd

holds in .7’ (R*), and using Ty

igner ON both sides we get

@ = Z < W€y1® ga 1 ® gﬂ l9> ! IRZd) }ﬁ(]RZd) ngner(gﬂl g ® g‘B 19)

&,Bez

Hence if we can prove the stated estimate on the coefficients, then the convergence of
the last sum also holds unconditionally in Sy;(IR??) by the first part.
The coefficients are more explicitly given by

( Wey1<1> Gio ® G5.0).7 ]RZd) 7 (R2)

- W /]Rd /Rd /]Rd D(x, e VEY(x — (1~ )y, x +1y)
Gao(x — (1 = 1)y)Gpe(x + ty)dydxd

(B, a)e @B (O—OHE) / // (o) y—i-{ il (a—P)
(27'[ Zd RY JRY JRY

D(z4ta+ (1—£)B,7+ (1—t)a' +tp)
ne,z— (1 —-tHw+a,z+tw+ B)y(a,B,z+tw+ p)
@Y u(z — (1 —Hw) @ u(z + tw)dwdzd

(3.3.3)
where we used the translation

(z,w,0) = (x—ta— (1 —-t)B,y+a—B,¢— (1 —t)a —tp)

and that the phase function is Hermitian. We also note that the integrand has support
n (—1,1)% for the z variable and support in (—2,2)? for the w variable.

Let k,I € INg be given. Being mindful of the order in which we integrate, we may
use integration by parts in (3.3.3), first in w, then z and lastly  to introduce arbitrary
powers of (7)1, (& — B/)71, and (a — B) !, respectively, using the exponential factors
to do so. For the integration by parts in w we need at least a factor of (f)~4~175u,
which introduces derivatives of 7 and u. The second integration by parts, which is in
z, we make a factor of (a’ — B/)~! appear, and again we get derivatives of #,u, ®. The
last integration by parts, in { this time, we do not know yet to which power we want
(x — B)~!, but we remark that the only problematic side-effect is the introduction of
additional derivatives of ®.

We end up with a sum of functions in the integrand. The derivatives of u are not
problematic, and the derivatives of the #’s, since there are finitely many, can be uni-
formly bounded by

Campo{e = B)™ (2)"(w)™
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for some nq,n3,n3 € Np dependent on ¢, M,I. Thus we want to create a factor of
(o — B) "M~k with the last integration by parts. As for the derivatives of ®, we note that
if v € IN2?, then

sup (z) M(Z) M7 D(z +ta + (1 —t)B,{ + (1 — t)a’ +tp')]
z, R4

< Cy sup M(ta+(1—8)B, (1 —t)a +tg)M(z+ta+ (1 —t)B,{ + (1 —t)a’ +tp/) !
z,(€RA

07®(z + ta + (1— 1), + (1 — ) +t8)]
< ComM(ta + (1 —t)B, (1 —t)a’ +tp)

by use of Peetre’s inequality.
Thus all in all we estimate (3.3.3) by:

( weyfp Gap ® Gp,0) 71 (R24), 7 (R2)
= Cumpopi(a—B) (& — By "M(ta+ (1= 1)B, (1 — ) +tB')[| @[, (rat)
with k,I € INg arbitrary and n € INg dependent on k, I, ¢, M. [ |

On a technical note we remark that t is of no importance. By the required ar-
bitrary decay in the differences & — p and a’ — B’ and Peetre’s inequality, coefficients
(A p)s pez satisfying the condition in the lemma for one t € R will satisfy it for all.

From this fact we deduce that the operator space Op, 4(Sy(R??)) is independent of
t. Furthermore, the change of Sy (IR**)-symbol is a homeomorphism of Sy;(IR?/).

Corollary 3.3.10. Let © € 6,,(R*) be Hermitian phase function satisfying the triangle prop-
erty and fix t1,t, € R.
The change of symbol map

-1 tp,9 t1,0
O ptz,ﬂ o9 ptl Tngner 7,Weyl

restricts to a homeomorphism of Sy (IR??) for every M € M(R??).

Proof. Since the inverse of Dpt_z,ll9 o Opy, 9 is Dpt_hl19 o Op;, » we only need to prove that
Dptz}ﬂ o Opy, ol (r2) has range in Sum(R??) and is continuous as a map Sp(R*) —
Sy (IR??), where the rest follows by symmetry.

Lemma [3.3.8] tells us that
tr, 0 tr,0
TV\/glgnerTWeyl Z < Wequ) ga '] ® g’g 19>// IRZd ]de TV\%lgnerTWey ngner(g,x 9 ® g‘B 19)
&,Bez
- Z < Wequ) g”‘ 9 ® g‘B 19> 7! (R2),.7 (R ngner(g‘x & g,B 19)
a,Bez

converges to some function in Sy(R*) for every ® € Sy(IR?*?). Moreover, using this
expansion and the proof of Lemma we get that

tz s t1,
” ngnerTWequ)HSM R2) 1 CM,tl,tz,z?,n H(DHSM(IRM),mn
for all n € Ny and some m,, € [Ny, showing continuity. |
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3.3.3 Boundedness Properties of Pseudo-differential Operators

We will immediately put this coordinate characterization to good use:

Proposition 3.3.11. Let ¢ € 0,,(R??) be a Hermitian phase function satisfying the triangle
property and fix t € R, M € M(R*).
For ® € Sy (R*) we have Op, o(P) € B(#(R)) and the map

Opyols,rery: SM(R¥) = B(S(R?))
1S continuous.

Proof. Our goal is to use Lemma [3.2.15/on the expansion

Opio(@)p =) (Op10(P)G5 4, Ga0).(re), (R0 (D G 8) 5 (), (R0 T 0 (3.3.4)
&,Becz

holding in ./ (IR%) for ¢ € . (R?). Firstly, note that

(Op1,0(P)Gp 5, Ga0) (R, 7 (RY) = <Tvi}gy1¢,%® Gp,0) 7/ (R24), 5 (R2) -

The estimate in Lemma can, with the use of Peetre’s inequality, be reformulated
into saying

sup d<"‘>k<"‘/>l (BY " (B") " (Op1,6(P)Gp,9, Ga,8) (), 7 (R |
&,pez?
< Cwmt,o 41l Plls,, (r2)

for arbitrary k,I € INg and some n,m € INy determined by k, . Thus this estimate used
in conjunction with Lemma tells us that the sum in defines a Schwartz
function, hence R(Op, 4(®)) C .7 (RY).

Tracing the necessary estimates and using the absolute convergence of the sum in

(3.3.4) we get the bound

1996 (P)PN| Rty m < Cot,0,0,ml|Plls, r2) kPNl (re) 7,

for arbitrary n,m € INg and k, 71,11 € INy dependent on 7, m. This shows that Dpw(q)) €
B((R%)) and that the (t, ¢)-quantization is continuous from Sy;(IR?4) into B(.(R%)).
[ |

This proposition itself has consequences. For one, by evaluating Op, 3(P)¢ varia-
tionally one gets the identity:

Opro(P)¢(x) = (er)d /R ) /]R T2, y)D (b + (1 )y, §)p(y)dydd

forall x € RY, ¢ € #(R?),® € Soo(IR?) and ¢, ¢ satisfying the assumption in Proposition
We observe that the order of integration is non-trivial and cannot be interchanged
without further assumptions.

A second consequence is that we obtain a transpose identity for the pseudo-differential
operators

(Op16(P), ) 5 (re),(RY) = (D) SP) 51(Re), 5 (Re)
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for all ¢, € . (RY) with S: Z(R?) 3 ¢ — Op;_, 4(®)y. This allows us to extend
Op; ¢(P) to a continuous linear operator on .7/ (RY).

The third consequence, and last for now, is that Op; 4(P) is a densely defined oper-
ator on L2(IR?) and using the expression found above we see that

(, O91,0(P)Y) 12(rey = (OP1-1,0(P)P, ¥) 12(re)

holds for all ¢, € .(R?). Hence .#(R?) C D(Op;s(P)*) and Op;o(P)*| o (re) =
Op;_; 9(P). Now invoking Proposition we reach the result:

Corollary 3.3.12. Under the assumptions of Proposition|3.3.11|the operator Op, 5(P) is closable
and its L2(R)-adjoint is given by Op,_, 5(P) on 7 (R7)

Remark! 3.3.13. Importantly, since L2(R?) — .#/(R?) continuously and .7 (IR?) is dense
in both spaces, the L?(IR?)-closure of Op; 4(P) correspond to the value of the .7/ (R)-
extension of Op; 4(P) on their common domain.

Recalling Remark we are now able to argue for the importance of the Weyl-
quantization, i.e. t = . It is exactly in this case that the condition ® = & is equivalent
with the statement that Op; 4(®) is symmetric.

Being closable is nice, but it would be even better to have bounded operators. This
happens for certain Hormander symbols as the next theorem states:

Theorem 3.3.14. (Calderén-Vaillancourt Theorem) Let ¢ € Oy, (R?*?) be a Hermitian phase
function satisfying the triangle property and fix t € R.
For @ € S1(IR??) the operator Op, 4(®) is extendable to a bounded operator on L?(IR?) and
the map
Opils, o) : 51(R) = BLA(RY))

1S continuous.

Note we use the tempered weight M = 1.

Proof. Fix ¢ € .7 (IR?). Using the expansion (3.3.4) twice we get

HDPt,o(q’)fPHiz(RZ): Yo (9,.Ga8) 5 (re), 2w (OPLo(P)Ga,6,Gp ) 5 (), (R

a,Byez2

(Op16(P)G3,6.G3 6) 7/ (R1), 7 (RY) (P G3,8) 71 (R1), (R
(3.3.5)
with absolute convergence of the sum. Lemma implies that

sup Y [(Op (P )Ga8:G5,9) 71(R#),7(Re) (OP,0(P)G3,8, Gp ) 7 (R), (R
acZ¥ g yezd

S Ct,ﬂHcDHé](]Rd),nd

and similarly result is obtained by switching the roles of & and f:

sup ) [{Op;0(P)Gas, Gp9) 71 (re), (1) (OPr0(P)Gi.8, Gp ) 7 (R, (RS
ez § 572

~ C~t,l9“®”§1(]Rd),nd
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Here n; € INg depends solely on the dimension d. Thus we can invoke Schur’s test in
12(Z*") on the expression (3.3.5) and conclude that

19p:,6(P)plF2(re) < Croll @IS ey, 2 (G0 8) 2wy * = Caro | RIS, ey, 191172 e

aez

The obtained estimate implies that Op, 4(®) € B(L*(R?)) and

HDPM( )||B L2(Rd)) < Ct19||q’Hs1 R%),1y7

so the (t, 9)-quantization is continuous from S;(IR??) into B(L?(R?)). |

3.3.4 Algebra of Pseudo-differential Operators

We saw in Proposition 3.3.11| that Op; (S (IR??)) is a subset of the algebra B(.#(R?)),
so it makes sense to question whether or not 9p, (S (IR?)) is itself an algebra with the
operator product. The answer is in the affirmative.

Theorem 3.3.15. Let ¢ € 0,,(IR??) be a Hermitian phase function satisfying the triangle prop-
erty and fix t € R.
The product

#o: 500(]R2d) X SOO(IRM) 5(0,%) Dp;l}(Dpt,ﬂ(CD)Dpt,g(‘P))

has image in Seo(R?*?) and Se(IR??) becomes a filtered algebra when endowed with #; 4: For
My, My € M(R*) and ® € Sy, (R*) and ¥ € Sy, (R*) we have ®#; 9 ¥ € Sy, m, (R?)
and

#t,li"SMl (R24) x Sy, (R) * Smy (]de) X SM, (]RZd) — SmyM, (]RZd)

is a continuous map.

Remark! 3.3.16. An alternative filtered product on S (IR??) is given by pointwise mul-
tiplication which is proven by a straightforward calculation. Although we will not have
need of it, often one finds, such as in the case of semiclassical analysis, situations where
the difference ® #; 3 ¥ — Y is "small".

The product is called the (f,¢)-Moyal product. Note (N vq(r2e) Sm (R¥) = .7 (R*)
becomes a two-sided ideal in this product.

Proof. Note #; 4 is well-defined by Proposition [3.3.11} Fix ® € Sy, (R*) and ¥ €
Sum, (R*) with My, M, € M(IR?). First, an expansion & la (3.34), but for the prod-

uct Op; 4(P)Op, 5(¥), is

Opg(O# oY) = Op; o(P)Op, ()¢
= Z <9Pt,0(‘1’)g;§,m g”?ﬁ>ﬂ’(]R"’),3’(]R"’)<Dpt,l9( )G5,9, G 19>Y’(1R“’) 7 (R?)

&,pyez™
(9, G5,0) 7 (%), 7(R?) T2, 0
holding in .7 (R?) for ¢ € . (R?), where we used
(Op1o(P)Op15(Y)Gp 50 Ga0) 7 (R1), 7 (RY)
= Y (Op10(¥)G5, G3.6) 5 (re), 7 (re) (OP10(P) G0, G 8) /() 7 (R

,\')'/EZZd
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Secondly, by Lemma we get
sup (a — )" (o’ — B/)/(MiMa) (ta+ (1 = 1), (1 — )’ + 1) !

&,Becz
‘ <9Pt,ﬁ(q’)gpt,ﬁ(‘f)gg,ﬂr %bﬂ(nzd),ymd)

< sup ) Covpat Y, (= 1)@ — B (MiMy) (ta+ (1= £)B, (1 — £)a’ + t) !
a,Bez? jez2d
(o =) 0 — )M (ta £+ (1= )y, (1=t +9") !
(a0 — 7)1/ — o)+
(Op1,0(P)Gy,0, Ga0) (R, 7 (Re)
(v =By = BT My (ty + (1= H)B, (1 — 1)y +tp) !
(y =By = )it
(Op1,0(¥)G5.0:G1,0) 7 (), (RY)

< Coty My, 01| Pl sy w20y Y Nl (R20) 1

for arbitrary k,I € INg and some n € INy determined by k,[. Thus the matrix elements
for the product Op; »(P)Op, »(¥) satisfies the hypothesis of Lemma So thirdly,
one can conclude that the symbol in the (¢, ¢)-quantization of Op, o(P)Op; s(¥) is in
Smm, (R?), and by the proof of Lemma we get an estimate of the kind:

HCD #1,0 IPHSMlMZ(IRZ"),n < CMl,Mz,t,ﬂ,k,l H®H5M1 (R24),m,, H‘PHSMZ(IRM),mn

for every n € Ng with m,, € INy. This last estimate also proves the continuity claim, so
we are done. u

If we fix a tempered weight M, then we may create the one-parameter group of
tempered weights (M?),cr. For the associated Hérmander classes (Syr (IR??)),er and
the Moyal product we get

Sar (R?) #, 9 Sppa (R?) C S pppeq (R*)

for p,g € R, and so the Moyal product makes U,cr S wmr (R??) into a filtered algebra in
the parameter p.

3.3.5 Phase Functions Induced by Antisymmetric Forms and Beal’s

We now restrict the phase functions we consider even further.
Lemma 3.3.17. Let A € R?*? be antisymmetric and define
®: R > (x,y) — oAy
Then ¢ is a Hermitian phase function in 0,,(R*?) satisfying the triangle inequality.
Proof. The only non-trivial part is the triangle inequality. If we differentiate

n: R 5 (x,y,z) — O(x,y)0(y,z)0(z, x)
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in the first d variables, then it equals 7 multiplied by a polynomial in A(y — z). If we
differentiate in the next d variables we gain a polynomial in A(z — x) and if differenti-
ation is done in the last d variables we gain a polynomial in A(x — y). Thus for every
v € N3 there exists 1, € Ny such that

sup ((y —z){(z —x){x —y)) ""[dTn(x,y,2)| < co.

x,y,z€R4
Now one use of Peetre’s inequality finishes the proof. n

A phase function such as the one in Lemma is said to be induced by the
antisymmetric matrix A.
For any phase function ¢ € &,,(R*) we may create the phase translations

Toy = 0( )Ty

for y € R? as continuous linear maps on .#/(RR%), which restrict to continuous maps
on .7 (R%) and L?>(R“). The intuition is that, if a pseudo-differential operator in the
(t, ¥)-quantization acts homogeneously throughout space, then it will commute with all
phase translations. We see that this property has an appealing characterization for the
phase functions induced by an antisymmetric matrix:

Lemma 3.3.18. Let A € R?*? be antisymmetric and define
8: R 3 (x,y) s >,

Also fix t € R.
For ® € ./(R*) and z € R¥ we have

T9,29P1,9(P) T, = O 9(T(z0)D)-
Thus [Op; 4(P), T9,.] = 0 if and only if 7, 0)® = D.

Similarly to the above, one could consider invariance under other families of opera-
tors such as multiplication by a phase factor.

Proof. We will prove the equivalent statement:
79,2001 9(T(—2,0)P) T9,—2 = Opy 9(D).
The identity T, Op; ¢(T(—2,0)P)T9,—2 = Op; 9(P) is equivalent with
B & _ 0
Vileylcb - TVtVele(*Z,O)cD o <TE,—Z ® Tﬁ,—z)
= (27) @ 0 715 © (id y(re) ® (—ide)*)Tv{}?gner o(T5_, ®To,2),

which in turn is equivalent with
(ld/@(]Rd) ® (—ld]Rd)*)TVi;zgner = T(Z,O) o (ldy(]Rd) ® (_lde)*)TVi}ll,;gner o (T@[_Z ® Tgrfz)

holding on .#(IR?). This finishes the abstract nonsense and gives us the condition we
will prove.
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For every ¥ € .7(R*) we have
T(Z,O) (0] (ldY(IRd) X (_id]Rd)*)TVi}il;ner o} (TE,—Z X Tﬁlfz)‘F(x, g)
_ e—iy-gei(x—z)-Ayei(x—(1—t)y)-Aze—i(x—i-ty)-Asz;(x o (1 - t)y,x + ty)dy

R4
=/ e VY (x — (1 —t)y, x + ty)dy
R
= (id y (rey ® (—idRa)") Tpmner ¥ (%, 8,
for all x, & € R?, and we are done. [ |

There is one last big and helpful result we need, Beal’s Commutator Criterion, which
holds for certain phase functions. We prove it for phase functions induced by an an-
tisymmetric matrix, but note that it is a subcase of the Beal’s Commutator Criterion
proven in [9, Theorem 3.8].

Theorem 3.3.19. (Beal’s Commutator Criterion) Let A € R*? be antisymmetric and define
8: R 3 (x,y) s >,

Also fix t € R.
If ® € S1(IR??), then all commutators of the form

[Ty[Ta, .. [Ty, Op; (@] ... 1], (3.3.6)

where T; € {Xo1,..., Xoa p1,..., g}t for j=1,...,n, n € Ny, are extendable to opera-
tors in B(L?(IRY)).

Conversely, suppose that T: ./ (R?) — #'(RY) is linear and extends to a bounded oper-
ator in L2(R%), and all the commutators of the form are also extendable to operators in
B(L*(RY)). Then T is continuous and Op, 4 (T) € S1(IR*).

Proof. For the first part, we will show that [T, Op, 4(®)] € Op, 4(S1(R*)) for all T €
{X91,.-., Xpa,11y1,..., 11}, whence the rest then follows by the Calderén-Vaillancourt
Theorem and applying induction. We first note that the definition of ¢ implies
that it equals one on the diagonal, i.e. ¢(x,x) = 1 for all x € R“.

Fixje€ {1,...,d}, ¢ € #(R%), and x € R". Then, using dominated convergence for
limits and integration by parts in ¢,

[Xo,j, Op o(P)]p(x)
= (27)lim | e~elél’ (x; — ¥ VB (x, y)(tx + (1 — £)y, E)p(y)dydE

e—0 JR4 R4
= (27)~"limy (/]Rd R [ Tyt (tx + (1~ 1y, Egly)dyds

—2¢ /]R2 gje*SHCHZ N eig'(x*y)ﬁ(X,y)CD(tx +(1- f)y,é)cp(y)dydC)

= Opt,p (101 @) p(x).

For Iy ;, we use again dominated convergence, integration by parts in both y and ¢, and
also differentiation under the integral in x,

(15,7, Op; 9(P)]p(x)
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= (2n)~* lﬂ% (/Rd o—ellel? [, eié-(xfy)g(x,y)
(& + (A(y — x)); — itd) @(tx + (1 — t)y, &)p(y)dydE

_ /W el N e Y(x, y)D(tx + (1 — by, é)Hly,]-cp(y)dydC)

e—0

_ (27)lim ( [ [ gy
(2(A(y — x)); —i0%) D(tx + (1 — t)y, C)fp(y)dydé')

— —d —el|g]? ig-(x—y)
= (2r) " lim </1Rde 6 ¥(x,y)

e—0

d
<—ia€f —2i), Ajkaek> ®(tx + (1 - )y, ¢)¢(y)dydg

k=1

d
+4ie ) Ay / Ere eI [ oSy (2, ) (b + (1 - 1)y, C)cP(y)dydC)
=1 R4 R4

d
= Op <—i (aef +2) A]-k> <I>> ¢(x).
k=1

The derivatives of ® are clearly in S;(IR*), so we are done with the first statement.

For the second part of the theorem we also use an iterative argument. Two things
have to be shown: T is continuous .#(RY) — .#/(IR?) and its matrix elements satisfies
Lemma[3.3.8

Continuity as a map .#(RY) — .#/(IR%) is rather simple: T bounded in L?(IRY) and
7 (R?) — L2(RY) — ./ (R?) with both injections continuous.

As for the condition on T’s matrix elements, we aim to show the equivalent condition
that for any 7 € N2/

sup (& — )" (Op1,6(P) G5 9, Ga0) 71 (Re), 7 (ret) | < 0. (3.3.7)
&,pez

The above is essentially making sure that multiplying (Op, 4(®)G 5,19,%> #1(RY), 7 (RY) T€
peatedly by a factor a; — B or a; — p for j=1,...,d gives bounded terms in (&, ). Our
goal is to deduce some general identities and estimates, which, when applied iteratively,

shows (3.3.7).

Fixje{1,...,d}. For ¢ € 7 (R¥) define
5544): Rd S X — (27'[)_%19(_)(,04)4)()( — D()ei“,'(x_“)‘

This definition is such that Sz ®% u = Gas and we have the important commutators
[Sa, Xo,;] = —;Sz and [Sg, ITg,;] = —oc;-S,i. Now for every choice of T € B(L?*(RY)) and
ORTES 7 (R%), we have

(aj = B){TSpe, Sa¥) o (re), 7 (RY)
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= —(TSpp, SaXo,jP) 7 (re), 7 re) + {[Xo, TISp¢, Sa¥) 5 (re), (1)
+ (TS5 Xs,i¢ Sath) o1 (we), o (RY)s

and
(&) ~ BTS 30, S29) (), 7w
= —(TSp¢, Sallo ) o (we), o me) + (o jy TISps Sah) e, rwe)
+ (TS5Ils, i, Sath) 5 (re), 7 (R)
and finally

‘(TSWIS&IPM/(W)M(W) < 27) N Tl sz ren |l 2wy 1912 we) -

Now, T, ®%u satisfies the assumptions on T, ¢, ¥ and furthermore, T satisfies the com-
mutator criterion in the theorem by hypothesis. Thus we can make repeated use of the
above facts to obtain (3.3.7). [ |

Remark! 3.3.20. Let us note what was important in the above proof. The first part
dependent upon differentiation of the phase, where every time we differentiated the
phase function we got a polynomial in x,y. If the phase function only produces a
polynomial in x,y plus a BC®(R*) function, then the proof will go through with no
problem.

In the second part we look towards the commutators [Sz, Xy j| = —a;Sz and [Sz, Ty ;]
= —tx;S&. More general phase functions might perturb these commutators slightly, but
for a reasonable perturbation the proof still holds.

The proof of Beal’s Commutator Criterion [3.3.19 gives us a ways of giving bounds
on the matrix elements as in Lemma without working with the symbol directly.
This will become a strong tool in the next chapter.
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4

Schrodinger Operators for Particles in Euclidean
Space

We will finally be analyzing some quantum systems varying from simple to com-
plex. All these systems are of particles in Euclidean space, meaning we focus on the
Schrodinger operator of particles roaming around in some Euclidean space, affected by
its surroundings.

In the beginning we deal with realizations of differential operators, which are im-
portant for modeling kinetic energy. This is largerly inspired by [14], but also [22, 23].
Afterwards, we study the free Schrodinger operator and harmonic oscillator in larger
details, based on [16] 22] and [15| 22, 23, 28] respectively. Next we complicate matters
an introduce a magnetic field, but with a focus on constant magnetic fields and the Lan-
dau operator. For this matter we use the materials [8, 9, 19, 22] and additionally [6, 7,
17] for the Landau operator. As a finale, we consider the Hartree-Fock approximation
of the Schrodinger operator in a magnetic many-body system. The potential from the
cumulative effect of the many particles is given by a formal self-consistent equation,
which is then formalized and solved. The interpretation of the physics leading to the
self-consistent equation has been done by H. Cornean with inspiration from [3| Chapter
8] and it has also been solved in collaboration with H. Cornean.

We ignore most parameters and constants stemming from the physics of the models,
since our motivation is the study of the mathematics underlying the models. W.r.t the
underlying space we fix a dimension d € IN for the chapter.

4.1 Schrodinger Operator of a Particle with Outer Potential

Say we deal with the quantum system of one particle, which perhaps is under the influ-
ence of some outer potential, e.g. an electron being attracted by a proton, but otherwise
roaming space as it pleases (while obeying the laws of physics). This we model by using
the Hilbert space L*(IRY) with d representing the number of parameters for our particle
such as physical coordinates. For its Schrodinger operator H we have to consider the
kinetic energy of the particle and the potential energy stemming other sources, so H is
effectively the sum of two operators.

In classical mechanics such a system would have Hamiltonian H: R* > (x,¢)
|€]]? + V(x) with the first term being the kinetic energy and the second the potential
energy. For regular enough V and using the standard quantization procedure from the
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previous chapter, we get the Schrodinger operator as
H = Opya(H) = Oy, (R > (1,8) o 6P + V() = A+ V

with the operator V' being pointwise multiplication with V. Again, if V is regular
enough, then H is a closable operator, see Corollary But this is not quite enough,
we need H to be a self-adjoint operator. Thus it is up to us to show that operators of
the above type can be interpreted as observables, i.e. are self-adjoint. We first look at
multiplication operators as V and secondly differential operators as —A, then at two
specific cases of Schrodinger operators.

Lemma 4.1.1. Let V: RY — R be measurable. Then the operator V € L(L?(R?)) defined by
Vig— Voon

D(V) = {¢ € L*(R")|Vp € L*(RT)}
is self-adjoint.

Proof. As defined, V is clearly symmetric. It is also densely defined since for any ¢ €
L%(R%) we have Lyt (—nn)® "Z® ¢ in L2(RY) with the (Ly1([—nn))P)nen residing in
D(V). Thus by Proposition it is enough to show that R(T +i) = L2(IRY).
But ¢ = (V+i)~'¢ € D(V) for every ¢ € L>(R?) and (V i)y = ¢, implying that
R(T 4+ i) = L?(R%), so V is self-adjoint. u

Definition 4.1.2. (Realizations of Differential Operators) Let T := ZveNgJ vI<N ¢,07 be a

linear partial differential operator with &,,(IR%)-coefficients defined on .#’(IRY).
The minimal realization of T on L2(IR?) is defined as

Tiin =T

7(Rd)/

and the maximal realization as

Tmax = T’ {p€L2(R?)|THpeL?2(RY)}+

Every operator T € L(L2(R%)) which satisfies Tpin € T C Tiax is called a realization of
T.
Lemma 4.1.3. Let T be a partial differential operator with constant coefficients defined on

! (R?) such that T = F~'pF, where p is a polynomial on R? with real-valued coefficients. If
Tmin 1s symmetric, then it is essentially self-adjoint and

Tmin = Imax-

Proof. We prove the lemma in two steps: First we show that Tmax is self-adjoint, and
then that Ty = T

min*

Since . (]Rd) C D(Tmax), Tmax is densely defined. It is also symmetric:
(Tmax®, ) 12ty = (PF P, FP)12re) = (F, pFP) 2(rey = (¢, Tmax¥P) 12(re)

for all ¢, € D(Tmax). Now, like Lemma we use Proposition For ¢ €
L*(R?) we have ¢ = F~(p £i) "' F¢ € D(Tmax) and (T + i)y = ¢, hence we conclude
that Trmax is self-adjoint.
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As for the second step, if ¢ € D(T. ), then

min )

(Tain® ¥) 71 (re), 7R = (O Tmin®) 12(re) = (Tonin®, @) 12(re) = (T, §) 51 (Re), 7 (RY)
for all p € S (R?), so T = T, ¢ € L>(RY) meaning ¢ € D(Tmax) and T, C Tiax-

min min

Oppositely, if ¢ € D(Tmax), then

(Tmin®, §) 12(re) = (TP, ) 51(Re),77(Re) = (P Tmnax) 12(re)
for all € .7 (R%), s0 ¢ € D(T..) and Tpax C T, Thus Tmax = T

min ) = “min" min*

Thus T ;. is densely defined and by Proposition 2. Toin = T

X in rax = Imax, which
implies that Thin is self-adjoint. |

Note that the first lemma includes the position operators X ;, j € {1,...,d}, and sec-
ond lemma includes both the Laplacian A and momentum operators Iy j, j € {1,...,d}.

For the interested reader, general criteria for the sum —A + V to be self-adjoint are
presented in [22, Theorem X.16, Theorem X.20, Theorem X.28, and Theorem X.29]. We
note that trivially, or using the Kato-Rellich Theorem when V € L*(RRY), then
—A +V is essentially self-adjoint on .7 (IRY).

4.1.1 The Free Schrodinger Operator

The Schrodinger operator with pure kinetic energy —Amax models a particle free of
outside forces and is therefore called the free Schrodinger operator. For this quantum
system one might expect the possible energies to be every non-negative number, corre-
sponding to the kinetic energy of the particle. This is indeed correct.

Theorem 4.1.4. The operator H = —Amax € L(L*(R?)) has no eigenvalues and its spectrum
is
o(H) = [0,00).

Proof. Let us deal with the statement about eigenvalues first. Suppose A is an eigenvalue
of H. Then there exists ¢ € D(#) \ {0} such that

0=(H-Np=F Y |>-7)Fo,

so (|| - |I*> = A)F¢ = 0 leading to ¢ = 0, a contradiction. Thus H must have no eigenval-
ues.

Now for the spectrum. If z € C \ [0, ), then T, := F (|| - ||* — z) "1 F is an operator
in B(L2(RY)), and R(T,) C D(H) since

12
FU-PFTp = fl”zH_ZﬂP € L*(RY)

for all ¢ € L2(IR%). Moreover, T.(H —z)¢ = ¢ for ¢ € D(H) and (H — z)T.¢ = ¢ for
¢ € L2(R%), whence T, = (H —z) "' and z € p(H).

This gives 0(H) C [0, c0). To prove that we have an equality, we use Stone’s Formula
and Proposition Let A1, A2 € R be given and note that the absence of
eigenvalues means that 1), 1,j(H) = 1(), 1,)(H), whence

1 . —
o009 = F M lim [ (U1 = A=) = (1P A i) ) g

=F (- 11 F¢
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for all ¢ € L?(R?). If z € [0,00) and & > 0, then Ta—ezte) ([l - II?) # 0 as a multiplication
operator. By Proposition [2.4.23 we conclude that o(H) = [0, o). |

4.1.2 The Harmonic Oscillator

A favorite example of introductory classical physics and ordinary differential equations
is that of the harmonic oscillator. Is quantum counterpart is formally given by the sum of
the momentum and position squared, i.e. —A+ X* = Op;; (R* 3 (x,¢) — [|(x,8)]1?),
and similarly to the classical harmonic oscillator, the quantum harmonic oscillator has
a nice solution in terms of spectrum. It is also a teaser for the next section, where we
work with magnetic Schrodinger operators whom share some likeness with the quan-
tum harmonic oscillator.

Theorem 4.1.5. The operator (—A + X*)min € L(L*(R?)) is essentially self-adjoint and H =
(—A + X?)min has spectrum:

o(H) = 0, (H) = {d +2n|n € No}

Proof. For this spectrum we use algebraic methods. The steps are to find the eigenfunc-
tions of (—A + X?)min, show that they constitute an orthogonal basis in L?>(R), and
this will lead to the desired conclusion. We also reduce the statement to the case of the
Harmonic oscillator on L?(IR) since if this operator has an orthogonal basis of eigenfunc-
tions with a certain behavior, then taking the tensor product of this basis with itself, we
get an orthogonal basis of eigenfunctions for the Harmonic oscillator in any dimension.

Consider T = (—A + X?)min € L(L*(R)). Note T is symmetric and non-negative.
On . (R) we decompose T as follows

T=A%A+1,

where A' = —9+ X and A = 9+ X satisfies Amin C (A6, )* and conversely. The
strength of this decomposition is that we can work with the first order differential oper-

ators A, At instead of the second order differential operator of T.

N

First of all, the equation Ap = 0 has the non-zero solution ¢p: R > x > e~ 2,
getting us our first eigenfunction of T with eigenvalue 1. In opposition, AT¢ = 0 has no
non-zero solution in .7 (R).

Second of all, to obtain more eigenfunctions, we note that [T, A'] = 24", so if T =

z¢p forz € C,¢ € Z(R) \ {0}, then
TAYg = AT + [T, AYlp = (z +2) A",

ie. A'¢ is a new eigenfunction with a different eigenvalue. Importantly A*¢ # 0 if

¢ #0.

; : . (A")"¢o
Essentially, this means that ¢, = TA 90l 2

normalized eigenfunctions of T. The sequence (¢,)scnN, is also orthogonal since each
element corresponds to a different eigenvalue, that is

for n € Np make up a sequence of

2(n— m)<§bnr¢m>L2(R) = <T’~PnrlPM>L2(1R) - <¢an¢m>L2(]R) =0

for n,m € Ny, hence if n # m, then (n, Ym)2r) = 0.
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The last step of our analysis is then a study of the span of (,)nen,- A short inves-
tigation shows that each 1, is the product of ¢y and a polynomial of degree n. Hence
every product of ¢y with a polynomial on R is in span((¢,)sen, ). Taking this one step
further, this implies that wg: R 2 x — ¢*¢(x) is in span((¢n)nen, ) for all ¢ € R. Thus
if ¢ € L%(R) is orthogonal to all i, n € Ny, then

F(@0)(@) = = (e, ¢) ) =0

for all ¢ € IR, meaning ¢¢o = 0. Since ¢y is zero nowhere, ¢ = 0. We conclude that
span((¥n)nenN,) = L*(R), and (¢)neN, is an orthogonal basis for L?(R).

Finishing the proof is now a walk in the park. The operator T is non-negative and has
dense range, so by Corollary it is essentially self-adjoint. The closure H = T has
(¥n)nen, as an orthogonal basis of eigenvectors, and for every z ¢ 0,(H) = {1+ 2n|n €
No}t

(-2 =Y.

n€lNg

meaning o(H) = o,(H). ]

1
Tron—2 ($n, ) 2(R) P

The reader may have recognized the eigenfunctions in the above as the Hermite
functions. See [11, Section 6.4] for a study of these in detail.

Also, the self-adjoint extension of (—A + X?)ni, is not necessarily (—A + X2)max,
but maybe a smaller realization. This will also be the case for magnetic Schrodinger
operators.

4.2 Schrodinger Operator of a Particle in a Magnetic Field

To complicate matters we now deal with a magnetic field in our quantum system. The
magnetic fields and potentials will be quite regular, but more general situations can be
considered, see [22, Theorem X.22 and Theorem X.34].

A d-dimensional regular magnetic field B, henceforth just called a magnetic field, is
a closed 2-form which can be represented by BC*(IR¥) coefficients, that is the magnetic
field itself can be thought of as a map B € BC®(R% R?*?) such that Bjx = —By; and
0% By + aekBl]' + 0% B]'k =0.

Associated with any magnetic field we have a magnetic potential, which is a 1-form
A with smooth coefficients such that dA = B, where dA is the exterior derivative of A.
Like the magnetic field, we may think of A as an element of C°°(1Rd, ]Rd). As a canonical
choice of magnetic potential we take

d

d 1
Ap:RY 3 x — (2/ skakj(sx)ds>
k=10

j=1

This is the magnetic potential in the transversal gauge. Note Ap has components in
Om(RY).

We will now construct a magnetic phase, and from this we shall derive the magnetic
Schrodinger operator.
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Lemma 4.2.1. Given a magnetic field B, the map
9: R x RY S (x,y) s ¢ S 4
is a Hermitian phase function in 0,,(R*) obeying the triangle property.

Proof. 1t is clearly a Hermitian phase function. The other properties of ¢p will follow
from analyzing the integral f[x 4 Agp. For x,y € RY, we see

Ap = /1(]/ —x)-Ap(x+ t(y — x))dt = /1 /1 sx - B(sty +s(1 — t)x)ydsdt
[xy] 0 0 Jo
using that we can impose antisymmetry on the coefficients of B. Since we can choose
coefficients in BC®(IR), the above expression is in &,,(R?*') when considering (x,v) as
variables, which implies ¢p € Om(R¥).

As for the triangle property, a quick use of Stokes Theorem lets us conclude that

Jo 2+ f 2 / A= [ "
_// B(stz + t(1 — )y + (1 — )x)(z — y)dsdt
// z—y) B(stz+t(1 —s)y+ (1 —t)x)(y — x)dsdt

for any x,y,z € R?. Noting that the coefficients of B can be chosen in BC®(IRY) we get
the triangle property. [

Now we may use the ¥p-quantization from Section to get the magnetic posi-
tion and momentum operators. The position operator does not change from the non-
magnetic case to the magnetic case, but the momentum operator ends up becoming
I1p; = —id% — (Ap); and hence the kinetic energy in the presence of a magnetic field
should formally be

(—iV — Ap)? ZH = Ops(R* 5 (x,¢) = [IZ]1%)

This also corresponds to the effect of a magnetic field in classical physics. Note we
replaced the phase used in the notation of Section [3.3| with the magnetic field B. This
will be a convention from here on out, and we will also use the prefix magnetic instead
of phase.

Again, it is up to us to make sense of these operators as self-adjoint operators on
L?(R%):

Proposition 4.2.2. For any magnetic field B, (—iV — Ag)2. € L(L2(IRY)) is a non-negative,
essentially self-adjoint operator. Moreover, for every j € {1,...,d}, Ilp| 5 gray is essentially
self-adjoint and (—iV — Ap)? . -bounded.

min
Proof. 1t is routine to check that the operators in question are symmetric using integra-
tion by parts. Using this once for (—iV — Ag)2. we get:

min

<(_lv AB)m1n¢ ¢ L2(R9) Z ||HB]¢||L2 RY) =

68



Mikkel Hviid Thorn

for all ¢ € .7(R?), hence we conclude that (—iV — Ap)2. is non-negative. Furthermore,
by the Cauchy-Schwartz inequality:

d
Y M |72 ey < [I(—iV — AB)?ninqb”Lz(JRd) 11l 12(re)
p» (R)

<2" 1”(—1V Ap mm‘PHp RRY) +2° 1”4’HL2 IRA)”

SO

1T, 20y < 271 (=1Y = Ap)ndlizqme) + 272 1l 2wy
for every j € {1,...,d}, which shows that the magnetic momentum operators are
(—iV — Ag)2 . -bounded.

All that is left are the statements about essential self-adjointness. We use a similar
technique on all the operators, and so only do the proof of Ty = (—iV — Ap)2.
being essentially self-adjoint. By Corollary and the associated comments, if Tinin
is not essentially self-adjoint, then for every ¢ € R\ {0}, either ker(T%. +ci) # {0}

min

or ker(T}. —ci) # {0}. We shall prove that this is impossible for |c| large enough,
implying that Trin must then be essentially self-adjoint.

First we note that if u € C®(R?) satisfies supp(u) C (—=1,1)% and ¥, czi(taut)? =
1, then (Tput),cz¢ constitutes a Parseval frame in L2(IRY). This follows from using
dominated convergence:

HQDH%Z(W) = Z HTB,aWPH%Z(Rd)/
acz4

which holds for ¢ € L?(R?). Note the similarities with Lemma We will use this
Parseval frame to construct something close to the resolvent of Tn.

Assume ¢. € 9B1(0; L2(R?)) Nker(T*, — ci) for c € R\ {0}. Thus

((Tmin + ), de) p2(ray = 0
for all y € .7 (R%). Fix ¢ € .#(R?) and N € N for now. Then denote
PN = Z TB/au(—Amax + Ci)_l (TB/,XLH,U) S y(]Rd)

neZf
la|<N
and see
<Tmin + Ci)l/)N = Z l/) + Z mmTB vcu Arnax + Ci)il (TB,aulIJ)
aczZt nezZ?
\a|<N la|<N

—2i 2 Z HB]TB “u ( Amax + Ci)_l (TB/,XL{IIJ).
J=1 acz?
la| <N
The first sum on the right converges to iy as N — co in Lz(]Rd), which is nice, but we
still have to manage the remainder. We define the remainder as the map S, : L?(R%) —
L%(R%), so
Senw =Y (TminTaatt)(—Amax + ¢i) " (Tpaiw)

neZd
\oc|<N

—212 Z HBJTBaM (- Amax—”Ci)il(TB/“uw)
=1 qez?
la|<N
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for w € L*(R?). Tt is a sum of sums, each with terms having a similar structure. We
shall study the components of these terms next.
Here

H (_Amax + Ci)il HB(LZ(IR“’)) < Mflr

and 97 is —Ayn-bounded and

min !
N — _1
Hamax( max+Cl) lHB(LZ(IRd)) < |C| : \/ |C|_1 +1

since by the help of integration by parts

ZHamax Amax + ¢1) " ||z gy

= <(_Amax + Ci)_lw/ (idLZ(IRd) - Z.C(_Amax + Ci)_l) >L2(IRd < 2| | 1Hw||L2 (R%)

for all w € L?*(R?). Furthermore, for j € {1,...,d},a € Z% we have on .#(R?) the
identities

HB,jTB,zx = —Z'aefﬁB(',lX)Ta — iTB,aa"f — (AB)]‘TB,“ = CB,]‘/“TB,“ — Z'TB,aaef

and
2 e 2 : e; 2¢;
g T = —idCp jaTBa + CB’]-,D(TB,,X — 2iCpj 4 T,x07 — Tpad™,

where

d r1
Cja: RY 2 x Z/O (1— ) (o — 20 Biy (1 — P)x + ba)
k=1

isa ﬁm(]Rd)—function, and it has, along with all of its derivatives, growth controlled by
a power of (- — «). This implies that

{TminTaatt|a € Z} | J{TIptp0ulj € {1,...,j}, 0 € 2}

is a bounded set in L®(IR).
Using this and the support of 1, one gets:

2
Z (TminTB,au)<_Amax + Ci)fl(TB,auw)
aczZ? LZ(]Rd)
la|<N
wczZ?  Bezd
|| <N oy ge[-1,1)
(TminTB,ﬁu) (_Amax + Cl’)il (TB/‘BM(A})>
L2(RY)
3 N1 |12
< Z ?( = D|I(ToninTB,a4) (—Amax + ¢i) (TB,zxuw)HLZ(]Rd)
d
[ 1<V/4
la|<N
13
< lc| ?(3 1) sup ||Tm1nTBﬁu||Loo RY) 2 HTBauwHLZ RY)

pez? aeZf
= |c| 2 Chullwl T2 e
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for w € L2(RY). Similar treatment of the other d sums defining S, x shows that

_ _1
sup [|Se Nl g2(ray) < (el + el 2)Chu-
NelN

Moreover, (S.n)nen converges pointwise, thus using the Banach-Steinhaus Theorem
we conclude that (S, n)nen converges in B(L?(R?)) to some S, and

_ _1
IScllgra(rayy < (el ™ + el 2)Chu-

Recall ¢. was assume to be in 9B;(0; L2(R?)) Nker(T*, — ci). Find (¢)sen in
.7 (R%) such that 1, "=~ ¢, in L2(R?), see Lemma m Then

0 = ((Tin + 1) (Yn)N, Pe) 12(re) = (¥n, pe) 12(re) + (ScWn, Pe) 12(re)

= (e, 4’C>L2(]Rd) + (Sc¢e, ‘PC>L2(1Rd) =1+ (Scé, ‘PC>L2(IRd)

with the last term obeying the estimate:

4.2.1)

[{Seper be) 12mey | < (lel ™" + || 72)Chu

If |c| is large enough, then [(Sc¢c, ¢c)r2re)l < 27!, which gives a contradiction with
(4.2.1). This implies that taking |c| large enough, the operators T},  + ci have trivial

kernels, hence by Corollary Tmin = (—iV — A 3)2 is essentially self-adjoint. W

min

We will not study when one can add an outer potential V' and still obtain a self-
adjoint operator, but remark that the trivial case V € L*(IR%) still holds.

In the following we shall only deal with the case of a constant magnetic field, i.e. it
can be represented by constant coefficients. For constant magnetic fields B, the magnetic
potential Ap is just a linear map with an antisymmetric matrix, and every antisymmetric
matrix M defines a constant magnetic field, for which A has matrix —2-1M. Further-
more, the associated magnetic phase ¢p is then induced by the matrix of Ag:

_ AB:x.ABy:_lx.By
) :

for all x,y € R%.
One significant fact for constant magnetic field is the following;:

Lemma 4.2.3. For a constant magnetic field B, Hg = (—iV — Ap)2. commutes with all
magnetic translations.

Proof. That (—iV — Ag)?,, commutes with 73, for all y € R follows from a direct calcu-
lation using classical calculus, or alternative note that (—iV — Ag)2. = 2?21 H%lj\y(w)
and that the magnetic momenta commute with 75, by Lemma [3.3.18

Now for ¢ € D(Hp) we can find a sequence (¢, )nen in .7 (R?) such that ¢, "= ¢
in the D(Hp)-norm, the graph norm of Hp. But then (7py¢n)sen is Cauchy in the

D(Hp)-norm, so

TB,y'HBQD = nll_r)rolo HBTB,yQDn =Hp nll_f)Iolo TByPn = HBTB,yQD. |
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421 The Landau Operator

The free magnetic Schrodinger operator with constant magnetic field in two-dimensions
is special among magnetic Schrodinger operators, since in this case much more is known
about the operator. It is called the Landau operator and we shall find its spectrum, called
the Landau spectrum.

Theorem 4.2.4. For a constant magnetic field B = bdx; ANdxy, b > 0, in R?, the operator
Hp = (—iV — Ag)2 . has spectrum:

min

o(Hp) = 0p(Hp) = {b(1 +2n)|n € No}

Proof. This time, we focus on solving differential equations in a distributional sense,
so given z € C we want to find ¢ € .%/(R?) such that ((—iV — Ap)? —z) ¢ = 0 and
¢ € D(Hp) or ((—iV — Ag)? —z) ¢ = 6. Here the first corresponds to a point of the
point spectrum and the second to a point of the resolvent set.

Define Cp: R? 3 x ~— 2||x||%. Due to the form of the differential operator, we make
the ansatz that

¢ =e (1 oCp)

for some function . Applying the operator we get:
((—iV — Ap)? —z) ¢ = e B (—bCpd*p + b(2Cp — 1)oy + (b —z)¢) o Cg

Setting this equal to zero and multiplying by — ECTB, the above shows that ¢ should satisfy

x02p(x) + (1 — 22)d(x) + (% ~1) (x) =0

for all x € R;. Scaling x — 2x =: y, we get

yp(y) + (1 - )ap(y) + 5 (G- 1) py) =0 (422)

for all y € R, which is the differential equation for confluent hypergeometric functions
with parameters 1 and § (1 — %).

According to [18, Chapter 13] on confluent hypergeometric functions, when J (1 — %) €
Ny, or equivalently z € b(1 + 2INp), we may find a polynomial ¢ on R solving #.2.2).
Thus

b
02 x o ety (1)

should be an eigenfunction for 3. Indeed ¢ € .7 (R?) C D(H3p), and the above analysis
shows that (Hp —z)¢ = 0.

If z ¢ b(1+ 2INy), then we may find an analytic function i on R solving {#.2.2), see
again [18, Chapter 13]. This solution have just the right asymptotics such that

iy (B
$ R 3 x5 Ty (S Ty oy 0

is a tempered distribution and ((—iV — Ag)? —z) ¢ = & when ¢ is scaled properly.
Additionally, ¢ has exponential decay when ||x|| — oo.

Now to find an inverse to Hp — z in this case, we take inspiration from the theory
of partial differential operators with constant coefficients, where convolution with a
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fundamental solution provides an inverse. Actually, in our situation we only have to
add the magnetic phase, i.e. we consider the integral operator T on L?(R?) with kernel

Kr(x,y) = 0p(x, y)p(x — y)

for x,y € R?. By properties of ¢, T € B(L?(R?)). If w € .(IR?), then for x € R? and
using distribution theory we get

T(Hp —z)w(x) = (Op(x, - )p(x — ), (Hp — 2)w) 91 (r2),7(R2)
= <Tx5,w>y/(R2)ly(R2) = w(x)
Furthermore,

Tw(x) = /Rz 98(x, —y)P(y)w(x —y)dy

can be differentiated under the integral, and so

(Hp —2)Tw(x) = (8s(x, — )¢, (Hp — 2)w(x — ) v (r2),7 (R2)
= (§,w(x — ')>7’(IR2),,7(]R2) = w(x).

Finally, the density of .#(IR?) in both D(Hp) and L?(IR?) lets us conclude that T =
(Hp —z)" 1, s0z € p(Hp) if z & b(1 +2INp). |

4.3 Hartree-Fock Approximation of the Schréodinger Operator of
a Particle in a Magnetic Many-body System

Up till this point we have worked with one particle quantum systems. If one theoreti-
cally wants to study many-body systems, then for N d-dimensional particles one would
work in a subspace of L?(IRN?) and a collective Schrodinger operator for the system. We
instead take the approach of the Hartree-Fock approximation, so that when our quan-
tum system fulfills certain assumptions, each particles self-energy can be approximated
by a one-particle Schrodinger operator with added potential from the mean-field of the
particle cloud. This added potential has to satisfy a self-consistent equation, which we
translate into mathematics and solve rigorously. We remark that the particles considered
in this section are fermionic.

To set the stage, we fix a constant magnetic field B and a one-particle free magnetic
Schrodinger operator

Hp = (—iV — Ap)2

min*
For particle-particle interactions we take a potential satisfying a symmetry condition
and a rapid decay condition:

Definition 4.3.1. The space of even, integrable functions with rapid decay L})IE(]Rd,IR)
consists of all real-valued integrable functions v € L'(R? R) such that (-)"v € L1(R%)
foralln € N and v(-) = v(—-).

The rapid decay symbolizes that particles far away from each other have less impact
on one another, and on that note, a physically interesting v is often singular at zero.
The symmetry should be interpreted as the potential not caring about two particles
switching places.

Lastly, we need a quantum distribution function:
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Definition 4.3.2. The space of smooth functions on R with rapid decay towards +co
consists of real-valued functions f € C*(IR) satisfying

sup (-)"9/f| < oo
0.9)

for all n,j € INg and is denoted by .7, (R, R).

The quantum distribution function f € .7, (R, R) will control the mean-field and the
rapid decay restriction is defined such that f can cope with particles of large positive
energies. Note Hp is lower bounded. For a probabilistic interpretation, one should
additionally require lim)_, o f(A) = 1.

Coming back to the mean-field potential, the self-consistent equation for the poten-
tial W) with coupling A > 0 is given by

K, (x,9) = A6(x =) [ 0(x = 2)Kg(a0, o0, (2 20z = No(x = 1)Ky om, (5,9) @43:)

for x,y € RY, where § is the Dirac delta distribution. We wish to define W, through a
rigorous version of and add it to the one-particle Schrodinger operator Hg. The
Equation involves kernels and so before we work on it we prove a lemma on
integral operators:

Lemma 4.3.3. Given a constant magnetic field B, a densely defined integral operator T €
L(L2(RY)) commutes with all magnetic translations if and only if

KT(X, y) = 6B(xl y)KT(x -V 0) (4.3.2)

for almost all x,y € RY.
Moreover, in the positive case Kr is constant on the diagonal {(x,x)|x € R4} and T is then
symmetric if and only if Kr(-,0) = Kr(—-,0).

Of course these equalities have to be interpreted correctly. Also, the first part of the
lemma essentially follows from Lemma (3.3.18, but we provide another proof.

Proof. For ¢ € D(T) and x,y € R? we have

T, To(x) = [ Onlx,y)Kr(x = 3,2)9(2)z = [ 0a(x,)Kr(x—y,z = )g(z — y)dz

and

Tty p(x) = [ Kr(x,2)85(z,y)9(z = y)dz

for x,y € R%. Thus T commutes with all magnetic translations if and only if
Og(x,y)Kr(x —y,z —y) = 08(z,y)Kr(x,2) (4.3.3)

for x,y,z € RY. Setting z = y in (3.3) we get (£.3.2). Conversely, assuming (#.3.2) holds,
we get

Op(x, y)Kr(x —y,z—y) = Op(x,y)08(x —y,z — y)Kr(x — 2,0)

and
08(z,¥)Kr(x,z) = 9p(z,y)08(x,z)Kr(x — z,0)
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for x,y,z € RY. Since
x-Apy+ (x—y) -Ap(z—y) =x-Apz+2z- Apy,

we conclude that (.3.2 implies 4.3.3).
Setting y = x in we get Kr(0,0) = Kr(x,x), hence in the positive case, Kt

would be constant on the diagonal. Next, an integral operator is symmetric if and only
if its kernel is Hermitian. Since ¥ is Hermitian, T is symmetric if and only if

Kr(x —y,0) = Kr(y — x,0)
forx,y € R?. This condition is equivalent with Kr(-,0) = Kr(—-,0), so we are done. W

Since the mean-field potential WV, is the same for all particles in the particle cloud, it
makes sense to impose the commutative property of Lemma on W,. A reasonable
implication is that f(Hp + WA) also possesses this commutative property, and so using
Lemma [4.3.3] the Equation (4.3.1) would be equivalent with

K, (= 9,0) = ARt (0,0) [ 0= A0(x = 1)Kty 30, (x = ,0)

for x,y € RY. Setting F := Ky (3, 1, (-, 0) we get

K, (,0) = F(0) [ 0= A0(-)F(),

and so defining Zp , r as the integral operator commuting with all magnetic translations
with kernel Kz, . (-,0) = Av(-)F(-) we conclude

W, = AF(0) / 0 AZp o
R4

Plugging this expression for the mean-field potential W, into the definition of F gives a
self-consistent equation for F:

F = K3, 4 AF(0) [ 0-1Z30r) (0) (4.3.4)

This is the real fix point equation we will solve, and then recover W, as AWp,r =

0) [a ¥ — ZBor)

We h]IZWe a lot of analysis to do. For a start we will look for a suitable definition
for and properties of the operator Zg, r, and next in line the operator Wg, r. Then it
is time for the perturbed Schrt')dinger operator Hp + W, and its quantum distribution
f(Hg+W,). Lastly, we solve (4 in a certain sense using Banach’s Fix Point Theorem.

4.3.1 Integral Potential

Given a constant magnetic field B and v € L(l),E(]Rd, R) we want a map F — Zp, r with
good properties. Recall Zg, r was loosely defined as the integral operator commuting
with all magnetic translations and with kernel satisfying Kz, ,.(-,0) = v(-)F(-), i.e.

Kz, (x,y) = 05(x, y)v(x —y)F(x — y)

for x,y € RY.
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One requirement we impose is Zp,r € B(L?(R%)) for all F, and by Schur’s test a
sufficient criteria is vF € L'(IR?) and it that case

1Z50 500k < \/ sup [ |Kzy., o)y sup [ 1Ky, ()l < [oF s
xeR? /R yeRd /R

A wide class of functions F satisfies vF € L!(R?), but a simple and direct criteria is to
take F € L1(R?)" = L*(IR¥). For this choice we get:

Lemma 4.3.4. Given a constant magnetic field B and v € L%/E(IR"I,]R), the map
Zpo(): LY(RY) S F s Zp o
enjoys the following properties:

(i) Zpy,(.) has image in B(L?(R%)) and is bounded as an operator L®(RY) — B(L?(R%))
with operator norm less than or equal to ||v|| ;1 (ga). The integral operator Zp,, p commutes

with all magnetic translations, and it is self-adjoint if F(-) = F(—-).
(i) Zp,y .y also has image in B(L*(R?), L*(R?)) and is bounded as an operator L®(R?) —
B(L2(R%), L (R?)) with operator norm less than or equal to 9l 2 (wre)-

(iii) For any F € L°(RY) and T; € {Xg1,..., Xpa, pp, ..., Mpa}, j=1,...,n,n €
No, the repeated commutator [Ty, [To, ... [Tu, ZpoF| 5 (ra] - - - ]| extends to an operator in
B(L*(R?)) N B(L*(R?), L™(R?)). Consequently, Zp o F| »(rey € B(-#(R?)).

Moreover, the linear maps
L*(R?) 5 F = Zpor|»(re) € B(#(R?))

and
L®(R?) > F > Opz (Zpor

(riy) € S1(IR*)

are continuous.

Proof. By Schur’s test
1ZB,0,pll Br2(rey) < 1OF |11 rey < 1[0l rey [ Fll o (e

for all F € L*(R%), which deals with most of The latter statements about com-

mutating with all magnetic translations and the sufficient condition for self-adjointness

follows from the explicit kernel of Zp , r, Lemma and the fact that v is real-valued.
is also not much of a problem to prove. For ¢ € L?(R?) and x € R? we have

|ZB0,p(x)] < /}Rd |(WE) (x = p)lloW)ldy < [[ollr2re) [ Fll o re) 11| 2we)

whence
1ZB,0,r¢l Lo re) < 0l 2(ra) [ Fll Lo (re) [| @] 2 (R2)-
The operator norm estimate follows easily.

The last point, of the lemma boils down to proving that the commutators are
integral operators with kernel of the same type as Zg, r and then prove that the maps
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in the latter half are continuous. Essentially, the particle-particle potential v has enough
decay so that we may neglect whatever unwanted factors are introduced.
Fix ¢ € .7(R%) and j € {1,...,d}. For x € RY we have

Xajs Zuos10() = [ 05(x,9)(x; = y)o(x = y)F(x = y)g(w)dy,

where the kernel on the right hand side gives rise to a map in both B(L?(R%)) and
B(L*(R%), L*(R?)) by the decay of v and the reasoning in the proof of [(i)|and [(ii)} which
also gives the estimates

1[XBj, Zo ¢l 2rey < [Fll L) [ XB,00 11 rey 19| 2 (me)
and
11XB,j, ZB,oFl¢ll Lo(rey < [IF o (rey | X80l 2 mety |9l 12 et -

Concerning the momentum operators we show that Zp, r¢ is classically differen-
tiable. A translation under the integral gives

Zorp(x) = [ 8505, ~y)o () Fy)p(x — y)dy.

The integrand on the right hand side is differentiable in x and integrable in y uniformly
in x, hence Zp, r¢ is differentiable by standard results of integration theory. Explicitly,

O Zpppp(x) = —i /W(AB)J-(x —y)8s(x,y)o(x —y)F(x —y)p(y)dy
+ [, 08(x )0l y)F(x = y)ap(y)dy,

implying that
(Mg, Z,o lP(x) = —2i /nzd(AB)j(x —y)0s(x,y)o(x —y)F(x —y)p(y)dy,

and so the commutator [I1g, Zg,,r] also gives rise to a map in both B(L*(IR?)) and
B(L2(R%), L°(R?)) with similar estimates on the norms.

Now it is trivially to show by a proper induction argument that repeated commu-
tators of the kind considered in have nice kernels and that they are extendable to
maps in B(L*(R?)) N B(L*(R?), L*(R?)). Using Beal’s Commutator Criterion
we conclude that Zpyr|y(ge) € Opp(S1(R*)) C B(Z(R%)). Furthermore, for all
n € Ny,v € N4

sup(-)"[07Zpurpl < Cp Y sup [ (x—y)"|X} "o(x —y)F(x — )| (y)"|0°¢(y)|dy

R4 5€]Ngx€IRd
6<y
< Cal|Fll oo ey | ()"0l ey Y Su?<~>'7‘!35¢!,
JeNd R
<5€§'yo

and so by #n, 7y being arbitrary,
L¥(RY) 3 F = Zpor| ey € B((R?))
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is shown to be continuous.
For the map
L*(RY) 3 F — Opg" (Zpor| o (rey) € S1(IR*)

we note that by Parseval’s identity one sees that ®, r: R* > (x,&) — F(vF)(¢) is the
symbol of Zg , r, whence

sup |37l < CI1Fll gl ) ol
R

for all v € IN3?, showing continuity. n

Lemma ImI vindicates our choice of L*(IR?) as domain for Z B,o,(-)- Note the signif-
icance of Lemma @.3.4|((iii)| lies in the fact that we are able to use the pseudo-differential
calculus of Section [3.3|in the following.

Many of the qualities of Zg , (. should transfer to Wy, (.). One problem with L* (RY)
as domain for Wy, .y is that W, r is defined using the value F(0). A quick, and suffi-

cient, fix is to restrict the domain of W, (., to BC(IR?).

Corollary 4.3.5. Given a constant magnetic field B and v € L{ (R?,R), the map
Was,(): BC(RY) 5 F = Wy

enjoys the following properties:

(i) W, () has image in B(L?(R%)) and is bounded as an operator BC(R%) — B(L*(R%))
with operator norm less than or equal to 2|[v|| 1 (ga). The operator Wp o, r commutes with
all magnetic translations, and it is self-adjoint if F(-) = F(—-).

(ii) For any F € BC(RY) and T; € {Xp1,..., Xpa,1pa,..., Mpa}, j = 1,...,n,n €
No, the repeated commutator [Ty, [To, ... [Tu, WpoF| 5 (re)] - - - ]| extends to an operator
in B(L*(RY)). Consequently, Wh,o,F| o (re) € B((R%)).

Moreover, the linear maps

BC(R?) > F s Wgor

7 (&t € B(Z(R))

and
BC(]Rd) S F— ngl(WBIU,F’y(]Rd)) S Sl(]RZd)

are continuous.

Proof. We utilize that Wp, ¢ is the sum of two operators in B(L?*(IRY)), the constant
F(0) [gev and Zp, F. Clearly F(0) [ps v commutes with all operators and F(-) = F(—-)
is sufficient for the operator F(0) [p. v to be self-adjoint since v is real-valued. It does
then not take much more effort to prove |(ii)| for F(0) [rs v in place of WpF.

This means that we are essentially finished since Zg ,, r has the required properties by
Lemma and the corollary is then quickly verified for the sum Wg, r = F(0) [piv —
ZBo,F- u
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4.3.2 Symbol of the Perturbed Magnetic Schréodinger Operator

Having a good deal of information on the operators Wg,, r, we turn to the study of the
operator Hp,ar = Hp + AWp, r. A sufficient condition for Hp, \ r to be self-adjoint
and essentially self-adjoint when restricted to .#(R?) is that F(-) = F(—-), see Corollary
Thus we restrict ourselves to that case and define the space:

BCy(R?) = {F € BC(RY)|F() = F(—)}

As an example, BCy(RRY) contains all real-valued even functions. We endow BCp(IR?)
with the subspace topology of BC(IR%).

Now for each F € BCy(R?), we have Hp )\ r € DpB(SM(z) (R?%)), so one might sus-
pect from the pseudo-differential calculus that the resolvent of Hp, 1 r takes values in
Opp(S,s-2(R*)). This is indeed the case, which we will prove in two steps: First our
goal will be to use Beal’s Commutator Criterion [3.3.19 to show that the resolvent is
in Opp(S1(R*)), and then use the explicit form of Hp and the definition of the Weyl
quantizations to show that it is really in Opp(S M2 (R2)).

Proposition 4.3.6. Given a constant magnetic field B, v € L(l),E(]Rd, R), F € BCy(R%), and
A > 0, the resolvent of Hp A r takes values in Opg(S1(IR*)).

Furthermore, for T; € {Xpa,..., Xpa, Ilpa, ..., Mg}, j=1,...,n,n € No, we have the
following estimate on the operator norm of the repeated commutator:

I[T0, [Tz [T, (Hopr —2) " own)] - Dlseme)
< Cpd(z,0(Hponr)) d(z, 0 (Hporr)) " (2) 2 (A ()"0 11 gty || F ]| oo ()"

forz € p(Hpoarr).

Proof. Fix z € p(Hpyr) throughout. To use Beal’s Commutator Criterion we
need to handle the repeated commutators advertised in the proposition. We will start
with computing the commutators of X j, I1g;, (—iV — Ag)?, j € {1,...,d}, on /'(RY).
These can then be shown to correspond with the commutators of XB,]-, HB,]-, Hp on
L2(R?) by use of duality. Then, using regularization and variational techniques, we
deal with commutators of Xp;, T ;, (HpoF —2) | o (re)-

We have

(4.3.5)

[XB,jr XB,k] = [XB,j/ HB,k] =0,
[Xs,j, T1p,j] = —iXp;0 +i(1 + Xp,;07) =, (4.3.6)

o . iBi iBy
[HB,j/ HB,k] = l[aell (AB)k] + l[(AB)]‘,aek] = 71[831, XB,]‘] —+ T][XB,IW aek] = Bjkz

for j,k € {1,...,d},j # k, and recalling that (—iV — Ag)* = ©{_; IT ; we get

[XB,]'/ (—zV — AB)Z] = [XB,]'/ HB,j]HB,j + HB,]'[XB,]'/ HB,]'] = 2iHB,j (4.3.7)
and
d d
Mg, (—iV — Ap)*] = Y [I1p;, T TTg s + gk [T1p;, ITpi] = Y 2Byllpr  (4.3.8)
k=1 k=1

forje{1,...,d}.
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Moving on, we show that I1gj(Hpr —2) ! is a bounded operator. It is defined

on the entirety of L*(RY) since ITp| 7 (r4) is Hp-bounded, see Proposition An
estimate of the bound is then, for ¢ € L?(R?), computed by

d
Z Tk (HBoar —2)" 47HL2 Rty = (HBoar — z) ', Hp(Hporr — 2)71<P>L2(1Rd)

< Hisz(]Rd) + (Z - AWBZ)F)(HBU/\F - Z)_lHB L2(R4))

1Mo F = 2) ™ (e ey 19172

(14 |z| + 2A 0[] 1 ey | F [l oo (re) 1 9]
d(z,0(Hporr)) d(z,c(Hporr)) " LR

where we used integration by parts and the norm estimates in Corollary [2.4.24] and

Corollary

Finally, we study the commutators of X, ITp; with (Hpar — z)~!. For Xp,j, we
shall first make use of the regularization Xp;. = XB/je*8<’> € B(L2(R%)), e > 0. As
operators on Schwartz functions or tempered distributions

e—0
XB,j,e — XB,]'

and if ¢ € L*(RY) with Xp ;¢ € L2(R?), then also

XB]e(P XB ]47

in L2(R?)-norm. Furthermore, on D(Hp) we have pointwise convergence

[XB] er HB] 2ZITB]

in L2(R%)-norm. Using these convergence properties in unison we get

(Xj, (Hporr —2) 10, ) (w7 (i) = liif(}([XB,j,e/ (HBonr —2) 10, 9) (w7 (1)
S 11m<(7-lB oA E—2) N Xpje Heor ) (HBoar —2) '@, 9) 4),(R4)
= —((Mporr —2z) H(2i1Tg; + A[Xpj, W r]) (Heorre —2) " '¢, lP> 7(RY)

forall ¢, € (RY), and so [Xp,j, (Hpor —2) '] equals, on . (RY), a LZ(IRd)-bounded
operator by Il j(Hpor —z) ! € B(L*(R?)) and Corollary-
For I1p,; we use the Hp-boundedness again. Given ¢, € .7 (R?) we get
(Mg, (Ko —2) 719 ) 2(re)
= (I j(Hporr —2) ¢, Hponr(HBorr — Z)_11P>L2(]Rd)
— (Mo r(Hpopr —2) ', 10pj(Hporr —2) ') 12re)
= s((HBorr —2) ', (Mpopr —2) ') +5 (Hporr —2) ¢, (Hpopr —2) '),

where s is the sesquilinear form:

D(Hp) x D(Hp) > (w1, w2) = (Ipjwr, Hpon rw2) 12(re),
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Both s and its adjoint are bounded in D(#3p), and so we may find sequences (¢y)neN
and (u)nen in .7 (R?) converging to (Hp o r —2) ¢, (Hpoar — z) "' respectively in
D(H3p), and compute:

([HB,jr (Hpoar — Z)il]¢r¢>L2(1Rd) = &g{}os@mlpn) + 5™ (¢n, ¥n)
= — lim ([I1p j, Hp o, F|Pn, 1Pn>L2(]Rd)

n—o0

= —((Hporr —2) s, Hpor el (HBopr —2) '@ ) 12(re),s

where the limit in the last equality stems from (¢.3.8) and Corollary This then
shows that [T1g;, (Hpar —z) '] equals a L?>(R?)-bounded operator on . (R?).

Thus the commutators of Xp, I1g; with (Hp,r —2) ! extend to bounded opera-
tors on L?(IR?). These arguments can be extended by induction to prove that all the
repeated commutators considered in the proposition extend to operators in B(L?(IR%)),
and additionally, by our method of switching commutators in (Hp 1 r — z)*l with ones
in Hpy ar and Leibniz’s rule, one obtains the formula:

[Ty, [To, -+ - [Tn, (Hpopr—2) ']+ ]]

=(-1)" Y (Hporr—2)"" ﬁ ([Tp,/HB,v,A,F](HB,v,A,F - 2)71)

pESH =1
+ (=" Y (Heoar —2) T [T Heore)](Hp —2) 7
PESLP1<P2
n
[T (T i on el e —2)")
1=3
+ (=" Y (Hpoar—2) Ty, Heorr) (Heoar —2) "
PESHP2<P3
n
(Tys [Tpss Heore)l(Hporr—2) '] ([Tpl, HponF) (HBorF — Z)_1>

I=4
4+ ...

— (Hpopr —2) T, [Ta, - [T, Hpop e - 1| (HBorr —2) 7,

where S, is the symmetric group of n-elements, or otherwise known as the set of all per-
mutations of n-elements. Note also, that by the commutators (£.3.6), (4.3.7), and {.3.8),
the triple, or more, repeated commutator of operators in {Xp1,...,Xp 4, Ilg1,..., g}
with (—iV — Ag)? is zero, which affects the above formula. We use this expansion
of the repeated commutators to get the estimate of its operator norm, as stated in the
proposition. [

Proposition 4.3.7. Given a constant magnetic field B, v € L} (R, R), F € BCy(R?), and
A > 0, the resolvent of Hpy a r takes values in Opp(S Maz(IRZd)).

Proof. A considerable amount of work went into showing that (g, r — z)~! F(RY) €
Opp(S1(R?)). Luckily this proof is simpler and somewhat direct. We prove that (Hp —

i)*1|y(le) € Opp(S,,2(R*)), whence the second resolvent identity and the Moyal

product, see Lemma [2.4.4] and Theorem [3.3.15 implies that (Hp,ar — Doy €

Opp(S M;?2 (IR?)) from which the statement follows from the first resolvent identity and
the Moyal product.
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Let
@ = Opy! ((HB - i)—lyy(w)) .

For ¢, € .7 (R?), this means that
(P, ) 51(re), 7Rty = ((HB — 1) Opp(P)P, ) 5(re), 7 (RY)
1 . .
- <TV\2/£1<1>, ((iV—Ap)?—i)p® 4>>

S1(R2),. (R24)

:1im< v ®e, (17 — Ap)? —i)¢®¢> :

(RM),. (R)

where ®.: R? 5 (x,&) — e 40 ®(¢) for e > 0 and the last equality holds by dominated
convergence. For each ¢ > 0 we can, by using Fubini’s Theorem, integration by parts,
and the exponential factors, get

< Wequ)ff ((V—Ap)P—i)yp® (,b>

R (]de)’y(led)

= (T (iAn(Ve) +27 ) @up 09 )

f/(IRZd),Y(]RZd)

= (Opp (((—iAp(Ve) +E) —1) @) ¢, 9 )

#(R4), (R

Here, when viewing @, as a function of (x,¢) € R, we use Z: R* > (x,&) + ¢ and
Vg = (aedﬂ)?:l
Since
((—iAB(Ve) +E)? —i) @ "= ((—iAp(Ve) +E)* —i) @
holds in .7/ (R??) by continuity of the map (—iAp(Vs) + )2 — i, we get
(9, 9) 51(Re), 7 (RY) = <DPB (((—iAB(Ve) +E)* —i) @) ¢, 1P>

S'(RY),.7(R)

The identity function id ;s has symbol 1 € S1(R??), so we get by uniqueness of

symbols that
1= ((—iAp(Ve) + E)? —i) @.

It follows that

1 —

with the initially dominating term being ﬁE - Ap(V¢), and thus secondly it follows
still that ® € S M2 (R??) with the dominating term being ”:”%_l € Sy,2 (R?4). [

4.3.3 Quantum Distribution of the Perturbed Magnetic Schrodinger Opera-
tor

We have gathered most of results we need to prove that (4.3.4) has a fix point. Essential
in this task, and the last bit of preparation, is to examine the operator f(Hp A r).
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Theorem 4.3.8. Let B be a constant magnetic field, v € L(l)/E(]Rd,]R), F € BCy(RY), f €
<+ (R,R), and A > 0.

The operator f(Hp A F) is a self-adjoint, bounded operator that commutes with all magnetic
translations. It has a kernel for which Ky, . (-,0) € & (IR?).

Proof. The self-adjointness and boundedness follows from our spectral theory, see Propo-
sition [2.4.9and Proposition[2.4.12] For the rest we will use the Helffer-Sjostrand Formula
2.4.27

We need a suitable almost analytic extension of f. Noting that Hp ., r is lower
bounded, we can construct an increasing function § € BC®(R) such that g(x) = 1
for x > m(Hpprr) —1 and g(x) = 0 for x < m(Hpyrr) —2. Then f(Hporr) =
(8f)(Hpoar) and gf € .7(R). By the construction in Subsection [2.4.5 we have a family
of almost analytic extensions of (jfg?)N indexed by N € IN. Fix one for now.

Then by the Helffer-Sjostrand Formula

FHsanr) = =5 [ 0D Hor —2) dxdy

Here we may then use the first resolvent identity and integration by parts any number
of times to get:

1 N N
f(HporF) ———Z/a gf z)(z — i) dxdy(Hpprp —1i) 7!

o /Ca?@f)N(z)(z i) (o p — ) dxdy(Hp o — 1)
B _% /Ca:(:g?)N(z)(Z — )" (Hporr —2z) tdxdy(Hporp—i) "

We take at least n > % — 1. Applying this to a Schwartz function ¢ € .#(RR?) we compute

1 [ =——— )
F(Hponr)p == [ 3=(&n(z) (= = )" Dpy(@:)pdxdy,
where we used simple results about the commutativity of bounded operators with
Bochner integrals to get ¢ inside the integral and
P, = Opj' ((HB,v,A,F —2) ' (Hpoarr — i)_n|5ﬂ(1Rd)) € SMO*%*Z(IRM)

having Proposition and Theorem [3.3.15in mind.
It is now time to interchange the integral with the magnetic Weyl-quantization. Much
as in the proof of Theorem [2.4.27| we see that:

1 1

f(Mporp)gp=——lim 25 )3 3:(8f)n (W) (w — )" Dpy ()¢
TR e[~k k2nk—1 (271 4i2-1+22)
L jim Op, 2(8f)n(w)(w —i)"®y | ¢
R (kz we[—kk2Nk—1(271+i271+22) N

Hence if the sequence

(12 y 32(gf) () (w z')”cbw)

we[—kk?2Nk—1(271+i271+22) kEN
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converges in .#/(R??), then we may do the wanted interchange by the Schwartz Kernel
Theorem (3.2.21} To show the convergence we look for estimates on || ;|| , o)
M2n— /

From the proof of Lemma and Theorem we see that it is enough to
have control of the matrix elements of (Hp,\r —z) ! in the magnetic Gabor frame
(Ga,B)zczz for z in a dense set. Beal’s Commutator Criterion then provides
a way for us to do this by controlling the operator norms of repeated commutators
of {Xg1,...,Xpa,1p1,..., gy} with the map (Hp,1r —z) !, and an estimation of
these operator norms was done in Proposition [4.3.6| see (4.3.5). We found that the
z-dependence of these acted like d(z,0(Hporr)) Hd(z,0(Hponr))) ™" (z)2, for some
I € N, when z € p(Hppar). To deal with this behavior, we only have to chose N large
enough, see Lemma Hence

sup [0 (2f)n (2)(z — i) (&) 220, (8)] < ey (z) 4!

ZeRd

for all z € p(Hpar) if N is chosen appropriately large. This implies that uniformly in
¢ we have

1

lim 3 3=(8f ) () (w — i) ()2 Pu (2)
we[—kk?Nk—1(21+i2-1+22)
- / 08 (2)(z = i) (€2 (§)dxdy
with -
sup | [ 3(F)(2)(z (@ 2.(E)xdy] < .
feR?

These results also hold if we consider d7®,, v € N9, in-place of ®, so long as N is
chosen larger.

This is a stronger result than just convergence in .7’ (R*?), so we are indeed able to
conclude that

1 [+ n
f(Haae)p = Opu (1 [ ED (e - '@ty )
Now the form of the symbol and decay in the variable { gives us

(W, f(HBoAF)P)12(re)
<opB (— Jxxes z_i)ncpz(g)dxdy) ¢,¢>y(w) "

/]Rd /w “08(u,0) <—/3 () )(z—i)"cbz(c)dxdy> dg
<P(C)déllf(u) u
for all y € .7 (R?), hence
f(Hponr)p(u)
= (2n)fd/w/ “8p(u, ) (—/ 9:(gf)n(2)(z —1)"® (C)dxdy) dep(0)dg
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for almost all u € R?. By our arguments up to this point,

RIS e o [ 35N — )" (@)dudy (43.9)

is a function with smoothness regulated by N and decay like (¢)~2"~2. For n large
enough, this means that its Fourier transform is well-defined, its in C"*!(IR%), and has
decay of (&)~ for k € INy under some threshold decided by N. Let & be the Fourier
transform, so

FHore)9(u) = [ 60,0 — w)p(0)dg @310

for almost all u € R?. Note & is dependent on the N and n chosen, but we are able
to choose these arbitrarily large. Furthermore, holds for all large enough N, n
and every ¢ € . (R?), whence we must conclude that / is smooth and has decay of
(&)~ for any k > 0. Choosing appropriate N, 7 and analyzing the derivative of &, with
h as the Fourier transform of (£.3.9), we see that i € . (R%). Since .#(IRY) is dense in
L%(RY), holds for all ¢ € L?(IR?) and it follows that f(Hp,, r) has a kernel with
the property K¢y, ,)(-,0) =h € Z(RY).

All that is left is the commutativity with all magnetic translation. We can use Lemma
4.3.3]and (#.3.10), or more simply the Hellfer-Sjostrand Formula directly and the
fact that the resolvent of Hp, 1 r commutes with all magnetic translations. [

4.3.4 Existence of the Hartree-Fock Approximation of the Schrodinger Oper-
ator

At last, we prove the existence of solutions to (4.3.4) given A small enough:

Theorem 4.3.9. Let B be a constant magnetic field, v € L(l)IE(]Rd,IR), and f € L(R,R).
Define the map

Ta: BCH(R) 3 F — Kggy, ) (+,0) € BCH(RT) N.7(RY)

for every A > 0.
Then for every M > || To(0)|| = (re) there exists Ao > O such that T, has a unique fix point

in Bp(0; BCx(R)) N7 (R?) for all A € [0, Ag].

Proof. As a start, note that Theorem tells us that 7}, is a well-defined map with im-
age in . (R%) C BC(RY) for any A > 0. Furthermore, the theorem stated that f(Hg, 1 r)
is self-adjoint, which implies by Lemma that 7, (F) has the required symmetry to
confirm R(7,) € BCx(R?) N7 (RY).

Let M > [|T9(0) || ~(re) be given. The plan is to make estimates on the difference
| TA(F) = Ta(G)ll1o(ray, F,G € Bm(0; BCr(R?)), for A € [0,Ao] where A is yet to be
determined. Then, as already alluded to earlier, we invoke Banach’s Fix Point Theorem
to get a fix point for 7). We will throughout the proof choose Ay smaller when needed
and always think of A as some number in [0, Ag].

To estimate the difference || 7)(F) — TA(G)|| .~ (re), we apply the methodology used in
the proof of Theorem i.e. the Helffer-Sjostrand Formula resolvent identities,
and Propositions 4.3.6/ and 4.3.7, to find a good expression for the kernel of T, (F) —
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TA(G). In that proof we used a cutoff function, which we now choose uniform: For
every F € By (0; BCy(R?)) we have

HWB,U,FHB(U(]Rd)) < 2MHU||L1(]Rd)
by Corollary so for Ag < 2M |0l 11 re)) ) IAWB o £l 5(12(Rey) < 1 and
m(Hporrp) > —1.

Hence, if we construct g € BC*(RR) such that g is increasing, g(x) = 1 for x > —1 and
g(x) =0 for x < —2, then gf € .(R) and

Sf(Horr) = f(HBoE)

for all F € By (0; BCy(RY)).
Thus for such a g and using the Helffer-Sjostrand Formula resolvent identities,
and integration by parts, we get

f(Hporr) — f(HBorG)
*/ 9 ( Y(Hporc —2) Waorc(Hporr —2z) tdxdy

= ; /C az(gf)N(Z) (Z - i)n(HB,v,/\,G - Z)_l(HB,U,/\,G — i)_nWB,v,F—G

<"21<z (g — i)

j=0

+ (Z — l')n('HB,v,)\,p — Z)_l (HB,U,A,F — i)_n> dxdy

Nl>*

/ ai(gf)N(Z) (”Zl(z — i) (Hpppc—i) 77!

=0
+ (z—=1)"(Hpopc —2)  (HBorc — i)_”>

Whaor—c(z—i)"(Hpopr —2) " (Hporr — 1) "dxdy

for all F,G € By(0; BCy(R?)), an n € N, and a large enough N. We will need at least
n > 4 — 2 in the following. Theorem Proposition and Corollary shows
that each operator product in the above sum is a magnetic pseudo-differential operator
with symbol in S -2 (R??). Gauging the z-dependence of these symbols using [#.3.5),
we see that for 1, N large enough, the integral in C and the magnetic Weyl-quantization
can be interchanged, and we get

f(HBorr) — f(HBorc) = Opp(PrGr)

for some ®rc, € BC(R?*¥) with limited decay and smoothness. Note ®r ¢, is only
dependent on the last d coordinates, see Lemma If again n, N are chosen large
enough, then, as argued in the proof of Theorem we obtain a function hr ¢ with
limited decay and smoothness such that

F(Haon () = F(Haonc)p(u) = [ 06(n,Ohec(C — w)p()dg
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holds for all ¢ € L?>(R?). This implies that
hF,G — 71(1:) - 7;\((;)/

so to get an estimate on the difference ||7)(F) — TA(G)|| ,~(re) we can look at hfg. The
advantage is that /ir ¢ has norm controlled by, among other things, operator norms of
the repeated commutators in Corollary which involves the factor ||F — G|| . (gra)
in our situation. Let us be more concrete:

To estimate the norm [|/ir G || .~ (rs) We can use the proof of Beal’s Commutator Crite-

rion [3.3.19} Corollary and Proposition This gives an estimate of the type
Ihe—cl = (re)y < ACBfouNIIF — G|l oo (ray (AM)™N,
where m, y € IN. Fixing n, N large enough, we can choose Ay small enough resulting in
1
ITA(E) = Ta(G)llio(rey < S IF = Gllie(me)-
Moreover, choosing Ay perhaps even smaller, we can conclude that

[ TA ()| L (rey < [ T0(0)[[ Loo(ray + [ TA(F) = To(0) || ooy < M.

Note 70(0) = 7,(0). Summarizing, when Ag is small enough, 7, invariates and becomes
a contraction on By (0; BCy(R?)). This implies by Banach’s Fix Point Theorem that T,
indeed has a fix point, concluding the proof. [

Remark! 4.3.10. Let us take some time to explain how the different objects affect our
bounds in the proof of Theorem We concentrate on the magnetic field B, interac-
tion potential v, and quantum distribution function f.

The main contributions for the magnetic field is in the operator norms of the repeated
commutators in Corollary Here the coefficients of B give polynomial growth
in the estimates. This is also the case for v, where factors of |(-)"v|| 1ge), 7 € No,
are introduced. Lastly, f contributes through the semi-norms sup[flroo)()”]af f| with
n,j € INo.

All three affect the spectrum of Hp, 1 r and hence the distances in Proposition [4.3.6]
These can however be ignored and instead one can only consider z € C \ R throughout
and replace the distances with |Im(z)|.

Remark! 4.3.11. One might wonder if the results proven here hold for the magnetic
Schrodinger operator with added outer potential, i.e. considering Hp + V for some
measurable function V: R? — R instead of merely the free operator H3.

The problem occurs in the locality introduced: Hp acts homogeneously throughout
space in the sense of Lemma and for interesting V, this property is lost with
Hp + V. The mean-field potential V), would also change, having to take into account
V.

It would be interesting to study the problem for rather regular V. Note, if V €
BC™(IRY), then V € Opp(S1(R*)), as an operator, and so Hp + V € Opp(S,p(R*))
with its resolvent in Opg(S M2 (R?%)). But this will have to wait for another time.

Another extension is working with non-constant magnetic fields. Again some prob-
lems with commutating with magnetic translations occur, and so like with adding a
non-zero V, we would have to analyze Equation (4.3.1) in another way.
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Remark! 4.3.12. The concept of quantum distribution function as used in this text is
quite vague, but it is inspired by the Fermi-Dirac distribution:

fep: R 3 x — (14 P71,

where B is the inverse temperature and y is the chemical potential. This function appear
in quantum statistical mechanics and is the relevant "quantum distribution function" for
our problem in a physical sense.

Clearly frp € -+ (R,R) for any choice of parameters. Note the parameters regulate
the behavior of fpp w.r.t. decay at +-oo.
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