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the highest Risk Priority Number. Introducing
a leakage fault to the pitch system is seen to
decrease the performance of the nominal pitch
position controller. Therefore, a Fault Toler-
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wards internal leakage faults. The FTC design
includes using an Unscented Kalman Filter to es-
timate the internal leakage and load torque. The
leakage estimate is then used to design an Act-
ive Flow Feed Forward algorithm with leakage
compensation to compensate for internal leak-
age faults. It is in this project shown that the
UKF algorithm is capable of accurately estim-
ating internal leakage and load torque, as well
as it is found to be very robust towards para-
meter uncertainties. Including the UKF leakage
estimate as a feedback in the design of a Active
FFW yields an increased controller performance
compared to the nominal position controller de-
signed for a healthy pitch system.
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Synopsis

Two of the biggest factors contributing to the Cost of Energy for wind turbines, are maintenance
and downtime. The wind turbine pitch system is the biggest contributor to the overall failure
rate and is a critical subsystem, as the pitch system ensures safe operation. Within the hydraulic
pitch system, internal leakage faults have the highest Risk Priority Number. The focus of this
project is therefore to investigate a hydraulic pitch system, how internal leakage faults affects the
system and develop a fault tolerant control strategy that is tolerant towards a internal leakage
fault. To investigate the pitch system, a non-linear lumped parameter model is developed and
linearized in order to use linear system analysis techniques to analyse the system. Furthermore,
the linear model is used to design a nominal pitch position controller, which in this project is used
as a baseline controller. The designed position controller is a PI-pole controller with an added
passive flow feed forward algorithm. The baseline controller is tested in simulations under normal
working conditions. These results are then compared to simulations where the pitch system is
subjected to a internal leakage fault. Comparison of the results showed a decrease in performance
when subjecting the pitch system to a leakage fault. The decrease in performance leads to the
design of a Fault Tolerant Control design. This project proposes the design of a strategy that
includes estimation of the internal leakage flow. To estimate the leakage an Unscented Kalman
Filter is used, due to the very non-linear behaviour of a pitch system. It is here found that
the leakage flow can be accurately estimated using an UKF. Additionally, an UKF is used to
estimate the load torque disturbance acting on the pitch cylinder, as it was found this increased
the performance of the leakage estimation. Through different simulations the UKF estimator
is found to be very robust towards parameter uncertainties. To mitigate the effect a leakage
fault has on the control performance, this project designs an active flow feed forward algorithm
with leakage compensation, as it was found the performance of the passive flow feed forward
algorithm decreased significantly, when introduced to a leakage fault. The designed active flow
feed forward is added to the nominal controller instead of the passive and tested through various
simulations. Using different wind speed pitch reference trajectories, it was found that the new
controller increased tracking performance, when subjecting the system to an internal leakage
fault. At 7 m=s wind speed the mean tracking error was reduced from 0:048° to 0:021° and at
17 m=s wind speed it was reduced from 0:057° to 0:04°.
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Introduction 1
Wind turbines are one of the major components of the transition towards renewable energy,

where it is expected that an increase in wind energy capacity is needed [1]. The increase in

demand infers the need for installing more wind turbines, while also increasing the operational

demand for each wind turbine.

In o�shore wind turbines maintenance and downtime are large factors contributing to the Cost

of Energy, due to the di�culty in reaching the turbines to perform maintenance and the large

size of the turbines [2]. Since unscheduled maintenance is both costly and takes time due to

distances required to travel by sea, it would be bene�cial if the turbine could be kept operational

in some capacity when a fault occurs.

In Caroll et al. [2] the wind turbine is divided into the di�erent sub systems. Here it is described

how the hydraulic pitch system is the main contributor to the overall failure rate of a wind

turbine with 13 %. The sub system group `Other Components' consist of failures to auxiliary

components such as lifts, ladders, nacelle seals etc. contributing with12:2 %. Hereafter, the

generator, gearbox and blades contributes with respectively12:1 %, 7:6 % and 6:2 % failure rates.

As the hydraulic pitch system is the main contributor to the overall failure rate it is chosen as

the focus of this project. The main purpose of the pitch system is to accurately control the pitch

angle of the turbine blades to maintain safe operation and optimal power production. If a fault

degrades the control system performance, a system shutdown can become necessary. However, if

the fault e�ect can be mitigated, performance can be maintained. This lies in the �eld of Fault

Detection and Diagnosis (FDD), and Fault Tolerant Control (FTC).

The objective of the project is then to investigate wind turbine pitch system faults that a�ect

performance, and methods for mitigating these faults.
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System Description 2
In this chapter a turbine pitch system will be described. The pitch system centers around a disk

that connects the turbine blade to the rotor hub through a bearing. As the bearing disk is �xed

to the blade, the angle of the disk is equal to the blade pitch angle. The bearing disk is actuated

by a hydraulic cylinder that pushes on the disk at an angle. The pitch cylinder is controlled by a

4/3 proportional valve connected to a accumulator which is periodically re�lled by a Hydraulic

Power Unit (HPU) in the turbine nacelle, connected through a hydraulic rotary union. The pitch

cylinder incorporates �ow regeneration when pitching out of the wind. Additionally a locking

circuit is incorporated, along with safety systems for the hydraulic circuits, and a cooling circuit.

A hydraulic diagram of a wind turbine pitch system can be seen Figure 2.1.

Figure 2.1. Hydraulic diagram of a turbine pitch system. All valves are shown as de-energized.

3



MCE4-1023 2. System Description

2.1 Fault Review

As described in Chapter 1 the focus of this project is to maintain pitch control performance in

the presence of faults. To do this �rst an understanding of the possible faults in the system is

required. Many papers have been written on this subject, therefore this section will be based on

such work. The following list of faults is based on the work by Alessio Dallabona et al. [3].

Friction fault

Increased friction in the cylinder and bearing. This can be caused by sludge

formation in the hydraulic oil, cylinder and cylinder component wear, bearing

lubricant degradation or other damage. This fault will degrade system performance,

and can become critical if friction becomes too high.

Oil degradation fault

Change in parameters related to the hydraulic oil. Can be caused be e.g. gas leaking

into the oil from the gas loaded accumulators. This fault will a�ect the bulk modulus

of the oil, which will a�ect system dynamics.

Leakage fault

Oil leakage from the cylinder to the exterior or between the cylinder chambers, known

as external and internal leakage respectively. This can be caused by e.g. seal wear

or production defects. Depending on the cause of the fault the e�ect can be slow

or abrupt. External leakage can be quit severe, as even a small leakage can drain

the system over time, leading to full turbine shutdown. Internal leakage is not as

severe, it will, however, a�ect the systems dynamic behavior, and can degrade system

performance.

Valve fault

Faults relating to the valve. This can be changes in opening area characteristics, valve

spool command o�set, valve actuator degradation or valve position sensor drop-out.

As long as the valve is able to operate a valve fault is generally not severe, however if

the valve is stuck it becomes very severe.

Accumulator fault

Gas leakage in the accumulator, speci�cally the e�ect it has on the accumulator.

Generally caused by gas leaking into the hydraulic oil or out of the accumulator. This

fault will result in a reduction in gas volume, which will reduce performance, and is

generally slow varying. This fault becomes severe if the accumulator can no longer

function, as it is a major component in safety systems.

Sensor Fault

Faults relating to sensor measurements. Severity of these faults is dependent of which

sensor is a�ected. Since the position sensor for the pitch cylinder has no redundancy,

a fault in this sensor is very severe.

Caroll et al. [2] describes the overall failure contribution within the hydraulic pitch system. Here

oil issues contribute with 17 % of the overall failures, where oil issues consists of leakage faults

4



2.2. AAU Test Setup Aalborg University

and unscheduled oil changes.13 % of the overall failures are due to valve faults in the system

and 10 % of the fault contribution is due to the accumulator. Furthermore, Liniger [4] presents

the Risk Priority Number (RPN) for di�erent fault in a hydraulic pitch system, where it is found

that an internal leakage fault has the highest RPN.

Friction faults can have a signi�cant impact on system dynamics, but it is also very hard to detect

[3], and its occurrence is in the lower end of the spectrum [4]. Oil (speci�cally bulk modulus) and

leakage faults are easier to detect, while also impacting the system dynamics [3]. Accumulator

faults have a less signi�cant impact on dynamic behavior of the pitch system, and are therefore

less relevant for this project. Finally sensor faults, speci�cally cylinder position sensor drop-out

has a critical impact on the pitch control system.

Based on its high occurrence, Risk Priority Number and e�ect on the system dynamics, the

internal leakage fault is chosen as the focus of this project.

2.2 AAU Test Setup

This project will take o�set in the Hydraulic Pitch System test setup at AAU. This is a full

scale test bench for a3 MW wind turbine pitch system. The test setup consist of a large bearing

disk, a pitch actuation cylinder with accompanying control valve, an accumulator tank and a

HPU. The test setup also has a second load cylinder to imitate wind loading on the pitch system.

As this load cylinder is not a part of an actual turbine pitch system it will not be included in

this project. Additional hydraulic systems such as the pitch locking, safety and cooling systems

are also not included as these have little to no impact on the pitch control. Figure 2.2 shows a

diagram of the simpli�ed pitch system.

5



MCE4-1023 2. System Description

Figure 2.2. Simpli�ed diagram of the AAU hydraulic pitch system test setup.

In this setup there are pressure sensors on the two cylinder chambers and the accumulator, and a

linear position sensor on the pitch cylinder. The pressure sensor measurements have a standard

deviation of � 0:2 bar and the position sensor measurement has a standard deviation of� 0:5 cm.

The pitch controller is assumed to run at a sampling frequency ofFs = 1 kHz .

Due to technical issues with the AAU test setup it will not be possible to perform test, or get

any measurement data from the setup, however all modelling will still be based on this setup

even though it can not be validated or tested on.

2.3 FAST

The simulation studies of this project takes o�set in the FAST software developed by the National

Renewable Energy Laboratory (NREL). The FAST software simulates the working conditions of

a 5 MW o�shore wind turbine [5] [6]. Figure 2.3 shows a block diagram of the FAST simulation

model structure. The interest of this project is to focus on the pitch system of a wind turbine,

with the purpose of developing a pitch angle position controller that is fault tolerant towards

leakage faults. This project uses the FAST software to obtain di�erent pitch angle references,

6



2.3. FAST Aalborg University

� pref , as well as the corresponding blade pitch load torques,� load . The blade pitch load torque

extracted from FAST is the load torque seen on each pitch cylinder. In Chapter 3 the wind

turbine pitch system is modelled with the purpose of using the model to design pitch position

controller as well as testing the designed controllers.

Figure 2.3. Block diagram of the FAST software.

The obtained pitch angle references and blade pitch load torques are seen in Figures 2.4 and 2.5

for di�erent mean wind speeds. It is noted that for all the simulations the wind turbine rotor

speed is 12 RPM.

Figure 2.4. Pitch reference at di�erent mean
windspeeds. The data is taken from the FAST
software.

Figure 2.5. Load torques at di�erent mean
windspeeds. The data is taken from the FAST
software.

In this project � 5� pitch reference has been used as the zero pitch angle, meaning that the

7



MCE4-1023 2. System Description

turbine blade is pitched fully into the wind at this angle. The wind load data is generated using

an IECKAI turbulence model with 'NTM' type turbulence and turbulence characteristic 'A'.

8



Non-linear model of Wind
Turbine Pitch System 3

In this chapter a non-linear model of the wind turbine pitch system is derived. Firstly, the

hydraulic model of the pitch system is derived, including a model of the proportional valve. In

the non-linear hydraulic model the supply pressure is assumed constant, however a model of the

accumulator is derived if a varying supply pressure is needed. Hereafter, a mechanical model of

the pitch system is derived applying the Euler Lagrange equation.

3.1 Hydraulic Model

A diagram of the hydraulic system that actuates the pitch cylinder can be seen in Figure 3.1.

The �gure shows the di�erent �ow directions as well as the control volumes, which is the two

cylinder chambers denotedVp and Vr . The supply pressure is assumed constant in this section,

however for the accumulator model the volumeVacc is also considered a control volume.

Figure 3.1. Diagram of the hydraulic system with de�nitions for �ow, force and movement directions
shown. The three separate volumes are highlighted with di�erent colors.

Considering the �ows, it is seen that the �ow Qp is de�ned positive �owing into Vp and the �ow

Qr is de�ned negative when �owing into Vr . For positive valve spool position,Qp �ows through

9
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the proportional valve while Qr �ows through the check valve. The �ow through the check valve

is modelled as a laminar �ow, with the cracking pressure being,pcr = 5 bar . For a negative

spool position both �ows �ow through the proportional valve. The ori�ce equations describing

the �ows are seen in Equations (3.1) and (3.2).

Qp(t) =

8
<

:

CdvaAva(jxv(t)j)
q

2
�

p
jpS(t) � pp(t)j � sign(pS(t) � pp(t)) ; xv > 0

Cdvr Avr (jxv(t)j) � sign(xv)
q

2
�

p
jpp(t) � pT j � sign(pp(t) � pT ); xv < 0

(3.1)

Qr (t) =

8
<

:

Cqr (pr (t) � (pS(t) + pcr (t))) ; pr > p S + pcr ; xv > 0

CdvbAvb(jxv(t)j) � sign(xv)
q

2
�

p
jpS(t) � pr j � sign(pS(t) � pr ); xv < 0

(3.2)

The leakage �ow, which is de�ned to be positive �owing into the piston side chamber, is modelled

as a laminar �ow in Equation (3.3).

Qle(t) = Cle(pr (t) � pp(t)) (3.3)

The control volumes, Vp and Vr , are modelled by the continuity equation. The e�ective bulk

modulus is modelled as a function of both air content and the respective chamber pressures. The

e�ective bulk modulus model is further described in Subsection 3.1.1. The continuity equations

are expressed in Equations (3.4) and (3.5).

_pp(t) =
� ef f (pp(t))
Vp(xp(t))

�
Qp(t) + Qle(t) � _Vp( _xp(t))

�
(3.4)

_pr (t) =
� ef f (pr (t))
Vr (xp(t))

�
� Qr (t) � Qle(t) � _Vr ( _xp(t))

�
(3.5)

The respective control volumes and the change in volumes are position and velocity dependent

respectively. Equations (3.6) to (3.9) describe the volumes and the change in volumes with

respect to time, whereVp0 and Vr 0 are constant volumes describing the dead volumes of the

system such as hose volumes.

Vp(xp(t)) = Vp0 + Ap � xp(t) (3.6)

Vr (xp(t)) = Vr 0 + A r (xpmax � xp(t)) (3.7)

_Vp( _xp(t)) = Ap � _xp(t) (3.8)

_Vr ( _xp(t)) = � A r � _xp(t) (3.9)

The hydraulic model and the mechanical model derived in the next section is combined by the

hydraulic force acting on the bearing disk. The hydraulic force acting on the bearing disk is

given in Equation (3.10).

Fhyd = Ap � pp � A r � pr (3.10)

10



3.1. Hydraulic Model Aalborg University

The friction of the cylinder is not accounted for in the hydraulic force equation, but is included

as a part of the friction in the bearing disk in the mechanical model. The parameters used for

the hydraulic model of the pitch system is seen in Table 3.1:

Parameters

Name Value Description

pS 210 bar Supply Pressure
pT 1 bar Tank pressure
Vp0 3:7 � 10� 4 m3 Piston side dead volume
Vr 0 1:5 � 10� 4 m Rod side dead volume
pcr 5 bar Crack pressure of the check valve
Cqr 1:8 � 10� 8 m3=(s bar) Linear �ow coe�cient of check valve
Cle 1:258 L=min=hbar Leakage coe�cient
Ap 0:0154 m2 Piston side area of pitch cylinder
A r 0:009 m2 Rod side area of pitch cylinder

Cdva, Cdvr and Cdvb 0:6 Discharge coe�cient for valve ori�ces
xpmax 1:314 m Pitch cylinder max stroke

� 885 kg=m3 Oil density

Table 3.1. The parameters used in modelling the hydraulics of the pitch system.

3.1.1 E�ective Bulk Modulus

According to [7] the e�ective bulk modulus can be modelled as Equation (3.11):

� ef f =
(1 � � ) � e

�
patm � p

� 0

�

+ �
�

patm

p

� 1
n

1 � �
� 0

� e
�

patm � p
� 0

�

+
�

npatm

�
patm

p

� n +1
n

(3.11)

Where � is the air content of the �uid, patm is the atmospheric pressure,p is the �uid pressure,

n is the adiabatic index and � 0 is the �uid bulk modulus. Table 3.2 showcases the di�erent

parameters used for the model which can be seen in Figure 3.2.

Parameter � 0 � n

Value 10000 bar 0:04 % 1.4

Table 3.2. Parameters used for the E�ective Bulk Modulus model.

11



MCE4-1023 3. Non-linear model of Wind Turbine Pitch System

Figure 3.2. E�ective bulk modulus.

3.1.2 Valve Model

The proportional valve used for the pitch system is the 4/3 Bosch Rexroth proportional

directional valve of type 4WREE. The response and �ow characteristics of the valve are found

in the valve datasheet [8]. The closed loop bode plot of the valve dynamics is seen in Figure

3.3, where the frequency response shows that for frequencies below100 Hz, the response can be

approximated by a second order system. As will be shown later the system dynamics is below

100 Hz and therefore the valve is approximated by the second order system seen in Equation

(3.12):

Gvalve (s) =
X v(s)

X vref (s)
=

! 2
n

s2 + 2 � � � ! n � s + ! 2
n

(3.12)

Figure 3.4 shows the step response of the valve, where from the closed loop system is assumed

to be critically damped as there is no overshoot. The natural eigenfrequency of the system is

determined from Figure 3.3 to be50 Hz, as the natural eigenfrequency of a second order system

corresponds to the phase being equal to� 90° such that � 90° = \ Gvalve (j � ! n ). In Figure 3.3

three di�erent bode plots can be seen corresponding to di�erent spool position references. The

natural eigenfrequency is determined from the� 10%signal as this is the fastest response. When

implemented in the non-linear simulation model a slew rate is therefore also implemented. The

slew rate is determined as the slope of the step responses of the left side of Figure 3.4. Table 3.3

shows the valve model parameters:

Parameter ! n � Slew Rate

Value 50 Hz 1 35:4 m=s

Table 3.3. Parameters of the valve model
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Figure 3.3. Closed loop bodeplot of the 4/3
Bosch Rexroth proportional directional valve[8].

Figure 3.4. Step response of the 4/3 Bosch
Rexroth proportional directional valve [8].

In Section 3.1 the ori�ce �ows through the proportional valve is modelled using the ori�ce

equation seen in Equation (3.13).

Q = Cd � A(xv) �

r
2
�

�
p

� p (3.13)

m

A(xv) =
Q

Cd �
q

2
� �

p
� p

(3.14)

Figure 3.5 shows the �ow characteristic of the valve, where from the area characteristic of the

valve with respect to the valve spool position,xv , is found. Assuming a discharge coe�cient of,

Cd = 0 :6 the area characteristic with respect to the normalized spool position is determined using

polynomial regression and� p = 50 bar; � = 869 kg=m3. The area characteristic with respect to

the normalized valve spool position is given in Equation (3.15), and the polynomial coe�cients

are given in Table 5.1:

A(xv) = a7x7
v + a6x6

v + a5x5
v + a4x4

v + a3x3
v + a2x2

v + a1xv + a0 (3.15)

Area Polynomial Coe�cients

Coe�cient a7 a6 a5 a4

Value � 0:0016 0:0051 � 0:006 0:0031

a3 a2 a1 a0

� 5:9 � 10� 4 1:03� 10� 4 � 6:8 � 10� 6 � 2:2 � 10� 9

Table 3.4. The polynomial coe�cients for the approximated valve area characteristic.
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Figure 3.5. Flow characteristic of the 4/3 Bosch Rexroth proportional directional valve [8].

3.1.3 Accumulator Model

The accumulator for the pitch system is a gas loaded piston accumulator. The purpose of

modelling the accumulator is to be able to model a varying supply pressure. Here a simple

accumulator model is used, which is described in [7], where it is assumed that the gas is an

ideal gas undergoing an adiabatic process. This entails that the poly-tropic index used for this

model is,n = 1 :4. Under the assumption that the gas in the accumulator undergoes an adiabatic

process the ideal gas law is used to model the pressure of the gas:

pg � V n
g = Constant (3.16)

m (3.17)

pg =
pg0 � V n

g0

V n
g

(3.18)

Where the volumes of the accumulator cylinder is given as:

Vacc(xacc(t)) = Vacc0 + A � xacc(t) (3.19)

Vg(xacc(t)) = Vg0 � A � xacc(t) (3.20)

The supply pressure delivered from the accumulator is then described using the continuity

equation to describe the change of pressure and newtons second law describing the movement of

the cylinder piston position:

•xacc =
1

macc

�
A � pacc � A � pg � Ff r ( _xacc)

�
(3.21)

_pacc =
� acc

Vacc(xacc)

�
Qacc � A � _xacc

�
(3.22)

Where Qacc is the input �ow supplied from the pump and Ff r is modelled as viscous friction.

The parameters used for the accumulator model is given in Table 3.5:
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Parameters

Name Value Description

xaccmax 1 m Max stroke length of accumulator piston
A 0:2121 m2 Accumulator piston area

Vg0 0:2121 m3 Initial gas volume
Vacc0 0:02 m3 Hydraulic dead volume
Bvacc 700 N s=m Viscous friction constant
macc 50 kg Accumulator piston mass
� acc 10000 bar Accumulator bulk modulus
pg0 10 bar Initial gas pressure

Table 3.5. The parameters used in modelling the accumulator of the pitch system.

3.2 Mechanical Model

A simpli�ed diagram of the pitch system can be seen in Figure 3.6.

Figure 3.6. Simpli�ed diagram of the turbine pitch system

Here � p is the pitch angle, in the range� 8� to 82� , with the blade fully out of the wind at � p =

82� , and fully into the wind at � p = � 5� . A is the point around which the pitch cylinder rotates,

B is the point where the pitch cylinder connects to the bearing disk, andC is the center of the

bearing disk.

The Parameters used to model the mechanics of the pitch system are seen in Table 3.6:
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Parameters

Name Value Description

xpmax 1:314 m Pitch cylinder max stroke
mP 104 kg Pitch cylinder mass
Jb 280 kgm2 Pitch bearing inertia
L AB 1:251 m Length between pitch cylinder mounting points in fully

retracted position
L BC 0:985 m Length from pitch cylinder tip mount to bearing center
L AC 1:87 m Length between pitch cylinder root mount and bearing

center
� 38 � Angle between center line and pitch cylinder tip mount at

fully retracted position
� of fset 8� Angle o�set between � p = 0 � and xp = 0 m
� pmax 82� Max pitch angle
Bv 175 Nm=(°=s) Viscous friction constant
� coulomb 2000 Nm Coulomb friction constant

Table 3.6. The parameters used in the modelling of the mechanics of a pitch system.

Since the pitch cylinder is linked to the bearing disk, extension of the pitch cylinder,xp, can

be described by pitch angle� p. Equation (3.23) showns the relation between� p and xp, derived

using the cosine relation.

xp(� p) =
q

L 2
AC + L 2

BC � 2L AC L BC cos (� + � p + � of f ) � L AB (3.23)

A variable gearing can then be found from this relation by �nding the Drive Jacobian ofxp with

regards to � p:

J (� p) =
@xp
@�p

; _xp = J (� p) � _� p (3.24)

A graph of this gearing function is shown in Figure 3.8, with the relation betweenxp and � p

shown in Figure 3.7.

Figure 3.7. The pitch cylinder position xp

plotted as a function of pitch angle.
Figure 3.8. The Drive Jacobian plotted as a
function of pitch angle.
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By assuming no power loss in the gearing betweenxp and � 0, the cylinder torque on the bearing

disk can also be found using the Drive Jacobian:

� hyd = Fhyd � J (� p) (3.25)

Dynamics

To model the dynamics of the mechanical part of the turbine pitch system the Euler-Lagrange

equation is used. This method is chosen as it gives a well-structured approach for modelling

dynamics of a multi-body system, while resulting in a model well-suited for control purposes [9].

The Euler-Lagrange equation is shown in Equation (3.26);

� ext =
@
@t

�
@L
@_q

�
�

@L
@q

(3.26)

with � ext being the external torque, L being the Lagrangian, and q being the generalized

coordinates. In this case the pitch angle� p is chosen as the generalized coordinate. The left side

of Equation (3.26) represent the non-conservative forces acting on the system, while the right

side represents the conservative forces. The external torque includes the torque exerted by the

hydraulic pitch cylinder, the load torque exerted by the wind and friction torques:

� ext = � hyd � � f ric � � load (3.27)

With friction torque being described as:

� f ric = Bv � _� p + � coulomb � tanh (K tanh � _� p) (3.28)

Where Bv and � coulomb are combined values for the cylinder and bearing disk, andK tanh is a

constant that adjusts the hyperbolic tangent curve.

The Lagrangian describes the di�erence between kinetic (K) and potential (P) energy in the

system, so therefore equations for the kinetic and potential energy of the system must be set up.

The kinetic energy of the system is described in Equation (3.29) as the sum of rotational and

translational kinetic energy of all bodies of the system.

K = 1
2 mp _xp(� p(t))2 + 1

2 Jb
_� p(t)2 (3.29)

=
1
2

�
mp J (� p(t))2 + Jb

�
� _� p(t)2 (3.30)

Here the rotational kinetic energy of the pitch cylinder is neglected, as this simpli�es the model,

and the rotational speed and inertia of the cylinder is assumed to be signi�cantly smaller than

that of the bearing disk. Equation (3.29) is rewritten to Equation (3.30) by inserting Equation

(3.24).

The potential energy is determined to be zero, therefore the Lagrangian becomes:

L = K � P (3.31)

=
1
2

�
mp J (� p(t))2 + Jb

�
� _� p(t)2
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The two terms of Equation (3.26) can now be calculated;

@
@t

�
@L

@_� p

�
=

�
mp J (� p(t))2 + Jb

�
•� p(t) + 2 mp J (� p(t) _J (� p(t)) _� p(t)2 (3.32)

@L
@�p

= mp J (� p(t) _J (� p(t)) _� p(t)2 (3.33)

and an equation for the acceleration of the bearing disk can be found:

� ext =
�

mp J (� p(t))2 + Jb

�
•� p(t) + mp J (� p(t) _J (� p(t)) _� p(t)2 (3.34)

m

•� p(t) =
� ext � mp J (� p(t) _J (� p(t)) _� p(t)2

mp J (� p(t))2 + Jb
(3.35)

3.3 Summary

The non-linear system equations have been described and a simulation model is set up. As

mentioned in Chapter 2 the AAU test setup is not available for testing, therefore the model

cannot be validated at this time. However, the pitch test setup is a well examined system, that

has been modelled and validated before. The parameters in this project are based on a previous

validated model of the pitch test setup made by AAU [10]. Therefore it is assumed that the

non-linear pitch system model is a good representation of the actual system.
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System Analysis 4
In this chapter the wind turbine pitch system is analyzed with the purpose of designing a

nominal controller for the system. This chapter utilizes linear analysis techniques, therefore

the chapter includes a section where the non-linear model is linearized. The linear analysis

includes investigating the in�uence of varying certain parameters as well as investigating di�erent

linearization points.

4.1 Linear Model

In this section the non-linear model derived in Chapter 3 is linearized. The model is linearized

using the �rst order Taylor approximation given in Equation (4.1).

� f (x) =
�f (x)
�x 1

�
�
�
�
x 0

� x1 + ::: +
�f (x)
�x n

�
�
�
�
x 0

� xn = k1� x1 + ::: + kn � xn (4.1)

Inserting the ori�ce equations into the continuity equations, the linear model is represented as

in Equations (4.2) to (4.4).

� •� p = k1� pp + k2� pr + k3� _� p + k4� � load + k5� � p (4.2)

� _pp = � p0

�
k6� xv + k7� pp + k8� pr + k9� _� p + k10� � p

�
(4.3)

� _pr = � r 0

�
k11� xv + k12� pr + k13� pp + k14� _� p + k15� � p

�
(4.4)

k1(+) k2(� ) k3(� ) k4(� ) k5(� )
k6(+) k7(� ) k8(+) k9(� ) k10(� )
k11(� ) k12(� ) k13(+) k14(+) k15(� )

Table 4.1. A overview of the sign of the linear model coe�cients, where a (-) means the constant is
negative, a (+) means the constant is positive and a(� ) means the constant can be both positive and
negative depenedent on the linearization point.

The linear model represented is a general linear model that is valid for both positive and negative

valve spool positions. Here is is noted that when changing between positive and negative spool

position the equations for k6; k7; k11 and k12 change due to the ori�ce equation, whereas the

rest are independent of the spool position. Table 4.1 provides an overview of the sign of the

coe�cients as it is found some of the di�erent coe�cients are dependent of both pitch angle

and velocity. Furthermore, it is assumed that the bulk modulus, � p and � r are constants. This

assumption is valid for working pressures above50 bar, which can be seen in Figure 3.2 on
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page 12 showing the bulk modulus model used in this project. To further emphasize the validity

of this assumption, it is noted that due to the design of the pitch system, the pressurepr is

almost constant at supply pressure and the pressurepp rarely drops below 50 bar. However,

the in�uence of the bulk modulus is later analyzed by varying the bulk modulus parameter to

investigate the dynamic in�uence it has in the system.

Through Equations (4.5) to (4.8) the linear model is represented in state space form where,A is

the state matrix, B is the input matrix, D is the disturbance matrix and C is the output matrix.

_x = Ax + Bu + Dd (4.5)

y = Cx (4.6)

x =
h
� p _� p pp pr

i T
u = xv d = � load (4.7)

A =

2

6
6
6
6
4

0 1 0 0

k5 k3 k1 k2

� p0 k10 � p0 k9 � p0 k7 � p0 k8

� r 0 k15 � r 0 k14 � r 0 k13 � r 0 k12

3

7
7
7
7
5

B =

2

6
6
6
6
4

0

0

� p0 k6

� r 0 k11

3

7
7
7
7
5

C =

2

6
4

1 0 0 0

0 0 1 0

0 0 0 1

3

7
5 D =

2

6
6
6
6
4

0

k4

0

0

3

7
7
7
7
5

(4.8)

4.1.1 Linearization Points

Since some of the linearization constants will depend on the states and the input, values for these

must be found to linearize the system. To do so the non-linear system equations are solved in

steady state:

0 = F(� p; _� p; pp; pr ; xv) =

2

6
4

•� p

_pp

_pr

3

7
5 (4.9)

Since there are three equations to solve and �ve unknowns, and since the bounds of� p and _� p

are known, a set of values are chosen for� p and _� p. This set of values are chosen to be within

the normal working range of the pitch system. The remaining three variables are found using

the fsolve() command in MatLab. Based on the pitch reference data in Chapter 2 on page 3,

� p and _� p are chosen in the range shown in Table 4.2:

Min Max

� p � 5� 20�

_� p � 1:72
�

s � 8:02
�

s

Table 4.2. Working range of � p and _� p.

4.1.2 Linear Model Validation

To ensure that the model is linearized correctly it is validated against the non-linear model.

This is done by initializing both the linear and non-linear models with values from the selected
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linearization point and then giving them both a 1 ms impulse. Since the linear model is derived

using change variables, the linearization point values are added to the state output of the linear

model and subtracted from the input to the linear model. Validation Results can be seen in

Figure 4.1 and 4.2.

Figure 4.1. Comparison of the linear and non-linear models when given an impulse in the negative
direction.

Figure 4.2. Comparison of the linear and non-linear models when given an impulse in the negative
direction.

It should be noted that the pitch position measurement shown for the linear model is the integral

of the linear velocity, with linearization point o�set added. This is shown instead of the position

output of the linear model, as this output would be constant when the linear velocity is equal
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to the linearization speed. The o�set between the linear and non-linear pressures is found to be

due to Coulomb friction in the non-linear model. The reason for there not being an o�set in the

rod side pressure in the positive direction is due to the actuator valve setup. As can be seen in

Figure 4.1 and 4.2, the frequency, phase and damping matches for all states. Based on this the

linear model is determined to be validated.

4.2 Frequency Analysis

With the linear model done, the system can be analysed using linear analysis technique's. Figure

4.3 shows the Bode plot of the pitch system at di�erent linearization points within the working

range.

Figure 4.3. System Bode plots for di�erent linearization points

Here it can be seen that pitch system is a Type 0 system with an under-damped 2nd order pole

between102 and 103 rad
s creating a resonance peak, and a 1st order pole at between10� 3 and 10� 1

rad
s . It can seen that in some linearization points the phase starts in -180° and breaks upward at

the 1st order pole instead of starting at 0� and breaking downward as would be expected. This

indicates that for some linearization points the1st order pole moves into the right hand plane,

making the system a non-minimum phase system that is unstable for low feedback gains. This

is also evident when looking at a pole-zero map for the linearization points, as shown in Figure

4.4 and 4.5.
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Figure 4.4. Pole-zero map of the system
at di�erent linearization points. Each color
represents a separate linearization point.

Figure 4.5. Zoomed view of the pole-zero map
shown in Figure 4.4.

From Figure 4.5 the 1st order pole can be observed moving to the right hand plane for some

linearization points. Since Bode plots cannot always correctly interpret closed loop stability of

non-minimum phase systems, care should be taken to verify stability of the closed loop system

once control has been developed. From this point forward a pole starting with a phase of� 180�

that breaks upward at the pole, while the magnitude breaks downward, will be interpreted as a

pole in the right hand plane for this system.

Figure 4.4 also shows that the system has a pole-zero pair, that moves together in the di�erent

linearization point, which is not visible in the bode plot of Figure 4.3. This indicates that the

pole-zero pair is placed so close together that they have no e�ect on the frequency response, and

can therefore be neglected.

To gain a better understanding of how the system is a�ected by di�erent linearization points,

Bode plots are made where pitch angle and velocity are varied separately, and only in one

direction at a time. These plots are shown in Figures 4.6 through 4.9.
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Figure 4.6. Bode plot of varying pitch angle in
the positive direction.

Figure 4.7. Bode plot of varying pitch angle in
the negative direction.

Figure 4.8. Bode plot of varying pitch velocity
in the positive direction.

Figure 4.9. Bode plot of varying pitch velocity
in the negative direction.

Here it can be seen that pitch angle a�ects the location of the resonance peak and the location

of the 1st order pole, while pitch velocity mostly a�ects the location of the 1st order pole, with

only minor changes to the damping of the resonance peak and a slight change in location based

on direction. From Figure 4.8 and 4.9 it can also be seen that at a pitch angle of10� the 1st

order is placed in the left hand plane for positive pitch velocities and placed in the right hand

plane for negative velocities. However from Figure 4.6 and 4.7 it can be seen that somewhere

between7:5� and 20� the pitch angle trend reverses. It is found that this reverse in trend occurs

at 12:2� pitch angle, which corresponds to the point where the gradient of the Drive Jacobian

changes sign, as shown in Figure 4.10
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Figure 4.10. Gradient of the drive jacobian, with the zero-crossing angle marked.

Based on this it is determined that the shape of the bode plot for this system is both direction

and position dependent.

4.2.1 Parameter Variation

Since some of the system parameters might vary or are hard to estimate accurately, variations

of certain parameters are analysed in the frequency domain. These parameters include; Leakage

coe�cient, bulk modulus, oil density � and supply pressure. The variation range chosen for this

analysis is shown in Table 4.3:

Cle � r � p pS

Min 1 L=min=hbar 6000 bar 4000 bar 180 bar
Max 50 L=min=hbar 15000 bar 12000 bar 210 bar

� B v � coulomb � load

Min 850 kg=L 0 Nm s=� 0 kNm � 100 kNm
Max 900 kg=L 2000 Nm s=� 6 kNm 100 kNm

Table 4.3. Variation ranges.

For some of the parameters this range is beyond what would be considered probable. This is

done to also gain an understanding of how the system behaves under extreme circumstances.

First looking at the leakage coe�cient, in Figure 4.11 it can be seen that leakage has a signi�cant

impact on the placement of the 1st order pole, even in the range1 to 5 L=min=hbar. The leakage

coe�cient is also seen to have a slight impact on the damping of the 2nd order pole. It is also

noted that, all though not shown here, regardless of direction, increasing the leakage will move
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