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Chapter 1

Introduction

1.1 Rhodes Electric Piano

The Rhodes piano is an electro-acoustical keyboard with a unique tone that has since seen
great success in genres like Funk, Jazz, Rock and Pop since the 1960s. Despite its age the
Rhodes is still commonly used today and is often found on digital pianos (usually labeled
’E.Piano’ or similar for copyright reasons). With the increasing use of computers for music
production, many instruments are now available in digital format as audio plugins for use
in Digital Audio Workstations (DAW). The Rhodes piano is no exception with an audio
plugin sold under the official brand by its current manufacturer [1]. The plugin offers a
sampled version of the Rhodes with several presets for the past and current versions of
instrument.

1.2 Synthesized instruments

An alternative solution to recording the many samples required for a sampled plugins is
synthesizing the sounds directly. A well designed synthesis algorithm can generate the de-
sired output at runtime eliminating the need for the time consuming process of recording
the many samples required to represent an instruments full range and dynamics. An ad-
ditional benefit of a synthesised approach is the significantly reduced disk space required
for the plugin. Spectral modelling methods where noise or sinusoids are manipulated can
be used to create sounds that are perceptually similar to the desired instrument. One such
method is FM (Frequency modulation) synthesis [2], which gained popularity following
the release of the Yamaha DX7 in 1983. While the method is computationally simple it is
limited in its ability to capture details of nonlinear effects [3].

A different approach to synthesising the sound of an instrument is by modelling the
source of the sound also known as physical modelling. The resonators of the instrument
is expressed mathematically using differential equations which describe its physical be-
havior. These equations are discretized and run on a computer to simulate the instrument

1



1.3. MIDI Polyphonic Expression 2

from which sound can be generated. One approach of discretizing differential equations is
finite-difference time-domain (FDTD) methods [4]. FDTD methods have the advantage of
being highly configurable and able to capture details that FM synthesis otherwise lack. Re-
cent additions to the method in the form of the dynamic grid [5, 6] allow for time-varying
parameters which broadens the range of expressive possibilities. The main disadvantage
of FDTD methods is the computational cost.

1.3 MIDI Polyphonic Expression

Introduced in 2018, the MIDI Polyphonic Expression (MPE) specification is an extension to
the widely used MIDI protocol [7]. The purpose of MPE is to add individual channels for
per-note control. This allows developers to make midi interfaces with new control surfaces
to allow for higher levels of musical expression. The manufacturer ROLI has adopted this
technology offering several controllers and software packages that support MPE [8] and in
their time as owners of the C++ audio development library JUCE [9] they added interfaces
to MPE controls for developers. MPE is also supported by most major DAWs such as
Reaper and Ableton.

1.4 Project goal

The combination of the new control surfaces in MPE and the recent additions to FDTD
methods presents an opportunity to develop a physically modelled Rhodes piano with
new layers of expression. By mapping physical parameters to control surfaces in MPE,
techniques that are not physically possible with the Rhodes such as pitch bending can be
made available. The aim of this project is to develop a physical model of the Rhodes piano
using FDTD methods while adding new layers of expression through the inclusion of the
dynamic grid and MPE mappings.



Chapter 2

Finite-difference time-domain
methods

Finite-difference time-domain methods describe a set of tools for discretizing differential
equations. The method is used on both ordinary difference equations (ODE) and partial
difference equations (PDE) and approximates the continuous equation by subdividing it
into discrete points in time and space. A discretized ODE or PDE is then referred to as a
finite difference (FD) scheme.

This chapter will give a limited introduction to FDTD methods, which will cover the
functions and operators relevant for this work. The theory for this chapter is from [10, 4].
Notation used is subscript notation for discrete differential equations and Euler’s notation
for PDEs.

2.1 Domains and grid functions

To discretize a PDE, one must first define a discrete grid. The grid consists of a series of
grid points which serve as a discrete sampling of the spatial dimensions of the continuous
system. The grid is then updated for each time-step in the defined temporal range. In the
case of an ODE, the grid is a single point.

The temporal range is sampled according to a manually defined sample-rate, which in
the case of an audio-application is the audio sample-rate (e.g. 44100 Hz). Time step k (in
seconds) is defined as k = 1/ fs, with fs being the sample rate (in Hz). The discrete time
range is then defined as n ∈N0 steps of k length.

The spatial domains are sampled over a defined finite length of each dimension. In this
work, only one-dimensional systems will be considered, meaning we have a single spatial
domain. The spatial domain is subdivided into N intervals, each equally spaced with grid
spacing h (in meters). The discrete spatial domain is then defined as l ∈ {0, ..., N}, for a
total of N + 1 grid points. As mentioned earlier, FDTD methods are an approximation of

3
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the continuous equation, and its accuracy is largely tied to the grid spacing of the spatial
dimension. Ideal grid spacing is defined by the stability condition of FD scheme used.

Once the grid has been defined, the grid points can then be indexed as un
l where u is

the state variable and n, l are the temporal and spatial indices.

2.2 Finite-difference operators

A PDE can be discretised using FD operators. A set of operators are defined for both
first-order time derivatives and first-order spatial derivatives. In both cases, a first-order
derivative can be expanded using either a forwards difference, a backwards difference or
a centered difference. These are defined as:

∂ut ≊


δt+un

l = 1
k = (un+1

l − un
l ),

δt−un
l = 1

k = (un
l − un−1

l ),

δt·un
l = 1

2k = (un+1
l − un−1

l ).

(2.1)

∂ux ≊


δx+un

l = 1
h = (un

l+1 − un
l ),

δx−un
l = 1

h = (un
l − un

l−1),

δx·un
l = 1

2h = (un
l+1 − un

l−1).

(2.2)

Here we see the indices having increments or decrements. This is to denote relative place-
ment. For example, a centered difference is calculated based on the previous and next grid
point, either temporally or spatially depending on the derivative.

To get a discrete version of a second order derivative, a first order forwards difference
and backwards difference are multiplied together.

∂2
t ≊ δt+δt−un

l = δttun
l =

1
k2 (u

n+1
l − 2un

l + un+1
l ) (2.3)

∂2
x ≊ δx+δx−un

l = δxxun
l =

1
h2 (u

n+1
l − 2un

l + un+1
l ) (2.4)

Similarly, fourth order spatial derivatives can be discretised through multiplication of
two second order difference operators.

∂4
x ≊ δxxδxxun

l = δxxxxun
l =

1
h4 (u

n
l+2 − 4un

l+1 + 6un
l − 4un

l−1 + un
l−2) (2.5)

Finally, temporal and spatial operators can be multiplied together to solve for mixed
derivatives. The following mixed derivative is used for a difference equation in later chap-
ters.

∂t∂
2
x ≊ δt−δxxun

l =
1

kh2 (u
n
l+1 − 2un

l + un
l−1 − un−1

l+1 + 2un−1
l + un−1

l−1 ) (2.6)
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2.3 Boundary conditions

For any given FD Scheme, the conditions for the boundaries must be defined. As the
spatial dimension is finite, the necessary grid points needed for second order and fourth
order derivatives, are not present at the end points of the grid. The end points are defined
as location 0 and location N. This work makes use of two different boundary conditions
which are defined as

un
l = δx±un

l = 0 (clamped) (2.7)

δxxun
l = δx·δxxun

l = 0 ( f ree) (2.8)

The clamped boundary can be solved by simply setting the outer two grid points to 0 at
all times for a given end point. So to clamp the boundary at the end point N both grid
point N − 1 and N would be set to 0 at all times. The free boundary can be expanded to
solve for a set of virtual grid points, which hold the values necessary to calculate the end
grid points.

un
N+1 = 2un

N − un
N−1 (2.9)

un
N+2 = un

N−2 − 2un
N−1 + 2un

N+1 (2.10)

Equation 2.9 and 2.10 show the calculation of virtual grid points used for a free boundary
at the end point located at N. The same approach can be used for a free boundary at the
end point 0.



Chapter 3

Physical model

This chapter will cover the design of the physical model used for the real-time imple-
mentation. A brief overview of the Rhodes is given followed by more detailed sections
showcasing the individual parts and how they are modelled.

3.1 Rhodes overview

The Rhodes piano has gone through several iterations since its the mk1 was released in
1965. It was initially released under the Fender brand as the ’Fender Rhodes’ which was
later dropped in favor of simply calling it ’Rhodes’. The Rhodes has been released in 88-
key, 73-key and 54-key variants. Today the Rhodes piano is produced by Rhodes Music
Group Ltd. who is currently producing the mk8 model [11]. While the Rhodes piano has
seen many changes over the years, the core design behind its sound production remain the
same. This design is extensively documented in the service manual of the mk1 [12] and
will be the basis for the design choices of the physical model developed here.

Unlike a traditional piano that uses strings as its resonator, the Rhodes piano uses an
original tuning fork design shown in figure 3.1. This tuning fork consists of two parts, the
tone bar and the tine. The two parts are of significantly different masses and dimensions
but share the same pitch. The purpose of the tone bar is to add timbre to the initial attack
and increase the sustain of the vibrations of the tine. The tine, when struck by a hammer,
will vibrate in an arc at the tip. The vibrations of the tine are then capture by a pickup (a
magnet wrapped in a coil) as shown in 3.2, which is then sent to an external amplifier and
played through a speaker. A damper holds the tine in place when the key is not pressed
down.

6



3.1. Rhodes overview 7

Figure 3.1: The tuning fork design used in the Rhodes piano as shown in the Rhodes service manual [12]. The
tuning fork consists of an upper part called the tone bar, to which a metal block with a protruding bar, called
the tine, is mounted. A small spring that can slide along the tine is used for fine tuning the fundamental
frequency of the tuning fork assembly.

Figure 3.2: The full mechanism for sound production of a single key in the Rhodes piano as shown in the
Rhodes service manual [12].
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3.2 Tine

The tuning fork assembly used in the Rhodes can be described as two metal bars1 sharing
a rigid connection. Each bar is clamped on one end with the other end free. As shown
in figure 3.1, the tine has a slight increase in circumference near its base. This addition of
mass is there for durability reasons. For purposes of this model the tine is assumed to be
uniform across its length. The transverse vibrations of such a bar can be described with
a PDE [13, 4] known as the Euler-Bernoulli model and is used to model the tine of the
Rhodes in [14]. In another work on modelling the Rhodes [15], the tine is modelled using
the shear beam model. The shear beam model is an extension of the Euler-Bernoulli model,
and is shown to more accurately approximate the fundamental frequency by taking into
account the shearing effect of the beam [16]. The advantage of the Euler-Bernoulli model
is that its corresponding FD scheme can be implemented explicitly, making it suitable for
a real-time implementation. The FD scheme for the Euler-Bernoulli bar has the form

ρAδttun
l = −EIδxxxxun

l (3.1)

Here E is Young’s modulus, I is moment of inertia, ρ is material density and A is cross-
sectional area of the bar. For a round bar, its moment of inertia I and cross-sectional area
A are calculated as

A = πr and I =
πr4

4

The FD Scheme in equation 3.1 is lossless. To add losses, the scheme is extended by two
terms

ρAδttun
l = −EIδxxxxun

l − 2σ0ρAδt·un
l + 2σ1ρAδt−δxxun

l (3.2)

Here σ0 will add frequency independent damping and σ1 will add frequency dependent
damping. Using Von Neumann Analysis [4], equation 3.2 can be shown to be stable under
the condition

h ≥

√
−4σ1k +

√
(−4σ1k)216κ2k2

2
(3.3)

where κ is a stiffness coefficient defined as

κ =

√
EI
ρA

(3.4)

A proof of this is given in Appendix A. Ideal grid spacing is achieved when h equals the
stability condition.

Under the assumption that the tone bar is uniform, the FD scheme in equation 3.2
could be used to model its behaviour. The two schemes would then share a rigid connec-
tion, transferring energy back and forth between the two. Given that the two damping

1The terms "bar", "beam" and "rod" will be used interchangeably as different models use different terms.
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Name Symbol (unit) Value
Length L (m)
Radius r (m) 0.0005
Material Density ρ (kg/m3) 7850
Young’s Modulus E (Pa) 2 ∗ 1011

Frequency independent damping σ0 (s−1) 0.0001
Frequency dependent damping σ1 (m2/s) 0.005

Table 3.1: Material parameters overview for the tine model. As length is calculated dynamically its value is
not listed, instead see section 3.2.1

parameters allow for control over the sustain of the tine and its attack (through damping
of high frequencies), the model can instead be simplified by using these parameters to
model the influence of the tone bar. This reduces the amount of grid points that needs to
be updated significantly and reduces the computational complexity of the overall model.
Values and units for all bar parameters are presented in table 3.1.

Update equation

The FD Scheme in equation 3.2 can be expanded using the FD operators presented in
chapter 2.2. Expanding all the derivatives and collecting the terms yields

(1 + σ0k)un+1
l =

(
2− 6µ2 − 4σ1k

h2

)
un

l

+
(

4µ2 +
2σk
h2

)
(un

l+1 + un
l−1)

− µ2(un
l+2 + un

l−2)

+
(
− 1 + σ0k +

4σ1k
h2

)
un−1

l

− 2σ1k
h2 (un−1

l+1 + un−1
l−1 )

(3.5)

where

µ =
κk
h2

is a term used for compactness. Following a simple division, this equation can be used
calculate a grid point at the next time step. The number of grid points needed for a given
tine is calculated as

N = ⌊L/h⌋ (3.6)

Where L is the length of the tine and h is defined by equation 3.3. The brackets in equation
3.6 indicate a flooring operation. As a flooring operation is used, h must be recalculated
once N is calculated as

h = L/N (3.7)
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Figure 3.3: A comparison of the lengths of tines as a function of fundamental frequency using the measure-
ments from the Rhodes manual and lengths calculated using equation 3.8. The x-axis is logarithmic.

3.2.1 Tuning

The Rhodes service manual [12] details the individual lengths of all the tines through an
included cutting chart. From lowest to highest note of the 73-key model, the tines have a
length in the range {0.1564, ..., 0.0226} (in meters). The fundamental frequency f1 of a bar
with circular cross-section and clamped/free boundaries can be calculated [13, 17] as

f1 = 1.426
π(r/2)

8L2

√
E
ρ

(3.8)

Using this equation it can be shown that the length of the tines in the Rhodes are too short
to achieve their target fundamental frequency (see figure 3.3). This highlights the impor-
tance of the additional mass added to the tip of the tine by the tuning spring. In [15], this
additional mass from the tuning spring is modeled as a varying cross section. A varying
cross section can be implemented by having A and I be spatially varying across the FD
Scheme [4]. This needs to be accounted for in the grid spacing, where h is now determined
by the points of the bar that produces the largest value according to the stability condition.
This grid spacing will be less accurate for the remaining scheme, which will produce a
low-passing effect. This can be solved for by the use of spatially stretched coordinates [4].
A different and much simpler approach which is used in [14] is to increase the length of
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the tines to bring them in tune. In either case, manual fine-tuning is likely required for the
individual tines. Due to its simplicity, the latter approach of increasing the lengths of the
tines will be used for this model.

3.2.2 Boundary conditions

As mentioned earlier, the boundary conditions for the tine can be described with a clamped
and free boundary. Using these boundary conditions the update equation shown in equa-
tion 3.5 would run for the grid points in the range {2, ..., N}. Due to the 4th order spatial
derivative, the scheme needs an additional 2 grid points outside of this range. These grid
points can be accessed using virtual grid points defined in equation 2.9 and 2.10.

The mixed derivative for the frequency dependent damping requires an additional
grid point at the previous time step for grid point N. It can be shown that accessing
this grid point using virtual grid point from equation 2.9 causes the scheme to become
unstable. To solve this, a different approach for calculating the free boundary is used. The
FD operators presented in 2.2 can also be written in matrix form [10]. FD operators in
matrix form have not been discussed until now, as they are computationally slower than
recursive update equations, making them less suitable for real-time implementations. They
are however useful for deriving a different solution to calculating the update equation for
the free boundary, as they do not rely on virtual grid points. Using matrix operators to
find coefficients for update equation 3.5 at grid points N − 1 and N yields.

(1 + σ0k)un+1
N−1 = (2− 5µ2 − 4σ1k

h2 )un
N−1

+ (
2σ1k
h2 2µ2)un

N

+ (4µ2 +
2σ1k
h2 )un

N−2

− µ2un
N−3

+ (−1 + σ0k +
4σ1k
h2 )un−1

N−1

− 2σ1k
h2 (un−1

N−2 + un−1
N )

(3.9)

(1 + σ0k)un+1
N = (2− 2µ2 − 4σ1k

h2 )un
N

+ (4µ2 +
4σ1k
h2 )un

N−1

− 2µ2un
N−2

+ (−1 + σ0k +
4σ1k
h2 )un−1

N

− 4σ1k
h2 un−1

N−1

(3.10)

A more detailed derivation of these boundaries is shown in appendix B.
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3.2.3 Dynamic grid

Initially presented in [5] and later expanded upon in [6], the dynamic grid is a method that
allows for smooth sub-audio rate parameter changes to a FD scheme. This is highly useful
in the context of MPE as new layers of expression can be added by mapping controls to
material parameters of the model. The method involves splitting the grid into two separate
grids.

δttun
l = −(κ2)nδxxxxun

l − 2σn
0 δt·un

l + 2σn
1 δt−δxxun

l (3.11a)

δttwn
l = −(κ2)nδxxxxwn

l − 2σn
0 δt·wn

l + 2σn
1 δt−δxxwn

l (3.11b)

Superscript n has been added to material parameters to show that they are time-varying.
These new grids are defined as lu ∈ {0, ..., Mn

u} and lw ∈ {0, ..., Mn
w} where

Mn
u = ⌈0.5Nn⌉ and Mn

w = ⌊0.5Nn⌋ (3.12)

are the number of grid intervals for each grid. This gives Mn
u + Mn

w + 2 grid points, which
is one more than what is defined in chapter 2.1. The purpose of this additional grid point
is in the connection between the two grids. The two grids will be connected at un

Mu
and wn

0
also refereed to as the inner boundaries. The distance between these to grid points is then
defined by the fractional part of N before the flooring operation defined as

α =
L
h
− Nn (3.13)

In the case that α = 0 the grid points un
Mu

and wn
0 will have identical values and function

as a rigid connection between the two grids.

Addition and removal of grid points

When a parameter is changed such that Nn ̸= Nn−1 the grid must be adjusted. The
original grid can be split in two at any point along the grid, as longs as there are at least
one moving grid point in the smaller subset. The approach used in [6], splits the original
grid such that second grid only contains the minimum moving grid points needed. This
simplifies addition and removal of grid points as these can be done exclusively to the
first grid. For some tines, the Rhodes has a hammer contact location location is near the
boundary. To avoid conflicts with these locations, this model will have the split in the
center of the original grid as done in [5].

The addition of grid of grid points is done alternating between the two grids and is
done when Nn > Nn−1. A new grid point is calculated by interpolating of the grid points
at the inner boundaries. This is done using cubic Lagrangian interpolation vector

I =
[
− α(α + 1)

(α + 2)(α + 3)
2α

α + 2
2

α + 2
− 2α

(α + 3)(α + 2)

]
(3.14)
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and transposed vector
vn = [un

Mn
u−1 un

Mn
u

wn
0 wn

1 ]
T (3.15)

Using definitions for the two grids

un = [un
0 , ..., un

Mn
u
], and wn = [w0, ..., wMn

w
] (3.16)

Additions of a new point can then be described as

un = [un, Ivn] (3.17a)

wn = [I←vn, wn] (3.17b)

Here I← is a flipped version of the vector in equation 3.14.
Removal of grid is relatively straight forward and is done when Nn < Nn−1. Similar to

the addition of grid points, this is done alternating between the two grids and is defined
as

un = [un
0 , ..., un

Mn
u−1] (3.18a)

wn = [wn
1 , ..., wMn

w
] (3.18b)

Update equations

Presented in [6] are two FD operators in matrix form, that contain quadratic interpolation
values for calculating the spatial derivatives at the inner boundaries. Using the same
methodology as for the free boundary in chapter 3.2.2, one can arrive at update equations
for the individual grid points at the inner boundaries. As these equations are rather large,
they will not be included here, but are instead shown in appendix C along with a detailed
derivation.

3.3 Hammer

Early designs of the Rhodes used traditional ’tear drop’ piano hammers [12]. This type
of hammer compresses during contact with the resonator. The compression rate of the
hammer is dependent on hammer velocity, which introduces hysteresis. The dynamic of
such a hammer can be modelled with the Stulov model [18, 19]. The ’tear drop’ design was
dropped due to the hammers deforming over time and was replaced by a simpler hammer
design using neoprene hammer tips (see figure 3.2). An impact model introduced by Hunt
& Crosley in [20] and later used for modelling hammer-resonator impacts [21, 22], offers
an alternative to the Stulov model and has been shown to yield good results for modelling
the neoprene hammer impacts in the Rhodes [15]. This model also includes a term for the
compression rate of the hammer material which introduces hysteresis. For a model of the
early hammer design the Stulov model may be more suitable, but as this model will use
of the neoprene hammers and the Hunt & Crosley model is chosen here.
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Name Symbol (unit) Value
Hammer mass Mh (Kg) 0.011
Impact coefficient αh 2.8
Stiffness kh (N/mαh ) 1.5 · 1011

Max initial velocity vin (m/s) 4
Force damping weight λ (N · s/m5/2) 9 · 1010

Table 3.2: Material parameters overview for the hammer model.

The Hunt & Crosley model can be implemented as a mass with some initial velocity
dependent on user input, that when colliding with the tine exerts a force. This collision
uses a penalising method, where the hammer and tine will inter-penetrate and force is
calculated based on difference in displacement during this penetration. This force is then
applied to the tine and subtracted from the hammer. The hammer displacement is calcu-
lated as

δttuh = −F (3.19)

where F is force exerted and is defined by

F =

{
khxαh(1 + µhδt−x) x > 0

0 x ≤ 0
(3.20)

with x being the difference in displacement of the hammer and the tine. kh is the stiffness
of the hammer tip, µh = λ/k is a mathematically convenient term, λ is force damping
weight and αh is a coefficient for the local geometry of the impact. Subscript h is used
here to avoid confusion with previously mentioned material parameters. The scheme in
equation 3.2 then has force applied as

δttun
l = −κ2δxxxxun

l − 2σ0δt·un
l + 2σ1δt−δxxun

l + ϵhMF (3.21)

where ϵh is a contact distribution over the grid and M = Mh/ρAL is the mass ratio of
the hammer and tine. The contact distribution here is simply modelled as a single grid
point. The contact location varies from tine to tine as seen in [12] where lower notes have
a contact location closer to the center of the tine and higher notes closer to the base of the
tine. Additionally, the stiffness of the hammer tip increases for higher tines. Values and
units for all hammer parameters are presented in table 3.2.

3.4 Damper

The damping mechanism in the Rhodes consists of a leaf spring with a small piece of
felt at the end [12]. The damping mechanism is engaged when a key is released, unless
the sostenuto pedal is held. One way of modelling the damping effect is through a col-
lision applied over a subset of the grid points. This approach is similar to the hammer
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Figure 3.4: A comparison of using a damped spring connection and rigid barrier collision for damping of the
tine. The plot shows the displacement of the tip of the tine over time. Damping is applied after 0.5 seconds.

in that it imposes a penalty when two objects inter-penetrate. The mass-spring collision
[10] is suitable for modelling the spring behaviour of the damper, but the model requires
matrix inversions, making it a computationally expensive solution ill-suited for real-time
implementations. The simpler rigid-barrier collision [10] can be solved for explicitly, but
produces audible artifacts when applied (see figure 3.4).

Due to these factors a different approach for modelling the damper is used. Instead of
modelling a collision between the tine and the damper, the damper will be modelled as a
connection between the tine and its equilibrium (i.e. 0) using a damped spring connection
[10]. The connection is added to the FD scheme in equation 3.2 at the connection location
as

δttun
l = −κ2δxxxxun

l − 2σ0δt·un
l + 2σ1δt−δxxun

l −
f n

hρA
(3.22)

The damped spring connection is normally used to model a connection between two FD
schemes, but in this case the second scheme will be replaced by the tines equilibrium.
Force f n is then calculated as

f n =
1
2
·

u⋆ + K1
2rn

+
ηn +

rn
−

rn
+

ηn−1

1
rn
+
+ k2

hρA(1+σ0k)

(3.23)

with

rn
+ =

K1

4
+

K3(ηn)2

2
+

R
2k

rn
l =

K1

4
+

K3(ηn)2

2
− R

2k

where u⋆ is the tine calculated for the next time step without the connection force (equa-
tion 3.5). Relative displacement η is simply calculated as the displacement of the tine at



3.5. Pickup 16

Name Symbol (unit) Value
Linear spring coefficient K1 (N/m) 100
Non-linear spring coefficient K3 (N/m3) 100000
Damping coefficient R (Kg/s) 0.5

Table 3.3: Material parameters overview for damped spring connection

the connection location. Linear and nonlinear spring coefficients K1 and K3 and damp-
ing coefficient R are parameters for the spring. Values and units for all damped spring
connection parameters are presented in table 3.3.

3.5 Pickup

The Rhodes has individual pickups for each tine. The pickups are identical, but adjustment
of tine position relative to the pickup will vary from key to key. The Rhodes manual [12]
shows that the ideal position is at an offset from the center of the pickup and correct
spacing is required for ideal volume. The non-linear behaviour of pickups is complex and
various methods are proposed for a physically based modelling of it (see section 3.5.1).
Due to the complexity, a physically based model of the pickup is left for future work.
Instead, this section will describe a different approach using a set of filters and nonlinear
distortion based on [23].

Audio input for the pickup is read from grid point at the tip of the tine. This is
then filtered through a low-pass filter. The filtered output is gained and clipped using the
hyperbolic tangent function. The resulting clipped signal the goes through a wave-shaping
process before being filtered with a high-pass filter.

3.5.1 Physically based alternatives

This section will propose some physically based alternatives to the pickup described in
the previous section. The non-linear behaviour of pickups is complex and the models
suggested here work under certain assumptions.

Work has been done modelling the Rhodes model specifically. A model first introduced
in [24] and later expanded upon in [15] models the magnetic field of the pickup using
Finite Element Methods (FEM). The induction of the tine is then formulated as a three-
part integral over a simplified geometry of the bell-shaped Rhodes pickup. This model
takes into account the offset of the tine relative to the magnet in the pickup, allowing for
timbre adjustments as described in the Rhodes manual [12]. This modelling approach was
shown to be accurate enough given proper parameters in [25] when compared against
pickup recordings.

A more commonly modelled pickup is that of the electric guitar. There are many
parallels between the pickup of the electric guitar and that of the Rhodes. As such some
of the methods may be applicable for modelling the Rhodes pickup as shown in [14]. This
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model is developed using Port-Hamiltonian modeling. Unlike the previously mentioned
model, this does not account for the shape of the magnet. Instead the derived magnetic
field is based off of the magnet and the coil winding it. The tip of the tine is then a sphere
immersed in the magnetic field.

Of the two the first model is arguably better suited for this project as it is also shown
to run in real-time.



Chapter 4

Real-time implementation

The physical model described in chapter 3 is implemented in a real-time application using
the C++ framework JUCE [9] and is available online at [26]. The application functions
as a VST plugin with support for MPE and MIDI input and can be used with a Digital
Audio Workstation (DAW). This chapter will give a design overview providing details on
key technical parts of the implementation, describe how MPE is mapped and highlight
important optimizations.

4.1 Design overview

The physical model is implemented using the MPESynthesiser class from JUCE where the
tines are considered the voices of the synth. By default the synth is configured to use 5
voices, which is chosen as a balance between playability and computational requirements.
Audio is rendered block by block where each block is split into sub blocks separated by
midi input. In each sub block samples are rendered from the physical model sample by
sample.

Tine

The grid of for tine is implemented using vectors with space allocated according to the
amount of required grid points. This is done for each needed time step for both halves of
the grid leading to 6 state vectors. On user input, the length of the tine is determined by
fundamental frequency of the MIDI note based on equation 3.8. The grid is then resized
accordingly. As the grid size will wary on every new note and change in parameters,
sufficient memory for each grid vector is reserved to prevent re-allocation of memory.
Once all grid points have been updates, a pointer swap is utilized to reuse the allocated
vectors.

The FD Scheme in equation 3.2 with clamped/free boundaries and dynamic grid re-
quires grid to have at least 8 grid points. To get a grid size sufficient for this requirement

18
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for the full range of notes, it is necessary to run a minimum of 16 times oversampling when
using a standard sample-rate of 44100Hz. This is implemented by having the system run
at standard sample-rate but run the update equation for the scheme j times between each
sample, where j is the oversampling multiplier. Time step k is then defined as k = 1/ fs j.

Pickup

The filters for the pickup are implemented as StateVariableTPTFilter from JUCE. These
filters allow of user control at runtime. The initial low-pass filters cutoff frequency can
be changed by the user to control the brightness of the attack. The cutoff frequency of
high-pass filter at the end is set to the current notes fundamental frequency.

User controlled parameters

User controlled parameters are mapped to the Graphical User Interace (GUI) as relevant
input controls (knobs, toggles, sliders etc.). This is attached to a ValueTreeState object which
tracks the changes made by the user. The changes in state is checked at a rate of 60Hz with
changes applied at the start of the next rendered audio block. In cases where changes could
result in audio artifacts, the change is smoothed on a sample by sample basis over defined
smoothing period. The smoothing is done either as a linear or multiplicative smoothing
depending on the parameter.

MIDI Polyphonic Expression

The current implementation supports per key pitch bend through the use of the dynamic
grid. This is mapped to the length of the tine and allows the user to bend each key either
up or down one semi-tone. The length is calculated as in the beginning of a note by using
equation 3.8. As no material parameters used in the stability condition are changed, the
grid spacing does not need to be recalculated.

4.2 Optimizations

While it is possible to run the model described in chapter 3 in a real-time application as
it is, optimizations can be made to allow for more voices and wider compatibility with
computers with less computational power. The systems bottleneck will be at the CPU, so
in many cases computations can be saved at the cost of additional memory. The additional
memory used is at a scale where it is trivial on a modern computer. Key optimizations are
highlighted here.
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Pre-computed coefficients

It is beneficial to collect the terms of an update equation as done in equation 3.5. These can
then be pre-computed outside of the update loop saving multiple mathematical operations.
Equation 3.5 can be rewritten as

un+1
l =

(
C0un

l + C1(un
l+1 + un

l−1)−M0(un
l+2 + un

l−2) + B0un−1
l − S(un−1

l+1 + un−1
l−1 )

)
D (4.1)

Where the pre-computed coefficients are defined as

C0 =
(

2− 6µ2 − 4σ1k
h2

)
C1 =

(
4µ2 +

2σk
h2

)
M0 = µ2

B0 =
(
− 1 + σ0k +

4σ1k
h2

)
S =

2σ1k
h2

D =
1

(1 + σ0k)

While this may initially seem like a trivial amount of mathematical operations saved, once
scaled by the sample-rate, grid points and potential oversampling, this will become several
thousands of operations saved per second. This approach is still valid even with the time-
varying parameters introduced with the Dynamic grid, as these changes are sub audio rate
and thus still benefit from being pre-computed outside the update loop. This approach is
also used for the update equations for the free boundary and inner boundary as well as
other mathmatical operations that may be pre-computed outside of the main audio loop.

Dynamic grid

As shown in equation 3.17 the addition of grid points will either be at the back of the state
vector or in front, depending on which half is added to. While data structures that allow
for efficient insertion at the front exist, a simpler approach would be to flip the indexes
of the wn vector, such that the addition logic is the same as with the un vector. The two
vectors are now connected at the back. As update equation 3.5 is spatially symmetric it
remains valid. The addition and removal logic for both state vectors can now be described
as that of the data structure Stack [27] where grid points are added and removed at the
back of the vector. The addition of grid points for either vector now follows

un = [un, Ivn] (4.2a)

wn = [wn, I(vn)←] (4.2b)
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with
vn = [un

Mn
u−1 un

Mn
u

wn
Mn

w
wn

Mn
w−1]

T (4.3)

and removal is defined as

un = [un
0 , ..., un

Mn
u−1] (4.4a)

wn = [wn
0 , ..., wn

Mn
w−1] (4.4b)

This approach allows for all state vectors to be implemented with the same data structure.
If sufficient memory is reserved, memory for state vectors do not need to be reallocated,
saving valuable computations. The inner boundary condition for the wn vector and free
boundary are spatially mirrored for this approach.

Sample-rate

As described in the design overview, the system needs to apply oversampling to achieve
a grid spacing short enough to be able to model the full range of the tines in the Rhodes.
While high oversampling is necessary for the shortest tines, the longer tines are able to run
with lower or no oversampling. To achieve a relatively consistent level of grid points across
the different notes and thereby avoid sudden increases in computational complexity, the
system uses various levels of oversampling depending on the note played. This approach
is valid for oversampling multipliers that are integer values.



Chapter 5

Evaluation

This chapter presents the evaluation methodology and results of the physical model and
real-time implementation developed. The evaluation is done in three parts covering the
sound production, tone production and addition of MPE. Sound production and tone
production are evaluated through output comparisons and analysis and MPE is evaluated
based on interviews with users. The results of the evaluation will be discussed in chapter
6.

5.1 Sound production

The purpose of this evaluation is to investigate how accurate the physical model of the
tine and hammer are in reproducing the behavior of the Rhodes sound production. The
time-domain output measured at the tip of the tine will be compared against the results
found in [28], where measurements of the tine of a Rhodes mk1 were made using a piezo
and a high speed camera. The frequency-domain output will be compared against that
of [25] where analysis of the frequency contents of the tine were measured using a SLDV
technique. The note F1 with fundamental frequency 43.65 is chosen to match the one
measured in [25]. The note C4 (middle C) will additionally be shown for insight into
how center frequency notes behave in comparison to lower notes. Both notes use 2(m/s)
hammer input velocity.

Figure 5.1 shows the F1 tine over a period of 5 seconds. As noted in [28] the output
of a Rhodes tine is approximately sinusoidal shortly after excitation, which is not the case
here. Looking at the output frequencies as shown in figure 5.2a reveals the presence of 2
overtones, which last for the entire duration. The presence of two overtones matches that
of [25] where overtones are present at ratios 7.11 and 20.25. However in the case of this
model the overtones are at a ratio of 6.37 and 35.27. Comparing to a higher frequency note
shown in figure 5.2b the presence of the second overtone is significantly reduced. Both
notes are also shown to be significantly out of tune indicating that equation 3.8 is not valid
for this model and a different methodology for estimating length is required.

22
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Figure 5.1: Time domain representation of the displacement of the tip of the tine corresponding to note F1
(43.65Hz) following hammer excitation.

(a) Tine F1 power spectrum (b) Tine C4 power spectrum

Figure 5.2: Power spectrum of tine F1 (43.65Hz) and tine C4 (261.63Hz).
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(a) k = 1.5 · 1011 at 0.4L (b) k = 1.5 · 1011 at 0.2L

(c) k = 1.5 · 1012 at 0.4L (d) k = 1.5 · 1012 at 0.2L

Figure 5.3: Power spectrum of tine C4 using different hammer tip stiffness and contact locations.
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Hammer parameters

As noted in the Rhodes manual [12], the hammer impact location and hammer tip stiffness
has great impact on the sound production. To investigate this, a comparison of 4 different
hammer configurations for the note C4 are simulated.

The timbre most notably changes with hammer contact location as seen in figure 5.3.
Both number and power of overtones produced from the hammer impact increase as the
contact location moves closer to the base of the tine. A similar behavior can be seen when
increasing the hammer tip stiffness though the effect is not as pronounced.

The importance of correct hammer impact location and stiffness is particularly seen on
higher notes. For very short tines a contact location close to the base with a significantly
stiff hammer tip is required for the tine to produce any output. Improper configuration
will lead to too long of a contact time, which results in the hammer both transferring force
but also damping the tine.

5.2 Tone production

The purpose of this evaluation is to assess how well the model is able to reproduce the
tones of a Rhodes piano. The output of the model will be compared against a Rhodes
piano using the Rhodes V8 plugin [1]. The Rhodes V8 plugin is set to the MK8 Factory
Default Setup profile and output is generated using an A4 (440Hz) midi note with input
velocity set to 100. This velocity is chosen to produce an output with a notable attack but
without the note distorting. A corresponding output from the model developed here is
generated using the same midi note as input. The model is tuned manually for this note,
due to the tuning issues shown in the previous section.

As seen in figure 5.4 the output waveform of the pysical model differs significantly
from that of the Rhodes V8. The Rhodes V8 shows a consistently repeating period while
the physical model repeats every three periods. Looking at the frequencies present in the
signals as shown in figure 5.5, the Rhodes V8 has a strong fundamental frequency with
harmonic overtones. The physical model shows the same harmonic overtones but with
longer sustain, but also many in-harmonic overtones not present in the Rhodes V8.
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(a) Physical model

(b) Rhodes V8

Figure 5.4: Waveform of the physical model and the Rhodes V8 plugin for the note A4 (440Hz).

(a) Physical model (b) Rhodes V8

Figure 5.5: Power spectrum of the A4 note for the physical model and the Rhodes V8 plugin for the note A4
(440Hz).
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5.3 User interviews

A preliminary set of interviews were conducted to evaluate the current implementation
and mapping of MPE functionality. This was done with 2 users experienced with audio
plugins and DAWs. The users were introduced to the plugin and its mappings and af-
terwards given time to experiment with the plugin. The plugin was running on a laptop
using the built in speakers and a Roli Lumi Keys was used as MPE interface.

Both users described the pitch bend as smooth and natural sounding though found
the base note and max pitch bend to be out of tune. When using the lumi keys for pitch
bend one user found the range inadequate. The other found the range to be decent,
but would like further range for when working with a DAW. Both users stated that the
addition of pitch bend would be useful to them for music production. When asked about
additional input controls one user noted that mapping tone control to after touch would
be interesting.



Chapter 6

Discussion

The results of the different evaluations done in chapter 5 show a significant deviation from
the Rhodes. While the model shows some similarities, many changes could be made to
achieve a better output. This chapter will discuss the results of the evaluation and propose
additions and modifications to the physical model developed.

6.1 Sound production

The behaviour of the model is shown to have notably longer sustain than that of the
Rhodes. Particularly the overtones present in the tine last for longer than that found
in studies of the Rhodes. While this could be solved to some extent by introducing more
frequency dependent damping, this could also indicate improper hammer contact location.
Hammer contact location and hammer stiffness is shown to correlate to the presence of
higher modes, with the former being the most influential. Proper hammer configuration
and frequency dependent damping could bring the behaviour of the tine more in line with
that of the Rhodes. An addition to the model could be the introduction of a third damping
term. Adding this would change equation 3.2 to

ρAδttun
l = −EIδxxxxun

l − 2σ0ρAδt·un
l + 2σ1ρAδt−δxxun

l − 2σ2ρAδt−δxxxxun
l (6.1)

Where σ2 is an additional frequency dependent damping term for more control over higher
frequencies.

Tuning

As seen in the analysis of the sound production, the tine is significantly out of tune. When
checked against a tuner in Ableton Live, this is the case across all notes, where they have
a lower fundamental frequency than desired. A new method for determining the length
of the tines is required. This could be done through the use of modal analysis [10, 4]. This
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form of analysis gives objective data on the resonant frequencies present in the scheme,
which can be used for tuning the system.

6.2 Tone production

Aside from the tuning issues described earlier, the pickup model is arguably where the
model deviates from the Rhodes the most. The harmonic overtones are similar to that
of the Rhodes but with a notable difference how long they are sustained for. The main
difference is in the many in harmonic overtones not present in the Rhodes, which leads to
a much harsher sound in comparison. An issue with the pickup model is that it is likely
dependent on the input being close to a sine-wave as seen with the original implementation
[23]. Given that the model for the tine developed here includes overtones, that likely causes
issues with this pickup model.

As shown in [28] the pickup is the most important to the sound of the Rhodes. For
future work the model developed here would benefit greatly from a physically modelled
pickup such as the one developed in [15].

6.3 MPE

The feedback on the implementation of MPE was positive with both users considering the
added functionality useful. With the implementation of the dynamic grid the addition
of new mappings is fairly straight forward with the main work being in designing the
new mappings. With the current implementation of the pickup and the mention of a
desire for tone control, one option for a new mapping would be to map after-touch to
the cut-off frequency for the low pass filter in the pickup model. The range of the pitch
bend could easily be increased through configuration, though this increase may result
in audible artifacts. As stated in [5, 6] the removal of grid points can introduce high
frequency artifacts. By increasing the pitch bend range it will be possible for the user to
remove several grid points which increases the likelihood of artifacts appearing. A solution
proposed in [5] is introducing displacement correction when removing a grid point, by
calculating a correction force with a damped spring connection. An alternative solution
proposed in [6] is to introduce frequency dependent damping term as shown in equation
6.1, to dampen the high frequency content introduced from the grid point removal. Given
that the additional damping term would already benefit the model this solution may be
more relevant.



Chapter 7

Conclusion

This project has designed and implemented a real-time physical model of the Rhodes piano
as an audio plugin for use in Digital Audio Workstations. The physical model uses finite-
difference time-domain methods with the dynamic grid and maps physical parameters
to MPE which adds pitch bending to the instrument. Preliminary user interviews show
interest in the addition of pitch bending and additional mappings are proposed based
on the feedback given. The evaluation of the physical model shows issues with tuning
and a different behaviour of the model for the tine when compared against other studies.
Hammer parameters are shown to play an important role in sound production and the
model would benefit from additional tuning of these parameters. Modal analysis and
an extension to the model used for the tine is proposed to solve the tuning issues and
difference in behaviour. The non-physical model of the pickup produces in-harmonic
overtones that are not present in the Rhodes. The model for the pickup would need to be
physically modelled to produce better results than the current implementation.
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Appendix A

Bar analysis

Update equation

ρAδttun
l = −EIδxxxxun

l − 2σ0ρAδt·un
l + 2σ1ρAδt−δxxun

l

Divide by ρA
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l−1 + un
l−2)

− σ0k(un+1
l − un−1

l )

+
2σ1k
h2 (un

l+1 − 2un
l + un

l−1 − un−1
l+1 + 2un−1

l + un−1
l−1 ) + 2un

l − un−1
l

a



b

isolate un+1
l

(1 + σ0k)un+1
l = µ2(un

l+2 − 4 ∗ un
l+1 + 6un

l − 4ul l − 1n + un
l−2)

− σ0k(−un
l −1)

+
2σ1k
h2 (un

l+1 − 2un
l + un

l−1 − un−1
l+1 + 2un−1

l + un−1
l−1 ) + 2un

l − un−1
l

collecting terms

(1 + σ0k)un+1
l =

(
2− 6µ2 − 4σ1k

h2

)
un

l

+
(

4µ2 +
2σk
h2

)
(un

l+1 + un
l−1)

− µ2(un
l+2 + un

l−2)

+
(
− 1 + σ0k +

4σ1k
h2

)
un−1

l

− 2σ1k
h2 (un−1

l+1 + un−1
l−1 )

with

κ =

√
EI
ρA

and µ =
κk
h2

Von Neumann stability analysis

Equation numbers from [10]. Using the definitions for spatial and temporal operators
found in (eq. 3.23 and 3.22) we can obtain a frequency domain representation of the
scheme

1
k2 (z− 2 + z−1) = −16κ2

h4 sin4(βh/2)− 2σ0

2k
(z− z−1) + 2

σ1

k
(1− z−1)(− 4

h2 sin2(βh/2))

1
k2 (z− 2+ z−1) = −16κ2

h4 sin4(βh/2)− σ0

k
z+

σ0

k
z−1− 8σ1

kh2 sin2(βh/2)+
8σ1

kh2 sin2(βh/2)z−1

Rewriting equation

0 =
1
k2 (z− 2+ z−1)+

16κ2

h4 sin4(βh/2)+
σ0

k
z− σ0

k
z−1 +

8σ1

kh2 sin2(βh/2)− 8σ1

kh2 sin2(βh/2)z−1



c

Multiply all terms by k2

0 = z− 2 + z−1 +
16κ2k2

h4 sin4(βh/2) + (σ0k)z− (σ0k)z−1

+
8σ1k
h2 sin2(βh/2)− 8σ1k

h2 sin2(βh/2)z−1

Collect terms to form characteristic equation

0 = (1 + σ0k)z + (
16κ2k2

h4 sin4(βh/2) +
8σ1k
h2 sin2(βh/2)− 2)

+ (1− σ0k− 8σ1k
h2 sin2(βh/2))z−1

Divide by the term containing σ0 and multiply by z to get the equation as a second-
order polynomial. Using S = sin2(βh/2) for brevity.

0 = z2 +
( 16κ2k2

h4 S2 + 8σ1k
h2 S − 2

1 + σ0k

)
z +

1− σ0k− 8σ1k
h2 S

1 + σ0k

Substituting the coefficients into (eq. 3.26) lets us determine the stability condition.

∣∣∣( 16κ2k2

h4 S2 + 8σ1k
h2 S − 2

1 + σ0k

)∣∣∣− 1 ≤
1− σ0k− 8σ1k

h2 S
1 + σ0k

≤ 1

Multiplying by (1 + σ0k)∣∣∣16κ2k2

h4 S2 +
8σ1k
h2 S − 2

∣∣∣− 1 + σ0k ≤ 1− σ0k− 8σ1k
h2 S ≤ 1 + σ0k

Adding 1 + σ0k ∣∣∣16κ2k2

h4 S2 +
8σ1k
h2 S − 2

∣∣∣ ≤ 2− 8σ1k
h2 S ≤ 2 + 2σ0k

The second condition will always hold as σ0, σ1 ≥ 0. We can then rewrite the previous
equation as

2− 8σ1k
h2 S ≤

16κ2k2

h4 S2 +
8σ1k
h2 S − 2 ≤ 2− 8σ1k

h2 S

Adding 2− 8σ1k
h2 S

0 ≤ 16κ2k2

h4 S2 ≤ 4− 16σ1k
h2 S

16κ2k2

h4 S2 is non negative, so the first condition is satisfied.
Adding 16σ1k

h2 S



d

16κ2k2

h4 S2 +
16σ1k

h2 S ≤ 4

Dividing by 4

4κ2k2

h4 S
2 +

4σ1k
h2 S ≤ 1

As the previous equation takes its maximum value when S = 1 it can be rewritten as

4κ2k2

h4 +
4σ1k
h2 ≤ 1

Multiply by h4

4κ2k2 + 4σ1kh2 ≤ h4

Add left side to right to form quadratic equation in h2

h4 + 4σ1kh24κ2k2 ≥ 0

Then using the quadratic formula, h can be shown to be bound by

h ≥

√
−4σ1k +

√
(−4σ1k)216κ2k2

2



Appendix B

Free boundary derivation

We are interested in the last 2 rows of the matrices for both Dxx and Dxxxx or in other
words row number N − 1 and N

For grid u These will have the form:

Dxx[N − 1, :] =
1
h2 [0, 0, ..., 0, 1,−2, 1]

Dxx[N, :] =
1
h2 [0, 0, ..., 0, 0, 2,−2]

Dxxxx[N − 1, :] =
1
h4 [0, 0, ..., 1,−4, 5,−2]

Dxxxx[N, :] =
1
h4 [0, 0, ..., 0, 2,−4, 2]

for the range {0, 1, ..., N − 3, N − 2, N − 1, N} Each row containing zeros until the last
set of elements

We then substitute this into the following equation

un+1 =
1
A
(Bun + Cun−1)

where

A = (1 + σ0k) B = 2I− κ2k2Dxxxx + 2σ1kDxx C = −(1− σ0k)I− 2σ1kDxx

Given that the rows for Dxx and Dxxxx contain zeroes up until the final set of elements,
we can simplify the update equation for un

N−1 as

un+1
N−1 =

(
2un

N−1 −
κ2k2

h4 (un
N−3 − 4un

n−2 + 5un
N−1 − 2un

N)

+
2σ1k
h2 (un

N−2 − 2un
N−1 + un

N)− un−1
N−1(1− σ0k)

− 2σ1k
h2 (un−1

N−2 − 2un−1
N−1 + un−1

N )
) 1

1 + σ0k

(B.1)

e
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Collecting the terms and using µ = κk
h2

un+1
N−1 =

(
(2− 5µ2 − 4σ1k

h2 )un
N−1

+ (
2σ1k
h2 + 2µ2)un

N

+ (4µ2 +
2σ1k
h2 )un

N−2

− µ2un
N−3 + (−1 + σ0k +

4σ1k
h2 )un−1

N−1

− 2σ1k
h2 (un−1

N−2 + un−1
N )

) 1
1 + σ0k

(B.2)

Following same methodology un+1
N can be derived as

un+1
N =

(
2un

N −
κ2k2

h4 (2un
N−2 − 4un

N−1 + 2un
N)

+
2σ1k
h2 (2un

N−1 − 2un
N)− (1− σ0k)un−1

N

− 2σ1k
h2 (2un−1

N−1 − 2un−1
N )

) 1
1 + σ0k

(B.3)

Collecting the terms and using µ = κk
h2

un+1
N =

(
(2− 2µ2 − 4σ1k

h2 )un
N

+ (4µ2 +
4σ1k
h2 )un

N−1

− 2µ2un
N−2

+ (−1 + σ0k +
4σ1k
h2 )un−1

N

− 4σ1k
h2 un−1

N−1

) 1
1 + σ0k

(B.4)



Appendix C

Inner boundaries derivation

We are interested in the center 4 rows of the matrices for both Dxx and Dxxxx

For grid u These will have the form:

Dxx[Mu − 1, :] =
1
h2 [0, 0, ..., 1,−2, 1, 0, 0]

Dxx[Mu, :] =
1
h2 [0, 0, ..., 0, 1, I − 2, 1,−I ]

for the range {0, 1, ..., Mu − 2, Mu − 1, Mu, w0, w1}

Dxxxx[Mu − 1, :] =
1
h4 [0, 0, ..., 1,−4, 6, J1, 1, J3, 0]

Dxxxx[Mu, :] =
1
h4 [0, 0, ..., 0, 1,−4, J0, J1, J2, J3, ]

for the range {0, 1, ..., Mu − 3, Mu − 2, Mu − 1, Mu, w0, w1, w2}

with

I =
α− 1
α + 1

and
J0 = I2 − 4I + 6

J1 = I − 4

J2 = −I2 + 4I + 1

J3 = −I
We then substitute this into the following equation

un+1 =
1
A
(Bun + Cun−1)

g



h

where

A = (1 + σ0k) B = 2I− κ2k2Dxxxx + 2σ1kDxx C = −(1− σ0k)I− 2σ1kDxx

Given that the rows for Dxx and Dxxxx contain zeroes up until the final set of elements, we
can simplify the update equation as

un+1
Mu−1 =

(
2un

Mu−1 −
κ2k2

h4 (un
mu−3 − 4uMu−2 + 6uMu−1 + J1uMu + w0 + J3w1)

+
2σ1k
h2 (un

Mu−2 − 2un
Mu−1 + un

Mu
)

− un−1
Mu−1(1− σ0k)

− 2σ1k
h2 (un−1

Mu−2 − 2un−1
Mu−1 + un−1

Mu
)
) 1

1 + σ0k

(C.1)

Collecting the terms and using µ = κk
h2

un+1
Mu−1 =

(
(2− 6µ2 − 4σ1k

h2 )un
Mu−1

+ (−J1µ2 +
2σ1k
h2 )un

Mu

+ (4µ2 +
2σ1k
h2 )un

Mu−2

− µ2uMu−3

− µ2wn
0

− J3µ2wn
1

+ (−1 + σ0k +
4σ1k
h2 )un−1

Mu−1

− 2σ1k
h2 (un−1

Mu−2 + un−1
Mu

)
) 1

1 + σ0k

(C.2)

Following same methodology un+1
Mu

can be derived as

un+1
Mu

=
(

2un
Mu
− κ2k2

h4 (un
Mu−2 − 4un

Mu−1 + J0un
Mu

+ J1wn
0 + J2wn

1 + J3wn
2 )

+
2σ1k
h2 (un

Mu−1 + (I − 2)un
Mu

+ wn
0 +−Iwn

1 )

− (1− σ0k)un−1
Mu

− 2σ1k
h2 (un−1

Mu−1 + (I − 2)un−1
Mu

+ wn−1
0 +−Iwn−1

1 )
) 1

1 + σ0k

(C.3)
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Collecting the terms and using µ = κk
h2

un+1
Mu

=
(
(2− J0µ2 + (I − 2)

2σ1k
h2 )un

Mu

+ (4µ2 +
2σ1k
h2 )un

Mu−1

− µ2un
Mu−2

+ (
2σ1k
h2 − J1µ2)wn

0

+ (−I 2σ1k
h2 − J2µ2)wn

1

− (J3µ2)wn
2

+ (−1 + σ0k− (I − 2)
2σ1k
h2 )un−1

Mu

− 2σ1k
h2 (un−1

Mu−1 + wn−1
0 )

− (−I 2σ1k
h2 )wn−1

1

) 1
1 + σ0k

(C.4)

The same approach can be done for the w grid which would result in the same update
equations except mirrored spatially.
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