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veloped which reduces the structural loads by the
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namic model of a wind turbine has been devel-
oped. The model contains an aerodynamic mo-
del, mechanical model, a structural model and a
model of the pitch system. The model has been
linearized and validated in accordance with sim-
ulation code FAST.
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where made, and from this a reduced output-
feedback formulation was found, making it possi-
ble to use LQR design to calculate the controller
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FAST which was implemented in Matlab. The
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Synopsis:

Efterh̊anden som windmøller bliver større, med
rotordiametre over 100 m, vil vingerne dække et
større vindfelt som indeholder en række forskel-
lige vindfænomener, s̊asom wakes, vindforskyd-
ning, t̊arnskygge, hvilket vil p̊aføre store struk-
turelle laster p̊a vindmøllen.
I denne these er en løftet repetitive regulator ud-
viklet, som reducere de strukturelle laster ved
brug af individuel pitching. Til dette form̊al
er en dynamisk model af en vindmølle udledt.
Modellen indeholder en aerodynamiskmodel,
mekaniskmodel, en strukturelmodel og en model
af pitchingsystemet. Modellen er blevet linearis-
eret og valideret i forhold til simulerings koden
FAST.
Fra modellen er en løftet repetitive regulator
blevet udviklet, ved at lave en løftet system
beskrivelse, og herfra blev en reduceret output-
feedback formulering fundet, hvilken lagde grun-
den til LQR designet af regulatoren.
I en accepttest blev den løftede repetitive regu-
lator samlignet med regulatoren fra FAST som
var implementeret i Matlab. Resultatet herfra
var at accepttesten ikke blev godkendt, selvom
bøjningen af t̊arn og vinger blev reduceret. Det
formodes at dette skyldes en forskel mellem im-
plementeringen i Matlab og modellen.

Rapportens indhold er frit tilgængeligt, men offentliggørelse (med kildeangivelse) m̊a kun ske efter af-

tale med forfatterne.
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Nomenclature

The nomenclature includes expressions, abbreviations and variables used throughout the
report. Further details on the terms are provided in the respective chapters and sections.

Abbreviations

Name Description

LSS Low speed shaft
HSS High speed shaft
RC Repetitive control
ILC Iterative learning control
LQR Linear-quadratic regulator

Variables

Symbol Value Description

α rad Angle of attack
αws Wind shear coefficient
βi rad Pitch angle of ith blade
βref,i rad Pitch angle reference of ith blade
βtwist rad Pre-pitch of the blade
βpre,root rad Pre-pitch of linearized root element
βpre,tip rad Pre-pitch of linearized tip element
ηG Efficiency of the generator
µ Wake center vector
µ RC average filter
φ rad α+ β
φM Relative wind speed frequency distribution
Σ Covariance determining width of Gaussian Wake
ϕi rad Azimuth angle of the ith blade
ϕwc rad Angle to center of the wake
ρ g/m2 Air density



CONTENTS

Symbol Value Description

τG Nm Loading torque from generator
τG,ref Nm Loading torque reference from generator
τHS Nm Torque acting on high speed shaft
τLS Nm Torque acting on low speed shaft
τR,i Nm Rotational torque on the ith blade element
τR,Tot Nm Rotational torque on the rotor
τR,root Nm Rotational torque on the rotor from blade root
τR,tip Nm Rotational torque on the rotor from blade tip
τtime,G s Time constant for the generator
τtime,P s Time constant for the pitch system
τyaw,L Nm Yaw torque from left rotor half plane
τyaw,R Nm Yaw torque from right rotor half plane
τyaw,root Nm Yaw torque from blade root
τyaw,tip Nm Yaw torque from blade tip
τyaw Nm Yaw torque
τyaw,z,i Nm Yaw torque around the z-axis from the ith blade
θH rad Angle of blade bending
θR rad Angle of low speed shaft
θG rad Angle of high speed shaft
θδ rad Torsion angle of drive train

θ̇G rad/sec Angular velocity of the generator

θ̇R rad/sec Angular velocity of the rotor
aF,root Fitting factor for thrust force on root of blade
aF,tip Fitting factor for thrust force on tip of blade
aτ ,root Fitting factor for rotor torque on root of blade
aτ ,tip Fitting factor for rotor torque on tip of blade
A′ Output-feedback formulation system matrix
A Weibull scaling factor
AL Linearized system matrix
Aroot m2 Area of linearized root element
Atip m2 Linearizedea of linearized tip element
B′ Output-feedback formulation input matrix
B Number of blades
Bb N/(m/s) Blade spring component of mass-spring-damper system
Bt N/(m/s) Tower spring component of mass-spring-damper system
BR Nm/(rad/s) Viscous friction of low speed shaft
BG Nm/(rad/s) Viscous friction of high speed shaft
BDT Nm/(rad/s) Torsion damp coefficient of drive train
BL Linearized input matrix
c m Airfoil chord length
cbl1 m Linearized chord length
cbl2 m Linearized chord length
C′ Output-feedback formulation output matrix
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Symbol Value Description

CD Drag coefficient
CL Lift coefficient
CL Linearized output matrix
dr m Width of blade element
D′ Output-feedback formulation feedforward matrix
DL Linearized feedforward matrix
ej RC error vector
fj RC feedforward signal vector
F Lifted system matrix
FD N Drag force
FL N Lift force
FR N Rotational force
FR,root N Rotational force acting on blade root
FR,tip N Rotational force acting on blade tip
FT N Thrust force
FT,root N Thrust force acting on blade root
FT,tip N Thrust force acting on blade tip
FT,blade,i N Thrust force acting on the ith blade
Ftip,i N Thrust force acting on the ith blade tip

F̃tip,i N Thrust force acting on the tower from the ith blade tip
Froot,i N Thrust force acting on the ith blade root
Gp Lifted pitch input matrix
Gw Lifted wind input matrix
H Lifted output matrix
H0 m Hub height above ground
J LQR cost function
J Lifted feedforward matrix
JG kgm2 Moment of inertia of the high speed shaft and generator
JR kgm2 Moment of inertia of the low speed shaft and rotor
k Weibull form factor
KDT Nm/rad Torsion stiffness of drive train
Kb N/m Blade spring component of mass-spring-damper system
Kt N/m Tower spring component of mass-spring-damper system
L RC learning filter
l Outputs from the system
lroot m Length of blade root
ltip m Length of blade tip
m Number of inputs to the system
Mb kg Blade mass component of mass-spring-damper system
Mt kg Tower mass component of mass-spring-damper system
Mout RC output filter
n Number of states in the system
N Number of elements in the blade element theory
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Symbol Value Description

N Period length i repetitive control
NG Gear ratio of the drive train
P Controllability gramian
Q LQR state weighting matrix
Q Observability gramian
Q RC robustness filter
r m Distance to the hub center
ri m Distance from rotor axis to the ith element
rt m Tower radius
rtip,i m Real distance to the ith tip element
rwc m Distance between the rotor center and wake center
rwake m Radius of the wake
rw m Distance to widest element of blade
rH m Distance to hinge place on blade
rroot m Distance to linearized root element
rtip m Distance to linearized tip element
R LQR input weighting matrix
R m Length of rotor blade
S ′RC Output-feedback formulation system
Tred Reduction transformation matrix
ulin Linear input vector
unon Nonlinear input vector
vw m/s Weibull wind speed
V m/s Free stream wind velocity
VF m/s Full wind field
VH m/s Wind speed at hub height
VM m/s Wind field from mean wind
VS m/s Wind field from wind shear
VT m/s Tower shadow wind field
VW m/s Wake wind field
Vrel m/s Relative wind velocity
Vroot m/s Wind speed in linearized root element
Vtip m/s Wind speed in linearized tip element
W RC output weighting matrix
WS Wind speed disturbance in wind shear expression
x State vector
X ′ Output-feedback formulation state vector
xN Lifted state vector
xb,i m Deflection of the ith blade
xt m Deflection of the tower
xm m Distance from the tower midline to the rotor blade
yj RC measured output vector
zj RC output vector
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Chapter 1

Introduction

In the last decades, there has been a lot of focus on changing the source of energy from
a basis of coal and fossil fuels to a greener and independent energy source. There exist
a lot of alternative solutions to meet this desire, one of the more mature solutions is the
wind turbine. As it can be seen in Figure 1.1, the wind turbine technology has been a
subject for a huge development and is today a strong competitor in creating sustainable
power.

50,000

100,000

150,000

200,000

250,000

0

[ MW ] 

2010 2011

6,100 7,600 10,200 13,600 17,400 23,900 31,100 39,431 47,620 59,091 74,052 93,820 120,291 158,864 197,637 237,669

2009200820072006200520042003200220011996 1997 1998 1999 2000

Figure 1.1: Global cumulative installed wind capacity 1996-2011 [11, p. 15]

As the development of the wind turbine continues, the size of the wind turbines have
increased, as illustrated in Figure 1.2. Increasing the size of the turbines induces a larger
amount of power, torque and stress on the wind turbine.

Placing several wind turbines together in wind farms, has advantage that they can share
infrastructure. A downside of the wind farms, is the wind turbines in front can create a
turbulent wake for the wind turbines behind. If a turbulent wind hits a wind turbine it
can cause an unbalanced structural load, which can with time damage the structure of
the wind turbine.



Introduction

Figure 1.2: Increase in size of wind turbines in recent years [7, p. 51]

Figure 1.3 shows how a wind field can change over the range of the rotor of the wind
turbine.

High wind

Medium wind

Low wind

Figure 1.3: Wind turbine in an inhomogen wind field

As the blades rotate in an inhomogeneous wind field, the blades will experience a vari-
ation in the wind speed and thereby a variation in rotor torque, yaw torque and thrust
force. Variations in the torque from the rotor can cause an unbalanced load on the shaft
and tower of the wind turbine. The result of this is more stress on the structural parts
of the wind turbine.

A way to reduce the unbalanced load is to use pitch actuators to pitch the single blade
out of the wind, when it experience a high load. This reduces the load from the blade
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1.1 Simulations using the FAST code

in the high wind area and thereby reduces the structure load which implies, that the
wind turbine can last for a longer time, or costs of the production can be lowered [26, p.
50]. However, the use of pitch actuators can not be exaggerated as they will wear out
to faster.

To reduce the wear of the pitch actuator, a controller, taking this into consideration, is
to be designed. Furthermore, this controller can use information from the measurements
of the previous blade, which has just passed this area of the wind field, making use of
the repetitive information available.

1.1 Simulations using the FAST code

Since a real wind turbine is not available for physical tests in this project, the FAST
code is used for simulating a wind turbine [23]. The FAST code is capable of modeling
two and three bladed horizontal-axis wind turbines, and the loads affecting it [15]. In
this project, both the Simulink in Matlab and command prompt will be used to run
the FAST code, which enables the implementation of advanced controls.
In this project, FAST is used for model validation, parameter extraction and lastly to
test the final controller developed. All FAST codes used for testing is attached to the
report on a DVD, and references are made to this where used.
In Appendix A, the different FAST files and the procedure to run FAST is described.

The FAST code can though only be used for wind fields without wakes; therefore, it can
only be used for test of controller in homogen wind fields.

1.2 Previous work

In recent decades, a lot of papers have been published concerning the modeling and
control of wind turbines. At Aalborg University several projects have been carried out
as well. Particularly, one of them is of interest for this project, as this group have been
working on the same problem:

• Repetitive Individual Pitch Model Predictive Control for Horizontal Axis Wind
Turbine (2010) [10]
Part of the FAST simulator was implemented in Matlab. A repetitive MPC
controller was developed and tested

It is this previous project this project is based on, mainly concerning the modeling of
the wind turbine.

7
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1.3 Project outline

To get an overview of the structure in this project report, an outline of the report will
now be given.

Firstly, the requirements for the controller, the problem statement, and the project
delimitation are determined in Chapter 2.

In Chapter 3 to 9, a nonlinear model of the wind turbine is described. The parameters for
the nonlinear model is estimated in Chapter 10, and the model is combined in Chapter
11. In order to use the linear controller designs a linear model is required, this is derived
in Chapter 12. In Chapter 13, a validation of both the nonlinear and linear model is
performed, against the FAST code to see how accurate the nonlinear and linear models
are.

The controller will be designed, corresponding to the requirements for the system, in
Chapters 14 to 16, and in Chapter 17 the implementation in Matlab is described.
Furthermore, in Chapter 18 the controller is compared to the controller from the FAST
code to see if the requirements for the project are meet.

Finally, Chapter 19 and 20 comprise the conclusions and discussions of the project.

8



Chapter 2

Requirements

To investigate, if it is possible to make a controller to individually control the pitch
actuators with focus on minimizing the yaw load on the wind turbine, minimizing the
pitch actuation and without lowering the power output, the overall requirements of the
project must be specified.

In this project, a controller will be made, which have the following requirement, in
prioritized order:

• Lower structural load with main focus on yaw torque
• Less pitch actuation
• Similar power output

compared to the WindPACT 1,5 wind turbine in FAST, which is a 1,5 MW 3-bladed
upwind baseline turbine [15, p. 121], described in Appendix B.

In brief, the problem statement for this project will be:

Can a controller, using individual pitch control, be developed, to reduce the yaw
torque under the presence of wake, which is better than the one for the Baseline
wind turbine in the FAST code?

Final and more specific requirements for the controller will be outlined later when the
model has been made, and the controller structure is determined in Chapter 14.



Requirements

2.1 Delimitation

In order to limit the size of the project, some delimitation has been made:

• Yaw freedom has been disabled, as this simplify the equations. Thereby, the wind
field is always placed orthogonal on the rotor field

• Wind speed is set to have a basis of 15 m/s. This is above the rated wind speed
for the wind turbine, which means the primary function of the controller is to limit
the structurally load and keep the rotational velocity

10



Part I

Modeling





Chapter 3

Model introduction

As described earlier, it is desired to make a controller and simulations based on a model
of a wind turbine. The model, which will be developed, must describe the significant
behavior of the wind turbine to make sure that the controller is developed on an ap-
propriate base. As this project is a sequel of the project [10], the model is made with
inspirations from this.

The model can be divided into minor submodels, as illustrated in Figure 3.1.

Aero-
dynamics

Mechanical
model

Generator
model

Structural
model

VF
τR θG

θR τG

FT

β τG,ref

PowerWind
model

xb,xt

Pitch
model

βref

Figure 3.1: Block diagram of overall model structure

In the figure, the inputs and outputs from the different submodels can be seen. And the
general structure of the entire model is also shown.



Model introduction

3.1 Model structure

To get insight into the model structure, the submodels will now shortly be described
including the inputs and outputs of the different parts.

Wind model

The first part of the overall structure is the wind model, this submodel is not a part of
the actual wind turbine, but it generates an input to the wind turbine, being the wind
field VF.
The wind model is based on some basic wind phenomena; wakes, which occurs in the
shadow of obstacles in front of the wind turbine, wind shear, which describes the variation
in wind in correlation with the height, and tower shadow. The wind model will be
described in Chapter 4.

Aerodynamic model

The wind field from the wind model is in the aerodynamic model converted into forces
acting on the blades. The aerodynamic model is based on blade element theory, which
makes it possible to calculate a rotational torque delivered to the drive train τR and a
thrust force FT affecting the blade and thereby the tower. These forces are calculated
on basis of the pitch angle of the blades β, which is one of the control inputs that can
be made on the wind turbine, the deflection of the blades xb, and the angular velocity
of the rotor θ̇R. The aerodynamic model is presented in Chapter 5.

Structural model

When the wind hits the wind turbine, the wind will induce some forces on the tower
and blades forcing them to bend. The deflections, of the tower and blades are modeled
using the hinge principle, where a hinge is introduced to model the deflection according
to the forces applied, the properties of the tower and blades is then calculated using a
mass-spring-damper system.
In addition, the deflection of the blades and tower, xb and xt, is used in the aerodynamic
model to find the forces affecting the blades. In Chapter 6, the full model of the structural
elements is presented.

Mechanical model

The mechanical model converts the rotational torque, τR, generated by the aerodynamics
into electrical power using the generator. The mechanical part of the wind turbine
consists of a gear, which converts the angular velocity of low speed shaft to a higher

14



3.1 Model structure

velocity of the high speed shaft, which drives the generator. The total mechanical
system is described in Chapter 7.

Pitch system model

A way to control the wind turbine is by pitching the blades with the angle β. A model
of the pitch system is made as a first order model, which describes the pitch angle β,
from the reference βref. The pitch system is described in Chapter 8.

Generator model

Beside pitching the blades, the wind turbine can be controlled by changing the torque
of the generator. The generator is controlled from a torque reference τG,ref, which leads
to the actual torque τG. The generator model is, as for the pitch system, modeled as a
first order system.

The overall structure and the submodels have been described, and the actual modeling of
the system can begin. This will be presented in further details in the following chapters,
beginning with the wind model. Subsequently, extraction of some of the parameters will
be done from FAST. Firstly, the coordinate systems used in modeling the wind turbine
will be determined.
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Model introduction

3.2 Coordinate systems

In the modeling process, it is necessary to have defined a coordinate system. In Figure
3.2, both a polar and a cartesian coordinate system are defined.

θR

r

(a) Polar coordinate system

z

y

x

(b) Cartesian coordinate system

Figure 3.2: Defined coordinate systems

In the polar coordinate system from Figure 3.2a, the coordinate system is the rotor plane
and has its center in the hub, from here the length r and the angle θ is defined according
to the vertical line up from the hub.
The cartesian coordinate system also has its origin in the hub, and have the axis places
as shown in the figure.
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Chapter 4

Wind model

A wind model will now be developed. This is used to calculate how the wind behaves.
It is complicated to model a wind field as it dependents on a lot of factors such as, time
of year, time of day, weather, shape of landscape, and geographical placement, making
it hard to validate the model. The wind model is used as an input for the aerodynamic
model described in Chapter 5.

The wind field is modeled as a sum of different components, as shown in equation 4.1.

VF(r, θR, t) = VM(t) + VS(r, θR, t) + VT(r, θR, t) + VW(r, θR, t), (4.1)

where VM is the mean wind, VS the wind shear, VT is the effect of the tower shadow,
and VW is the wakes from other wind turbines standing in front of the current turbine.
The different parts of the wind field will now be described.

4.1 Mean wind

The mean wind is the average wind speed at the moment. It changes depending on
time of the season, the weather and the geographical placement. Even though there is
a dependence on the surroundings, it has been shown that a Weibull distribution can
model the mean wind well [4, p. 14]. A Weibull distribution is illustrated in Figure 4.1,
where it can be seen from the graph denoted dφ/dv, that the most frequent wind speed
is about 6 m/s.
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Figure 4.1: Example of a Weibull distribution showing the mean wind on the island of Sylt
[12, p. 461]

The formula used to make this Weibull equation is 4.2, as shown in Figure 4.1:

φM(vw) =
k

A

(vw

A

)k−1
e−( vwA )

k

(4.2)

where vw is the wind speed, A is a scaling factor and k is a form factor.

Now a function has been found making it possible to make a realistic base of the mean
wind speed in the wind model.
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4.2 Wind shear

4.2 Wind shear

Generally the wind speed increases as a function of the height above the ground. This
phenomenon is called wind shear, and an illustration is shown in Figure 4.2.

Height [m]

Wind speed [m/s]

Figure 4.2: Wind shear effect

Wind shear can be modeled with the formula shown in equation 4.3 [6, p. 2].

VS(z) = VH

(
z

H0

)αws

(4.3)

where VS(z) is the wind shear wind speed, z is elevation above ground, H0 is the hub
height above the ground, VH is the wind speed at hub height, and αws is the wind shear
coefficient.
To analysis the effect of the wind field on a wind turbine, it is convenient to use a polar
coordinate system. The transformation of equation 4.3 can be seen in equation 4.4.

VS(r, θR) = VM(t)

(
rcos(θR) +H0

H0

)αws

(4.4)

= VM(t) (1 +WS(r, θR)) (4.5)

where WS(r, θR) is a wind speed disturbance, seen from the hub height H0, and VM(t)
the mean wind found in Section 4.1. WS can be approximated with a third order Taylor
series. This is done in [6, p. 2], and the result is shown in 4.6.

WS(r, θR) ≈ αws

(
r

H0

)
cos(θR) +

αws(αws − 1)

2

(
r

H0

)2

cos2(θR) (4.6)

+
αws(αws − 1)(αws − 2)

6

(
r

H0

)3

cos3(θR)
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Three terms is necessary to get the effect of a wind shear. A second order Taylor series
will only add wind shear as a constant to the mean wind.

The wind shear coefficients has been investigated by experiment in [27] and there is not
at clear value for the wind shear coefficient, so a mean of 0,194 and variance of 0,137
has been picked based on the measurement from these experiments.

4.3 Tower shadow

In an upwind wind turbine, the wind first hits the rotor and afterward the tower, placed
behind the rotor. This creates a decrease in wind which is called tower shadow, as
illustrated in Figure 4.3

Figure 4.3: Principle of the wind field around the tower

The effect of the tower shadow is less for upwind wind turbines compared to a downwind
turbine, but it still has to be considered in the wind model. The tower shadow effect
can be modeled as in formula 4.7 [6, p. 3].

VT(r, θR) = mtr
2
t

r2sin2(θR)− x2
m(

r2sin2(θR) + x2
m

)2 (4.7)

mt = 1 +
αws(αws − 1)r2)

8H2
0

(4.8)

where rt is the tower radius, r is distance to hub center, θR is the azimuthal angle and
xm is the distance from the tower midline to the rotor blade. Equation 4.8 take the
increasing mean wind from the shear effect into account, where αws is the wind shear
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4.4 Wakes

coefficient from Section 4.2 and H0 is the height of the rotor hub.

A graph has been made of the tower shadow equations with different r to see how the
effect from the tower shadow varies along the blade, this is shown in Figure 4.3.
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Figure 4.4: Effect of a tower shadow with different distances from the hub

It should be noted that the equations is only valid in the lower half plane, that is
π
2 ≤ θR ≤ 3π

2 as the tower shadow in the upper half plane should is absent.

4.4 Wakes

As the wind turbine extracts energy from the wind, a wind field behind the wind turbine
has decreased speed and increased turbulence. This is called a wake, and if the wake
hits another wind turbine, this turbine will meet an irregular load on the full or part of
the rotor plane. A wake typically has two states, it can be a near- or a far-wake. In this
report, only far-wakes will be considered, because a certain distance between the wind
turbines can be assumed. Two wake models has been derived a simple one and a more
realistic model.

Simple wake model

A wake can be modeled as a circular part of the rotor plane, in which the wind speed
is decreased, and the turbulence increased. An illustration of a wake in a rotor plane is
shown in Figure 4.5.
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r   wc
r   wake

Wake

Wind �eld at rotor plane

φ
wc

Figure 4.5: Wake in the wind field

The wake as shown in the figure can be described as equation 4.9 [10].

VW = f(rwake) if r2 + r2
wc − 2 · r · rwccos(θR − ϕ)− r2

wake ≤ 0
VW = 0 else

(4.9)

where

r is the distance to a point in the wind field
θR is the azimuth angle
ϕwc is the angle to center of the wake
rwc is the distance between the rotor center and wake center
rwake is the radius of the wake
f(rwake) defines the wind behavior inside the wake

When a part of the wind field meets equation 4.9 some turbulence will be introduced
and the wind speed will be decreased.

Wake with Gaussian distribution

In a real wake, the wind decreases as a Gaussian function, that is the wind speed is
smallest in the center of the wake and increasing to the edge of the wake [17].
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4.4 Wakes

To create a more realistic model of a wake, the probability density function for a multi-
variate Gaussian distribution has been used to describe the intensity of the wake.

The probability density function of the multivariate Gaussian distribution is shown in
equation 4.10. µ is a vector defining the center of the wake. Σ is the covariance, which
determine the wide of the wake. k is the dimension of the distribution. Furthermore, a
constant has to be multiplied to the probability density function in order to get a proper
amplitude and direction of the wake.

f(x) = (2π)−
k
2 |Σ|−0,5e−0,5(x−µ)TΣ−1(x−µ) (4.10)

x is the input x = [Radius Angle]T in reference to the center of the rotor plane.
Σ has been estimated to [ 80 0

0 80 ], and k to 2. The probability density function is multiplied
by -1000 in order to get the amplitude of the wake center to be around -1,9 m/s and the
wind speed to be decreasing in the wake. In Figure 4.6, the Gaussian wake is illustrated.
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Figure 4.6: The Gaussian wake

Wake meandering

A wake behind a wind turbine is not moving in a linear manner, instead it is twisting
both laterally and vertically as shown in Figure 4.7. The twisting behavior is called wake
meandering [17].

23



Wind model

Figure 4.7: Wake meandering principal sketch [9]

Wake meandering is caused by turbulence in the air stream making the wake to move.
When including a wake in the modeling it will be moving in a stochastic manner lateral
and vertical, with a speed approximately the same as the wind speed in hub height.
Though the movement of an actual wake is more complex, this is assumed to be appro-
priate for this wind model.

No test or validation data is available for the wake behavior, so the turbulent terms has
been estimated by Gaussian noise with mean 0. The variance for the separate parts are:
0,01 for the distance to wake, 0,01 for the angle to the wake center, 0,01 for the radius
for wake and 0,1 for the turbulent in the wake area.

4.5 Turbulence

Beside the stochastic elements, which have been added to the different parts of the wind
model, some turbulence should be added. The overall turbulence is added to the whole
wind field by a Gaussian noise with mean value 0 and variance 0,01. No literature have
been found which determines the actual behavior of the turbulence, so for this wind
model this has been found to be suitable.
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4.6 Combined wind field

4.6 Combined wind field

A wind model has been made in Matlab and a surface plot is shown in Figure 4.8, the
Matlab code is included in folder [’Wind model’].
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Figure 4.8: Plot of windfield with all elements included

In the plot, the tower shadow is shown in the lower part of the wind field, and a wake
is generated to the left of the center. Further more is some turbulence present, which is
also shown.

A wind model has now been designed for testing the wind turbine model, the wind model
will not be validated as there is no data to compare the model with. In the control of
the wind turbine, it can be preferred to ignore some parts of the wind field, this will be
possible by removing single parts when the full wind field is summarized.

The modeling of the wind turbine will commence with the aerodynamic model.
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Chapter 5

Aerodynamic model

In this chapter, it will be described how the incoming wind field will affect the blade
aerodynamics, and induce a rotational torque for the drive train, which will be described
in Chapter 7. Furthermore, the forces into the wind turbine will be used to compute the
deflecting of the tower and the blades, described in Chapter 6. The inputs and outputs
of the aerodynamic model can be seen in Figure 5.1.

Aero-
dynamics

Mechanical
model

Generator
model

Structural
model

VF
τR θG

θR τG

FT

β τG,ref

PowerWind
model

xb,xt

Pitch
model

βref

Figure 5.1: Block diagram showing the aerodynamic model inputs and outputs in the overall
model structure

The forces induced by the wind will be found using the blade element theory which is
described in the following section and afterwards it will be described how the wind and
the acting forces on the blade causes the blade to bend.



Aerodynamic model

5.1 Blade element theory

In this section, it is described how the forces generated by the wind is determined using
the blade element theory. This theory is among others described in [20]. In this method,
the blade is divided into N elements, and the forces affecting those elements is examined.

Firstly the blade is divided into minor elements of length dr as shown in Figure 5.2,
where a part of the blade is divided into smaller elements.

dr

c

α

Vrel

Chord

Figure 5.2: Division of the blade

The chord is the dotted line from end to tip of the blade, the length of this is denoted
by c. The wind affecting the blade is Vrel, with the angle of attack α being the angle
that the flow makes with the chord.
The relative wind velocity Vrel is the composition from the actual wind flow V and the
air flow that appears from the rotation of the blade θ̇Rr, where θ̇R is the angular velocity
of the rotor, and r is the distance from the center of the rotor to the blade element. The
calculation of Vrel is shown in equation 5.1.

V 2
rel = V 2 + (θ̇Rr)

2 (5.1)

When the relative wind hits the blade two perpendicular forces are generated. The lift
force FL and the drag force FD. These are illustrated in Figure 5.3, shown from a blade
element viewed from the end, with the different wind flows illustrated as well.

The drag force is moving in the same direction as the air flow, and the lift force is
perpendicular to these. The two forces for an element of width dr and length c can be
calculated as shown in equations 5.2 and 5.3 [20, p. 120].

FL =
ρc

2
V 2

relCL(α)dr (5.2)

FD =
ρc

2
V 2

relCD(α)dr (5.3)
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α
Vrel

FL

FD

V
Direction of blade movement

θR·r

Figure 5.3: The lift and drag forces affecting the blade

Besides the dimension parameters the forces depends of air density ρ and the lift and
drag coefficients, CL and CD. These coefficients varies depending on the shape of the
airfoil and the angle of attack.

When the blade is pitched the lift and drag forces will not be respectively parallel and
perpendicular to the rotational plane; therefore, they can be resolved into an tangential
and axial component, FR and FT, as shown in Figure 5.4.

Vrel

FL

FD

α
β

FR

FT

Plane of rotation

Direction of blade movement

Figure 5.4: The rotational and thrust forces affecting the blade

It can be seen that the blade is pitched with an angle of β, compared to the plane of
rotation, and furthermore the two forces FR, which make the rotor rotate, and FT, which
is making a thrust at the structure, is shown. The forces are combined from FL and FD

as shown in equations 5.4 and 5.6.

FR = FLsin(φ)− FDcos(φ) (5.4)

=
ρc

2
V 2

reldr(CL(α)sin(φ)− CD(α)cos(φ)) (5.5)

FT = FLcos(φ) + FDsin(φ) (5.6)

=
ρc

2
V 2

reldr(CL(α)cos(φ) + CD(α)sin(φ)) (5.7)
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where φ = α+ β, which can be calculated as

φ = tan-1

(
V

θ̇Rr

)
(5.8)

⇔ α = tan-1

(
V

θ̇Rr

)
− (β + βtwist) (5.9)

where βtwist is the pre-pitching of the blade, which varies according to the position on
the blade, r.

As it were seen from Figure 5.4, and the equations 5.4 and 5.6, both the lift and drag
force contributes to the thrust force FT. Whereas, only the lift force contributes to the
rotational torque, and the drag force opposes it. It is therefore desirable for the ratio
between the lift and drag coefficient, CL

CD
, to be as high as possible to get a high efficiency.

An example is shown in Figure 5.5.
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Figure 5.5: Typical drift and drag coefficients of an airfoil [2, p. 18]

The ratio increases as the angle of attack gets larger, but when the blade begins to stall,
this makes an sudden drop in the ratio, which causes a significant drop in the rotational
force. In the figure, it occurs around α = 13◦ .
Stalling is when the airflow on the upper side of the blade is no more laminar and sepa-
rates from the blade, this causes a wake to form above the blade.

The forces affecting a blade induces a torque of the rotor, τR,i, this torque from the
single element i, of the blade can be expressed as in equation 5.10.
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5.1 Blade element theory

τR,i = FR,i · ri (5.10)

Where FR,i is the forces on the ith element, and ri the distance from the rotor center to
the element.
To get the total torque from the whole rotor, the torque from the elements will be
summarized, which is shown in equation 5.11.

τR,blade,k =
N∑
i=1

FR,i · ri (5.11)

=

N∑
i=1

ρci
2
V 2

rel(ri)dr(CL(α)sin(φ)− CD(α)cos(φ)) · ri (5.12)

Where N is the number of elements the blade is divided into and ci is the chord length
of the ith element. Because the wind field is not homogeneous, τR,blade,k has to be found
for each blade, and summarized as in equation 5.13.

τR,tot =
B∑
k=1

τR,blade,k (5.13)

with B being the number of blades.

Likewise can the thrust force affecting the turbine structure be calculated as shown in
equation 5.14.

FT,blade,k =
N∑
i=1

FT,i (5.14)

=
N∑
i=1

ρci
2
V 2

rel(ri)dr(CL(α)cos(φ) + CD(α)sin(φ)) (5.15)

Now the forces affecting the blades has been described. However, in the used method, it
is assumed that the blade is a rigid body. Due to the thrust forces the blade will bend,
it will now be described how this bending can be modeled.
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5.2 Bending of the blade

To model the bending of the wind turbine blade, the bending motion can be modeled
by a hinge in the blade as shown in Figure 5.6.

τR

Blade root Blade tip

FT,root

FR,root

FT,tip

FR,tip

θH

Figure 5.6: Hinge model [10]

This means that the model found in the previous section, can be used directly for the
root, which is the part of the blade placed before the hinge, but because the blade is
bended the wind will have a different effect on the tip of the blade which is bended.
To calculate the forces acting on the different parts, of the blade, it is divided into three
regions as shown in Figure 5.7a, where the hinge is inserted at the rH mark. The force
affecting the blade will then be found by calculating three sums; from r0 to rW, rW to
rH and rH to R.

The part of the blade in the left of r0 is the part connecting the blade to the hub, and
it is assumed that the forces acting on this part are insignificant.

rW rH Rr0

c   (r)bl1
c   (r)bl2

(a) Blade divided into main regions

rW rH Rr0

c   (r)bl1
c   (r)bl2

(b) Blade divided into summation elements

Figure 5.7: Blade division

In Figure 5.7b, the blade is divided further in the elements that will be summarized
when the forces are calculated.
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5.2 Bending of the blade

If it is assumed that the blade is not bended the forces can be expressed as in equation
5.16.

[
FR

FT

]
=

 rW∑
i=r0

ρ

2
V 2

rel(ri)cbl1(ri)dr +

R∑
i=rW+1

ρ

2
V 2

rel(ri)cbl2(ri)dr

 (5.16)

·
[
CL(α)sin(φ)− CD(α)cos(φ)
CL(α)cos(φ) + CD(α)sin(φ)

]
The equation elements cbl1 and cbl2 are used to calculate the chord length by means of
the length r. The equations can be written as:

cbl1(ri) = a1ri + b1 and cbl2(ri) = a2ri + b2 (5.17)

In these equations, it is assumed that the sides of the blade are linear, but these equa-
tions can be changed to get nonlinear blade sides, if it wanted later in the modeling.

When the tip of the blade bends the relative wind will have a different effect on this part
than it will on the not bending part, this is because the incoming wind V is no longer
perpendicular on the blade tip. An illustration of this can be seen in Figure 5.8.

Vrel

Vrel

V’rel
FT,root

F’T,tip

θH

Figure 5.8: Wind turbine top view showing the changed relative wind V ′rel

In the figure, a new relative wind V ′rel is shown, this will be a function of the hinge angle
θH . Furthermore, a new tip thrust force is drawn, F ′T,tip, which is induced by the new
relative wind. The calculation of the relative wind V ′rel is shown in equation 5.19, and
an extended equation for Vrel is shown as well.

V 2
rel(ri) = (V − ẋt)

2 + (θ̇R · ri)2 for ri ≤ rH (5.18)

V ′2rel(ri) = (cos(θH) · (V − ẋb − ẋt))
2 + (θ̇R · ri)2 for ri > rH (5.19)
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As it can be seen, the movement of the tower ẋt and the blade ẋb have been included in
the equations because this movement can have a significant influence on the variables.
ẋt and ẋb are described further in Chapter 6.

With the bending of the blade taken into account, α and φ, can be redefined as well,
this is shown in equation 5.20 and 5.21.

φ = tan-1
(
V−ẋt
θ̇Rr

)
α = tan-1

(
V−ẋt
θ̇Rr

)
− (β + βtwist)

for ri ≤ rH (5.20)

φ′ = tan-1
(
V−ẋb−ẋt

θ̇Rr

)
α′ = tan-1

(
V−ẋb−ẋt

θ̇Rr

)
− (β + βtwist)

for ri > rH (5.21)

where α′ and φ′ is variables for the tip of the blade.
Furthermore, the thrust forces for the root and tip of the blade can be calculated as in
equation 5.22 and 5.23.

FT,root =

 rW∑
i=r0

ρ

2
V 2

rel(ri) · cbl1(ri)dr +

rH∑
i=rW+1

ρ

2
V 2

rel(ri) · cbl2(ri)dr

 (5.22)

· (CL(α)cos(φ) + CD(α)sin(φ))

F ′T,tip =

 R∑
i=rH+1

ρ

2
V ′2rel(ri) · cbl2(ri)dr

 (5.23)

·
(
CL(α′)cos(φ′) + CD(α′)sin(φ′)

)
As it were seen in Figure 5.8, the force F ′T,tip is no longer parallel to the wind inflow,
which have to be taken into account when the total thrust force is found. This is done
as in equation 5.24 and 5.25.

FT,tip = F ′T,tip · cos(θH) (5.24)

FT,blade = FT,root + FT,tip (5.25)

If the force is found for all the blades, the total force affecting the tower can be calculated.

Finding the rotation force can be done in a similar way by summarizing the root and
tip forces, this is done in equation 5.26 and 5.27.
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5.2 Bending of the blade

FR,root =

 rW∑
i=r0

ρ

2
V 2

rel(ri) · cbl1(ri)dr +

rH∑
i=rW+1

ρ

2
V 2

rel(ri) · cbl2(ri)dr

 (5.26)

· (CL(α)sin(φ)− CD(α)cos(φ))

F ′R,tip =

 R∑
i=rH+1

ρ

2
V ′2rel(ri) · cbl2(ri)dr

 (5.27)

·
(
CL(α′)sin(φ′)− CD(α′)cos(φ′)

)
As done in equation 5.13, the torque induced by the blades can be calculated by mul-
tiplying the force on each element by the distance from the rotational center to the
element.
Because of the bending of the blade, it is not possible to use the blade radius ri directly.
Therefore, it is necessary to find the real length to the element of the blade. If it is
known how much the blade it bended, it is possible to find the angle θH and from this
calculate the real distance form the center of the rotor to the ith element, rtip,i. Firstly,
the angle θH is found as:

θH = sin−1

(
xb

ltip

)
(5.28)

When θH is found the real distance to the tip elements rtip,i can be calculated according
to the distances illustrated in Figure 5.9.

rtip,i = lroot + ltip,i · cos(θH) (5.29)

Using the found rtip,i the rotational torque induced by the root and tip of the blade is
found in equation 5.30 and 5.31.

τR,root =

(
rW∑
i=r0

ρ

2
V 2

rel(ri) · cbl1(ri)dr · ri +

rH∑
i=rW+1

ρ

2
V 2

rel(ri) (5.30)

· cbl2(ri)dr · ri

)
· (CL(α)sin(φ)− CD(α)cos(φ))

τR,tip =

 R∑
i=rH+1

ρ

2
V ′2rel(ri) · cbl2(ri)dr · rtip,i

 (5.31)

·
(
CL(α′)sin(φ′)− CD(α′)cos(φ′)

)
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Vrel

V’rel

FT,root

F’T,tip

θH

lroot

ltip

ltip·cos(θH)

xb

Figure 5.9: Illustration of the bended blade distances

The total torque for one blade is then calculated in equation 5.32.

τR,blade,k = τR,root + τR,tip (5.32)

In this chapter, the thrust force acting on the tower and blade structure was found,
this will be used in Chapter 6 to calculate the deflection of the tower and the blades.
Furthermore, the aerodynamic torque has induced by the wind flow found, this will be
driving the generator through a drive train which will be described in Chapter 7.

As there are no parameters to fit in the nonlinear aerodynamic model, four factors will be
multiplied to the output from the model to make it more similar to the output from the
more complex FAST model, these parameters are aF,root, aF,tip, aτ ,root, and aτ ,tip, which
is for the thrust force for the root and tip, and the torque for root and tip respectively.
The fitting of these parameters will be implemented in Section 10.1.
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Chapter 6

Structural model

In this chapter, some of the structural behaviors of the wind turbine will be described,
namely the deflection of the tower and the blades due to the thrust force from the wind
described in Chapter 5. The placement of the tower structures in the overall system,
and the input and output from the system can be seen in Figure 6.1.

Aero-
dynamics

Mechanical
model

Generator
model

Structural
model

VF
τR θG

θR τG

FT

β τG,ref

PowerWind
model

xb,xt

Pitch
model

βref

Figure 6.1: Block diagram showing the tower structures inputs and outputs in the overall
model structure

The main input to the model of the tower is the thrust force, FT from the blades, this
force will make the tower and the blades deflect. This deflection of the blades, xb, and
tower xt is the output of the tower model.
In this submodel, only the flap-wise bending of the blades, and the fore-aft movement
of the tower is considered, because this have a significance to the model.

By inserting a hinge in each of the blades, as described in the Section 5.2, and one in
tower as illustrated in Figure 6.2, the deflecting of the structures can be modeled as
mass-spring-damper systems.



Structural model

Figure 6.2: Wind turbine with virtual hinges inserted

The fore-aft movement of the tower consist of the mass of the whole wind turbine, this
is divided into four masses, one for each blade tip Mb,i and one for the tower including
the masses of the blade roots, Mt. These masses are connected in a parallel mass-spring-
damper system as shown in Figure 6.3.

The mass-spring-damper system for the blades is assumed to be the same for all three
blades, thus the calculations for these are made for only one blade. The equations for
the system will now be found. Firstly the equations for the blades is shown in 6.1, and
is rearranged to find the force, F̃tip,i, by which the tower is affected by each blade.

Ftip,i = Mb,iẍb,i +Kb,i(xb,i − xt) +Bb,i(ẋb,i − ẋt) (6.1)

Mb,iẍb,i = Ftip,i −Kb,i(xb,i − xt)−Bb,i(ẋb,i − ẋt) (6.2)

F̃tip,i = Ftip,i −Kb,i(xb,i − xt)−Bb,i(ẋb,i − ẋt) (6.3)

In the equations Ftip,i is the tip thrust force from each blade, found in equation 5.23,
Kb,i and Bb,i is the spring and damper constants, xb,i and xt is the displacement of the
blade elements and the tower respectively, also denoting the deflection of the blade and
tower.

From equation 6.2 the acceleration of the blade is found by dividing the equation by
Mb,i, yielding equation 6.4
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Figure 6.3: Mass-spring-damper system of the tower structure

ẍb,i =
Ftip,i

Mb,i
−
Kb,i

Mb,i
xb,i +

Kb,i

Mb,i
xt −

Bb,i

Mb,i
ẋb,i +

Bb,i

Mb,i
ẋt (6.4)

For the tower the mass-spring-damper system can be expressed as in equation 6.5.

Froot,1 + Froot,2 + Froot,3 + F̃tip,1 + F̃tip,2 + F̃tip,3 (6.5)

= Mtẍt +Ktxt +Btẋt

where Froot,i is the root thrust force from each blade, found in equation 5.22, and Kt

and Bt the spring and damper constants.
ẍt will now be isolated by inserting equation 6.3 into equation 6.5 and rearranging, the
result is seen in equation 6.6.

ẍt =
Froot,1

Mt
+
Froot,2

Mt
+
Froot,3

Mt
+
Ftip,1

Mt
+
Ftip,2

Mt
+
Ftip,3

Mt
(6.6)

+
Kb,1 +Kb,2 +Kb,3 −Kt

Mt
xt +

Bb,1 +Bb,2 +Bb,3 −Bt

Mt
ẋt

−
Kb,1

Mt
xb,1 −

Kb,2

Mt
xb,2 −

Kb,3

Mt
xb,3 −

Bb,1

Mt
ẋb,1 −

Bb,2

Mt
ẋb,2 −

Bb,3

Mt
ẋb,3
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Structural model

The input to this tower structure was the thrust force from the aerodynamics in Chapter
5 and the output will be the deflection of the blades and tower.

Furthermore, two state equations in 6.4 and 6.6 were found. These state equation has
been rewritten into the state space representation in 6.7 and 6.8.

Astr =



0 1 0 0 0 0 0 0

−
Kb,1
Mb,1

−
Bb,1
Mb,1

0 0 0 0
Kb,1
Mb,1

Bb,1
Mb,1

0 0 0 1 0 0 0 0

0 0 −
Kb,2
Mb,2

−
Bb,2
Mb,2

0 0
Kb,2
Mb,2

Bb,2
Mb,2

0 0 0 0 0 1 0 0

0 0 0 0 −
Kb,3
Mb,3

−
Bb,3
Mb,3

Kb,3
Mb,3

Bb,3
Mb,3

0 0 0 0 0 0 0 1

−
Kb,1
Mt

−
Bb,1
Mt

−
Kb,2
Mt

−
Bb,2
Mt

−
Kb,3
Mt

−
Bb,3
Mt

a8,7 a8,8


(6.7)

a8,7 =
Kb,1+Kb,2+Kb,3−Kt

Mt

a8,8 =
Bb,1+Bb,2+Bb,3−Bt

Mt

Bstr =



0 0 0 0 0 0
0 0 0 1

Mb,1
0 0

0 0 0 0 0 0
0 0 0 0 1

Mb,2
0

0 0 0 0 0 0
0 0 0 0 0 1

Mb,3

0 0 0 0 0 0
1
Mt

1
Mt

1
Mt

1
Mt

1
Mt

1
Mt


Cstr = I8 Dstr = 08,6 (6.8)

The state vector and input vector to the structural state space model are 6.9 and 6.10.

xstr = [ xb,1 ẋb,1 xb,2 ẋb,2 xb,3 ẋb,3 xt ẋt ]T (6.9)

ustr = [ Froot,1 Ftip,1 Froot,2 Ftip,2 Froot,3 Ftip,3 ]T (6.10)
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6.1 Yaw torque

6.1 Yaw torque

When a wake hits the rotor plane this will cause an uneven load on the wind turbine.
The difference in the loads will induce an yaw torque on the wind turbine, as illustrated
in Figure 6.4.

τyaw,Rτyaw,L

Figure 6.4: Principal sketch of an uneven wind load inducing an yaw torque

The total yaw torque can be defined as in equation 6.11.

τyaw = τyaw,L + τyaw,R (6.11)

In order to identify if there is an uneven load on the rotor plane, a model for the yaw
torque is derived. This model can later be used to limit the yaw torque affecting the
wind turbine.

As the wind pushes upon a blade, the blade generates an yaw torque on the tower, as in
equation 6.12. τyaw,k is the torque around the tower from the kth blade. Each blade is
divided into N pieces, for each piece the force from the wind FT,i, and the distance to
center ri is multiplied.

τyaw,k =
N∑
i=1

FT,i · ri (6.12)

For the root of blade, which does not bend, the force upon the blade is τyaw,root, which
is shown in equation 6.13.
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Structural model

τyaw,root =

( rW∑
i=r0

ρ

2
V 2

rel(ri) · cbl1(ri)dr · ri +

rH∑
i=rW+1

ρ

2
V 2

rel(ri) (6.13)

· cbl2(ri)dr · ri
)
· (CL(α)cos(φ) + CD(α)sin(φ))

For the tip of the blade both the force and distance to the tower are changed, this is
illustrated in Figure 6.5.

FT,root

F’T,tip

θH

Tower midline

θH θε

FT,tip

Fyaw,tip

lyaw

θε

lroot ltip·cos(θH)

ltip·sin(θH)

A

loverhang

τyaw

Figure 6.5: How to find the yaw torque

Equations 6.14 to 6.17 shows the calculation of Fyaw,tip.

A = loverhang − ltip(ri)sin(θH) (6.14)

lyaw(ri) =
√
A2 + (lroot + ltip(ri)cos(θH))2 (6.15)

θε = tan−1

(
A

lroot + ltip(ri)cos(θH)

)
(6.16)

Fyaw,tip = F ′T,tip · cos(θH + θε) (6.17)

When Fyaw,tip is found, τyaw,tip can be found as well by including the distance from blade
segment to the tower midline lyaw in the equation, this is done in equation 6.18.
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6.1 Yaw torque

τyaw,tip =

 R∑
i=rH+1

ρ

2
V ′2rel(ri) · cbl2(ri)dr · lyaw(ri)

 (6.18)

·
(
CL(α′)cos(φ′) + CD(α′)sin(φ′)

)
· cos(θH + θε)

The total yaw torque for each blade is then calculated in equation 6.19.

τyaw,blade,k = τyaw,root + τyaw,tip (6.19)

As the yaw torque of the interest is around the vertical axis, the azimuth angle of the
blade has to be taken into account. The angles are defined in Figure 6.6.

φ1

φ3

φ2

z

Figure 6.6: The angle used to find the yaw torque

The yaw torque for one blade around the vertical axis is in equation 6.20, where ϕi is the
angle of the blade, k is the blade number, and z indicates that it is around the z-axis.

τyaw,z,k = sin(ϕk) · τyaw,blade,k (6.20)

Applying a homogeneous wind field the single blade generates an yaw torque from each
blade, this is illustrated in Figure 6.7, where the summarized yaw torque is shown as
well.
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Figure 6.7: Simple simulation with a homogeneous wind field

If a wake is present in the wind field an uneven yaw torque occurs, this is illustrated in
Figure 6.8.
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Figure 6.8: Yaw simulation with a wake moving in a sine pattern

As the wake moves in the wind field the yaw torque increases, and when it move out of
the rotor plane the yaw torque decreases again.

Now it will be examined how the rotational force from Chapter 5, drives the generator,
this is done in the following chapter.
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Chapter 7

Mechanical model

In this chapter, the main mechanics of the wind turbine is considered, namely the drive
train. The objective of the drive train is to connect the rotor to the generator, and
thereby convert the rotational torque to electrical power. The inputs and outputs of the
mechanical model can be seen in Figure 7.1.
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dynamics
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Structural
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VF
τR θG

θR τG

FT

β τG,ref

PowerWind
model

xb,xt
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βref

Figure 7.1: Block diagram showing the mechanical model inputs and outputs in the overall
model structure

The torque from the rotor τR, found in Chapter 5, is transfered to the generator through
a low speed shaft, which typically has a speed of 20-50 rpm [2, p. 30], into a gearbox
giving the high speed shaft the speed 1000-1500 rpm, and lastly into the generator, this
is illustrated in Figure 7.2.

Gearless wind turbines with direct connection between rotor and generator is making an
entrance into the market, but this will not be considered in this model.



Mechanical model

Nacelle

Generator

Gearbox

Hub

Blade Tower

Figure 7.2: Mechanical system of the wind turbine [2, p. 30]

The different parts of the mechanical system will now be examined and a model is made
inspired by [10]. The mechanical system from Figure 7.2 can be turned into the model
illustration in Figure 7.3.

τR θR τG θG

BGBR

BDT

KDT

NG

JR JG

τLS τHS

Figure 7.3: Mechanical model

In left side of the figure, the torque from the rotor is applied as τR, this makes the low
speed shaft rotate with a speed of θ̇R. The low speed shaft drives a gear, here illustrated
as a planetary gear, this transfers a speed of θ̇G, and the torque τHS to the high speed
shaft which is fed into the generator. The equations of the transfer speed and torque is
shown in equation 7.1 and 7.2 where NG is the gear ratio.

θ̇G = NG · θ̇R (7.1)

τHS =
τLS

NG
(7.2)
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7.1 Dynamic equations

JR in the model, is the inertia of both the low speed shaft and the rotor, and JG includes
the inertia of the generator and gearbox. Furthermore, the torsion of the shaft and the
flexibility of the drive train are modeled by an inserted spring. Frictions from the gear
and the bearings are included on the spring and the low and high speed shafts.
The torques, that is induced by the inertias and frictions of the drive train, are included
in the model as τLS and the torque from the generator is included as τG.

7.1 Dynamic equations

The dynamics of the shafts can now be expressed, in equation 7.3 is the low speed shaft
firstly described.

JRθ̈R = τR − τLS −BRθ̇R (7.3)

Beside the known elements this equation contains the friction of the bearing denoted as
BR.
The torsion on the drive train is included as a torsion spring, which is described in
equation 7.4.

τLS = KDTθδ +BDTθ̇δ (7.4)

θδ = θR −
θG

NG
(7.5)

Where BDT is a torsion damping coefficient, KDT the stiffness, and θδ the torsion angle
of the drive train.

The absolute angles of the system are of no interest for the model, except the torsion
angle θδ. This leads to the rewriting in equation 7.6 where 7.5 is differentiated and
inserted into 7.4.

τLS = KDTθδ +BDT

(
θ̇R −

θ̇G

NG

)
(7.6)

Now the dynamics of the low speed shaft is expressed, and is found for the high speed
shaft in equation 7.7.

JGθ̈G = τHS − τG −BGθ̇G (7.7)
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Mechanical model

The dynamic equations have been found for the drive train, and they can now be rewriten
into three equations.
Firstly 7.6 is substituted into 7.3 giving equation 7.8. Then 7.9 is found in a similar way,
by first inserting 7.6 into 7.2 and these are inserted into 7.7. The last equation 7.10 is
made by differentiating 7.5.

JRθ̈R = τR −KDTθδ − (BDT +BR) θ̇R +
BDT

NG
θ̇G (7.8)

JGθ̈G =
KDT

NG
θδ +

BDT
NG

θ̇R −
(
BDT

N2
G

+BG

)
θ̇G − τG (7.9)

θ̇δ = θ̇R −
θ̇G

NG
(7.10)

In the final state space model, desired states is θ̈R, θ̈G and θ̇δ, these variables is isolated
in equation 7.11 to 7.13.

θ̈R =
τR

JR
− KDT

JR
θδ −

(BDT +BR)

JR
θ̇R +

BDT

NGJR
θ̇G (7.11)

θ̈G =
KDT

NGJG
θδ +

BDT
NGJG

θ̇R −
(
BDT

N2
GJG

+
BG

JG

)
θ̇G −

τG

JG
(7.12)

θ̇δ = θ̇R −
1

NG
θ̇G (7.13)

Three first order differential equations have now been derived, in order to describe the
behavior of the drive train.

The equations found have been written into a state space representation in equation 7.14
to 7.16

xmech =
[
θ̇R θ̇G θδ

]T
umech =

[
τR τG

]T
(7.14)

Amech =


−(BDT+BR)

JR

BDT
NGJR

−KDT
JR

BDT
NGJG

−
(

BDT
N2
G
JG

+
BG
JG

)
KDT
NGJG

1 −1
NG

0

 (7.15)

Bmech =

[
1
JR

0

0 −1
JG

0 0

]
Cmech = I3 Dmech = 03,2 (7.16)
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Chapter 8

Pitch system model

A part of the control will consist of blade pitching. This pitching will be performed by
three pitch actuators placed in the hub of the wind turbine. It is necessary to model
these actuators in order to include the pitching control in the overall model.
The input to the pitch system model βref will come from the controller, as illustrated
in Figure 8.1, this input consists of three different pitch references, to make individual
pitching possible, and the output will be the actual pitch of the blade used by the
aerodynamic model in Chapter 5.
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Figure 8.1: Block diagram showing the pitch system model inputs and outputs in the overall
model structure

In closed loop, the pitch actuators can be modeled as a first-order system [2, p. 42], where
there is a limitations in speed of the actuators and amplitude. This has been considered
to be sufficient to this project where the wind turbine will have three independent and
identical pitch systems.

The input for the pitch actuator will as described be the pitch reference βref and the
output will be the actual pitch of the blade β. The dynamic behavior of the pitch system
is expressed in equation 8.1.

L
(
β̇
)

= -
1

τtime,P
L (β) +

1

τtime,P
βref (8.1)



Pitch system model

where

L(x) =


x if xmin < x < xmax

xmin if x < xmin

xmax if x > xmax

(8.2)

where τtime,P is the time constant of the pitch system. In Figure 8.2, a block diagram
of the first-order pitch actuator model is shown, where the limitations of the actuator is
inserted as well.

βref β̇ 1
s

β

−

βmin/max˙ βmin/max

1
τtime,P

1
τtime,P

Figure 8.2: Pitch actuator block diagram [2, p. 43]

As the properties for pitch actuator is not included in FAST, the limitations shown in
Table 8.1 will be used.

βmin 0◦ β̇min -10◦/s

βmax 90◦ β̇max 10◦/s

Table 8.1: Pitch actuator limitations [18, p. 25][19, p. 6]

From [22, p. 5] τtime,P is set to 0,2 seconds.

The model is written in state space as shown in equations 8.3 to 8.5

xβ =
[
β1 β2 β3

]T
uβ =

[
βref,1 βref,2 βref,3

]T
(8.3)

Aβ =


−1

τtime,P
0 0

0 −1
τtime,P

0

0 0 −1
τtime,P

Bβ =

 1
τtime,P

0 0

0 1
τtime,P

0

0 0 1
τtime,P

 (8.4)

Cβ = I3 Dβ = 03,3 (8.5)

The model of the pitch actuators have now been modeled as a first order system. The
output β of this pitch system model will be an input to the aerodynamic model described
in Chapter 5.
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Chapter 9

Generator model

Besides the blade pitch, the controller can use the generator torque to control the system.
It is therefore necessary to make a model of the loading torque from the generator which
shows the relation between the input and output of the generator. The placement of the
generator model in the overall structure can be seen in Figure 9.1.

Aero-
dynamics

Mechanical
model

Generator
model

Structural
model

VF
τR θG

θR τG

FT

β τG,ref

PowerWind
model

xb,xt

Pitch
model

βref

Figure 9.1: Block diagram showing the generator model inputs and outputs in the overall
model structure

The input to the model of the generator is the angular velocity of the high speed shaft
from Chapter 7 where the mechanical model is described, and a control signal consisting
of a torque reference τG,ref and the output will be the actual torque from the generator
τG, and an electrical power output.
The dynamics of the electric part of the wind turbine are much faster than the mecha-
nical parts of the system [2, p. 37], and therefore the generator model can be modeled
as a first order system [8].

The dynamic equation describing the generator is expressed in equation 9.1.

L (τ̇G) = -
1

τtime,G
L (τG) +

1

τtime,G
τG,ref (9.1)



Generator model

where

L(x) =


x if xmin < x < xmax

xmin if x < xmin

xmax if x > xmax

(9.2)

where τtime,G is the time constant of the first-order system. A block diagram of the
generator model is illustrated in Figure 9.2, where the limitations of the generator is
inserted.

τG,ref 1 1
s

τ

−

τG,min/max˙
τ̇

τG,min/max

τtime,G

1
τtime,G

G G

Figure 9.2: Block diagram of generator model

In the final model, the generator torque is said to be equal to the torque reference be-
cause the generator unit is assumed to be significantly faster than the rest of the system.

Besides the response on a reference torque, the incoming angular velocity from the high
speed shaft, θ̇G, will combined with the torque give a power output, PG, as shown in
equation 9.3.

PG = ηGθ̇GτG (9.3)

where ηG is the efficiency of the generator.

In this chapter, a model of the generator has been modeled as a first order system.
The outputs of this generator model is the generator torque τG which is used in the
mechanical model in Chapter 7, and a power output PG which will also be the output
from the overall model.
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Chapter 10

Parameter estimation

Different parts of the model has been derived in previous chapters. To complete the
submodels, some of the parameters will now be determined, these are parameters that
can be estimated by implementing the submodels in Matlab, and comparing the results
with the FAST outputs.

Ahead of the parameter estimation the placement of the hinge has been determined by
inspiration from [10], and use of Matlab simulations. The hinge is placed between the
8th and the 9th blade element, this gives a rH of 19,5 m.

Matlab scripts and FAST files used for the parameter estimation is attached in the
folder [’Parameter estimation’].



Parameter estimation

10.1 Aerodynamic parameter estimation

In the following, the aerodynamic model is compared to the output from AeroDyn. The
drive train, tower, and blade freedom has been disabled to avoid undesired influence.

The aerodynamic model for the blades from Chapter 5 has no parameters to fit. Instead
four factors has been added for this purpose, aF,root and aF,tip, which is multiplied to
the thrust forces Froot and Ftip respectively, and aτ ,root and aτ ,tip, which is multiplied to
the rotational torques τroot and τtip respectively.

Estimation of the parameters will be carried out as shown in Figure 10.1, by having a
wind field as input to the aerodynamic model and AeroDyn, the parameters can now be
fitted in the model, to make the output from AeroDyn and the model to match.

Aero.
model

Parameter
estimation

AeroDyn

Wind
�eld

Figure 10.1: Block diagram of aerodynamic model parameter estimation

In Figure 10.2, the wind input for the aerodynamic model and FAST is shown.
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Figure 10.2: Wind input for the aerodynamic model and FAST

The output from AeroDyn can be seen in Figure 10.3 along with the output from the
aerodynamic model. The fitted model it is the same as the AeroDyn output as the
factors make a perfect fit.
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10.1 Aerodynamic parameter estimation

0 50 100 150 200 250 300 350 400
0

0.5

1

1.5

2

2.5

3
x 10

4
R

oo
t t

hr
us

t f
or

ce
 [N

]

Time [s]

 

 
Unfitted model
AeroDyn

(a) Root thrust force
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(b) Tip thrust force
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(c) Root torque
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(d) Tip torque

Figure 10.3: Thrust force and rotational torque from AeroDyn, along with the unfitted
torque from the aerodynamic model
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Parameter estimation

These plots show how the total force and torque of a blade are behaving according to the
wind input. In Figure 10.4, the forces and torques output from AeroDyn for each blade
element are shown. Furthermore, the unfitted and fitted elements from the aerodynamic
model are plotted as well.
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(a) Rotational torque
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(b) Thrust force

Figure 10.4: Element-wise thrust forces and rotational torques from AeroDyn, along with
the unfitted and fitted forces and torques from the aerodynamic model

As it can be seen from the figures, there is not a perfect fit between AeroDyn and original
model output. By multiplying the different parts by a fitting factor it is possible to get
a perfect fit between the two outputs. These fitting factors is shown in Table 10.1.

Parameter Value

aF,root 0,9704
aF,tip 0,9989
aτ ,root 0,9735
aτ ,tip 0,9959

Table 10.1: Fitting factors for the aerodynamic model

The factors has been estimated using fminsearch to minimize the quadratic error bet-
ween AeroDyn and the model, the error is therefore as small as possible.
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10.2 Yaw torque

10.2 Yaw torque

It is not possible to fit the yaw torque to FAST, as it is not possible to use wind field
including a wake as input to FAST. The equations used to calculate the yaw torque,
is almost similar to the equations in the aerodynamic model and therefore the same
parameters, aF,root and aF,tip, is used on the yaw torque.

10.3 Mechanical parameter estimation

The set up for the parameter estimation of the mechanical model found in Chapter 7
can be seen in Figure 10.5.

Mechanical
model

Parameter
estimation

Wind
�eld FAST

Figure 10.5: Block diagram of mechanical model parameter estimation

The input to the drive train model are the rotor and generator torque. The output are
the velocity of the low and high speed shafts. The two torques are extracted from FAST
and loaded into the drive train model. The output from drive train model is compared
to the output from FAST.

To estimate the mechanical parameters, the Matlab function pem has been used.

Previous to the estimation is some data made in FAST with the wind input shown in
Figure 10.6.
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Figure 10.6: Wind input for FAST
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This wind input generates the torques shown in Figure 10.7.
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Figure 10.7: Torque input for pem estimation

These two torques will be the input for the pem estimation, along with the velocities of
the low and high speed shafts.

pem needs some initial parameter guesses and ends out with the best fitting parameter.
Both the initial guesses and the final estimated parameter is listed in Table 10.2. The
initial guesses is based on the project [10] and FAST.

Parameter Initial guess Estimation

KDT [Nm/rad] 5,60E9 5,60E9
BDT [Nm/(rad/s)] 1,00E7 1,00E7
BR [Nm/(rad/s)] 2,50E1 7,72E-5
BG [Nm/(rad/s)] 0,00E0 2,79E-5
JG [kg m2] 5,30E1 4,51E1
JR [kg m2] 2,96E4 6,13E4

Table 10.2: Estimated drive train parameters

Other than these parameters is the gear ratio, which is not estimated but read off from
the FAST files. The gear ratio is found to be 87,965.
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10.3 Mechanical parameter estimation

The output from the parameter estimation is shown in the figures 10.8a and 10.8b.
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(a) Low speed shaft velocity
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(b) High speed shaft velocity

Figure 10.8: Result from parameter estimation of the drive train

As it can be seen from these two figures, the parameters are estimated perfectly, giving
a perfect fit of both the low and high speed velocity.

Besides the estimation according to the velocities of the two shafts was the twist of the
low speed shaft also originally included in the estimation. It turned out though that the
output from FAST, was not suitable for estimation. The twist found in the model is
shown in Figure 10.9, where only the model output is shown.
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Figure 10.9: Low speed shaft twist from the model

Even though the twist of the low speed shaft have been omitted the parameter estimation
of the drive train is still supposed to be suitable.

10.4 Structural parameter estimation

In Chapter 6, a model for the structural elements on the wind turbine were found, that
is the bending of tower and blades.
In this section, the parameters for this model will be estimated. The set up for the
estimation is shown in Figure 10.10.

Structural
model

Parameter
estimationAeroDyn

Wind
�eld

FAST

Figure 10.10: Block diagram of structural model parameter estimation

AeroDyn calculates the forces acting on each element of the blade, which are used as an
input to FAST and the structural model. The bending of the tower and the blades cal-
culated in FAST is then compared to the bendings from the model, and the parameters
is estimated to give the best result.

Implementation of this parameter estimation is done by the Matlab function pem.

The wind input for AeroDyn is shown in Figure 10.11. The wind field consists of steps
of 5 m/s until 25 m/s where the wind speed returns to 0 m/s.

Normally the wind will not change that steep, but in this parameter estimation it will
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Figure 10.11: Wind input for estimation of parameters in the structural model

give a clear change in deflection of the blades and tower.
The pitch has been set to 0◦ , and the hinge inserted in the blades in placed between
8th and 9th blade element. Furthermore, all degrees of freedom is turned of in FAST,
besides the ones for tower and blade deflection.

Running the estimation results in the parameters presented in Table 10.3, where also
the initial guesses are listed. These guesses are based on the project [10, p. 119].

Parameter Initial guess Estimation

Blade spring [N/m] 2,32E4 2,59E4
Blade damper [N/(m/s)] 3,26E2 2,11E2
Blade mass [kg] 3,61E2 4,06E2

Tower spring [N/m] 9,30E5 4,76E5
Tower damper [N/(m/s)] 2,41E4 1,12E4
Tower mass [kg] 1,38E5 7,30E4

Table 10.3: Estimated structural parameters

In Chapter 6, different spring, damper and mass coefficients where given for each blade,
but it is assumed that these coefficients are equal.

When inserting the parameters into the structural model this yields deflection and ve-
locity of the blades presented in Figure 10.12. Originally the fitting process should take
both deflection and velocity into account, but it turned out that the fit were best when
only the deflection were considered. This is probably because the velocity is not an
output from FAST, but were found be differentiating the deflections.
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(a) Blade deflection
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(b) Blade velocity

Figure 10.12: Comparison of deflection and velocity of blade from FAST and structural
model with the estimated parameters

As it can be seen, is the fit satisfactory, it is not perfect but it is definitely suitable for
this project.

The deflection and velocity of the tower where estimated as well, this is shown in Figure
10.13.
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(a) Tower deflection
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(b) Tower velocity

Figure 10.13: Comparison of deflection and velocity of tower from FAST and structural
model with the estimated parameters

As it can be seen in the figures, the fit with the FAST output is not exact. But the
result is close enough to be used in this project.
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Chapter 11

Combined model

In the previous chapters, the different submodels for the project have been derived. In
this chapter, the equations from the previous chapters are collected into a complete
model of the wind turbine.

The model is illustrated in Figure 11.1, where it can be seen that the model is divided
into two parts, where the nonlinear model serves as an input to the linear model.

Linear
model

x

Nonlinear
modelx

VF

ulin

unon

y

Figure 11.1: Complete model with linear and nonlinear part

VF is the wind input for the aerodynamic model, x is the state vector, unon and ulin are
input vectors to the linear block, these are listed in Table 11.1. y is an output vector,
which contains the yaw torque.

Input Description

unon Froot,1 Thrust force from the root of blade 1
Ftip,1 Thrust force from the tip of blade 1
Froot,2 Thrust force from the root of blade 2
Ftip,2 Thrust force from the tip of blade 2
Froot,3 Thrust force from the root of blade 3
Ftip,3 Thrust force from the tip of blade 3
τR Torque from the rotor

ulin τG Generator torque reference
βref,i Blade pitch reference for blade i, i = {1, 2, 3}

Table 11.1: Inputs for the linear model

The nonlinear model consists of the aerodynamic model, and the linear consists of the
structural model, mechanical model, pitch system model and the generator model. The
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state vector for the full model is shown in Table 11.2.

State Description

xb,1 Deflection of blade 1
ẋb,1 Velocity of blade 1
xb,2 Deflection of blade 2
ẋb,2 Velocity of blade 2
xb,3 Deflection of blade 3
ẋb,3 Velocity of blade 3
xt Deflection of the tower
ẋt Velocity of the tower

θ̇R Angular velocity of the rotor

θ̇G Angular velocity of the generator
θδ Torsion angle of drive train
βi Angle of the ith pitch angle, i = {1, 2, 3}

Table 11.2: State vector of the system model

The first part of the model combination is the nonlinear model which will now be sum-
marized.

11.1 Nonlinear model

The nonlinear model contains the aerodynamic model of the blade. It takes the state
vector and the wind field as input and the output is the thrust force, yaw torque and
rotational torque. A block diagram representation of the nonlinear model is shown in
Figure 11.2.

Nonlinear
modelx

VF
unon

y

Figure 11.2: Inputs and outputs to the nonlinear model

VF is the wind field, which is a 16x16 matrix and y is a 3x1 vector describing the yaw
torque for each blade, furthermore is x the state vector and unon the input for the linear
model described earlier containing the elements shown in the vector in 11.1.

unon = [ Froot,1 Ftip,1 Froot,2 Ftip,2 Froot,3 Ftip,3 τR,tot ]T (11.1)
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Aerodynamic model

The equations describing the aerodynamic model will now be listed. The thrust forces
affecting each blade and thereby the tower is described in equation 11.2 and 11.3.

FT,root =

 rW∑
i=r0

ρ

2
V 2

rel(ri) · cbl1(ri)dr +

rH∑
i=rW

ρ

2
V 2
rel(ri) · cbl2(ri)dr

 (11.2)

· (CL(α)cos(φ) + CD(α)sin(φ))

FT,tip =

 R∑
i=rH

ρ

2
V ′2rel(ri) · cbl2(ri)dr

 (11.3)

·
(
CL(α′)cos(φ′) + CD(α′)sin(φ′)

)
These are the equations that are used as input in the model of the structural model,
causing tower and blades to bend. The torque, from a single blade, that is transfered to
the mechanical part of the system is shown in equation 11.4 to 11.6.

τR,blade,k = τR,root + τR,tip (11.4)

τR,root =

(
rW∑
i=r0

ρ

2
V 2

rel(ri) · cbl1(ri)dr · ri (11.5)

+

rH∑
i=rW

ρ

2
V 2

rel(ri) · cbl2(ri)dr · ri

 · (CL(α)sin(φ)− CD(α)cos(φ))

τR,tip =

 R∑
i=rH

ρ

2
V ′2rel(ri) · cbl2(ri)dr · rtip,i

 (11.6)

·
(
CL(α′)sin(φ)− CD(α′)cos(φ′)

)
In both the expression of the thrust force and rotor torque, the relative wind velocity is
used, this is expressed in equation 11.7 and 11.8.

Vrel =

√
(V − ẋt)2 + (θ̇R · r)2 for ri ≤ rH (11.7)

V ′rel =

√
(cos(θH)(V − ẋb − ẋt))2 + (θ̇R · r)2 for ri > rH (11.8)

θH = asin

(
xb

ltip

)
(11.9)
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Furthermore, the angle of attack and the angle of the relative wind, in proportion to the
rotor plane, are expressed in equation 11.10 and 11.11.

φ = tan-1
(
V−ẋt
θ̇Rr

)
α = tan-1

(
V−ẋt
θ̇Rr

)
− (β + βtwist)

for ri ≤ rH (11.10)

φ′ = tan-1
(
V−ẋb−ẋt

θ̇Rr

)
α′ = tan-1

(
V−ẋb−ẋt

θ̇Rr

)
− (β + βtwist)

for ri > rH (11.11)

The lift and drag coefficients and the length of the chord are found from table references
in FAST.

The output of the this part of the nonlinear model will now be the rotational torque
τR,tot and the thrust force of the root and tip of the blades, FT,root and F ′T,tip which is
used for the last part of the non linear model, the yaw torque.

Yaw torque model

Equations for the yaw torque where derived in Section 6.1. Here the thrust force from
the aerodynamic model where used to describe how an yaw torque where affecting the
wind turbine.

The yaw torque contribution from the kth blade is calculated in equation 11.12.

τyaw,z,k = sin(ϕk) · (τyaw,root,k + τyaw,tip,k) (11.12)

ϕk is the azimuth angle of the kth blade, which has to be supplied to the formula. With
the contributions from the root and tip, τyaw,root and τyaw,tip described in equations 11.13
and 11.14.

τyaw,root =

( rW∑
i=r0

ρ

2
V 2

rel(ri) · cbl1(ri)dr · ri +

rH∑
i=rW+1

ρ

2
V 2

rel(ri) (11.13)

· cbl2(ri)dr · ri
)
· (CL(α)cos(φ) + CD(α)sin(φ))

τyaw,tip =

 R∑
i=rH+1

ρ

2
V ′2rel(ri) · cbl2(ri)dr · lyaw(ri)

 (11.14)

·
(
CL(α′)cos(φ′) + CD(α′)sin(φ′)

)
· cos(θH + θε)
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where most of the coefficients is the same as for the aerodynamic model just described,
and the remaining described in equations 11.15 to 11.17.

A = loverhang − ltip(ri)sin(θH) (11.15)

θε = tan-1

(
A

lroot + ltip(ri)cos(θH)

)
(11.16)

lyaw(ri) =
√
A2 + (lroot + ltip(ri)cos(θH))2 (11.17)

The output of the nonlinear model are the rotational torque τR,tot and the thrust force
of the root and tip of the blades, FT,root and F ′T,tip, all of these variables will be used as
inputs to different parts of the linear model. Furthermore, can the yaw torque τyaw be
used as an input to the controller.
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11.2 Linear model

After the examining the nonlinear model, the linear model will now be combined to one
complete state space representation. A block diagram of the linear model is shown in
Figure 11.3.

Linear
model

xx
ulin

unon

Figure 11.3: Inputs and output of the linear model

The linear model consists of the structural dynamics, the mechanical dynamics and the
pitch system. These subsystems are merge into one state space model by the equations
11.18 to 11.22.

ẋ = Asx+Bsu (11.18)

y = Csx+Dsu

where

u =
[
unon ulin

]T
=
[
ustr umech uβ

]T
(11.19)

x =
[
xstr xmech xβ

]T
(11.20)

As =

[
Astr 08x3 08x3
03x8 Amech 03x3
03x8 03x3 Aβ

]
Bs =

[
Bstr 08x2 08x3
03x6 Bmech 03x3
03x6 03x2 Bβ

]
(11.21)

Cs = I14x14 Ds = 014x11 (11.22)

Each of these state space models will now be described.

Structural part

The structural model where found in Chapter 6. It takes the thrust forces from the
nonlinear model as input, and has the deflection of tower and blades as output. In
equation 11.23 to 11.26, the state space representation of the structural model is shown.
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Astr =



0 1 0 0 0 0 0 0

−
Kb,1
Mb,1

−
Bb,1
Mb,1

0 0 0 0
Kb,1
Mb,1

Bb,1
Mb,1

0 0 0 1 0 0 0 0

0 0 −
Kb,2
Mb,2

−
Bb,2
Mb,2

0 0
Kb,2
Mb,2

Bb,2
Mb,2

0 0 0 0 0 1 0 0

0 0 0 0 −
Kb,3
Mb,3

−
Bb,3
Mb,3

Kb,3
Mb,3

Bb,3
Mb,3

0 0 0 0 0 0 0 1

−
Kb,1
Mt

−
Bb,1
Mt

−
Kb,2
Mt

−
Bb,2
Mt

−
Kb,3
Mt

−
Bb,3
Mt

a8,7 a8,8


(11.23)

a8,7 =
Kb,1+Kb,2+Kb,3−Kt

Mt

a8,8 =
Bb,1+Bb,2+Bb,3−Bt

Mt

Bstr =



0 0 0 0 0 0
0 0 0 1

Mb,1
0 0

0 0 0 0 0 0
0 0 0 0 1

Mb,2
0

0 0 0 0 0 0
0 0 0 0 0 1

Mb,3

0 0 0 0 0 0
1
Mt

1
Mt

1
Mt

1
Mt

1
Mt

1
Mt


(11.24)

xstr =
[
xb,1 ẋb,1 xb,2 ẋb,2 xb,3 ẋb,3 xt ẋt

]T
(11.25)

ustr =
[
Froot,1 Ftip,1 Froot,2 Ftip,2 Froot,3 Ftip,3

]T
(11.26)

Mechanical part

The states and inputs for mechanical part of the model, found in Chapter 7 are shown
in 11.27. And the system can be described in a state space system with the matrices in
11.28 and 11.29.

xmech =
[
θ̇R θ̇G θδ

]T
umech =

[
τR τG

]T
(11.27)

Amech =


−(BDT+BR)

JR

BDT
NGJR

−KDT
JR

BDT
NGJG

−
(

BDT
N2
G
JG

+
BG
JG

)
KDT
NGJG

1 −1
NG

0

 (11.28)

Bmech =

[
1
JR

0

0 −1
JG

0 0

]
(11.29)
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Pitch system model

The last part of the linear model is the pitch system which were found in Chapter 8.

The pitch system can be expressed as a state space system with the state and input
vector and system matrixes shown in equations 11.30 to 11.31.

xβ =
[
β1 β2 β3

]T
uβ =

[
βref,1 βref,2 βref,3

]T
(11.30)

Aβ =


−1

τtime,P
0 0

0 −1
τtime,P

0

0 0 −1
τtime,P

 Bβ =

 1
τtime,P

0 0

0 1
τtime,P

0

0 0 1
τtime,P

 (11.31)

Before the system model can be validated the nonlinear model, consisting of the aero-
dynamics and the yaw torque, will be linearized, this is done in Chapter 12.
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Chapter 12

Linearization of aerodynamics

In Chapter 5, the equations 12.1 to 12.3 were found, as it can be seen, these contains
nonlinear expressions, table references, and sums, which have to be linearized in order
to use linear methods for controller design.

The procedure in linearizing the aerodynamic model will be as follows. Firstly the
operation points for the linearization is found. The equations are then approximated to
continuously and differentiable functions. Subsequently the Taylor approximation can
be computed.

FT,root

(
ri, V

2
rel(V, θ̇R, ri, ẋt), CL(α), CD(α), α(V, θ̇R, ri, β), (12.1)

φ(V, θ̇R, ri), cbl1(ri), cbl2(ri)
)

=

aF,root

( rW∑
i=r0

ρ

2
V 2

rel(ri)cbl1(ri)dr +

rH∑
i=rW

ρ

2
V 2

rel(ri) · cbl2(ri)dr

)
· (CL(α)cos(φ) + CD(α)sin(φ))

FT,tip

(
ri, V

′2
rel(V, θ̇R, ri, ẋb, ẋt, θH), CL(α′), CD(α′), α′(V, θ̇R, ri, (12.2)

ẋb, ẋt, β), φ′(V, θ̇R, ri, ẋb, ẋt), cbl1(ri), cbl2(ri)
)

=

aF,tip

( R∑
i=rH

ρ

2
V ′2rel(ri)cbl2(ri)dr

)
·
(
CL(α′)cos(φ′) + CD(α′)sin(φ′)

)
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τR,blade

(
ri, rtip,i, Vrel(V, ri, ẋb, ẋt, θ̇R, θH), V ′2rel(V, θ̇R, ri, ẋb, ẋt, θH), (12.3)

CL(α), CD(α), CL(α′), CD(α′), α(V, θ̇R, ri, β), φ(V, θ̇R, ri),

α′(V, θ̇R, ri, ẋb, ẋt, β), φ′(V, θ̇R, ri, ẋb, ẋt), cbl1(ri), cbl2(ri)
)

=

aτ ,root

(
rW∑
i=r0

ρ

2
V 2

rel(ri)cbl1(ri)dr · ri +

rH∑
i=rW+1

ρ

2
V 2

rel(ri)

cbl2(ri)dr · ri

)
· (CL(α)sin(φ)− CD(α)cos(φ)) +

aτ ,tip

 R∑
i=rH+1

ρ

2
V ′2rel(ri)cbl2(ri)dr · rtip,i


·
(
CL(α′)sin(φ′)− CD(α′)cos(φ′)

)
12.1 Operation points

As it has been chosen to focus on a wind field of 15 m/s, this will be used as basis for
the operation points. A simulation of the nonlinear model with the FAST controller,
has been running for 600 seconds to get a steady values and the state vectors has been
used as operation points along with the wind speed of 15 m/s.

The operation points are:

xb = 0,908 m (12.4)

ẋb = 0 m/s (12.5)

xt = 0,199 m (12.6)

ẋt = 0 m/s (12.7)

θ̇R = 2,143 rad/s (12.8)

β = 0,251 rad (12.9)

These operation points are used later, in the linearization.
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12.2 Preparation for linearization

12.2 Preparation for linearization

The wind input contains summations, which must be redefined in order to make these
differentiable. The wind field is contracted into two parts for each blade, one for the
root of the blade and one for the tip. These are shown in 12.10 and 12.11.

Vroot(θblade) =

rH∑
i=r0

v(θblade, ri) (12.10)

Vtip(θblade) =
R∑

i=rH+1

v(θblade, ri) (12.11)

where the elements are divided as r0 = 1, rH = 8 and R = 15.

As described, the blades are divided into two parts, divided at the hinge placement, the
calculation of forces and torques are made for each part. The radius to the two points
where the calculations are made are found by taking the mean of each region, root and
tip, which yields the following:

rroot = 10,6125 m (12.12)

rtip = 27,2296 m (12.13)

In the nonlinear equations, there are some functions and table references which is needed
change to a differentiable description, this will now be done starting with the chord
length.
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Element chord length

In the aerodynamic equation, the length of the airfoil chords is included, this can be
found by a table reference in FAST. To avoid this table lookup, the area of the blade
regions can be found, the root and tip area. The areas are calculated by multiplying
width and length of each blade element and summarize these.

Aroot(cbl1(ri), cbl2(ri)) = dr

 rW∑
i=r0

cbl1(ri) +

rH∑
i=rW+1

cbl2(ri)

 (12.14)

= 2,21667 m · 18,7593 m = 41,5832 m2

Atip(cbl2(ri)) = dr
R∑

i=rH+1

cbl2(ri) (12.15)

= 2,21667 m · 10,1156 m = 22,4229 m2

where cbl1(ri) and cbl2(ri) are the width of the element ri.

Lift and drag factor

The lift and drag factors are as well linearized, to determine the lift and drag force in
proportion to a certain angle of attack.

As for the blade width, the lift and drag factors for the specific airfoil can be found in the
source code for FAST [23]. The factors is plotted in Figure 12.1, where the lift factor CL

is expressed as the mean of the three different lift factors, and as the drag factor CD is
the same for the three airfoil it is not necessary to take the mean of those. It is assumed
that taking the mean of the lift factors this does not affect the result noticeable, because
they are as similar as they are.
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Figure 12.1: Lift and drag factor for the blade

76



12.2 Preparation for linearization

To get a linear expression for these factors, a first order approximation is wanted, this
can be acceptable in a limited area around an angle of attack of 0 rad in the interval from
-0,1 to 0,2 rad. The first order approximation is made by equations 12.16 and 12.17.

CL(α) = aL · α+ bL (12.16)

CD(α) = aD · α+ bD (12.17)

In Figure 12.2, Matlab’s polyfit function has been used to find two approximations.
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Figure 12.2: Drag and lift factor for the blade

The coefficients used in equations 12.16 and 12.17 is shown in Table 12.1.

Coefficient Value

aL 5,6827
bL 0,6374
aD 0,0495
bD 0,0092

Table 12.1: List of approximated lift and drag coefficients

This approximation is as for the approximation of the blade width used when calculating
the forces acting on the blades of the wind turbine.

It should be noted that this approximation only holds within the boundary of -0,1 and
0,2 rad, outside this another approximation is necessary to get a valid solution.
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Linearization of aerodynamics

Pre-pitch of the blade

A wind turbine blade have a pre-pitch, βtwist, which implies that the angle of attack on
each blade element is optimal. It is wanted to linearize this pre-pitch within the two
given regions.

To linearize the pre-pitch, the mean of the root and tip pre-pitch is calculated which
yields:

βpre,root = 0,16456 rad (12.18)

βpre,tip = 0,01522 rad (12.19)

A plot of the original pre-pitch is shown in Figure 12.3, with the approximation plotted
as well.
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Figure 12.3: Pre-pitch of the blade, shown with the approximation
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12.3 Combined equations

12.3 Combined equations

The equations expressing the aerodynamic model can now be written in a differential
form:

FT,root

(
V 2

rel(V, θ̇R, ri, ẋt), α(V, θ̇R, ri, β), φ(V, θ̇R, ri)
)

= (12.20)

aF,root
ρ

2
V 2

relAroot((5, 6827 · α+ 0, 6374)cos(φ)

+ (0, 0495 · α+ 0, 0092)sin(φ)

FT,tip

(
V ′2rel(V, θ̇R, ri, ẋb, ẋt, θH), α′(V, θ̇R, ri, ẋb, ẋt, β), (12.21)

φ′(V, θ̇R, ri, ẋb, ẋt)
)

=

aF,tip
ρ

2
V ′2relAtip

(
(5, 6827 · α′ + 0, 6374)cos(φ′)

+(0, 0495 · α′ + 0, 0092)sin(φ′)
)

τR,blade

(
Vrel(V, ri, ẋb, ẋt, θ̇R, θH), V ′2rel(V, θ̇R, ri, ẋb, ẋt, θH), (12.22)

α(V, θ̇R, ri, β), φ(V, θ̇R, ri), α
′(V, θ̇R, ri, ẋb, ẋt, β),

φ′(V, θ̇R, ri, ẋb, ẋt)
)

=

aτ ,root
ρ

2
V 2

relArootrroot ((5, 6827 · α+ 0, 6374)cos(φ)

−(0, 0495 · α+ 0, 0092)sin(φ))

+ aτ ,tip
ρ

2
V ′2relAtiprtip

(
(5, 6827 · α′ + 0, 6374)cos(φ′)

−(0, 0495 · α′ + 0, 0092)sin(φ′)
)

where

φ(Vroot, θ̇R) = tan-1

(
Vroot

θ̇Rrroot

)
(12.23)

φ′(Vtip, θ̇R, ẋb, ẋt) = tan-1

(
Vtip − ẋb − ẋt

θ̇Rrtip

)
(12.24)

α(Vroot, θ̇R, β) = tan-1

(
Vroot

θ̇Rrroot

)
− (β + βpre,root) (12.25)

α′(Vtip, θ̇R, ẋb, ẋt, β) = tan-1

(
Vtip − ẋb − ẋt

θ̇Rrtip

)
− (β + βpre,tip) (12.26)
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Linearization of aerodynamics

V 2
rel(Vroot, θ̇R, ẋt) = (Vroot − ẋt)

2 + (θ̇R · rroot)2 (12.27)

V ′2rel(Vtip, θ̇R, ẋb, ẋt, θH) = (cos(θH) · (Vtip − ẋb − ẋt))
2 + (θ̇R · rtip)2 (12.28)

and the fitting parameters from Section 10.1 as shown in Table 12.2.

Parameter Value

aF,root 0,9704
aF,tip 0,9989
aτ ,root 0,9735
aτ ,tip 0,9959

Table 12.2: Fitting factors for the aerodynamic model

12.4 The Taylor approximation

The first order Taylor expression is stated in equation 12.29. x and u are the state and
input vector. x and u are the operation points for the Taylor approximation found in
Section 12.1.

f(x) ≈ f(x, u) +
∂f(x)

∂x
(x− x) +

∂f(u)

∂u
(u− u) (12.29)

The Matlab function taylor has been used to find the linearized functions, which is
shown in equation 12.30 to 12.32

FT,root,i ≈− 3189 ẋt + 556, 77 θ̇R − 87524 βi (12.30)

+ 3189 Vroot(θblade,i)− 2545, 8

FT,tip,i ≈− 99, 516 xb,i − 4525, 5 ẋb,i − 4525, 5 ẋt − 6666, 7 θ̇R (12.31)

− 274244 βi + 4525, 5 Vtip(θblade,i) + 42127

τR,i ≈− 71, 685 xb,i − 42858 ẋb,i − 76124 ẋt − 212255 θ̇R (12.32)

− 2, 4506E6 βi + 42858 Vtip(θblade,i)

+ 33266 Vroot(θblade,i) + 271666

These equations are linearized functions calculating FT,root,i, FT,tip,i and τR,i for each
blade.

80



12.5 Combining state space systems

In order to connect these to the linear model some matrixes are introduced. A B1 matrix
which take the state vector x as input, and returns the thrust forces and rotor torque in
the input vector unon. The B2 matrix has the uwind, used equation 12.33, as input and
returns thrust forces and rotor torque as well.

uwind = [Vroot(θblade,1) Vtip(θblade,1) Vroot(θblade,2) Vtip(θblade,2) (12.33)

Vroot(θblade,3) Vtip(θblade,3) ]T

The constant terms that are not contained in these matrixes are collected in a vector
called opv. The three vectors can now be summarized to get the nonlinear input vector
unon.

unon = B1x+B2uwind + opv (12.34)

12.5 Combining state space systems

Collecting the state space system with the new matrixes is shown in equation 12.35.

ẋ = Asx+Bs [ unonulin ] (12.35)

= Asx+Bs

[
B1x+B2uwind+opv

ulin

]
(12.36)

where As and Bs is the linear state space matrixes from Section 11.2.

Bs is split into two parts, Bs1 and Bs2. Bs1 is the first seven columns having unon as
input, and Bs2 is the last four columns of Bs with the input ulin, which is the generator
torque and pitch reference angles. This is shown in

Bs =
[
Bs1 Bs2

]
(12.37)

This leads to the following state space system

ẋ = Asx+Bs1(B1x+B2uwind + opv) +Bs2ulin (12.38)

= (As +Bs1B1)x+
[
Bs1B2 Bs2

]
[ uwind
ulin ] +Bs1opv (12.39)
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Linearization of aerodynamics

The full linearized model of the wind turbine can now be described as a state space
system.

ẋ = ALx+BLu (12.40)

y = CLx+DLu (12.41)

where

AL = As +Bs1B1 BL =
[
Bs1B2 Bs2

]
(12.42)

CL = I14 DL = 014,10 (12.43)

and

x =
[
xb,1 ẋb,1 xb,2 ẋb,2 xb,3 ẋb,3xt ẋt θ̇R θ̇G θδ β1 β2 β3

]T
(12.44)

u =

[
uwind

ulin

]
(12.45)

=
[
Vroot(θblade,1) Vtip(θblade,1) Vroot(θblade,2) Vtip(θblade,2) (12.46)

Vroot(θblade,3) Vtip(θblade,3) τG βref,1 βref,2 βref,3

]T
The term Bs1opv is omitted to remove the offset from the Taylor equations.

The full linearized matrixes are shown in Appendix D.
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Chapter 13

Model validation

A complete model of a wind turbine has been collected, and the nonlinear parts of
the model have been linearized. To ensure, that the models is a representation of the
reference wind turbine from FAST, it will now be validated by comparing the full model
with data generated from FAST.

The submodels found in the previous chapters, will all be validated, with a few excep-
tions, this is the wind model which cannot be validated as FAST can only generate a
homogeneous wind field and the pitch system because there is no dynamics in the pitch
system in FAST. Beside these validations that can be compared with FAST will the yaw
torque output from the simulation be described in the end of the validation.

In Figure 13.1, an overall block diagram of the validation process can be seen. A wind
field is used as input, and the different outputs from FAST and the two models are
compared.

Full
model

Compare

FAST

Wind
�eld

Linearized
model

Figure 13.1: Block diagram of the model validation

Though it is only the aerodynamic model which has been linearized, the output from
here will be an input for other parts of the model, therefor the linearized outputs from
the structural and mechanical model will also be compared.

A homogeneous wind field with a basis speed of 15 m/s has been chosen to form the
basis of the wind field which will be used in this model validation. The reason for this is
that it is above the rated wind speed of 12 m/s, it is in this region the main operation
of the wind turbine will be as a starting point.



Model validation

Around the mean wind of 15 m/s the wind speed decreases and increases in steps of 1-3
m/s. A graph of the wind input can be seen in Figure 13.2. This will act as input to
the FAST simulation, and for the model of the wind turbine model.
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Figure 13.2: Wind input for model validation

As the validation will be conducted above the rated wind speed of 12 m/s, the generator
torque τG, will be hold constant since only the pitch is used for control above rated wind
speed. The pitch controller is described in Appendix E, and the output from the pitch
controller is shown in Section 13.5.

13.1 Aerodynamic model

As the submodel, which has the wind field as input, the aerodynamic model will be
validated first. This is done as shown in Figure 13.3, by comparing the output from the
models to the output from AeroDyn.

Nonlinear
aerodynamic model

Compare

AeroDyn

Wind
�eld

Linearized
aerodynamic model

Figure 13.3: Block diagram of the validation of the aerodynamic model

The outputs that will be compared is the thrust force and the rotational torque that is
generated by the two regions of one blade.

Simulating the linear and nonlinear model in Matlab and comparing to the FAST data
yields the result shown in Figure 13.4.
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13.1 Aerodynamic model
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(a) Thrust force
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(b) Rotational torque

Figure 13.4: Comparison of thrust force and rotational torque from Matlab model and
FAST

As it can be seen in Figure 13.4a, is there an offset in the thrust force, this offset is caused
by a difference in the pitch controller which can be seen in Section 13.5, where the pitch
controller is described. Apart from this offset, the behavior of the two is somewhat the
same for both the nonlinear and linear model.

From Figure 13.4b it can be seen that there is a good fit between the model and FAST,
as the level for the three is all alike, and the behavior is the same except for some
oscillations in the model outputs.

Both considered it can be concluded that there is a reasonable fit between FAST and the
models, it is though needed that the first 50 seconds of the simulation is not considered
as both the model and FAST needs some time to settle, this will moreover be the case
for the entire validation.
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Model validation

13.2 Structural model

From the aerodynamic model, a thrust force making a deflection of blades and tower
is passed to the structural model, this model will now be validated by comparing the
deflection of blades and tower, with the output from FAST as illustrated in Figure 13.5.
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Structural
model

Figure 13.5: Block diagram of the validation of the structural model

Comparing the structural outputs from Matlab and FAST simulations, shown in Fig-
ures 13.6 and 13.7, can it be seen that there, as for the thrust force, is an significant
offset for both deflection of tower and blades, this is because the offset from the thrust
force is passed on from the aerodynamic model to the structural model.
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(a) Blade deflection
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(b) Blade velocity

Figure 13.6: Comparison of blade deflection and velocity from Matlab model and FAST
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13.3 Mechanical model

In Figure 13.6a, the blade deflection is shown. Disregarding the offset is the behavior
almost the same, except for some smaller oscillations in both the nonlinear and linear
model. The blade velocity can be seen in Figure 13.6b where the behavior is alike for
the three plot, except of some oscillations in the two models.
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(a) Tower deflection
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(b) Tower velocity

Figure 13.7: Comparison of tower deflection and velocity from Matlab model and FAST

For the tower the offset is quite more significant, and it is hard to see a behavior that
can be linked to the output from FAST; however, there is some deflection of the tower,
but it do not vary particularly much.

From the structural model validation it can be seen that a controller probably have to
based on the blade deflections, as the tower deflection do not change with the steps in
the wind field.

13.3 Mechanical model

As the last part, the mechanical model will be validated. The validation is carried out
as shown in Figure 13.8, where a torque is passed on from the two aerodynamic models
to the low speed shaft from where it affects the rest of the mechanical system.
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Model validation
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Figure 13.8: Block diagram of the validation of the mechanical model

The result of the comparison between the models and FAST is shown in Figure 13.9.
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(a) Low speed shaft angular velocity
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(b) High speed shaft angular velocity

Figure 13.9: Comparison of angular velocities of low and high speed shafts from Matlab
models and FAST

As it can be seen, the behavior of the low and high speed shaft in the nonlinear model
are more or less alike the output from FAST, the output from the linearized model is
though containing some oscillating. There are small differences in the levels when a
deviation from the mean level occurs, but the main behavior is acceptable.
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13.4 Yaw torque

13.4 Yaw torque

The yaw torque found in the simulation will now be plotted even though a validation
according to FAST is not possible.

In Figure 13.10, the yaw torque output from the simulation is shown.
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(a) Yaw torque contribution from a single blade
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(b) Total yaw torque

Figure 13.10: Yaw torque from simulation of nonlinear and linear model in Matlab

As it can be seen in Figure 13.10a, the contribution for the yaw torque from a single
blade is symmetric around zero, oscillating like a sine wave.

In Figure 13.10b, the total yaw torque from the simulations is shown. This yaw torque
can be seen as zero, as the maximal value is about 1, 25E-7 Nm.

13.5 Pitch control in model validation

As previously described, the pitch control in FAST is enabled in the model validation.
This pitch control have been implemented in the model, to be able to make a suitable
comparison, the pitch controller is the same for the nonlinear and linear model. The
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Model validation

pitch control is described in Appendix E.

Simulating the models in Matlab with the pitch control implemented gives the result
shown in Figure 13.11, where the pitch from FAST is shown as well.
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Figure 13.11: Pitch controller output in model validation

As mentioned earlier, there is an offset between the controller in the models and FAST,
but the behavior is somewhat the same. The offset in the controller is the main cause
in the earlier results in the validation, where offset have occurred in the comparison of
the submodels.

13.6 Conclusion of model validation

A validation of the full model have now been conducted, and a conclusion can be made.
In all the submodels, the outputs from FAST and the model is somewhat alike.

In parts of both the nonlinear and linear aerodynamic model and the structural model
an offset is present, caused by the pitch controller. Apart from this is the outputs the
same, with the exception of the tower deflection where a more significant difference is
present.

All in all, the derived models are found to be suitable to use for developing a controller
in this project, this controller will later be compared with the controller included in
FAST.
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Chapter 14

Control introduction

A model of a wind turbine have been found, and this model will now form the basis of
the controller design.

In this introduction, the control objective for the project will firstly be described. A
standard wind turbine controller will then be described, as the controller for this project
will have some of the same properties as a standard controller. After this description, the
choice of controller strategy will be substantiated, before the actual controller design is
carried out. The implementation in Matlab will now be described before a simulation
will show how the controller performs compared with the standard controller.

Firstly the control objective will be determined.

14.1 Control objective

Control objectives for this project is primarily based on the requirements determined in
Chapter 2. These were:

• Lower structural load with main focus on yaw torque
• Less pitch actuation
• Similar power output

compared to the WindPACT 1,5 wind turbine in FAST.

More specifically the control objective can be described as:

• Reduction of yaw torque by 80 % in both fatigue and extreme loads
• Similar energy capture, mean ±0,1 % and a variance of 0,01 %
• Similar or lower pitch actuation, measured mean of the pitch actuators and there

derivatives
• The blade and tower deflection must be similar or less

The above control objectives are all in comparison to the FAST controller.

Furthermore, the following constraints be must respected:



Control introduction

• The velocity of the pitch actuator must be below ±10o/s
• Blades under deflection may not hit the tower
• Rated power should not be exceeded

A standard wind turbine controller will now be described as this will be used as a baseline
for the controller design.

14.2 Standard controller

How the wind turbine normally is controlled can be seen from Figure 14.1.
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Figure 14.1: Power curves [26, p. 46]

This figure shows the power curves, which are the power generated by the rotor torque
and the available power in the wind defined by equations 14.1 and 14.2 respectively [14].

Pτ = τRθ̇R (14.1)

PWind =
ρ

2
AV 3 (14.2)

τR is the torque applied to the rotor by the wind and θ̇R is the angular velocity of the ro-
tor, ρ is the air density, A is the area that is covered by the rotor and V is the wind speed.

Cut in is when the wind stream contains enough power for the wind turbine to generate
power, the wind turbine starts without any torque from the generator, when the speed
of the rotor is sufficiently large a torque is applied to the generator, subsequently, the
turbine starts producing electricity. If the wind speed becomes too high there is a risk
of structural damage of the wind turbine, as a consequence, it will be stopped at the
Cut out point in the right of Figure 14.1.
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14.2 Standard controller

Control regions

The control of the wind turbine can be divided into three different regions, as shown in
Figure 14.1.

Furthest to the left is region 1, here the wind turbine is stopped because the energy
in the wind is not powerful enough to induce a rotation of the rotor. In region 2, the
objective is to get as much power out of the wind as possible, this is often done by
keeping a constant pitch angle, and controlling the generator torque to maximize aero-
dynamic efficiency. Region 3 is where the wind turbine captures the amount of power it
is rated to, here collective pitch control is used. Power is among others limited to avoid
structural damage on the wind turbine in high wind speeds [26].

Control of the wind turbine is as described often done by two different control strategies,
one for region 2 and one for region 3, but it is in the transition between these controllers
some of the largest loads is affecting the wind turbines. A way to overcome this problem
is to incorporate an additional controller which switches between region 2 and 3, often
called region 2,5 [25]. In [31], the purpose of the region 2,5 controller is to extracted more
energy from wind in the transition from region 2 to region 3. If the region 2 controller
was used, the speed of the rotor would have to increase too much before going into region
3. The region 2,5 controller secures the rotor reaches rated velocity at the same time as
the generator reaches the rated torque.
Region 2,5 controllers is the field of research which is still in development, and the
optimal structure of this controller is not yet identified [16].

FAST controller

The starting point for the control design is to use the FAST controller structure, shown
in Figure 14.2 and described further in Appendix E, and then improve this.

C G
e β

collective

LSS col
yLSS

rLSS

Figure 14.2: FAST pitch controller for region 3

This part of the FAST controller is used in region 3, where the objective is to keep a
constant speed, which is achieved by changing the collective pitch.

In the figure, rLSS is the reference for the low speed shaft velocity, the error is denoted
by eLSS, βcol is the collective control signal for all three pitch actuators and yLSS is the
current velocity of the low speed shaft.

The control objective along with a standard controller have been described, and the
actual controller design can begin, with a description of the control strategy.
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Chapter 15

Control strategy

Before designing the controller, some of the reasons for the choice of controller strategy
will shortly be considered, whereafter the actual controller will be designed.

15.1 Repetitive control

The control strategy used will be repetitive control (RC), which can improve a control
signal according to periodic disturbances in the system.

In Figure 15.1, the blade deflection for at single blade is plotted, along with a division
into periods by dashed lines. A period is defined by one rotation of the azimuth angle.
The wind field applied in simulations contains a stationary wake, which can be seen at
time instances where the deflection decreases just before every period ends.
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Figure 15.1: Periodic blade deflection

Using either RC or iterative learning control (ILC) could help to reduce the effect from
the periodic disturbances a wake would cause, when it is only covering a part of the
rotational plane.

The difference between RC and ILC is the initial conditions and time duration, which
are the same for every period in ILC whereas it can change in RC, which is the case in
the project. Therefore, RC is seen as the most suitable controller.
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Chapter 16

Repetitive control

If there are periodic disturbances to the system, these can, as just described, be sup-
pressed by using repetitive control [29]. The repetitive control is integrated by adding
another control loop to the system that already contains the collective pitch controller,
this is illustrated in Figure 16.1.
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Figure 16.1: Repetitive controller added to the standard controller

where eLSS and eRC are the error in rotor velocity and the error for the repetitive control
respectively, and βcol and βindi is the collective and individual pitch respectively. The
reference for the repetitive control, rRC will be determined in Section 16.1.

The repetitive control will add a control signal, to the collective control signal, which
is individual for the each blade, and only considering the yaw torque requirement. The
collective pitch controller is still present in the system to ensure stability performance
of the system in time domain by keeping the rotor speed at the rated level.

A more detailed exposition of the repetitive controller will know be given.
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16.1 Reference

The references for the system is defined by the requirements for the system, described
in Section 14.1. The power is the primary reference as this is the original purpose of the
wind turbine. In region 3, this is respected by keeping the generator torque at a rated
value and control the speed of the low speed shaft by the use of the rotor pitch. This
is the same method as the FAST controller. Furthermore, is the pitch actuator used to
respect the other requirements, but the use of the pitch actuator should be kept small
to reduce wear of the actuators.

Yaw torque

The value for the yaw torque reference is set to zero, as a minimal yaw torque is desired.
However, the yaw torque is very difficult to control directly, as it is a sum of the yaw
torque from each blade according to equation 16.1.

τyaw = τyaw,z,1 + τyaw,z,2 + τyaw,z,3, (16.1)

where τyaw,z,k is the yaw torque around the z-axis for the kth blade.

In Figure 16.2, the yaw torque for a single blade and for the entire wind turbine can be
seen. It is shown that the wake effect has a small impact on the each blade. However,
when the yaw torque is summed, the wake effect is clear, as an offset, which is the yaw
torque applied upon the tower around the z-axis.
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Figure 16.2: Yaw torque for the wind turbine and one blade

There exist two solutions to reduce the τyaw, which will now be described. The trivial
solution, which is not feasible to the problem, as is to apply no forces on the blade and
thereby no energy output from the wind turbine. The other solution is to make the sum
of the yaw torques zero by reducing the effect of the wake.
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16.1 Reference

The yaw torque of each blade is a result of the thrust force affecting the blade, multiplied
by the radius and a sine of the azimuth angle of the blade,

τyaw,z,k = sin(ϕk) · FT,blade,k · rblade (16.2)

Radius of the blade is a constant and sin(ϕk) is can not be changed as a constant rotation
is desired. The FT,blade,k · rblade has been illustrated in Figure 16.3 in two versions, one
with a wind field containing wake and one without a wake.
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Figure 16.3: Thrust force for a single blade with and without a wake in the wind field

In the figure, the effect from the wake is marked, as well as the tower effect. From this,
it can be seen that the thrust force is a more obvious choice for control base.

Only the wake effect is desired reduced as the effect from the tower do not contribute
to the yaw torque, and the part of the thrust force not affected by the wake, always will
be present when a rotational torque is applied to the wind turbine. The effect from the
wake be can emphasised by using the sin(ϕk) part of equation 16.2. Furthermore, is it
desired to have a reference at zeros as the thrust force offset change dependent on the
wind speed, as a higher wind speed will cause a higher pressure on the turbine blades,
and a reference can not be set according to that. Both of these are solved by introducing
an output filter.

Output filtering

As described, it is not possible to set a constant reference of the thrust force. Therefore,
in order to reduce the wake effect, an output filter have been made, which shall ensure
the controller only will compute an input for the system based on the wake effect in the
thrust force. Furthermore, it will be possible to set the reference to zero, as the wake
effect must be reduced as much as possible.

By subtracting the thrust force mean value from the thrust force, the offset will be set
to zero. This is followed by a weighting matrix W , which depends on the azimuth angle.
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This W matrix shall make the effect from the wake in the signal more clear, as it is
desired. In Figure 16.4, it is graphically shown how this filter will work.

µ
zjyj W

Figure 16.4: Output filter Mout

The mathematical realization of this filter is shown in equation 16.3, where the output
vector from the system yj is applied to the filter, which leads to zj , this is the output that
should be reduced to remove the wake effect. The matrix W takes sine of the azimuth
angle and weight the output; as only a weight is desired, the sign of sine is removed.

Mout =

INxN −

1
...
1


N

· 1

N
·
[
1 · · · 1

]
N

W (16.3)

W =


|sin( 0

N
2π)| 0 ··· 0

0 |sin( 1
N

2π)|
...

...
. . . 0

0 ··· 0 |sin(N−1
N

2π)|

 (16.4)

zj = Mout · yj (16.5)

N is the length of the period. Because of the weighting matrix W , the yj vector has to
start with the element corresponding to an azimuth angle of zero. Figure 16.5 shows the
effect of filters. The simulation parameters are the same as used in Figure 16.3; however,
the sample rate has been changed as the filter runs with a different frequency.
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Figure 16.5: The effect of the output filter with and without the W filter. The original
signals are in Figure 16.3

The offset has been removed and the tower shadow effect has been reduced, as desired.
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16.2 Periodicity

16.2 Periodicity

In the repetitive control design, the trial length N has to be defined. There are different
opportunities in the length of a period. In this design, it is chosen to be one third of
a revolution, because there are three blades. With this choice, the error signal for the
repetitive control is updated three times as often, compared with a trial length of a
whole revolution.

A period time of one third revolution means that the measured signal from one blade
is used for calculating the repetitive control signal for the next. By multiplying the
feedforward signals fj , for the jth period, by a matrix Q, as in equation 16.6, the single
signal is passed on to the next blade.

fj+1 = Qfj + Lej (16.6)

Q =
[

0 1 0
0 0 1
1 0 0

]
(16.7)

L is a learning filter multiplied with the error signal ej , which will be described later.

16.3 Lifted repetitive control

By making a lifted system of the closed loop system, it is possible to get the full relation
between the system input and states, and the input and the output of the system for a
period of N [28].

As an example, can a discrete system be described by taking the lifted input for a full
period ūj and mapping it to a lifted output ȳj as in equation 16.8 [5, p. 44], temporarily
disregarding internal dynamics.

ȳj = Jūj (16.8)

where J is a matrix, describing the full system without the initial conditions for the
period. This is called a lifted system, because input and output vectors are lifted into
column vectors creating a matrix map of the system [5, p. 45][30].

A lifted representation is made, of the discretized original periodically varying system,
found in Section 12.5 as

xk+1 = ALxk +BLuk (16.9)

yk = CLxk +DLuk (16.10)

103



Repetitive control

which is made closed loop with the collective pitch controller K

xk+1 = Aclxk +Bcluk (16.11)

yk = Cclxk +Dcluk (16.12)

where

Acl = AL −BLK (16.13)

Bcl = BL, Ccl = CL, Dcl = DL (16.14)

The lifting results in the equations 16.15 and 16.16 [3, 28].

xNj+N = FxNj +Gpf̄j +Gwd̄j (16.15)

ȳj = HxNj + Jf̄j (16.16)

where the lifted matrixes is defined as

F = ANcl , Gp =
[
AN−1

cl Bcl AN−2
cl Bcl · · · AclBcl

]
(16.17)

Gw =
[
AN−1

cl Bcl AN−2
cl Bcl · · · AclBcl

]
(16.18)

H =


Ccl

CclAcl
...

CclA
N−1
cl

 , J =


Dcl 0 · · · 0
CclBcl Dcl · · · 0

...
. . .

...

CclA
N−1
cl Bcl CclA

N−2
cl Bcl · · · Dcl

 (16.19)

It should be noted that matrix Bcl in Gp is the last three columns of Bcl containing the
pitch input, and in Gw is the first six columns of Bcl containing the wind input.

Furthermore, xNj is the initial conditions of the system states at the beginning of the
jth period, defined by the final states in the trial Nj−N , ȳj the measured thrust forces,
f̄j the individual feedforward pitch signal and d̄j the wind input in the jth period.

Some of the vectors in the lifted system is

ȳj =


ȳNj
ȳNj+1

...
ȳNj+N−1

 , f̄j =


f̄Nj
f̄Nj+1

...
f̄Nj+N−1

 (16.20)
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16.4 Full repetitive control system

Collecting the entire repetitive control structure, with the elements just described, yields
the illustration in Figure 16.6 [3].
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Figure 16.6: Block diagram of the lifted repetitive control system

The found lifting system will now be the base of designing the controller.
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16.5 Design of repetitive control using lifted LQR

The repetitive controller design problem will be formulated as an output-feedback prob-
lem [28, 13]. This makes it possible to calculate the lifted repetitive controller as a state
feedback controller by solving one Riccati equation.

Output-feedback formulation

Only the periodic disturbances shall have influence on the repetitive controller. Equation
16.16 from the lifted system, repeated in equation 16.21 shows the output.

ȳj = HxNj + Jf̄j (16.21)

and the lifted error can then be defined as [28]:

ēj = ȳj − r̄j (16.22)

For this system, the reference is zero, which implies that the error is equal to the output.
The update of the error passed on from one trial to the next as shown in equation 16.23.

ēj = ēj−N −H∆xjN − J∆f̄j (16.23)

where the operator ∆ defines the difference between two periods as:

∆f̄j = f̄j − f̄j−N (16.24)

∆xjN = xjN − xjN−N (16.25)

= F∆xjN−N +G∆ūj +Gwd̄j (16.26)

The output-feedback formulation can now be described as the linear system S ′RC [28, 13]:

S ′RC

{
Xj+N = A′XN + B′∆f̄j + B′wd̄j

ēj = C′XN +D′∆f̄j
(16.27)

where the state vector XN ∈ Rn+N ·l for this system is:

XN =
[
∆xTjN ēTj−N

]T
(16.28)
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with ∆xjN ∈ Rn and ēj ∈ RNl. The input is defined as ∆f̄j ∈ RNm.

The matrixes of suitable dimensions are given as:

A′ =
[
F 0
−H INl

]
, B′ =

[
G
−J

]
, (16.29)

C′ =
[
−H INl

]
, D′ = [−J ] , (16.30)

B′w =

[
Gw

0

]
(16.31)

An output-feedback formulation for controller design have been set, but before the actual
controller design, the observability and controllability conditions will be examined.

Observability

The observability of the system S ′RC will be determined, using point 4 in Theorem 4.26
from [1, p. 78]:

No right eigenvector v of A is in the right kernel of C: Av = λv ⇒ Cv 6= 0

which is a condition for observability.

This means if the equations

A′v = λv (16.32)

C′v 6= 0 (16.33)

is respected, the system is observable. The eigenvectors for the system is v =
[
v1 v2

]T ∈
Rn × RNl.
Calculating the claim in 16.32 for the system yields:

[
F 0
−H INl

] [
v1

v2

]
=

[
Fv1

−Hv1 + v2

]
= λ

[
v1

v2

]
(16.34)

There are to types of eigenvector combinations, the first is (0, v2), which from equations
16.32 and 16.33 yields:
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−H · 0 + v2 = λv2 (16.35)

⇒ λ = 1 (16.36)

[
−H INl

] [ 0
v2

]
= v2 6= 0 (16.37)

From this it can be seen that the eigenvector (0, v2) respects the conditions.

Another eigenvector is (v1, w), inserting this into equation 16.32 yields:

[
F 0
−H INl

] [
v1

w

]
=

[
Fv1

−Hv1 + w

]
= λ

[
v1

w

]
(16.38)

Equation 16.33 yields:

[
−H INl

] [v1

w

]
6= 0 (16.39)

It is assumed that the system is not observable, and thereby:

−Hv1 + w = 0 (16.40)

⇔
w = Hv1 (16.41)

As the lifted system in equation 16.15 and 16.16 is observable, the following is valid.

Fv1 = λv1 (16.42)

Hv1 6= 0 (16.43)

hence

w = Hv1 6= 0 (16.44)

From the lower part of equation 16.38 comes
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16.5 Design of repetitive control using lifted LQR

Hv1 + w = w (16.45)

⇒ w = 0 (16.46)

As this violates the assumption of the system being not observable, implies this that the
system is observable.

Remark on observability

Even though it has been proven that the system is observable can it be seen from the
plot in Figure 16.7, that the observability of the last elements are very small, but not
zero.
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Figure 16.7: Observability of the system (A′, C′), for N = 40

The reason for the low observability is the lifted matrixes F and Gp, in equation 16.15,
contains a high power of the matrix Acl from equation 16.10, which means that the
eigenvalues of Acl is raised up to N times. It can therefore be difficult to use these for
control. The output from the system can though be measured so this will not have an
effect on the controller design.

Controllability

Similar to observability, the controllability of the system S ′RC will be examined. This
will be done using point 4 in Theorem 4.15 from [1, p. 72]:

No left eigenvector v of A is in the left kernel of B: v∗A = λv∗ ⇒ v∗B 6= 0

which is a condition for controllability.

This means if the equations
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v∗A′ = λv∗ (16.47)

v∗B′ 6= 0 (16.48)

is respected, the system is observable. The eigenvectors for the system is v∗ =
[
v∗1 v∗2

]
∈

Rn × RNl.
Calculating the claim in 16.47 for the system yields:

[
v∗1 v∗2

] [ F 0
−H INl

]
=
[
v∗1F − v∗2H v∗2

]
= λ

[
v∗1 v∗2

]
(16.49)

A possible eigenvector for examining controllability is v∗ =
[
v∗1 0

]
, which substituted

into equations 16.48 and 16.47 yields:

[
v∗1 0

] [ F 0
−H INl

]
=
[
v∗1F 0

]
= λ

[
v∗1 0

]
(16.50)

[
v∗1 0

] [ G
−J

]
= v∗1G 6= 0 (16.51)

which respect the conditions in equation 16.47 and 16.48 as the system in 16.15 (F,G)
is controllable.

Another eigenvector for the system is on the form v∗ =
[
w∗ v∗2

]
, inserting this in

equation 16.47 and 16.48 yields.

[
w∗ v∗2

] [ F 0
−H INl

]
=
[
w∗F − v∗2H v∗2

]
= λ

[
w∗ v∗2

]
(16.52)

[
w∗ v∗2

] [ G
−J

]
= w∗G− v∗2J (16.53)

If it is assumed that the system is uncontrollable the following is valid

w∗G− v∗2J = 0 (16.54)

⇔
w∗G = v∗2J (16.55)

From equation 16.52 the following two terms is obtained.
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16.5 Design of repetitive control using lifted LQR

w∗F − v∗2H = λw∗ (16.56)

v∗2 = λv∗2 ⇒ λ = 1 (16.57)

these can be combined to

w∗(F − I)− v∗2H = 0 (16.58)

It is assumed that (F − In) is invertible, which is allowable as F is stable, and the norm
‖F‖ is below one [24]. This yields

w∗ = v∗2H(F − In)−1 (16.59)

Equation 16.59 can be inserted into equation 16.55:

v∗2H(F − In)−1G = v∗2J (16.60)

⇔
v∗2
(
H(F − In)−1G− J

)
= 0 (16.61)

If the matrix H(F − In)−1G− J has maximal row rank, the system is controllable.

Inspecting the singular values for this system results in the plot in Figure 16.8.
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Figure 16.8: Singular value decomposition for the matrix H(F − In)−1G− J , for N = 40

From this is can be seen that the matrix is nonsingular, as non of the singular values
are zero. Therefore, is the system (A′,B′) controllable.

A plot of the controllability is shown in Figure 16.9.
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Figure 16.9: Controllability of the system (A′,B′), for N = 40

This shows that, as for the observability, that the last values is the plot is very poor,
this means that some parts of the system is hardly controllable.

16.6 Model reduction of the output-feedback formulation

It was found, that the system is both observable and controllable, it has also been found
that parts of the system only have small observability or controllability. This causes
some errors, which can not be observed and states that can not be controlled.

By reducing the model, the states with small controllability or observability can be
removed. This is done by performing a model reduction by balanced truncation [1, p.
211]. The procedure is carried out by making a balanced realization, and keeping the
states with the highest Hankel singular values [21]. For this purpose, a transformation
matrix will be found.

The first part of the balanced model reduction is to find the controllability gramian P
and the observability gramian Q, which can be done by solving the following Lyapunov
equations

A′P + PA′T + B′B′T = 0 (16.62)

A′TQ+QA′ + C′TC′ = 0 (16.63)

for example by using the Matlab function gram. The SVD of each of the gramians is
found

P = UpΣpV
T

p (16.64)

Q = UqΣqV
T

q (16.65)
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The Hankel singular values are now to be found, firstly by taking the square roots of the
gramians:

Lp = Up

√
Σp (16.66)

Lq = Uq

√
Σq (16.67)

From these square roots, the Hankel singular values are calculated by finding the SVD
of LT

qLp:

LT
qLp = UHΣHV

T
H (16.68)

Now the transformation matrix Tred and its inverse T−1
red are found:

Tred = LqUHΣ
1
2
H (16.69)

T−1
red = LpVHΣ

1
2
H (16.70)

A control of the transformation matrix can be performed as

TredT
−1
red = I (16.71)

The transformation matrixes can transform the original system as

[
Â′ B̂′
Ĉ′ D̂′

]
=

[
TT

redA′T
−1
red TT

redB′
C′T−1

red D′
]

(16.72)

The transformed system is now arranged in such a way that the states with the highest
Hankel singular value is first, and the ones with a lower value last in the matrixes. With
this arrangement it is possible to reduce the system by removing the lower state, as
shown in equation 16.73, until the wanted order k is reached.

Ŝ ′RC,red =

[
Â′(1 : k, 1 : k) B̂′(1 : k, :)

Ĉ′(:, 1 : k) D̂′

]
(16.73)

The transform of the state vector can be done as in equation 16.74, and the other way
by 16.75.

X̂ = TredX (16.74)

X = T−1
redX̂ (16.75)
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Model reduction applied to the output-feedback formulation

The result from making the model reduction of the system, can be seen in Figure 16.10.
Here the Hankel singular values of the unreduced system is plotted along with two
systems with the order 60 and 100.
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Figure 16.10: Reduction of the output-feedback formulation

As it can be seen, the model reduction not removing the smallest singular values, which
where desired.

Looking at Figure 16.11 is the Hankel singular values of the original system, the lifted
system and the output-feedback formulation.
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Figure 16.11: Hankel singular values

From this figure, the coherence between the closed loop system, and the lifted system
can be seen, as the rightmost part of them are quite similar. Comparing the lifted system
with the output-feedback formulation, it can be seen that the leftmost singular values
of them have the same shape, to a certain extent is the rightmost part of the two also
alike.

Examining the controllability and observability of the reduced systems reveal how the
reduction is affecting the system. The controllability singular values is plotted in Figure
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16.6 Model reduction of the output-feedback formulation

16.12. Here it can be seen, that the smallest values are removed when the system is
reduced from order 134, which is the original system, to an order of 100. But if the
system is reduced further to an order of 60, the lowest singular value is almost the same.
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Figure 16.12: Singular values of the controllability matrix

Likewise, is the observability singular values is plotted in Figure 16.13. Here it is shown
that the smallest values are removed, when the system is reduced to a order of 100, but
reducing it further does not have any effect of the smaller values.
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Figure 16.13: Singular values of the observability matrix

From the figures shown in this section, it could be seen that a reduction to a order of
100 would remove the smallest singular values, but reducing the system further will not
have any desired effect.
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16.7 Lifted LQR controller design

A reduced output-feedback formulation has been made, repeated in equation 16.76.

Ŝ ′RC

{
X̂j+N = Â′X̂N + B̂′∆f̄j

ēj = Ĉ′X̂N + D̂′∆f̄j
(16.76)

A controller L is now found, which can create a change in the feedforward signal as in
equation 16.77.

∆f̄j = −LX̂N (16.77)

The controller L is found using LQR design.

In LQR design the controller must minimize the quadratic cost function J in equation
16.78.

J (∆f̄j) =

∫ ∞
0
X̂T
NQX̂N + ∆f̄j

T
R∆f̄j dt (16.78)

Q and R are quadratic weighting matrixes, with the dimensions of the state vector
and input vector, respectively. The weighting matrixes can be chosen to give different
states or inputs larger or smaller influence on the controller design and thereby lastly
the controlled system.

As the state vector has been truncated by a balanced realization, the states with the
best conditions is placed first. It is desired that errors in the yaw torque is reduced, so
an identity matrix has been picked as an initial Q matrix; recall that the state vector XN
contains all yaw torque errors for one period. The R weight penalize the actuator action,
initially R has been set as an identity matrix and if the constrains for the actuator is
violated, the value of R can be raised to give the pitch actuation a higher penalty.

For computing the L controller, the Matlab function lqr has been used. This function
returns a state-feedback gain L, which is used in equation 16.77.
Using lqr in Matlab makes necessary to multiply the identity matrix in A′ by 0,99, as
the function otherwise will make an error.

The control design has now been completed, and a implementation in Matlab will
follow. This implementation is described in the next chapter.
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Chapter 17

Implementation

In order to test the designed controller against the standard controller from FAST, the
system has been implemented in Matlab.

There are three different sampling time in the implemented system, these are:

• System: 1 ms
• Collective pitch control: 25 ms
• The lifted repetitive control runs three times per rotation: The frequency is the

time it takes for a third rotation divided by collective pitch control sample time

17.1 System and collective pitch controller

The wind turbine system runs with a sample time of 1 ms, where all the states and
variables are updated, and the collective pitch controller with a sample time of 25 ms,
where the pitch angle input to the system is set. These two sample time is taken directly
from the FAST code which works with the same times.

17.2 Repetitive controller

The lifted repetitive controller is executed three times for every rotation. However, it
samples the errors from each blade every time the collective pitch controller is executed.
These error samples are collected into the vector errorvec, which is reshaped, to be
used in the lifted repetitive controller.

The repetitive controller calculates an output for the next third rotation and saves it in
a vector. The individual pitch output is now added to the collective pitch signal every
time it is executed.

Remarks

The rotational speed of the rotor has to be kept steady, as the repetitive controller
memory has a fixed finite length. This should be maintained by the collective pitch
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controller, which has the rotor speed as reference. In the implementation the collective
controller is designed using a LQR i Matlab.

Furthermore, has no noise been added to the simulation, as it has been prioritized to
focus on the development of repetitive controller. Thereby, all state are sent directly to
the controller. By not taking noise in consideration, the result for the simulation will be
better than in the real world.

17.3 Test of implementation

Testing the implemented controller in Matlab, with a wind field containing all the
phenomena described in Chapter 4, yields the yaw torque in Figure 17.1, and the pitch
input from the controller in Figure 17.2.
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Figure 17.1: Summarized yaw torque from developed RC controller
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Figure 17.2: Pitch input from developed RC controller

From these two figures, it can be seen that the developed lifted repetitive control behavior
is stable in the plots. However, the pitch actuator has a lot of peaks which are undesired.
This is even when the R matrix in LQR function has been adjusted to a very high value,
to limit the control signal. For these plots R is an identity matrix multiplied by 10E12.
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Figure 17.3: A memory vector with the pitch angle, which is added to the collective pitch.
The value added is dependent on the blade angle. 1 to 123 represents one
rotation, where 1 and 123 is the top of the wind turbine

Figure 17.3 shows the memory vector for one period. There are two peaks in the plot,
in the points at 41 and 123. These peaks continues to be in the memory as the new
memory is based on the old memory, plus the change in input signal ∆u. These peaks
have some undesired effect on the simulations and should not be there. As no error
occurs, when generating the LQR controller, it should be stable. The error is properly
arising because of a difference in the model and the implementation.

A number of different controller variables have been tried for the LQR controller design,
and wind fields containing fewer phenomena, but the results from simulations are the
same, the system does not behave as desired. To test if the simulation works a simple
test controller has been implemented.
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Simplified repetitive controller

As the developed controller does not behave as expected, a simplified repetitive con-
troller, with a proportional control gain has been implemented. The control gain was
found by trial and error as well as the factor in the robustness filter Q. The applied
wind field has a nonmoving wake and no turbulence or tower shadow, in order to see the
wake effect more clearly.
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Figure 17.4: Total yaw torque from simplified controller, smoothed with a moving average
filter
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Figure 17.5: Pitch input from simplified controller

Figure 17.4 and 17.5 shows that it is possible to reduce the yaw torque with a pitch
input of ±2,5E-3 rad. The small ripples on the control signal is from the discretization
of the wind field.
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Evaluation





Chapter 18

Acceptance test

To evaluate the designed repetitive controller an acceptance test will now be carried out.
The controller will be evaluated according to the requirements from Section 14.1, where
the controller objective were determined. The requirements are:

• Reduction of yaw torque by 80 % in both fatigue and extreme loads
• Similar energy capture, mean ±0,1 % and a variance of 0,01 %
• Similar or lower pitch actuation, measured mean of the pitch actuators and there

derivatives
• The blade and tower deflection must be similar or less

all in comparison to the FAST controller.

The acceptance test will be carried out by applying a wind field to the a wind turbine
with the developed controller, and the FAST controller, and making a simulation in
Matlab. Data saved from the two controllers can then be compared to see if the re-
quirements are respected. The Matlab files used for acceptance test is to be found in
’Acceptance test’

The wind field for the acceptance test will contain all wind phenomena described in
Chapter 4, being a mean wind, tower shadow, wind shear, turbulence and a moving
Gaussian wake.

18.1 Yaw torque reduction

The first requirement to be evaluated is the yaw torque. The requirement for the yaw
torque, was a reduction of 80 %.

In Figure 18.1, a plot of the yaw torque doing the simulation.
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Figure 18.1: Total yaw torque smoothed with a moving average filter

From this it can be seen that the yaw torque have been lowered a bit, as there is a minor
difference between the graphs in the plot. But the requirement was a reduction of 80 %
which is clearly not respected.

18.2 Energy capture

The energy production of the wind turbine should, according to the requirements, be
the rated for the wind turbine, in other words the same as the FAST controller.

The power output in the acceptance test is shown in Figure 18.2.
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Figure 18.2: Output power

The level of the energy production of the developed controller, is as it can be seen lower
than the rated level, marked in the figure. The FAST controller is moving about the
rated level as required, which implies that the requirement is not respected.
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18.3 Pitch actuation

18.3 Pitch actuation

The level of the pitch actuation should be reduced with the developed controller, as a
higher level of actuation will cause the actuator to wear out faster.

The pitch signal and its derivative is shown in Figure 18.3.
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(a) Pitch input
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(b) Pitch input derivation

Figure 18.3: Acceptance test of pitch actuation

It can be seen that the level of the pitch input from the repetitive controller is higher than
the signal from the FAST controller, which not necessarily says anything of the level of
actuation. The actual requirement is about the pitch actuation which can be examined
from the derivative of the pitch input, shown in Figure 18.3b. The level of the derivative
for the repetitive controller is quite bigger than for the FAST controller, meaning that
the pitch actuation is larger as well. Thereby is the requirement not respected.
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18.4 Blade and tower deflection

The last requirement will now be evaluated. This is that the deflection of both blade
and tower should not be more than for the FAST controller.

The result from the simulation is shown in Figure 18.4.
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(a) Blade deflection
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(b) Tower deflection

Figure 18.4: Acceptance test of blade and tower deflection

In Figure 18.4a, it can be seen that the deflection of the blade is somewhat the same,
the deflection is though displaced a little down in the plot.

Deflection of the tower is shown in Figure 18.4b, where it can be seen that the deflection
of the tower is lowered by the repetitive, as the FAST controller is oscillating quite more.

The requirement of a similar or lower deflection of blades and tower is thus respected.

More figures from the acceptance test is to be found in Appendix F. These were consid-
ered to have no importance for the acceptance test.

After the acceptance test a conclusion on the controller development will now be given.
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Chapter 19

Conclusion

In the project a wind field and the Baseline wind turbine have successfully been mod-
eled. The wind model includes a mean wind, tower shadow, shear effect, turbulence and
a Gaussian formed wake. In the aerodynamic model, the blade element theory was used
to describe the effect of the wind on the blades as thrust force and rotation torque. The
deflection of the blades and tower has been modeled by introducing a hinge in each blade
and in the tower, and express them as mass-spring-damper systems. The drive train and
pitch actuator has been modeled as a two linear state space systems. In order to make
use of the linear control the model has been linearized to one single state space model.
The linear and nonlinear model were compared to the FAST wind turbine and the model
was found suitable to control.

In order to control the yaw torque of the wind turbine the reference has been investigated.
It was found that, by adding an output filter to the thrust force output, a reference was
generated which could be used to reduce the yaw torque.

As the wake affecting the wind turbine has been assumed to be quasi static, the response
of the blades are assumed to be similar when they pass through the wake. Thereby the
response from the blades can be see as repetitive, and repetitive control can be applied.

In order to use repetitive control on the multi variable state space model, the system
has been lifted. In the lifted domain the output of one whole rotation is taken in con-
sideration, which makes it possible to use a LQR controller which generates an output
that minimizes the output for a rotation.

The found controller was implemented in a Matlab simulator based on the linear mo-
del. The response from the controller was not as expected, as the yaw torque was not
minimized. In order to test the simulator, an simple proportional controller was tested
successfully, showing the potential in the method. Thereby the error in the controller
can possibly be a difference between the model and the simulator, which was not found.

In the acceptance test one goal was to reduce the yaw torque by 80 %, this was not
achieved as the repetitive controller was not implemented in a functional way. Due to
this two other requirements, the level of power production, and pitch actuation, were not
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respected either. But even though the controller did not work as intended the deflection
of the tower was lowered to some degree.

From Chapter 2, the following problem statement was defined for the project:

Can a controller, using individual pitch control, be developed, to reduce the yaw
torque under the presence of wake, which is better than the one for the Baseline
wind turbine in the FAST code?

It could be possible, can the conclusion be, as the simple implementation showed the
potential. But in this project, the developed repetitive controller, was not implemented
properly and thereby it can not be concluded, that it is not possible.
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Chapter 20

Discussion

In the project, the designed lifted repetitive control has been implemented in a Matlab
simulator. However, the benefit of the repetitive controller was not obtained, but some
of the properties were shown. From this it can be seen that more work, could lead to a
repetitive controller, which is able to reduce the yaw torque effecting the wind turbine
significantly.

The project is based on the AeroDyn and FAST wind turbine model and controller.
The FAST controller is a PID, however in this project a state feedback controller of the
collective pitch controller were used instead. The collective pitch controller did not keep
the rotational speed as steady or at the correct level as it was require to get the use of
memory vectors to work properly. This could be seen from the acceptance test, where
the power output was less smooth than the FAST controller, and the level of the power
output was significantly lower as well. The collective pitch controller ought to be stable
such that the power output is stable, and an integration term could pull the output up
to the desired level.

In a simple simulator test, it was shown that it is possible to control the yaw torque. But
the solution did not show any robustness and there were no noise on the input to the
controller, so further work would be needed to make the a better controller performance.

In the simulations no noise was added, as it has been prioritized to get the repetitive
controller implemented before this was added. However, when the controller is imple-
mented and working properly, the next step would be to add noise to the output of the
model. In order to use noisy measurements for control purpose, a state estimator should
be added.
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Appendix A

How to run FAST

In this appendix, it will be described how the FAST simulator works, and furthermore
the procedure to run FAST in Matlab Simulink and in the command prompt will
be described. The files used in this chapter is placed in [’FAST files’\’How to run

FAST\’] on the attached DVD.

An overview of how the different processors is interacting in FAST is shown in Figure
A.1.
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Figure A.1: Overview of the FAST processors [15]

As it can be seen, the FAST simulator consists of a number of processors which defines
the properties of the simulated wind turbine.



How to run FAST

A.1 Matlab

To run a FAST simulation, the Matlab file Run Self Made.m is opened, the content of
this file is:

Listing A.1: Run Self Made.m

i n p u t f a s t =’ Sel f Made . f s t ’
Read FAST Input
sim ( ’ OpenLoop ’ )

The primary FAST file is Self Made.fst in this file all the parameters for the wind
turbine is defines e.g. rotor diameter and hub height, furthermore the simulation time
is defined and files describing the properties of the wind turbine is called. It is also in
this file the outputs of the simulation is defined, a list of the possible outputs is present
in the FAST User’s Guide [15]. It is important that the file structure as shown in the
attached folder is kept, as Matlab otherwise will not be able to run and will report an
error.

Also the AeroDyn file Self Made AD.ipt is called, in this input file the aerodynamics of
the wind turbine is defined by calling files containing properties of i.e. the blades. From
this file another file Wind\Wind file.wnd describing the incoming wind flow is called.

When the input to FAST is defined the function Read FAST Input.m is called. This
script reads the FAST input file, here Self Made.fst, and from this creates Matlab
workspace variables which are used FAST.

Finally, the Simulink model OpenLoop.mdl is executed, this could also be done using
the Simulink interface. OpenLoop.mdl contains a FAST S-Function which runs in open
loop with the inputs defined.

The output of FAST simulation in Matlab is saved in the file Self Made SFunc.out,
from where it can be imported and analysed further in Matlab.

A.2 Command prompt

Running FAST in Matlab Simulink excludes some parameters from the simulation, this
could for example be the initial conditions for the blade deflection. By running FAST
in command prompt more opportunities is present. This will now be described.

Listing A.2: Run FAST in command prompt

C:\ Users \ . . . \FAST>f a s t Sel f Made . f s t
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A.2 Command prompt

As for Matlab, the primary FAST file is Self Made.fst, and furthermore is AeroDyn
file Self Made AD.ipt and wind file Wind\Wind file.wnd determining the parameters
for the simulation. In the folder where simulation is ran the file FAST.exe shall be lo-
cated, this file is the FAST program, which have been downloaded from [23].

The output of FAST simulation in command prompt is saved in the file Self Made.out,
from where it can be imported and analysed further in Matlab.

When an output from FAST is analysed it should be noticed that the first 50 seconds,
dependent of the individual simulation, should be disregarded, because FAST needs some
time to settle when starting a simulation, causing the first part of the simulation to be
invalid.
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Appendix B

Baseline wind turbine

The model and controller in this project are based on the upwind turbine included in
the FAST test files. This turbine is a WindPACT 1,5 wind turbine, which is a 1,5 MW
3-bladed upwind baseline turbine. A full description of the wind turbine can be found
in [18] and [19]. The relevant data used for simulations is listed in Table B.1.

Variable Value

Rated power 1,5 MW
Rotor diameter 70,0 m
Hub height 84,0 m
Rotor speed range 10,0-20,0 rpm
Rated rotor speed 20,0 rpm
Blade mass 3912 kg
Hub mass without blades 15148 kg
Distance rotor to center tower axis 3,3 m
Nacelle mass without hub and blades 51170 kg
Gear ratio 87,97
Distance rotor plane to main bearing 0,99 m
Cut-in wind speed 4,0 m/s
Rated wind speed 12,0 m/s
Cut-out wind speed 25,0 m/s
Blade pitch range 0-90◦

Table B.1: Principal data of WindPACT 1,5 MW wind turbine [19, p. 6]
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Appendix C

Sensor model

A number of sensors are places on the wind turbine to measure some of the variables
included in the model. In this appendix, these sensors will be listed. It is not necessary
to model the dynamics of the sensors since it is assumed that these dynamics are signif-
icantly faster than the dynamics of the wind turbine.

In Table C.1, the used sensors are listed, and the symbols of the variables they are
measuring are furthermore shown.

Measured variable Sensor type Symbol

Generator angular velocity Speed encoder θ̇G

Rotor angular velocity Speed encoder θ̇R

Generator torque Soft sensor τG

Pitch angle Encoder βi

Tower acceleration Accelerometer ẍt

Root moment Strain gage τb,i

Wind speed Anemometer V

Table C.1: Sensors from the wind turbine [10]

A list of measured variables have here been presented. These can be used in the overall
model to be compared with the states in the full state space model.
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Appendix D

Matrixes from linearization

In Chapter 12, the nonlinear parts of the derived model is found. A linearization of
the model have been accomplished and combined with the linear parts. The full linear
system description is shown in the matrixes found in the following pages.
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Appendix E

FAST reference controller

FAST has an integrated controller, which is used under the validation of the model and
as a reference controller when evaluating the controller. In this project, the focus is
primarily on region 3; therefore, the controller for this region will be of main focus, the
controller for region 2 and 2,5 will though be briefly described.

E.1 Region 2 and 2,5

As it is described in Section 14.2, only the generator torque is used for control in region 2,
and the pitch is kept constant. In FAST, the region 2 and 2,5 control is made according
to Figure E.1 where the different input parameters is defined in the primary FAST file
[15, p. 26].
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Figure E.1: Torque/speed curve for simple variable-speed control [15, p. 26]



FAST reference controller

E.2 Region 3

In region 3, the wind turbine has reached its rated power and the controller has to ensure
that this power is not exceeded. Secondary the controller should try to limit the load
on the blades and tower, in the FAST controller this option can though be switched off.

The rated power is obtained by keeping the generator torque at a constant level and
adjusting the pitch angle in order to keep rotor speed at the rated level. The FAST
controller is written in FORTRAN code and can be found in the FAST files: Source\
PitchCntrl ACH.f90 and CertTest\Pitch.ipt.

In Figure E.2, a block diagram of the FAST pitch controller in region 3 controller is
shown.

Gain
scheduling

R PD
controller

I
controller

Anti
windup

Saturation
βθ ref

Figure E.2: Block diagram of the controller from FAST in region 3

The velocity of the low speed shaft θ̇R acts as an input for the controller, a gain scheduling
is applied to this signal, which is sent through a proportional-derivative controller and
an integral controller, containing anti-windup. These two is summarized and saturated,
and used as pitch reference βref.

The FAST controller is used for estimating parameters in Chapter 10, to validate the
model in Chapter 13, and in the end used in the acceptance test in Chapter 18 for
comparison with the developed controller.

The FAST controller have been translated into Matlab code, which makes it possible
to run both controllers in Matlab, and analyze the data here. The translated FAST
controller is included in ’FAST controller’\main.m in a Matlab script.
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Appendix F

Acceptance test appendix

In the appendix additional figure from the acceptance test is included. These had no
significance for the actual acceptance test, but can be seen here.
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Figure F.1: Low speed shaft angular velocity
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Figure F.2: Pitch angle on wind turbine
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Figure F.3: Tower deflection velocity
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Figure F.4: Blade deflection velocity
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Figure F.5: Thrust force on single blade
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Figure F.6: Total yaw torque
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Figure F.7: Wake movement in wind field, at the fixed angle 0,5π. Sharper vertical lines is
caused by the wake moving across the edge of the wind field and entering in the
opposite side
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Appendix G

Content of DVD

The included DVD have the following contents:

• Literature from the bibliography

• Digital copy of the report

• Matlab/FAST files:

– Acceptance test

– FAST controller

– FAST files

How to run FAST
Original FAST directory

– Linearization

Lift and drag factor
Pre-pitch of the blade
Width of the blade

– Parameter estimation

Aerodynamic
Mechanical
Structural

– Validation

– Wind model

Simple wind field creation
Gaussian wind field creation
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