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Abstract

This thesis investigates the performance of a wireless communication system using
a so-called equalizer. The specific environment in which the wireless communication
system is used is called the communication channel. Since wireless systems usually are
mobile the channel is a random quantity changing according to the dynamic environ-
ment. The channel distorts the transmitted signals, and it is necessary to compensate
for this distortion in the design of the system. One way of reducing the effect of the
distortion is to use an equalizer in the receiver, which attempts to reverse the effect
of the channel and thereby restore the original signal. As a measure of performance
of the system the minimum means square error (MMSE) is used. The MMSE value
is determined for each channel making it a random quantity. It is interesting to de-
scribe the distribution of the MMSE for a given channel model, since it then would
be possible to give confidence bands on the performance of the system. The MMSE
depends on the bandwidth B used by the communication system. In modern ultra
wide band (UWB) systems very large bandwidths are used making asymptotic results
for increasing bandwidth interesting. The problem of an asymptotic characterization
of the MMSE is the starting point of this thesis.

First a mathematical model for the communication system is presented. In this model
two different equalizers are introduced: The infinite and the finite equalizer, which
give rise to two different MMSEs denoted respectively MMSE∞ and MMSEN . The
communication channel can be described via the channel response or equivalently the
Fourier transform of this response called the transfer function H. Due to the random
nature of the channel this is a stochastic process, and it turns out that this process
determines MMSE∞ uniquely as

MMSE∞ =
1

B

∫ B

0

σ2
n

|H(f)|2 + 1
ρ

df,

where σ2
n is the noise power, ρ is the signal to noise ratio, and B denotes the band-

width.

A brief simulation study indicates a central limit theorem (CLT) holds for MMSE∞,
and the rest of the thesis is devoted to the investigation of this. As a background
for this investigation a wide range of topics within the field of stochastic processes is
presented. Especially a detailed proof of a CLT for continuous time stochastic pro-
cesses is given. This establishes that under suitable conditions the normalized integral
for a stochastic process is asymptotically Gaussian, when the integration limit grows
to infinity. For this to hold a key assumption is weak dependence of the stochastic
process. The concept of weak dependence is defined via mixing properties, and this
topic is also studied. In this classical central limit theory the process is not allowed to
depend on the integration limit, which the process H does. To deal with this problem
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it is necessary to consider the limiting behavior of H as B grows. A powerful tool
for studying asymptotics of stochastic processes is weak convergence in metric spaces,
and a brief introduction to this topic is provided.

Finally the properties of MMSE∞, MMSEN , and H are studied, and a weak limit
of H is determined. Furthermore it is proven that under suitable conditions a CLT
holds for MMSE∞, and finally it is proven that MMSEN approximates MMSE∞ for
N → ∞, which is used to give a condition ensuring the CLT behavior is inherited by
MMSEN .
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CHAPTER 1

Introduction

1.1 Introduction

In recent years ultra wide band (UWB) techniques have gained considerable interest
as a novel approach to high speed wireless communications both over short range
and for longer range systems as e.g. positioning systems. One of the effects of the
large bandwidth in UWB communication systems is the possibility of using short time
intervals for symbol transmission and of thereby increasing the data rate. An estimate
of the bandwidth B used by a communication system is B = 1/T , where T is the
symbol time of the system. Therefore a bandwidth of e.g. 1 GHz corresponds to a
symbol time of T = 1 ns. When the transmitting antenna in a wireless communication
system transmits a given sequence of symbols modulated into radio waves it will be
reflected on various objects present in the propagation medium. This leads to several
different propagation paths between the transmitter and receiver as illustrated in
Figure 1.1. The waves always travel at the constant speed of light, which means that
the signal at the receiver will be a superposition of delayed versions of the symbol
sequence corresponding to different propagation paths. This type of signal corruption
is called inter symbol interference (ISI) since previously transmitted symbols interfere
with the new symbols at the receiver due to the various propagation delays.

RxTx

Figure 1.1: Schematic representation of different propagation paths from the trans-
mitter antenna Tx to the receiver antenna Rx leading to ISI.

A common way of reducing the effect of the ISI is to include an equalizer in the receiver
part of the communication system. There are several types of both linear and non-
linear equalizers that are used today, but here we will only treat linear equalizers and
specifically we will study characteristics of the minimum mean square error (MMSE)
linear equalizer.

1.1.1 System model

It is assumed that we wish to transmit a sequence of information symbols x = {xi}∞−∞
over a communication channel. We assume that xi ∈ S, where S = {s1, . . . , sn} and
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si ∈ C for i = 1, . . . , n. The information symbols are unknown a priori and they are
assumed to be independent identically distributed (iid) on S. The task of modulating
the information symbols into continuous time signals and the demodulation of these
signals is the topic of digital modulation and it will not be treated here. A text book
introduction to various digital modulation techniques can be found in Proakis (2001)
or in the lecture notes Cioffi (2005). One of the main results is that the continuous
time communication system can be modeled by an equivalent discrete time system,
which often will simplify the analysis of the system. The transmission time of each
discrete information symbol is called the symbol time T and we will assume through-
out the thesis that the transmission uses the bandwidth B = 1/T .

We assume the equivalent discrete time system model specifically is as illustrated in
Figure 1.2. Here it is assumed that the effect of the communication channel can be
divided into two separate parts. Firstly the channel introduces ISI modeled by a
convolution with the so called channel response hB

L = (hB
0 , . . . , hB

L−1), hB

l ∈ C, such
that given hB

L and the input x the channel output y = {yi}∞−∞, due to this effect
alone, would be given by

y = hB

L ∗ x.

The output is thus explicitly given by

yi =

L−1∑

l=0

hB

l xi−l, i ∈ Z.

The second part of the channel is assumed to add white complex Gaussian noise to
the signal, and it is thus called an Additive White Gaussian Noise (AWGN) channel.

ISI
channel

SBS
detector

AWGN
channel

xi

ni ∼ CN (0, εn)

x̂iyi Equalizer zih

Figure 1.2: Discrete time equivalent model of a communication system with symbol
time T operating over the bandwidth B = 1/T .

The final output is then given by

y = hB

L ∗ x + n,

where the elements of the sequence n = {ni}∞−∞ are assumed to be iid with ni ∼
CN (0, σ2

n). For each i, yi is given by

yi =

L−1∑

l=0

hB

l xi−l + ni, i ∈ Z. (1.1)
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It is clear from this model that the output at time j only depends on the input values
in the time interval (−∞, j], and we say that the system is causal. It is straight for-
ward to extend the model to non-causal systems where we have hB

l 6= 0 for some l < 0.

At the receiver an equalizer is used to reduce the effect of the ISI, which is done by
convolving the channel output y with the equalizer response w = {wi}∞0 , wi ∈ C to
obtain the equalizer output z = {zi}∞−∞ given by

zi =
∞∑

j=0

wjyi−j , i ∈ Z.

Finally each zi ∈ C is mapped to an estimate x̂i ∈ S by a symbol-by-symbol (SBS)
detector. In order to achieve good performance of the system the equalizer response
w must be chosen according to some criterion based on knowledge of the channel
response hB

L . Here we will focus on the MMSE linear equalizer, which we elaborate
on in the following.

1.1.2 MMSE equalization

This short introduction to MMSE equalization is based on Cioffi (2005) and a more
thorough exposition can be found there. We assume the channel response hB

L is known
at the receiver such that the equalizer response w is chosen given hB

L . Furthermore
we always assume the mean noise power σ2

n (the variance of the noise distribution) to
be known along with the signal power, which we denote σ2

x. Often we are interested
in the relative size of the signal compared to the noise called the signal to noise ratio
(SNR), which is defined by

ρ =
σ2

x

σ2
n

. (1.2)

With this information available at the receiver we need a criterion of optimality to
choose the equalizer response by, and in this thesis we will use the MMSE defined
below.

Definition 1.1.1. Let a communication system as shown in Figure 1.2 use bandwidth
B to communicate over a channel of length L. If an equalizer with response w =
{wi}∞0 is used, the mean square error, MSEL,B

∞ , and the minimum mean square error,
MMSEL,B

∞ , respectively are given by

MSEL,B

∞ = E(‖xi − zi‖2),

and

MMSEL,B

∞ = min
w

E(‖xi − zi‖2),

where zi is the equalizer output and xi is the input symbol. �
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The subscript ∞ refers to the response of the equalizer having infinite length, which
in another setting discussed later will be finite. Since both the input process x and
the noise process n are assumed stationary the choice of index i in Definition 1.1.1
does not matter and the definition is consistent.

Intuitively it is clear that this is a sensible optimality criterion since a small MSE
means the equalizer output is close to the actual transmitted information symbols
suggesting that fewer estimation errors will be made. Furthermore it is intuitively
reasonable that the MMSE value can be used as a parameter describing the per-
formance of a communication system. A system with a small MMSE is preferable
compared to a system with a high MMSE.

In Cioffi (2005) it is shown that the value of the MMSE can be calculated by

MMSEL,B

∞ =
1

B

∫ B

0

σ2
n

|HL,B(f)|2 + 1
ρ

df, (1.3)

where ρ is the SNR defined in (1.2), and HL,B is the discrete time Fourier transform
of hB

L
given by

HL,B(f) =
L−1∑

l=0

hB

l exp
(
−2πif l

B

)
, f ∈ R. (1.4)

This is known as the transfer function or frequency response of the channel and it
is used to describe the properties of a communication channel in the frequency domain.

The deterministic expression for MMSEL,B

∞ in (1.3) relies on the transfer function HL,B

being known, but as we will discuss in the following section the channel response hB
L

and thereby also HL,B is actually modeled by a stochastic process.

1.1.3 Channel model

The channel response is determined by the physical nature of the channel, which is
dynamically changing for a wireless channel and therefore the channel response hB

L

is a stochastic process. We will however assume that it is constant for each period
of use. It is assumed the mean power of the channel over time can be described by
a non-negative continuous time function p called the power delay profile (PDP). We
will assume the channel is causal with normalized power and therefore:

(i) p(t) = 0 for t < 0

(ii)
∫∞
0

p(t)dt = 1,
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which means that p is a probability density function (pdf). The PDP is assumed to
determine the mean power of the discrete time channel response by

E(|hB

l |2) = νB

l =

∫ (l+1)T

lT

p(t)dt =

∫ l+1

B

l
B

p(t)dt. (1.5)

0 T 2T 3T 4T 5T 6T 7T 8T

Figure 1.3: Example of a power delay profile. The variance of hB
0 , . . . , hB

L−1 is
determined by the integral of p over the corresponding sampling interval.

Furthermore we assume (hB
0 , . . . , hB

L−1) are obtained from iid complex valued stochas-
tic variables X0, . . . , XL−1 with E(Xl) = 0 and Var(Xl) = 1 as hB

l = σB

l Xl, where
σB

l =
√

νB

l . The distribution of Xl is called the channel distribution and we will
often assume this to be the complex Gaussian distribution, which is common in the
literature (Jakes, 1994).

Figure 1.3 is a schematic representation of p and the relation to the mean power of
hB

0 , . . . , hB

L−1. The PDP is an idealized model of how the power in the channel is
distributed. If we were to use measuring equipment with unlimited sensitivity we
would on average observe an amount of power at all times. This limit corresponds
to the channel length L = ∞, and it is seen in this case the mean total power of the
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channel response is 1, since

E

( ∞∑

l=0

|hB

l |2
)

=
∞∑

l=0

E(|hB

l |2)

=

∞∑

l=0

∫ l+1

B

l
B

p(t)dt

=

∫ ∞

0

p(t)dt = 1.

It is also remarked that if B is increased it will usually be natural to increase L simul-
taneously. It is clear that if L is fixed, we integrate over a smaller and smaller interval
when B is increased, implying that we incorporate less and less of the channel power
in the model. If L/B is kept constant during the increase of L, B we keep the channel
power constant, which can be interpreted physically as fixing the sensitivity of the
measuring equipment. Another type of asymptotics that is reasonable to consider is
when the ratio L/B increases as L and B are increased. This setting corresponds
to both using larger bandwidth and more sensitive equipment, and it has the math-
ematically attractive property that in the limit we incorporate all the power of the
channel in the model.

1.1.4 Finite MMSE equalization

While the previous setup is nice from a theoretical point of view there are some issues
regarding the practical implementation that need to be considered. It is very diffi-
cult to implement an equalizer with an infinite response and in practice the equalizer
will have a response of finite length N . In this section we will describe finite MMSE
equalization, which for a fixed N aims to find the choice of wN = (w1, . . . , wN − 1)
that minimizes the MSE of the system.

We define the vector yi = (yi, . . . , yi−(N−1))
⊤ which is the equalizer input for the

finite equalizer with response of length N (often called the length of the equalizer).
A standard method to calculate a convolution is a matrix-vector product, which we
will do in the following. Using (1.1) we have

yi =




hB
0 · · · hB

L−1 0
0

. . .
. . .

. . .

hB
0 · · · hB

L−1







xi

...
xi−(L+N−2)


+




ni

...
ni−(N−1)


 (1.6)

= Hxi + ni,

where we have defined the N×(L+N−1) dimensional channel matrix H, the input
vector xi and the noise vector ni. The equalizer output at time i is then zi = wNyi.
From (1.6) it is seen that zi contains information of the symbols xi−(L+N−2), . . . , xi
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and we could choose the equalizer response wN in order to obtain an estimate on
any of these. We thus use zi as an estimate of the input symbol xi−∆, where ∆ is
called the delay of the equalizer, and depending on the structure of the channel it
may be advantageous to choose one delay rather than the other. Accordingly we have
an extra parameter involved in the design of the equalizer leading to the following
modification of the MMSE in Definition 1.1.1.

Definition 1.1.2. Let a communication system as shown in Figure 1.2 use bandwidth
B to communicate over a channel of length L. If an equalizer with response wN =
(w0, . . . , wN − 1) and delay ∆ is used the mean square error, MSEL,B

N , and the minimum
mean square error, MMSEL,B

N , respectively are defined as

MSEL,B

N = E(‖xi−∆ − zi‖2),

and

MMSEL,B

N = min
wN

min
∆

E(‖xi−∆ − zi‖2),

where zi is the equalizer output and xi−∆ is the input symbol. �

Given the channel response hB
L along with the signal and noise power σ2

x and σ2
n

respectively, Cioffi (2005) finds an expression for both the optimal choice of wN and
the corresponding value of MMSEL,B

N . For our purposes only the latter is necessary
and it is given by

MMSEL,B

N = σ2
n min diag

(
H∗H + 1

ρI
)−1

. (1.7)

It should be noticed that for a given channel we always have MMSEL,B

∞ ≤ MMSEL,B

N

since the finite equalizer is a sub-model of the infinite equalizer. Obviously if the
optimal finite response is wN = (w0, . . . , wN − 1) we could simply choose the infinite
response as w = (. . . , 0, 0, w0, . . . , wN − 1, 0, 0, . . . ) to obtain the same MSE.

1.2 Simulations

To illustrate the behavior of the performance measure MMSEL,B

∞ introduced in Section
1.1 we present a simulation study of the distribution of MMSEL,B

∞ in a specific setup.
For simplicity we fix the signal and noise power to 1, i.e. σ2

x = σ2
n = 1, corresponding

to a signal to noise ratio of ρ = 1. We need to choose a probability distribution
on the positive real half line as the PDP. Several different distributions have been
used in the literature, and Pereira et al. (2006) suggests that either the exponential
distribution or the Rayleigh distribution can be used. As an illustration we use the
Rayleigh distribution illustrated in Figure 1.3, which has density and distribution
function given by

p(x) = 2x exp(−x2) and F (x) = 1 − exp(−x2).
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We wish to study the distribution of MMSEL,B

∞ as the bandwidth B tends to infinity
corresponding to the usage of large bandwidth in UWB systems. In the analytical
study of this problem in Chapter 3 it is necessary to assume the channel length L
grows such that L/B → ∞, which is done here by setting B = B(L) =

√
L (or equiv-

alently L = B2). Finally we assume the channel distribution to be complex Gaussian.

Given this assumptions we can simulate a channel response hB
0 , . . . , hB

L−1 by drawing
L iid complex Gaussian variables X0, . . . , XL−1 and set

hB

l = σB

l Xl,

where

σB

l =

∫ l+1

B

l
B

p(t)dt = exp
(
−
(

l
B

)2)− exp
(
−
(

l+1
B

)2)
.

Figure 1.4: Quantile-quantile plot of 1000 standardized simulated MMSEs for six
different values of L, B.

Given the channel response we have a deterministic expression for the transfer func-
tion HL,B, and correspondingly a deterministic integral expression for MMSEL,B

∞ in
(1.3), which can be evaluated by standard quadrature methods. The results given
here are obtained using MATLAB, where the standard quadrature algorithm is an
adaptive Simpson sum algorithm. For each bandwidth B = 5, 10, 20, 30, 40, 50 we
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have simulated 1000 channel responses and correspondingly calculated 1000 values
of MMSEL,B

∞ , which we for each L, B have standardized by the empirical mean and
standard deviation. The Q-Q plots for the standardized values are shown in Figure
1.4. For small values of L the distribution looks non-Gaussian, whereas the Gaussian
assumption seems to be reasonable for large L. It is on the basis of these observations
we set forth to study the asymptotic properties of the random variable MMSEL,B

∞ and
the transfer function HL,B used to calculate it.

If a finite equalizer is used the performance measure is denoted MMSEL,B

N , which we
also wish to characterize. In this case we rely on a result in Chapter 3, where it is
proven that for fixed L, B the distribution of MMSEL,B

N converges to the distribution
of MMSEL,B

∞ . We would thus obtain results arbitrarily close in distribution to the
results given here by choosing N sufficiently large, and therefore the simulations are
not carried out in this case.

1.3 Problem delimitation

As mentioned in the preface the subject of this thesis was inspired by the unpub-
lished work in Pereira et al. (2006). They have conjectured that it is possible to prove
asymptotic normality of MMSEL,B

∞ given by (1.3) when we let the bandwidth B and
the channel length L tend to infinity. Furthermore they have realized that the expres-
sion (1.7) for MMSEL,B

N corresponds to a Riemann sum approximation of MMSEL,B

∞ ,
such that the pointwise convergence MMSEL,B

N → MMSEL,B

∞ holds for N → ∞, which
we verify in detail in Section 3.3. This result leads us to conjecture that the asymp-
totic normality of MMSEL,B

∞ is inherited by MMSEL,B

N .

The two conjectures are:

Conjecture 1.3.1. Under suitable conditions there exist µ, σ ∈ R such that for
L, B → ∞ we have √

B

σ

(
MMSEL,B

∞ − µ
)

D→ N (0, 1),

where D→ denotes convergence in distribution.

Conjecture 1.3.2. Under suitable conditions exist µ, σ ∈ R such that for L, B, N →
∞ we have √

B

σ

(
MMSEL,B

N − µ
)

D→ N (0, 1).

The aim of this thesis is to study these conjectures and outline how they can be
proved. In order to do this we will study the transfer function HL,B given by (1.4),
which is a complex-valued stochastic process. We wish to find a limit of this process
when L, B → ∞, denoted H∞, and determine the properties of this limiting transfer
function.
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1.3.1 Outline

In the following we give an outline of how the rest of the thesis is structured.

Chapter 2 contains the necessary topics from the theory of stochastic processes. Sec-
tions 2.1 and 2.2 briefly review basic properties of random variables and stochastic
processes, and they mainly serve as a way to introduce a consistent notation and to
provide a reference on some necessary results. Section 2.3 covers mixing properties
of stochastic processes, which is an essential assumption to prove a continuous CLT,
which is done in detail in Section 2.4. This CLT ensures that the integral of a stochas-
tic process is asymptotically Gaussian under suitable conditions and normalizations,
and it is thus a natural step in proving the conjectures. Finally Section 2.5 finishes
the chapter with a brief description of weak convergence in metric spaces and provides
results used to determine the limiting transfer function H∞.

Chapter 3 presents the specific results obtained for MMSEL,B

∞ , MMSEL,B

N , HL,B, and
H∞ in this thesis. In Section 3.1 it is shown that the limit H∞ must be a complex
Gaussian process with marginal distribution CN (0, 1) and autocovariance function p̂,
where p̂ denotes the Fourier transform of the power delay profile of the channel. In
Section 3.2 it is proven that if HL,B is substituted by the limiting process H∞ in (1.3)
asymptotic normality holds. Furthermore conditions are given to ensure the asymp-
totic normality also holds for MMSEL,B

∞ . Section 3.3 presents the results for MMSEL,B

N .
First for fixed L, B it is shown that MMSEL,B

N → MMSEL,B

∞ pointwise for N → ∞.
Then extensions to ensure the distributional properties of MMSEL,B

∞ are inherited by
MMSEL,B

N are considered. Finally Section 3.4 discusses the results obtained in the
chapter and especially the imposed assumptions are reviewed.

Chapter 4 rounds off the thesis with a conclusion and a discussion of possible future
work within this area.

Appendix A consists of three sections. Sections A.1 and A.2 serve as a reference
on some necessary results and no proofs for these are given. In Section A.3 some
auxiliary lemmas used in Chapters 2 and 3 are presented. These lemmas constitute
important steps in some of the proofs given in the thesis, and they are all proved in
detail. The results have merely been moved to the appendix to smooth the flow of
the main exposition.







CHAPTER 2

Selected topics in stochastic processes

To treat the problem of Chapter 1 rigorously some results on stochastic processes are
needed. These will be outlined in this chapter.

2.1 Random Variables

A real random variable is a measurable mapping X : Ω → R, where (Ω, E , P ) is a
probability space and we use (R, B(R), µ) as the measurable space X maps to, where
B(·) denotes the Borel σ-algebra and µ is the Lebesgue measure. The distribution F
of X is the measure induced on B(R) by P . Thus for any Borel set A, F (A) = P (X ∈
A). The distribution of X is also referred to as the law of X, denoted L(X). The
distribution function, which we also denote F , is the function from R to [0, 1] given
by F (x) = P (X ≤ x). The distribution function will also be used notationally when
we integrate with respect to a probability distribution. I.e. if F is the distribution
function of the random variable X and we wish to integrate a function f with respect
to this probability distribution we use either of the following notations:

∫
f(x)dP

∫
f(x)dF (x)

∫
f(x)dP (X≤x).

If X follows a standard normal distribution denoted X ∼ N (0, 1) we denote the
distribution function Φ rather than F .

2.1.1 Conditional expectation

We will need a few results on conditional expectations, which are presented here.

Definition 2.1.1. Let X be a random variable on the probability space (Ω, E , P ). If
F is a σ-algebra contained in E we define the conditional expectation of X given F
denoted E(X|F) as the random variable satisfying

(i) E(X|F) is measurable with respect to F .

(ii)
∫

A
E(X|F)dP =

∫
A

XdP for all A ∈ F . �

The existence of such a random variable is proved in Billingsley (1986) to which we
refer for more details on conditional expectation. From the definition it is clear that

E[E(X|F)] =

∫

Ω

E(X|F)dP =

∫

Ω

XdP = E(X), (2.1)

which is referred to as the law of total expectation.
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Another useful property is that if X is measurable with respect to the conditional
σ-algebra it behaves like a constant with respect to the conditional expectation, i.e.
if X is measurable with respect to F , and if Y and XY are integrable, then

E(XY |F) = XE(Y |F) (2.2)

with probability 1 (Billingsley, 1986, Theorem 34.3.).

2.1.2 Stochastic convergence

Since a large part of this thesis is concerned with asymptotic properties of stochastic
processes and variables it is important first to clarify what is meant by the various
types of convergence that are used. We let (Xn) denote an entire sequence of random
variables

. . . , X−1, X0, X1, . . .

whereas Xn refers specifically to the n’th random variable of this sequence. This
notation will also be carried over to the case of stochastic processes as we shall see
later.

Definition 2.1.2. A sequence of random variables (Xn) is said to converge weakly
to the random variable X if the distribution function Fn of Xn converges pointwise
to the distribution function F of X at all continuity points of F . I.e. if

lim
n→∞

Fn(x) = F (x)

at all continuity points of F . This is also called convergence in distribution or law
and it is denoted either

Xn
D→ X or lim

n→∞
L(Xn) = L(X). �

Definition 2.1.3. A sequence of random variables (Xn) is said to converge in prob-
ability to the random variable X if for all ε > 0

lim
n→∞

P (|Xn − X| ≥ ε) = 0,

and convergence in probability is denoted Xn
p→ X. �

Definition 2.1.4. A sequence of random variables (Xn) is said to converge almost
surely (a.s.) to the random variable X if

lim
n→∞

Xn(ω) = X(ω)

for all ω ∈ Ω\N , where P (N) = 0. This is also called convergence almost everywhere

or convergence with probability 1, and we denote it Xn
a.s.→ X.

If N = ∅ we say Xn converges surely, pointwise or everywhere to X, which is denoted
Xn → X. �
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These definitions of convergence have been listed in ascending order of strength mean-
ing

Xn → X =⇒ Xn
a.s.→ X =⇒ Xn

p→ X =⇒ Xn
D→ X.

There are several useful equivalent characterizations of convergence in distribution,
which are known as the Portmanteau Lemma, but we shall only need one of these.

Lemma 2.1.5. Xn
D→ X if and only if E[f(Xn)] → E[f(X)] for all bounded, contin-

uous functions f .

Another fundamental property of weak convergence is that it is conserved under
continuous mappings as stated below (van der Vaart and Wellner, 1996, Theorem
1.3.6).

Theorem 2.1.6. If g : R → R is continuous and Xn
D→ X, then g(Xn) D→ g(X).

In the case of convergence in distribution to a constant c we have the following result
due to Slutsky.

Lemma 2.1.7. If Xn
D→ X and Yn

D→ c then

Xn + Yn
D→ X + c.

Since convergence in probability implies convergence in distribution the lemma also

holds with Yn
p→ c, which is a often used version of the result. In fact it can be shown,

that when the limiting random variable is a constant, convergence in distribution and

in probability are equivalent. I.e. Yn
D→ c if and only if Yn

p→ c (van der Vaart, 1998,
Theorem 2.7(iii)).

A powerful tool in the theory of convergence of random variables is the characteristic
function defined below.

Definition 2.1.8. For a random variable X the characteristic function φ : R → C of
X is given by

φ(t) = E
(
exp(itX)

)
=

∫ ∞

−∞
exp(itx)dP.

�

The importance of the characteristic function is apparent in the following theorem
(Billingsley, 1986, Theorem 26.3.)

Theorem 2.1.9. Let (Xn) be a sequence of random variables with corresponding
characteristic functions φn and let the random variable X have characteristic function
φ. Then the following two statements are equivalent.

(i) Xn
D→ X

(ii) φn(t) → φ(t) for all t ∈ R.
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2.1.3 Central limit theorem for triangular arrays

A classical result on convergence of stochastic variables is the CLT for triangular
arrays, which we for convenience recall here (Billingsley, 1986, p. 368-369). Suppose
that for each n ∈ N we have kn independent random variables and let kn → ∞ for
n → ∞ then we have the following triangular array

X11, . . . , X1k1

X21, . . . . . . . . , X2k2

...
. . .

Xn1, . . . . . . . . . . . . . . . . , Xnkn

...
. . .

Let

Skn
=

kn∑

j=1

Xnj and σ2
kn

= Var
(
Skn

)
=

kn∑

j=1

Var(Xnj).

Then the CLT for triangular arrays states as follows.

Theorem 2.1.10. Suppose that for each n ∈ N the random variables Xn1, . . . , Xnkn

are dependent with E(Xnj) = 0, j = 1, . . . , kn. If for all ε > 0

lim
n→∞

kn∑

j=1

1

σ2
kn

∫

|x|≥εσkn

x2dP (Xnj ≤ x) = 0, (2.3)

then
Skn

σkn

D→ N (0, 1) as n → ∞.

The condition (2.3) is called the Lindeberg condition, which we will refer to later.

2.1.4 Complex random variables

In the following the concept of a random variable is extended to be complex-valued
rather than real-valued.

Definition 2.1.11. A mapping Z : Ω → C is called a complex random variable if
there exist real random variables X, Y defined on Ω, such that

Z = X + iY. �

For complex random variables we let E(Z) = E(X) + iE(Y ) and Cov(Z1, Z2) =
E
[(

Z1−E(Z1)
)(

Z2 − E(Z2)
)]

, such that the variance Var(Z) = Cov(Z, Z) = E(ZZ)−
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E(Z)E(Z) is a non-negative real number if it exists.

One of the most important examples of a complex random variable is the complex
normal distribution, which we define through the two dimensional real normal dis-
tribution as in Andersen et al. (1995). If we let [·] : Cp → R2p denote the natural
bijection, between complex and real vectors, given by

[x] =

(
Re(x)
Im(x)

)
, x ∈ Cp,

then the complex normal distribution is defined as

Definition 2.1.12. A complex random variable X follows a complex normal distri-

bution, with mean µ ∈ C and variance σ2 ∈ R+ if [X] ∼ N2

(
[µ], σ2

2 I2

)
. This is

denoted X ∼ CN (µ, σ2). �

A useful property directly inherited from the usual two dimensional Gaussian distri-
bution with independent marginals is isotropy, i.e. the complex normal distribution is
invariant to rotation. If we consider the magnitude of a complex Gaussian stochastic
variable we obtain the Rayleigh distribution, which is treated in the following.

The Rayleigh Distribution

Let X ∼ CN (0, 2σ2), then the density of [X] is

f[X](x1, x2) =
1

2πσ2
exp

[
− (x2

1 + x2
2)

2σ2

]
.

Transforming this into modulus/argument representation (X = RΘ) using the trans-
formation theorem yields

fR,Θ(r, θ) =
r

2πσ2
exp

[
− r2

2σ2

]
, (2.4)

since the inverse Jacobian of the transform between Cartesian coordinates and mod-
ulus/argument representation is r. The expression (2.4) is seen to be independent of
the phase θ which means that p(r, θ) = p(r)p(θ). We furthermore have

fΘ(θ) =

∫ ∞

0

r

2πσ2
exp

[
− r2

2σ2

]
dr =

1

2π
, 0 ≤ θ ≤ 2π

fR(r) =

∫ 2π

0

r

2πσ2
exp

[
− r2

2σ2

]
dθ =

r

σ2
exp

[
− r2

2σ2

]
, 0 ≤ r. (2.5)

Thus if X ∼ CN (0, 2σ2) or equivalently [X] ∼ N2(0, σ2I2), then the distribution of
R = |X| is independent of the phase and the density is given by (2.5). A distribution
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with this density is called a Rayleigh distribution with parameter σ. This is denoted
R ∼ Rayleigh(σ), and the mean and variance are given by

E(R) = σ

√
π

2

Var(R) =
(4 − π)σ2

2
.

Since we often work with squared magnitudes we wish to describe the distribution of
Y = R2 as well. Using the transformation theorem for the transformation t(r) = r2

yields

fY (y) = fR(t−1(y))

∣∣∣∣
d

dy
t−1(y)

∣∣∣∣

=

√
y

σ2
exp

[
−
√

y2

2σ2

]
1

2
√

y

=
1

2σ2
exp

[
− y

2σ2

]
.

This is seen to be the density of the exponential distribution with mean 2σ2, such
that if X ∼ CN (0, 2σ2) then |X|2 ∼ Exp( 1

2σ2 ).

2.2 Stochastic processes

We will work with stochastic processes with both real and complex values, and there-
fore the majority of definitions and results are done for the complex case. Thus in
this thesis the term stochastic process allows complex values unless stated otherwise.
The section is based on Doob (1953).

A stochastic (or random) process (Xt) is a family of complex random variables Xt,
t ∈ T ⊆ R, defined on the same probability space (Ω, E , P ). If T is countable the
process is said to be a discrete time process and otherwise it is called a continuous
time process. For discrete time processes we usually work with T = Z or T = N0

while continuous time processes usually have T = R or T = R+∪{0}. The subscript t
is used both in general and when we only consider continuous time processes, whereas
a discrete time process often will be denoted (Xn) or (Xj). A stochastic process (Xt)
is called strict sense stationary if for all h and all finite collections {t1, . . . , tn}

L ((Xt1 , . . . , Xts
)) = L ((Xt1+h, . . . , Xts+h)) .

The process is called wide sense stationary if E(|Xt|2) < ∞ for all t ∈ T and if
E(Xs) and the autocovariance function R

X
(s, t) = E(Xs+tX

∗
s ) does not depend on s.
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While strict sense stationarity implies wide sense stationarity the opposite is not true
in general, but it does hold for Gaussian processes. When the process is wide sense
stationary the autocovariance function is considered as a function of only one variable
R

X
: T → C. It can be shown to be a continuous and positive definite function, which

implies it has spectral representation (Ibragimov and Linnik, 1971, p. 291)

RX (t) =

∫ ∞

−∞
exp(itλ)dF (λ), (2.6)

where the spectral function F is bounded and non-decreasing. The totally finite Borel
measure µ on R induced by F is called the spectral measure of (Xt). If µ is absolutely
continuous with respect to the Lebesgue measure it has a density f , which we call the
spectral density of (Xt).

A stochastic process (Xt) is a function of two variables (T, Ω) and (Xt) is called
measurable, if it is measurable with respect to the product σ-algebra generated by
the Lebesgue measure on T and the probability measure P on Ω. The concept of
measurable stochastic processes is very convenient when working with integrals as
the following theorem illustrates (Doob, 1953, Theorem 2.7).

Theorem 2.2.1. Let (Xt) be a measurable stochastic process. Then for almost all
ω ∈ Ω the sample function X·(ω) : T → C is measurable. If E(Xt(ω)) exists for t ∈ T ,
it defines a measurable function of t. If A ⊆ T is Lebesgue measurable and

∫

A

E(|Xt(ω)|)dt < ∞

then almost all sample functions are Lebesgue integrable over A.

For a given stochastic process (Xt) it is natural to consider the minimal σ-algebra
M(X) on Ω making every random variable Xt measurable. This is the σ-algebra
generated by events of the form

A =
{
ω ∈ Ω :

[
Xt1(ω), . . . , Xtn

(ω)
]
∈ Ã

}
, (2.7)

where {t1, . . . , tn} ∈ T and Ã is a n-dimensional Borel set. Later we will need
some smaller σ-algebras Mb

a(X) generated by the sets of the form (2.7), where
{t1, . . . , tn} ∈ (a, b)∩T . I.e. Mb

a(X) is the smallest σ-algebra such that each random
variable Xt of the stochastic process (Xt) truncated to the interval (a, b) is measurable.

When we study continuous time processes we shall always assume that the process is

stochastically continuous such that for almost all t we have Xt+s
p→ Xt for s → 0. This

includes most processes of interest and especially it covers all the cases needed here,
but it is worth noticing, that white noise processes are not stochastically continuous
and thus not covered by the analysis done here. An important implication of stochastic
continuity is that the process almost surely is measurable in the following sense (Doob,
1953, Theorem 2.6, p. 61).
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Theorem 2.2.2. Let (Xt), t ∈ T be a stochastic process with a Lebesgue measurable
parameter set T . Suppose that for all ε > 0

lim
s→0

P (|Xt+s − Xt| > ε) = 0,

for all t ∈ T\N where µ(N) = 0. Then there is a process (X̃t), t ∈ T defined on the
same measurable space (Ω, E , P ) which is measurable, and for which

P
(
X̃t(ω) = Xt(ω)

)
= 1, t ∈ T.

This result ensures that to every stochastically continuous process (Xt) corresponds
a measurable process (X̃t), which is almost surely equal to the original process (Xt).
In this thesis the measurable version of (Xt) will always be used such that integrals
of stochastically continuous processes will be meaningful. In Section 2.4 the limiting
distribution of such integrals is studied, but first we need to introduce the concept of
mixing for stochastic processes.

2.3 Mixing

In this section we will clarify what is meant by weakly dependent stochastic processes
using the concept of mixing. This introduction only covers what is necessary in con-
nection with the CLT in Section 2.4, and it is based on Ibragimov and Linnik (1971).

As usual the underlying probability space is denoted (Ω, E , P ). We denote by L2(E)
the set of real functions measurable with respect to E , which are square integrable.
For any two σ-algebras F ,G ⊆ E we define the two measures of dependence α and ρ
by

α(F ,G) = sup
{
|P (A)P (B)− P (A ∩ B)| : A ∈ F , B ∈ G

}
(2.8)

and

ρ(F ,G) = sup
{
|Corr(X, Y )| : X ∈ L2(F), Y ∈ L2(G)

}
,

where the correlation between two random variables X and Y as usual is given by

Corr(X, Y ) =
Cov(X, Y )√

Var(X)Var(Y )
.

In the literature several other measure of dependence of σ-algebras are studied (for
reviews see Doukhan, 1994; Bradley, 2005), but in this exposition only the two men-
tioned above are necessary.



2.3 Mixing 21

For a given stochastic process (Xt) with T=Z or T=R we define the two mixing
coefficients

αX(τ ) = sup
t∈T

{
α
(
Mt

−∞(X),M∞
t+τ (X)

)}

and

ρX(τ ) = sup
t∈T

{
ρ
(
Mt

−∞(X),M∞
t+τ (X)

)}
.

Clearly for strictly stationary processes the value is independent of t and thus

αX(τ ) = α
(
M0

−∞(X),M∞
τ (X)

)
(2.9)

and

ρX(τ ) = ρ
(
M0

−∞(X),M∞
τ (X)

)
. (2.10)

Since we will only consider mixing properties of stationary processes (2.9) and (2.10)
will be taken as definitions of αX and ρX .

Definition 2.3.1. A stationary process (Xt) is said to be strongly mixing or α-
mixing if αX(τ ) → 0 for τ → ∞ and (Xt) is called completely regular or ρ-mixing if
ρX(τ ) → 0 for τ → ∞. Furthermore ρ is called the maximal correlation coefficient. �

A general property of the mixing coefficients is that αX(τ ) ≤ ρX(τ ) for all τ , such that
complete regularity implies strong mixing. The converse is not true in general, but
for Gaussian processes the Kolmogorov-Rozanov Theorem (Doukhan, 1994, Theorem
1, page 57) states that

αX(τ ) ≤ ρX(τ ) ≤ 2παX(τ ),

and in this case the two mixing conditions are equivalent since if αX(τ ) → 0 for
τ → ∞, then ρX(τ ) → 0 for τ → ∞ and vice versa.

The following theorem is essential in the proof of the CLT in Section 2.4 (Ibragimov
and Linnik, 1971, Theorem 17.2.1.).

Theorem 2.3.2. Let the real stationary stochastic process (Xt) be strongly mixing.
If ξ is measurable with respect to Mt

−∞(X) and η with respect to M∞
t+τ (X), and if

|ξ| ≤ C1, |η| ≤ C2, then

|E(ξη) − E(ξ)E(η)| ≤ 4C1C2αX(τ ). (2.11)

Furthermore if (Xt) is a complex-valued stochastic process (2.11) holds with 4 replaced
by 16.
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Proof. To ease the notation we let M0
−∞ = M0

−∞(X) and M∞
τ = M∞

τ (X) in the
following. By stationarity it is suffices to consider t = 0. The law of total expectation
(2.1) and (2.2) yields

E(ξη) = E
[
E
(
ξη|M0

−∞
)]

= E
[
ξE
(
η|M0

−∞
)]

,

whereby

|E(ξη) − E(ξ)E(η)| =
∣∣E
(
ξ
[
E
(
η|M0

−∞
)
− E(η)

])∣∣

≤ C1E
(∣∣E
(
η|M0

−∞
)
− E(η)

∣∣).

Introducing the random variable

ξ1 = sign
{

E
(
η|M0

−∞
)
− E(η)

}
,

which is measurable with respect to M0
−∞, we have

|E(ξη) − E(ξ)E(η)| ≤ C1E
(
ξ1

[
E
(
η|M0

−∞
)
− E(η)

])

≤ C1|E(ξ1η) − E(ξ1)E(η)|

If we in a similar manner condition on M∞
τ and define

η1 = sign
{

E(ξ1|M∞
τ ) − E(ξ1)

}
,

which is measurable with respect to M∞
τ , we arrive at

|E(ξη) − E(ξ)E(η)| ≤ C1C2|E(ξ1η1) − E(ξ1)E(η1)|. (2.12)

For the final part of the proof we introduce the events

A = {ω : ξ1(ω) = 1} ∈ M0
−∞

Ac = {ω : ξ1(ω) = −1} ∈ M0
−∞

B = {ω : η1(ω) = 1} ∈ M∞
τ .

Bc = {ω : η1(ω) = −1} ∈ M∞
τ .

Since the random variables ξ1, η1 only take the values 1 and −1 it is easy to express
the expected values

E(ξ1η1) = P (A ∩ B) + P (Ac ∩ Bc) − P (A ∩ Bc) − P (Ac ∩ B)

E(ξ1)E(η1) = P (A)P (B) + P (Ac)P (Bc) − P (A)P (Bc) − P (Ac)P (B).
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Using the definition of the strong mixing coefficient (2.8) we have

|P (A ∩ B) − P (A)P (B)| ≤ αX(τ ),

which also holds for the other combinations of A, Ac, B, Bc and therefore

|E(ξ1η1) − E(ξ1)E(η1)| ≤ 4αX(τ ).

Inserting into (2.12) yields the result

|E(ξη) − E(ξ)E(η)| ≤ 4C1C2αX(τ ).
�

Another useful property of mixing is that it is conserved under measurable mappings
as we shall see in the following. We will only need this result for a function f : C → R,
so it is solely stated for this case.

Lemma 2.3.3. Let (Xt) be a complex-valued stationary stochastic process defined on
the probability space (Ω, E , P ), and let f : C → R be a B(C)−B(R) measurable map.
Then the minimal σ-algebras Mb

a(X) and Mb
a(f(X)) generated by respectively Xt

and f(Xt) for t ∈ (a, b) ∩ T satisfy

Mb
a(f(X)) ⊆ Mb

a(X).

Proof. The σ-algebra Mb
a(f(X)) is generated by sets of the form

A = {ω ∈ Ω : [f(Xt1(ω)), . . . , f(Xtn
(ω))] ∈ Ã},

where {t1, . . . , tn} ∈ (a, b) ∩ T and Ã = Ã1 × · · · × Ãn is a n-dimensional Borel set.
This can be written as

A = {ω ∈ Ω : [Xt1(ω), . . . , Xtn
(ω)] ∈ f−1(Ã)},

where f−1(Ã) = f−1(Ã1)×· · ·×f−1(Ãn). Since f is B(C)−B(R) measurable f−1(Ã)
is a n-dimensional Borel set, and thus element of the generating class for Mb

a(X). This
shows that every set used to generate Mb

a(f(X)) also is used to generate Mb
a(X) and

thus Mb
a(f(X)) ⊆ Mb

a(X). �

This lemma implies that if αY and ρY denote the mixing coefficients of the process
Y , given by Yt = f(Xt) then αY (τ ) ≤ αX(τ ) and ρY (τ ) ≤ ρX(τ ) for all τ .

The next lemma uses big-O and little-o notation, which we briefly recap before pre-
senting the lemma. We say f = O(g), if there exists x0, M > 0 such that

|f(x)| ≤ M |g(x)| for x > x0,

and f = o(g) if

lim
x→∞

∣∣∣
f(x)

g(x)

∣∣∣ = 0.

Now we give some properties of the mixing coefficients used to prove the CLT later.
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Lemma 2.3.4. Let (Xj) be a strongly mixing stochastic process with mixing coefficient
αX. If

∞∑

n=1

αX(n) < ∞,

then

(i) αX(n) = o(n−1),

(ii)
n∑

j=1

jαX(j) = o(n),

(iii)
k∑

j=1

αX(nj) = O(n−1).

Proof.

Ad (i):

Since αX(n) is decreasing we have

2

n

n∑

j=⌊n
2
⌋
αX(j) ≥ 2

n

(n

2
+ 1
)
αX(n) ≥ αX(n),

such that

nαX(n) ≤ 2

n∑

j=⌊n
2
⌋
αX(j).

The result then follows by the assumed convergence of
∑

αX(n).

Ad (ii):

This result follows by splitting the sum at the
√

n’th term, such that

1

n

n∑

j=1

jαX(j) ≤ 1

n

√
n
∑

j≤√
n

αX(j) +
∑

j>
√

n

αX(j) = o(1).

Ad (iii):

Again using αX(n) is decreasing we have for all j ∈ N

αX(nj) ≤ 1

n

jn−1∑

i=(j−1)n

αX(i),
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implying that

k∑

j=1

αX(nj) ≤ 1

n

k∑

j=1

jn−1∑

i=(j−1)n

αX(i) ≤ 1

n

∞∑

j=1

αX(j) = O(n−1). �

2.4 Central limit theorems

In this section a CLT will be proved for both discrete and continuous time stochastic
processes based on the results in Ibragimov and Linnik (1971). The continuous time
CLT will turn out to be obtained as a corollary to the discrete time case, and therefore
we start by proving the CLT for discrete time processes. First we define what we
understand by a CLT in both cases.

Definition 2.4.1. A real stationary discrete time stochastic process (Xj) with E(Xj) =
0 and Var(Xj) < ∞ is said to satisfy the central limit theorem if

Sn

σn

D→ N (0, 1), for n → ∞,

where

Sn =

n∑

j=1

Xj , σ2
n = Var(Sn).

�

Definition 2.4.2. A real stationary continuous time stochastic process (Xt) with
E(Xt) = 0, Var(Xt) < ∞ is said to satisfy the central limit theorem if

ST

σT

D→ N (0, 1), for T → ∞,

where

ST =

∫ T

0

Xtdt, σ2
T = Var(ST ). �

From these definitions it is seen that the variance of the sum or integral plays an
important role as a standardization factor, and the following lemma states some useful
formulas for calculating this variance.

Lemma 2.4.3. Let the real-valued stationary processes (Xj) and (Xt) be respectively a
discrete time and a continuous time process with E(Xn) = E(Xt) = 0, Var(Xn) < ∞,
and Var(Xt) < ∞. Then

σ2
n = Var(Sn) =

∑

|j|≤n

(n − |j|)RX(j) = nRX(0) + 2

n−1∑

j=1

(n − j)RX(j)

and

σ2
T = Var(ST ) =

∫ T

−T

(T − |t|)RX(t)dt = 2

∫ T

0

(T − t)RX(t)dt
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Proof. We only prove the continuous time result since the discrete time analogue
follows in the same manner by interpreting the integration to be with respect to the
counting measure. By direct calculations we have

σ2
T = E

[( ∫ T

0

Xtdt
)2]

= E
(∫ T

0

∫ T

0

XtXsdtds
)

=

∫ T

0

∫ T

0

RX(t−s)dtds

=

∫ T

−T

(T − |t|)RX(t)dt. �

We will only need the CLT for bounded stochastic processes and therefore this will
be required in the following lemmas. Also we will need the process to be strongly
mixing with summable or integrable mixing coefficients to show the CLT, which also
will be assumed in the lemmas.

Lemma 2.4.4. Let the real-valued stationary process (Xj) be strongly mixing, with

∞∑

n=1

αX(n) < ∞, (2.13)

and let there exist a constant C < ∞ such that P (|Xj | < C) = 1. Then

σ2 = RX(0) + 2

∞∑

j=1

RX(j)∞, (2.14)

and if σ 6= 0, then

σ2
n = σ2n(1 + o(1)). (2.15)

Proof. From Theorem 2.3.2 we have

|RX(j)| = |E(X0Xj)| = |E(X0Xj) − E(X0)E(Xj)| ≤ 4C2αX(j).

The convergence of (2.14) now follows by the assumption (2.13). To verify the asymp-
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totic variance formula (2.15) we use Lemma 2.4.3, which yields

Var(Sn) = nRX(0) + 2

n∑

j=1

(n − j)RX(j)

= n
(
RX(0) + 2

n∑

j=1

RX(j)
)
− 2

n∑

j=1

jRX(j)

= n
(
σ2 − 2

∞∑

n+1

RX(j)
)
− 2

n∑

j=1

jRX(j)

= nσ2


1 − 2

σ2

∞∑

n+1

RX(j) − 2

nσ2

n∑

j=1

jRX(j)


 .

We notice that
2

σ2

∞∑

n+1

RX(j) = O
( ∞∑

n+1

αX(j)
)

= o(1),

and using Lemma 2.3.4 we have

2

nσ2

n∑

j=1

jRX(j) =
1

n
O
( n∑

j=1

jαX(j)
)

=
1

n
o(n) = o(1). �

Lemma 2.4.5. Let the real stationary continuous time process (Xt) be strongly mix-
ing, with ∫ ∞

0

αX(τ )dτ < ∞,

and let there exist a constant C < ∞ such that P (|Xt| < C) = 1. Then

σ2 = 2

∫ ∞

0

RX(t)dt

converges and if σ 6= 0, then

σ2
T

= σ2T (1 + o(1)).

Proof. Using the same strategy as in the discrete time case above we have

|RX(t)| ≤ 4C2αX(t),

which ensures convergence. Furthermore

σ2
T = Tσ2

(
1 − 2

σ2

∫ ∞

T

RX(t)dt − 2

Tσ2

∫ T

0

tRX(t)dt
)
.
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Finally
2

σ2

∫ ∞

T

RX(t)dt = O
(∫ ∞

T

αX(t)dt
)

= o(1),

and

2

Tσ2

∫ T

0

tRX(t)dt = O
( 1

T

[ ∫ √
T

0

tαX(t)dt +

∫ T

√
T

tαX(t)dt
])

= O
(√T

T

∫ √
T

0

αX(t)dt +
T

T

∫ T

√
T

αX(t)dt
)

= o(1). �

2.4.1 Discrete time central limit theorem

Now we prove the discrete time CLT for strongly mixing real-valued bounded stochas-
tic processes with summable mixing coefficients.

Theorem 2.4.6. Let the real-valued stationary process (Xj) be strongly mixing, with

∞∑

n=1

αX(n) < ∞, (2.16)

and let there exist a constant C < ∞ such that P (|Xj | < C) = 1. Then

σ2 = RX(0) + 2

∞∑

j=1

RX(j) < ∞ (2.17)

and, if σ 6= 0, then

lim
n→∞

L
( 1

σn

n∑

j=1

Xj

)
= lim

n→∞
L
( 1

σ
√

n

n∑

j=1

Xj

)
= N (0, 1).

Proof. Using Lemma 2.4.4 we know (2.17) holds and if σ2 6= 0, then

σ2
n = σ2n

(
1 + o(1)

)
, (2.18)

and we conclude

lim
n→∞

L
( Sn

σ
√

n

)
= lim

n→∞
L
(Sn

σn

)
.

The main idea of the proof builds on a clever decomposition of the sum Sn in multiple
blocks of length pn and qn:

Sn = X1 + · · · + Xpn︸ ︷︷ ︸
ξ0

+ Xpn+1 + · · · + Xpn+qn︸ ︷︷ ︸
η0

+ Xpn+qn+1 + · · · + X2pn+qn︸ ︷︷ ︸
ξ1

+ · · ·+Xn.
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I.e. we make the decomposition

Sn =

kn−1∑

i=0

ξi +

kn∑

i=0

ηi = S′
n + S′′

n,

where

ξi =

(i+1)pn+iqn∑

ipn+iqn+1

Xj , ηi =

(i+1)pn+(i+1)qn∑

(i+1)pn+iqn+1

Xj , for i = 0, 1, . . . , kn−1

and

ηkn
=

n∑

knpn+knqn+1

Xj ,

with kn = ⌊ n
pn+qn

⌋.

The motivation for this decomposition is, that if qn is large the strong mixing condition
ensures approximate independence of the ξ’s. If furthermore pn is large compared to
qn the η-terms become negligible and the sum is then over approximately independent
terms yielding a CLT. The construction of the sequences pn and qn with properties
ensuring a limiting behavior as outlined above is lengthy and therefore it is stated
separately as a lemma in the appendix (Lemma A.3.2). In the following we will just
sum up the properties of the sequences constructed in the lemma. For n → ∞:

(i) pn → ∞, pn = o(n),

(ii) qn → ∞, qn = o(pn),

(iii) kn = n
pn

(
1 + o(1)

)
,

(iv)
q2

nkn

npn
= o(1),

(v) knαX(qn) = o(1),

(vi) kn

σ4
n

E
[(∑pn

j=1 Xj

)4]
= o(1).

The corresponding decomposition of the normalized sum is

Zn = σ−1
n Sn = σ−1

n S′
n + σ−1

n S′′
n = Z ′

n + Z ′′
n .

We will show that with the given properties of (pn) and (qn), the term Z ′′
n converges

to zero in probability as n grows. Then we can use the result by Slutsky (Lemma
2.1.7) to conclude that Zn

D→ Z ′
n.
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Since Z ′′
n is a sum of zero mean random variables it has mean zero and Chebyshev’s

inequality (A.2) yields

P (|Z ′′
n | ≥ ε) ≤ E(|Z ′′

n |2)
ε2

. (2.19)

Therefore Z ′′
n

p→ 0 if
lim

n→∞
E(|Z ′′

n |2) = 0,

which we will show in the following by decomposing E(|Z ′′
n |2) into four terms and

showing each term is o(1).

E(|Z ′′
n |2) = E

[( 1

σn

kn∑

i=0

ηi

)2]

=
1

σ2
n

E
[( kn−1∑

i=0

ηi + ηkn

)2]

=
1

σ2
n

[
E
( kn−1∑

i=0

ηi

)2

+ E(η2
kn

) + 2

kn−1∑

i=0

E(ηiηkn
)
]

=
1

σ2
n

[
knE(η2

0) + 2

kn−1∑

j=1

(kn−j)E(η0ηj) + E(η2
kn

) + 2

kn−1∑

i=0

E(ηiηkn
)
]
.

Using (2.18) we have

1

σ2
n

=
1

σ2n(1 + o(1))
=

1
1+o(1)

σ2n
=

1 + o(1)

σ2n
, (2.20)

and we thus need to show, that

(I) kn

n E(η2
0) = o(1),

(II) 1
nE(η2

kn
) = o(1),

(III) 1
n

kn−1∑
j=1

(kn−j)E(η0ηj) = o(1),

(IV) 1
n

kn−1∑
i=0

E(ηiηkn
) = o(1).

This relies mostly on the properties (i)− (vi) listed above and we will refer the reader
to this list in general rather than making a reference every time one of the properties
is used.
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Ad I:

Since η0 is a sum of qn Xj ’s we have

E(η2
0) = E(S2

qn
) = σ2qn(1 + o(1)),

and thus

kn

n
E(η2

0) =

n
pn

n
σ2qn(1 + o(1)) = O

( qn

pn

)
= o(1).

Ad II:

Since ηkn
is a sum of at most pn+qn Xj ’s we have

E(η2
kn

) ≤ E(S2
pn+qn

) = σ2(pn+qn)(1 + o(1)),

such that
1

n
E(η2

kn
) ≤ pn+qn

n
σ2(1 + o(1)) = o(1).

Ad III:

For j = 0, . . . , kn−1 the variables ηj and ηj+1 are separated by pn terms, and since
P (|ηj | < Cqn) = 1, Theorem 2.3.2 yields

∣∣E(η0ηj)
∣∣ =

∣∣E(η0ηj) − E(η0)E(ηj)
∣∣

≤ 4C2q2
nαX(jpn).

Hereby we conclude

∣∣∣
1

n

kn−1∑

j=1

(kn−j)E(η0ηj)
∣∣∣ ≤ kn

n

kn−1∑

j=1

∣∣E(η0ηj)
∣∣

≤ 4C2q2
nkn

n

kn−1∑

j=1

αX(jpn).

Using (iii) in Lemma 2.3.4 yields

∣∣∣
1

n

kn−1∑

j=1

(kn−j)E(η0ηj)
∣∣∣ ≤ 4C2q2

nkn

n
O(p−1

n )

= O
(q2

nkn

npn

)
= o(1).
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Ad IV:

This follows along very similar lines to the above. First Theorem 2.3.2 yields
∣∣E(ηjηkn

)
∣∣ ≤ 4C2qn(pn+qn)αX

(
(kn−j)pn

)
.

Consequently

∣∣∣
1

n

kn−1∑

j=1

E(ηjηkn
)
∣∣∣ ≤ 4C2qn(pn+qn)

n

kn−1∑

j=1

αX

(
(kn−j)pn

)
.

≤ O
(qn(pn+qn)

n

) kn−1∑

j=1

αX(jpn).

≤ O
(qn(pn+qn)

npn

)
.

= O
(qn

n
+

qn

n

qn

pn

)

= o(1).

This finishes the verification of (2.19) such that Z ′′
n

p→ 0 and by Slutsky’s result
(Lemma 2.1.7) we have

lim
n→∞

L(Zn) = lim
n→∞

L(Z ′
n).

The rest of the proof is concerned with showing

lim
n→∞

L(Z ′
n) = N (0, 1).

First we prove that
∣∣E[exp(itZ ′

n)] − φn(t)kn
∣∣→ 0 for n → ∞, (2.21)

where φn denotes the characteristic function of σ−1
n ξ0. For fixed t the complex random

variable

E[exp
(
itZ ′

n−1

)
] = exp

( it

σn

kn−2∑

j=0

ξj

)

is measurable with respect to M(kn−1)pn+(kn−2)qn

−∞ (X) and bounded by 1. Similarly

exp

(
it

σn
ξkn−1

)

is measurable with respect to M∞
(kn−1)pn+(kn−1)qn+1(X) and is also bounded by 1.

The complex-valued version of Theorem 2.3.2 yields
∣∣∣E
[
exp(itZ ′

n)
]
− E

[
exp(itZ ′

n−1)
]
E
[
exp

(
it
σn

ξkn−1

)]∣∣∣ ≤ 16αX(qn+1) ≤ 16αX(qn).
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Using this recursively yields

∣∣∣E
[
exp(itZ ′

n)
]
−φn(t)kn

∣∣∣=
∣∣∣E
[
exp

(
itZ ′

n

)]
−E
[
exp

(
itZ ′

n−1

)]
E
[
exp

(
it
σn

ξkn−1

)]

+ E
[
exp

(
itZ ′

n−1

)]
E
[
exp

(
it
σn

ξkn−1

)]
− φn(t)kn

∣∣∣

≤
∣∣∣E
[
exp

(
itZ ′

n

)]
− E

[
exp

(
itZ ′

n−1

)]
E
[
exp

(
it
σn

ξkn−1

)]∣∣∣

+
∣∣∣E
[
exp

(
itZ ′

n−1

)]
φn(t) − φn(t)kn

∣∣∣

≤16αX(qn) +
∣∣∣E
[
exp

(
itZ ′

n−1

)]
− φn(t)kn−1

∣∣∣
∣∣φn(t)

∣∣

≤16αX(qn) +
∣∣∣E
[
exp

(
itZ ′

n−1

)]
− φn(t)kn−1

∣∣∣

≤2 · 16αX(qn) +
∣∣∣E
[
exp

(
itZ ′

n−2

)]
− φn(t)kn−2

∣∣∣
...

≤kn16αX(qn).

According to property (v) on page 29 this tends to zero for n → ∞.

For the final part of the proof consider the triangular array given by the iid random
variables

ξ′nj (j = 1, . . . , kn),

where n = 1, 2, . . . and L(ξ′nj) = L(σ−1
n ξ0). Then (2.21) yields

lim
n→∞

L(Z ′
n) = lim

n→∞
L(S̃kn

),

where S̃kn
= ξ′n1 + · · · + ξ′nkn

. By Theorem 2.1.10

S̃kn

σ̃kn

=
S̃kn√

Var
(
S̃kn

)
D→ N (0, 1),

if the Lindeberg condition (2.3) is satisfied. In the following we will show this condition
indeed is satisfied, and furthermore we will show σ̃kn

→ 1 for n → ∞ such that we
can conclude

lim
n→∞

L(S̃kn
) = lim

n→∞
L(

S̃kn

σ̃kn

) = N (0, 1).

First we observe that

σ̃2
kn

=

kn∑

j=1

Var(ξ′nj) =
kn

σ2
n

Var(

pn∑

j=1

Xj) =
knσ2

pn

σ2
n

.
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Using (2.18) and (iii) on page 29 yields

σ̃2
kn

=
knpn

n

(
1 + o(1)

)
= 1 + o(1).

We have thus proved the theorem if we can verify the Lindeberg condition

kn∑

j=1

1

σ̃2
kn

∫

|x|≥εσ̃kn

x2dP (Xnj ≤ x) = o(1), as n → ∞, (2.22)

for all ε > 0. We introduce the notation ε̃ = ε(1 + o(1)), and by direct calculation we
have

kn∑

j=1

1

σ̃2
kn

∫

|x|≥εσ̃kn

x2dP (ξ′nj ≤ x) = kn

∫

|x|≥ε(1+o(1))

x2dP (σ−1
n ξ0 ≤ x)

= kn

∫

|x|≥ε̃

x2dP (σ−1
n ξ0 ≤ x)

= kn

∫

|x|≥ε̃

x2dP (ξ0 ≤ σnx)

= kn

∫

|x|≥ε̃σn

( x

σn

)2

dP (ξ0 ≤ x)

≤ kn

σ2
n

∫

|x|≥ε̃σn

x2

(ε̃σn)2
x2dP (ξ0 ≤ x)

≤ kn

ε̃2σ4
n

∫ ∞

−∞
x4dP (ξ0 ≤ x)

=
kn

ε̃2σ4
n

E
[( pn∑

j=1

Xj

)4]

= o(1),

where the last equality is given by property (vi) on page 29. We have thus verified
the Lindeberg condition and the theorem is proved. �

2.4.2 Continuous time central limit theorem

The following theorem extends Theorem 2.4.6 to continuous time.

Theorem 2.4.7. Let the real stationary process (Xt) be strongly mixing, with

∫ ∞

0

αX(τ )dτ < ∞, (2.23)
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and let there exist a constant C < ∞ such that P (|Xt| < C) = 1. Then

σ2 = 2

∫ ∞

0

E(X0Xt)dt < ∞,

and if σ 6= 0, then
1

σ
√

T

∫ T

0

Xtdt D→ N (0, 1).

Proof. From Lemma 2.4.5 we know that

σ2
T = σ2T (1 + o(1)).

such that

lim
T→∞

L
( ST

σ
√

T

)
= lim

T→∞
L
(ST

σT

)
.

To prove, that this limiting distribution is standard Gaussian we introduce the sta-
tionary process (ξj) given by

ξj =

∫ j

j−1

Xtdt, (2.24)

which we will show is strongly mixing in the following.

We consider the process (Xt), t ∈ (−∞, j], which is assumed to be stochastically
continuous and by Theorem 2.2.2 and the remarks thereafter we can assume it is
measurable. Thus this process is measurable with respect to the product σ-algebra
Mj

−∞(X) ⊗ B
(
(−∞, j]

)
. By the extension to the first part of Tonelli’s Theorem

(Theorem A.2.1) we have for all i ≤ j that the function ξi : Ω → R defined by
(2.24) is measurable with respect to Mj

−∞(X). Since Mj
−∞(ξ) denotes the minimal

σ-algebra which ξi, i ≤ j all are measurable with respect to, we have

Mj
−∞(ξ) ⊆ Mj

−∞(X).

Using similar arguments we conclude

M∞
k (ξ) ⊆ M∞

k (X).

Denoting the strong mixing coefficient of (ξj) by αξ we have

αξ(n) ≤ αX(n),

for all n. This implies that strong mixing of (Xt) ensures strong mixing of (ξj) and
by the integral test for convergence of series, condition (2.23) implies

∞∑

n=1

αξ(n) ≤
∞∑

n=1

αX(n) < ∞.
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Obviously P (|ξj | < C) = 1 and by Theorem 2.4.6 (ξj) satisfies the CLT. I.e. for
T → ∞ we have

Z⌊T⌋ =
S⌊T⌋

σ⌊T⌋

= σ−1
⌊T⌋

⌊T⌋∑

j=0

ξj = σ−1
⌊T⌋

∫ ⌊T⌋

0

Xtdt D→ N (0, 1),

where

σ2
⌊T⌋ = Var

(
S⌊T⌋

)
= Var

(∫ ⌊T⌋

0

Xtdt
)
.

For the final part of the proof we make the decomposition

ZT = Z⌊T⌋ + (ZT − Z⌊T⌋),

where

ZT = σ−1
T

∫ T

0

Xtdt and σ2
T = Var

(∫ T

0

Xtdt
)
.

By Slutsky’s result (Lemma 2.1.7) the theorem is proved if |Z⌊T⌋−ZT | p→ 0. As in the
proof of Theorem 2.4.6 Chebyshev’s inequality ensures, that it is sufficient to show
mean square convergence to 0 since

P (|Z⌊T⌋ − ZT | ≥ ε) ≤ E(|Z⌊T⌋ − ZT |2)
ε2

. (2.25)

In the following we use the general rule (a − b)2 ≤ 2a2 + 2b2 and P (|Xt| < C) = 1,
which yields

E(|Z⌊T⌋ − ZT |2) = E
(∣∣∣σ−1

⌊T⌋

∫ ⌊T⌋

0

Xtdt − σ−1
T

∫ T

0

Xtdt
∣∣∣
2)

= E
(∣∣∣(σ−1

⌊T⌋ − σ−1
T )

∫ ⌊T⌋

0

Xtdt − σ−1
T

∫ T

⌊T⌋
Xtdt

∣∣∣
2)

≤ 2(σ−1
⌊T⌋ − σ−1

T )2E
[(∫ ⌊T⌋

0

Xtdt
)2]

+ 2σ−2
T E

[( ∫ T

⌊T⌋
Xtdt

)2]

≤ 2
(
1 − σ⌊T⌋

σT

)2

+ 2σ−2
T C2.

To ensure convergence of this expression to 0 it suffices to show

σ2
T = σ2

⌊T⌋

(
1 + o(1)

)
,
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which is verified by direct calculation

σ2
T = E

[( ∫ ⌊T⌋

0

Xtdt +

∫ T

⌊T⌋
Xtdt

)2]

= σ2
⌊T⌋ + 2E

(∫ ⌊T⌋

0

Xtdt

∫ T

⌊T⌋
Xtdt

)
+ E

[( ∫ T

⌊T⌋
Xtdt

)2]

= σ2
⌊T⌋

(
1 + o(1)

)
. �

The final result of this section extends the theorem above to hold for a transformation
of a strongly mixing stochastic process.

Corollary 2.4.8. Let the stationary stochastic process (Xt) be strongly mixing, with
mixing coefficient αX, and let the stationary process (Yt) be defined by Yt = f(Yt),
where f : C → R is measurable. If there exists a constant C < ∞, such that P (|Y0| <
C) = 1, and if

∫ ∞

0

αX(τ )dτ < ∞.

Then

σ2 = 2

∫ ∞

0

E(Y0Yt)dt < ∞,

and if σ 6= 0, then
1

σ
√

T

∫ T

0

Ytdt D→ N (0, 1)

for T → ∞.

Proof. Using Lemma 2.3.3 we know mixing properties are conserved under measurable
mappings and all the conditions of Theorem 2.4.7 are thus satisfied. �

Before we can apply the central limit theorem to the problem of Chapter 1 we will
need a concept of convergence for stochastic processes rather than for single random
variables as described in Section 2.1.2, and the following generalizes weak convergence
to cover entire stochastic processes.

2.5 Weak convergence

The classical reference on weak convergence is Billingsley (1968) where an in-depth
description of weak convergence can be found, and it is the basis of this section along
with van der Vaart and Wellner (1996). The latter has a very general approach to
weak convergence in the sense that non-measurable sequences of random variables are
allowed. This complicates the topic unnecessarily for our purposes, and when referring
to results we will always give a simplified version only covering measurable random
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variables. Furthermore van der Vaart and Wellner (1996) is mainly focused on em-
pirical distribution functions, and therefore the results are only stated for real-valued
stochastic processes, we will however state the results for complex-valued processes.

We let D be a metric space with metric d and denote the set of all continuous, bounded
functions f : D → R by Cb(D).

Definition 2.5.1. Let (Ωn, En, Pn), n = 1, 2, . . . be a sequence of probability spaces
and Xn : Ωn → D measurable maps. The sequence (Xn) converges weakly to a Borel
measure L if

E[f(Xn)] →
∫

fdL, for every f ∈ Cb(D).

This is denoted Xn
D→ L, and if L = L(X) for some random variable X we also write

Xn
D→ X. �

Using Lemma 2.1.5 it is noticed that for D = R with metric d(x, y) = |x − y| this is
equivalent to conventional weak convergence of random variables (Definition 2.1.2).
An important concept in the study of weak convergence is tightness.

Definition 2.5.2. A Borel probability measure P is called tight if for every ε>0 there
exists a compact set K with P (K) ≥ 1 − ε. Correspondingly we say that X : Ω → D

is tight if L(X) is tight. The sequence (Xn) is asymptotically tight if for every ε>0
there exists a compact set K such that

lim inf
n→∞

P (Xn ∈ Kδ) ≥ 1 − ε, for every δ > 0,

where Kδ = {y ∈ D | d(y, K) < δ} is the δ-enlargement around K. �

A useful result on asymptotic tightness is (van der Vaart and Wellner, 1996, Lemma
1.3.8).

Lemma 2.5.3. If Xn
D→ X, then (Xn) is asymptotically tight if and only if X is

tight.

A related concept is separability and we say that X or L = L(X) is separable if there
exists a separable, measurable set A with P (X ∈ A) = 1. An important lemma states
that tightness and separability are equivalent in complete metric spaces (van der Vaart
and Wellner, 1996, Lemma 1.3.2).

Lemma 2.5.4. On a complete metric space separability and tightness are equivalent.

As mentioned earlier a stochastic process is a map X : T × Ω → C, where T is the
index set. In this context it is convenient to denote a stochastic process simply by X
and write X(t, ω) for a realization at time t. As before we usually let the ω-dependence
be implicit and write X(t) for the marginal of X at time t. For fixed ω we have a
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sample path X(·, ω) : T → C, and often we have prior knowledge of some properties
of the sample paths. In our applications it will turn out that the sample paths are
uniformly bounded such that the stochastic process is a mapping X : Ω → ℓ∞

C
(T ),

where ℓ∞
C

(T ) denotes the set of all uniformly bounded complex-valued functions on
T . In the real case the corresponding space is denoted ℓ∞

R
(T ), and when we state

results covering both cases we simply write ℓ∞(T ). Equipped with the metric

d(x1, x2) = ‖x1 − x2‖T = sup
t∈T

|x1(t) − x2(t)| (2.26)

ℓ∞(T ) is a metric space, and we can apply the weak convergence of definition 2.5.1 to
these processes. Before studying weak convergence in this space we introduce a much
weaker concept of convergence.

Definition 2.5.5. A sequence of stochastic processes (Xn) is said to converge in
finite dimensional distribution to a process X if for all t1, . . . , tk

(
Xn(t1), . . . , Xn(tk)

)
D→
(
X(t1), . . . , X(tk)

)
.

This is denoted Xn
fidi→ X. �

If we have convergence in finite dimensional distribution and the process is suitably
regular we also have weak convergence in ℓ∞(T ), which the next theorem formalizes
(van der Vaart and Wellner, 1996, Theorem 1.5.4).

Theorem 2.5.6. Let (Xn) be a sequence of stochastic processes Xn : Ωn → ℓ∞(T ).
Then (Xn) converges weakly to a tight limit X if and only if (Xn) is asymptotically

tight and Xn
fidi→ X. If (Xn) is asymptotically tight and Xn

fidi→ X for a stochastic
process X, then there is a version of X with uniformly bounded sample paths and
Xn

D→ X.

Asymptotic tightness is thus essential for weak convergence in ℓ∞(T ) and the following
theorem establishes a method for checking asymptotic tightness (van der Vaart and
Wellner, 1996, Theorem 1.5.7).

Theorem 2.5.7. Let (Xn) be a sequence of stochastic processes Xn : Ωn → ℓ∞(T ).
Then (Xn) is asymptotically tight if and only if Xn(t) is asymptotically tight for every
t and there exists a semimetric ρ on T such that the semimetric space (T, ρ) is totally
bounded and (Xn) is asymptotically uniformly ρ-equicontinuous in probability.

Asymptotic uniform ρ-equicontinuity in probability is defined as follows.

Definition 2.5.8. Let (T, ρ) be a semimetric space. A sequence of stochastic pro-
cesses Xn : Ωn → ℓ∞(T ) is asymptotically uniformly ρ-equicontinuous in probability
if for every ε, η > 0 there exists a δ > 0 such that

lim
n→∞

P
(

sup
ρ(s,t)<δ

|Xn(s) − Xn(t)| > ε
)

< η.
�
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It will turn out that it is more convenient to study the convergence in a slightly
different space for our applications. We let T1 ⊆ T2, . . . be compact sets such that
∪∞

i=1Ti = T . The set of all real- or complex-valued functions uniformly bounded on
each Ti is denoted ℓ∞(T1, T2, . . . ). This is a complete metric space if we equip it with
the metric

d(x1, x2) =
∞∑

i=1

min{‖x1 − x2‖Ti
, 1}2−i,

where ‖ · ‖Ti
denotes the supremum norm on Ti as defined in (2.26). The following

theorem links convergence in ℓ∞(T1, T2, . . . ) to convergence in ℓ∞(Ti) for all i (van der
Vaart and Wellner, 1996, Theorem 1.6.1).

Theorem 2.5.9. Let Xn : Ωn → ℓ∞(T1, T2, . . . ), n = 1, 2, . . . be a sequence of
stochastic processes. Then Xn converges weakly to a tight limit if and only if for all
i the sequence Xn|Ti

: Ωn → ℓ∞(Ti) converges weakly to a tight limit.

Combining these three theorems with Lemma 2.5.3 we obtain the following corollary.

Corollary 2.5.10. Let Xn : Ωn → ℓ∞(T1, T2, . . . ), n = 1, 2, . . . be a sequence of
stochastic processes. Then (Xn) converges weakly to a tight limit X if and only if

Xn
fidi→ X, X(t) is tight for all t ∈ T , and for all Ti, i ∈ N there exists a semi-

metric ρ on Ti such that the semimetric space (Ti, ρ) is totally bounded and (Xn) is
asymptotically uniformly ρ-continuous in probability on Ti.

In our applications we let Ti = [−i, i] and ρ(s, t) = |s − t|. In this setup (Ti, ρ)
is always bounded, and we need not check this condition. We conclude the results
on weak convergence with the following theorem due to Skorokhod relating weak
convergence to almost sure convergence.

Theorem 2.5.11. Let Xn : Ωn → D, n ∈ N be measurable maps. If Xn
D→ X and

X is separable, then there exists measurable maps X̃n : Ω̃ → D and X̃ : Ω̃ → D all
defined on some probability space (Ω̃, Ẽ , P̃ ) with

(i) X̃n
a.s.→ X̃

(ii) L(X̃n) = L(Xn) for all n ∈ N and L(X̃) = L(X).







CHAPTER 3

Results

In this chapter the specific results obtained for the problem introduced in Chapter 1
are presented. In Section 3.1 the relevant stochastic processes are presented and stud-
ied. Section 3.2 treats the asymptotic properties of the MMSE for an infinite equalizer
for L, B → ∞ whereas Section 3.3 presents the results for the finite equalizer MMSE
for L, B, N → ∞. Finally Section 3.4 discusses these results and especially the im-
posed assumptions are reviewed.

When we let L and B grow simultaneously we will consider B = B(L) as a function
of L, and analogously we let N = N(L). Usually it will be too cumbersome to write
B(L) in the notation and we will simply write B.

3.1 Weak convergence

First we recall the basic concepts from Chapter 1. A power delay profile (PDP) is a
non-negative real valued function p ∈ L2(R) satisfying p(t) = 0 for t < 0 and

∫ ∞

−∞
p(t)dt = 1.

Let X0, X1, . . . , XL−1 be iid complex-valued stochastic variables with E(Xj) = 0 and
Var(Xj) = 1. Then the channel response of a communication system using bandwidth
B consists of the independent variables hB

l = σB

l Xl, l = 0, . . . , L−1, where

σB

l =
√

νB

l and νB

l = Var(hB

l ) =

∫ l+1

B

l
B

p(t)dt, (3.1)

for a given PDP p. Furthermore L(Xl) is called the channel distribution and often
CN (0, 1) is used. With these definitions we can introduce two of the central stochastic
processes of this chapter. The first is the discrete time Fourier transform of the
channel response called the transfer function of the channel. That is, given a channel
response (hB

0 , . . . , hB

L−1) sampled with bandwidth B we introduce the complex-valued
stochastic process HL,B determined by

HL,B(f) =
L−1∑

l=0

hB

l exp
(
−2πif l

B

)
, (3.2)

for all f ∈ R. To define the other process we recall the expression for MMSEL,B

∞ given
in Chapter 1,

MMSEL,B

∞ = 1
B

∫ B

0

σ2
n

|HL,B(f)|2 + 1
ρ

df. (3.3)
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From this we define the stochastic process Y L,B as

Y L,B(f) =
σ2

n

|HL,B(f)|2 + 1
ρ

(3.4)

for all f ∈ R.

In the following we derive the autocovariance function of HL,B, denoted RL,B
H . Using

the independence of hB

l and hB

k for l 6= k, we have

RL,B

H (f̃ , f) = E[HL,B(f̃ + f)HL,B(f̃)]

= E

([
L−1∑

l=0

hB

l exp
(
−2πi(f̃+f) l

B

)
][

L−1∑

l=0

hB

l exp
(
2πif̃ l

B

)
])

=
L−1∑

l=0

E(hB

l hB

l ) exp
(
−2πif l

B

)

=
L−1∑

l=0

∫ l+1

B

l
B

p(t) exp
(
−2πif l

B

)
dt. (3.5)

Since RL,B
H (f̃ , f) = RL,B

H (f) only depends on f , HL,B is stationary in the wide sense, and
we will show that this autocovariance function has a pointwise limit R∞

H as L → ∞.
From (3.5) we conjecture that R∞

H (f) = p̂(f), where p̂ is the Fourier transform of the
PDP.

Lemma 3.1.1. Let p̂ denote the Fourier transform of the PDP, p, such that

p̂(f) =

∫ ∞

0

p(t) exp(−i2πft)dt,

and let

RL,B

H (f) =

L−1∑

l=0

∫ l+1

B

l
B

p(t) exp
(
−2πif l

B

)
dt.

If L, B(L) → ∞ such that L/B → ∞, then RL
H(f) → p̂(f) for all f .

Proof. First we decompose RL,B
H as

lim
L→∞

RL,B

H (f) = lim
L→∞

L−1∑

l=0

∫ l+1

B

l
B

p(t) exp(−i2πft)dt

+ lim
L→∞

L−1∑

l=0

∫ l+1

B

l
B

p(t)[exp
(
−2πif l

B

)
− exp(−i2πft)]dt
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For the first limiting term we have

lim
L→∞

L−1∑

l=0

∫ l+1

B

l
B

p(t) exp(−i2πft)dt = lim
L→∞

∫ L
B

0

p(t) exp(−i2πft)dt = p̂(f),

where we used L/B → ∞. We thus only need to verify the second limit is 0. In
each integral we have a difference of the form [exp(−i2πfs) − exp(−i2πft)], where
|s − t| ≤ 1/B. The Lipschitz continuity of the complex exponential function (see
Lemma A.3.3) ensures that for all ε>0 exists L0 such that for L>L0

| exp
(
−2πif l

B

)
− exp(−i2πft)| < ε for all l.

We thus have for L > L0

L−1∑

l=0

∫ l+1

B

l
B

p(t)| exp
(
−2πif l

B

)
− exp(−i2πft)|dt ≤ ε

L−1∑

l=0

∫ l+1

B

l
B

p(t)dt

≤ ε

∫ ∞

0

p(t)dt

= ε.

This verifies that the limit of this term is 0 and the result is proved. �

We use this lemma to show weak convergence of the finite dimensional marginals in
the following proposition, if the channel distribution is complex Gaussian, which we
will assume in the rest of the thesis.

Proposition 3.1.2. Assume the channel distribution is CN (0, 1). Let HL,B be given
by (3.2) and let H∞ be a stationary zero-mean complex Gaussian stochastic process

with autocovariance function R∞
H = p̂, then HL,B

fidi→ H∞.

Proof. First we remark that the existence of a stationary Gaussian process with au-
tocovariance function p̂ follows from Kolmogorov’s extension theorem (Ibragimov and
Linnik, 1971, Page 292).

For all finite collections f1, . . . , fk we have by the definition of HL,B




HL,B(f1)
...

HL,B(fk)


 =




1 exp
(
−2πif1

1
B

)
. . . exp

(
−2πif1

L−1
B

)

...
... . . .

...
1 exp

(
−2πifk

1
B

)
. . . exp

(
−2πifk

L−1
B

)







hB
0

hB
1
...

hB

L−1


 .

Since the channel distribution is assumed to be complex Gaussian the entries of the
vector (hB

0 , . . . , hB

L−1)
⊤ are independent complex Gaussians and the vector is thus
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multivariate complex Gaussian. As all finite dimensional marginals of HL,B are a
linear transformation of a multivariate complex Gaussian vector the finite dimensional
marginals are themselves multivariate Gaussian. Notationally we write

(
HL,B(f1), . . . , H

L,B(fk)
)⊤ ∼ CNk(0, ΣL,B), (3.6)

where ΣL,B = [σL,B

ij ]. The elements of the covariance matrix are determined from the
autocovariance function by σL,B

ij = RL,B
H (fi − fj). The characteristic function for the

random vector given in (3.6) is (Andersen et al., 1995, Theorem 2.7)

φL,B(w) = exp
(
− w∗ΣL,Bw

4

)
, w ∈ Cn.

Since RL,B
H (f) → R∞

H (f) for all f we have element-wise convergence of the matrices
ΣL,B → Σ, where Σ = [σij ], with σij = R∞

H (fi − fj). This implies

lim
L→∞

φL,B(w) = φ(w), for all w ∈ Cn,

where

φ(w) = exp
(
− w∗Σw

4

)
, w ∈ Cn.

This is the characteristic function for
(
H∞(f1), . . . , H

∞(fk)
)⊤

.

We have thus proved convergence of the characteristic function for the finite di-
mensional marginals of HL,B to the characteristic function for the finite dimensional
marginals of H∞. Since convergence of the characteristic function implies weak con-

vergence we have established HL,B fidi→ H∞. �

It is remarked that p̂(0) =
∫∞
0

p(t)dt = 1 such that for all f ∈ R we have H∞(f) ∼
CN (0, 1). Since weak convergence is conserved under continuous mappings we have

Y L,B fidi→ Y ∞, where

Y ∞(f) =
σ2

n

|H∞(f)|2 + 1
ρ

.

The processes H∞ and Y ∞ are candidates for weak limits of HL,B and Y L,B respectively
in the sense of Section 2.5, which we will investigate in the following. The sample
paths of Y L,B are real-valued, bounded, and continuous functions, whereas the sample
paths of HL,B are seen to be complex-valued, continuous, and also bounded since

sup
f∈R

|HL,B(f)| ≤ sup
f∈R

L−1∑

l=0

|hB

l || exp
(
−2πif l

B

)
|

=

L−1∑

l=0

|hB

l | < ∞.
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The two stochastic processes are thus mappings from Ω to respectively ℓ∞
C

(T1, T2, . . . )
and ℓ∞

R
(T1, T2, . . . ), where Ti = [−i, i]. From Section 2.5 we know the key to showing

weak convergence in these spaces is asymptotic uniform ρ-equicontinuity in probabil-
ity, which we give conditions for in the following two propositions.

Proposition 3.1.3. Let HL,B : ΩL → ℓ∞
C

(T1, T2, . . . ), L = 1, 2, . . . be a sequence of
stochastic processes defined by (3.2), and let ρ be the usual metric on R defined by
ρ(s, t) = |s − t|. If

lim
L→∞

L−1∑

l=1

l

B(L)
σB

l = C < ∞, (3.7)

where σB

l is defined in (3.1), then HL,B is asymptotically uniformly ρ-equicontinuous
in probability on all Ti. I.e. for every ε, η > 0 there exists a δ > 0 such that

lim
L→∞

P

(
sup

ρ(s,t)<δ

|HL,B(s) − HL,B(t)| > ε

)
< η, s, t ∈ Ti.

Proof. Firstly we use the Lipschitz continuity of the complex exponential function
(Lemma A.3.3) to show

sup
ρ(s,t)<δ

|HL,B(s) − HL,B(t)| = sup
|s−t|<δ

∣∣∣∣
L−1∑

l=0

hB

l

[
exp

(
−2πis l

B

)
− exp

(
−2πit l

B

)]∣∣∣∣

≤ sup
|s−t|<δ

L−1∑

l=0

∣∣hB

l

∣∣
∣∣∣ exp

(
−2πis l

B

)
− exp

(
−2πit l

B

)∣∣∣

≤
L−1∑

l=0

∣∣hB

l

∣∣ 2πl

B(L)
δ.

From this we conclude

P

(
sup

ρ(s,t)<δ

|HL,B(s) − HL,B(t)| > ε

)
≤ P

( L−1∑

l=0

∣∣hB

l

∣∣ 2πl

B(L)
δ > ε

)
,

and by Markov’s inequality (A.1) we have

P

( L−1∑

l=0

∣∣hB

l

∣∣ 2πl

B(L)
δ > ε

)
≤ 1

ε
E
(L−1∑

l=0

∣∣hB

l

∣∣ 2πl

B(L)
δ
)

=
2πδ

ε

L−1∑

l=0

l

B(L)
E
(∣∣hB

l

∣∣).



48 Results

We recall from the definition of hB

l , that hB

l = σB

l Xl, where X0, X1, . . . are iid
complex-valued stochastic variables with E(Xl) = 0 and Var(Xl) = 1. Introducing
the notation M = E(|Xl|) we thus have

P

( L−1∑

l=0

∣∣hB

l

∣∣ 2πl

B(L)
δ > ε

)
≤ 2Mπδ

ε

L−1∑

l=0

l

B(L)
σB

l .

It is clear that if (3.7) is satisfied, then the condition for asymptotic uniform ρ-
equicontinuity in probability holds by choosing δ such that

2MCπδ

ε
< η.�

Proposition 3.1.4. Let Y L,B : ΩL → ℓ∞
R

(T1, T2, . . . ), L = 1, 2, . . . be a sequence of
stochastic processes defined by (3.4), and let ρ be the usual metric on R. If

lim
L→∞

L−1∑

l=1

L−1∑

k=1

|l − k|
B(L)

σB

l σB

k = C < ∞, (3.8)

then Y L,B is asymptotically uniformly ρ-equicontinuous in probability on all Ti. I.e.
for every ε, η > 0 there exists a δ > 0 such that

lim
L→∞

P

(
sup

ρ(s,t)<δ

|Y L,B(s) − Y L,B(t)| > ε

)
< η, s, t ∈ Ti.

Proof. The proof is similar to that of Proposition 3.1.3 so we do the different parts in
detail and skip quickly through the parts completely analogous to the previous proof.

|Y L,B(s) − Y L,B(t)| =
∣∣∣

σ2
n

|HL,B(s)|2 + 1
ρ

− σ2
n

|HL,B(t)|2 + 1
ρ

∣∣∣

=
∣∣∣

σ2
n

(
|HL,B(t)|2 − |HL,B(s)|2

)

(|HL,B(s)|2 + 1
ρ)(|HL,B(t)|2 + 1

ρ)

∣∣∣

≤ σ2
nρ2
∣∣∣|HL,B(t)|2 − |HL,B(s)|2

∣∣∣.

Since

|HL,B(t)|2 =
( L−1∑

l=0

hB

l exp
(
−2πit l

B

))( L−1∑

k=0

hB

k exp
(
2πit k

B

))

=

L−1∑

l=0

L−1∑

k=0

hB

l hB

k exp
(
−2πit l−k

B

)
,



3.1 Weak convergence 49

we have

|Y L,B(s) − Y L,B(t)| ≤ σ2
nρ2
∣∣∣

L−1∑

l=0

L−1∑

k=0

hB

l hB

k

[
exp

(
−2πit l−k

B

)
− exp

(
−2πis l−k

B

)]∣∣∣

≤ σ2
nρ2

L−1∑

l=0

L−1∑

k=0

|hB

l ||hB

k |
∣∣ exp

(
−2πit l−k

B

)
− exp

(
−2πis l−k

B

)∣∣.

Using Lipschitz continuity, Markov’s inequality, and the definition of hB

l as before we
conclude

P
(

sup
ρ(s,t)<δ

|Y L,B(s) − Y L,B(t)| > ε
)
≤ 2πM2δ

ε

L−1∑

l=0

L−1∑

k=0

|l−k|
B(L)

σB

l σB

k .

This yields the result in same way as in Proposition 3.1.3. �

We thus have a condition for asymptotic uniform ρ-equicontinuity in probability when
working with either HL,B or Y L,B, which has to be verified for the specific PDP
used in the model. Under this assumption we can establish weak convergence in
ℓ∞
C

(T1, T2, . . . ) and ℓ∞
R

(T1, T2, . . . ) respectively for HL,B and Y L,B.

Proposition 3.1.5. If the sequence of stochastic processes (HL,B) is asymptotically
uniformly ρ-equicontinuous in probability, then HL,B D→ H∞ in ℓ∞

C
(T1, T2, . . . ).

Proof. We have already established HL,B fidi→ H∞ and assuming asymptotic uniform ρ-
equicontinuity in probability the result follows from Corollary 2.5.10 if we can show the
limit H∞(t) is tight for all t ∈ R. We know that H∞(t) ∼ CN (0, 1) for all t ∈ R, and
thus for all ε > 0 there exists a sufficiently large r such that P

(
H∞(t) ∈ B(r)

)
≥ 1−ε,

where B(r) = {z ∈ C | |z| ≤ r}. Since B(r) is closed and bounded it is compact, and
the tightness is thus verified. �

This result also holds for the transformed process.

Proposition 3.1.6. If the sequence of stochastic processes Y L,B is asymptotically
uniformly ρ-equicontinuous in probability, then Y L,B D→ Y ∞ in ℓ∞

R
(T1, T2, . . . ).

Proof. We have already established Y L,B fidi→ Y ∞ and asymptotic uniform ρ-equicon-
tinuity in probability, so the result follows from Corollary 2.5.10 if we can show the
limit Y ∞(t) is tight for all t ∈ R. We recall Y ∞(t) = g

(
H∞(t)

)
, where g : C → R

is continuous, and by Proposition 3.1.5 there exists a sufficiently large r such that
P
(
H∞(t) ∈ B(r)

)
≥ 1 − ε. Since compact sets are mapped to compact sets by

continuous mappings the image g
(
B(r)

)
is compact and P

(
Y ∞(t) ∈ g

(
B(r)

))
=

P
(
H∞(t) ∈ B(r)

)
≥ 1 − ε, which yields the tightness. �
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The final results we will prove utilizes Skorokhod’s Theorem (Theorem 2.5.11) to

establish almost sure convergence for representations H̃L,B, H̃∞, Ỹ L,B, and Ỹ ∞ of the
original processes HL,B, H∞, Y L,B, and Y ∞.

Proposition 3.1.7. If the sequence of stochastic processes (HL,B) is asymptotically

uniformly ρ-equicontinuous in probability there exists measurable maps H̃L,B : Ω̃ → D

and H̃∞ : Ω̃ → D defined on some probability space (Ω̃, Ẽ , P̃ ) with

(i) H̃L,B a.s.→ H̃∞ in ℓ∞
C

(T1, T2, . . . ),

(ii) L(H̃L,B) = L(HL,B) for all L ∈ N and L(H̃∞) = L(H∞).

Proof. This follows from Theorem 2.5.11, and we need only verify the conditions of
this theorem are satisfied. We have already established HL,B D→ H∞ and it remains
to verify separability of H∞. Since ℓ∞

C
(T1, T2, . . . ) is a complete metric space, sepa-

rability is equivalent to tightness (Lemma 2.5.4). From Corollary 2.5.10 we know the
limit is tight, which yields the result. �

The exact same argument establishes the result for the transformed process.

Proposition 3.1.8. If Y L,B is asymptotically uniformly ρ-equicontinuous in proba-
bility there exists measurable maps Ỹ L,B : Ω̃ → D and Ỹ ∞ : Ω̃ → D defined on some
probability space (Ω̃, Ẽ , P̃ ) with

(i) Ỹ L,B a.s.→ Ỹ ∞ in ℓ∞
R

(T1, T2, . . . ),

(ii) L(Ỹ L,B) = L(Y L,B) for all L ∈ N and L(Ỹ ∞) = L(Y ∞).

This concludes the results on weak convergence, and in the next section we will show
that under suitable conditions the convergence is inherited by MMSEL,B

∞ defined in
(3.3).

3.2 The infinite equalizer

Before studying convergence and asymptotic properties of MMSEL,B

∞ we define

MMSE∞,B

∞ =

∫ B

0

Y ∞(f)df =

∫ B

0

σ2
n

|H∞(f)|2 + 1
ρ

df.

For this process we have a central limit theorem.

Proposition 3.2.1. If the PDP, p, is such that the stationary complex Gaussian
process H∞ with autocovariance function p̂ is strongly mixing with mixing coefficient
α satisfying ∫ ∞

0

α(τ )dτ < ∞,
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and if

σ2 = 2

∫ ∞

0

E
[
Y ∞

c (0)Y ∞

c (f)
]
df 6= 0, (3.9)

where
Y ∞

c (f) = Y ∞(f) − µ and µ = E
[
Y ∞(f)

]
.

Then √
B

σ

(
MMSE∞,B

∞ − µ
)

D→ N (0, 1)

for L → ∞ (and thereby B = B(L) → ∞).

Proof. Since Y ∞
c (f) is a measurable transformation of H∞(f) for f ∈ R, all the

conditions of Corollary 2.4.8 are fulfilled. Consequently

1

σ
√

B

∫ B

0

Y ∞

c (f)df D→ N (0, 1),

and the result follows from

1

σ
√

B

∫ B

0

Y ∞

c (f)df =

√
B

σ

[ 1

B

∫ B

0

Y ∞(f)−µdf
]

=

√
B

σ

(
MMSE∞,B

∞ − µ
)
. �

In the following we will show that the CLT behavior of MMSE∞,B

∞ is inherited by
MMSEL,B

∞
, which is the quantity we wish to study. To prove this we make use of the

Skorokhod representations obtained in Proposition 3.1.8. Using these representations
we define

M̃MSE
L,B

∞ =
1

B

∫ B

0

Ỹ L,B(f)df and
1

B
M̃MSE

∞,B

∞ =

∫ B

0

Ỹ ∞(f)df.

The following lemma ensures it suffices to show the CLT for these representations.

Lemma 3.2.2. If √
B

σ

(
M̃MSE

L,B

∞
− µ

)
D→ N (0, 1)

for L → ∞. Then √
B

σ

(
MMSEL,B

∞ − µ
)

D→ N (0, 1)

for L → ∞.

Proof. Since L(M̃MSE
L,B

∞ ) = L(MMSEL,B

∞ ) for all L, we have

P
(√B

σ

(
MMSEL,B

∞ − µ
)
≤ x

)
= P

(√B

σ

(
M̃MSE

L,B

∞ − µ
)
≤ x

)
→ Φ(x). �
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Theorem 3.2.3. Let the PDP p be such that the conditions of Proposition 3.2.1 are
satisfied, and let Y L,B be asymptotically uniformly ρ-equicontinuous in probability. If
the first moment of the PDP is finite and L

B3/2 → ∞ for L → ∞, then

√
B

σ

(
MMSEL,B

∞ − µ
)

D→ N (0, 1)

for L → ∞.

Proof. Asymptotic uniform ρ-equicontinuity in probability implies the existence of
Skorokhod representations of the process as shown in Proposition 3.1.8. By Lemma
3.2.2 we know it suffices to show the result for the Skorokhod representations. First
we make the decomposition

√
B

σ

(
M̃MSE

L,B

∞ − µ
)

=

√
B

σ

(
M̃MSE

∞,B

∞ − µ
)

+

√
B

σ

(
M̃MSE

L,B

∞ − M̃MSE
∞,B

∞

)
,

and notice that by Slutsky’s result (Lemma 2.1.7) it suffices to show
√

B

σ

(
M̃MSE

L,B

∞ − M̃MSE
∞,B

∞

)
p→ 0.

To show this we use Markov’s inequality, which yields

P
(∣∣

√
B

σ

(
M̃MSE

L,B

∞ − M̃MSE
∞,B

∞

)∣∣ ≥ ε
)
≤ 1

ε
E
(∣∣∣

√
B

σ

(
M̃MSE

L,B

∞ − M̃MSE
∞,B

∞

)∣∣∣
)

=

√
B

εσ
E
( 1

B

∣∣∣
∫ B

0

[
Ỹ L,B(f) − Ỹ ∞(f)

]
df
∣∣∣
)
.

The theorem is thus proved if we can verify

1

B

∫ B

0

√
B E

(∣∣Ỹ L,B(f) −Ỹ ∞(f)
∣∣)df → 0 for L → ∞. (3.10)

Intuitively this seems plausible since we have convergence in the supremum norm
on compact sets for the Skorokhod representations. This also clarifies why we need
to work in term of the representations. The original processes are only similar in
distribution, which does not imply a difference as in (3.10) goes to 0. The remain-
ing difficulty is of course we need a rate of the convergence due to the factor

√
B. In

the following we prove in detail the (3.10) does hold for the Skorokhod representations.

We use a construction from the proof of Skorokhod’s Theorem for real random vari-
ables (see e.g. Billingsley, 1986, Theorem 25.6.). Let Z ∼ Unif(0, 1) and define for
each L ∈ N and f ∈ R the random variables

Ŷ L,B(f) = F−1
eY L,B

(Z)

Ŷ ∞(f) = F−1
eY ∞

(Z).
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Since these new representations have same distribution as the old representations, we
have

E
(∣∣Ỹ L,B(f) −Ỹ ∞(f)

∣∣) = E
(∣∣Ŷ L,B(f) −Ŷ ∞(f)

∣∣)

=

∫ 1

0

|F−1
eY L,B

(z) − F−1
eY ∞

(z)|dz.

The inverse distribution functions are (see Lemma A.3.4):

F−1
eY L,B

(z) =
σ2

n

ρ−1 − νL,B ln(z)
and F−1

eY ∞
(z) =

σ2
n

ρ−1 − ln(z)

where

νL,B =

∫ L
B

0

p(t)dt.

Consequently we have

E
(∣∣Ỹ L,B(f) −Ỹ ∞(f)

∣∣) =

∫ 1

0

∣∣∣
σ2

n

ρ−1 − νL,B ln(z)
− σ2

n

ρ−1 − ln(z)

∣∣∣df

= σ2
n

∫ 1

0

∣∣∣
νL,B ln(z) − ln(z)

ρ−2 − (νL,B + 1)ρ−1 ln(z) + νL,B ln(z)2

∣∣∣df

= (1 − νL,B)σ2
n

∫ 1

0

∣∣∣
ln(z)

ρ−2 − (νL,B + 1)ρ−1 ln(z) + νL,B ln(z)2

∣∣∣df

≤ (1 − νL,B)σ2
nC,

where C is a constant bounding the integral. Now we return to the verification of
(3.10), and observe

1

B

∫ B

0

√
B E

(∣∣Ỹ L,B(f) −Ỹ ∞(f)
∣∣)df ≤

√
B(1 − νL,B)σ2

nC.

If we let X be a stochastic variable with density p (the PDP) we have

1

B

∫ B

0

√
B E

(∣∣Ỹ L,B(f) −Ỹ ∞(f)
∣∣)df ≤

√
B
(
1 − P (X ≤ L

B )
)
σ2

nC

≤
√

BP
(
X ≥ L

B

)
σ2

nC

≤
√

B
E(X)

L/B
σ2

nC.

This converges to 0 for L → ∞ by the assumptions in the theorem, and the proof is
thus complete. �
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3.3 The finite equalizer

Given a channel response (hB
0 , . . . , hB

L−1) sampled using bandwidth B = 1/T we wish
to establish a relation between MMSEL,B

N given by (1.7) in Chapter 1 and MMSEL,B

∞

studied in the previous section. At first we will keep L, B fixed and only study
asymptotics for growing equalizer length N , which is done in Proposition 3.3.2. To
do this we need a lemma providing an upper bound on MMSEL,B

N .

Lemma 3.3.1. Let L, N ∈ N and B ∈ R+. Then for all realizations of (hB
0 , . . . , hB

L−1)

MMSEL,B

N ≤ 1

N+L−1

N+L−1∑

j=1

Y L,B( jB
N+L−1 ) +

(L−1)σ2
x

L+N−1
, (3.11)

where σ2
x is the noise power and MMSEL,B

N is defined in (1.7).

Proof. Since MMSEL,B

N is given by the minimum diagonal element of a matrix we can
upper bound it by the average diagonal element, i.e.

MMSEL,B

N ≤ σ2
n

D
tr[(H∗H + 1

ρI)−1],

where D = L+N−1 is the number of columns in the matrix H defined in (1.6) on
page 6. Any matrix of the form H∗H is Hermitian and using the spectral theorem
(Theorem A.1.1) we have H∗H = UΛU∗, where U is a unitary matrix and Λ is a
diagonal matrix consisting of the eigenvalues of H∗H. Furthermore H∗H is positive
semi-definite since for all x we have x∗H∗Hx = ‖Hx‖2 ≥ 0, which also implies the
eigenvalues λ1, . . . , λD of H∗H are non-negative. The matrix

H∗H + 1
ρI = U(Λ + 1

ρI)U∗

has eigenvalues λj + 1
ρ , which are strictly positive due to the non-negativity of λj .

Since all eigenvalues are non-zero the matrix is invertible and the eigenvalues of the
inverse matrix are

1

λj + 1
ρ

, j = 1, . . . , D.

Using that the trace of a matrix is the sum of the eigenvalues yields

MMSEL,B

N ≤ σ2
n

D
tr[(H∗H + 1

ρI)−1] =
σ2

n

D

D∑

j=1

1

λj + 1
ρ

. (3.12)

This gives an upper bound on MMSEL,B

N in terms of the eigenvalues of H∗H, but we
do not have an explicit expression for these. In the following we will approximate the
Toeplitz matrix H by a circulant matrix C for which we can calculate the eigenvalues
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explicitly and achieve an alternative upper bound on MMSEL,B

N . Let C be the D×D
circulant matrix obtained by right-shifting the first row of H:

C =




hB
0 hB

1 · · · hB

L−1 0 0 . . . 0
0 hB

0 hB
1 · · · hB

L−1 0 . . . 0
...

. . .
. . .

. . .
. . .

. . .
. . .

...
0 · · · 0 hB

0 hB
1 · · · hB

L−1 0
0 0 · · · 0 hB

0 hB
1 · · · hB

L−1

hB

L−1 0 · · · 0 0 hB
0 · · · hB

L−2
...

. . .
. . .

. . .
. . .

. . .
. . .

...
hB

1 · · · hB

L−1 0 · · · 0 0 hB
0




=

[
H
E

]

It is seen that C is simply obtained by appending L−1 rows to H, and the matrix
consisting of these rows is called E. Using the block matrix notation from above we
see that

C∗C = [H∗E∗]

[
H
E

]
= H∗H + E∗E.

We denote the eigenvalues of H∗H, C∗C and E∗E by λi, µi and νi respectively for
i = 1, . . . , D. The matrices H∗H, C∗C and E∗E are all Hermitian and positive
semidefinite, and we assume the eigenvalues to be in non-increasing order such that
λ1 ≥ · · · ≥ λD and analogously for µi and νi. Since E only has L−1 rows we conclude
that rank(E∗E) ≤ min(rank(E∗), rank(E)) ≤ L−1, and therefore νi = 0 for i ≥ L.
Weyl’s inequalities (Theorem A.1.2) imply, that

µi+j−1 ≤ λi + νj ,

and for j = L we get
µi+L−1 ≤ λi. (3.13)

We split the sum in (3.12) in two parts and apply (3.13), which yields

D∑

i=1

1

λi + 1
ρ

=

N∑

i=1

1

λi + 1
ρ

+

N+L−1∑

i=N+1

1

λi + 1
ρ

≤
N∑

i=1

1

µi+L−1 + 1
ρ

+ (L−1)ρ

≤
D∑

i=1

1

µi + 1
ρ

+ (L−1)ρ.

Inserting this into (3.12) yields the alternative upper bound

MMSEL,B

N ≤ 1

D

D∑

i=1

σ2
n

µi + 1
ρ

+
(L − 1)σ2

x

D
, (3.14)
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where we used the definition of the signal to noise ratio ρ =
σ2

x

σ2
n
. Now we exploit

that Theorem A.1.3 provides an explicit expression for the eigenvalues of a circulant
matrix. Since the first row of C in our case is [hB

0 · · ·hB

L−1] appended with N−1 zeros
the eigenvalues of C, denoted αj , j = 1, . . . , D, are

αj =

L−1∑

l=0

hB

l exp(−2πij l
D ) = HL,B( jB

D ),

where HL,B is the transfer function given by (3.2).

Using an eigenvalue decomposition (Theorem A.1.3) C = UΛU∗ we notice that C∗ =
UΛ∗U∗ and therefore C∗C = UΛ∗ΛU∗. Consequently the eigenvalues of C∗C can be
expressed as µj = |αj |2 = |HL,B( jB

D )|2, j = 1, . . . , D. Inserting this into (3.14) yields

MMSEL,B

N ≤ 1

D

D∑

j=1

σ2
n

|HL,B( jB
D )|2 + 1

ρ

+
(L−1)σ2

x

D
.

This is seen to be the bound (3.11) we set out to prove, since D = L+N−1 and

Y L,B(f) =
σ2

n

|HL,B(f)|2 + 1
ρ

for all f ∈ R. �

Using the upper bound provided in Lemma 3.3.1 we can prove MMSEL,B

N → MMSEL,B

∞ .
Intuitively this holds since the sum term in the upper bound is seen to be a Riemann
sum approximation to MMSEL,B

∞ . We prove this in detail in the following proposition.

Proposition 3.3.2. Let L ∈ N and B ∈ R+. Then

MMSEL,B

N → MMSEL,B

∞ as N → ∞,

for all realizations of (hB
0 , . . . , hB

L−1).

Proof. We let SL,B
N denote the sum term of the upper bound (3.11) such that

SL,B

N =
1

N+L−1

N+L−1∑

j=1

Y L,B( jB
N+L−1 )

=
1

B

N+L−1∑

j=1

B

N+L−1
Y L,B( jB

N+L−1 ).
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We can write this sum as the integral

SL,B

N =
1

B

∫ B

0

Y L,B

N (f)df, (3.15)

where Y L,B
N : R → [0, ρσ2

n] is the simple function defined by

Y L,B

N (f) =

L+N−1∑

j=1

I
(
f ∈

[ (j−1)B
L+N−1 , jB

L+N−1

])
Y L,B

(
jB

L+N−1

)
, (3.16)

for all f ∈ R.

As mentioned in Chapter 1 the finite equalizer is a sub model of the infinite equalizer
implying MMSEL,B

∞ ≤ MMSEL,B

N . Combining this with the upper bound on MMSEL,B

N

yields

MMSEL,B

∞ ≤ MMSEL,B

N ≤ SL,B

N +
(L−1)σ2

x

L+N−1
,

which leads to

∣∣MMSEL,B

N − MMSEL,B

∞

∣∣ ≤ SL,B

N − MMSEL,B

∞ + O
( L

N

)
. (3.17)

It thus only remains to verify that

SL,B

N − MMSEL,B

∞ → 0 for N → 0.

From (3.15) it follows that

∣∣SL,B

N − MMSEL,B

∞

∣∣ =
∣∣∣
1

B

∫ B

0

[
Y L,B

N (f) − Y L,B(f)
]
df
∣∣∣ (3.18)

≤ 1

B

∫ B

0

∣∣Y L,B

N (f) − Y L,B(f)
∣∣df.

From (3.16) it is clear that Y L,B
N is a simple function approximation of Y L,B on the

interval [0, B] such that for all f ∈ [0, B] we have Y L,B
N (f) → Y L,B(f) or equivalently∣∣Y L,B

N (f)−Y L,B(f)
∣∣→ 0 for N → ∞. Since

∣∣Y L,B
N (f)−Y L,B(f)

∣∣ ≤ ρσ2
xI(f ∈ [0, B]) we

can use Lebesgue’s theorem on dominated convergence to conclude

lim
N→∞

1

B

∫ B

0

∣∣Y L,B

N (f) − Y L,B(f)
∣∣df = lim

N→∞

1

B

∫ ∞

0

I(f ∈ [0, B])
∣∣Y L,B

N (f) − Y L,B(f)
∣∣df

=
1

B

∫ ∞

0

lim
N→∞

I(f ∈ [0, B])
∣∣Y L,B

N (f) − Y L,B(f)
∣∣df

= 0. �
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We have already exploited this result in Section 1.2, where we only carried out simu-
lations of MMSEL,B

∞ . Proposition 3.3.2 ensures that for N → ∞ we have the pointwise
convergence

MMSEL,B

N → MMSEL,B

∞ ,

for all realizations of the channel response, which implies the weak convergence

MMSEL,B

N

D→ MMSEL,B

∞ .

Consequently for a number of simulated channel responses the results obtained by
calculating the integral expression for MMSEL,B

∞ are arbitrarily close to the results
obtained by inverting a matrix and finding the minimum diagonal element as de-
scribed by (1.7), when N is sufficiently large. This has the advantage that the matrix
inversion, which is computer intensive for large N , can be avoided.

3.3.1 Central limit theorem

We will briefly consider the situation when L, B, N grow simultaneously. We let
B = B(L) and N = N(L) depend on L such that B, N → ∞ for L → ∞. Analogously
to the result for MMSEL,B

∞ we have a condition ensuring asymptotic normality of
MMSEL,B

N in the following theorem.

Theorem 3.3.3. Let
√

B

σ

(
MMSEL,B

∞ − µ
)

D→ N (0, 1).

If L
√

B
N → 0 for L → ∞ and

E
(∣∣∣

1

B

∫ B

0

[
Y L,B

N (f) − Y L,B(f)
]
df
∣∣∣
)

= o
(

1√
B

)
, (3.19)

then √
B

σ

(
MMSEL,B

N − µ
)

D→ N (0, 1)

for L → ∞.

Proof. The proof is similar to the beginning of that of Theorem 3.2.3, and we write
√

B

σ

(
MMSEL,B

N − µ
)

=

√
B

σ

(
MMSEL,B

∞ − µ
)

+

√
B

σ

(
MMSEL,B

N − MMSEL,B

∞

)
.

By Slutsky’s result (Lemma 2.1.7) it suffices to show

√
B

σ

(
MMSEL,B

N − MMSEL,B

∞

)
p→ 0.
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Markov’s inequality yields

P
(∣∣

√
B

σ

(
MMSEL,B

N − MMSEL,B

∞

)∣∣ ≥ ε
)
≤ 1

ε
E
(√

B
σ

∣∣∣MMSEL,B

N − MMSEL,B

∞

∣∣∣
)
.

From (3.17) and (3.18) we know

√
B

σ

∣∣∣MMSEL,B

N − MMSEL,B

∞

∣∣∣ ≤
√

B
σ

∣∣∣
1

B

∫ B

0

[
Y L,B

N (f) − Y L,B(f)
]
df
∣∣∣+

√
B

σ
O
(

L
N

)
,

such that

√
B

σ E
(∣∣∣MMSEL,B

N − MMSEL,B

∞

∣∣∣
)
≤

√
B

σ E
(∣∣∣

1

B

∫ B

0

[
Y L,B

N (f) − Y L,B(f)
]
df
∣∣∣
)

+ O
(

L
√

B
N

)
.

By the imposed assumptions the two terms converge to 0, which finishes the proof. �

3.4 Discussion

In this section we will discuss some of the conditions we have imposed in the results
in Sections 3.2 and 3.3. We start with the first condition in Proposition 3.2.1.

Condition 1. Let the PDP, p, be such that the stationary complex Gaussian pro-
cess H∞ with autocovariance function p̂ is strongly mixing with mixing coefficient α
satisfying ∫ ∞

0

α(τ )dτ < ∞.

Discussion:

A difficulty regarding mixing properties of stochastic processes is that mixing coeffi-
cients are hard to calculate, and it is thus desirable to characterize mixing processes in
another way. It would be useful to have a sufficient condition on the rate of decay of
the autocovariance function to ensure a mixing property. This is however not possible
(except in the case when the autocovariance is zero from some point) since no mat-
ter how fast the autocovariance decays it is always possible to construct a Gaussian
process with this rate of decay that does not exhibit strong mixing (Piterbarg, 1996,
page 43).

A more fruitful approach to this problem is to study the spectral density of the process,
which e.g. is done in Dym and McKean (1976). The spectral representation given in
(2.6) can be written as

E(Xt1Xt2) =

∫ ∞

−∞
exp(it1λ)exp(it2λ)dµ(λ).

The left hand side of this expression is the inner product of the elements Xt1 and
Xt2 on the space L2(Ω, P ) consisting of all complex random variables ξ on (Ω, E , P )
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with E(|ξ|2) < ∞. The right hand side is the inner product on L2(R, µ) of the
elements et1 and et2 , where etj

: R → C is defined by etj
(λ) = exp(itjλ) for all

λ ∈ R. In this way we have an operator T : (Xt) → L2(R, µ) taking the element Xt

to the element et. We now consider the entire process (Xt) and the corresponding
collection (et). We denote the closed linear span of these collections by respectively
A ⊆ L2(Ω, P ) and B ⊆ L2(R, µ). The operator T : A → B is called the trigonometric
isomorphism and this relation allows probabilistic problems concerning (Xt) to be
treated by trigonometrical approximation in L2(R, µ), which is used in Domínguez
(1992) to study completely regular (ρ-mixing) processes. Then it can be exploited
that for Gaussian processes strong mixing and complete regularity are equivalent with
proportional mixing coefficients. The more detailed study of this does however turn
out to be a study of complex analysis, which is outside the scope of this thesis. �

In the following we consider the second condition in Proposition 3.2.1.

Condition 2. Let the PDP, p, be such that

σ2 = 2

∫ ∞

0

E
[
Y ∞

c (0)Y ∞

c (f)
]
df 6= 0, (3.20)

where
Y ∞

c (f) = Y ∞(f) − µ and µ = E
[
Y ∞(f)

]
.

Discussion:

First we recall the marginal variance of H∞ is R∞
H (0) = p̂(0) = 1. In Section 2.1.4 it

was shown that if X ∼ CN (0, 1) then |X|2 ∼ Exp(1), and thus

µ = E
[
Y ∞(f)

]
=

∫ ∞

0

σ2
n

u + 1
ρ

exp(−u)du.

This integral cannot be evaluated analytically, but it is well suited for numerical
integration since the integrand vanishes quickly for large u. The expression for µ is
used when checking the condition (3.20), which can be rewritten as

2

∫ ∞

0

E
[
Y ∞(0)Y ∞(f)

]
−µ2df 6= 0.

The mean value in this expression is

E
[
Y ∞(0)Y ∞(f)

]
=

∫

C2

σ2
n

|x1|2 + 1
ρ

σ2
n

|x2|2 + 1
ρ

q(x1, x2)dx1dx2,

where q is the density of (X1, X2)
⊤ ∼ CN2(0, Σ) with

Σ =

[
1 p̂(f)

p̂(−f) 1

]
.
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Therefore the verification of (3.20) for specific PDPs is a multidimensional integration
problem, which we will not discuss further here. �

The final condition we will mention appears in Theorem 3.3.3.

Condition 3. Let

E
(∣∣∣

1

B

∫ B

0

[
Y L,B

N (f) − Y L,B(f)
]
df
∣∣∣
)

= o
(

1√
B

)
.

Discussion:

Intuitively there is some hope showing convergence to 0 since Y L,B
N is a simple function

approximating Y L,B, but we also need a rate of the convergence, and it remains as an
open problem to study this condition in detail. �





CHAPTER 4

Conclusion and future work

4.1 Conclusion

In this thesis we have studied the behavior of the minimum mean square error (MMSE)
as a performance measure for a communication system using either a finite of infinite
equalizer. The communication system model has been parametrized by the power
delay profile p, the system bandwidth B, the channel length L, and in the case
of a finite equalizer also the equalizer length N . The performance measures were
denoted respectively MMSEL,B

∞ and MMSEL,B

N for the infinite and finite equalizer, and
a fundamental process involved in calculating MMSEL,B

∞ is the transfer function HL,B.
We have proven asymptotic uniform ρ-equicontinuity in probability for this process,
under suitable conditions, and thereby established a weak limit H∞. Using these
results a central limit theorem (CLT) was proven for MMSEL,B

∞ as the main result in
the thesis. Furthermore it was proven that MMSEL,B

N → MMSEL,B

∞ as N → ∞ for
fixed L, B. This makes approximate simulations of MMSEL,B

N possible by simulating
MMSEL,B

∞ , which is less computer intensive. Finally a condition was given to extend
the CLT to hold for MMSEL,B

N .

4.2 Future work

The discussion in Section 3.4 points out some interesting open questions to address
in the future. A more clear description of the class of power delay profiles ensuring
the CLT behavior is desirable. Especially some conditions on the power delay profile
ensuring strong mixing with mixing coefficients decaying at a specified rate would be
beneficial. Furthermore a study of the condition ensuring the CLT for MMSEL,B

N is
needed.

Another interesting issue is to relate the results obtained here to the results presented
in Barriac and Madhow (2004). Here a similar quantity to MMSEL,B

∞ called the spectral
efficiency, IB, is studied. It is given by

IB =
1

B

∫ B
2

−B
2

log(1 + ρ|H(f)|2)df,

which is a very similar structure to the one studied in the present thesis. Barriac
and Madhow (2004) proves a CLT for the spectral efficiency using Serfling (1968). It
is interesting investigate if this setup could be used to obtain alternative conditions
ensuring the CLT in our case.





APPENDIX A

Miscellaneous results

A.1 Linear Algebra

A.1.1 The Spectral Theorem

A fundamental result in linear algebra is the spectral theorem, which can be found in
Hogben (2006).

Theorem A.1.1. Let A be a Hermitian matrix. Then there is a unitary matrix U
such that U∗AU = D, where D is a real diagonal matrix whose diagonal entries are
the eigenvalues of A.

A.1.2 Weyl’s inequalities

The following result is due to Weyl (Bhatia, 1997, Theorem III.2.1 and (III.8)).

Theorem A.1.2. Let A, B be Hermitian matrices with eigenvalues λA
1 ≥ · · · ≥ λA

n

and λB
1 ≥ · · · ≥ λB

n respectively. The eigenvalues λA+B
1 ≥ · · · ≥ λA+B

n of A + B
satisfy the inequalities

λA+B
i+j−1 ≤ λA

i + λB
j

for all i, j ∈ {1, . . . , n} such that j + k − 1 ≤ n.

A.1.3 Circulant matrices

An important property of circulant matrices is that they can be diagonalized and
there is a closed form expression for the eigenvalues (Davis, 1994, Theorem 3.2.2.).

Theorem A.1.3. Let [c0 · · · cn−1] be the first row of a n×n circulant matrix C. Then
there exists a unitary matrix U , such that C = U∗DU , where D is a diagonal matrix
whose diagonal entries are the eigenvalues α1, . . . , αn of C. Furthermore

αj =

n−1∑

l=0

cl exp(−2πij l
n ), j = 1, . . . , n.

A.2 Probability and measure theory

A.2.1 Fundamental inequalities

Markov’s, Chebyshev’s, and Lapynov’s inequalities are used in this thesis and for
convenience we state them here (Billingsley, 1986, p. 74-76):

P (|X| ≥ α) ≤ 1

α
E(|X|). (A.1)
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P (|X − E(X)| ≥ α) ≤ 1

α2
Var(X). (A.2)

E(|X|s)1/s ≥ E(|X|t)1/t, 0 < s ≤ t. (A.3)

A.2.2 Tonelli’s Theorem

A classical result in measure theory is Tonelli’s Theorem (Billingsley, 1986, Theorem
18.3) presented below.

Theorem A.2.1. Let (X,F , µ) and (Y,G, ν) be σ-finite measure spaces and let the
function f : X × Y → R+ be measurable with respect to the product σ-algebra F ⊗ G.
Then

(i) the function defined by g(x) =
∫

Y
f(x, y)dν(y) is measurable with respect to F .

(ii)
∫

X×Y
f(x, y)dµ⊗ν(x, y) =

∫
X

[ ∫
Y

f(x, y)dν(y)
]
dµ(x).

Extension:

If f takes values in R then (i) still holds, which can be verified by using (i) on the
the positive and negative part of f separately.

A.3 Auxiliary lemmas

The following lemma is used to prove Lemma A.3.2, which is part of the proof of
Theorem 2.4.6.

Lemma A.3.1. Under the conditions of Theorem 2.4.6 we have

E(S4
n) = E[(

n∑

j=1

Xj)
4] = o(n3).

Proof. We start by splitting the product in to several parts and for notational conve-
nience let N = {1, . . . , n}, such that

E
[( n∑

j=1

Xj

)4]
=

∑

i,j,k,l∈N

E(XiXjXkXl)

=
n∑

i=1

E(X4
i ) +

∑

i,j∈N

i 6=j

E(X3
i Xj) +

∑

i,j∈N

i 6=j

E(X2
i X2

j )

+
∑

i,j,k∈N

i 6=j 6=k

E(X2
i XjXk) +

∑

i,j,k,l∈N

i 6=j 6=k 6=l

E(XiXjXkXl).
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Since P (|Xj | < C) = 1 it is clear that we can bound each of the mean values in the
expression above by C4. The first sum only has n terms and therefore it is o(n2).
The number of terms in the second and third sum is O(n2), so that these are o(n3),
and we thus only need to verify the fourth and fifth sums are o(n3). We start with
the fourth and split the index set {(i, j, k) ∈ N3 | i 6= j 6= k} into the six index sets

N1 = {(i, j, k) ∈ N3 | i < j < k}, N2 = {(i, j, k) ∈ N3 | i < k < j},
N3 = {(i, j, k) ∈ N3 | j < i < k}, N4 = {(i, j, k) ∈ N3 | j < k < i},
N5 = {(i, j, k) ∈ N3 | k < i < j}, N6 = {(i, j, k) ∈ N3 | k < j < i},

which leads to

∑

i,j,k∈N

i 6=j 6=k

E(X2
i XjXk) =

6∑

s=1

∑

i,j,k∈Ns

E(X2
i XjXk).

In the following we show that the sum over N1 is O(n2).

Clearly
∑

i,j,k∈N1

E(X2
i XjXk) = O

( ∑

i,j,k∈N1

|E(X2
i XjXk)|

)
.

For each of the terms in this sum we use i<j<k and Theorem 2.3.2 to obtain

|E(X2
i XjXk)| = |E(X2

i XjXk) − E(X2
i Xj)E(Xk)| ≤ 4C4αX(k−j), (A.4)

such that

∑

i,j,k∈N1

E(X2
i XjXk) = O

( n∑

i=1

n∑

j=i+1

n∑

k=j+1

αX(k−j)
)

(A.5)

= O
( n∑

i=1

n∑

j=i+1

n∑

l=1

αX(l)
)

= O
( n∑

i=1

n∑

j=1

∞∑

l=1

αX(l)
)

= O(n2).

The other five sums follow in the exact same manner with the appropriate change of
indices in (A.4) and (A.5). Hereby we have established

∑

i,j,k∈N

i 6=j 6=k

E(X2
i XjXk) = o(n3),
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as desired.

In the same manner as before we have

∑

i,j,k,l∈N

i 6=j 6=k 6=l

E(XiXjXkXl) =
24∑

s=1

∑

i,j,k,l∈Ns

E(XiXjXkXl),

where N1, . . . , N24 are the different orderings of the four indices. In this case we
notice that the different index sets merely correspond to a permutation of the factors
Xi, Xj , Xk, and Xj such that we actually have

∑

i,j,k,l∈N

i 6=j 6=k 6=l

E(XiXjXkXl) = 24
∑

i,j,k,l∈N1

E(XiXjXkXl),

where N1 = {(i, j, k, l) ∈ N4 | i<j<k<l}. Theorem 2.3.2 yields two different bounds
for the terms in the sum:

|E(XiXjXkXl)| = |E(XiXjXkXl) − E(Xi)E(XjXkXl)| ≤ 4C4αX(j−i),

and

|E(XiXjXkXl)| = |E(XiXjXkXl) − E(XiXjXk)E(Xl)| ≤ 4C4αX(l−k).

Since both of these holds for all configurations of i<j<k<l we can use the minimum
as an upper bound such that

∑

i,j,k,l∈N

i 6=j 6=k 6=l

E(XiXjXkXl) = O
( n∑

i=1

n∑

j=i+1

n∑

k=j+1

n∑

l=k+1

min{αX(j−i), αX(l−k)}
)

= O
(
n2

n∑

j=1

jαX(j)
)
.

From Lemma 2.3.4 we have
n∑

j=1

jαX(j) = o(n), which establishes the result. �

Using the above result on the fourth moment of Xj we can establish the following
result, which is used in the proof of Theorem 2.4.6.

Lemma A.3.2. Under the conditions of Theorem 2.4.6 we can construct sequences
(qn) and (pn) such that for n → ∞:

(i) pn → ∞, pn = o(n),

(ii) qn → ∞, qn = o(pn),
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(iii) kn = n
pn

(
1 + o(1)

)
,

(iv)
q2

nkn

npn
= o(1),

(v) knαX(qn) = o(1),

(vi) kn

σ4
n

E
[(∑pn

j=1 Xj

)4]
= o(1).

Proof. From Lemma A.3.1 we know E[S4
n] = o(n3) such that

E[S4
n] = n3γ(n) ≤ n3γ̃(n), (A.6)

where
γ(n) → 0 and γ̃(n) = sup

j≥n
γ(j).

We define (pn) and (qn) by

pn = min{p ∈ N : p ≥ √
n |log γ̃(p)|} and qn =

⌊ n

pn

⌋
.

Finally we recall kn =
⌊

n
pn+qn

⌋
.

Ad (i):

Clearly pn → ∞ for n → ∞. Lapynov’s inequality (A.3) with s = 2 and t = 4 yields

E
[( n∑

j=1

Xj

)4]
≥
{

E
[( n∑

j=1

Xj

)2]}2

= σ4n2(1 + o(1)).

Combining this with (A.6) leads to

γ̃(n) ≥ σ4

n
(1 + o(1)),

such that
lim

n→∞
nγ̃(n) > 0. (A.7)

From this we conclude there exists a c > 0 such that for sufficiently large n we have
c
n < γ̃(n) < 1. Then we have

√
n |log γ̃(n)| ≤ √

n |log
(

c
n

)
|

≤ √
n |log(c) − log(n)|

≤ √
n
(
|log(c)| + |log(n)|)
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Thus for sufficiently large n we have
√

n |log γ̃(n)| ≤ n, which is the condition in
the definition of pn. Since pn is the least integer satisfying this we have pn ≤ n for
sufficiently large n, and thus

pn ≤ √
n |log γ̃(pn)| + 1

≤ √
n |log γ̃(n)| + 1

≤ √
n
(
|log(c)| + |log(n)|) + 1

From this we conclude

pn

n
≤

√
n(| log(n)| + | log(c)|) + 1

n
= o(1),

such that pn = o(n).

Ad (ii):

From the definition of qn it is clear that since pn = o(n) then qn → ∞. Furthermore
we have from the definition of pn that

n

p2
n

≤ n

n
∣∣ log

(
γ̃(pn)

)∣∣2 = o(1). (A.8)

From this we conclude
qn

pn
≤ n

p2
n

= o(1),

such that qn = o(pn).

Ad (iii):

Directly from the definition of kn we have

kn =
⌊ n

pn + qn

⌋
=

n
pn

1 + qn

pn

(
1 + o(1)

)
=

n

pn

(
1 + o(1)

)
. (A.9)

Ad (iv):

Using qn = O( n
pn

), kn = O( n
pn

) and (A.8) yields

q2
nkn

npn
= O

(n2

p4
n

)
= o(1).
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Ad (v):

From Lemma 2.3.4 we know qnαX(qn) = o(1). Since qn =
⌊

n
pn

⌋
= n

pn

(
1 + o(1)

)
we

have

knαX(qn) =
kn

qn
qnαX(qn) =

n
pn

(
1 + o(1)

)

n
pn

(
1 + o(1)

)o(1) = o(1). (A.10)

Ad (vi):

Recalling (2.20) we have σ−4
n = 1

σ4n2

(
1 + o(1)

)
. Using this and (A.6) yields

kn

σ4
n

E
[( pn∑

j=1

Xj

)4]
≤ knσ−4

n p3
nγ̃(pn)

=
n

pn

(
1+o(1)

) 1

σ4n2

(
1+o(1)

)
p3

nγ̃(pn)

=
p2

nγ̃(pn)

n

(
1 + o(1)

)

From the definition of pn we know, that pn < n
1
2 | log

(
γ̃(pn)

)
| + 1, which yields

kn

σ4
n

E
[( pn∑

j=1

Xj

)4]
= O

(n| log
(
γ̃(pn)

)
|2γ̃(pn)

n

)

= O
(
| log

(
γ̃(pn)

)
|2γ̃(pn)

)
.

This concludes the proof since γ̃(pn) → 0 for n → ∞ and lim
x→0

x
(
log(x)

)2
= 0. �

In Chapter 3 we use the Lipschitz continuity of the complex exponential function
several times, and it is derived below.

Lemma A.3.3. The function f : R → C defined by f(t) = exp(iat), for some a ∈ R

is Lipschitz continuous with Lipschitz constant
√

2|a|, i.e. for all s, t ∈ R

| exp(ias) − exp(iat)| ≤
√

2|a||s − t|.

Proof. For a real-valued differentiable function f : R → R we have in general

|f(s) − f(t)| ≤ max
t∈[s,t]

|f ′(t)||s − t|,

and in particular for all s, t ∈ R we have

| cos(as) − cos(at)| ≤ |a||s − t| and | sin(as) − sin(at)| ≤ |a||s − t|.
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The result follows by direct calculation

| exp(ias) − exp(iat)| =
√
| cos(as) − cos(at)|2 + | sin(as) − sin(at)|2

≤
√

2|a||s − t|. �

The final lemma in this appendix is used in the proof of Theorem 3.2.3.

Lemma A.3.4. Using the notation in Theorem 3.2.3 we have

F−1
eY L,B

(z) =
σ2

n

ρ−1 − νL,B ln(z)
and F−1

eY ∞
(z) =

σ2
n

ρ−1 − ln(z)

where ρ is the signal to noise ratio, σ2
n is the noise power, and

νL,B =

∫ L
B

0

p(t)dt.

Proof. First we recall that

H∞(f) ∼ CN (0, 1), for all f ∈ R,

as remarked after the proof of Proposition 3.1.2. From Section 2.1.4 (page 18) we
then know |H∞(f)|2 ∼ Exp(1).

From the definition of HL,B we have

HL,B(f) =

L−1∑

l=0

hB

l exp
(
−2πif l

B

)
.

Since this is a linear transformation of the complex Gaussian variables hB
1 , . . . , hB

L−1

we conclude that HL,B(f) is complex Gaussian for all f ∈ R. The mean value is

E
[
HL,B(f)

]
= E

( L−1∑

l=0

hB

l exp
(
−2πif l

B

))

=
L−1∑

l=0

exp
(
−2πif l

B

)
E
(
hB

l

)
= 0.

To calculate the variance we use the autocovariance function (3.5), which yields

Var
[
HL,B(f)

]
= RL,B

H (0)

=
L−1∑

l=0

∫ l+1

B

l
B

p(t) exp
(
−2πi0 l

B

)
dt

=

∫ L
B

0

p(t)dt

= νL,B.
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We have thus shown that HL,B(f) ∼ CN (0, νL,B), which as before implies

|HL,B(f)|2 ∼ Exp
( 1

νL,B

)
.

Now we define t : [0,∞) → [0, ρσ2
n] by

t(x) =
σ2

n

x + 1
ρ

.

Then for all f ∈ R we have

Y L,B(f) = t
(
|HL,B(f)|2

)
and Y ∞(f) = t

(
|H∞(f)|2

)
.

Our goal is to find the inverse distribution function for these random variables. Both
cases have the same structure. We wish to find the inverse distribution function of
Y = t(X), where X ∼ Exp(λ). For Y L,B we have λ = νL,B, whereas λ = 1 for Y ∞. To
calculate the density of Y we remark

t−1(y) =
σ2

n

y
− 1

ρ
and

∣∣∣
d

dy
t−1(y)

∣∣∣ =
σ2

n

y2
.

Consequently the density of Y is

fY (y) =
1

λ

σ2
n

y2
exp

(
− σ2

n

λy
+

1

λρ

)

= exp
( 1

λρ

) σ2
n

λy2
exp

(
− σ2

n

λy

)
.

The distribution function of Y is then

FY (y) =

∫ y

0

exp
( 1

λρ

) σ2
n

λz2
exp

(
− σ2

n

λz

)
dz.

Making the change of variables x =
σ2

n

λz yields

FY (y) = exp
( 1

λρ

)∫ ∞

σ2
n

λy

exp(−x)dx

= exp
( 1

λρ

)
exp

(−σ2
n

λy

)

From this we express the inverse distribution function as

F−1
Y =

σ2
n

1
ρ − λ ln(z)

,

and the result follows by inserting λ = 1 and λ = νL,B. �





Notation

The list below provides an insight to the basic notational conventions used in the
thesis.

⊤ Transpose of matrix or vector (e.g. X⊤).
Complex conjugation (e.g. X).

ˆ Fourier transform (e.g. f̂).
∗ Conjugate transpose of matrix or vector (e.g. A∗)).
∗ Convolution (e.g. f ∗ g).
⌊ ⌋ Integer part of a real number (e.g. ⌊x⌋).
i Imaginary unit i =

√
−1.

I(·) Indicator function.
L2(R) The set of square integrable functions on R.
L2(Ω) The set of functions on Ω square integrable with respect to P .
L2(X, µ) The set of functions on X square integrable with respect to µ.
N The set of natural numbers {1, 2, . . . }.
Z The set of integer numbers {. . . ,−1, 0, 1, . . . }.
R The set of real numbers.
R+ The set of positive real numbers.
C The set of complex numbers.
Exp(·) Exponential distribution.
Nd(·, ·) Normal distribution of dimension d.
CNd(·, ·) Complex normal distribution of dimension d.
Rayleigh(·) Rayleigh distribution.
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