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Abstract:

This report investigates the design of a model
predictive controller (MPC) for reducing op-
eration costs of a central heating system in a
single family residential building. A resistor-
capacitor (RC) equivalent model for the res-
idence is tted to measured data using a
subspace method, producing a discrete state
space system with realistic dynamics and a
small constant mean squared error. Using this
model an MPC is designed to continuously
solve a quadratic programming (QP) problem
to obtain optimising plant inputs wrt. the de-
signed cost based on several factors including
Luenberger observer estimated states, forecast
electricity price, and forecast ambient tempera-
ture. The output of the MPC is constrained to
a chosen rate of change and range dependent
on the ambient temperature disturbance signal.
A dynamic prediction horizon is implemented
corresponding to the Danish electricity price
forecast schedule. The QP problem is revised
as a direct term is needed to incorporate the
electricity price in the reference tracking weight
of the MPC, the value of which is found
systematically by simulation. The tted model
and MPC are simulated and compared to a
baseline MPC with no price weights. For the
period 2022 to 2023, the simulation shows a
7.3% reduction in the total cost of operation.
The total savings of other simulated periods
are generally less, likely due to a lack of price
normalisation.
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1 Introduction

Residential buildings are one of the largest consumers of energy, mainly due to the heating required
for comfortable living. In Denmark alone, residential buildings were responsible for 31 % of energy
consumption in 2021, of which 81 % was used for residential heating [1]. Even small reductions or
shifts in consumption locally may improve the cost-effectiveness of the energy grid as a whole,
and are also of interest for the end-consumer if the costs are not too great. As a majority of
residential occupants own their respective housing, they must themselves pay the steep up-front
cost of improvement in energy effectiveness [2]. Therefore, that improvement has to be rather cost-
effective to have any impact at all. One cost-effective strategy is shifting some energy consumption
from time slots with a high energy price to time slots with a low energy price. This is further
incentivised by the new tariff increases in Denmark and overall energy price in ation experienced
in Europe in 2022 [3] [4].

A method of shifting the energy consumption while keeping thermal comfort of the building, is
by utilising Thermal Energy Storage (TES) such as a designated water tank or thermal mass of the
building. Residential thermal mass consists of oors, walls, roof, and items inside the building, all
of which can be warmed up in advance, such that they release their heat during costly time slots
and thus lowering the heating costs in this period. Especially oors and walls tend to have a large
thermal capacity, allowing a great storage of energy at the cost of slow temperature changes.

In systems with central heating, sensors and actuators are likely to exist, which are used for local
control. In conjunction with a model for the heating system and residential thermal mass, these sen-
sors and actuators allow for the design of more advanced controllers, which are capable of shifting
the energy consumption according to the forecast energy price. A rst-principles construction of a
residential thermal model can be onerous and expensive, and therefore an empiric grey-box model
is often suf cient and preferable. However, grey-box modelling can be dif cult when only sensors
in the heating system are available, as they provide limited to no information of the conditions
inside the rooms. In turn, this makes ensuring thermal comfort dif cult as the observability of
indoor temperatures becomes poor or impossible.

This project is a case-study of a single-family household in collaboration with the company Bitzer. A
representative of Bitzer, currently living in the house, has provided access to the buildings sensors,
actuators, and a database of sensor data over a time span of approximately one year. The house
in question is heated centrally by an in-house heat pump, which draws geothermal heat from a
connected ground pipe. This household has the aforementioned problem of scarce information, as
sensors are mounted only on the end-points of the heating system. This is common problem in the
eld in which Bitzer operates, as most buildings they control are akin to the provided residence
wrt. placement and type of sensors. The provided residence is further formalised in the following
section.
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1.1. FORMALISATION OF PROVIDED
CHAPTER 1. INTRODUCTION RESIDENCE

1.1 Formalisation of Provided Residence

In order to construct a model of the provided residence, the layout and con nes are established.
This formalisation and the available sensors are presented in this section. The oor plan of the
house is seen in Figure 1.1, which shows the ground level of the provided two-story building. Part
of the building is not residence and this is marked by a grey background. Floor heating is installed
in parallel for each room in the residence, resulting in a 7-way manifold at the hot side of the central
heating system. The central heating system is a heat pump, marked HP on the gure, which draws
energy from the brine of ground source heat pipes totalling a length of 450 m. Furthermore, the
house has a wood- red boiler marked B, and a hot-water tank marked HW, the latter providing
hot water for showers, sink etc. The wood- red boiler is disregarded for the rest of the project as it
is not in use, and as such is considered disconnected. The blue lines indicate which rooms contain
water sinks and/or sources. The dimensions of the building and rooms are known but omitted for
clarity.

Figure 1.1: Ground oor plan of the provided residence. The boiler, hot water tank and heat pump are marked by B, HW
and HP respectively.

Not pictured in Figure 1.1 is the upper oor, whose layout is different from that of the ground oor
but not specied. On the upper oor exists a single radiator, which is in parallel with the oor
heating below. It is dimensioned in such a way, that allows it to utilise the same input temperature
as the oor heating while providing a similar comfort level.
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1.1. FORMALISATION OF PROVIDED
CHAPTER 1. INTRODUCTION RESIDENCE

The central heating system is further detailed in Figure 1.2, which illustrates the the three heating/-
cooling cycles in the provided residence. These are:

1. The brine cycle seen to the left delivers heat from the ground pipe brine to the heat pump
evaporator.

2. The refrigerant cycle seen in the middle transfers the absorbed heat by a refrigeration cycle to
the water cycle.

3. The water cycle seen to the right delivers heat to the oor heating and radiator or the hot
water tank.

Figure 1.2: Diagram of the three heating cycles present in the provided residence.

Various temperature sensors are installed in the heating system, which are currently used for local
control. These available temperature sensors are marked by red striped arrows in Figure 1.2. The
ambient temperature Tambis available from weather forecasts. Furthermore, two ow sensors are
available and marked multical_01 and multical 02 These ow sensors are capable of determining
the energy ow in the cooling and heating cycles by measuring the temperature and mass ow.

During normal operation, a reference for the supply temperature is set, such that the inhabitants
are comfortable. A local controller calculates and adjusts the speed of the compressor, such that this
supply temperature is achieved. The valve valve 01is set to 1 such that the supply water is routed
through the oor heating and radiator. This mode of operation is referred to as Floor Heating
(FH) mode. During warm periods, the requested compressor speed may not be possible due to
hardware limitations, at which point the local controller turns the compressor on and off repeatedly
to same effect. This is referred to as on-off compressor operation. During even warmer periods, the
compressor is turned off completely.

Another mode of operation occurs when the residents wish to use hot water, referred to as Hot
Water Production (HWP) mode. In this mode, the local controller sets valve_01to O and turns up
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CHAPTER 1. INTRODUCTION 1.2. PROBLEM FORMULATION

the compressor on the heat pump until the water tank temperature TWaterTankis at the desired
temperature. The production of hot water is considered a priority.

The actuators in this system mainly reside within the heat pump. In fact, the main control variable
for the heat pump is the speed of the compressor which controls the pressure at the condenser.
It is also possible to utilise the pre-existing local heat pump controller and treat THeatSupply as
an input. This may be favourable, as that very controller also redirects hot water to the water
tank on the occasions it is needed. This means that the project may focus solely on control during
the FH mode. This approach is chosen, the disadvantages of which are discussed in Section 5.3.
Table 1.1 details each sensor available in the provided residence. Some sensor values are attributed

mathematical symbols if they are utilised in this project.

Table 1.1: Available sensors in the provided residence, their attributed mathematical symbols, descriptions and units.

Sensor Sym | Description Unit
TColdSupply - Brine supply temperature at the cold side of the heat pump °C
TColdReturn - Brine return temperature at the cold side of the heat pump °C
multical_01 - Brine mass ow at the cold side of the heat pump kg/s
mutlical_01 - Brine energy ow at the cold side of the heat pump W
Tsuc - Refrigerant temperature at the inlet of the compressor °C
Psuc - Pressure at the inlet of the compressor bar
Tdis - Refrigerant temperature at the outlet of the compressor °C
Pdis - Pressure at the outlet of the compressor bar
Tmixing - Refrigerant temperature at the inlet of the expansion valve C
Tevap - Refrigerant temperature at the outlet of the expansion valve °C
EM340 - Power sensor for the heat pump W
THeatSupply | Tws | Water supply temperature at the hot side of the heat pump °C
THeatReturn | T, | Water return temperature at the hot side of the heat pump °C
multical_02 - Water mass ow at the hot side of the heat pump kg/s
multical_02 - Water energy ow at the hot side of the heat pump W
TWaterTank Thw | Water temperature at the top of the hot water tan °C
THeatTank - Water temperature at the bottom of the hot water tank °C
Tamb Ta | Ambient temperature °C

1.2 Problem formulation

In light of the problems highlighted earlier, it is of interest to investigate the possibility of using the
thermal mass of a house to act as a TES, such that the end-consumer cost may be lowered, without
compromising the occupants comfort. This is achieved by constructing a controller, which considers
the building model, outside temperature etc. while minimising the aggregated costs of heating. One
such controller strategy is Model Predictive Control (MPC), which is an increasingly popular area
of study in the realm of residential heating [5]. Speci cally, MPC of a building with scarce indoor
information is stated as a point of interest for the collaborating company Bitzer Electronics. This
leads to the following problem formulation:

How can a model predictive controller be designed which optimises the end-consumer
cost of residential heating by utilising residential thermal masses and considering fore-
cast ambient temperature and electricity prices?

Page4 of 79



CHAPTER 1. INTRODUCTION 1.2. PROBLEM FORMULATION

To do this, a grey-box model of the system is built by constructing a simpli ed resistance-capacitance
model of the thermal system and tting the state space entries using a subspace method. This
resistance-capacitance model is constructed iteratively by addition of new features and states until a
desirable input-output characteristic is found. This model is tested with the various provided data
sets to validate its realism.

The tted models form the basis for the prediction model and cost of two model predictive con-
trollers, the rst of which acts as a baseline. This baseline controller aims to maximise the comfort of
the residents by minimising the error between indoor room temperature and the desired reference
thereof. The general theory for predictive control is presented and the controller structure is
introduced. Furthermore, the cost of operating the central heating system is estimated, which
is used to compare both controllers alongside the relative comfort. A second model predictive
controller is designed, which utilises the residential heating mass while considering the comfort
level and forecast electricity prices. This controller is compared to the baseline controller by their
simulated responses and cost of operation.

Finally, it is discussed whether a model of the disturbances may improve the stability of the MPC,
how the electricity price can be normalised to account for general price evolution and whether a
model of the central heating heat pump would improve the MPC response. A re ection on the
feasibility of integration in the provided residence is also made and the overall functionality of both
controllers is discussed.
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2 Modelling of the Provided House

To enable an MPC to utilise the thermal storage of the provided residence, a model of the residence
along with the heating system is constructed. This model is not all-encompassing as it is not
necessary for the main objective of investigating MPC design for residential heating. The success
criteria of this model is purely based on the realism of its output wrt. the input, and realistic
behaviour of internal states or values is not required. As such, a simpli ed thermal model is
constructed, and the provided data is used to determine the coef cients. This is henceforth referred
to as grey-box modelling. Three approaches are investigated, the last of which is employed for the
remainder of this report.

All three approaches are based on simpli ed resistance-capacitance (RC) models of the thermal
system. In such models, temperature is analogous to voltage while heat ow is analogous to
current. By extension, degrees Celsius (°C) is analogous to volts (V) while joules per second (J/s) is
analogous to ampere (A). States are the nodes within the system which have dynamics, that is nodes
with connected capacitors. Inputs to the system are modelled as voltage sources and outputs are
modelled as some linear combination of the states. This method is also used in other literature [6].
The method is further exempli ed by Figure 2.1 which shows a rst order RC-circuit. Kirchhoff's
current law manifests a dynamic equation as seen in Equation (2.1) from which a state space model
or an ordinary differential equation (ODE) can be constructed.

1 d

O = Tmﬁ aTlC, (21)

Ty

I

Figure 2.1: Example of an RC circuit equivalent of a thermal system.

2.1 Linear State Space Approach

An initial RC equivalent model is built with six states, three pipe temperature states T, an output
temperature state Toyt, @ OOr temperature state T; and a room temperature state T;. Only the output
temperature state Ty is considered measurable. The input temperature T,, which represents
the supply water temperature Ty s, and ambient temperature T, are considered inputs. The RC
equivalent circuit diagram for this model is shown in Figure 2.2 and the equivalent state space
equations are seen in Equations (2.2).
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CHAPTER 2. MODELLING OF THE PROVIDED
HOUSE

2.1. LINEAR STATE SPACE APPROACH

Ta
T
Ra
R
-
Rw,1 Rw,2
Tin " v é

Figure 2.2: Initial 6 " order RC model for the linear state space approach.

X = Ax+ Bu= G }(Ax + Bu)
y: TW,OLIt: CX+ DU

-
X= Tw1 Twz Twz Tou T¢ Tr
u= T TaT
G= giag( Cwi Cw2 Cw3z Couwt Ct G )
1 1 1
2%, R R; 0
1 21 1 1
Rt R¢ Ruw,2 Ry
1 1 1
i 0 Ry R0 Fus
0 0 Ry
1 1 1
Rw.1 Rw,2 Rw,3
0 0 0
2, 3
R 0
0O O
B = 0O O
0O O
0O O
0 g
= 00 0a 0O
D= 00

o OE]"_\_EU‘H o o

(2.2a)
(2.2b)
(2.2¢)
(2.2d)
2.2e
1 3( )
Ry 0
Rz 0
1
0
Rws3 2.2f
0 0 (2.2f)
e S 1
Rr RWl Rw,z Rw3 Rr
1 1 1
Ry Ry Ra
(2.29)
(2.2h)
(2.2i)
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CHAPTER 2. MODELLING OF THE PROVIDED

HOUSE 2.1. LINEAR STATE SPACE APPROACH

where:
Tin  is the water supply temperature [°C]
Twi is the water temperature in the i th segment of pipe [°C]
Ts is the temperature of the ooring [°C]
Ty is the temperature of the room [°C]
R¢ is the thermal resistance between pipe segments [°C s/]]
Rw; Is the thermal resistance between pipe segmenti and ooring [°C s/J]
Ry is the thermal resistance between ooring and room [°C  s/]]
Ra  is the thermal resistance between room and outside [°C s/]]
Cw, Isthe thermal capacitance of the i pipe segment [J/°C]
Cs is the thermal capacitance of the ooring [J/°C]
C is the thermal capacitance of the room [J/°C]

The resistance between each pipe segment is modelled to be the reciprocal of the energy ow due
to mass ow, that is:

Ri=(q ) * (2.3)

where;

g isthe mass ow of water [ka/s]
Ccwv Is the speci ¢ heat capacity of water [J/kg/°C ]

The initial RC equivalent model is observable, which is checked symbolically in MATLAB © with
nite nonzero RC values by examining the rank of the observability matrix. In a similar fashion

it is con rmed that the system is controllable. However, to make tting of the parameters easier,
it is decided to combine the oor temperature and room temperature into one, and discarding the
output temperature state and measuring the last pipe temperature instead.

2.1.1 Fitting to Outlier Replaced Data

As mentioned previously, a large amount of data is available for tting the coef cients of this
RC-model. However, in the provided data the ambient temperature is constantly 70°C for a
large majority of the data sets, which is why it is replaced with historical weather data from
the Open-Meteo servicel. A method for tting state space models based on subspace methods
is detailed in Ljung [10] and available in MATLAB © as the function ssest() . The function works
by accepting an identi able state space object and providing an input-output data object to which
the coef cients are then tted. In particular, the identi able state space object allows for some
structuring such as constraining certain entries in the state space matrices, which will be relevant
later. The main problem of this approach is the available data not tting the dynamics of the
designed RC equivalent. This is mainly due to the HWP which happens fairly often and can be
seen as the large spikes in the supply temperature in Figure 2.3.

10pen-Meteo data is available at www.open-meteo.comand is based on the ERA5 [7] ERA5-land [8] and CERRA [9]
projects.
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CHAPTER 2. MODELLING OF THE PROVIDED
HOUSE 2.1. LINEAR STATE SPACE APPROACH

Figure 2.3: Water supply temperature for a time span of the provided data. The label in the top right indicates the used
data set and how it is indexed.

The model is designed only with regards to FH operation, and when exposed to the input, which
includes the HWP mode spikes, oscillations occur in the output signal as seen in Figure 2.4. As
ssest() tries to minimise the error between model and measurement, the model must follow the
HWP spikes. This requires fast dynamics wrt. the input which then oscillates due to the on-
off compressor behaviour described in Section 1.1, nally producing unwanted oscillations in the
modelled return temperature. As a consequence of these poor results, this method is disregarded.

Figure 2.4: Return water temperature measurement and simulated response for the 5™ order tted model.
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CHAPTER 2. MODELLING OF THE PROVIDED
HOUSE 2.1. LINEAR STATE SPACE APPROACH

2.1.2 Fitting to Separate Experiments

The periods in which the system operates in HWP mode is considered a disturbance, in which
the system is controlled by a different controller. The goal of this project is controlling the system
outside of this region, and therefore time spans without hot water production are mainly of interest.
One way of solving the problem with unmodelled HWP dynamics in the underlying tted model is

by removing them entirely. Two methods for removing hot water production spikes are attempted.
The rstis done by detecting outliers by deviation from the median by some percentile and replacing
affected values with the nearest non-outlier value. Additional data clean-up is then performed by
low-pass ltering the inputs and outputs in order to reduce the high frequency dynamics visible
in Figure 2.3. Replacing the outliers leads to discontinuities when the remaining time spans are
stitched together. in turn leading to unrealistic dynamics and poor ts.

The second attempt at removing hot water spikes mitigates the problem of discontinuity by tting

to various experimentgather than the whole data set as before. An experiment, in this context, is
a time span of data between two HWP spikes. This time span is found with a non-causal moving
average lter, seen in Equation (2.4).

1 N/2 N/2 :
N x[K+ & x[k i1+ & x[k+ i] (2.4)
i=1 i=1

ylk+ 1] =

where:

N is the window size
y[k] is the moving average process
x[k] is the current evaluated sample

While a moving average process of the input, denoted fin,ma, is above some threshold, denoted 'ﬁn,tr,
it is assumed that the system produces hot water. That is:

« Tinma< Tiny Means that no hot water is being produced
« Tinma Tiny Means that hot water is being produced

For the sake of clarity, the time spans in which hot water is being produced is denoted a HWP
region and time spans in between are separate experiments in the FH regions. The experiments
start the sample after HWP ends and stop the sample before HWP starts.

The threshold Ti, ¢ cannot be constant, as several data sets include steps and have different working
temperature areas. Therefore, the threshold must vary along with the input, and it is chosen to
construct the threshold as a moving average process with a greater window size than the previous.
Speci cally, good results have been achieved with a window size of 75 for 'fin,ma and 2000 for
'IA'in,tr. An example of the input T, and the corresponding moving average and threshold is seen in

Figure 2.5. Remark that detected HWP regions are denoted by the marked area.
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Figure 2.5: The supply water temperature Tj,, the moving average temperature 'IA'm’ma, and the moving average threshold

Tintr- The temperatures have been normalised to the median. The area denoted by HWP is the hot-water production
region.

The model introduced earlier is tted on multiple experiments found by the aforementioned method.
Each experiment is therefore just a small set of sample points in between the spikes, typically
between 1000 and 3000 samples with a sample periodts = 60s. This, however, also yields poor
results. This may be due to the initial states supplied to the subspace method causing the modelled
response to fail converging in the short available time. In general, this RC equivalent model does
not provide suf cient results, mainly due to problems tting unmodelled dynamics and dif culty

in separating modelled from unmodelled dynamics prior to tting. A new RC model is constructed

to account for the HWP dynamics.

2.2 One Segment Switched-Input State Space Approach

During HWP, the dynamics of the system change drastically due to the valve bypassing the FH.

This switched nature of the system can be incorporated by adding a switch in the RC equivalent
circuit from before, which transports water to a new pipe segment which in turn, exchanges heat

with the water in the hot water storage tank. This gives one new input and one new state as seen
in the circuit diagram in Figure 2.6. The Boolean switch S 2 0,1 is 1 during FH operation and 0
during HWP operation.
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HOUSE SPACE APPROACH
Ta T
( ) A A A b
Ra
Rw,1 Rw,2 Rw,3 Co_—
Tin 1 Tw, Tw, Tug
S R¢ R¢ R¢
0
T, Ri
hw Rhw Cw.1 Cw.2 Cw3z_
s Tw,hw
ChW -

Figure 2.6: 5" order switched RC model for the one segment switched-input state space approach.

where
Thw is the temperature of the hot water tank [°C]
Tp is the joint temperature of the building [°C]
Twhw IS the water temperature of the pipe segment near the hot water tank [°C]
Chw s the thermal capacitance of the pipe segment near the hot water tank [J/°C]
Cp is the thermal capacitance of the building [J/°C ]

Notice that the switch is positioned right after T, and this allows for the switched input to be
treated as two non-switched inputs. The principle of this transformation is shown in Figure 2.7. In
essence, this allows for a single state space representation of Figure 2.6 with two inputs ST, and
STin, explicitly stated in Equation (2.5).

Tina S:
0, S

éTin = 0 S

_ 1
S-I—in - 0 Tin, S

1
0 (2.5)

This state space is essentially two state space representations in one, one part belonging to the
system for S = 1 and one belonging to the system for S = 0. The states used forS = 1 have no
effect on Ty, hw and vice versa.
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HOUSE SPACE APPROACH
Tin STin
S 1 . ..
Circuit 1 + Circuit 1
ST

0 - -
o—— Circuit 2 »—@ Circuit 2

(a) A switched single-input system. S is a Boolean (b) A transformation of Figure 2.7a ip which the
switch. switched input is split into two inputs.  Sis the logical
NOT of S.

Figure 2.7: Transformation between a single switched input and two individually switched inputs.

Figure 2.8 shows an example of how this switched input is practically produced. The switch

to hot water production is detected non-causally using the moving average Iter as described

in Section 2.1.2. Remark that a low-pass Iter has been applied to the inputs before splitting.
Furthermore, remark that the nal non-zero S Tin,ap) IS @ negligible one sample in length and
exists due to the algorithm used.

Figure 2.8: Water supply temperature split into two low-pass- Itered inputs depending on HWP. HWP is detected by a
non-causal moving average Iter described in Section 2.1.2.
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CHAPTER 2. MODELLING OF THE PROVIDED 2.2. ONE SEGMENT SWITCHED-INPUT STATE

HOUSE

SPACE APPROACH

2.2.1 State Space Representation

The state space equation with switched inputs of the RC equivalent in Figure 2.6 is seen in Equa-

tions (2.6).
X = Ax + Bu= G }(Ax + Bu) (2.6a)
y = Twr = Cx+ Du (2.6b)
T
X= Tw1i Tw2 Tw3 Tp Twhw (2.6¢c)
U= ST, Ta ST, Thw | (2.6d)
G= giag( Cwi Cw2 Cwz Cp Chw) (2.6e)
1 1 1 1
2R, R Ry 0 Rt 0
R 2%, rR: R Rz 0
A= 0 o RS ﬁs 0 (2.6f)
1 1 1 11 1 1 0
Rw,l RW,Z Rw 3 Rw 1 Rw 2 Rw 3 Ra
0 0 0 R% %
2, 3 "
& 0 0 ©
0O 0 0 O
B=80 0 0 O (2.69)
0 R% 0 O
0 O R% Rﬁ
C=00a 0 a (2.6h)
D= 000 0 (2.6i)

It is chosen to t the model in Equations (2.6) to a single data set using the ssest() algorithm
described earlier. The data setHPLog 029.csvis chosen as it is suf ciently long, has several HWP
spikes, and different steady states. The initial parameters are chosen by hand and the system is
discretized using zero-order hold in MATLAB ©. Additionally, the matrices in the identi able state
space object are constrained, such that tting may only change the non-zero values of A, B, C, and
D in Equations (2.6). Remark that the ssest() algorithm is, in this case, extremely sensitive to
initial parameters and initial states. Therefore, obtaining a good result requires many attempts at
manually selecting parameters and initial states, as no suitable alternative was found. The initial
parameters used in the ssest() model are seen in Table 2.1.

Table 2.1: Initial parameters and states used for tting by ssest() to the 5" order hybrid model in Equations (2.6).

Parameter Cw1 Cw2 Cw3s Cy Chw -
Value [J/°C] 110° 110° 110° 5010° 1 10° -
Parameter R¢ Rw,1 Rw,2 Rw.3 Ra Rhw
Value [s°C/J] 50 200 200 200 110° 200
Parameter a a - - - -
Value [ ] 1 1 - - - -
Initial state Twa Tw,2 Tw3 To Tw hw -
Value [°C] 10 10 20 10 20

The tis performed and the coef cients are noted in Equations (2.7). Remark that the matrices are
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not necessarily constrained to the form in Equations (2.6). This is due to the discretization method
used. This discretization maintains the disconnect between the FH and HWP subsystems.

Xx[k+ 1] = Ax[k] + BulK] (2.7a)
y[K] = %x[k]+ DulK] (2.7b)

0.329 0.319 0 0.394
0.083 0.041 0.288 0.006 0

A=8 0 0.581 0.009 0.092 0 (2.7¢)
0.293 0.038 0191 0.252 0
0 0 0 0 0.483
2 3
1.212 0.000 O 0
1.000 0.000 O 0
B= 81.000 0.000 0 0 (2.7d)
0.937 0.175 0 0
0 0 1.593 0.098
C= 0 0 1.236 0 0.782 (2.7€)
D=000 0 (2.7f)

The observability and controllability of the model in Equations (2.7) is investigated using the same
method utilised earlier. The tted models controllability and observability matrices both have
full rank, their conditioning numbers being 34.7 and 223.1 respectively. As this model essentially
contains two subsystems, investigating the subsystems controllability and observerability is also of
interest. For the FH system, corresponding to the rst 4 states, the controllability and observability
matrix conditioning numbers are 34.7 and 36.1 respectively. For the HWP system, corresponding to
the 5™ state, the condition numbers are 1 and 1 respectively.

2.2.2 Fitting Results

Figure 2.9 shows the output response of the t compared to the measured data. The tted response
has a mean square error (MSE) of 3.0058 °€which is due to the visible offset. Speci cally, the tted
model reacts faster to changes in input, resulting in slightly unrealistic steps. This is apparent in
Figure 2.10 which shows the same t, zoomed in on the step occurring around the 30 1 of July 2022,
also denoted 30-07-2022.
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Figure 2.9: Output response of model in Equations (2.6) tted to the data set HPLog 029.csvand compared with the data
setHPLog 029.csv.

Figure 2.10: Output response of model in Equations (2.6) tted to the data set HPLog 029.csvand compared with the
data setHPLog 029.csv Zoomed in around 30-07-2022.

In order to further con rm that the tted model behaves suf ciently realistic, it is compared against
different data sets. To do this validation, the tted model of data set HPLog 029.csvis utilised
with the input/output data of every other data set. For each simulation of the model, the result is
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compared to the measurements and an MSE is calculated. Table 2.2 shows the best three and the
worst three results. The average MSE for all data sets is 6.42°G for each time step and 8.08 °C
per data set. Remark that some data sets were excluded due to being too short, that is, less than
120 minutes. This is the case for 12 of the 43 data sets available, but since they are so short, almost
no data is lost. Remark also that the heat pump was turned off for the entirety of data set HPLog
026.csv which is the likely cause of the small MSE.

Table 2.2: Three smallest and largest mean square errors (MSE) between simulation using the tted model in
Equations (2.7) and measured data sets.

Category MSE Data set

Smallest 1.27°C | HPLog 028.csv
2.57°C | HPLog 026.csv

error
2.68°C | HPLog 015.csv
Largest 34.40°C | HPLog 004.csv
em?r 17.94°C | HPLog 034.csv
17.92°C | HPLog 043.csv

Figure 2.11 and Figure 2.12 show the simulated and measured data for the data sets corresponding
to the smallest and largest MSE respectively. Incorrectly estimated initial values are one of the main
causes of larger MSE.

Figure 2.11: Output response of model in Equations (2.6) tted to the data set HPLog 029.csvand compared with the
data setHPLog 028.csv.
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Figure 2.12: Output response of model in Equations (2.6) tted to the data set HPLog 029.csvand compared with the
data setHPLog 004.csv.

2.3 Two Segment Switched-Input State Space Approach

As explained in Chapter 1, the provided house does not generally have a temperature sensor in
inhabited spaces. However, on request of the authors a temperature sensor has been installed, and
a small data set with said sensor is available. The one segment model from before only has a joint
building temperature Ty, which has quite odd dynamics as seen in the model response in Figure 2.13.
This is not surprising, as this state can represent many things as a result of ssest() and is not tted
to any real measurement. This is in of itself not problem, since the only success criteria of the model
is the input-output characteristic, which was proved to be suf ciently realistic as per the previous
section.

Figure 2.13: Simulated return water temperature and building temperature alongside measured return temperature,
room temperature and ambient temperature for a period of provided data.
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The main purpose of the heating system is to provide a comfortably heated environment for its
users. Therefore, a cost should be attached to the inside temperature, such that large deviations
from the reference are penalised. This requires the indoor temperature being either measurable or
observable, and therefore the one segment approach from before is insuf cient as it has no such
state or and becauseT, does not seem to accurately represent or follow the room temperature, as
expected of a state not tied to any measurements. A new model is constructed in order to account for
the room dynamics. The idea behind this new model and approach is utilising the provided room
temperature as an output for the model while tting, hoping to capture more realistic dynamics

of the buildings thermal capacitance. To do this, the model is altered such that the one segment
state of the building T, is once again split into a oor temperature T; and a room temperature T,
as was the case in the model in Figure 2.2. Figure 2.14 shows the RC-equivalent of this model and
Equations (2.8) shows the corresponding state space model.

AN
a %
Ta
() L

R
RW,l RW,Z RW,3 Cf Cr

Tin 1 Tu, Tw, Tws
S R¢ Ry R¢
0
T Ri
hw Riw Cw.1 Cw.2 (O —
S Tw,hw
Chw -

Figure 2.14: 6 order RC model for the two segment switched-input state space approach.

where:

Ra1 Is the thermal resistance between oor and outside  [°C  s/J]
Ra2 Is the thermal resistance between room and outside [°C s/J]
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X = Ax+ Bu= G (Ax + Bu) (2.8a)
y= alTw,3'|:raZTW,hW - Cx+ Du (2.8b)

r
.
X= Tw1 Tw2 Twz Tt Tr Twhw (2.8¢c)
U= ST, Ta STn Thw (2.8d)
G= giag( Cwi Cw2 Cws Ct C Chy) (%-89)
1 1 1 1
2R Ru Ry 0 Ruy 0 0
1 1 1 1 1
R 2R; R R Ruz 0 0
1 1 1 1
i= 0 Ry R Rus Rua 0 0
_1 _1 _1 1 1 é.3 1 1 0
RW,l RW,Z Rw,3 Rr Ra,l i=1 RWI Rr
1 1
0 0 0 N R Ro . 0 .
0 0 0 0 0 R
(2.8)
2, 3
B 0 0 0
0 0 0 0
- 0 0 0 0
i,l
0 0 R Ry
_ C _ 0 0 a3t 0 a
c= C;c 00 0 a3 O (2.8h)
p= D1 - 0000 (2.8i)

D> 0 00O

Using the data sets with indoor temperature measurements, the tting is performed with  ssest()
as described earlier. Unlike the previous approach, the parameters are not chosen by hand, as this
gave poor results. Instead, the space of initial parameters are explored using Monte Carlo methods.
In particular, for 1000 iterations, the parameters are drawn from a uniform distribution between 0
and 1000 and the tis performed. The best case t has an average MSE of 2.62 °C and is achieved
with the parameters seen in Table 2.3.

Table 2.3: Initial Monte Carlo parameters and states for the best t by ssest() for the two segment 6™ order hybrid
model in Equations (2.8).

Parameter Cvi GCw2 Cugs Cs C Chw - -
Value [J/°C] 134.1 670.6 86.1 965.7 377.0 568.8 - -
Parameter R+ Rwi Rw2 Rwg3 Ry Ra1 Raz2 Rhw
Value [s°C/J] | 556.1 607.4 289.7 843.7 966.6 483.1 494.8 197.8
Parameter ai ar as - - - - -
Value [ ] 1 1 1 - - - - -

Initial state Twi Tw2 Tws Ts T; Twhw - -

Value [°C] 10 10 20 10 20 20 - -

By using the parameters in Table 2.3 the state space system in Equations (2.8) can be written as
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Equations (2.9). Remark that a value of 0.000 indicates a rounded non-zero value below 0.0004

while a 0 represents strictly 0.

0.021 0.026 0.000 0.001 0.000 0 3
0.038 0.006 0.023 0.018 0.000 0
A 0.000 0.024 0.025 0.001 0.000 0 (2.92)
0.013 0.003 0.016 0.998 0.001 O
0.000 0.000 0.000 0.001 1.000 0
0 0 0 0 0 0.025
2 3
0.999 0.000 O 0
1.000 0.000 0 0
1.000 0.000 0 0
B= 0.001 0.000 O 0 (2.9b)
0.000 0.000 O 0
0 0 0979 0.008
0 0 0973 0 0 0.979
= 00 0 0092 o0 (2.9¢)
0000
D= 0 0 0 0 (2.9d)

The observability and controllability of the model in Equations (2.9) is investigated using the same
method utilised earlier. The tted models controllability and observability matrices both have full
rank, their conditioning numbers being 2.9060 10* and 3.8860 10° respectively. As this model also
contains two subsystems, investigating the subsystems controllability and observerability is also of
interest. For the FH system, corresponding to the rst 5 states, the controllability and observability
matrix conditioning numbers are 3.0660 10* and 1.1383 10° respectively. For the HWP system,
corresponding to the 6™, the condition numbers are 1 and 1 respectively. The conditioning numbers
for the rst subsystem, which is the one intended to be controlled in this project, is rather large.
Through direct experimentation it is, however, deemed not to be a problem.

2.3.1 Fitting Results

Figure 2.15 shows the output response of the t compared to the measured data. The tted response
has an average MSE of 2.62 °€. Remark the small difference between the tted room temperature
and measured room temperature, which was the goal of this model design.

An MSE is also calculated between the measured and tted response for every other data set as well.
This MSE does not take into account the room temperature residual as that cannot be generated due
to the lack of room temperature data generally. In essence, the MSE is only calculated from output
C, in Equations (2.8). Table 2.4 shows the MSE between simulated return water temperature and
tted return water temperature. The average MSE is 5.41°C ? for each time step and 6.78°C per
data set. This is a 15.7% and 20.5 % respective reduction in MSE compared to the one segment
model in Section 2.2. Notice, that both HPLog A023.csvand HPLog A024.csvhave been used for
tting. HPLog 026.csv which is the largest data set, is the third best tting data set with an MSE
of 2.57°C2, which was likewise the second best t in the previous tting with the same MSE of
2.57°C. This alludes to a similar good t. Similarly the worst tting of HPLog 006.csvis a rather
short data set of about a day, akin to the worst tting of the previous model HPLog 004.csvwhich
is about the same length.
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Figure 2.15: Output response of model in Equations (2.8) tted to the data sets HPLog A023.csvHPLog A024.csvy HPLog
A025.csv, and HPLog A026.csy which is compared with the data set HPLog A023.csv

Table 2.4: Three smallest and largest mean square errors (MSE) between simulation using the tted model in
Equations (2.8) and measured data sets.

Category MSE Data set
Smallest 2.26°C | HPLog A023.csv
error 2.43°C | HPLog A024.csv

2.57°C | HPLog 026.csv

Largest 27.25°C | HPLog 006.csv
error 16.78°C | HPLog 034.csv
16.29°CG | HPLog 043.csv

The room temperature measurement C, cannot generally be veri ed, except for the few sets of data
onto which the model is tted. This leads to a further investigation of the simulated responses to
see if the room temperature acts suf ciently realistic. Using the model, a simulation is made in
which the water supply temperature is raised and then lowered. With HPLog 026.csvas a starting
point, the water supply temperature is split into 4 parts. In the second and fourth quarter of the
data, the supply temperature is set to 5°C and 50 °C respectively. Figure 2.16 shows the response of
the tted two segment switched input model with this modi ed input.
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Figure 2.16: Two segment switched input model room temperature response to changes in the supply temperature.

As seen on Figure 2.16 when the supply temperature is set to 5°C in the second quarter, the room
temperature slowly falls and approaches the ambient temperature. When the supply temperature
reverts to the data set inputs, the room temperature slowly starts to rise and climbs higher when
set to 50 °C. At the ends of each quarter it takes some time for the system to start rising or falling.
This is caused by the peak detection algorithm which detects the sudden increase in input as HWP
peaks thus applying the step as an HWP input, which is why the room is not heated. The input is
detected as a HWP peak as the moving average process is lower than the moving average threshold
process as described in Section 2.1.2. The lengths of these HWP peaks are approximately 1 day.

As mentioned in the beginning of this chapter, the model aims to behave realistically wrt. the
output with a given input. Since these states are not tted to any output, their behaviours cannot
generally be relied on, which is evident when looking at the state behaviours in Figure 2.17, which
corresponds to the simulation response shown in Figure 2.16. As is seen, the oor temperature is
usually sub-zero, while the hot-water tank temperature and water pipe temperatures dip into the
sub-zero range depending on operation mode. These behaviours are the results of the grey-box
estimation method used, and, while illogical, provide good results on the room temperature.
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Figure 2.17: Two segment switched input model room temperature states corresponding to the response in Figure 2.16.

Generally, this model is deemed appropriate for initial controller design, as the return temperature
and room temperature have realistic behaviours and follow the given data well. This is despite the
odd state behaviour which is disregarded as only the input-output relation is of interest. Still,
this model lacks inputs such as solar radiation and heat radiation from inhabitants, and large
variations in these may cause the tted model to act unrealistically. Furthermore, the ill-conditioned
observability and controlability matrices suggest dif culty in controller design, but due to the slow
nature of the system, this may not become a problem. These problems are set aside for now, as a
model predictive controller is designed, which maximises the comfort of the inhabitants.
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3 Comfort Model Predictive Controller

With the model behaving suf ciently realistic, the comfort model predictive controller (MPC) of the
provided residence can be designed. The problem of controlling central heating is well-suited for
predictive control for the following reasons:

« Actuator limits such as range and rate of change can be incorporated.

 Disturbances known in advance such as ambient temperature and electricity prices can be
taken into account.

« The slow dynamics of the system allow for slow control rates, which may be necessary as
MPC operation can be computationally costly.

These reasons for selecting predictive control schemes are not unique to this system, and are
generally the reasons why one would chose to construct an MPC [11]. This chapter details the cost
function and general structure of MPC, how the problem is constrained and how it is implemented

in simulation. Lastly, the controller is downsampled and simulated results are presented.

3.1 MPC Theory

MPC is a control scheme which calculates an input based on an optimisation problem, such that
a cost function Jis minimised [11]. This cost function J typically includes reference error and is
typically a function of the change in input [11]. In essence, the MPC produces the optimal changes
to the input, denoted DU(k), by the argument which minimises J as seen in Equation (3.1).

2 Dd(k)
. g Di(k+ 1) z _ 5
DU(K) = ) = argmin  J(DU(K), r(k),d(k), 2(k), Hp, Hy) (3.2)
: DU(K)
Da(k+ Hy)

DU(K) is the vector of changes in input from time kto k+ H,
DU(k) is the optimising change in input at time kto k+ H,

r(K) is the reference signal from kto k+ H,
d(k) is the disturbance signal from kto k+ H,
2(k) is the predicted output to be controlled
Hp is the prediction horizon

Hy is the control horizon

The input to the system at time k, u(k) is then chosen as the last input plus the change, i.e:
u(k) = u(k 1)+ Du(k) (3.2)

The future references and disturbances are used together with an internal model in the optimisation
step to calculate the tracking error. The prediction horizon, H,, determines how far in time the
internal model is advanced while the control horizon, H,, determines how far in time the optimising
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input is considered. That is, the MPC examines the model H, steps into the future and selects Hy
inputs which minimise the cost function.

For clarity, the general system structure used in this chapter is seen in Figure 3.1, in which a
controller supplies an input to the plant which provides a measured output. Additionally, a
disturbance is also supplied to the plant. The output of the plant is supplied to an observer, which
estimates the states and the output to be controlled. The controlled output and states are fed back
into the controller, closing the loop.

d(k)

u(k)
r(kk ——{ MPC Plant

X(K) Observer

y(k)

5(K)

Figure 3.1: The system structure used in this chapter consisting of the MPC, the plant, the observer, and the signals in
between.

As mentioned previously, the room temperature can, under normal circumstances, only be esti-
mated why an observer is necessary. This estimation enables the incorporation of room temperature
in the cost function within the MPC, and is in fact, for now, the only cost factor. The cost function J
is implemented speci cally as a quadratic cost function and penalises deviations from the reference
signal. The quadratic cost is seen in Equation (3.3) [11].

HP Hu 1
k)= & kak+i) r(k+ i)k + a kDa(k+ i)kqg (3.3)
i= Hw i=0

where:
Hw  is prediction window
Q(i) is the tracking error weight
R(i) is the input rate weight

The quadratic cost function predicts the tracking error from the prediction window  Hy, to the
prediction horizon Hp and weighs the samples with the iteration dependent tracking error weight
Q(i). The cost function also weighs the changes in the input DG with the corresponding weight
R(i). Remark that Q(i) and R(i) are expressed in quadratic form, that is:

kxkd . xTQx (3.4)

The weights Q and R must both be positive semi-de nite matrices, where Q has the dimensions of
Hp Hpand R has the dimensions of H, Hy [11]. Notice that the weights may be dependent on
the sample, hence the indexi. The cost function is split into the prediction term, which puts a cost
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on predicted tracking error and the control effort term, which puts a cost on change in input. As
mentioned previously, the internal model is used to predict Z while optimising Dd. This internal
model is predicted from the prediction window Hy to Hp steps forward in time. The optimising
DU(K) is Hy in length and is shorter than the prediction horizon, i.e. Hy < H,. Beyond H, 1 the
change in input is considered 0O, thatis Dd(k+ i) = Ofori Hy.

3.1.1 Posing the Quadratic Programming Problem

In mathematical optimisation theory, an optimisation problem is called a Quadratic Programming
(QP) problem if it is on the form in Equations (3.5) [11].

min %XTHX + fTx (3.5a)
subjectto: Ax b (3.5b)

Algorithms and software for solving QP problems are readily available. In order to obtain a problem
on the form in Equations (3.5), the cost function in Equation (3.3) is written as a sum of all terms
in a matrix notation. This revision procedure is henceforth referred to as lifting and the matrices
that result are referred to as lifted matrices. The procedure begins by recursively expressing the
predicted state as a function of the change in input as seen in Equations (3.6) [11].

R(k+ 1) = AR(K) + Bu(k) (3.6a)
R(k+ 1) = AR(k)+ B(Du(k) + u(k 1)) (3.6b)
X(k+ 2) = AX(k+ 1)+ B(Du(k+ 1) + Du(k) + u(k 1)) (3.6¢)
X(k+ 2) = A[AX(k)+ B(Du(k)+ u(k 1))]+ B[Du(k+ 1)+ Du(k)+ u(k 1)] (3.6d)
R(k+ 2) = A%%(k)+( A+ 1)BDG(K) + BDG(k+ 1)+ ( A+ 1)Bu(k 1) (3.6e)
R(k+ Hy) = Afug()+ (A 1+ + A+ 1)BDG(K)+  + BDG(k+ H, 1)+ (3.6f)

(AP 1+ + A+ DBuk 1)

Beyond the control horizon H, 1, the change in input is assumed zero and new input change
terms stop appearing. That is at state k + i, all the propagations from previous input changes still
remain and are still propagated, those being the terms with the BDU(k+ j 1) factors where j is
less thani. However, new input change terms do not appear which they did previously on the form
BDG(k+ j 1) where j = i. This is seen in Equations (3.7).

R(k+ Hy+ 1) = AX(k+ Hy) + Bu(k+ Hy) = AR(k+ Hy)+ 0 (3.7a)
R(k+ Hy+ 1) = AP g+ (A% + + A+ 1)BDG(k)+  +( A+ 1)BDG(k+ H, 1)+ (3.7b)
(Afv+  + A+ )Bu(k 1)

R(k+ Hp) = AMeg(k)+ (AP» 1+ + A+ 1)BDG(k)+  +(A+ 1)BDG(k+ Hy 1+  (3.7¢)
(Afe 1+ + A+ DBuk 1)
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These predicted states can be collected and turned into a lifted representation of each predicted step
as seen in Equation (3.8).

X = AR(K)+ Byu(k 1)+ BpyDU(K). (3.8)

The matrices of the lifted representation in Equation (3.8) are shown below. The lifted X in
Equation (3.9) consists of all the future states up to the prediction horizon. The dimensions of
this matrix is Hym 1 where m is the number of states.

2 qk+ 1) 2

2(k+ 2)
(k+ Hy) (3.9)
2(k+ Hy)

Likewise A, seen in Equation (3.10), also has the dimensions ofHym m as it consists of all the
future A matrices.

A = BAH (3.10)
AW

The lifted By relates the previous input to the states and has dimensions Hom n, where n is the
number of inputs. It is seen in Equation (3.11).

2 3
B

AB+ B

B, = (3.11)

4l AT
3 AB

The lifted Bp, relates the predicted future input changes to the states and has dimensions Hpym
Hyn and is seen in Equation (3.12).

2 3
B 0 o0 0
AB+B B 0 0
Bou = 842 "A'B B (3.12)
& AB AB+ B
30 tAIB 3/ " AIB
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The predicted output for each step can be lifted in the same fashion as seen in Equations (3.13). The
direct term D is neglected for now, as it is zero in the model.

5(k+ 1) = CR(k+ 1) (3.13a)
5(k+ 2) = CR(k+ 2) (3.13b)
2(k+ Hp) = CR(K+ Hp) (3.13c)

where:

C, s the output matrix for the output to be controlled

This results in the lifted matrices of Equations (3.14).

Z(K) = CX = C(AR(K) + Byu(k 1)+ Bp,DU(K)) (3.14a)

YX(K) + Uu(k 1)+ QDU(K) (3.14b)

where Cis a diagonal matrix of size Hpp Hymwith C; as block entries and where p is the number
of controlled outputs. The matrices in Equations (3.14) are not shown as they are trivial to construct.

Now, the tracking error is de ned in Equation (3.15) as the difference between predicted system
response and free response of the system if no changes had been made, i.eDU(k) = 0 [11].

E(=T() YRk UUK 1) (3.15)

where:

E(k) is the tracking error of the free response at time k
T (k) is the vector of reference signals from kto k+ Hy

The cost from Equation (3.3) can now be reformulated as a QP problem expressed in terms of DU(Kk)
using the tracking error as seen in Equations (3.16) [11].

k)= kZ(K) T (Kkg+ kDU(K)kZ (3.16a)
= kQDU(K)+ YX(K) + Uu(k 1) T (K)k§ + kDU(K)K (3.16D)
= hQDU(k) E (k)ngir kDU(K)KkZ (3.16¢)
= DUKK'Q"T E (kT Q[QDU(k) E (k)]+ DU(k)TRDU(K) (3.16d)
o .
= E(KTQE(Kk) 2DU(K)TQTQE(k)+ DUK)T QTQQ+ RI DU(k) (3.16€)

where:

Q is a diagonal matrix whose i'th entry is the tracking error weight Q(i)
R is a diagonal matrix whose i'th entry is input change weight R(i)

The terms are collected into a constant term i a linear term G and a quadratic term H as seen in
Equations (3.17).
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J=i DU(K)TG+ DU(K)THDU(K) (3.17a)

i = E(k)TQE(K) (3.17b)

G= 2Q"QE(K) (3.17c)

H=Q"QQ+R (3.17d)

The cost Jis now clearly on the QP form as speci ed in Equations (3.5), and the constant term i can
be disregarded as it does not affect the optimising DU.

3.1.2 Incorporating Constraints

As the central heating system is subject to the laws of physics, constraints can be a useful and
necessary for the MPC to act within the bounds of reality. Since it is chosen to formulate the MPC
as a QP problem the constraints must be on the form of linear inequalities as seen in Equations (3.5).
The linear inequality is split into three parts, those being input rate constraints, input constraints
and output constraints [11]. Each constraint category is modelled mathematically in Equations (3.18)
as a linear combination of either input rates, inputs, or outputs being less than or equal to zero.

DU(K)

E 1 0 (3.18a)
F U(lk) 0 (3.18b)
G ng) 0 (3.18¢)

where:
E s the input rate constraint matrix
F is the input constraint matrix
G is the output constraint matrix

To include these constraints in the QP problem, they must be dependent only on the same variable
as the cost function, that is DU(k). The constraint E is already expressed in terms of DU(k) so no
reformulation is required. However, the other two constraints must be lifted in order to express
them in terms of DU(k) [11]. Starting with the input constraint F, it is split into columns pertaining
to each input and lastly the constant:

F= R R ... Fy, f (3.19)

The constraint is rewritten as a sum and u(k+ i) is written as the sum of changes Du(k) up until
that point:
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Hy
& Ra(k+i 1+ f 0 (3.20a)
" i=1
_ #
Hy i1
aFk Gk 1+ gpak+j) +f 0 (3.20b)
i=1 j=0
H i #
Ak Gk 1+ §bDak+j 1) +f 0 (3.20c)
i=1 =1
Hy Hy i
aFRik D+ gFragDak+] D+f 0 (3.20d)
i=1 i=1 j=1

The summation identity in Equation (3.21) is used to reformulate Equations (3.20) as seen in
Equations (3.22).

A g g
aaaj=aaa, (3.21)
i=kj=k j=ki=]j
Hy Hu Hy
a Fulkk 1)+ § § FDG(k+j 1+ f 0 (3.22a)
i=1 j=1i=j
Hy Hy Hy Hy
4 Fu(k 1)+ & FDG(K)+ & FDG(k+ 1)+ + & FDG(k+ H, 1)+ f O (3.22b)
i=1 i=1 i=2 i=Hy

Fiu(k 1)+ FiDi(k) + FoDl(k+ 1)+  + Fy, Di(k+ Hy 1)+ f 0 (3.22¢)

This can be collected into Equations (3.23) using the input change vector DU(K).

FDU Fu(k 1) f (3.23a)
F= F R Fr, (3.23b)

Hy
F=aFk (3.23c)

Likewise, the input rate constraint and output constraint matrices are lifted, albeit signi cantly
easier, as seen in Equation (3.24) and Equations (3.25) respectively.

E Dul(k) 0, W Dul(k) 0 , WDUK w (3.24)
G ng) 0, G g ng) o, &k g (3.253)

. G(YR(K)+ Uu(k 1)+ QDU(K) g (3.25b)

., GODU(K)  G[YR(K+ Uu(k 1)] g (3.25c¢)

Collecting Equations (3.23), Equation (3.24) and Equations (3.25) into one linear inequality gives the
result in Equation (3.26).
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2 3 2 3
F Fiu(k 1) f
4 GQ5DUk) 4 dyx(k+ Uu(k 1)] g?2 (3.26)
W w

Now the QP-problem has been posed where the quadratic function in Equations (3.17) is minimised
subject to the constraints Equation (3.26). The full QP-problem is restated in Equations (3.27) for
clarity.

mi(rll) JK)= DU(K)TG+ DU(K)THDU(K) (3.27a)
DU
subject to:
2 g3 2 Fiu(k 1) f 3
4 GQODUk) 4 dYx(k+ Uuk 1)] g?5 (3.27b)
W w

Equations (3.27) is clearly on the quadratic form stated previously in Equations (3.5) and can, as
such, be solved by available algorithms and tools.

3.2 Controller Structure

The general structure in Figure 3.1 is implemented in practice. As mentioned, the system uses
a simple Luenberger observer to estimate the states X(k), which in turn are used to produce the
estimated output to be controlled 2(k). For clarity, the system equations are presented below:

x(k+ 1) = Ax(K)+ Bu(k) + Byd(K) (3.28)
y(k) = Cyx(K)+ Dyu(K) + Dgyd(k) (3.29)

The Luenberger observer is then characterised by the following [11]:

y(k) = Cy%(k) + Dyu(k) + Dgyd(k) (3.30)
2(k) = C,%(K) + Dou(k) + Dg,d(K) (3.31)
R(k+ 1) = AR(K)+ L(y(K) V(K)+ Bu(k) + Byd(k) (3.32)

where;:

Cy,Dy,Day, A, B,By are the modelled state space matrices.

In practice, 2(K) is not calculated as it is implicitly predicted in the MPC so long as the lifted matrices
are constructed using the matrices pertaining to 2(k), i.e. C,,D;, Dy, The observer feedbackL is
chosen such that estimation error is stable and converges to 0. This is the case if the system is
observable and the eigenvalues of A LC, are within the unit circle [11]. The eigenvalues are
placed using the MATLAB place() command in a small region around 0.

The model of the provided house has one input and one disturbance, those being the supply
temperature and ambient temperature respectively. Remark that the direct terms for both input
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and disturbance are 0 in the tted model (see Equations (2.9)) and are therefore disregarded going
forward. The ambient temperature is not a controllable input but rather a measured disturbance
which has to be accounted for in the controller. A method to handle disturbances is not present in
the MPC structure formulated in Section 3.1 and must be added. This is done by lifting the matrices
pertaining to the disturbance d(k), that being By, in the same fashion as in Section 3.1. Since the
disturbance matrix does not depend on DU(K) it is lifted and premultiplied by C as well as added
to the lifted output in Equations (3.14) as seen in Equations (3.33) [11].

Z (k)= YX(k)+ Uu(k 1)+ QDU(k)+ XD (k) (3.33a)
d(k)
d(k+ 1)
D= (3.33b)
d(k+ Hp 1)
2 3
C,AB C;B 0
X = E zd 2 z (3.33¢)
C; AHP By C, AHP 2By C;Byq
where:
d(k) is the predicted disturbance at time k
D is the vector of disturbances from kuntil k+ H, 1
X is the lifted disturbance matrix

This changes the tracking error E(k) but otherwise, the cost function in Equations (3.16) remains
the same:

E=T YRK Uukk 1) XD(K (3.34)

The output matrix for the output to be controlled C; is chosen such that the room temperature is
the only measurement. In accordance with the MPC theory from Section 3.1, the cost is then purely
based on how far the predicted room temperature is from the reference. As the room temperature

T, is available as the last state in the state vector, the output matrix simply becomes:

C,= 0000 1 (3.35)

The constraints of the system are set such that the system behaves realistically wrt. the repsonse of
the pre-existing heat pump controller. The input constraints on the heat pump controller reference,
i.e. the supply water temperature, is chosen heuristically as:

1. The supplied FH water cannot be cooler than m = 1°C
2. The supplied FH water cannot be warmer than nm, = 45°C

3. The supplied FH water cannot be cooled, and as such, cannot generally be colder than at
least the ambient temperature. It is chosen to be at leastny = 2 °C warmer than the ambient
temperature.
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4. The heating system cannot change the supplied water temperature more than nmy = 0.1 °C per
minute.

These constraints are sketched in Figure 3.2 which also shows the set of infeasible inputs due to
these constraints.

I | Feasible input

Ambient temperature T,
---m

- M
M Ta+ n‘B
mmm Infeasible area

Input [°C]

Time

Figure 3.2: Sketch of input constraints and the infeasible set of inputs they produce. The actual values of m, m, my are
exaggerated for demonstrational purposes.

These constraints can be expressed in terms of the predicted inputs U(k) and the change in input
DU(K) as seen in Equations (3.36).

Uk+m O (3.36a)

Uky m 0 (3.36b)

U (k+m+D(k 0 (3.36¢)
DU(k) mk O (3.36d)
DUkl mk O (3.36¢€)

where;

k is the scale factor between system sample time and controller sample time (see Section 3.2.1).

The downsampling factor k is required in the constraint, in order to scale the chosen 0.1°C per
minute to match the sample time of controller. These constraints are put on the form in Equa-
tions (3.18) as seen in Equation (3.37).
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E Dul(k) 0 (3.37)
F U(lk) 0 (3.38)

2 3
+1 0 O 0 myk
1 00 0 mk
0 +1 0 0 mk
E=g0 10 0 mk (3.39)
0 0 0 +1 mk
0 0 0 1 mk
2 3
1 0 0 0 m
+1 0 O 0 m
1 00 0 m+ d(1)
0 10 0 m
B0 +1 0 0 m
F=80 10 0 m+d2) (3.40)
0 0 0 1 m
0 0 0 +1 M
0 0 O 1 my+ d(Hy)

These constraints are lifted as detailed in Equation (3.26) such that they are dependent only on
DU(K). This matrix is quite extensive and not of particular interest and is thus not shown.

3.2.1 Downsampling of the Controller

Depending on the prediction horizon and control horizon the lifted matrix can potentially become
huge, leading to slow computation times. This is especially the case if the controller is expected to
react to changes in weather, as this changes very slowly compared to the designed system sample
time of ts = 60s. While it is possible to downsample the entire system and the controller, this is not
necessary as the observer and control update can easily be run within ts. Therefore the control loop
is changed, such that the MPC control loop is only run every k tswhere k is some positive integer.
This leads to a few considerations:

1. The model in the MPC, and only the MPC, must be downsampled to kts.

2. The input is only available every ktg but is used every tg, thus requiring interpolation and a
scheme for selectingu(k).

The rst consideration is easily handled by converting the system to continuous time and down-

sampling it with a sample time of kts. This is done by the zero-order hold method both ways
using the MATLAB ® command d2d() . The second consideration is addressed by interpolating the
optimising input sequence produced by the MPC. Attime K, if k is a divisor of k, the MPC produces
inputs for k,k+ k,...,k+ kHy, which is interpolated to k,k+ 1,...,k+ kHy. In practice, this input
is generated such that a vector is indexed by kK kmpc Where kmp is the k at which the MPC output
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was generated. This results in the rst index of the vector corresponding to k being accessed rst,
followed by the second index corresponding to k+ 1 and so forth. This is illustrated in Figure 3.3.
This interpolation scheme ensures that the system always has access to the correct input at timek.

T
®) [--- Input |
° —— Interpolated input
5
c | ¢ E |
E)
(o
£
2| . |
| | | | |
0 1 k 2k kH,
Time [tg]

Figure 3.3: lllustration of the interpolation of the input produced by the MPC.

In this implementation, only the rst k inputs will be used, as the MPC loop is run every k samples,
producing new inputs from that point on. However, using this implementation, it is in fact possible

to run the controller at any positive integer sample interval k which is smaller than or equal to
kH, thus utilising more of the optimising input before calculating a new one. The plant input
must be calculated within one sample of length ts, and as such, k and k have no effect on the
computation time during online operation. However, a smaller k and k result in the controller being
run more often, signi cantly increasing the simulation time. A balanced approach is taken in which

k = k = 30 as this provides decent results with a moderate simulation time.

An algorithmic description is constructed and shown in Algorithm 1. The pseudocode presented in
this algorithm de nes the initial variables, and repeats the control loop of acquiring a measurement,
updating the observer, and choosing an input. Evidently, the plant input vector is only updated
every k sample, upon which the lifted system is obtained. As is it is not necessary to construct these
lifted matrices more than once, they are stored and re-used. The output is chosen by subtracting
the running variable k by the value of k when the input was generated, i.e. kmpc and using that
as an index. For an overview of the routines LIFT_SYSTEM(and LIFT_CONSTRAINTS(gfer to
Appendix A.

Thus the controller described in this section is capable of being simulated, such that its input, states
and corresponding output may be examined. While such a simulation allows for the comparison
against another controllers via their responses, it provides only one metric for success. Therefore,
the other metric for comparison is now constructed in the form of an estimated cost of operation of
the central heating system.
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Algorithm 1 Implementation of the algorithm for comfort control presented in this chapter. Refer
to Appendix A for an overview of the non-trivial internal functions used in this algorithm.
Require: 1 Hp, 1 Hy Hp

Require: k2 2z, 1 Kk . k must be a positive integer
Require: D2 RKHe, T 2 RKH»

1. k=0

2: Kmpc=1

3 X=Xg2 R™

4:u=up2R?

5. repeat

6: k=k+1

7 y = get_measurement . Measurement is performed
8: if (k 1) mod k = 0then . Controller loop is downsampled by k
9: Kmpc = K

10: (Y,U,Q,X) = lift _system(Hp, Hy)

11: H=Q'QQ+R

12: E=T Yx Uu Xd

13: G= 2Q"QE

14: (Acon beon) = lift _constraints  (Hp, Hy,u,D,T,U,Q, X)

15: DU = quadprog (2H, G, Acon bcon) . Constrained QP problem solved
16: U= u+DU(1) u+ DU(2) ... u+ DU(kHy)

17: end if

18:  y= CyXx+ Dyu+ Dyyd . Estimates are produced
19: X= AX+ L(y YY)+ Bu+ By

20: u= Uk Kmpct 1)
21: until kK> Kgjnal

Page37 of 79



CHAPTER 3. COMFORT MODEL PREDICTIVE
CONTROLLER 3.3. COST OF OPERATION

3.3 Cost of Operation

As the goal of the project is to determine the possibility of constructing a cost-optimising controller,
an important metric in determining success of a controller is the price of operation. The cost of
operation can, in practice, be calculated as the power usage, which is measured, multiplied by the
electricity price at that time, which is given by electricity suppliers and known beforehand in some
horizon. The electricity price varies as the demand and supply on the electricity grid changes and
is therefore considered as an outside disturbance to the system.

Problems arise when calculating power usage in simulation since this variable is not part of the
state space, and is not directly derived therefrom. It is hypothesised that the power usage is close
to proportional to the difference between supply and return temperature in the FH system. This is
because the assumption that the primary energy consumption of the central heating system happens
as the return water temperature is raised, by the central heating system, to that of the supply water
temperature. The difference in supply and return temperature DT, s is de ned as follows:

DTrs= Tws Twr = Tin  Twy (3.41)

This can be incorporated in the state space by new rows in the C, and D, matrices respectively. This
is not necessary for now, as the cost is computed of ine after simulation by means of the saved states
and inputs. The variable DT, s is constructed from a real set of data using measured supply and
return temperature. This is then approximately analogous to the input T;, and the state Ty, they
are the supply and return temperatures to which the model is tted. Additional power consumers
are assumed negligible or constant and can thus be disregarded in this cost.

The temperature difference DT, s is plotted against the measured power usage P., and a linear
relationship is found as seen in Figure 3.4. The points in Figure 3.4 have a clear tendency why some
points are de ned outliers, while the rest are denoted inlier points. The inlier points lie within
the inlier zone, which is determined heuristically. These points generally correspond to the HWP
periods as seen in Figure 3.5 which shows points considered outliers and points considered inliers
by this method. During tting, the outlier points are removed and the t is performed on the
remaining points.

A tis performed on the inlier points to the relationship in Equation (3.42).
Pe(k) = aDT; s(K) (3.42)

where:

P. s the total power consumption of the central heating system [kW]
a is a proportionality constant [kw/°C ]

The relationship is tted using least squares with the result being a = 326.6 kwW/ C.
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Figure 3.4: Measured power consumption as a function of measured supply and return water temperature difference
with outlier classi cation and t onto inlier points.

Figure 3.5: Supply water temperature as a function of time. Outlier and inlier points correspond to the points in Figure 3.4.

To obtain the actual cost of operation the electricity price is multiplied onto this power consumption
as seen in Equation (3.43).

V (k) = Pe(k) 6%52 me(K) (3.43)
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where:

V (k) s the cost of operation for a single step of length tg at time k [DKK]

me(K) is the cost of electricity at time k [DKK/ (kWh) ]

The factor 60 2 exists to align the units since ts = 60s. The total cost of operation across some time
span from 0 to k is simply the sum, denoted the cumulative cost of operations V (k):

V(K) = ék V(K) (3.44)
i=0

The cost of electricity is, as mentioned previously, retrieved from the supplier. This retrieved price
is dynamic in nature, but also has dynamics tariffs which makes the price especially volatile. The
electricity supplier of the provided residence is the company N1, which has the following additional
relevant tariffs de ned [12]:

 Periods from October (01-10) to March (31-03) between the hours 17:00-20:00 inclusive are de-
noted peak consumption periods. These periods have an additional tariff of 0.8409 DKK/ (kWh).

< Any period which is not a peak consumption period is denoted a low consumption period.
These periods have an additional tariff of 0.3286 DKK/ (kWh).

The price periods are retrieved from Energi Data Service which provides electricity prices from any
period ranging back to 2004 as well as forecast electricity prices. Figure 3.6 shows a period of time
with and without peak consumption periods before and after the addition of these periodic tariffs.

Figure 3.6: Electricity prices with and without periodic tariffs from the period 25-03-2022 to 08-04-2022. The grey zone
indicates a peak consumption period where the tariffs are increased.

This cost including tariffs does not necessarily cover subscription costs, additional transport costs
etc. which originate from the speci c electricity provider of the provided residence. However, these
additional costs are assumed either negligible or constant, in which case they play no role in the
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optimising input. This is also the reason why the proportionality constant in Equation (3.42) need
not be precise as a change in the proportionality does not affect the nal optimising input. Both
unmodelled costs and imprecise power calculations do affect the nal cumulative cost why this
metric is not necessarily accurate in reality but merely used as a comparison criteria in simulation.

3.4 Comfort Controller Simulation Results

In this section, the simulated response of the comfort controller and costs of operation are presented.
A year is chosen as the length of the simulation, as this allows for investigation of the controllers
response to seasonal changes. The period ¥ of January 2022 to the F' of January 2023 is chosen
as the simulation period. The system is simulated by the model equations in Section 2.3, observed
and controlled using the comfort MPC designed in this chapter. The weather is obtained from the
Open-Meteo weather service as explained in Section 2.1.1 while the electricity data including tariffs
is retrieved from Energi Data Service as explained in Section 3.3. For a full list of parameters used
for this simulation refer to Appendix C. Figure 3.7 shows the response of the output to be controlled,
i.e. the room temperature alongside its reference, the input and ambient temperature.

As can be seen in Figure 3.7, the room temperature stays close to the reference except for a
region between June and September. This is likely due to the ambient temperature raising the
room temperature above the reference. As the input is constrained to never go below ambient
temperature, it is not possible to cool the room, so large ambient temperatures are detrimental to
the performance. Handling of such a scenario is outside the central heating system and FH circuit,
and is therefore outside the scope of this project. Nevertheless, this will affect the cost of operation
due to the way it is modelled. Remark the clear counter action of the input temperature to the
ambient temperature in the cooler parts of the year, in which the input roughly mirrors the ambient
temperature.

Figure 3.7: Simulation of the comfort controller input-output response to a reference of 22 °C and ambient temperature
data from 15! of January 2022 to F! of January 2023. The ambient temperature data is retrieved from the Open-Meteo
weather service and used as disturbance in the simulated model.
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A zoomed in view of the beginning of the input-output response, i.e. the room temperature, can
be seen in Figure 3.8. The initial room temperature state is chosen as 20°C and the reference
temperature of 22 °C is reached within a day. However, there is an overshoot present which peaks
at 22.3°C. This is assumed to be negligible for human comfort. Be that as it may, the controller does
reach a steady state at the reference with only minor oscillations. A region is denoted a steady state
region if the input does not change signi cantly over time despite the disturbances the system faces

in the form of ambient temperature changes.

Figure 3.8: Initial part of the simulated output response in Figure 3.7.

Examining the steady state behaviour, seen in Figure 3.9, it becomes clear that minor temperature
changes in the room temperature do occur. However, these changes are generally less than 0.1 °C.
It is assumed that the residents cannot discern between the reference temperature and one that is
0.1°C colder or warmer, and as such it is deemed acceptable.

Figure 3.9: Zoomed in view of the simulated room temperature in Figure 3.7 at a chosen steady state region.
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Another point of interest is the behaviour of the input temperature in the very beginning of the
response, which can be seen in Figure 3.10. It can be seen that the input temperature is correctly
limited by the controllers constraints to a maximum heating of 45 °C. Another observation is, that
the controller decides to reduce the input temperature as the room temperature approaches the
reference to counteract the potential overshoot. In this case, the reduction is possible since the
controller sees a relatively low ambient temperature. In summer, or other warm periods, the ambient
temperature may not allow the controller to reduce the input temperature in anticipation of reaching
the reference which could result in higher overshoot than present on Figure 3.8.

Figure 3.10: The beginning of the output response of the room temperature in Figure 3.7.

The economical cost of running this controller is of interest for comparison reasons. Figure 3.11
shows the historical Danish electricity price me(k) for the entirety of year 2022, with the electricity
price spiking somewhere above 6 DKK. This price includes both the actual cost of the electricity and

the tariffs as mention in Section 3.3. P.(k) is the simulated power consumption of the simulated sys-

tem throughout 2022. As mentioned in Section 3.3, the difference in input and output temperature

is utilised to get the hypothesised primary energy consumption. \7(k) is the cumulative sum of the
simulated total price over the entire year, ending at a cost of 6463.56 DKK. Remark, that this is not
necessarily accurate wrt. the cost of operation in reality.
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Figure 3.11: Graph of price data, simulated power usage from the state response, and calculated total price spanning the
year 2022. The signalme(k) is the electricity price, P:(k) is the simulated power usage, and V (k) is the cumulative sum of
the simulated total price.

In general, the behaviour of the system is as expected; the input temperature is raised quickly to
compensate for the 2 °C tracking error that is immediately present, and the temperature is reduced
to compensate for overshoot. As time goes on, the tracking error is lowered and at steady state, after
a couple of days, it is negligible. However, ambient temperature changes may force great tracking
error as the room temperature is raised beyond reference. Since the plant input is constrained to
stay above ambient temperature the controller is unable to lower the room temperature. However,

this scenario is deemed outside the scope of this project. With the baseline comfort controller
performance deemed acceptable, the design of the economic cost MPC can begin.
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4 Economic Cost Controller

In this chapter the comfort controller will be extended to the economic cost controller such that it
incorporates the power consumption and the price of said power consumption. The price is sourced
from Energi Data Service as mentioned previously. As the controller is designed to be run online,
the horizon of electricity price data must be considered. This, along with a new measurement
incorporating the cost is introduced in this chapter. The inherent cost of power consumption
is tuned, such that the controller is capable of utilising low-cost periods while avoiding high-
cost periods while still maintaining a comfortable indoor temperature. Furthermore, a scheme is
chosen to limit and alter the electricity price, such that the controller is justi ably always within
some temperature range even in the face of extreme price periods. Akin to Section 3.4, this
chapter presents results of a simulation of the designed controller and model with real weather
and electricity price data for one year.

4.1 Introducing Electricity Prices

If the controller is to respond to electricity prices, they must, in some way, factor into the cost
function. In Section 3.3, a new variable DT, s is constructed as the difference between supply and
return temperature after which it is proportionally tted to the measured power consumption. This
new variable was stated in Equation (3.41) and re-stated in Equation (4.1).

DTT,S = T| TW’r (41)

Furthermore, Section 3.3 theorises that the one step power consumption is proportional to this
variable with the factor a. This relationship is re-stated in Equations (4.2).

Pc(k) = aDT, s(k) (4.2a)
t
VIR = Pl 5 me(K) (4.20)
where:
P.(k) is the power consumption of the central heating system [kwW]
V (k) s the cost of operation for a single step of length tg at time k [DKK]
me(k) is the cost of electricity at time k [DKK/ (kWh) ]

The proportionality coef cient a and the coef cient due to the changing units is combined into one:

ay = a — 4.3
vEa oo (43)
Both P.(k) and m¢(k) are non-constant, and their product V (k) cannot be represented by the state
space representation used to lift the QP-problem. As such it is chosen to incorporate P;(k) as a
measurement in the state space, and use the electricity priceme(K) in the cost weight.

The power consumption P.(k) is added as a measurement in z(k) and the lifting performed as in
Section 3.1. However, as the dependent variableDT, s is dependent on the input, it cannot be directly
incorporated into the lifted matrices presented in Section 3.1, as this section assumes empty direct
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terms. A direct term is therefore added such that the input temperature is fed directly to the output
enabling the constructing of the desired measurement in Equation (4.1), giving the measurement
vector z(k) stated in full in Equations (4.4).

_ Tr _ Cz Dz Ddz
z(k) = P, 00 a 00 x(k) + ay u(k) + 0 d(k) (4.4a)
where
X(K)= Twi Twz Tws Tr Tr ' (4.4b)
u(k) = Tin (4.4c)
d(k) = Ta (4.4d)

and Ty 3 = Tw, as per the tting in Section 2.3. These new matrices replace C,, D, and Dy, from this
point on.

The direct term is lifted similarly to the previous methods, i.e. by expressing the output as a function
of change in input before collecting into matrices. This procedure is performed in Equations (4.5).
Remark that the change in input beyond k+ H, 1 is considered 0, why the rows of the lifted
matrices are the same from that point onward.

z(k) = CX(k) + Dzu(k) (4.5a)
z(k) = C,X(k) + Do(Du(k) + u(k 1)) (4.5b)
z(k+ 1) = C,X(k+ 1)+ Dz(Du(k+ 1)+ Du(k) + u(k 1)) (4.5c)
!
Hy 1
z(k+ Hy 1)= CX(k+ H, 1)+ D, & Du(k+i)+ u(k 1) (4.5d)
i=0
Hy, 1 :

z(k+ Hy) = CR(k+ Hy)+ D, & Du(k+ i)+ u(k 1) (4.5€)

i=0

!

Hy 1
z(k+ Hp) = C,R(k+ Hp)+ D, & Du(k+ i)+ u(k 1) (4.5f)

i=0
YZ =CX+Lu(k 1)+ LpDU(k) (4.59)

where
2DZ 0 O 03
2DZ DZ DZ O O
B §Dzz _ :
L= : Lo=6p, b, D, D,
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The dimensions of L is pH, nand Lpis pH, Hyn where pis the number of outputs and n is
the number of inputs. By considering the direct terms as altering the lifted matrices, they are easily
incorporated in the QP-problem. This is done by, once again, expanding the cost function as seen
in Equations (4.6).

XK = kZ(K) E (Kk§ + kDU(KkZ (4.6a)
Z(K) = kQDU(K) + YR(K)+ Uu(k 1)+ Xd(K)+ Lu(k 1)+ LpDU(K) E (Kk5 (4.6b)
= k(Q+ Lp)DU(K) + YR(K) + (U+ L)u(k 1)+ Xd(k) E (KK (4.6c)
= kQpDU(K) + YR(K) + Upu(k 1)+ Xd(k) E (K)kj (4.6d)

This changes the QP-problem in Equations (3.27) including the constraints, as stated in Equa-
tions (4.7).

min Jk) = DU(k)"G+ DU(k)"HDU(k) (4.7a)
DU (K)
subject to:
2 g3 2 Fiu(k 1) f 3
4 GQ 5DUk) 4 dyx(k+ Upu(k 1)] g?° (4.7b)
W w
where
H=QLQQp + R (4.7¢)
E(k)= T (Yx(K) + Upu(k) + Xd(k)) (4.7d)
G= 2QLQE(K) (4.7€)

As mentioned, it is chosen that the electricity price mg(k) enters at the cost weight. While it is
possible to insert the electricity price elsewhere in the MPC, such as inside the state transition
matrices, this is deemed more intuitive. Recall that the cost matrix Q(i) is the quadratic cost weight
on reference tracking, which means that a reference of 0 results in a positive cost for any non-zero
output. Since the state space now has two measurements, the reference is a vector consisting of the
room temperature reference and power consumption reference:

It rt
r(k) = b= ' 4.8
(W= "= (4.8)
The reference for the power consumption is set to 0, as it is desired to be as low as possible. In turn,
the cost matrix becomes a 2 2 matrix which is chosen in Equation (4.9).

ag 0

QD=0 po(avme(i))?

(4.9)

This results in a cost function J(k) which can be seen in Equations (4.10).
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Hp Hy 1
k)= & ka(k+ 1) r(k+ kg + A& KDA(K+ i)k, (4.10a)
i=1 i=0
l;ip Hy 1
= 4 ao(Tr  r1)2+ bo(avme(k)P(K)2+ & R()DTZ (4.10b)
i=1 i=0
Hp H, 1
= 8 ao(Tr r)%+ boV(K)>+ & R(i)DT3 (4.10c)
i=1 i=0

Now, the cost of operation V (k) is directly included in the cost function. This design of Q(i) is
favourable as it poses the following distinguishable design parameters:

» The coef cient ag, which determines the cost of reference tracking error on the room temper-
ature.

» The coefcient bg, which determines the cost of the squared cost of operation, that being the
product of the power consumption and the electricity price.

» The scalar weight R(i), which determines the cost of a change in input.

The design parameters are dif cult to choose, as no performance metrics can be calculated without
running the controller. Therefore, choosing ag, bg, R(i) requires a large number of simulations in
order to search the parameter space for a suf cient solution. Luckily, only the ratio between these
coef cients matter, as the same optimising input is produced for any coef cients as long as the ratio
is maintained. This search is done later in this chapter, as a few issues need to be addressed rst,
including the variable length of the price signal me(K).

4.2 Dynamic Electricity Price Horizon

The horizon of the electricity price gathered from Energi Data Service changes, which causes
problems in the MPC if the prediction horizon sees beyond the last known point. The electricity
price signal varies in length as the electricity price forecast is published at 13:00 at which point the
electricity price is available until 23:59 the day after. This means, that at 13:00 the electricity price is
available for the next I;, = 35 whole hours. The hour before, at 12:00, the electricity price is available
until 23:59, that is, the price is available for only |;, = 12 whole hours. This is illustrated in Figure 4.1.

As the electricity price signal is interpolated to match the sample interval of the system, the actual
length | of the disturbance becomes far greater. More precisely:

| = 607 :ﬁ— 60, (4.11)
S

Due to the downsampling performed in Section 3.2.1, the controller is capable of seeing H, samples
with an interval of k up until the last sample at kH,. The lifted matrices in Section 3.1 are designed
for this, and deviation from this input size makes the matrix calculations incompatible. Depending
on the chosen design parameters, it is quite likely that kHp exceeds the number of samples provided
by the electricity price forecast, which is in the interval 1, 2 [12,33 corresponding to samples
| 2 [720,2100 of sample time ts = 60s. Therefore, a scheme is chosen to allow the controller to
continue running, even if it cannot see electricity prices for the entire duration kHyp,.
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Figure 4.1: lllustration of a changing horizon due to the schedule in which forecast electricity prices are published at
13:00 until midnight the following day.

While there are several ways of doing this, the implementation of a variable prediction horizon in the
MPC is chosen. This requires altering the lifted matrices from Section 3.1 dynamically. Constructing
these matrices from scratch is mathematically trivial but computationally signi cant, as the horizon
may change rapidly. Therefore the variable price length | is used to limit the variable prediction
horizon and crop the lifted matrices. The idea is that a variable prediction horizon I—Tp is constructed
as the minimum of the chosen upper bound Hp and the disturbance length | normalised to k and
rounded down to nearest integer value. This variable prediction horizon is seen in Equation (4.12).

ik

where;:

bxc is x rounded down to the nearest integer value ( oor function)

Equation (4.12) has the xed length H, as the upper limit and the variable length |/ k as the lower
limit. This results in I—Tp being mostly Hp except when the last sample kH, exceedsl, in which
case I-Tp becomes the largest it can be, that being the oored |/ k. A similar function is constructed
for the control horizon to ensure it will never eclipse the prediction horizon, which can be seen in
Equation (4.13).

Hy = min(Hy, Hp) (4.13)

The behaviour of Equation (4.13) is very similar to the behaviour of I—Tp, instead having H, as the
upper limit and I—Tp as the lower. Figure 4.2 shows an illustration of the variable electricity price
length | and the corresponding prediction and control horizons in system sample periods, that is,
kHp and kHy. When constrained by the forecast horizon limit, the actual value of H, is the largest
integer such that kI—Tp is less than or equal to | and likewise for kH,. While Figure 4.2 shows kI—Tp
and | coinciding, this is only the case if k is a divisor of 60. In every case, kI—TIo is always less than or
equal to | at every controller instant.
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Figure 4.2: lllustration of the desired behaviour of the dynamic horizons I-Tp and Hy as the length | of the electricity price
forecast changes.

The reference signal and ambient temperature are indexed to be the same length as I—Tp to ensure
consistency in the controller. The lifted matrices, Y, U, Q, and X are cropped such that the matrix
equations are compatible. If these lifted matrices are cropped correctly, it is equivalent to redoing
the lifting with a smaller Hp and Hy because of their structure (see Section 3.1). The notation in
Equation (4.14) is used to indicate a matrix A which is cropped to from entries gz j; to a».

2
di1j1 d1+ 1,1 921
34111+1 a|1+1]1+1 d2j1+1
As (i1,j1), |2]2)< . (4-14)
ail,j2 d1+ 12 922
As an example, Y is constructed by cropping Y using I—Tp as seen in Equation (4.15).
2 3 2
CA CA
CA? CA?
Y = : = >(1,1),(I-Tpm,m)< (415)
CAHp CAHp

where:

m is the number of states

The other lifted matrices are systematically cropped in the same fashion and presented in Equa-
tions (4.16).

Y = Y, (1 (Amm)< (4.16a)
U= Us (19 (Aypn)< (4.16b)
Q= Qs> (1.1).(Hpp.Aun)< (4.16¢)
X = X>(1,1),(|-Tpp,Hpj)< (4.16d)

The variable control horizon also affects the constraint matrices, and as such need to be resized for
compatibility. The constraint matrices are constructed from scratch, as they require the disturbance
in the form of the ambient temperature. Therefore, it does not need to be cropped, as the variable
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H, is accounted for during construction.

Finally, akin to the algorithm for the comfort controller presented in Algorithm 1, a pseudocode
algorithm is written for the economic controller, to provide an overview of its functionality. This
algorithm is presented in Algorithm 2 and works similarly to before, updating the observer with
measured values and only running the controller every k sample. Additionally, the economic MPC
algorithm incorporates the dynamic prediction and control horizons I—Tp and H, and uses them to
crop disturbance, reference, weights, and the lifted system. For a full overview of the algorithms
used in this report, refer to Appendix A.

4.3 Ensuring a Region of Comfort

The cost now includes two different objectives, those being the tracking of the room temperature
reference and the lowering of the cost of operation. These objectives pull the temperature in two
different directions simultaneously, resulting in the objective with the highest cost dominating the
temperature. At the extremes, weighing reference tracking signi cantly higher than operation cost
approximately leads to the same response as the comfort controller. The opposite weights result
in the room temperature approaching ambient, as the input temperature is lowered to the ambient
temperature. This is exempli ed in Figure 4.3 which shows the MPC response of one year for two
extreme ratios between ag and bg. No price weight corresponds to bg = 0 while excessive price
weight corresponds to bg being far greater than ag.

Figure 4.3: The simulated output response of the MPC for the period 01-01-2022 to 01-01-2023 for two extreme weight
ratios.

For this reason a satisfactory medium, where the end user of the provided house can both have a
suf ciently comfortable room temperature while reducing the cost of heating, is necessary for this
controller to achieve success.
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Algorithm 2 Implementation of the economic MPC with downsampling, dynamic prediction
horizon and cropping. Refer to Appendix A for an overview of the non-trivial internal functions
used.

Require: A2 R™ M B2 R™ " By2 R™ I . System equations and their dimensions
Require: C,2 RP M D, 2 RP " Dy, 2 RP !

Require: D2 Rle, M2 Rim, T 2RIt j > max(jg,jm)

Require: 1 Hp, 1 Hy Hp

Require: k2 2z, 1 k min(jg jmjt) . k must be integer. Ensure at least one sample point.
1. k=0

2: Kmpc=1

3 X=X92 R"

4:u=up2R?

5: repeat

6: k=k+1

7 t = get_time (k)

8 y = get_measurement . Measurement is performed
9: if (k 1) mod k = 0then . Controller loop is downsampled by k
10: k_mpc :j k ok

11 Hp= min Hp X, . Prediction horizon limited to disturbance length
12: Hy = min (Hy, Hp)

13: d= D(k D(k+k) ... D(I—Tp k) T . Disturbance & reference picked accordingly
14: F= T(k T(k+k) ... T(Hp k) '

15: Me= Me(k) Mok+tk) ... MgHp k) '

16: Q = Weight _Price (me) . Produced as explained in Section 4.1
17: Q = Qs (1,1),(pHpnAY)<

18: R_:_R_>(Ll)y_(p|'ip,nﬁu)< o

19: (Y,U,Q,X,L,Lp) = lift _system(Hp, Hy)

20: H=(Q+Lp)"Q(Q+Lp)+ R

21: E=f Yx (U+L)u Xd

22: G=2(Q+ Lp)"QE .

23 (Acon beon) = lift _constraints (I—Tp, I—Tu,u,d,r_,U,Q,)z,L,LD)

24: DU = quadprog (2H, G, Acon beon) . Constrained QP problem solved
25: U= u+DU(k) u+ DU(k+ 1) ... u+ DU(k+ kHy)

26: end if

27 y= CyX+ Dyu+ Dgyyd . Estimates are produced

28: X= AX+ L(y Y)+ Bu+ By
29: u= Uk Kmpct 1)
30: until k> K¢inal
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4.3.1 Electricity Price Limits

An important consideration when attempting to ensure a region of comfort, is that the electricity
price disturbance is dynamic and, in theory, limitless. Therefore, large price spikes may occur, which
without some kind of restriction, can lead to a signi cant drop in the room temperature and thus
the residents' relative comfort will suffer. A too signi cant drop is unacceptable for the controller,
S0 a solution must be found. Multiple solutions to this problem are proposed:

« Constraining the MPC output, such that room temperature is always within some acceptable
range.

« Limiting the price disturbance by linearly mapping minimum and maximum electricity price
of the current period to some lower and upper bound respectively.

Making the mean of the electricity price signal of the given period zero.

Limiting the price disturbance by an upper and a lower bound.

The three approaches which alter the electricity price are illustrated in Figure 4.4 alongside the
original electricity price, for a high-cost period with much variation, denoted  turbulent, and a low-
cost period with less variation, denoted calm

Figure 4.4: The electricity price meg(k) and three electricity prices with applied schemes for limiting the effect of extreme
price values. The blue solid line marks a calm period from 01-05-2021 to 08-05-2021, while the dashed orange line marks
a turbulent period from 01-01-2022 to 08-01-2022.

The advantages and disadvantages of the four approaches are now explored. Output constraints
are the easiest to design but have a major drawback. The output constraints ensure that the room
temperature, at least in theory, never exceeds or falls below a given temperature and can thus
guarantee comfort of the room. The drawback is, that the system can enter an infeasible area in
which this constraint is violated and be unable to leave. This is especially prevalent in the start-up
phase of the MPC and upon major changes in the ambient temperature disturbance. As an example,
the results of the comfort controller in Figure 3.7 shows an ambient temperature so high that the
room temperature is raised way beyond the reference. A realistic output constraint would certainly
be violated in this case. Methods for handling infeasibility do exist, such as introducing slack
variables which allow for slack in the constraint at some cost in the cost function [11]. However,
constraints are usually tied to physical constraints within the system which this comfort output
constraint is not. Therefore, this approach is not chosen.

Another possible solution is limiting the price disturbance between 0 and 1, which, in this context,
means nding the minimum and maximum of the predicted price disturbance and normalising it
to 0 and 1 respectively. This normalised factor is then weighted with bg. This approach has the
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advantage of a known maximum and minimum, which aids in establishing a region of comfort,
while also keeping the peaks and valleys, i.e. the high and low cost regions of the price signal,
intact. It is hypothesised that this solution performs well at turbulent price periods, where there
are signi cant differences in price peaks and valleys. Since this method forces the price disturbance
within the interval O to 1, the comfort of the house can be relatively guaranteed with the right
choice of bg. Au contraire, for periods with relatively low difference between peaks and valleys,
this method will treat even minor spikes as large disturbances, which will elicit an overreaction by
the MPC. This results in the controller being unable to truly utilise low price periods, and as such,
this solution is also not chosen.

Another attempted solution is making the price period mean zero. This is done by subtracting
the sample mean of the electricity prices in a given region from the electricity price signal. The
idea is, that prolonged periods of high cost electricity do not cause the room temperature to go too
low, while still enabling the MPC to act upon price peaks and valleys. This method entails a price
signal which is often negative, which poses a problem in the cost function as it weights the cost of
operation squared, leading to high costs for low energy prices. To combat this, the zero mean is
simply lifted. There are several problems with this method the least of which being nding a new
mean that ensures a positive price in the face of an unbounded disturbance. In spite of the mean
being set to some value, the peaks and valleys may still reach extreme values, in turn sacri cing
comfort for the residents. Consequently, this method is discarded as well.

Lastly, the conceptually easiest method is to limit the price signal within some interval. This means
that an electricity price above some upper bound is set to the upper bound and an electricity price
below some lower bound is set to the lower bound. This is referred to as cappingthe signal. If done
correctly, this capping prevents extreme price peaks or valleys from causing too much change in
room temperature, as is the case when normalising the mean. Furthermore, as long as the price
iS not extreme, the price dynamic is not altered, unlike the limit proposed earlier. Lastly, this
method also avoids the possible infeasabilities caused by an output constraint. For these reasons,
this method is chosen to justi ably ascertain a region of comfort for the economic cost controller.
The choice of price normalisation is further discussed in Section 5.2.

Finding the limiting interval is not a trivial task. If the interval is too narrow, prices are capped
needlessly causing the MPC to only respond mildly to the dynamics. On the contrary, an interval
too wide approaches the non-limited price signal, which features the problems of extreme electricity
prices discussed earlier. The bounds of the interval could be part of the parameter search for ag and
bg, but this increases computation time. Instead, a qualatitive method is used to nd the interval,
in which electricity prices from January 2018 to January 2023 are examined. The lower threshold
is chosen as the ¥ percentile of these electricity prices. Likewise for the upper threshold, the 95 1
percentile is utilised as the upper limit. This will ensure the largest of price spikes do not have
a too signi cant in uence on the system. The capping interval obtained from these percentiles is
0.05DKK/ (kwh) to 2.2 DKK/ (kWh). Capping the price disturbance seems to be the most viable
solution to the dynamic disturbance problem. However, tuning of  bq is still required.

4.3.2 Choice of Economic Weights

There are three weights that should be tuned such that the MPC provides a reasonable comfort level
while responding to the dynamically changing electricity price. These three weights are the room
temperature reference tracking weight aq, the electricity price weight factor bg and the input rate
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weight R(i). As mentioned previously, only the ratio between ag, bg, and R(i) is of importance.
The following procedure is performed to select a suitable set of parameters:

1. The input rate weight R(i) is fastened to some constant.
2. The reference tracking weight ag is fastened to some constant.

3. A lower and an upper limit of the region of comfort is chosen. These are denoted T, i, and
Tr max respectively.

4. A price weight bqg is found heuristically, such that a simulation of the room temperature
response over one year exceeds eitherT, min Or Ty max. This is denoted bgmax and must be
greater than zero.

5. A total of n simulations is made, in which bq; iterates over n equally spaced real values
between 0 and bg max. These simulations should cover one year or more.

6. The largestbg; for which the simulated room temperature never exceeds the interval [T min, Tr,max]
is chosen as the electricity price weight factor bg.

This procedure allows for choosing the parameters based on the requirements of the region of
comfort. It is chosen that R(i) = 0.1 andag = 1. While the change in input T, is constrained, a
nonzero R(i) is preferred as this tends to give a slower response acting as a buffer, in case the input
rate constraint is modelled incorrectly. Still, the reference tracking is much more important, and as
such aq is a factor 10 larger. Heuristically it is found that bg max = 3, why a an iterative simulation
is performed for bg = 0,0.125,0.25, ..., 3 for a total oh = 25 points. The sample sizen is limited
by the computation time of the simulations, but nevertheless provides valuable results as seen in
Figure 4.5, which shows the simulated room temperature for a small region of the simulated period
from 01-01-2022 to 01-01-2023. The comfort region chosen is the reference 2°C. The full list of
parameters used in the search for bg is seen in Equations (4.17). Additional parameters used for
simulation are found in Appendix C.

R(i)= 0.1 (4.17a)

ag=1 (4.17b)

[Tr mins Trmax] = [20,24°C (4.17¢)
bomax= 3 (4.17d)

n= 25 (4.17¢)
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Figure 4.5: Simulated room temperature response for various bg values. The purple line fourth from the top is the largest
bg, for which the chosen room temperature interval is never exceeded.

As seen in Figure 4.5, the responses converge to the same value at certain peaks, while diverging
elsewhere. These peaks, in which the responses converge, are points in time with low electricity
prices. As the electricity price me(k) tends to zero, the corresponding weight tends to zero as
well, regardless of bg. This results in ag being the dominant weight, in turn heavily prioritising
the reduction of room temperature tracking error. When the price is high, bg plays a larger role
resulting in lower room temperatures. The region shown in Figure 4.5 includes the minimum value
for every iteration, and as such, an informed choice of bg can be made merely from this. However,
to better showcase the relationship between bg and the minimum simulated room temperature, the
relationship is plotted in Figure 4.6.

Figure 4.6: The relationship between values of bg and the minimum of the simulated room temperature.
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It is now possible to choose a bg such that indoor room temperature justi ably stays within the
chosen comfort interval. The weight bqg is chosen to be 0.375, since it is the largestbg with a
minimum above T, min = 20 °C, that minimum being exactly 20.16 °C. With the parameters tuned, it
is now possible to perform the simulation, in which the results are compared to the baseline comfort
controller.

4.4 Economic Controller Simulation Results

In this section, the simulated response of the economic cost controller and costs of operation are
presented. The same simulation period is chosen as for the comfort controller, that period being
from 01-01-2022 to 01-01-2023, as this allows for a comparison of the two controllers. The system is
still simulated with the model equations produced in Section 2.3 and utilises the same observer. The
weather and economic data is retrieved from the same providers to ensure consistency in the two
simulations. The full list of parameters used is seen in Appendix C. Figure 4.7 shows the response
of the output to be controlled, i.e. the room temperature alongside its reference, the input, and
ambient temperature.

It can be seen on Figure 4.7 that the behaviour of the controller from July to September is similar
to Figure 3.7. This is to be expected since the system is unable to cool the room, why it applies the
smallest input it can in this period. The interesting parts of Figure 4.7 are the areas where it diverges
from the comfort controller. Speci cally, major divergence occurs at the start of March and almost
all of December, where the lowest room temperature is experienced. These time periods are also
some of the most expensive price-wise, as seen in Figure 4.12. The hour with the most expensive
electricity price is experienced at the start of September, but the MPC does not respond thereto
per the problems regarding large ambient temperatures. Notice, that the room temperature rarely
reaches the reference. This is likely due to it not being nancially viable to store excess energy in
the room with the chosen design parameters.

Even if the controller does not actively charge beyond the reference, it does indeed respond to the
electricity price as expected. Examining Figure 4.8 it is seen that the controller tends to increase
the room temperature during low-cost periods while letting it decrease during high-cost periods.
Charging of the room requires larger inputs which is directly tied to the electricity price as per the
differential temperature measurement produced in Section 3.3.
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Figure 4.7: Simulation of the economic cost controller output response to a reference of 22 °C and ambient temperature
data from 15! of January 2022 to F of January 2023. The ambient temperature data is retrieved from the Open-Meteo
weather service and used as disturbance in the simulated model. Likewise, the economical data is sourced from Energi

Data Service and utilised in the controller weights.
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Figure 4.8: Zoomed in view the of a period of the room temperature response in Figure 4.7 alongside the electricity price
in that period.

Figure 4.9 shows the same zoomed in view as seen in Figure 3.8, in which the initial part of the
response is seen. Precisely like the comfort controller, the initial room temperature value is 20 °C
with a reference of 22 °C. As mentioned earlier, the reference is rarely reached and the start of the
simulation is not such an occasion. Obviously, this means no overshoot is present unlike Figure 3.8.
Similarly, no true steady state region exists due to the effects of the electricity price disturbance.

Figure 4.9: Initial part of the simulated output response in Figure 4.7.

The absence of a steady state truly becomes evident when examining the same time period as
Figure 3.9, which showed a almost constant tracking error of less than 0.1°C. As can be seen on
Figure 4.10 there are some variations which is largely dominated by the price uctuations seen in
Figure 4.12. However, this is not a problem but the intended way for the controller to operate.
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Figure 4.10: Zoomed in view of the simulated room temperature in Figure 4.7 at the same time span as for the comfort
controller seen in Figure 3.9.

Figure 4.11 also utilises the same time period as Figure 3.10, where it can be seen that the input
behaves similarly for the majority of the 1 St of January. The difference is that the input temperature
falls below the room temperature faster in Figure 4.11 but does not go below 15°C. This reduced
initial heating period is the reason for not reaching the reference value. Again, this is simply how
the controller is designed and it appears to be working as intended.

Figure 4.11: The beginning of the output response of the simulated room temperature in Figure 4.7.

Previously in this chapter, a power consumption measurement was introduced in the state space.
The product of this power consumption and the electricity price for the simulated period is calcu-
lated and shown in Figure 4.12 alongside the electricity price. As can be seen, the power usage is
generally less in the summer and more in the winter. Furthermore, the cumulative sum of total
simulated price is 6124.37 DKK.
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Figure 4.12: Electricity price, simulated power usage, and calculated total price spanning the year 2022. The signal me(k)
is the electricity price, Pc(Kk) is the simulated power usage, and V (k) is the cumulative sum of the simulated total price.

Comparing the cumulative total price of this controller at 6124.37 DKK to that of the comfort
controller at 6463.56 DKK for the same period, it is seen that the economic controller does indeed
reduce overall cost of operation. Percentagewise, this reduction equals 5.25 %.

Remark, however that the controller runs and calculates a power consumption for the hot ambient
temperature region from July to September as seen in Figure 4.7. In this region, the economic
and comfort controller act alike as they both reduce the input to the minimum, just barely above
ambient temperature. In reality, the controller is turned off in times like these, and this should
also be accounted for in the total price calculation. To do this, every point in which the ambient
temperature is above 15 °C is removed, and the price is re-calculated. This amounts to 4239.7 DKK.

In general, it is seen that the controller is capable of utilising the known electricity prices to alter
its input, such that the overall cost of operation is reduced when compared to the baseline comfort
controller. The controller response shows that the MPC tends to heat the room in low-cost periods
and avoids doing so in high-cost periods. On the contrary, the economic MPC does not provide
a room temperature tracking error as low as the comfort controller, which is also to be expected.
However, the economic MPC is designed to stay within some comfort region, which it does uphold.

To further explore the response of the economic MPC, it is further compared to the baseline comfort
controller.

4.5 Comparison to Comfort Controller

The comfort controller designed in Chapter 3, merely minimises the room temperature tracking
error at all costs. Meanwhile, the economic controller designed in this chapter considers the same
objective, while also minimising the cost of operation. This is two con icting objectives, which
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certainly gives a poorer tracking error. Nonetheless, it is of interest to compare the response of
these two controllers directly, in order to see similarities and differences.

The simulation procedure presented in Section 4.4 is repeated for the economic MPC and the
comfort MPC each year from 2018 to 2023. The minimum simulated temperature and total cost
with and without points where the ambient temperature is above 15 °C is seen in Table 4.1.

Table 4.1: Simulated minimum temperature and cost for both the comfort and economic controllers for the periods
between 2018 and 2023. Every period starts at the ' of January and ends at 1" of January in the corresponding years.
The masked cost indicates the total cost of operation, where points with ambient temperatures greater than 15°C are
omitted.

Period Controller Min. Total cost Masked Reduction
temp. cost

2022-2023| Comfort 21.9°C| 6465.1 DKK | 4571.7 DKK -
Economic | 20.2°C | 6124.4DKK | 4239.7DKK | 5.3% /7.3%

2021-2022| Comfort 21.8°C | 3440.1DKK | 2766.8 DKK -
Economic | 20.2°C | 3282.0DKK | 2611.2DKK | 4.6% /5.6 %

2020-2021| Comfort 21.8°C| 1817.1 DKK | 1443.5 DKK -
Economic | 21.3°C| 1783.2DKK | 1409.1DKK | 1.9% / 2.2%

2019-2020| Comfort 21.8°C | 2179.5DKK | 1778.7 DKK -
Economic | 21.4°C| 2140.7DKK | 1739.7DKK | 1.8% /2.1%

2018-2019| Comfort 21.8°C| 2335.1 DKK | 1706.4 DKK -
Economic | 21.4°C | 2294.3DKK | 1665.8DKK | 1.7% / 2.3%

It appears that the chosen design parameters do not properly account for the general change in
electricity price from 2018 to 2023, as the minimum temperature for some years is close to the
reference. This is likely because the parameters were tuned speci cally for 2022-2023, a year in
which the electricity prices were generally greater than the previous years. This means that the
tted electricity price weight factor bg is smaller to lessen the impact of these large price regions,
in turn causing even less impact of lower price regions. Table 4.1 indicates this problem, but it is
further showcased by a plot of the room temperature in the yearly period beginning in 2019 and
2022, as seen in Figure 4.13.

As showcased, the economic MPC approaches the comfort MPC for lower energy prices, which
is undesirable. As the MPC is allowed to vary the room temperature within the chosen comfort
region, it should do so to reduce the overall cost of operation. This could be xed by raising the
electricity price weight bg, which would result in the comfort region being exceeded during high
cost periods, such as parts of the period from 2022-2023. This was the original problem hypothesised
in Section 4.3, which was why the electricity price cap was implemented. As the choice of bg in
conjunction with the capping scheme has not provided adequate results for all examined price
periods, a new scheme should be considered. This is further discussed in Section 5.2.

In conclusion, the MPC designed in this chapter does, in simulation, optimise the end-consumer cost
of the modelled residential heating system, thereby indicating the success of such a design which
answers the problem formulation in Section 1.2. However, lack of real life data makes it dif cult to
judge the design, as unforeseen dynamics or problems may occur during implementation, lessening
or counteracting the cost reductions shown in simulation. This topic, amongst others, is discussed
in the following chapter.
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