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RESUME

Viudvikler i denne preesentation en teori for off-diagonal elementet af 2D konduktivitets-
tensoren ‘G for en todimensionel krystal, patrykt et statisk, homogent magnetisk felt.

Vi bruger en diskret model, med en Harper-type Hamiltonoperator og Peierls substitu-
tion. Vi viser at 021 har en asymtotisk ekspansion i den magnetiske feltstyrke b, samt at
012(b = 0) er nul, og finder en formel for den forste afledte o7, (b = 0). Denne koefficient
spiller en vigtig rolle i teorien om Faraday ratation.

De anvendte matematiske metoder er: Spektral teori for Harper-type operatorer, Combes-

Thomas lokalisering , magnetisk pertubationsteori og Bloch-Floquet teori.

ABSTRACT

In this presentation we develop a theory for calculating the off-diagonal tensor element
of the 2D conductivity tensor ‘7, for a two dimensional crystal immersed in a constant
homogenous magnetic field, using a Harper-type Hamiltonian and Peierls substituion
and a discrete model of the crystal. Ve show that 0,1 has an asymptotic expansion in
the magnetic field strength b, that 12(b = 0) is zeroand develop a formula for the first
derivative ¢7,(b = 0). This coefficient plays a major role in the theory concerning the
Faraday rotation effect.

The main mathematical tolls used here is spectral theory for Harper-type operators,
Combes-Thomas localization, Magnetic pertubation theory and Bloch-Floquet theory.
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1

INTRODUCTION

1.1 PHYSICAL ASPECTS OF FARADAY ROTATION

We set the stage by a physical discussion about Faraday rotation. This section is not

“rigorous”, in a mathematical sense.
Graphene in a magnetic field

Graphene is a two-dimensional allotrope of carbon, with the carbon atoms organized in
a “honeycomb” crystal, fig. 1.1. Imagine the following idealization of a experiment: Con-

Figure 1.1: a “honeycomb” pattern

sider a single layer of graphene, placed in a constant magnetic field (“the system”). Let
this layer be subject to a monocromatic (plane-wave) light-beam of known polarization.
We would like to be able to make a quantum mechanical prediction, of how the electrons
of the graphene layer respond to the applied electro-magnetic fields.

Faraday rotation

Faraday rotation is a dispersion effect. It describes the rotation of the polarization of
radiation passing through a substance in the direction of an applied magnetic field. As
in the article by Jian-Ping Peng et.al. [3], we calculate the Faraday rotation, physically a
three-dimensional effect, in a quasi-two-dimensional electron system in a magnetic field
B applied perpendicular to the layer. The electrons are confined within a slab of thickness
d and move freely along the xy plane. Physically the Faraday rotation arises from the
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difference in the propagation of the two types of circular polarizations into which the

plane polarized beam may be resolved. The Faraday rotation ¢ is defined as
9 = Wd(ﬂ_ B 17+) ,
2c

where #_ and 7 are the indices of refraction of right and left circularly polarized radia-

tion of frequency w. Expressions for 77+ can be obtained from Maxwell’s equations

10B 47
E=-—-— H="—
V x o V x C]+

19D
c ot

which, combined with the constitutive equations
J=CE, B=uH, D=:¢E,
give

Cw2p_ (Y 0E  pe\ PE
V(VXE)-VE= <02 7ot <c2>at2'

For the Faraday effect one takes the propagation along the applies dc magnetic field.
Assuming a plane-wave solution of the form

E = Eoei(a]t*KZ)

leads to
<
]l _

K?*Ey = pe(w/c)? [ (47ti/ws)<7>} Eo

A .
where 1 is a unit tensor. Assuming a circularly polarized wave Ey = Eoy & iEoy, then
K% = pe(w/c)? [1 — (47ri/ws)(7fD)} :

Where U(fD) =P 1 z'(TSD). The complex index of refraction ( — ix) is then obtained

from
(s — ixs)? = pe [1 - (4m/ws)af‘3)} . (1.1)

The diagonal 3D conductivity ¢, makes no contribution to the Faraday rotation. The

(2D)
o (2D) _ o 02| _ | Oxx Oxy
—012 022 —Oxy Oyy

form of (Té is
Considering the finite thickness d of the layer, the three-dimensional conductivity tensor

is related to the two-dimensional conductivity tensor by the following expression

D) — (D) /g4
Isolating 17+ in formula (1.1), we have

. 47T . 47
Re [(7+ — mi)2] = ue (1 + wgo*@”) , Im [(17+ — mi)z] = —ysaog(cim.
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We are looking for

. ﬂi—iKi
1 = ieRe | Ve |

Physically, 7+ should be non-negative, so we choose the solution,

1
2 27 2 (2D)
/- [(1 + 47TU(ZD)> + (471(7(213)) ] Ccos (1 arctan _m ] )
- 12 11 we D .
VHE we we 2 (E + (71(2 ))

%D) as variables u and v, respectively, 77+ is thus, up to a constant,

Considering 011 and o
2 'k
4 1
(1 + 47-[u> + <nv> ] CcoSs (arctan ) .
wEe we 2

We will show how one can find the asymptotic expansion of 0’1(§D) (b), in powers of the

given by the function

= _ o) =
NG f(u,0)

v
(4= +u)

magnetic field strength b and in particular we will show that in the small b limit, oy, (b)
can be written

2D 1
") (b) = boly) + O(b?),
using a method that could also be used to find the expansion of Ul(fD) ()
2D 0 1
o1 (b) = oy +boyy + O(F?)

In this presentation we a interested in how ¢, and therefore (- —14) « [f(—u,v) —
f(u,v)], varies with the first power of b, so considering the expansion of f(u, v) in powers
of u we have

f(—1,0) — f(u,0) = [z T vo)] i+ O(u?)
Lo =~

«b?
linear in b

(0)

where vy denotes oy, (b = 0). We can omit all but the constant (71(1)

d
b (dbo—gm) (0).

The question of calculating the faraday rotation is therefore a question of differentiating

the off-diagonal conductivity 0'1(§D).

term in 0'1(%])) (b). 9is

proportional with

1.2 SETUP
One-electron approximation

We work in a one-electron setup, neglecting electron-electron interactions.
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The crystal

We settle for a simpler model than graphene. Consider a 2 - dimensional crystal, with
the nuclei fixed at their equilibrium positions

A = {x € R? : thereis a nucleous at position x}.

A point in A is denoted a site. The crystal is assumed invariant under translations that

transforms functions defined on R? according to the rule
(T,f)(r) = f(r — may — nay), ¥ = may +nay,
where m and 7 are integers, and the basis vectors a; and a, generate the Bravais Lattice,
I
I'={ycR?: q=may+na}.
(The two vectors a; and a> should not be linearly dependent.) The points of A are gen-

erated by appending one unit cell to each point of I' (making a choice of origo). I denote
the (finite) set of vectors that constitutes the unit cell by ():

Q= {x,}

n=1

The choice of Bravais lattice and unit cell should lead to the unique decomposition of all
site position vectors,
x=y+x y€l, x€Q,

forall x € A.

When used as a summation index or site label, we will not use the bold notation x, y
and x, but simply use x,y and x. That is, |x) denotes a localized state at position x, and
the sum Y . cr|y — y/ is a sum over all position vectors in T. Sometimes I will write }_,
for YyeM when it is clear from the context, which set, M, v is to be summed over.

Reciprocal lattice

Define the dual basis {b;, by} by the relations
a; - b] = 27‘((51']',

where §;; is the Kronecker delta. The reciprocal lattice, I, is the set of all vectors y* € R2
such that
Y*=mby+nby, mneZzZ

The definition of the reciprocal lattice has the consequence that
Y* -y =mn2mn, forsomen € Z,

for all vectors - in the Bravais lattice and for all vectors * in the reciprocal lattice.
We denote by ()* the basic periodic cell for the dual basis :

1 1
= {tlbl + trby : ) <t < 2.}
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The unit cell

We restrict ourselves to a unit cell with two sites, one at x = (0,0) and one at x = (%,0)
(fig. 1.2).

@]

®

9] & 9] &
0 A
O ® ® O ® ® B
ap aq
o @ o I @
UNIT CELL
] ® o] i ] ®

Figure 1.2: The ion-core mesh, A = {x} (“A” and “B” type points), is generated by appending a basis of
two sites, A and B, to the Bravais lattice, I' = {7} (“A” type points), generated by the primitive vectors a;
and ay. We choose a simple Bravais lattice where the primitive vectors are orthogonal.

Crystal Hamiltonian, potential term

The potential term, V( of the crystal Hamiltonian, Hy = T + Vj is in the model given by:

vp(y+x), x=(0,0)

(Voy)(y +x) = 0, X (a1’0> (1.2)

Crystal Hamiltonian, kinetic term

We fix the kinetic term kernel to(x,y) (“hopping matrix elements”) of the Hamiltonian
as:

to(x, ) = to(x1,y1) Wy, + to(x2,12) sy, (1.3)
for all sites x = (x1,x2) and y = (y1,y2) in A. This models a crystal with no oblique
interactions. We consider a nearest-neighbour model, where
ay
2 7
to(xz,yz)(z) =0, unless y, = x» + ay,

tO(xllyl)(l) = O, unless }/1 =X +

and we fix the magnitude of the non-zero hopping elements to 1, so the crystal Hamilto-
nian has the kernel:

ho(x, ]/) = 5361,]/1 +ay /25x2,y2 + 5X2,y2iﬂ2§x1,y1 + U(ll)‘sxgl// (1.4)
Finite, but large crystal

Define a central region of the crystal by

AN :={(y+x) €A : y=ma;+nay, |m| <N,|n| < N}.
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This central region is a region of |[AN| = (2N + 1)? unit cells, and (2N + 1)% - |Q)] sites.
The characteristic function, x a,,, of Ay, is a multiplicative operator defined by:

(XANllj) (x> = XAn (x)llj(x)/

1 , x € Ay,
where  xa,(x) =
0 , X % AN.

The support of ¢ € (?(A), denoted supp{y}, is the collection of all points x € A, that
satisfies (x) # 0. We will from here on work with the Hamilton operator, subject to
Dirichlet boundary conditions (DBC) in An:

Hon = xayHo XAy (1.5)

where Hy is an operator defined on £2(A). Hynisa (2N +1)2|Q| x (2N + 1)?|Q)| matrix,
so there exists a one-to-one relation between (linear) x, A xa, operators on ¢?(A), and
(2N +1)2|Q x (2N + 1)2|Q)| matrices. The restricted operator Hy n approximates Hy in
the sense

Holyp) = xayHoxayl9), = (1.6)

for |) where both supp{y} and supp{Ho¢} is fully enclosed in Ay.

A consequence of the tight binding model is, that functions ¢ with supp{Hoy} ¢ An
but supp{¢} C Ay can only be functions (x) with non-zero values near the edge of
An. Conversely, the transformed vector Hop is not different from the vector Hy N for

wavefunctions ¢ with their support localized in the “inner part” !

of the central region,
that is for  with the support “situated far enough from” the edge of Ay, this line of
thought will be formalized and expanded later, as a key part of the proof of the large N
limit.

We use as a notation for an operator O with the DBC the subscript N, Oy

Operators with the subscript “N” are from here on always subject to DBC.

Peierls substitution

We include a static magnetic field into the model, it is thought of as having always existed
(before the light pertubation was turned on). This is done by the use of Peierls substitution.
In the Peierls substitution, the Hamiltonian matrix element in a constant magnetic field
can be obtained through multiplication of the crystal Hamiltonian matrix element /o by
a phase factor [6],

hy(x,y) = eib"’(x'y)ho(x,y).

How close to the edge this “inner” part can come, is of course linked to the number of “neighbours”
of a given site one allow to have non-zero hopping matrix elements in to the model. A second-nearest tb.
model will have a smaller inner part than a nearest-neighbour tb. model, for a fixed N.
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The magnetic field is assumed perpendicular to the crystal, directed in the z+ direction,
having constant magnitude b, . The phase factor is given by the flux of a 4z directed field
of strength unity through a triangle defined by origo, the site x and the site y>. We set

p(x,y) = %(ylxz—xlyz)- (1.7)

With a slight abuse of notation (using 3D cross-product), ¢(x,y) given by formula (1.7)
can be calculated by:
1
plxy) = Slyxx)l,

where in this 3D mindset, x — (x1,x2,0),y — (y1,¥2,0) and [v], denotes the z-component
of the 3D vector v. Note that ¢(x, y) is not bound by a constant multiplying ||x — y||! but

we can use the estimate

[¢(x, y)| < minlx[], [yl[}|x — yll

Note also that ¢ is antisymmetric, that is

e(x,y) = —¢(y,x).

We denote by fl(x, x/, x”") the magnetic flux of a field of unity field-strength through the
triangle defined by origo, the site x — x” and the site ¥’ — x”. We will need the equality,

where x,x" and y’ are vectors in the xy-plane extended of R3,

1 / 1 1" ! 1 1" 1 / /! /
E(x ><x)+§(x xx)zi(x ><x)+§[(x—x)><(x—x)],

This gives
(x,x') + (x', ") = 9(x,2") + fl(x, ', 2"),

with the definition

fi(x,x', x") = % (' —2") x (x—x)], .

The fact that ¢(x, x) = 0 means that we only need to consider the effect of the phase
factor on the kinetic term of the Hamiltonian, since the potential term has the factor

J(x,y) in the kernel:
elb@(x/y) <5x1/]/1iﬂl/25x2/y2 “I— 5x2’y2ig25x1,y1 “I‘ U(zl)éx,z>
— eibrp(xll) ((le,ylia1/25x2,y2 + 5xz,y2iu2‘5x1,y1> + U(zl)51,y,

that is
H, = Ty, + Vo,

with the “magnetic” kinetic operator defined as the operator having the kernel

tp 1= eih(p(x,y) (5x1,y1:|:a1/25x2,y2 + (5x2,y2ia25x1,y1) .

2See R. Saito et al. section 6.2, expecially around formula (6.14).
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Units

To simplify the notation we work in a system of units, where

h= 2melectron =e=1

Here 7 is Plancks reduced constant and e denotes the charge of an proton.
Position operator

We define the position operators X; and X;, by how they transform the basis elements
5x ,X €A,

X10x := x10x, Vx € A,
Xodx := x20x, Vx € A,

(remember x = (x1,x2)). For a general ¢ in ¢>(A), and fixed x € A, we have
(Xagp) (x) = }_ Xi(x, y)¢(y) = x19(x),
YEN

so the kernel of X,, in the {Jx } representation, must be X, (x,y) = Sxyxy forv € {1,2}.
Since these operators do nothing else than pick up the spatial label of the basis states, we
could denote it the label operator, but we will use it as the representation of the position
operator in the {dx} basis. Note that the position operator is not bounded in the oper-
atornorm, and that even though ¢ € (2(A) it is not always true that X, € (2(A). It
holds, though, that X, N9 € £2(A) for X, € (2(A).

The field of the light beam

We introduce the light-beam incident on the crystal as a monochromatic, plane-wave
EM-field, with the electric field parallel with the x-axis

E(t) = (Ex’ Ey) = (Eeiwtl O), E > 0/

with a negative imaginary part of the frequency; Imw = —y < 0.

Note on notation: I write cartesian vectors component-wise the same way as I write
points in the plane; v = (v, v,), but nonetheless a vector (vy, vy) is to be thought of as a
column vector when multiplying matrices.

(vx,0y) — [ ox ] .
Oy
We treat the light beam as an external time-dependent potential term Vg(t). The Hamil-
ton operator is now given by
H(t) = Hy + Vi(£). (1.8)
The potential operator representing the light beam, as introduced above, can be calcu-

lated by use of the first component position operator,

Vi (t) = Ee“!X;. (1.9)
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Dynamic equation for the density operator

We denote by p the chemical potential, and B := - is the inverse temperature, so the
Fermi-Dirac distribution can be written

fro(z) =

We set as a condition for the system, that the density operator in the limit t — —co is

_
eBz—n) +1 ’

given by the Fermi-Dirac distribution function :

on(t = —0) = ¢y = fro(Hp ).

An example: if {[y;) } is a basis of energy-eigenvectors for the self-adjoint matrix Hy, y,
we have Hy v |;) = A;|1p;). In this case for the infinite past, the state of system should be
defined by the density operator:

ZfFD D i) (il

where {|¢;)} is an energy eigenvector basis for wavefunctions on the central region Ay
of the site-mesh.

We will sometimes just use “density” for “density operator”. To find the density at
an arbitrary time ¢, we need to solve the dynamic (Liouville) equation for @ \(t). This
is:

{iQEIN(t) = [Hex, @pn(H)] (1.10)

opn(t = —o0) = fp(HpN).

Current density

The current operator is defined:
erb,N = i[Hb,N /XV,N] v=1,2

with (DBC), and
iv,b = i[Hb ,XV] vV = 1,2

on the full site-mesh. The expectation value, over the central region, of the current den-
sity in the y-direction, (JoeN(E)) := heN(E), att = 0, is given by the trace of the
operator product of pE,N(O) and Joen(0), where Jogn = |AN| -1 j2,EN:

1 .
J2eN(E) = mTrN{pE,N(t =0)j2eN} (1.11)

where Trn{-} is a notational shorhand for a trace over the central region Ay. We will see
that [, ne(E) has an analytic expansion in E:

Jop(E) = Jop(E = 0) + Eopy + O(E?). (1.12)

The linear term in E, in formula (1.12), is just the off-diagonal conduction element that
we seek to identify, because the light-field is polarized in the x-direction.
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1.3 MAIN RESULT OF THIS THESIS

We shall see that 0,7 has the form:

1 1. _1.
021(b,N) = 2w AN %gdz fro(z) (TTN {(HN,b — 24+ @) jipNn(Hnp — 2) 1lz,b,N}

+ Ty {(HN,b —2) Yipn (Hap — 2 — w)fl j2,b,N}) ,
(1.13)

see equation (2.25) and figure (1.3) for details and definitions.
Define the operators in £2(A):

Dy (z) := (Hp —z+w) " jip(Hp — 2) Yop

Dy, (z) := (Hp —2) Yup (Hp —z — @) ' job,

where j,  := i[Hp, X, ], v = 1,2. We are now ready to state the main result of this paper.
Theorem 1.1 (Main Result). The following results hold true:

1.

0’21<b> = Z\l]iirloo'ﬂ(b, N)

1 (1.14)
B 2[0[nw %gdz fep(2) Z (Dp,+(x,%,2,b) + Dy, (x,x;2, b)),

xeQ)

where the smooth path € enclose, but has no points in common with, the (real, bounded)
spectrum of Hy, and € is chosen such that w lies outside €. € must furthermore be chosen
so “close” to the real line, that frp(z) has no singularities inside €, see fig. 1.3.

2. The function 051 (-) is smooth and has an asymptotic expansion in b around 0, in particular,
021(0) = 0. All the derivatives of 021 can be written only in terms of the fiber operators
associated to Bloch-decomposition. The Faraday rotation © is proportional with o4, (0),
which is given by formula (3.19).

Im(z)

A

Figure 1.3: The path ¢ should enclose ¢(Hy,), and w should be outside €.
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PROOF OF THEOREM 1.1(1)

2.1 SIMPLE COMBES-THOMAS THEOREM

In this section we discuss general operators defined on ¢2(A). It should be understood
that the results 2.1, 2.2, 2.3, 2.4, 2.6 and 2.5 also hold if A is replaced with Ay, uniformly
in N.

Exponentially almost diagonal operators

Definition 2.1 (Schur-Holmgreen bound). For a linear operator A with the kernel a(x, x'),
x,x' € A, we define the Schur-Holmgreen bound, | A|, of A by:

|A|; := max {sup Z la(x,x)|, sup Z |a(x,x’)]} (2.1)
XeEAx'eA X'eAXEA

If an operator has ||A||; < oo it is said to be Schur-Holmgreen bounded.
Lemma 2.2. If ||Al|; < oo, then |Al| < ||A|l,, where ||A|| is the usual operator norm.
1/2 1/2
1Al < <SUP )3 !ﬂ(x/x/)!> <SUP )3 !ﬂ(x/x/)!> < [|Ally 22)
XeEA x'cA X' eAXxXeA
Proof. Let ¢ € (2(A), with ||| = 1, assume that ¢ has compact support. Let {éx} be an
orthonormal basis for ¢2(A). Consider

[(Ap) (x)] <
%Iﬂ(xr y)Y(y)l

< Y (atxy))"? (lalxy))'"? 1p(y)|

YeA

1/2 1/2
<(Za(x,y)> (Za(x,y)lﬁ(y)z) :

YeA YeA
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it must holde that

Ay < <81;/p§\ﬂ(x’,y)l> ; (Da(x,x”)l |¢(y)!2>

x//

< (s;p%)\u(x’,y)I) (sgp;!a(x,y)o Z”)!llﬂ(y)\zf

=1

which shows (2.2). This result can be extended to all ¢ € £2(A). O

Definition 2.3 (Exponentially Almost Diagonal Operator). Let 57 be ¢2(A). We say that
an operator A : 5 — I is exponentially almost diagonal, if there exists constants Cy, Co,
both strictly positive, so that the kernel of A satisfies

la(x,y)| < Cre~ >Vl 2.3)
for all x, y in A.
Theorem 2.4. An exponentially almost diagonal operator is Schur-Holmgreen bounded.

Proof. Consider an exponentially almost diagonal operator A. For a real number x, the

k ck

geometric series ) ;- ; X* converges iff |x| < 1, so the series } ;> ; e~ * converge iff ¢>0.

For a exponentially almost diagonal operator, positivity of the norm shows that the sums
(2.1) converge iff C; > 0, which is always true for an exponentially almost diagonal
operator. O

CT-property

We now show a property for exponentially almost diagonal operators, which is a simple
version of Combes-Thomas theorem [4]. We start with a prepatory lemma:

Lemma 2.5. Let H C p(A) be a compact set, and suppose o(A) is bounded, then the distance
between H and o(A), defined by

dist(H,o(A) := inlfl {dist(z,0(A))},
ze
is actually a minimum, and strictly larger than zero.

Proof. H and o(A) are disjoint sets, so by positivity of the absolute value function, for all
z € Hand s € 0(A) we must have

|z —s| > 0. (24)
The distance function |- — | : C x C — R,

|z —s| z,s € C,
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is a continous mapping. Since 0 (A) is closed and bounded, and thus compact,so H x c(A)

is a compact subset of C? and by the extreme-value theorem, the value
inf{||z—s|:z€ H,s e o(A)}

must be attained for at least one pair (zp,s9) € H X 0(A), so the infimum is actually an

minimum, and by (2.4) strictly larger than zero. O

Theorem 2.6 (CT-property). Let z be an complex number in the resolvent set p(A) of an self-
adjoint exponentially almost diagonal operator A operating on the Hilbert Space 5 = (*>(A\) for
some lattice A. Let constants Cy and Cy be defined as in definition (2.3).

Then the resolvent, (A — z) ™1 is also exponentially almost diagonal. That is, there exists two
positive constants, C3 and Cy so that the kernel of (A — z)~! fullfills

(A —2) 7! (x,y)| < Ceem @Y1

If z is restricted to belong to a closed subset H C p(A), then we have the bounds on C3 and Cy:

1
C <2SL1 -~
3=k {dlst<H,o<A>>}

C4 < min {dlSt(H'.{T(A) ), Cz} ,
2C 4
C := max{ay,a2}16C; ) o~ 21Xl

XeA

where ay and ay are the length of the orthogonal vectors generating the Bravais lattice.

Proof. For & > 0, and an arbitrarily fixed lattice point xg € A, define the operator A, :
H — A by

A, = etl %l pp-al-~ol

(Autp) (x) = %0l 37 a(x, y)e Y= Foly (y)
YeA

, where eI =%l and e~%l' =% are multiplicative operators, i.e. (e*" ~¥olyp)(x) = ¥~ %Xoly(x),
for all x € A. Silimarly for e~/ ~%ol,

If a is small enough, A, is bounded, since

< |a(x, ) Y| < eIy,

where we have used the triangle inequality in the last inequality. This shows that, as long
as Cy — « is positive, A, is exponentially almost diagonal, and therefore bounded.

We will now show that if « is small enough, A, — z is invertible. Using a geometric
series argument, like in the proof of theorem 17.2 in Peter D. Lax’s book [2], we see that

(Ae—2)=(1-(A-A)(A—-2)7)(A~2)
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is invertible if ||(A — Ay)(A —z) 7| < [[(A — Ay)||[[(A —z)7Y|| < 1. For a fixed z this
can be achieved if

o —0
|A —Ay| ——0. (2.5)

This is in fact true, which we can see by evaluating the Schur-Holmgreen norm of A, — A:

|As —All; =sup)_
Y
= sup Y Ja(x, y)| (%%l -ly-%l) _ 1)

x 'y

< sup Y Ja(x, )| (eaHx—yH . 1)
Xy

<sup ) Cre” ¥ Yla|x — y|ler ¥Vl (2.6)
Xy

eszx—X()Ha(x, y)e—zx\ly—on — a(x,y)‘

where we in have used that ¢* — 1 —¢*x < 0 for x € [0,00] (it is true in x = 0, and
e — 1 — e*x is a decreasing function of x on [0,c0[). Using an inequality of the type

Y wge 2nN <Y _,e "N!, we can recast inequality (2.6) in the form
n>0 n>0 q y

Ay — All; <aly supze("‘—%z)l\x—y”, C; := max(ay, ap) - 16 Cy
Xy

And if & < C,/4 the series is convergent, and we have

1A= Ay <a-C,

C:i=sup ¥ Cre~ FIX-Yl = ¢, y o~ Yl
XeA YeA YeA

which implies (2.5), and therefore implies that (A, — z) is invertible. A sufficient condi-
tion for the limit (2.5), on «, is therefore

@)

The equality
e_lx‘A_xO‘(Aa _ Z) — (A _ Z)e—p(‘~—x0|

implies that
(A o 2)71670"' —Xo| e’“"*xo‘(Aa - Z)fl.

This implies that for arbitrarily chosen ¢ € ¢>(A) we have
(A _ Z)*le*‘"H' 7x0H¢ — eifXH' 7x0H (A“ — 2)714), (28)

and therefore we can multiply the left side of (2.8) with el =¥l and still have a vector
in 2(A). This shows the equality

el 0l (A — z)Lpmal %ol — (A, — 7)1,



CT-property 15

If o, for a given z € p(A), is chosen to satisfy (in addition to being less than C,/4)

1
a(z) < 2 (A —2) 1]’ (29)
1A~ AJ(A—2) | = A~ AdI(A—2) | <a(z)Cl(A—2) ") < 2
we have
g““'_xU”(A . Z)—le—a||~—x0|| p— ||(Aa — Z)_1||
B 1
1A= A=z =

<2((A-2)7",
and therefore

el =%l(A — z) et =%l < 2|(A—2)7| =C(z)  if 0<&<a(z)

sup
XoEA

We examine the kernel of (A, —z)~!:

(6x, (An—2) 10y) = <5x, el =%oll(A — z)’le""“"xo“5y>
— X=X (A — z)*l(x,y)e*"‘”y*x(’“,
where we have used the properties of the delta-function. If we choose xo = y we have
(0x, (A —2) 10y, ) = et ¥=%oll (A — 2)71(x, xp),
that is, using the Cauchy-Schwartz inequality, we have the final result
((A . z)’1> (x,xo)‘ = (0x, (Ay — 2) L0x,)
< [lox ][l (Ax = 2) "o, |

= l(Ax—2)7"]|
< C(Z)/

e‘xfoxO”

which shows that (A — z) ! is exponentially almost diagonal.

If we restrict z to belong to a compact subset H of p(A), then because of the equality

1

1A =27 = G eayy

and lemma 2.5, we can evaluate

i ! = min {dist(z =di o .
Izrgg{H(A—Z)lﬂ}_zeH{d t(z,0(A))} =dist(H,0(A))

This, used on the bound (2.9), leads to the z-independent bound on «:

< dist(H,if(A) )

14
0= 2C

7
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such that for 0 < & < gy, we know that
(A —2)"!(x,y)| < 2supl|(A —z) " |e~*I*YI
zeH

= 2sup L e 1x=yl,

Lcpy dist(z,0(A))
2.2 MAGNETIC PERTUBATION
the S operator

We define the operator Sy,(z), for z € p(Hp) as the operator having the matrix element

sp(x,y;2) == e?XY) ((Ho - z)_l) (x,y).

so(xy:z)

Now we examine the matrix element (HpSp) (x, x):

(HpSp) (x,2) = ) Iy (x, y)su(y, ¥';2)
YeA

= Y P eEY WYX (x, y)so(y, ¥ 2)
y

= XD Y (14 MY 1) o, )so (y, ¥ 2). (2.10)
y

If we introduce the operator Kj, with the kernel

ko (x,x';2) = M) 3 (eibﬂ(x’y’x,) - 1) ho(x, y)so(y, x;2), p(Hy)
y

and notice that

et N 1o (x, y)so(y, x5 z) = e (HoSo) (x, %),
y

then (2.10) has the form
(HpSp) (x, %) = eP?XX) (HSo) (x, x') + kp (x, x'; 2). (2.11)
If we examine (HoSo)(x, x’), we see that

(HoSo)(x,x") = ((Hp — z1)Sy) (x,x") +zs0(x, x)

5(x,x")

which gives that (2.11) is equivalent with

(HpSp) (x, ') = eP?**)5(x, x") + 2ePP¥*) Sy (x, x') 4k (x, %),

sp(X,X")




Stability of p(H) under Peierls substitution. 17

or
((Hp —2)Sp) (x,&") = 6(x,x") + kp(x, '),
that is
(Hb — Z)Sb =1+ K,. (2.12)

Using the evaluation
¢ 1 = ¢t (ez‘% —e7iH) =2iesin(3),
e —1] < 2Ism( )< x,

for real x > 0, we evaluate the Schur-Holmgren bound for the operator norm of Ky,

consider
sup2|kb x,x';z)| < SI;PZZ’ A A(XYX) 110(x, )50y, ¥'32)|
< sup ZZbﬂ x,v,x')Cie” Czl\xfyHC3(Z)e—c4(z)\|y7x'”
X'
< bsup ZZ|x —y|ly — ¥ |Cre Yl s (z)eCs@NY ¥ (2.13)
xoxy
< bCiGCs(z SUPZZ x — yle Q1Y |y — x|~ @YX

<Cse —C /2| X-Y|| <Cq e~Ca@)/21Y~ x|

That is, there exists a z-dependent constant, C(z)

C(z) = C1C3(2)CsCs supZze—%ux—yu—%@uy—x’ll_
X xy

This constant can be chosen uniformly on compact sets M C p(Hy):
sup ¢ sup Z\kb x,x'’;z)| ¢ < bC. (2.14)
zeM | x’

Similarly we can show an estimate for sup, Y '|kp(x, x’;2)|, and this implies, using the
Schur-Holmgreen bound, that

sup {[|Kp(2)[|} < bC. (2.15)
zeM

Stability of p(H) under Peierls substitution.

Theorem 2.7. Let M C p(Hy) be compact. Then there exists by > 0, sufficiently small, such
that M C p(Hp) forall0 < b < by

Proof. We can evaluate the norm of Sy, by using the Schur-Holmgreen norm again, equiv-
alently to the above calculations for Kj,. Doing this, we show that there exists a constant
Cs only dependent on M, such that

ISo]l < [ISpll; < Cs, forallz € M.
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H, is a self-adjoint operator with a symmetric kernel, so the spectrum of H, must belong
to the real line. Assume that M contains areal A # 0, A € M N R. Note that, because the
spectrum of Hy, is real, then if € # 0, the operator H, — (A + ie)1 is invertible.

Forallz € [A —i,A+i] C p(Hp), the estimate (2.15) holds, uniformly in A € M.
Therefore we can choose b so small that (1 + opKj,) is invertible.

Substitute z = A + ie into identity (2.12), and multiply on the left by (1 + Kp,) ! and
on the right by (Hp, — A — ie) ! to obtain the formula for (Hp — A —ie) 1

Sp(A+ie)(1+Kp) ™t = (Hp — A —ie) !
By the use of corollary A.4 and (2.15) we can evaluate the norm of (H, — A — ie) ~L:

1
Hp — A —ie) Y| < ||Sp(A +ie)||———n
H( b ) “——H b( )Hl-—HbCH

1

< Cs—A7
1—[|eC]]

and since M is compact then by the CT-property, ||(Hy — A — i) ~!|| is dominated by some
M dependent constant ¢ €]0, 1], as long as b is small enough:

|(Hy — A —ie) 1| < Cst(M).
for b < by and some M dependent number Cst(M). The now familiar expansion
(Hy — A) = (]1 tie(Hy — A — ie)”) (Hp — A — i)

shows that Hy, — A is invertible; choose small enough ¢, then (]l +ie(H, — A — ie) _1) and
H, — A — ie are both invertible. O

Let z € p(Hp). We use the identity

(1+Kp)™' =} (—1)"Ky =1+ } (-1)"Ky

n>0 n>1

=1+ ) (-)"IKIT =1- (Z(—U"Kg) Ky
n>0 n>0
=1- (1+Kp) 'Ky
to expand (Hp, —z) &
(Hy —2) 7' = Sp(2) (1 + Kp) '
= Sp(2) (1- (14 K) 'K )
= Sp(z) — (Hp —2) ' Kp.

And we can iterate this one more time to obtain

(H, —z) ™" = Sp(2) — Sp(2)Kp + Rp(2), (2.16)
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with the definition
Rp(z) := (Hp —z) K3,
which we will give the name “the remainder term”. We prove that the remainder term is

an O(b?) function, in the sense of theorem 2.8.

Theorem 2.8 (Remainder term O(b?)). Let M C p(Hy) be closed. The remainder term is
exponentially almost diagonal, and there exists constants Cs > 0, C¢ > 0, such that

sup|Rp(x,y;2)| < b* Cse CelX*=Yll forallz € M.
zeEM

Proof. For x,y € A and z € M, we have the bound

sup| (Hp —2) ' (x,y)| < Cre~ &IV,
zeM

so if we for a small « > 0, an arbitrarily chosen xp € A and z € M C pHy (M closed),
examine the matrix element (dy, e*l- %0l Ry, (z)e¢l ~¥oll5, ):
(6%, ol _xOHRb(z)e_"‘H' —on(;xO>

= el Y [ — 2) 7 () (Ko (2)) (6, ) (Ko (2)) (57, 30)

x//x//
< etllx—xoll Y Cle—Csz—x’HbC3(M)E—Q(M)le’—x”\\bC3(M)e—C4(M)\\x”—xo\\

x//x//
< M=%l 2, G5 (M)? Ze—Csz—x/H 26—54(1\4)Hx’—x”H6—54(M)\\xf/_xo|\

x/ x//
gCSexp(fQ/ZHx’fon)
-~ - G C

< ¥ =%ollp2C, G5 (M)2C5Cs exp <— min {22, 44} l|x — x0H> .

That is, by restricting « < min {%, % }, the kernel of the remainder term is seen to be

exponentially bounded, with the evaluation
G G

R, 70:2)| < DG (m)e ™o UE S Ixl,

uniformly in z € M. O

2.3 MAGNETIC TRANSLATION

We define the magnetic translation operator as the operator that transforms ¢ € ¢2(A)
according to the rule:

(Toq9) (x) = "XV p(x — ),  forally eT,x € A.
The magnetic translations has some properties we prove here:

Theorem 2.9. The Hamilton operator Hy, commutes with Ty, ., for all oy € T.
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Proof. Hy commutes with lattice translation, by construction:
ho(x +9,y+v) =ho(x,y) forally e, x,y €A,
Consider how Ty, , Hy, transforms an arbitrarly chosen ¢ € (2(A):

(ToyHogp) (x) = eV (Hpgp) (x = )

=" Y Hy(x — 7, y)9(y)
y

— oibe(x) Zeibq’(x*'Y'V)Ho(x —7.Y)¥(y)
Yy

— Zeib(w(x,’)’)ﬂp(x,y)—fp(%y)HO(% y+7)9(y)
y

_ Z eib(p(X,er'Y)HO(,Y, y+ ,y)eib(rp(y,’)f)lp(y)
y

and if we change the summation index by equating x' = y + -, then we have

(To,, Hotp) (x) = Y_ &P XX Hy (o, x)e®? X =YV p(x' — ) 2.17)
x/

Remembering that ¢ (-, -) has basically the same algebraic properties as a crossproduct, it
is easy to see that

p(x' —7,7) = 9(x,7),

Therefore equation (2.17) reduces to

(To,Hotp) (x) = Y e H (7, 2)eb? X Vip(x' — )

which proves the theorem. O
Lemma 2.10. The inverse of the magnetic translation operator Ty, ., (where v € T') is given by
To, -
—1 _
7]-3,’}’ - 7;/7’)/

Proof. We prove this simply by calculating how Ty, _, Ty, , transform an arbitrarily chosen
P € (*(A), using the identity ¢(x, —y) = —¢(x,y)):

(773,77%,71/]) (x) = e boxY) (7%71/)) (x+7)
— eiib¢(xfry)eib¢(x+'y”y)llj(x _|_ /), —_ /y)

= 9(x).

This proves the lemma. O
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Since Hp, commutes with magnetic translations, according to theorem 2.9, and using

lemma 2.10, we have the identities:
H, = R,yHb,ﬁ)ﬁ'y

and
Houpp — 2 = E,W(Hb - Z)’ﬁ),—'y- (2.18)

Inverting the operator (2.18), we have a result for the resolvent of Hj,.

Theorem 2.11. For z € pHy, we have
(Hy—2) ' = Toy (Hy —2) ' Ty s,
and therefore that the resolvent also commutes with magnetic translations.

Currentoperator commutes with magnetic translations

Consider the matrix element of the current operator

jip(xy) = ihy(x,y)(y1 — x1)
= eih(p(x/y)jl,O(xl ]/)1

where we denote
j10(x,y) = iho(x,y) (11 — x1).

From this we deduce, that, since ho(x + v,y +v) = ho(x,y) (for all y € T), j1 o must have
the same property:

jlo(x+v,y+v) =jiolx,y) forallyeT.

The current operator commutes with magnetic translations, a property we state as a

lemma

Lemma 2.12. For oy € I we have that

’E),'yj 1b — jl,b 7?),7

Proof. The proof of this is in every way similarly to the proof of theorem 2.9, so we omit
it here. O

2.4 LARGE N LIMIT

We return to the off-diagonal element of the conductivity tensor, 021 n(t = 0).

In the Interaction picture the y-current operator is given by:

fZN(t) = exp (itHpN) jon exp (—itHpN) ,
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we denote other operators in the interaction picture by a “tilde”, for instance j; n, and
erb,N, v = 1,2. Where we must take care to be inside the (DBC) so that exp (itHy, ) is
making good sense.

In the interaction picture, an power series expansion of g (¢ = 0) in powers of E can
be found iteratively, (under the condition that the interaction term of the Hamiltonian is
wellbehaved), since gy (#) is a solution of:

d _ . -

EQN,E(t) = —i[VNE(H), QN,E(t>]

We can transform the differential Liouville equation for gy (0) (1.10) into an integral
equation:

0 d
One(0) = N g(to) +/ dSIéN,E(S)
to S

where o should thought of as a negative real number of large absolute value (we will
take the limit ty — —oo where we require the density operator to be frp(Hy ), since for
all to we have exp(iHnpto) fip(Hnp) exp(—iHnpto) = frp(Hnp)). We assume a unique
solution exists that can be written as power series in E. We find the term linear in E by
inspecting

0 o . S1 . B
e(0) = anelto) ~i [ st [Fe(sn), augeltn) =1 [ dsaFive(s2), el
0 0
0

= Onglfo) —i [ ds [VN,E(Sl) / @N,E(to):|

to

[l [ o2 [Tneler), B, el

= 0n(to) — i/o ds; [VN,E(Sl) , @N,E(tO):| + O(E?),

fo
and in the limit {; — —oo this becomes

0

one(0) = frp(Hnp) — i/oods [VNE(s), feo(Hap)] + O(E?).

Therefore, in the linear response approximation we set
OnElin(0) = OnE 1in(0) == fro(Hnp) — iE [ OOO ds e [Xing(s), feo(Hyp)] . (219)
andwe focus our attention on calculating
JopN,jin(E,t = 0) = Trn {QN,E,,IJ’n(O)m} -

By examining formulae (1.11), (1.12) and (2.19), we can single out the conduction term,
and see that

i ) ,
on2(t =0) = AN /_ ds e Ten{ [Xypn(5) , feo(Hap)] 2N D (2.20)
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where we have interchanged the order of the trace and the integral (this doesn’t change
the sum or integral by Fubini’s theorem).

The zero-field term, ](0) is given by:

JooN(0) o< Trn{ fep (Hnp ) [Hnip, XoN] }
= Trn{[feo (Hnp ), Hap | Xo N}
—0,

which makes sense; no light gives no (oblique) current.

Some commutators

With the choice of hopping integrals as described in section 1.2, the first component of
the current operator i[T, N, X1N] commutes with the second component of the position
operator:

(liupN XoNl) (x) = ([i[To, N, XiN], Xon]9) (%)
= ([{(TonX1n) — i(X1NToN) , XoN] 9) (%)
(({(TonX1nXon) — (X NToNXoN) — (X2 NToNX1N) + (XN X1 NTbN)) §) (%)
ixay (%) 3PP Wto(x,y) (y1y2 — x1y2 — Xay1 + x2%1) Xy () ¥ (y)
y

= ixay () "W ko (x,y) (x1 — y1) (22 — y2) Xy (1) P ()
v

= IZXA lb(P xY) (5x1,y1iu1/2‘5myz + 5X2,y2i1125361,y1) (xl - yl)(xZ - y2)X/\N (y)ll’(y)
=0, for all x € Ay.

This also hold on the full site-mesh. Doing equivalent calculations, one can see, that

(lipN, XoN]9) (x) =0 forall x € An.
Using the trace-commutator rule (A.2), we see that expression (2.20) can be re-expressed

as:
ouN(t=0) = IAN\ / dse™* Try {fFD(HNb) i, €°HNE X e oHNe ] }
|AN‘ / ds Elws TI‘N{ []sz EZSHNbX N€ ZSHNb] fFD(HNO)} (221)
Now use the identity
eiws _ 1 d ws
iw ds

and the partial integration rule for a function G(s)

Odliws 1iws ° Oliw/
/_wa (iwe )G(s)ds = [iwe G(s)} _oo_/—oo e G'(s)ds
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to re-express (2.21):

—1
|AN!

| AN! / ds — (TrN {[jz,b,N/ €iSHN’bX1,N€7iSHN'b]fFD(HN,b)}) :
(2.22)

1 . . 0
ounN(t=0) = [elws Trn {[iz,b,N, e'*HNe X e~ SHND] fop (Hyp ) }]

[ee]

The first term of (2.22) is zero, because:

e The s = 0 term; the exponential factors vanish, since s = 0, furthermore, j,} ny and

X1 N commute.

e The s — —oo term; the choice of negative imaginary part of w ensures, that /s
tends to zero as s tends to minus infinity and the trace is performed over a finite set

of sites, so it must be bounded. i - (—i|Imw|) - t = |[Imw|t — —o0 as t — —oo.

The differentiating in the second term of (2.22) is done by considering that j,}, has no
explicit time dependence, noticing that

d /. . . .
tH —itH tH . —itH
dt (el NP X Ne N’b) = e"NPi(Hyp XN — Xy nHnp)e e

itHy - —itH itHyp s —itH
= " Nri[HN b, X1 NJe T = e TNy, e END

by the definition of j;,. We thus have

oun(t=0) = w|AN| / ds e Try {[lsz el HNp, e ISHNb]fFD(HNb)}

= iws isHN b 3 —isHyp
w|AN|/ ds e’ Try { J1bN€ [fFD(HNb) ]2bN]}

where we have used the trace-commutator rule in the last equation. The problem is

therefore to evaluate
1 0 ; ) i .
rant =0 = gy [ (e e e B}
—Trn {eis(‘”+HN'b) jione “HNe o0 fro (Hap) }) ds.

By using the trace-permutation rule on the second term, and by noticing that frp(Hyp)
and e/S(w+Hxp) commute, we have

1 0 isHNp) 3 —is(Hnp—w) :
oounN(t=0) = WlAN] /_oo (TTN {6’ NP jpp Ne N fFD(HN,b)lz,b,N}
—Tr {6is(w+HN'b) fro(Hnp )j1one™ ™0 N) }) ds
We can use the Cauchy integral formula to express the operator ¢*(“*Hyp) fop (Hyp,) by
a curve integral in the complex plane, involving the resolvent of Hyjp:
i

e HHND) o (Hp) = 27 %g e fop (z) (Hnp — 2) sz,
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where the path ¢ enclose, but has no points in common with, the (real, bounded) spec-
trum, o(Hon), of Hyn. We claim that it is possible, given w, B and y, to choose such a
curve such that w lies outside ¢, and so “close” (small imaginary parts of z € ¢) to the
real line, that

1

fFD(Z) = B 11

has no singularities inside €. (4 € R, € R, if Rez = y, then we can make sure that

B - Imz cannot atain the value 27, i.e. choose that all z € ¢ fullfills |Imz| < %, also w is
assumed to have a non-zero, (negative) imaginary part.) This leads to

0’21/N(t = 0)

v/ sHyp i st .
— m /700 ds TI'N eZSHN/b]Lb,N <27-[ édz e is(z w)fFD(Z)(HN,b _ Z) 1> j2bN

—¢ (HNb w)fFD(HN,b)

1 . 1\ . _; .
— Trn <2n )lidz e+ fon (z) (Hnp — 2) 1) jipne SHNe g, N

:eiS(HN'b+w)fFD (Hnp)

(2.24)

. The two integrals, ¢, dz---and [ Eoo ds- - - in equation (2.24) are both absolutely conver-

gent, therefore we can exchange integration order (Fubini). Furthermore, as e*5(*+®) ig

nothing but a complex scalar, we can freely place this factor in the operator product,

0’21,N(t = 0)
0
~ wlAy] gz [ as (TIN{ Sl fro 2 >(HN,b—z)—1jz,b,N}

1
— Trn {anFD(Z)(HN,b — 2) Y e T HNb)]Z,b,N}) :

We now evaluate the (time) integration:

‘ 0
/ ds e/s(ztw—Hyp) :[ (z4w) HN,b))ilels(”‘”’HNfb)}

—0

1

(i((z+w) —Hnp))

=i (Hyp—2—w) "

-1

and similar for f?oo dd gis(Hnp=(=w)) = (i(Hyyp —z+w)) . Where we note that for
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z € €, z % w cannot be in the spectrum for Hyp. This lead to the formula for oy, (0)

1721,N(t = 0) =

1 , . L
- w|AN]| %gdz (TrN {(_l) (Hnp — 2+ w) ! llrbrNﬂfFD(z)(HN,b —z) 1]2,b,N}

i 1. . 1.
— Try {EfFD(Z)(HN,b —2) YN (Hyp — 2z —w) ! ]2,b,N})

o o, o
= 2wl AN] ]ggdz fro(z) (TI'N {(HN,b z4+w)  jrpnHnp —2) ]2,b,N} 225
+ Trn {(HN,b —2) Yoo (Hyp — 2 — w) ! i2,b,N}>
Dealing with Dirichlet

Now we would like to get rid of the Dirichlet boundary condition. Let ¢ be a number
between 0 and 1, 0 < & < 1. We divide the central region, Ay, up into a N® unit cells

wide rim, A N, and a core part, a square, 2(N — N¢) + 1, unit cells wide, figure 2.1%

Figure 2.1: We divide the central region, Ay, up into a rim /:\N, NE unit cells wide, and a core part Ay,
2(N — N¢) 4+ 1, unit cells wide. 0 < e < 1

The different parts of Ay relate to each other by the formula:
/z\N = AN \ A N-
The number of sites in Ay is dominated by N2,

|AN|
N2
1Of course, it makes no sense to take a non-integer number of unit cells, so in practice, take the floor

of the number N¥. In the large N regime, which is the interesting case for this presentation, this makes no
difference in the limits we are to examine.

—0, N — oo,
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as a consequence of the choice of ¢, whereas the number of sites in Ay converge to 4N?:

1 1

_ NJE 2: 2 - -
(2(N = N) +1)2 = 4N (1 .

2
) — 4N?, N — oo.

Some auxilliary operators

To simplify notation and maximize readability, we introduce a shorthand for the charac-

teristic functions for Ay, Ay and A N:

AN ‘= XAns
XN = XAN’
AN = X3,

We now introduce a new auxilliary operator by the definition:
Apn(z) == An (Hp —2) 7 fn + v (Hon — 2) 7 A

We can express the resolvent (Hy, N — z) ! in terms of (H, —z) ! and different charac-
teristic functions, as a step towards taking the large N limit.
If we multiply Ay n(z) on the left by (Hp N — z), we have

(Hpn —2) Apn(z) = (Hpn —2) v (Hp — 2) 7' AN+ (Hon — 2) v (Hon — 2) 7 AN
(2.26)

Note that for large N, the nn-interaction property of Hy, n implies that (H, N — 2) N =
(Hp — z) Xn. Therefore, if we use this in the first term of formula (2.26), and then com-

mute (Hp, — z) and {n, we have:
(Hon —2) AN (Hp —2) 7 fn = [Ho, ] (Hy —2) 7 &N+ A (227)

Similarly we commute Hj, y and X in the second term of formula (2.26) to get:

(Hon —2) An (Hon —2) 7 An = [Hon, An] (Hpn —2) 7 Zn + A (2.28)
Combining, and noticing that fx + XN = XN, we have the expression for (2.26):

(Hon — 2) Apn(z) = xn+ [Ho, An] (Hy —2) 7' i + [Hon i) (Hon —2) 7' A

which is equivalent with (we off course choose z € p(Hy,), so (H, N — 2) is invertible...):

(Hpn—2) " an = (Hon —2) 7 = Apn(2z) — (Hon —2) 7' Byn(2), (2.29)
where we have collected the terms with commutators in the definition

By (2) == [Hy, in) (Hp — 2) " n + [Hon, An] (Hon —2) ' #ne
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Since we in the trace in formula (2.25) we only sum over Ay, in this trace we omit yn on

the left side of equation (2.29). If we therefore substitute

(Hon —2) " = Apn(z) — (Hon —2) 7 Byn(z),

into the formula for the off-diagonal part of the conductivity, formula (2.25), for z = z
and z = z £ w, we then get a lot off different terms. We claim that only one of these terms
contribute in the large N limit, that is the term:

1

- B 1. .  \-lo s
prmy| .%)dz fro(z) (TrN {XN (Hp —z+w) AnjniAN(Hp — 2) XN]N,Z}

+ Try {XN(Hb —z) " Anjnain (Hp — 2 — w)™! XN]'N,z}) .

The other terms all have factors of type fx (Hyn —2) ', [Hp, #n] or [Hpn, &n]. In the
large N limit terms having these factors vanish, which we explain in the following.

First three kind of junk terms

The xn (HpN — Z)f1 type factors:
By the trace permutation rule, it is enough to examine terms of the type

1 ~ 1 1
mTrN {XN (Hpn — 2) } o megN{. - Hx, x).

One example is

1 1s . - 1. .
AN Trn {(Hb,N —z+w) ' Anjrenin(Hp — 2) 1XN]2,b,N} : (2.30)

By the definition of j; ,, we have the kernel element for the first current factor given as
jip(x,y) = Hy(x,y)(y1 — x1)), where the zero-field (nn) Hamiltonian, Hy, is known to
be bounded. Similarly for jop, job(x, ) = Hp(x,y)(y2 — x2)). Now, we also know that
the kernel elements of the resolvent (Hy, N — 2) - decays exponentially and are bounded.
The sum defining the trace (2.30) is therefore absolutely bounded by the sum (by omitting

some characteristic functions, we can only add to the sum of non-negative numbers.)

) ' [(HN,N —z+ w)fl} (%, X )jron(x, x") [(HN — Z>71} (x", 2 )jopn(x

XE[\N
" "
x x x'€AN

!

,X)

" n

~Cof|x—X/| PV | Cap—CallX ="
< ) Ge @ Hy, (¥, x )|x; — x;|Cae™ Hy(x ,x)|x2 — x|

XGAN
momno,
,

x xX'eA
For N-independent constants C;, i = 1,2, 3,4. By using evaluations of the type
Hy (', x") | — x| < Csexp(—cgflx’ —x"[) |« =],

for constants Cs and Cg, and the sum rule Y e 2"n < Y e~ ", we see that all terms are
exponentially located, so each sub-sub for a fixed x € Ay is convergent and bounded,
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uniformly in N. This is supposing z and w is chosen appropriately - according to the
restrictions mentioned earlier. For each N we have finitely many sites in A to sum over,
so the sum converges, and even if the number of sites inside /:\N grow as N - N¢, this
number is dominated by the factor |Ax|~' & N~2, the crucial piece of information being
e<l:

< L (AN -Cst) 50, N = oo,

Trn {?%N (Hon —2) -+ } |AN]

‘ 1
[Anl
Therefore all these types of terms goes to zero in the large N limit.

The [Hy, | type factors:
Again, we can use the trace-permutation rule and need only look at terms of the type

|A1—N|TrN{[Hb,XN]"'}-

We introduce another subset of the central region, a band centered on the edge of Ay of

width 10 unit cells as sketched in figure 2.2, we denote this subset dAN. Now we claim

AN

Figure 2.2: 9Ay is a 10 unit cell wide band centered on the edge of Ay.

that for [Hy,, n]-type factors, it suffices to sum over dAy in the trace. This is due to the
equality
[Hp, In](x,y) = Hp (%, y) (An(y) — An(x)).

The factor (¥n(y) — fn(x)) is zero unless one of x or y falls in Ay and the other in An.
The nearest neighbour form of the Hamiltonian makes the matrix element Hy(x,y) be
zero unless both ||x — y|| is less than, say 2a (depending on the choice of hopping matrix
elements in the tb-model). This proves the claim.

Again the subsum of the trace-sum for each fixed x in dAy is absolutely bounded,
uniformely in N. (since we sum over kernel elements of an operator that is the product
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of exponentially almost diagonal operators). The number of sites in Ay grows as N
whereas we divide by a factor proportional to N2, so terms of this type must also vanish
in the large N limit.

The [Hp N, XN] type factors:
The reason why [Hy, N, Xn]-type factorsvanish in the large N limit is the same as for
[Hy, n] type factors (above), only with the band dAy (see figure 2.3) instead of dAy.

Figure 2.3: dAy is a 10 unit cell wide band centered on the inner and outher edges of An.

Removing more remainder terms

If a term has more than one of these first three types of “junk” terms, then it will vanish
even more rapidly as N increases. We are left with one term, given by formula (2.32). We
rewrite

in=1-1-xn),

and inserting this into (2.32), we have that the first trace of (2.32) is given by:

1 . 1oL . . 1.
T v (Hp — 24+ @) AnjienAn (Hp —2) 70 AnjosN
‘AN| D — N——

=ANj1pAN =ANj2b AN



Reducing the problem to the unit cell 31

We notice that
ANJ1b,NAN = ANj1bAN,
by same arguments as above, so we consider the trace

1
|AN|

X (L= (1= ) (Hy —2) 7 (1= (1= f)) janin |

T {n (Hy — 2+ @) (1= (1= fn))jup -+
(2.31)

this trace consists of the main term

1

B B 1. \—1:
\AN]Tr{XN(Hb z4+w) jip(Hp — 2) ]z,b}r

and remainder terms

B 1
|AN|

T {fn (Ho — 2+ @) 1 (1= i (Ho = 2) Yap p + -+
All the remainder terms have at least one factor of the type
1-Xn=1-xn+AN

where 1 — xn is the characteristic function of the complementary set of Ay. The terms
arising from Xn part can be brought to the form
1 5 ;)
——Tr{)(N(Hb—z—kw) X }
[AN]
which is a ¥n (Hpn — 2) ~! type factor, and vanishes in the large N limit.
The term arising from the 1 — xn part also goes to zero, because resolvent kernel
elements sanwiched between 1 — N and f{n is evaluated at pairs of sitepoints seperated
by at least N¢ unit cells, and therefore the sum terms are absolutely bounded by terms

with a factor of e=“N° which dominates the number of sites summed over( « N?2), so
terms of this type also goes to zero as N — co.

Reducing the problem to the unit cell

According to the above and formula (2.32), the only non-vanishing contribution to the

off-diagonal conduction element in the large N-limit isgiven by

1 - 1. 1. -
—— ¢ dz z) | Tr Hy, —z+w Hy —z
srwlinl b fep(z) < {XN( b ) jip(Hy —2) ]2,bXN} 032
+ Tr { in(Hp = 2) Y (Hy —2 = @) ' opin ) ) -
We now introduce further notational simplifications
Db (2) 1= (Hp — 2+ @) jip(Hp —2) Mo (2.33)

Dy, (Z) = (Hb — Z)fljlrb (Hb —Z— w)_l j2b (2.33b)
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So, using this notation, we wish to calculate the traces

S Y. Dy (xx2) Z Dy (x,%z (2.34)

’ N‘ XcAy xeA

By theorem and theorem, Dy, 1 (z) is a operator product of operators that all commute
with magnetic translations, so Dy, 1 (z) must also commute with magnetic translations.
This leads to the important lemma

Lemma 2.13. For x € Q), and v € ', we have that

Dpi(x+79,x+7vz) =Dp+(xx2).

Proof. Let -y be a fixed vector in I'. We calculate how the operator Dy, + 7y, « and Ty, Dy, +
transforms an arbitrarily chosen vector ¢ in ¢2(A) (nowing that the two calculations
should be equal since Dy, . commutes with 7;/7 ).

(DosTont) () = L Dos(xyi2)e PYVy(y ) (2.35)
with the definition x’ := y — + this is equal to
(PosTon®) () = L Dou( '+ y2)e "Iy () (2.36)
Calculating 7y, Dy, +- gives

(To4Dostp) (x) = "5 (Dyugp) (x )
—Zelb"’ Dy 1 (x — 7,25 2)p(x)
These equations must be true for all ¥, so taking ¢ = Sy for a fixed x € (), we have
Dy, (%, x,2)e"?EY) = eP9EYVIDy | (x — oy, x — 7;2)
and taking x = x we have the desired result. ]

Now it is easy to see, that we only need to take the trace over the unit cell, in the
trace (2.34):

™~ Y Dpi(xx2)+ 2 Dy, (x,x;z2)
| N| XAy xeA
the number of unit cells in A
= %Y (Do (x22) + Dy (x,52))

and the fraction in this is

the number of unit cellsin Ay~ (2(N — N¢) +1)2 1
= 5 —++—, N —= o
|AN] (2N +1)%Q2f) jol

so in the large N limit the off-diagonal conduction tensor element is given by:

(D) = 557 £, = fin(e) ¥ (P (wm2h) + Dy (xm2) @)
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PROOF OF THEOREM 1.1(2)

3.1 K-SPACE REPRESENTATION

We assume that the crystal potential is periodicin T,

(Voy)(y +x) = (Voy)(v+ B+ x). forall B €T.

We define 7" := ¢?(Q) and introduce
®
S = / A&k,
Q*
The linear space .7+ can be shown to be a Hilbert space [5], with the inner product

/Q* &’k Y flx k)g(x k).

xeO*

(subscript “F” for “Floquet”.)
We define the operator taking vectors ¢ in /2(A), ¢ having compact support, into
M4, U 1 (2(N) — H#, as the operation that satisfies

- Y exp(ik-y)p(x—v), keQ'xeQ, (3.1)

V|()*|7€F

We will now show that /2(A) and ./#; are isomorphic, because U has an unitary exten-

(Uy)(k,x) =

sion. We denote by ¢2(A) the vectors ¢ in £>(A) that has compact support.
Theorem 3.1. U defined by formula (3.1) has an unitary extension.

Proof. It can be shown that /2(A) is a dense subset of /?(A). For an arbitrarily ¢ € ¢2(A),
we examine |[|[Ugp||:

L (e D) (e Sk o)
logli= %(W% Px—7) mﬁzr plx—7)

(3.2)
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The integral [, d°k e=k-Yelk-B will give zero unless for v = B where it gives |()*|, we
thus have

Upli =Y Y pa@—npx—a) = l$lin,

xeQ yel
Therefore U has a unique extension by continuity to £>(A), and we denote this extension

also by U
The adjoint operator U* satisfies, for ¢ € ¢*(A) and f € #% .

(f, Up)p = (U'f, 9)2(n) - (3.3)

Now we want a explicit formula for U* f, f being sufficiently smooth and ()* periodic in
the k variables.
If, in addition, ¢ € EE(A), then the computation

<f,Uzp>F—/ &k Zﬂf Uy) (k, x)
= | &Y flkx) Y exp(ik - y)p(x — )

xeQ) V ’Q | yel
=L % (o) [ e mexp(-ik-m) ) pix—

vel xeQ

and the equality (3.3), indicates that the adjoint of U is given by
1
(U'f) (x =) = = [ &k, x) exp(ik 7).
VIO Jar

A computation similar to formula (3.2) shows that for ¢ € £2(A) and ¢ € ¢%(A) it is true
that

(U, Up)p = (¢, U"Ug) 2y
= (¥, P)(n)

We therefore have, for all ¢ in £>(A), that
(p, UUgp — ) () =0,
which indicate that U*U¢ = ¢ for all ¢ in £2(A), and therefore the extensions obey
U'U =1 (identity in £2(A)) (3.4)

For f € J#, f being sufficiently smooth and ()* periodic in the k variables, consider
Uu*f:

1k’)/
TQ M;r (U f)x—7)

_ Z ok y
V ‘Q*’ yerl V |Q*

(UU7f) (k,x) =

/ &k f(k, x)e*,



3.1. k-space representation 35

which is nothing but the Fourier series decomposition of f(k,x) ! . If we require f to be

sufficiently smooth, so that the Fourier inversion theorem holds, we therefore have

(UU°f) (k,x) = f(k,x),

and from this it follows that
UuU* = 1.

with the restrictions mentioned above.

The functions in /¢ satisfying smoothness and ()* periodicity are dense in .

The fact that U has a unitary extension on ¢?(A) and U* an extension on 7%, satisfy-
ing all of the above, can then be shown using continuity arguments. O

K-space representation of operators allows us to work with finite matrices when cal-
culating energy-levels and expectation values of observables. For instance,letH = T + V|
be an (hermitian adjoint. exponentially almost diagonal ? ) hamiltonian operator on A,
that commutes with lattice translations T, that is 7,H = HT,. The translation operator
transforms according to the rule (T, ) (x) = (x — 7). We can find the k-space represen-
tative of this operator as it must be UHU* : J% — J% 3. We examine how this operator
transforms an sufficiently smooth, Q)*-periodic f € J%

1
UHU"
(UHU" f) ( ; o

KV (HU*f) (x — )

Zr ﬁlﬂ KT (THUf) (04 2)
ye
1

<Y (HT,U'S) (3)

_ 1 ik OV (1 — x
—;m 7L (tenwpy - @)U - x)

Examine the kinetic term first.

Y e wa* KV Y Yt ) (U )(B+y—7)

yel Bel yeQ

=Y. ) txB+y) ), ez’k-(’)f+,3ﬁ)’(;| / * d2k’f(k’,y)e*ik/'(’)f*l3)

el yeQ) yer

— Z Z t X, ﬁ+y zk,B Zelk v-B) ’Q ‘ N dzk/f(k/,y)e,ik/.(ry,ﬁ)

Ber'yeQ yer

=Y Y tx prye®Priky), (3.5)

yeQ Ber

kinetic term potential term

x € Ok € QOF the fourier series of f(k, x)
is f(k,x) = Yeyer f(v,x)exp(ik - ), with the Fourier coefficient, f(y,x), given by f(y,x) =
Q|71 [ d%k f (K, x) exp(—ik - ).

2We want to be able to use Fubini’s theorem over and over - swapping integration and summation
orders.

3The operators UHU* : /% — % and H are said to be unitarily equivalent if U maps the domain of H
bijectively onto the domain of UHU* : ¢ — 4.

IFor f € ., sufficiently smooth, and x
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where we have used the Fourier expansion identity again in the last inequality. If we for

each k define the x, y matrix element, tg(k; x, y), in a [Q[ x || matrix tr(k), as

te(x,y;k) == Y Hax, B+ ) B,
per

then identity (3.5) kan be seen as a matrix product of the tp(k) matrix and a |Q)|-tuple

(f(klgl)/f(k/yJ/' o /f(kry‘m)):
(tr(k)f (K, ) (x) = ) tr(x, y; k) f (K, y).

yea B

Note on notation: In order to lessen the amount of subscripts, we use the same op-
erater name in both ¢2 and k-space, if there occurs a k in the variables of an kernel, for
instance a(x, y; k), then it is meant that this is a fiber in k-space, representing an operator
in £2 with the kernel a(x,y) .

The k-space representation potential operator, V), is a little more simple to find, be-

cause of the periodicity of vy:

(UVoU*f) (k,x) = Y &R Y (VoU ) (x — )

2
m
—~

K Yoo (x — ) (U F) (x — )

2
m
—~

K Y 00(0 + 2) (U f) (x — )
T

x)(UU"f)(k, x)
x)f(k, x),

I
D =
m

I
<

o
o
where 9 : (2 — C is the values vg can take on the unit cell. The k-space representation of

the potential operator is thus a k-independent multiplication operator. The full Hamilton
operator for a given k € ()* (the fiber) can therefore be expressed by the kernel

he(x g k) == Y eFTi(x — 7,y) + 00(x)8(x y). (3.6)
yerl

The common notation is

fany
ez

UHU® = / he(x, y; k) dk.
Qr =
We have used the calculation rule for the kinetic term of the Hamiltonian:
tx,y+7v) =tx—7y).

One can easily see, by inspecting formula (3.6), that the matrix i (k) inherits the property
of being self-adjoint from the operator T:

Hx—vy) =ty x—v) = he(xyk)=he(y xk).
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Energy bands

The spectral theorem [1] shows that for each k, hr(k) has a diagonal matrix with respect
to some orthonormal basis of £2(Q)) and thus have up to |Q)| distinct eigenvalues. These
energy eigenvalues defines the energy bands. We define the eigenvalue with the lowest
value to be ¢ (k), the eigenvalue with the second lowest value to be &> (k), and so on:

81(’() < SQ(k) <. < S‘Q‘<k>

The set of energies defined by
{E € R : thereexists a k € )" such that¢;(k) = E}

is denoted the ith energy band for i € {1,2,---,|Q|}. If the ith energy band and the
union of other energy bands is disjoint, then we say that the ith energy band is non-
degenerate. If this is not the case then we say that the ith energy band is degenerate.

A slight modification, more about operators periodic in T

Later we would like to find the k-space operator representing the discrete curret opera-
tors j; and jo, these operators will be defined later. To this end, we modify the transform
operator U defined by formula (3.1) slightly, introducing the new operator Ug:

Ur: O(8) 5 o, (Unp) (kx) = ) e R EVp(x— ), (37)

yel

forall p € £2(A)). The connection betwen the vector component (Ugp) (k, x) and the vec-
tor component (Upy) (k, x) is thus a factor e~ikX thatis Up is the operator product of U
and the multiplicative operator e~K-(). The inverse operator to e—ik-() . 2(Q) — 2(Q)
ik-()

ise , and the fact that this operator is unitary combined with theorem 3.1 implies that

Ur has an unitary extension as well.

Theorem 3.2. The operator Uy defined by formula (3.7) has an unitary extension.

Assuming a I'-translation invariant Hamilton operator H. Doing calculations much
alike the ones leading up to expression (3.5), it can be shown that for the transformed

Hamiltonian having the definition
UpH Uy : 7% — 4,
the fibers has the matrix element

EO(LZ/ k) = Z h(Ly—}—ry)e*ik'(Zflyfwl
Yyer

which has the alternate form
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We denote the fiber matrices, in the model of this presentation being 2 x 2 matrices, by
~ ho(xy, x; k) ho(xq, x,; k
ho(k) _ ~0(71 21 ) ~0(71 A2 )
ho(xp, 215 K) - ho(xp, x0; k),

where x; = (0,0) and x, = (41/2,0).
If we now differentiate the fiber with respect to the first component of k, k1, we have

d —ik-
Wh(z,y )= — Y e ET Y () 4y - y)h(x+7,y). (3.8)
yerl

The right side of equation (3.8) is the fiber of the transform of the operator
—i[Xy, H] = i[H, X4],

that is the commutator of the Hamilton operator (first component) and the position op-
erator - which is the current operator (x-direction). This shows that a way to work with
current operators, is basically to shift to k-space and differentiate a (finite) matrix. We
will use this technique later.

decomposition of the product of two I'-periodic operators

Suppose we have two operators on /2(A), A and B, both I'-periodic, and exponentially
almost diagonal. How does the product AB behave in the k-space representation?

We now show that there is no difference between taking the operator product in
L(£2(A)) or multiplying the finite fiber-matrices representing A and B in £(¢?(Q)). This
is a huge advantage when it comes to calculating products of operators! now we can
work with finite matrices!

Theorem 3.3. For I'-periodic, exponentially almost diagonal operators A and B, it holds that

(AB)(x,y;k) = ) a(x,x;k)b(x, y; k)
X'eQ

Proof. This is proven by straight calculation:

(AB)(x,y;k) = Y e F VY (AB)(x + 9,y)

yel
=Y e kexer-y) Y a(x+7,x)b(x,y).
yer XEA o

If we in the above sum decompose the site points x into Bravais lattice vectors and unit

cell vectors, x = 7y + x/, then we have, rearranging the order of summation a little:

(AB)(xyik) = Y Y & NEVYB B g piab(B+,y)
xX'eQ v, ﬁer

=Y Y ek xR B Yy g (B4 y),

x,GQ v, ﬁe]"
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where we have used I'-periodicity of A to rewrite a(x + v, +x') = a(x+ v — B,x').
Now in the last sum, two of the factors, eiik.(ﬁ Y and b(B+x, y) are independent
of the sumation variable . Furthermore in the other two factors e/X"®+7=B-%X) and
a(x + v — B,x’), vy only occur in terms of ¥ — B, and since < run through all of T and, we
can decouple the summing over 4/ = y — B and B:

(AB)(x,y; k) _ Z (Zeik'(“'y/x/)a(x—i— ,Y/’x/)) (Zeik(ﬁ-*-x’y)b(ﬁ_i_xl’y)) '
7 v \ 5 2 7

This is what we need to show the theorem. This theorem is reminiscent of how a con-

volution of two functions transform in to a product in k-space under the Fourier trans-
form. O

3.2 CALCULATING 071 (0) IN RECIPROCAL SPACE
the term independent of b

By setting b = 0, all the exponential factors in Dy, ;. (z) defined by formulae (2.33) vanish
and by inserting Dy + (z) in to (2.37), we have the part of 031 independent of b:

o21(0) = ﬁ f;g dz fep(z) Z(:) [(Ho —z+w) Yio(Ho —2) oo+ - (3.9)
+ (Ho—2) Yr0(Ho — 2 — w)—ljz,o} (x,%). (3.10)

One term in the trace sum consist of to products of four operators, each factor being
periodic in the Bravais lattice I'. The trace is therefore over operators periodic in I'. This
allows us to switch to k-space and take the trace over products of 2x2 matrices. We use
the modified Floquet transform. The resolvents like (H}, — z) ! are transformed into the
inverse of regular 2 x 2 matrices:

[(Hy —2)7"| (k) = (o(k) — 215)~!

The current operators we find simply by differentiating with respect to the proper com-

ponent of k = (kq,k»):
. N A ‘
]V(&y’ k) - akvh(llyl k)/

if we remember to use the modified Floquet transform throughout the calculations!

k-space representation of the crystal Hamiltonian

If we for a little while permit ourselves to working with column vectors, we can write
a matrix element of the crystal Hamilton operator fiber in the following form, using the

X +72-Y, Y,

modified Floquet transform:

fzo(g,y;k) = Z exp <—i [Z] )

yel

X1+
Xo+ 72
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notice the difference between the dot-product in the exponential term, and the comma in
the variable part of hp(x + v, y)...
If we fix the hopping inte?gral to having value 1 for nearest neighbours, hy(x, y) has
the form:
ho(x,y) = 0x1y,+0 0%y, + 0%y, 03y, + v(xl)éx,y, (3.11)

where the potential has the form

'U>0 IE]IOI
o(x1 =71 +x)= 0 m

7 1] = -
2
For fixed x and y, both belonging to the origo unit cell (3, evaluating the expression (3.11)

)
2B

involves nine non-zero terms of ho(x,y), x € A,y € O
o 0 , 0 _, o 0
O_ 0_
j:%l , 0 _1
0 | 0_
o]
)
- 0 -
Using the values, we calculate, for instance
flO 0 , 0 ; kl = Ze_i(kl')’l“'kzﬁ/z)ho m , 0
~ o 0 , 0 | ik 0 ’ 0 L ek 0 , 0
0|10 a| " |0 —az| |0
= v+ 2cos(kyay).

Making equivalent calculations for the other three matrix elements of ho (k), we have

o () 2cos(kap) +v ,2cos (klz‘”)
o 2 cos (klz’“) ,2cos(koay) '

:i:llz

=
o
VR
1
AgIeE
N

We see that all matrix elements are even, periodic functions of k,, v € {1,2}. The band
structure is found easily by finding the two eigenvalues of i (k):

1
A (k1,k2) = 2 cos(kaaz) + ; + 2\/02 + 16 cos? <k12al>’

which we will not use much, but they convey some information about the model. Letting
k vary over the first Brilluoin zone (2* we can find the energy bands.

We are now in a position to find the k-space fibers j, o(k) and so(z, k).

. ]
j10(k) = Tth(k)
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j20(k) = 872710(’6)
. —2&!2 Sil’l(kQaz) ,0
B 0 , —2117_ Sin(kzaz) ’

S()(Zo, k) = (ho(k) — Zo)_l, Zo € p(HO)
1 {2 cos(kaay) — zo , —2cos (kl%) ]

~ Det(z0,0) | —2cos (f1 ,2cos(kpan) +v — zg
2

Det(z,v) = (2cos (kaap) — zo) (2 cos (kaao) + v — zg) — 4 cos? (k12ﬂl> .

Notice that the matrix elements of j; o only depend on k; and is uneven in this variable,

likevise, the matrix elements of jo o only depend on k; and is uneven in this variable.
Constant term of 021 is zero

We now return to the b-independent off-diagonal term of the conduction tensor, and
consider the fiber of formula (3.10):

1

_ 1 2
o2(0) = . ff dz frp(z) X ok k- .-
<80 (x,2;z—w, k);{ﬁo (x,x"; k)so(x",x"; 2, k) f;;(flo (x",xk)+ - (3.12)
1 2
]

+so(x, 2’52, k) Wﬁo(g’,g”; k)so(x", 2"z + w, k) =—ho(x", x; k)) .
1

It turns out that 021 (0), given by formula (3.12) is zero. Consider the term:

J - 9 -
dkso(x, %'z — w, k) =—ho(x', x": K)so (2", %" 2, k) —ho (X", x; k).
| sl x ) Tl 2 K)so (2 ) ()
When integrating k; out, we integrate the product of three even and one uneven func-
tions on the interval (first Brillouin zone), which amounts to integrate an uneven function
7T T

overkj € [— a E]' This must return zero. The other term in formula (3.12) is zero by the

same line of reasoning.

That 073 (b = 0) is zero makes perfect sense, physically.

3.3 THE FIRST DERIVATIVE OF 0’21(19)
the term linear in b

Now we seek to isolate the terms in

on(0) = g f, 42 foe) I [P+ Dy (x9),
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containing b to the first power. Using the definitions of Dy, .+, we have

o1 (b) = ﬁ 7{0 dz fep(z) lg) [(Hb —z4+w) Yip(Hp —2) Yoy + - - e

+ (Hy —2) jip(Hy =2 — @) s | (x3),

We have two types of factors in Dy, +; resolvents like (H, — z) 71, and current opera-
tors j,p, v = 1,2. We discard the O(b?) -remainder term of equation (2.16) and subtitute

(Hp —20) " =~ Sp(20) — Sb(20)Kp (20)- (3.14)

into formula (3.13), isolating an expression containing the linear terms in b:

1
o211in(b) = P ]iﬁdz frp(z) X - - -

X Y [(Sp(z — w) — Sp(z — w)Kp(z — @) jip (Sp(2) — Sp(2)Kp(2)) jop + - -

xeQ

+ ((Sp(z) — Sp(2)Kp(2)) j1p (Sp(z + w) — Sp(z + w)Kp(z + w)) jop] (% %).
(3.15)

In order to keep track of the big picture when multiplying these operator products out,

we introduce some shorthand notation:

S 1= Sp(2),
S 1=Sp(z—w),
Sy = Sp(z+w),
SK := Sp(2)Ky(2),
SK_ :=8Sp(z —w)Kp(z — w),
SK4 :=Sp(z+ w)Kp(z +w)

For x € ), we need focus on the matrix element, with the new shorthand, suppresing

the integrals and sums a little while:

[(S— = SK-)jn (S = SK) jor + (S = SK) jup (S+ — SK+) jop | (2, %)

= [S.8—85_8K—SK_S+SK_SK+88, — 88K, — SKS, + SKSK4 | (x,x),
(3.16)

where we have suppressed the sandwiched j;;, and the ending j,; factor, common to all
terms.
Consider the factor SKC = Sp(z)Ky(z):

Sb(2)Kp(2)] (x,y) = Y ePXs (x,x1;2)elb?X"Y) (eibﬂ(x’,x”,y) _ 1) % ...
xlxTen

x ho(x!, x)s, (2!, y; 2).
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The fact that the summand contains the factor (eibﬂ(xl’xn’y) - 1) is crucial here, as the
b-independent part of this, using the power series expansion of the exponential function,

e* =Y 5 _ox"/n! =1+ x+ O(x?) is zero, and next term, linear in b is
( PbACLxy) 1) ~ ibﬂ(xl,xn,y)-

Thereby we see that all terms in (3.16) containing at least one of the factors SKC, SK_
or SK must vanish in the case b = 0. Furthermore, when can discard the two terms
SK_SK and SKSK 1, when isolating the terms linear in b, since these contain no term
of lower order than b?. The matrix element [Sp,(z)Kyp(z)] (x,) is in the first order ap-
proximation thus given by

[Sp(2)Kp(2)] (x,y) = Z eib"’(x'xl)so(x,xl;z)eib‘/’(xl'y)ibﬂ(xl,xH,y)ho(xI,x”)so(xH,y;z),

xIxeA
(3.17)

and we are down to considering 6 terms in the sum (3.16).

The S_S term

The matrix element of considaration here is

(S-S (x,x) = [Sp(z = @)j1pSp(2)j2p] (1, %), x € Q.

Isolating the b-dependence into exponential factors this is equal to

pibp(Xx!) I )eibo(xl 1)

so(x,x;z—w
xI’lexI”

We collect all the exponential factors

ibp(X,X") ibe(X',X") ibo(X",X") ibe(X" X ib(FL)
e’ e’ e’ e’

= ¢/t
with the definition
(FL) = 9(x, ') + (x', 2") + ¢(x", x") + 9(+", x).
The power series expansion of ¢! in powers of b is
e®®L) = 1+ ib(FL) + O(b?). (3.18)
It can be shown that

(FL) — ﬂ(& x// x//) + ﬂ(L x//, x///)

1 1
= 5 [ = ) = x3) — (0 — ) (1 — 2] + 5 [0 = 2 — x4 — (3 — ") (xy

. I I\, ibe(x! x!I 11 III. ibp(x x) - 111
jro(al, xI)ebe XX D gn (1L w11, 2) b X2 jo o (k11 x)
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Inserting this into formula (3.18) discarding all terms not linear in b we will make the
substitution

s P — )y~ 3h) — (o~ ) 2]
F 2~ ) (2 — ) — (o~ ) 1~ )]
= O~ )~ ) — (xh— ) —)] 4
D ) (2 — )+ (o~ ) (= ) — (o — ) 1~ 3h) — (o

2 — X2 x2—x2)(x§—x’1’

into the formula for [S_S] (x,x). (In the last sum, we make sure that only term of the

type (x!, — x/*1) occur in the expression). We have

+s0(x, x5z — w)

[S-S](xx) = i [(x) —x1)s0(x, 2’52 — w) (x5 — x5) j1o(x, &) so (¥, & 2)jo (&, x) + -
xI’xH’xllleA
— (= xp)s0(x, 2’52 — w) (x7 — &7 ) jro(x, &) so (", %" 2) o (2", x) +
+ (x5 — x3)s0(2x, %2 — w) j1o(x, &) (& — x{")s0(x", x"; 2) joo (0", x) + - -
— (21 —x7)s0(x, %2 — w) jio(x', &) (x5 — 13" )so(x", x""; 2) joo (0", x) + - -
+ ..

J
J
¥ — x)juo (¥, ") (x7 — x3") so (", x"; 2) jao (x"", x)
’ ) j20

(x1
—so(x, x5z — w) (x5 — x5)j1o(x, x") (x] — x{") so(x", x""; 2

Switching to k-space, we have that multiplying an operator-kernel a(x”, x"*1) with (
xﬁl) transfers into differentiating the fiber with respect to k,, v € {1,2}.:

1
i(x:’/_x£+1)a(xr/xr+l) — ’Q*| N 2k£a( r r+1’,k).

In k-space, we also again make the switch

L XXEA |Q*’ O
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Using this rule, we have

Y [S-S](xx) = Zi\l())*| Y /Q a2k . -

xeQ) xx! x!l xeq)
iso(x Xz —w, k)= 9 0 —ho(x, ¥ k)so(x",x"; 2 k)ifa (2", x k) +
ok, ok, ok, T =T T ok, d
— iso(x Xz —w, k) — I iIZO(x’ ¥ k) so(x", x";z k)iﬁo(x"’ xk)+---
ok, T ok, ok, T = ok, =
=0
—&—iso(x ¥z —w k)ih (x,x" k)iso(x X"z, k) =—ho(x", x; k) +
akz 727 7 akl =z 72 akl 4 7 =7 2 4 J
— iso(x Xz —w k)ifzo(x/ x k)iso(x” "z k)ih (x",x k) +
akl =7 7 4 akl A A 4 akz 7 7 7 akz 7 z7
+s0(x, x5z — w, k) iiEo(x’ x"; k) iso(x” "z k)ifl (x", x; k)
ok, ok, " 'T "7 9k, ok, T
=0
. i d = oy i a i” mo..
SO(x/x zZ—w, k) kl klhO(f/E /k)akZSO(E s /Z/k)akzh()(, IJk) ’

where two terms vanish as a consequence of our choice of model, the mixed second
derivatives of the Hamilton operator fiber /1y(k) is the zero matrix. In this way we can

calculate explicitly Y ycq [S-S] (x,x) when z,z + w lies in the resolvent set of H.
All terms in k-space

Using the method above, we can calculate the traces of S_SK, SK_S, §S4, SSK 1 and
SKS,, for a given z,z + w in the resolvent set of Hy, explicitly, by simply inverting and
differentiating known 2 x 2-matrices.

Written as matrix product in k-space, suppressing the k-dependence all the terms are
(also stating the S_S term in compressed notation):

b
2i |Q*[ O
tra {0250(z — w) 910119 s0(2) 92l9 — S0(z — w) 319171 9150 (2) D219
+0250(z — w) 1119 d150(2) Dol — D150(z — w) D19 Das0(2) D2ho }

trq {S_S}: d’k- -

b 2
21 ]Q*| oL

tI'Q {S() z— w) alflo So(Z) [azflo 8150(2) — alflo azso(z) ] azflo }

tro {S_SK} :

b
2]0*\ Q

tro {SO zZ— w) [azflo also(z — w) — alljl() azso(z — w) ] alflg SO(Z) 82150 }

tro {SK_S} : d%k- - -
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b 2

2i|Q*] Q*
trq {azso (Z) 8181% S0 (Z + w) 82130 — S0 (Z) alalflo 8150(2 + (/J) azljl()
—I—azso(z) alflo also(Z + w) azflo — als()(Z) alflo d250 (Z + w) azﬁo} .

tro {SS+}:

b

21']0*‘ O*
trg {SO (2) alflo so(z 4+ w) [azflo d150(z + w) — alflo 0250(z + w) ] 82130 }

tro {SSK,}: d%k- - -

b
trQ {8}CS+} : m / . d2k ..
tro {SO(Z) [azflo 8180(2) — alflo d250 (Z) ] alflo S()(Z + CU) azflo } ,

where we can see some of the “cross product component” f;9> — gf2g1 structure is inher-
ited from the definition of ¢(x,x’) = (1/2)(x1x5 — x2x}). Some terms, where the mixed
second derivative of /iy occur, has been omitted from the S_S and SS.. terms, since these
vanish in our nn. tb. model.

Collecting the terms

Collecting the terms, and inserting into formula (3.15), we have:

1 1
Oé1<0) - médz fFD(Z)sz/*dzk' c

tra {0250(z — w) 919119 50(2) 92h0 — S0(z — w) 9191719 9150 (2) 2o

+ 9250(z — w) 17 9150(2) D2hg — 9150(z — w) 1 D250 (2) D2hg

—s0(z — w) d1ho so(z) [02h09150(z) — 9151 9250(2) | 2h1g

—s0(z — w) [02h99150(z — w) — d1h19 d250(z — w) | d1hg s0(2) 2o (3.19)
+ 9250(z) 9101719 50(z + w) d2k9 — 50(2) 3101710 d150(z + w) Dol

+ 9250(z) 91719 0150 (z + w) d2hg — 3150(2) 3110 D250(z + w) dahg

—50(z) dhg so(z + w) [025199150(z + w) — dhg Daso(z + w) | D2l

— so(z — w) [02h00150(z — w) — 91719 250(z — w) | d1ho so(z) 2l } -

Which only contains known matrices and their derivatives.
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PERSPECTIVES

The method shown in this paper is not restricted to working on the simple model. The
model basically just simplifies the calculations to a minimum, while still not being totally
unphysical. In this last chapter we will outline some questions arising, which could be a
natural next step.

Actually calculating the first derivative of 0y, (b) with a result from which the inte-
grals can be calculated (probably using residue integral techniques for the path integral)
should be a first step. Extending the model to a tight binding model encompassing real
graphene (“honeycomb” lattice nn. tb. model) and comparing theoretical predictions
of the Faraday rotation with experimental results the next. The simplest tight binding
model for graphene that has a perpendicular choice of basic lattice vectors a; and ay,
would be using a unit cell with four sites, fig. 4.1.

Figure 4.1: a choice of a perpendicular set of basic lattice vectors for graphene. This model has four sites
per unit cell, |Q)] = 4.

Higher powers

The mehod allows for computation of the second dervative of o, (b) (relates to the “Cotton-
Mouton” effect) and so on. Laborous calculations should be expected, some mean of
simplifying the trace-expressions would be good.
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Second quantization

It would be interesting to imcoorperate the quantized fields into the model, ideally both
the light EM field aswell as the static magnetic field.

Self-consistence

Viewing the light EM field aswell as the static magnetic field as a single EM field, working
with only one vector potential, and one scalar potential. This single EM field should for

instance reproduce the experimental setting wherein Faraday rotation is measured.
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A.1 SELECTED RESULT CONCERNING BOUNDED OPERATORS ON A
HILBERT SPACE

Trace math

There are a few well-known tricks that we use so often, which we state here for com-

pletenes.

Theorem A.1 (Permutation rule for Trace). For operators A,B and C the trace is invariant
under cyclic permutations:
Tr{ABC} = Tr{CAB} (A.1)

Theorem A.2 (Trace-Commutator Rule). For operators A,B and C, we have

Tr{[A,B]C} = Tr{B|C,A]} (A.2)
On resolvents

Presented here are excerpts from Peter D. Lax [2], chapter 17.

Theorem A.3. Let L be a complete space of bounded linear operators on 7 (a Banach Algebra).
Suppose that K € L() is invertible; then so are all elements of L() of the form L = K — A,

provided that

1
[A[] < - (A3)
[l

Proof. We treat first the special case K = 1; we claim that all elements of the form 1 — B
are invertible, provided that
B < 1.

The inverse of 1 — B is given by the geometric series
Y B"=S5. (A4)
n=0

Since ||B|| < 1, the sequence of partial sums is a Cauchy sequence; since £(.#) is com-
plete, the series converges. It follows from the properties of the operator norm on infinite
series that a convergent series can be multiplied termwise: multiplying (A.4) on the left
by B, we get

BS:BiB”: in:S—]l,

n=0 k=1

from which it follows that (1 — B)S = 1. Similarly, multiplying (A.4) on the right shows
that S(1 — B) = 1. This shows that S is the inverse of 1 — B.

We now return to (A.3); we factor

K—-A=K(1-K!A). (A.5)
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Set B = K~ 'A; by submultiplicavity, and by inequality (A.3),
IB]| = KAl = K [[[|A] < 1.

Using (A.4), we invert (A.5):
(K—A)"=(1-K'A) HSES) (K‘lA)n K.
n=0

This proves that (K — A) is invertible. O

Corollary A.4. Consider the case of the inverse to (1 — B). The inverse exists if |B|| < 1, and
we can evaluate the operator norm of (1 — B)~1:

ad 1
< VB = .
LB = 1

Where the last equality is the known sum of a geometric series.

a-B)= LB

Definition A.5 (Resolvent set, spectrum). The resolvent set of A in 7 consists of those
complex numbers A for which Al — A is invertible. The spectrum of A consists of those A
for which A1 — A is not invertible. The resolvent set of A is denoted p(A), its spectrum

by o(A).
It is an important fact, that the resolvent set for an operator A is an open set.
Theorem A.6 (Resolvent set open). For a bounded operator A, p(A) is open.
Proof. Let zg € p(A). For an arbitrarily chosen z € C, the identity
A—z=A—-z0—(z—2) =1 —(z—20)(A —z0) (A —2)
show that if (A — z)~! exists, it must satisfy
(A-z2)'=(A—z) '(1—(z—20)(A—z) ).

Denote (z — z0) (A — z9) ! by N(z), the proof of theorem A.3 shows that if |[N(z)| < 1
then
(1 (z—20)(A~20)"") = (1-N(2))

is invertible. Now set § = 1/||(A — z9) !/, then
Iz —zol| <6 implies |[N(z)]| = Iz — zol[|(A = z0) '] <1, (A.6)
and therefore all z in the open ball ||z — zy|| < § must belong to p(A). O

Corollary A.7. Denote by dist(z,0(A)) the distance between z and o(A) ( dist(z,0(A)) is the
infimum of ||s — z|| over all s € o(A) ), then the implication (A.6) implies that

1

dist(z,0(A)) 2 77
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