Prediction of Traffic Patterns in
Bike Sharing Systems

&b

Master’s Thesis
Daniel B. van Diepen & Nicolai A. Weinreich

A

Aalborg University
Mathematical Engineering



Copyright © Aalborg University 2022

This project has been typeset in ITEX with figures produced in TikZ and Matplotlib unless
otherwise stated. Scripts have been made using Python 3.9. In case of stains, please note

the washing guidance below.

WA AR



AALBORG UNIVERSITY
STUDENT REPORT

Title:
Prediction of Traffic Patterns in
Bike Sharing Systems

Theme:
Data Analysis and Modelling

Project Period:
2021/2022

Project Group:
MATTEK10 1217a

Participants:
Daniel Bernard van Diepen
Nicolai André Weinreich

Supervisors:
Federico Chiariotti
Christophe Biscio
Petar Popovski

) v__
Copies: -1
Number of Pages:

Date of Completion:
June 3, 2022

Mathematical Engineering
Aalborg University
#http://www.aau.dk

Abstract:

The aim of this project is to analyse pat-
terns of usage in dock-based bike sharing sys-
tems in order to distinguish between different
types of stations with the end goal of being
able to predict the average daily traffic pat-
terns of stations based on spatial factors in their
The analysis is based on trip
data from bike sharing systems in New York
City, Chicago, Washington DC, Boston, Lon-
don, Helsinki, Oslo, and Madrid as well as other
data external to the systems.

service areas.

In the analysis, different clustering algorithms
are introduced to cluster stations based on the
shape of their average daily traffic patterns. It
is found that using k-means clustering with five
clusters yielded clearly separate types of traf-
fic patterns which are then related to external
spatial factors using a logistic regression model.
A strong relationship between station type and
spatial factors is found for all cities, and vari-
ations between the models for different cities
are related to differences in commuting culture
between cities. Average bike share demand for
each station is modelled using a generalised lin-
ear model with a logarithmic link function, and
coupled with the logistic regression model it is
possible to predict average traffic patterns with
reasonable precision.

Finally, in a case study of the Citi Bike system
expansion in autumn 2019, the demand model
is used to optimise station placement.
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This report is a product of the work of the authors in the 9th and 10th semesters of
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from September 2021 to June 2022. The authors would like to thank their super-
visors whose encouragement and guidance throughout the project period has been
invaluable in the development of the project. A special acknowledgement also goes
out to the many governing bodies who have embraced and driven the open data
movement and provided open resources which made this project possible.

As an aid to the project, the authors have also developed a dashboard application
which provides interactive visualisations of the bike sharing systems studied in project
and implements some of the core methods presented in the report. The source code
of all relevant scripts used in relation to the project as well as a link to the interactive
dashboard can be found at https://github.com/cykelholdet/superbike.

In conjunction with the project, the authors are planning to publish a paper
which sums up the most important findings in the project. The paper is intended to
be submitted to Transportation Research Part B. A working draft of the paper can
be found in Appendix E.

The referencing style used is the alphabetical IEEE-method with specification of
page numbers when relevant. Further information about the sources can be found in
the bibliography.

The figures in this project have been made using the TikZ package in IKTEX, and
using matplotlib.pyplot in Python 3.9.
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1. Introduction

In 2018, the United Nations projected that 6.7 billion people will be living in urban
areas in 2050 compared to 4.2 billion in 2018 [UN ]. One of the main challenges in
keeping such an urban growth sustainable is developing the transportation infrastruc-
ture to meet the needs of the growing population. If an increased population leads
to an increase in car-travel within the city, the road infrastructure will become more
strained over time, even with heavy investments in its expansion ad maintenance.
At the same time, private transportation of people and goods already contributes
disproportionately to environmental problems such as noise and air pollution [Eura].
Therefore, as stipulated in the UN sustainable development goal SDG 11, it is essen-
tial to the sustainable development of cities that city residents have access to high
quality public transport solutions [Uni]. By reducing car-dependence, cities can be-
come a more healthy and livable environment, and by improving sustainable transit
options, the mobility of city dwellers can be increased [Eura].

Sustainable urban mobility solutions come in many shapes and sizes, and each
mode of transport represents a trade-o between throughput and speed on one hand
and exibility on the other. Where rail transport favors throughput and speed, and
walking favors exibility, there is a niche with higher speed compared to walking and
higher exibility compared to rail transport which is lled by the bicycle. Cycling
provides a cheap, e cient and sustainable transportation solution, particularly when
coupled with accommodating infrastructure. However, because cycling ordinarily
relies on individual bike ownership it can sometimes be di cult to integrate with
other mobility solutions. One way for cities to integrate cycling with other mobility
solutions and simultaneously promote cycling as a sustainable alternative transport
method is by providing access to a bike sharing system.

1.1 Bike Share Systems

The inception of bike sharing is widely attributed to the "White bikes" initiative

of 1965 in Amsterdam which was a part the white plans aimed to address social
problems and make the city more livable. While the white bikes plan was mainly
used to provoke the establishment and promote discussion about social mobility, the
plan served as an inspiration for future bike sharing programs.
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Figure 1.1: Growth in number of bike sharing systems worldwide. The gure has been taken from
[DeM+21].

From the late 2000s and onward, advancements in information technology have
made implementing and managing bike sharing systems more feasible and cost-
ecient. This has led to a rapid expansion in the amount of bike share systems
worldwide. A recent report shows that around 2000 bike sharing systems are in op-
eration with a global eet size of more than 10 million bikes as of August 2021, see
Fig. 1.1 [DeM+21].

While technological innovation has made it possible to invest more in bike-sharing
system infrastructure, there are a number of factors which contribute to the growing
popularity of bike sharing.

From the perspective of city planners, bike share systems pose an interesting
solution as planners are faced with the demands of reducing emissions, decreasing
congestion and increasing the mobility of city residents all while dealing with the
constraints of a limited budget. A bike share system serves all of those demands
while being many orders of magnitude cheaper for the city to implement than other
mobility solutions. In some cases, cities contribute little more than the public land
for parking of bicycles. [Dad12]

Among the users of the bike sharing system, an important reason listed is conve-
nience. A well-functioning bike share system works well in tandem with other modes
of public transport, and is easy to integrate into the users' daily commute. The
pickup-and-go type system is convenient when covering distances which are too far
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to walk and too close to warrant other transportation options. One frequent use case
for bike sharing is to cover the distance between the origin of the trip and stations
for public transport such as a metro system. This is sometimes called the rst mile
problem. Conversely, bike sharing can also serve as a last mile solution to cover the
part of a trip from a public transport station to the nal destination. [ZQB19; MS14;
Yan+20b]

Research on the usage of bike share systems indicates that bike share trips mainly
supplant walking and public transport trips, and only to a lesser degree replace car
trips. However, if bike sharing is seen not in isolation but as one part of the urban
mobility arsenal, it can help increase the coverage and exibility of public transport,
making public transportation a more viable mobility solution for more people. [MS14]

Bike sharing systems can come in many avours with the two most popular being
dock-based systems where the bikes inter-lock with docking stations in xed locations,
and dock-less systems, also called free- oating systems, where bikes can be picked up
and dropped freely within a designated area. Both types of systems have advantages
and disadvantages both for the user but also for the operator maintaining the system.
Dock-less systems give the user more freedom in where they can place the bike at the
end of the trip, but this also means that bikes are more sporadically placed and can
block sidewalks and create clutter in the streets, while having a nearby bike at the
start of the commute may be less reliable. From the operator side, re-balancing the
system i.e. moving bikes around to make them more accessible can be more costly
when the bikes are not concentrated at set locations [PZ17]. In dock-based systems,
it is only necessary to re-balance between the docking stations, but there is also a
bigger planning aspect to this type of system in terms of where to put new stations.
Modern bike share docks get some exibility by being able to operate on solar power,
and installation is therefore as easy as bolting it into the pavement [NYCO09]. While
this makes setting up new docking stations cheap and easy relative to other types
of transportation methods, they are still an added cost and an added consideration
compared to dock-less systems.

1.2 Bike Share Planning

For the users of a bike share system, there is no problem of punctuality or frequency
like there is in a typical public transport system. However, a main performance
metric which a ects the users is whether docking stations are full at the destination,
or empty at the origin. Therefore, it is important that the system is balanced with
respect to how many bikes are at each station. There are three main dimensions in
which unbalance in the bike share system can be addressed [VGM11]:

Strategic decisions concerning the overall system network including the loca-
tion and size of bike share stations.
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Tactical design considerations where balance is built into the system by e.g.
providing incentives such as discounts to users who drop o their bike at sta-
tions low on bikes.

Operational relocation of bicycles by the operator, e.g. using a truck.

This project will mainly concern planning at the strategic level.

When making planning decisions concerning the strategic level, either for a new
bike share system or expanding an existing one, there are many factors which can
in uence the locations and dimensions of the new stations. In order to make the
best possible decisions about locations, it can be useful to apply what was learned
from existing systems. This can be done qualitatively by inspecting what works and
what doesn't, as was done by the New York City Department of City Planning where
they conducted a feasibility study for a bike share system wherein they looked at
data from the Parisian bike share system Velib' to get a general idea what kind of
tra c could be expected in a bike share system in a major city [New]. However,
in order to get a more detailed picture of what type and volume of trac can be
expected in di erent parts of a city, it is also possible to learn from existing systems
quantitatively. If detailed trip data is available from existing systems, this could
be used to make an accurate prediction of the expected tra ¢ at di erent locations
across a city.

Traditionally, obtaining detailed tra ¢ data could be di cult. However, in recent
years cities around the world have increasingly made their data available for public
use under open licensing terms. This open data movement has also been embraced
by public and private service providers, including bike share providers who publish
anonymised historical data on trips through their systems. The availability of open
data has sparked a rise in popularity of using data-mining and data-based modelling
of bike sharing systems to analyse behavioural patterns and inform decisions about
urban planning.

1.3 Literature Review

Because of the popularity of bike share systems, there exists a wide body of studies
concerning various aspects of bike share systems. One popular class of studies con-
cerns the relationship between di erent social and environmental factors and bike
share usage. For an extensive overview of these types of studies, we refer to the
review paper by Eren and Uz [EU20]. Other papers concern topics such as environ-
mental impact [ZM18] or system re-balancing strategies at any of the three planning
levels [Chi+20].

Of patrticular relevance for this report are those pertaining to three speci c types
of bike sharing problems, namely clustering, statistical modelling of station demand,
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and planning problems where optimisation methods are used to determine station
placement.

1.3.1 Clustering

Clustering is a class of machine learning algorithms which are used for categorising
a data set into a number of distinct subsets. In bike sharing, clustering is typically
used to classify stations into di erent categories based on the types of trips they
attract. Some stations might be the source of many commuters in the morning rush
hour, while other stations may have more leisurely trips spread throughout the day.
With the use of clustering methods, stations with similar temporal patterns can be
identi ed, which can be useful both for bike share system planning, re-balancing as
well as understanding urban mobility in general.

Di erent clustering methods have been applied on various bike share systems with
the aim of identifying common patterns. Between 3 and 5 clusters were identi ed as
an appropriate amount of clusters in the cities of Vienna [VM11], Chicago [Zho15]
and Paris [FAZ17], while one study found 8 clusters to be appropriate [CO14].

Clusters with di erent types of tra ¢ also commonly attract di erent types of
users, as evidenced by the correlation between cluster type and various demographic
data such as age and gender in Chicago in [Zho15], while [VM11] and [CO14] com-
pared the cluster types with visual examinations of the station surroundings.

Di erent approaches to clustering of bike share tra ¢ data include the determi-
nation of spatial communities of stations which are highly inter-connected [Bor+11],
the clustering of station occupancy data into temporal occupancy patterns [SLM15],
and the use of latent Dirichlet allocation to associate each station with one or more
categories [Co+14].

1.3.2 Trac Prediction

Being able to e ectively model and predict the trac in a system can be crucial
when planning to set up stations in a new area, whether establishing a whole new
system or expanding an existing system. Trac prediction is also important in
terms of forecasting when speci c stations need to be re-balanced such as to minimise
customer grievances when there are no available bikes or no space to park one. Thus,
in order to minimise customer dissatisfaction and thereby increase pro tability, tra c
prediction has been under intensive study in recent years.

One of the main goals of tra ¢ prediction is being able to identify key factors
which have a large impact on the demand [EU20]. The most simple models use his-
torical data from a station in the bike sharing system to forecast the future demand
of that station [Yan+16], although since this relies on prior data from the station,
the application of this is restricted to re-balancing purposes. Being able to associate
bike share usage with data external from the bike sharing system is far more inter-
esting in terms of planning of future endeavours. There are two dimensions to this
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problem: The spatial factors which relate bike share usage to thevhere and tempo-
ral factors which relates it to the when Statistical regression has been shown to be
e ective in both associating bike share usage with static spatial features such as the
land use of the surrounding area and city infrastructure [NSG19; NSG16; BB12] as
well as demographic factors [Yan+20a], and temporal e ects such as precipitation,
temperature and wind speeds [XC20] or some combination of both [FIE16]. Another
way to model station usage is by using a two-tier modelling approach, which rst
clusters the stations and then relates external data to each cluster [Hyl+18].

Dock-based systems also lend themselves well to graph-modelling with docking
stations serving as nodes connected by the trips between them. Graph modelling
has been shown to be useful for modelling the tra ¢ ow between stations in order
to predict demand [Li+19] or to aid more complicated models such as Long-Short
Term Memory (LSTM) neural networks [Yan+20b]. While neural networks may
not be geared to explain the relations between variables like conventional statistical
models, they are proven e ective at using both spatial and temporal data to predict
short-term demand [Ma+22] as well a incorporating more advanced types of data
such as tra c data from other public transportation systems [Zha+18].

1.3.3 Optimisation for Bike Share Planning

The location of stations is one of the essential bike share planning problems. By
establishing a set of candidate station locations as well as a suitable objective func-
tion, it is possible to use optimisation methods to obtain a con guration of station
locations which is in some sense optimal.

Factors which have been used in an objective function include maximising the
coverage of pre-speci ed points of high demand and points of interest by counting
the number of demand points covered by the bike share station con guration [CYI18;
AB21], as well as maximising the coverage of bikeway segments and population cen-
ters [CMF18].

Alternative factors which have also been considered include maximising bicycle
modal share in a simulated population using a genetic algorithm [Rom+12] and max-
imising the demand that is served within city zones [FR15]. Instead of maximising
desirable factors, another option is minimising undesirable factors, for example travel
distance to and from bike share stations to ensure that bike sharing is convenient for
as many users as possible [PS17].

In addition to the objective function, there is a variety of di erent constraints
which can be used to set up an optimisation problem. First and foremost is the budget
constraint. This can be expressed in di erent ways, either as the number of stations
to be placed, the number of bicycles distributed among stations or a combination of
both [CYI18; FR15]. Other constraints primarily concern either coverage of a certain
area such as being situated near a bikeway [AB21].
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1.4 Problem Statement

In the literature, the concepts of clustering and statistical modelling of bike share
trip data have been treated

However, there was found to be a certain lack of a combined analysis of trac
patterns using both clustering and modelling of demand. In addition, the analyses
in most of the studies are restricted to a single city. It is the opinion of the authors
that a discussion pertaining to the usability of tra ¢ prediction models between cities
could be informative in both about the generalisation ability of the models as well
as to identify di erences and similarities between cities in terms of bike share usage.
In order to narrow the scope of the project, the systems which will be analysed will
be entirely dock-based. The project will also be further limited to a spatial analysis
of tra ¢ patterns.

Based on these considerations, we have identied a problem statement which
builds upon the literature by answering the following question:

How can spatial information from a city be used to predict the shape and volume
of a station's average daily tra ¢ pattern in a dock-based bike sharing system, and
how does this di er between cities?

In order to answer the problem statement, we will rst present theory about
di erent clustering methods in Chapters 2 to 4, followed by measures for cluster
validation in Chapter 5. Then, theory about generalised linear models and logistic
regression will be shown in Chapters 6 and 7. Once the theory has been established,
the bike share trip data is presented alongside the data from other sources in Chap-
ter 8, while the approach for modelling the data is shown in Chapter 9. Theory and
data meet in practice in Chapters 10 to 12. Finally, a case study on the expansion
of the bike share system in New York City can be found in Chapter 13






2. K-means

Out of the many algorithms that may be used to classify a set of data points, one
of the most popular algorithms is the k-means algorithm. The k-means algorithm
is a partitioning algorithm, i.e. the goal of the algorithm is to obtain a partition of

a data set into k groups or clusters such that an objective function is extremised.
While the k-means algorithm is somewhat elementary, its ease of implementation,
low computational complexity and convergent property makes it a very attractive
and frequently used clustering method.

The k-means algorithm is a partitional algorithm meaning that the goal of the

1.G6;; j=1;:11k,
[k

2. G =D,
j=1
3.G\Cj =, i6].
One simple way of partitioning D is by de ning k representativesm 1;m;:::;my,

one for each cluster, and then assigning each data point to the cluster with the near-
est representative [Bis06, p. 424]. This in turn introduces the problem of how to
determine these representatives. Randomly choosing data points to act as represen-
tatives will probably not yield good clustering. However, iteratively updating the
representatives based on the data points in their cluster may yield better choices and
better clustering over time. This is the idea behind the k-means algorithm.

The k-means algorithm is classically derived by minimising the Sum-of-Squares
Error (SSE) objective function. Before minimising, we de ne the indicator variables

which x; 2 D is assigned to. More formally, we de ne [Bis06, p. 424]

( .
_ L ifxi2G;
0; otherwise
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The objective function to be minimised is then

_)@)(k

E = rijkxi mj kg (2.2)

i=1j=1

representing the sum of squared euclidean distances between each data point and
the representative of the cluster which the data point is assigned to. The objective
function needs to be minimised with respect to both the indicator variablesrj; and
the representativesm;. In practice, some data points are chosen as the initiamj .
Subsequently,E is minimised iteratively with each step consisting of two minimisa-
tions; one with respect to ther; keeping them; xed, and one with respect to the
m; keeping ther; xed [Bis06, p. 425].

The minimisation of E with respect to the rj; is relatively straightforward. Note
that the terms in Eq. (2.2) involving dierent i are independent, meaning we can

distance kx; mjk, is simply the one closest tox;. The rj which minimise E are
therefore the ones for which [Bis06, p. 425]

8
<1, ifj =argmin kxj mKk,;

rj = . 11k (2.3)
" 0; otherwise

Consider the minimisation of E with respect to the m; keeping therj; xed.
Note again that the terms in Eqg. (2.2) with dierent j are independent from each
other. Thus, for a specic j we minimise the sum

X
rijkxi mj kg (2.4)
i=1

which is a quadratic function of m;. Setting the derivative of Eq. (2.4) to zero yields
[Bis06, p. 425]

X
2 Fij (X mj): 0 (2.5)
i=1
which, when solving form;, yields
o ; rij Xi
mj = JT (2.6)
|

Note that P i i = jGJ by the de nition of rj . Thus, Eq. (2.6) is simply calcu-
lated as taking the average over allx; 2 G.

The two steps of calculating Eqg. (2.3) and Eg. (2.6) are repeated until some
convergence criterion has been ful lled. One possible criterion may be to de ne an
"> 0 and stop whenkm J-°'d mj”e""kz < " for two consecutive iterations of m;.
Another criterion may be to set a threshold on the number of reassignments ofj;
by Eq. (2.3). The algorithm has been well documented to converge, and we will also
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provide a justi cation in Chapter 3. However, global convergence is not guaranteed.
A pseudo-code of thek-means algorithm involving the discussed steps can be seen
in Algorithm 1.

Algorithm 1 k-means
Input: dataset: D = fx;g, nhumber of clusters: k

1: Initialise: mj;j =1;::5;K

2: while not convergeddo

3 fori=1;:::;ndo

4 Find J = argan kxi  mjKk,
1]

5 Assignx; to G
6: end for P
7 Upd.atemjzjqi_j oc Xi 1 =15k
8: end while
Output: k clusters

One critical aspect of the k-means algorithm is the initial choice of the represen-
tatives m;. Typically, the rst representatives are chosen randomly as either some
already existing points from the data set or as new randomly generated data points.
However, a preliminary search for good initial representatives can result in fewer
iterations being necessary for convergence as well as to avoid some local minima.

While the k-means algorithm is simple to implement and has a low complexity,
its e ciency is limited by the type of data to be clustered. For instance, the algo-
rithm performs well for data in well-separated and spherical clusters but if the data
clusters are elongated rather than spherical, the performance of the algorithm drops
signi cantly. This is shown in Fig. 2.1 where we have generated two types of data
and performed the k-means algorithm with initial representatives drawn randomly
from the data set. Both types of data contain two clusters of normally distributed
data points, but one data type is more elongated than the other. Despite the clusters
being clearly separated, the algorithm performs poorly for the data set containing
elongated clusters.

Another limitation of the algorithm is its use of the |,-norm as a measure of
dissimilarity between points. This again limits the type of data which is appropriate
to be used in the algorithm, and data where a di erent dissimilarity measure may
be appropriate is not guaranteed to be clustered correctly. However, by introducing
a more general dissimilarity measured( ; ) we can generalise th&k-means algorithm
by minimising the more general objective function [Bis06, p. 428]

X XK
E = rij d(xi;mj): 2.7)
i=1j=1
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Figure 2.1: Test of the k-means algorithm using randomly generated data for k = 2. The repre-
sentative vectors are shown in black.

The minimisation of Eq. (2.7) with respect to the rj; is the same as before. Each
data point should be assigned to the cluster with the most similar representative.
However, the minimisation of Eq. (2.7) with respect to the m; is more complex for
a general choice of dissimilarity measure and closed form solutions may be di cult
to determine [Bis06, p. 428]. In the absence of a closed form solution for a new
representative mj, a discrete search over all pointsx 2 C; may be made for this
representative. Thus, instead of consideringn; 2 RY like in the k-means algorithm,
we consider only points from the data set as valid representatives i.em; 2 D [Bis06,

p. 428]. These representatives are commonly called medoids and thus the algorithm
for nding them is called the k-medoids algorithm.

2.1 k-medoids

The k-medoids algorithm consists of two phases [KR0O5, pp. 102-104]. In the rst
phase, called the BUILD phase, the initial medoids are determined. The rst medoid
is chosen such that Eqg. (2.7) is minimised fork = 1. Thus, the rst medoid is the
data point which is the most centered in the data set. The subsequent medoids are
then chosen such that Eq. (2.7) is further minimised while keeping already found
medoids xed. This is continued until k initial medoids are found.
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In the second phase, called the SWAP phase, a swap of each medoid with another
data point is considered. For a medoidm; representing the cluster G, the cost
function is evaluated for all possible swaps ofn; with the points x; 2 Gj. This is
then done for every medoid and the pair(x;; m;) which yields the greatest reduction
in cost will be swapped such thatx; is the new medoid forG . Further swaps are then
done until some convergence criterion is ful lled. A pseudo-code of th&k-medoids
algorithm can be seen below.

Algorithm 2 k-medoids
Input: data set: D = fx;g, number of clusters: k

Choosem; 2 D such that Eq. (2.7) is minimised
end for
fori=1;:::;ndo

Find J = argmin d(x;j; mj)

j=1;:5k

Assign X Jto G
end for
Calculate current cost E
while E decreasesio
10; for j =1;:::;k and all x; 2 G with x; 6 m; do
11: Consider the pair (xj;mj)
12: Calculate the costE%if mj  x;
13: end for

14: Choose the pair(xi; m;) with the smallest EC

15: m; Xj
16: E EO
17: Reassignxi; i=1;:::;n

18: end while
Output: k clusters

As with the k-means algorithm, the k-medoids algorithm is best suited for spheri-
cal and well separated data. The SWAP phase also introduces a higher computational
complexity since it evaluates the cost of every possible swap. However, thHemedoids
algorithm does have advantages over th&-means algorithm. Other than being more
applicable for general dissimilarity measures, thek-medoids algorithm is also more
robust against outliers due to the objective function being a sum of dissimilarities
rather than a sum of squares [KRO5, p. 117].






3. EXxpectation Maximisation

One of the features of partitional algorithms is the fact that each data point is as-
signed to one and only one cluster. This hard classi cation of data points may be
appropriate for points which are close to the centers of the clusters, but for points
between clusters the assignment to one cluster over another may seem more arbitrary.
Instead of assigning each data point to a single cluster, we can assign the poikt
values, one for each cluster, which indicate how much the data point belongs to each
cluster in some sense. This type of classi cation is usually called fuzzy classi cation
[DHSO01, p. 1922]. In this chapter, we will provide a clustering algorithm which
provides this kind of classi cation.

Recall that the Gaussian distribution over a vector x 2 RY is de ned as [Bis06,
p. 25]
1 1 1
N(Xj ; )= ——————exp =(x T x 3.1
where 2 RYis the mean, 2 RY 9 is the covariance matrix assumed to be
positive semide nite and j j is the determinant of . Suppose that we are given
a data set X = [Xx1 X2 xn]" where each data pointx; is assumed to be
drawn independently from a Gaussian distribution. Through maximum likelihood
estimation, estimates of the parameters of the distribution can be found to be [Bis06,

pp. 93-94]

= ﬁizl Xi (3.2)
X
TS O (3.3)

i=1

However, suppose that we are given a data set like in Fig. 3.1. By visual inspection,
we see that the most of the data is concentrated in two clusters. If we assume that
the data points are drawn from the same Gaussian distribution as before, modelling
of this data set will fail to capture this clustered structure. Rather than assuming
that each data point is drawn from a single Gaussian distribution, we can assume
that the distribution is instead a mixture or superposition of multiple Gaussians.

15
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Figure 3.1: Clusterered data set.

Thus, we will assume that the data points are drawn independently from a Gaussian
mixture model with its density given by [Bis06, p. 111]

X .
p(x) = NG 5 ) (3.4)
j=1

where k is the given number of densities in the Gaussian mixture. In this context,
the densitiesN (xj ;; j) are called the components of the distribution while the
parameters j are called the mixing coe cients. Note that by integrating both sides

of Eg. (3.4) we nd that

[ =1 (3.5)

Since we also require thatN (xj ;; j) Oandp(x) O, we see from Eq. (3.4) that
i Oforall j. Combining this with Eq. (3.5) yields that

0O 5 L j=1:5k (3.6)

Thus, the mixing coe cients can be seen as probabilities. Indeed, the marginal
density of x is given by [Bis06, p. 112]

X
p(x) = p()p(xjj) (3.7)

j=1
which is equivalent to Eq. (3.4) with j = p(j) andN(xj ;; j) p(xjj). Therefore,
N (xj j; j) can be interpreted as the density ofx given the componentj while

is the probability of picking that component.

We will introduce a k-dimensional binary random variablez =[z; 2z z]"
where a particular entry z; is equal to 1 and all other entries are zero. Thus, there
are k possible states ofz according to the placement of the non-zero entry. We will
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call these possible variables latent variables. We will de ne the marginal distribution
of z using the mixing coe cients such that [Bis06, p. 430]

p(zi =1)= j=p(); =150k (3.8)
which is equivalent to

* o
)= (3.9)
=1

The conditional density of x given a particular value for z is given by
p(xjzj =1)= N(Xj j; j) (3.10)

which can also be written as

LK . |
p(xjz) = N(xj j; j)3: (3.11)
i=1

We note that by using Eg. (3.9) and Eqg. (3.11) we obtain [Bis06, p. 431]

X
p(x) = p(x;z) (3.12)

X

= p(z)p(xjz) (3.13)
X ¥ _

= PN ) (3.14)
z j=1 =1
X K _ .

= NG g5 ) ™ (3.15)
z j=1

= IN(Xj 15 )+ + kNXj «; «) (3.16)
% .

= iINGG 55 5) (3.17)

j=1

which is equivalent to Eqg. (3.4). Thus, we can formulate the Gaussian mixture model
using the latent variables. Since we have formulated the marginal probabilityp(x)
using the joint probability p(x;z), it follows that each data point x; has a corre-
sponding latent variable z; [Bis06, p. 431]. This provides an intuitive interpretation.
One of the Gaussians in the mixture must be responsible for the generation of;
and the latent variable z; provides that information. An obvious question would be:
Given a data point x is it possible to determine its corresponding latent variable and
thus which Gaussian it came from?

The key to answering this question lies in the conditional probability of z given
Xx. We will use (z) to denote p(z; = 1jx) which can be determined using Bayes'
theorem
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(z)= p(z =1jx) (3.18)
= Pas 1?0%121 = (3.19)
- IEJ(ZJ‘ = 1) p(xjz = 1) (3.20)

I=1 D(Zl_: 1) p(xjz = 1)

K1 NG )

We note that (z;) provides the posterior probability that x has been generated by
the j 'th component, while ; is the prior probability. We will call  (z) the respon-
sibility that the j'th component takes for explaining x .

For a given data setX , we will denote the corresponding set of latent variables
asthen Kk matrix Z =[z7 z» zn]". Recall that the data points in X are
i.i.d. In order to estimate the parameters of the mixed Gaussian distribution we aim
to maximise the log-likelihood function given by [Bis06, p. 433]

. X .
Inp(Xj ; ; )=In iN(ij 5 ) (3.22)
i=1j=1
X .
= In pN (i 5 4) (3.23)

Before maximising the log-likelihood we note that the derivative of Eq. (3.1) with
respectto is

@ N | 1 @ 1 -

@N (xj ; )= Wjjﬁ@em E(X ) (x ) (3.24)
= N(Xj ; )@@ %(x Yoo x ) (3.25)
= N(KXj ; )g %xT i+ T 1 T 1 (3.26)
=NKXj ;) %2 2 I (3.27)
=N ;) tx ) (3.28)

Using Eq. (3.1), Eqg. (3.21), and Eq. (3.28), the derivative of Eq. (3.23) with respect

to jIS
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@ . x© @ X .
—Inp(Xj ; ; )= —1I N (Xij | 2
@ np(Xj ; ;) .:1@1Pn B IN(Xij 5 1) (3.29)
0 22 K NG miom)
= Lpr — (3.30)
i=1 =0 INGG) 1)
XN i

SO rak L) (3.31)
izt 1= INXE) 5)

_ iN(XG 53 ) 1

=" g _ ki 3.32
o e NG o) ! > i) (3.32)
X 1

= (zi) ;i ) (3.33)
i=1

where (zj)= p(z =1jx;). Setting Eq. (3.33) to zero and multiplying by ; yields

X
0= (zi) ;'xi ) (3.34)
i=1
0= (zi )(Xi ) (3.35)
i=1
X
i (zj) = (zij )X (3.36)
i=1 i=1
1 X
== (Zy)Xi (3.37)

P

wheren; =~ [L; (zj) can be seen as the e ective number of points in the 'th
cluster. Thus, the mean of thej 'th cluster is estimated by a weighted average of the
data points with the responsibilities of each cluster being the weights. Through a
similar process, the maximisation of Eq. (3.23) with respect to  can be found to
yield [Bis06, p. 436]

1 X

N = - Zp))xi  Pxi )7 (3.38)

] i=1
which has the same form as Eq. (3.3) except with each data point being weighted
with the responsibility of its cluster.

When maximising Eqg. (3.23) with respect to the mixing coe cients j, we note
the constraint in Eq. (3.5) which needs to be taken into account. Thus, we aim to
maximise

L=InpXj ; ; )+ i 1 (3.39)
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where is a Lagrange multiplier. The derivative of L with respectto j is

@ @ . X
— L= — < . )
@jL @, np(Xj ; ; )+ . 1 (3.40)
X XK
= Q In IN(G) 5 )+ (3.41)
i=1 @J j=1 |
_ b4 5 N (Xij i i) . + - (3.42)

i=1 I‘=1 IN(Xi] 5 1)

Setting Eq. (3.42) to zero, multiplying by ; and summing overj yields
|

X N(Xij 5
0= P (i i i) + (3.43)
iz 1= NG ) |
P !
XK NG ;) X
= PJkl JN ' J. J + i (344)
i=1 =2 IN(Xi) s 1) j=1
=n+ (3.45)
which gives = n. Substituting this into Eq. (3.43) and rearranging yields
n= p N0l i) (3.46)
izt 1= IN(XGE o)
N o o
ng= p N ) (3.47)
izt 1= IN(XE) 5 0)
n;= (zjj) (3.48)
i=1
X n;
A= = Ly = -
P= (zjj) o (3.49)

i=1

Thus, the j'th mixing coe cient is found by taking the average responsibility that
the j'th cluster takes for each data point.

We note that the estimates of the parameters in Egs. (3.37), (3.38), and (3.49)
all require an estimate of the posterior probabilities which in turn is calculated using
the parameters. While the estimates are not in a closed form, they do suggest an
algorithm which iteratively estimates the responsibilities and parameters of the mixed
Gaussian. By initialising the parameters of the mixed Gaussian, we can estimate the
responsibilities by using Eq. (3.21) and then use these estimates to re-estimate the
parameters of the density. This will then be repeated until some convergence criterion
is ful lled. Typically, the convergence criterion is either based on the change of the
parameters between iterations or the change in log-likelihood given by Eq. (3.23).
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The resulting algorithm is called the Expectation-Maximisation (EM) algorithm.
The estimation of the responsibilities is called the E step while the estimation of the
parameters is called the M step. A pseudo-code of the algorithm containing these
steps is given in Algorithm 3.

Algorithm 3 Expectation-Maximisation
Input: data set: X , number of clusters: k

1: Initialise:  ;; j and j forj =1;:::7k
2: while not convergeddo
3 fori=1;:::;nandj =1;:::;k do
4: Evaluate the responsibilities:
N (X cn
(zi) P il i i) (3.50)
=1 IN(Xij 5o)
5: end for
6: for j =1;:::;kdo
7 Re-estimate the parameters:
X
i=1
1 X
. (zij )X (3.52)
) i=1
1 X
oo @i X a7 (3.53)
) i=1
n.
J. FJ (3.54)

8: end for
9: end while
Output: Responsibilities (z; )

One of the disadvantages of the EM algorithm is the amount of calculations
required in each iteration. The algorithm also requires more iterations before con-
vergence compared to less complex methods like the-means algorithm. However,
this relatively slow convergence time can be alleviated by initialising the algorithm
with good approximations of the parameters. For instance, it is typical in practice
to initialise the ; using means obtained from a prior application of thek-means
algorithm [Bis06, p. 438].

An application of the EM algorithm on the data set in Fig. 3.1 can be seen in
Fig. 3.2. In the gure, we have coloured each data point according to the respon-
sibility of each of the two components. For instance, if a data pointx; has the
corresponding responsibilities (z;) = 0:5and (z2) = 0:5, i.e. the point is in the
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Figure 3.2: Classi cation of data set in Fig. 3.1 using the EM algorithm.

middle of the two components, the point is coloured with equal amounts of blue and
red colour and thus appears as purple. This highlights one of the advantages of the
EM algorithm over other partitional algorithms such as the k-means algorithm which
provide a hard classi cation of each data point. Using a more fuzzy classi cation like
the EM algorithm yields greater insights into the uncertainty of the classi cations of
edge cases.

One of the main advantages to the EM algorithm is its broad applicability. We
have derived the algorithm assuming a mixed Gaussian density but the same deriva-
tion can also be done for other probabilistic models. For the rest of this chapter,
we will discuss the EM algorithm in a more general setting and justify the conver-
gence of the algorithm. While doing so, we will develop the primary steps of the EM
algorithm for a general probabilistic model of the data set.

Recall that we denote the set of all observed data points aX and the set of
corresponding latent variables asZ . Suppose that we know the corresponding latent
variable of each data point. We will then denote the setf X ;Z g as the complete
data set. In practice, Z is not known and we will thus call X the incomplete data
set.

Consider a probabilistic model which is parameterised by the parameter vector

. The aim is to maximise the likelihood function

X
pxXj )= p(X:Zj): (3.55)
Z

We will assume that the maximisation of p(X j ) is di cult while the maximisation
of p(X ;Zj ) is signi cantly easier. We will also introduce a distribution over the
latent variables and denote it asq(Z).

We will turn our attention to the log-likelihood In p(X j ) and make the following
decomposition
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Inp(Xj ) =In p(X | )XZ o2) XZ q(Z>Inq<Z)+XZ aZ)ngz)  (3.56)
a@)inpzix; )+xZ AaZ)n pZix ; ) (3.57)
:XZ aZ)np(Xj )+ aZ)NpZiX: ) aZ)naZ)  (358)
A2)mpEix: ) az)ine@) (3.59)
:XZ 4Z) Inp(Xj )+ pZiX; ) IngZ) (3.60)
@) np@ix: ) ina@) (3.61)
=XZ qz)in P ng(zz)jx; ) XZ q(Z)In p(ijé);) (3.62)
=XZ a(Z)In p();(;zz)j) , a(Z)In p(ZqJé);) (3.63)
=L(g; )+ KL (aip) (3.64)
where [Bis06, p. 450]
L(a; )=XZ azyn PO (3.65)
KL (qijp) = qu<2)|n e (3.66)

Note that the decomposition in Eq. (3.64) holds for any choice ofg(Z). The de-
composition in EqQ. (3.64) can be used to de ne the EM algorithm in general and to
show that the algorithm does indeed converge. We rst note that Eq. (3.66) is the
Kullback-Leibler distance between q(Z) and the posterior distribution p(ZjX ; )
which satis es that KL (qjp) 0 with equality if and only if q(Z) = p(ZjX; ).
Thus, from Eq. (3.64) we have thatL(qg; ) Inp(Xj )i.e.L(q; )is alower bound
of the log-likelihood function.

Suppose that we have a current value of which we denote °°. In the E step of
the algorithm we aim to maximise L (q; ©'9) with respect to q(Z ). Sinceln p(X j °%)
does not depend ong(Z ) we see from Eq. (3.64) thatL(q; °9) is maximised when
KL (qjjp) = 0 and will in fact be equal to Inp(X j °9). This is obtained by setting
qZ) = p(ZjX ; °9). In the M step, the lower bound is maximised with respect to
the parameters while holding q(Z) xed yielding new parameter estimates "V
UnlessL(q; ) is already maximised, its maximisation will lead to an increase in
Inp(X j ). Substituting q(Z) = p(ZjX ; °9) into Eq. (3.65) yields [Bis06, p. 452]
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X . X:Zj)

L(a; )= Zix; oyin P2 3.67
(@ ) p(Zj )In SZiX Oldx) (3.67)
= pZiX; inpX;zj) p(ZiX; NInpzjx; °9) (3.68)

X
= pZjX; inpx;zj) aZ)Ing(Z) (3.69)

Z Z
= Q( ; %)+ const. (3.70)

where the constant is the entropy of theq distribution and thus does not depend on
and

X
Q(; =" pZjX; ) Inp(X;Zj )= E . INP(X;Zj) (3.71)
z

is the expectation of the complete-data log-likelihoodln p(X ;Zj ) with respect to

the latent variables conditioned on the data and the previous parameter estimations
[Bis06, p. 452]. Thus, when we are maximisind-(q; ) we are actually maximising

the expectation Q( ; °9) with respect to the parameters which also justi es the

name of the algorithm.

Since g(Z) is held xed and was determined using the old parameter values
we have that q(Z) = p(ZjX; °9) 6 p(ZjX; "™"). Thus, KL (gjp) > 0 and by
Eq. (3.64) we see that the increase ifln p(X j ) is greater than the increase in the
lower bound. However, setting %94 = "% and repeating the E and M step it-
eratively will lead to a repeating maximisation of the lower bound and thus also
the log-likelihood until convergence. More formally, if Inp(X j ) is the maximum
of the log-likelihood then for any " > 0 there exists an iteration number such that
jinp(Xj ) Inp(Xj "™")j <". However, it is important to note that the EM
algorithm does not guarantee a global maximum of the log-likelihood. We will also
note that the k-means algorithm is a particular case of the EM algorithm (see [Bis06,
p. 441-444]), meaning that the previous discussion on convergence also applies to
k-means.

We will end by compiling the steps discussed above into a more general EM
algorithm.
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Algorithm 4 General Expectation-Maximisation

Input: data set: X
1. Initialise: initial parameters
2: while not convergeddo
3. Evaluate p(ZjX ; °9)
4: Choose "™ such that

old

new — arg max Q( : Old)

5: old new

6: end while
Output: optimal parameters

(3.72)







4. Hierarchical Clustering

Clustering algorithms such ask-means aim to divide a set of data points into a pre-

determined number of subsets and then iteratively update these subsets. In contrast,
hierarchical clustering works by iteratively merging points into subsets based on a
distance criterion, thereby obtaining a hierarchy of clusters. This means that clusters

obtained from the algorithm may contain one or more subclusters which in turn may

also contain several subclusters themselves [DHSO01, pp. 550-551].

The idea behind hierarchical clustering is relatively simple. In the rst step, each
of the points in the data set D is assigned to their own singleton cluster, yieldingn

next step the two closest clusters are aggregated into one cluster. As an example,
fx 19 and fx2g may be combined into the clusterfxi;x,g yielding n 1 remaining
clusters. This procedure is then repeated iteratively until k clusters remain. This
bottom-up approach is called agglomerative hierarchical clustering. A pseudo-code
containing the most important steps can be seen below [DHSO01, p. 552].

Algorithm 5  Agglomerative Hierarchical Clustering
Input: data set: D, number of clusters: k

1: Initialise: K n,G f xjgfori=1;:::;n
2: while k< K do

3 Find the nearest clusters, eg.G and G
4: Merge G and G

5: R R 1

6: end while

Output: k clusters

One critical aspect of Algorithm 5 is how to determine the distance between
clusters and thus how to determine the two closest clusters. Some commonly used
distances are [DHSO01, p. 553]:

27
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dmin (G;G) = ngrggozcj d(x;x9 (4.1)
Omax (G; G) = eré]%()gzcj d(x;x9 (4.2)
dag(GiG) = — d(x;x9 (4.3)

ninj X 2C; XOZC]‘
Omean (G;G) = d(mi;mj) (4.4)

wheren; = jGj andm; = & i x2C; X-

Note how despite being di erent, all distances de ned above require a measure
of distance between individual data points, which we have denoted ad(x;x9. Typ-
ically, this distance measure is de ned by thel,-norm i.e. d(x;x9 = kx  x%,, but
other de nitions may be more applicable depending on the data. If the data points
are in well separated spherical clusters, the choice of distance measure between clus-
ters does not matter as much, since all of the distances will usually lead to a good
clustering [DHSO01, p. 553]. However, the choice of distance measure can have an
important e ect on the results if clusters are close to each other or not spherical.

If dmin is chosen as the distance between two clusters, the hierarchical clustering
algorithm is sometimes called a nearest neighbour algorithm. A threshold for the
distance between nearest clusters may also be introduced as a stop criterion for this
algorithm. If that is the case, then the algorithm is called a single-linkage algorithm.
One drawback of the nearest neighbour algorithm is its handling of outlying data
points. Due to the distance measure, the algorithm may prefer joining two close but
otherwise separated clusters than joining a cluster with an outlying singleton cluster.
This is called the chaining e ect [DHS01, pp.553-554]. An illustration of this can
be seen in Fig. 4.1. Another problem with the nearest neighbour algorithm is its
complexity. For a collection of n d-dimensional data points the full complexity of the
algorithm is O(kn?d) assuming that the inter-point distances are calculated using
the I,-norm which has a complexity of O(d).

When dmax is used, the distance between two clusters is determined by the most
distant points in the clusters [DHSO01, p. 554]. Due to this, the algorithm is often
called the farthest neighbour algorithm. If a threshold on the distance between the
two nearest clusters is introduced as a stopping criterion, the algorithm is called a
complete-linkage algorithm. Unlike the nearest neighbour algorithm, the farthest
neighbour algorithm discourages joining close clusters together and instead may
favour adding outliers to clusters. Having a large threshold may result in few large
clusters while having low threshold may yield many smaller clusters. This distance
has the same complexity as fodmin -
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Figure 4.1: The chaining e ect on randomly generated data clustered using the nearest neighbour
algorithm. The dashed line represents the smallest distance and thus indicates the clusters to be
merged leaving one large cluster and two outlying singleton clusters. In this case, using a farthest
neighbour algorithm may vyield better clustering.

Both dmin and dmax present two extreme ways of de ning the distance between
two clusters and both measures may be sensitive to outliers. The two measurak,g
and dmean are both used as a compromise betweety, and dmax [DHSO01, p. 555].
Using dmean provides the least computational complexity. However, depending on
the choice of dissimilarity measure as it may be di cult if not impossible to de ne
the mean vector of the cluster and the dissimilarity between these means. In cases
like this, dayg may be more applicable [DHSO01, p. 555].






5. Cluster Validation

One of the most important choices in the design of clustering algorithms is how to
choose the number of clusterk. For up to 3-dimensional data, visual inspection
is the most straight-forward approach to nd a reasonable number of clusters. For
data of slightly higher dimension a dimensionality-reduction algorithm may be used
to project the data into a more visually friendly space. However, for high-dimensional
data visual inspection may be unfeasible and a heuristic-based method may be used
instead. Usually in practice, the clustering algorithm will have to be run several times
with di erent choices of k and each clustering result will be evaluated using some
prede ned measure. Thek which results in the best clustering in some prede ned
sense will then be chosen. An abundance of research has been done to nd measures
which assess the tness of the clustering. Typically, the types of measures developed
fall into one of the two categories below [JD88, p. 161]

External measures: The validity of the clustering is determined using a priori
information.

Internal measures:  The validity of the clustering is determined using only the data
itself.

We will primarily focus on internal measures since a priori information about the
data is rarely known in practice.

Figure 5.1: Generated clustered data.

31



32 Chapter 5. Cluster Validation

For this chapter, we will consider the generated data set in Fig. 5.1. The data
set was generated using a mixed Gaussian with three components, and by visual
inspection it also looks likek = 3 will result in the best clustering. We will use this
data set as an example to illustrate how the di erent measures respond for di erent
k. The data will be clustered using the k-means algorithm.

5.1 The Elbow Criterion

One obvious way to check the validity of the choice ofk is to compute the objective
function of the clustering algorithm after convergence and see how this value behaves
for dierent k. Recall that for the k-means algorithm, the objective function to be
minimised is

PUID'S
E = rij kX mjkg (5.1)

i=1j=1

wherem; is the average of the data points inG, and rj; indicates the assignment of
Xi.

The objective function in Eq. (5.1) is the sum of squared distances between each
data point and its nearest cluster representativem;. Thus, it is readily seen that
an increase ink will always lead to a decrease in Eq. (5.1) since the number of
representatives increases. Indeed, ik = n then E =0 by setting m; = x; resulting
in each data point having its own singleton cluster. However, havingn clusters does
not yield an interesting clustering result. A plot of the obtained minima of Eq. (5.1)
for dierent k can be seen in Fig. 5.2.

From the gure, we see that for k < 3 an increase ink leads to a sharp decrease
in the SSE. However, fork 3 this decrease is more stagnant. The point where there
is a signi cant change in the slope of the objective function is called the elbow of the
objective function and is typically used to determine the bestk for the data set. In

Figure 5.2: Sum of squares error fork-means for di erent k.
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this case,k = 3 seems like a good choice since choices of largedo not seem lead
to a signi cant decrease in the objective function compared to that betweenk = 2
and k = 3.

5.2 Davies-Bouldin Index

When deciding on the best choice ok, one needs to set a criterion which signi es
good clustering. Typically, the goal of a clustering algorithm is to obtain clusters
which are well separated from each other, while the points within each cluster are
close to each other. This intuitive idea leads to the formulation of the Davies-Bouldin
index. The goal is to de ne a general cluster separation measure using the intuition
from above. First, a dispersion measureS; = S(G) of a cluster G is de ned as a
function such that [DB79]

a) S(G) O
b) S(G)=0 if and only if x; = x| for all xi;x; 2G;.

Additionally, Mj; = M(G;G) denotes the distance between the clusters; and
G de ned using an appropriate distance measure. We denot®;; = R(S;;Sj;Mj;)
as the cluster similarity measure de ned as a function which satis es the criteria

a) R(Si;S;Mi5) O

b) R(Si;Sj;Mij) = R(Sj;Si; Mji)

c) R(Si;S;Mjj)=0ifandonlyif =S =0

d) R(Si;Sj;Mij) >R(Si;S;;Miy) if Sy = S and Mi; <M

e) R(Si;Sj;Mij) > R(Si;Si;Myy) if Mij = Mjy and §j > S,
The above criteria are satis ed if [DB79]

Rij = R(SiS;i My )= oo (5.2)
1)
From Eq. (5.2), we see that small dispersions within clusters and large distances
between clusters lead to smaller values oR;; . Thus, good clusterings are indicated
by small values ofR;; . For each cluster, its worst case separation measure can be
de ned as

Ri =max Rj;: (5.3)
j6i

Intuitively, this is the separation measure betweenG and the closest and most dis-
perse other cluster. The Davies-Bouldin index is then obtained by taking the average
of Eq. (5.3) over all the clusters [DB79]

DB = Ri: (5.4)
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Figure 5.3: Davies-Bouldin index for di erent k.

We note that due to the de nition in Eq. (5.3), the Davis-Bouldin index is only
dened for k 2. One of the advantages of the Davies-Bouldin index is its ability
to apply a broad range of di erent dispersion and distance measures. In the original
article by Davies and Bouldin, they chose the dispersion measure

1 X g O

qu x2Cj P

which is the q'th root of the g'th moment of the |,-norm between the data points in
G and the representativem, and the distance measure

Mi; = km; m; kpl (5.6)

Fig. 5.3 shows the Davies-Bouldin index for di erent choices ofk when clustering
the data set in Fig. 5.1 using k-means. We have used the measures in Egs. (5.5)
and (5.6) with p =2 and g = 1 which reduces Eg. (5.5) to the average euclidean
distance between the data points and their representative. As before, a lower Davies-
Bouldin index indicates better clustering which is seen fork = 3.

5.3 Dunn Index

For the Dunn index, the intuition is similar to the Davies-Bouldin index. The idea
is that we want small compact clusters and we want the clusters to be far apart. To
measure the compactness of a clustef , we can for some dissimilarity measurel( ; )
de ne [Dun73]
diam(G) = max d(x;Xx 57
(G) = max d(x;x) (5.7)

as the e ective diameter of G. We can also de ne the distance between clusters as

dist(G;G) = ercrilg)pozcj d(x;x9: (5.8)
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Figure 5.4: Dunn index for dierent K.

A measure of compact and separated clusters can then be de ned as [Dun73]
M Mg IS D)

D= .
lmjaxk diam(G)

(5.9)

The intuition is simple, the Dunn index is the ratio between the largest diameter of
a cluster and the smallest distance between two clusters. Thus, large values of the
Dunn index will indicate compact and separated clusters and thus a good choice for
k. The Dunn index can also easily be modi ed by replacing Egs. (5.7) and (5.8) with
more applicable measures. Fig. 5.4 shows the Dunn index for di erent choices d.
As seen from the gure, choosingk = 3 leads to the highest Dunn index.

5.4 Silhouette Index

The silhouette method is another way to determine the validity of the clustering.
The idea is that for each data point x; assigned to some clusteG we will determine
if G is the best "t" for x; relative to some other cluster. Due to this, the method
is only applicable fork 2. For some dissimilarity measured(x;x% we de ne the
measure [Rou87]

1

a(xi) = — d(xi;x9; x;2G (5.10)
1G] 1x02Cj X8 X
as the average dissimilarity between a data pointx; and all the other data points in
the same cluster. Note however that Eq. (5.10) is only de ned ifjGj > 1 and thus
is only applicable if the clustering does not contain singleton clusters. This will be
discussed later. We will also de ne the dissimilarity between a data pointx; 2 G

and a clusterG 6 G as

X
d(xi:G) = éj dixi;x9; x;2G (5.11)
X02C|
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Figure 5.5: Silhouette index for dierent k.

which yields the average dissimilarity betweenx; and all other data points in G.
This provides an intuitive measure of a data point's closeness to a cluster with nearer
clusters having a smaller dissimilarity measure tax;. In this sense, the nearest cluster
to x; (apart from the point's own cluster) has the dissimilarity

b(x;) = rcrllénqd(xi;Q); Xi2G: (5.12)

The measures in Egs. (5.10) and (5.12) provide an intuitive measure of the classi-
cation of a data point x;. If a(xj) < b(x;) then x; is on average closer to the
data points in its own cluster than the points in the second closest cluster indicating
a proper classi cation. However, if the opposite is true then this indicates a poor
classi cation. If a(x;) = b(x;), then we can not say for certain if x; belongs to its
own cluster or the second closest one. This leads to the de nition of the silhouette
score forx; 8
31 a(xi)=hxi); if a(xi) <b(x;)
s(xi) = SO; if a(xi) = b(xj) (5.13)
Cb(xi)=a(xi) 1 if a(xi) > b(x;)

From Eq. (5.13), we see that 1 s(xj) 1 with a higher score yielding better
clustering. We noted earlier that a(x;) is only de ned if the cluster containing x; is
not a singleton cluster. If there is a singleton cluster, we will sets(x;) = 0 [Rou87,
p. 56]. To assess the validity of the clustering, we simply take the average of the

silhouette scores
1 X
S= = s(xj) (5.14)
n._
i=1
which is called the silhouette index. A plot of the silhouette index for dierent k
when clustering the data set in Fig. 5.1 can be seen in Fig. 5.5. Here, we have de ned
d(xi;xj) = kxi Xjk,. As seen from the gure, the best clustering can be found for

k=3.



6. Generalised Linear Models

Generalised linear models are types of statistical models which can be used to explain
the relationship between statistical variables. They are able to model more complex
interactions such as non-linear relationships between the variables.

6.1 The Exponential Family

In generalised linear models, the data is assumed to be distributed according to a
probability distribution which belongs to a general family of distributions called the
exponential dispersion family. In order to de ne this family, we will rst present the
natural exponential family.

De nition 6.1 (Natural Exponential Family)

[MT11, p. 90] Let Y be a random variable which is distributed according to a den-
sity fy (y; ). The density fy (y; ) is said to be a member of the natural exponential
family of distributions if it can be written on the form

fv(y; )=cy)exp y (); 2 R (6.1)

with () being the cumulant generator.

The representation in Eq. (6.1) is called the canonical parameterisation of the
family, while is called the canonical parameter belonging to the parameter space
. The cumulant generator is important as together with the support of fv (y; ) it

characterises the distribution.
With the addition of another parameter, we can de ne the exponential dispersion
family.

De nition 6.2 (Exponential Dispersion Family)
[MT11, p. 90] A family of probability densities which can be written on the form

fy(y;s )=cly; Jexp y () (6.2)

is called an exponential dispersion family of distributions.

37
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The parameter > 0is called the precision parameter of the index parameter. It
can be seen that by setting =1, Eq. (6.2) is equivalent to Eq. (6.1). Thus, densities,
which are part of the natural exponential family are also part of the exponential
dispersion family with =1,

Examples of distributions which are members of the exponential dispersion family
are the Poisson distribution, the Gaussian distribution and the binomial distribution.
For the parameters of these distributions we refer to the table in [MT11, p. 96].

An example of a distribution belonging to the natural exponential family is the
Bernoulli distribution de ned by the density

fvyid=p@ o'’ (6.3)

wherep(Y =1)= gandp(Y =0)=1 . To see this, we rewrite Eq. (6.3) as
fvyi= (@ o (6.4)
—exp In (@ gtV (6.5)
=exp viIng+(Q y)In(2 0 (6.6)
=exp yIng In1 g +In(1l q (6.7)

_ q

=exp VYyin T g +In(1 0 (6.8)
= ex In 1 (6.9)
where =1In gX1 ¢ and the cumulant generator is expressed in terms of| by

In 1=(1 q) . To express the cumulant generator in terms of , we note that

| q

=In 1 (6.10)
_ 9
e = 1 q (6.11)
e eqg=g (6.12)
e =qgl+e) (6.13)
q= lf ~ (6.14)
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Substituting Eqg. (6.14) into Eg. (6.9) yields

feyi)=exp y I (6.15)
1 we
1+e '

=exp y In 1+e o (6.16)

=exp y Inl+e (6.17)

=exp Yy () (6.18)

where

()=In 1+e : (6.19)

Therefore, the Bernoulli distribution is a member of the natural exponential family
and thus also the exponential dispersion family with  =1In g1 q), =1,
c(y) =1 and the cumulant generator given by Eq. (6.19).

The cumulant generator is particularly interesting, as the properties of the expo-
nential dispersion family depend on the cumulant generator.

E[Y]= ) (6.20)

Var[Y] = )

(6.21)

However, the variance also depends on the precision parameter. Therefore, we
introduce a concept which is related to the variance of the distribution but which
does not depend on the precision parameter. In order to do so, we de ne the function

()= %)= ElY] (6.22)

which maps the canonical parameter from the parameter space into the mean
value spaceM .

Using this function and the properties of the exponential dispersion family, we
de ne a function which is related to the variance but only depends on the mean value
of the distribution.

De nition 6.3 (Variance Function)
[MT11, p. 92] The variance function of the mean value of the distribution is de ned
as

V()= % () (6.23)

where = E[Y].
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The variance function is also called the unit variance function as it will be used in
the de nition of the unit deviance. Note that the variance function of the distribution
should not be confused with the variance operator which yields the variance of the
distribution.

As seen in the de nition of the variance function, the mean value parameter
together with the variance function characterises the exponential dispersion fam-
ily. Therefore, the variance function together with the mean value parameter can
be seen as an alternative parameterisation of the exponential family, yielding two
parameterisations each with their own advantages.

The advantage of 2 s that it resides on the real line, while 2 M can be
directly measured as the mean and compared to measured values.
These two parameterisations are related by the so-called canonical link function

De nition 6.4 (Canonical Link Function)
[MT11, p. 95] The mapping between the parameterisations and which is the
inverse of Eq. (6.22)

= ) (6.24)

is called the canonical link function.

In general, the mappingg( ) from the mean to another parameter is called a link
function.
6.2 Generalised Linear Models

Based on the de nition of the exponential dispersion family, we can de ne the gener-
alised linear model which is able to model random variables following an exponential
dispersion model. When working with generalised linear models, we will use the link
function as a mapping from the mean value to a linear predictor = g( ).

De nition 6.5 (Generalised Linear Model)

Y, ED ;V(i)=i,; i=1;2:::;n (6.25)

where ED ;V( i)= i is an exponential dispersion family distribution with
mean parameter ; and precision parameter ;. In addition, let the variance
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function V() be the same for all Y;, and de ne the linear predictor =
[1 2 n]" such that

i=9(i); 1=1;2::5n (6.26)
where g is a link function.

subtracted with known o set values  belongs to a linear subspacg., i.e.
Ho : 02L (6.27)

whereL is a linear subspace oR" of dimensiond.

There are thus multiple elements which need to be speci ed in order to obtain a

bility distribution in the exponential family which it is hypothesised that the random
variables follow, the link function, and the linear predictor

The linear predictor is related to a d-dimensional coe cient vector  via vectors
for concrete observations called model vectors. We let the model vector for th&th
observation be given axj =[Xj1 Xij2 Xig]". The matrix obtained by collecting
the model vectors is called the design matrix.

De nition 6.6 (Design Matrix for Generalised Linear Model)

[MT11, p. 99] Let the n d matrix X have rows consisting of model vectors
X =[x1 X2 xn]" and let the subspacelL be spanned by the columns oiX
such that the hypothesis in Eq. (6.27) can be written as

=X ; 2RY (6.28)

where X has full rank. The matrix X is then called the design matrix.

In other words, a generalised linear model stipulates that the mean of the obser-
vations of the random variablesY can be modelled by a transformation of a linear
relation between the design matrix and the coe cients in

=g X ) (6.29)

or equivalently
=X =9() (6.30)

with the oset = 0.
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6.3 Signi cance Tests

Upon determining the coe cients of the model, we wish to assess the signi cance
of the determined coe cients. This is done by statistical tests following a general
structure which is applicable to generalised linear models.

The process of determining the signi cance of the model and the coe cients
therein follows a pattern as follows

1. Formulate a su cient model by including all of the parameters as terms in the
model.

2. Test whether the model can be reduced to the null model, i.e. whether we can
reject the null hypothesis. If the null hypothesis can be rejected, we know that
at least some of the parameters are necessatry.

3. Test whether the model can be reduced by eliminating terms which are not
signi cant.

4. Analyse the residuals in order to validate the model.
The test which is used for model reduction is the likelihood ratio test. We rst

de ne the likelihood ratio.

De nition 6.7 (Likelihood Function)
[MT11, p. 14] Given the parametric density fy (y; ) with parameter vector 2 ¢

for the observationsy = [y1 V2 yn]" the likelihood function for is the
function

L( sy) = clynya:inyn)fy (Yo yziiiiiyns ) (6.31)
where c(y1;Y2;:::;Yn) IS a constant.

De nition 6.8 (Likelihood Ratio)
[MT11, p. 26] Consider the null hypothesisHg : 2 ¢ against the alternative
Hi: 2 n owith ¢ , wheredim( o) = m anddim()= d.

sup , ,L( 1y).

)= sup , L( ;y)°

(6.32)

For each distribution in the exponential family, the unit deviance d(y; ) is given
based on its variance function.
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De nition 6.9 (Unit Deviance)
[MT11, p. 93] Given an observationy and a parameter value , the unit deviance
function is given as

%Yy
Dl )= g (6.33)

where V() is the variance function.

Using the unit deviance of the distribution and the weights if any, the residual
deviance can be de ned.

De nition 6.10 (Residual Deviance)
[MT11, p. 105] The deviance of a distribution in the exponential family with weight
parametersw;, means ; and observationsy; for i =1;2;:::;n is given as

X
D(y;™) = wD(yi; ™) (6.34)
i=1

where " is the maximum likelihood estimate of ;.

These de nitions are used in the likelihood ratio test.

Theorem 6.11 (Likelihood Ratio Test)
[MT11, p. 111] Let 2 R" be given as a transformation of the mean values

dispersion model with the dispersion parameter 2 = 1 such that
i=9g(i); i=1;2:n (6.35)

and let L be ad-dimensional linear subspace oR".
Assume that the generalised linear model

H,: 2L R (6.36)

holds with L parameterised as = X 1 ;.
Consider the hypothesis

Ho: 2Lo R" (6.37)

where = X gandm<d, with the alternative H; : 2 L nLy.
Then the likelihood ratio test for Hg has the test statistic

2log (Y)=D o( o) 1( 1) (6.38)
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where D is the deviance statistic, and o and ; are the mean function underHg
and H1 respectively.

When Hy is true, the test statistic D ¢( o); 1( 1) willasymptotically follow
a 2 2(d m) distribution.

When performing a likelihood ratio test in practice, we can thus compute the
deviance statisticD o( o); 1( ;) and compareittothe 2 2(k m) distribution.
Typically we are looking for a 95% signi cance level, which means that if the deviance
is in the tails with probability 2.5% on either side of the distribution, we can reject
Ho with 95% con dence.

The deviance statisticD  4( ¢); 1( 1) can be determined via the Pythagorean
relation

D o 0 2( 1) =Dy; ol o) +Dy; 1( 1) (6.39)

relating the deviance statistic with the residual deviances, i.e. the deviances of the
means relative to the observations. [MT11, p. 112]

6.3.1 Goodness of t

Recall that the rst step in determining the signi cance of a generalised linear model
is to formulate a comprehensive model termed the su cient model by including all
the available parameters as terms in the model. After formulating a su cient model,
we can test the goodness of t in order to determine whether it is possible to reject
the null hypothesis. [MT11, p. 112]

The goodness of ttestis a Likelihood Ratio Test where the full model, allowing
each observation to have its own mean, is compared with the null hypothesis. That
is, let Hiy : 2 R"andHg: 2L RYwith L parameterised as = X g .

Since we let each observation have its own freely varying mean value, the residual
devianceD(y; 1)) is 0. Therefore, by Eq. (6.39), the deviance statistic is equal to
the residual devianceD y; o( o . By Theorem 6.11, whenHg is true the deviance
statistic is distributed as ?(n  d) assuming that the dispersion 2 =1.

The residual deviances are sometimes alternatively referred to as the goodness of
t statistics. In that case, the goodness of t statistic of the model under hypothesis
Ho is denotedG?(Hg). The partitioning of the deviance in Eq. (6.39) is then denoted
as

G*(HojH1) = G*(Ho) G?*(H1) (6.40)

with G2(HojH1) = D o( o); 1( 1) being interpreted as the goodness of t statis-
tic of Hg conditioned on H; being true. [MT11, p. 113]

The goodness of t statistics can be represented in an analysis of deviance table
as seen in Table 6.1. In the table, the deviances of the model and the residual are
laid out alongside their degrees of freedom and mean deviance. In addition, we show
their interpretation as goodness of t of the hypotheses.
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Interpretation as

Source f Deviance Mean Deviance
goodness of t

D ; )
Dy,
Residual (Error) n kD y; 4( 1) w G2(H))
Corrected total n 1 DWY; ru) G2?(Hnun)

Table 6.1: Analysis of deviance table for the model H; compared with the minimal model Hny .
f indicates the degrees of freedom.

From the goodness of t interpretation it is seen that the deviance of the resid-
ual indicates whether the model can be maintained at all by comparing it with the
percentiles of the 2(n k) distribution. Upon determining that the model can be
maintained, it can be examined whether the null hypothesis can be rejected by com-
paring G(HnuijH 1) with  2(n k). By rejecting the null hypothesis of a model, the
model H; has been established as a su cient model. Subsequently, we can investi-
gate whether the su cient model can be reduced to a model with fewer parameters,
thereby determining whether the terms in the su cient model are necessary. [MT11,
p. 115]

When the model has been determined to be su cient, the parameters can be
investigated to determine whether they have a statistically signi cant e ect on the
model. This is called model reduction. Model reduction can be done by performing
a likelihood ratio test between two models at a time. If the aim is to see whether
one speci c parameter should be included in the model, a likelihood ratio test can
be performed between the model including this parameter and the model without.

6.3.2 Wald Test

For generalised linear models, it is also possible to perform inference on the individual
parameters of the model directly without the need to perform successive likelihood
ratio tests. The method which is commonly used is termed the Wald test

Theorem 6.12 (Wald Test)
[MT11, p. 116] Let the hypothesis be given such that the parameter j has a speci ¢

value, thatis, H : j = ¢j. The hypothesisH is tested by the test statistic
N
u = 4—21 (6.41)
N2AN..

]

where "2 indicates the estimated dispersion parameter, while j; is the j'th di-
agonal element in the dispersion matrix *. If the hypothesis H is true, uj is
approximately distributed as a standard normal distribution.
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Proof.
Omitted. The proof involves determining that ’\J is a ML estimator, which by
Theorem 2.4 in [MT11] under some regularity conditions is normally distributed.

The test statistic u; can be compared to the quantiles of a standard normal
distribution and rejected for large values ofju;j.
Speci cally, the hypothesis Ho : j = 0 for whether a parameter can be omitted

gives the test statistic
N
U = g——: (6.42)

N2A..
J]

The p-value can then be found asp = 2 1  ( ju;j with  being the probit
function. The p-value is a mapping of the test statistic into the range 0 to 1, signifying
the probability that the observations follow the null hypothesis. Thus, with a low
p-value, we can reject the null hypothesis.

Equivalently, the test can be done using the test statisticz; = uj2 which can be
rejected forz; > %



/. Logistic Regression

The logistic regression model has a rich history in statistics. From its rst devel-
opment in the mid 20th century [Ber44] many re nements have been made to the
model [Cox58] and its usefulness in classi cation has been well demonstrated over
time. In its simplest form the logistic regression model is used as a binary classi er,
but several extensions have since been made to the model such as the extension to
data with multiple classes [The69].

In this chapter, we will present the method of logistic regression and its uses in
classi cation. We will start by considering classi cation of data consisting of two
classes and afterwards extend the problem to multiple classes.

7.1 Binary Logistic Regression

For a d-dimensional data point x belonging to one of two classe€§; and G we aim to
classify the point to the correct class. The idea in logistic regression is to compute the
posterior probability p(Gjx) based on the class conditional probabilityp(xjC;) and
the prior p(G) using Bayes' Theorem and then make a decision based on these prob-
abilities. This probabilistic view of classi cation is also used in fuzzy classi cation
algorithms such as the EM-algorithm discussed in Chapter 3. The di erence however
is that in fuzzy classi cation p(xjC;) and p(C,) are estimated iteratively by improving
the classi cation of each data point, while in logistic regression the relation between
the posterior probabilities and the features of the data points will be modeled using
prior data with known classi cations. Assume that we have a d-dimensional data
point x with an unknown classi cation. We de ne the label corresponding to x as

(
1, if x 2Cy;
= Do (7.1)
0, ifx2¢C:

Since the label is unknown, we can model it as a random binary variable following
a Bernoulli distribution

p(l) = p(Cijx)'p(Gjx)* ! (7.2)
= p(GiX)' 1 pGx) (7.3)

47
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with the posterior probability p(Gjx) as the parameter. By the Bernoulli distribu-
tion, the expected value ofl will also be p(Gjx). From Bayes' Theorem, we can write
the posterior probability of x belonging to G as [Bis06, p. 197]

P(XjC)p(CG)

PG = xiCop(C) + p(xiCP(G) (7.4)
_  P(XIG)p(C)=p(xjC2)p(G) (7.5)
T+ p(xiCHP(C)=AXIC2)P(G) '
€
T 1+ ed (7:6)
where p(XCL)P(CL)
_ X4 1
A= xR (7.7

is called the log-odds.
The right hand side of Eq. (7.6) is an important function and deserves its own
de nition.

De nition 7.1 (Logistic Sigmoid)
The function

() = 1faea; a2R (7.8)

is called the logistic sigmoid function. [Bis06, p.197]

Some properties of the logistic sigmoid function are shown in the following propo-
sition.

Proposition 7.2 (Properties of the Logistic Sigmoid)

For the logistic sigmoid function (a), it follows that for all a2 R
a) 0< (a)<1
by (=1 (3

o Ya)=In %
@ (a)

d) @a

= @1 (3
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Proof.
Property a)

Fora!l wehavethate?!1 . Thus, (a)! 1. Fora! 1 we have that
et! 0, vyieldingthat (a)! O.

Property b)

(a)= 1f2azlzf§a1:1 1+1ea:1 1faeazl (a): (7.9)
Property c)

1 (@ =In m =In “Sea =Ine*= a: (7.10)
Property d)

Using the product rule, we have that
@@(Z) - 1 +1ea @@)Dga * ea@c?)aL +1ea (7.11)
2 2

) 1faea 1(5""‘)3&2: eal;iaea = (712

i 1+eaea2= (a)1+1ea= (a)lf:a (7.13)

= @ (a= (@1 (3 (7.14)

where the last equation holds due to Property b).

The inverse of the logistic sigmoid function is called the logit function. The
introduction of these functions may seem arbitrary but the form of the logit function
is important for the model. By Eq. (7.7), we can rewrite the logit function as

a=In pxjG)p(G) In p(Xj&)p(&) (7.15)
_ P(XJC)P(C) P(XJC)p(&)
= PEp00 i P2 p) (7.16)
=In p(Gjx)+In p(x) Inp(Gjx) Inp(x) (7.17)
=In p(Gjx) +In p(Gjx) (7.18)

showing that the logit function is log-linear with respect to the posterior probabilities.
A great deal of simpli cation can be obtained by having a be a linear function of x
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which is the case if the posterior densities are part of the exponential family [Bis06,
p. 203]. Under this assumption, we can write the logit function as [Bis06, p. 198]

a(x)= w'x + wp (7.19)

where w is a vector of weights andwgp is a constant bias parameter. Typically,
Eq. (7.19) is written more compactly as [Bis06, pp. 204-205]

a(x)= w'x (7.20)

wherew =[wp wT']T andx =[1 xT]". We will make use of the same convention
but keeping with the previous notation such that w and x refer to w and x.
Using the expression in Eq. (7.20), we can de ne the logistic regression model.

De nition 7.3 (Binary Logistic Regression Model)
[Bis06, p.205] Letx be ad-dimensional data point belonging to one of the classes
G and G. Let | be the corresponding label ofk suchthatl =1 if x 2Cy andl =0
otherwise. The relation

p(Giix) = (W'x) (7.21)

with p(Gjx) =1 p(Gjx) and being the logistic sigmoid function, is called a
logistic regression model with thed-dimensional vectorw containing its parameters.
The model is equivalently formulated as

wix = 1p@Gjx) = rE[]: (7.22)

Eqg. (7.22) shows that the logistic regression model is a generalised linear model
with the logit function as the canonical link function and | and x as the response and
explanatory variable respectively [MT11, p. 99-100]. The equation also provides an
interpretation of the parameters of the model. For anyi =1;2;:::;d, a unit increase
in x; will result in a w; increase or decrease in the log-odds 1 p(Cjx) , depending
on the sign ofw;.

7.1.1 Parameter Estimation

The parameters of the model are estimated based on data points with known classi-
cations which makes logistic regression a supervised learning method for classi ca-
tion. Assume that we haven data points with each point being in either G or G,.
For a data point x; we will assign the point a labell; 2 f 0;1g such that [; = 1 if
Xxj2Crandlj=0if x;j2Cyandletl =[ly I Ih]". Assuming that the data
points are mutually independent, we can write the likelihood [Bis06, p.206]

. Y . i . 10
pljw;x) = p(Gjxi)" 1 p(Gjxi) ; (7.23)

i=1
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As usual, the estimation of w is done by maximising the likelihood. Taking the
negative log of the likelihood and using Eq. (7.6) with Eq. (7.20) yields

E(w)=Inp(ljw;x) (7.24)
)@ i
= " pGix)" 1 pGia) (7.25)
o N 0
= liln (a)+(@ IH)In 1 (&) : (7.26)

i=1
where 3 = w'x;. Thus, w is found by minimising E(w). The error function in
Eq. (7.26) is also called the cross-entropy error function [Bis06, p.206]. It can be

shown that the error function is convex and has a unique minimum. In order to
show this, we will rst derive the Hessian matrix of Eq. (7.26).

Lemma 7.4 (Hessian of Cross-entropy Error Function)
The Hessian matrix of the cross-entropy error function in Eq. (7.26) is

X
H=rmr EMWw)= (@) 1 (&) xix;: (7.27)
i=1

Proof.
Using Property d) of Proposition 7.2 and the chain rule, the gradient of Eq. (7.26)
with respect to w is

r E(w)= X lir In (&)+(@ Ij)r In 1 (a) (7.28)

- ,@n @ e@)

i1 @@ @a

1 i 1 i
e Ii)@@gl (;3)@ @a(a)ra,

(7.29)

= . (@) (&) 1 (&) Xi 1 @) (&) 1 (@) xi (7.30)

= li 1 @) xi @ L) (&)xi (7.31)
i=1

- lixi i (&)X (a)xi + i ()X (7.32)

(@) i xi: (7.33)
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The Hessian matrix of Eq. (7.26) is found by computing an additional gradient of
Eq. (7.33) with respect tow . Doing this yields

X @ (&) _ ._X‘ . | .
., @a xita = - (@) 1 (&) xixj: (7.34)

H=rmr E(w)=

Having obtained the Hessian matrix in Lemma 7.4, we can use it to show that
the error function in Eq. (7.26) is convex.

Theorem 7.5 (Convexity of Cross-entropy Error Function)
The cross entropy error function de ned in Eq. (7.26) is a convex function and has
a unigue minimum.

Proof.
The function is strictly convex if and only if its Hessian matrix is positive de nite.
From Lemma 7.4, the Hessian matrix can be written as [Bis06, pp. 207-208]

X T T
H = (&) 1 (&) xix; = X 'RX (7.35)
i=1
where X =[x1 X2 xn]" and R isann n diagonal matrix with
Ri= (@)1 (a&): (7.36)

Recall that H is positive de nite if and only if uTHu > 0 for all u 2 R%f0g.
Using Eq. (7.27), we can write

UTHu = u"™X TRXu =(Xu)"RXu = vTRv (7.37)

wherev = Xu . Recall from property a) in Proposition 7.2 that 0 < (a) < 1
for any a. Thus, all entries in R are strictly positive, yielding that vTRv > 0 for
all v 6 0. By Eq. (7.37), it follows that H is positive de nite. Thus, the error
function in Eq. (7.26) is a convex function ofw and has a unique minimum.

Theorem 7.5 is an important result since it allows estimation ofw using con-
ventional algorithms for convex optimisation problems such as gradient-descent al-
gorithms.
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7.2 Multinomial Logistic Regression

The multinomial logistic regression model provides an extension of the logistic re-
gression model to classify data when there ar& > 2 classes. In this case, we will
turn to representing the labels of each data point as latent variables. For a data point
X, we de ne its corresponding label as &-dimensional vector!| =[l; I, 1"
such that (
1, ifx2G;

lj ] (7.38)
0; otherwise

Akin to the binomial case, the distribution of the label can be modelled using a Multi-
noulli distribution. The distribution is again governed by the posterior probabilities

h

i
EN= pGx) PGIX)  PGIX) (7.39)
By Bayes' Theorem, the | 'th posterior probability can be written as [Bis06, p. 209]
2 5 PXIGIR(G) 2 40
R P p(XiCn)P(C) (740
- 5 PXIG)P(G)=nx|G)P(G) (7.41)
1+ K5 p(XiCn)P(Gn) =RXC)P(G)
— eaj

= ﬁpm (7.42)

with .
a =n PXIGP(G) . (7.43)

7T p(xiGIP(G)
The a de ned above are called the activations of the logistic regression model and
give the log-odds of being in thej'th cluster relative to the k'th cluster [Bis06, p.
209]. Thek'th cluster is sometimes called the reference cluster since all log-odds are
in reference to this cluster. The right hand side of Eq. (7.42) is a generalisation of
the sigmoid function called the softmax function.

De nition 7.6 (Softmax Function)

Leta=[a; a a]". The function
e
s(a) = s(g;a)= P——— (7.44)
m=1 eam

is called the softmax function.

We note that if the a; are de ned as in Eq. (7.43) then the softmax function is
given by Eq. (7.42) sinceax = 0.
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Proposition 7.7 (Derivative of Softmax Function)
For a chosenh = 1;2;:::;k, the derivative of the softmax function is given as

@g;) = s(g) ljn  s(an) (7.45)

wherelj, is the (j;h)'th entry in the k k dimensional identity matrix.

Proof.
In the case wherej 6 h, we have that
@&)_ @ _ & a 1 .
= = = &% p e = s(a)s(a 7.46
@a @a |r(n:1eam ( Eq:leam)z (J)(h) ( )

For the case whergj = h, using the product rule yields

@an) _ _ e™ an 1 an — :
@ah = WJr e We = s(ap) 1 s(ap) : (7.47)

The derivatives in Eqgs. (7.46) and (7.47) can be combined such that [Bis06, p. 209]

@@;02) = s(@) I S(an) : (7.48)

In addition, we de ne the vector-valued function
h iT
s(a) = s(a1) s(az) s(ax) (7.49)
We will assume that a; can be written as a linear function ofx i.e.

aj(x) = w{x (7.50)

wherew; contains the weights for thej 'th label. As in the binary case, this assump-
tion is valid when the posterior densities are part of the exponential family. Under
this assumption, we can write

a=Wx (7.51)

where W = [w1 Ww» w]" is ak d matrix containing all weights of the
model. Using this, we can de ne the multinomial logistic regression model.
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De nition 7.8 (Multinomial Logistic Regression Model)

Letl =[I1 Iy I]" be a latent variable of x such that li=1ifx2C and0
otherwise. The relation
E[l]= s(Wx) (7.52)

with s(a) being the softmax function taken entry-wise ona is called a multinomial
logistic regression model withW =[w1 wo w,]" containing its parameters.
The model is equivalently formulated as

p(Gjx) = E[j]= s(w{'x); j=1;::5;k (7.53)

with s being the softmax function.

In the binary case, we saw that the logistic regression model is a generalised
linear model under the assumption of linearity. This is also the case for multinomial
logistic regression, however it requires an extension of generalised linear models to the
multivariate case. For more information on multivariate generalised linear models, we
refer to [FTO1]. For the case of multinomial logistic regression, we can alternatively
formulate the model as

Wx =g EJl] (7.54)
where the link function g( ) is the inverse ofs(). It can be shown that Eq. (7.54)
holds if we de ne the link function as
h iT
g E[Nl = o E[Il o E[l] o Ell] (7.55)

where [FTO01, p. 73]
. .X
g E[] =In Ppk(qu ) . (7.56)
1 m o p(Gaix)
To see this, we use Eq. (7.52), the de nition ofs(a), and Bayes' theorem to rewrite
Eg. (7.56) as
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g E[ll =g s(a) (7.57)
_ s(&)
=In TP km TS (7.58)
_ SP(Gix)
S G .
i p'i(qu )p(Q)=p(><)_ (7.60)
1 & o p(XiCn)p(Gn)=p(x)
=In RXIG)R(SG) (7.61)
P(X) & T P(XiCn)P(Gn)
1, PXiG)P(G) _
" BxiGopG) ¥ (7:62)

which shows thatg s(a) = a. Recall that the label | was assumed to be multinomial
Bernoulli distributed. As was done when discussing latent variables in the derivation
of the EM algorithm in Chapter 3, the distribution of | given the weight matrix W
can be expressed as

K
p(jW ;x) = p(Gjx)": (7.63)
i=1
Let I; be the label for the i'th data point x; fori = 1;:::;n. In order to t the
multinomial logistic regression model, we de ne the label matrix as then k matrix
L=[I1 I In]" with elements | . Assuming that the data points are mutually
independent, we can write the likelihood function as

. Yo .
p(LjW ; X) = P(Gjxi)V: (7.64)
i=1j=1

with X =[x1 X2 xn]". Taking the negative logarithm of Eq. (7.64) yields
[Bis06, p. 209]

XX XX
E(W)=Inp(LjW ;X )= lij Inp(Gjxi) = lj Ins(w{ x;)
i=1j=1 i=1j=1
(7.65)
which is the cross-entropy function for multinomial classi cation. The weight matrix
W is thus found by minimisation of Eq. (7.65).
We will end by showing that similarly to the binary case, the error function in
Eq. (7.65) is convex and thus it can be minimised using convex optimisaion algo-
rithms.
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Lemma 7.9 (Hessian of Multinomial Cross-entropy Error)

[Bis06, p. 210] Letsj(x) = s(a) = s(Wij). The Hessian matrix of the cross
entropy error function for multinomial logistic regression is akd kd block matrix
where the (h;j)'th block isa d d matrix given by

X
Hpj = wl wo,EW)= sa(xi) o Sp(xi) XixX{ (7.66)
i=1

Proof.
Using Proposition 7.7, the gradient of the cross entropy error function with respect
to a chosen weight vectorwy, is

X XK
r WhE(W): I wy Iij In Sj (xj) (7.67)
i=1 j=1
X
= Iihr Wh In Sh(Xi)+ Iij rwy, In S (Xi) (7.68)
i=1 j6h
_ ~ @nsh(xi) @s(xi) X @nsj(x;) @s(xi)
T oL Mes) es M7 U esx) @a
(7.69)
= x lin sh(Xi) 1 sp(Xi) X l Sj (Xi)sh(Xi)Xi
- Sh(Xi) h\Ai h\Ai i jghsj(xi) ) i)Oh\Ai)Ai
(7.70)
X X
= in (L sh(xi))xi+ L sn(Xi)X; (7.71)
i=1 i6h
X
= linXi + linsh(Xi)Xi +  ljj Sn(Xi)Xi (7.72)
i=1 j6h
X0 X0
= linxi+  ljsn(xi)xi = linxi + sn(xi)xi  lj
i=1 =1 i=1 )=
(7.73)
X X
= sh(Xi)Xi linxi = sh(Xi) lin Xi (7.74)
i=1 i=1

P . N
where we have used that }‘:1 lj = 1. Taking a second derivative of Eq. (7.74)
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with respect to a chosen weight vectorw; for j =1;2;:::;k yields

Mo = 0w EOV) (7.75)
X
= 1w sn(Xi)Xi (7.76)
i=1
@8(Xi)
- Xil w; g (7.77)
i @ )
= Sj(Xi) lih  sn(Xi) xix;" (7.78)

i=1

The Hessian matrix of the error function in Eq. (7.65) is thus a kd kd block
matrix where the (h;j)'th block is a d d matrix given by Eq. (7.78).

Theorem 7.10 (Convexity of Multinomial Cross-entropy Error)
The cross-entropy error function for the multinomial case de ned in Eq. (7.65) is
convex.

Similar to the proof for the binary case, we will prove that the Hessian matrix in
Lemma 7.9 is positive-semide nite. LetH be the kd kd Hessian block matrix
with its (h;j)'th block de ned as in Eq. (7.78) and let u =[u] u} up]’ 2
Rkdnfogwhereuj 2 RYforj =1;2;:::;k. Then the Hessian matrixH is positive-
semide nite if and only if

XXk
u'Hu = ufHhju; O (7.79)
j=1 h=1

By insertion of Eq. (7.78), we can write

Proof.

XX T XX T X -
UpHnpjuj = Up Sh(Xi) Iy Sj(Xi) XiXj Uj (7.80)
i=1 h=1 i=1h=1 i=1
XX T -
= Sh(Xi) Inj  Sj(Xi) UpXiXj Uj (7.81)
i=1h=1i=1
X XK T T>4<
= Sh(Xi)Up XiX; Inj  sj(Xi) uj: (7.82)
i=l h=1 J:l
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We wish to show that every term in the outer sum of Eq. (7.82) is non-negative.
We note that

X
Inj  Sj(Xi) uj = up Sj (Xi)uj (7.83)
i=1 j=1

. P . .
since }‘zl Injuj = up. Using Eq. (7.83), we have that for everyi
T T X
Sh(Xi)Up XiX; i sj(Xi) uj (7.84)
h=1 j=1

= sp(Xi)uf xix{ up sj (Xi)U; (7.85)
h=1 j=1

X XK
sh(Xi)upxix{ up Sh(XDURXiX{ s (Xi)u;
h=1 h=1 j=1

(7.86)

X
sn(xi)fiun) fi sh(Xi)un (7.87)
h=1 h=1

where we have de ned the functionfi(u) = uTx;x u. For every i, we have that
fi(u)= uTxixfu=(uTx)UuTx;)=(uTx;)? o (7.88)

P P
Thus, the function f;(u) is convex. Using that [_; sp(xi)= Ko p(Gijxi) =1,
we have from Jensen's inequality that [Bis06, p. 56]

XK XK
fi Sh(Xi)un sh(xi)fi(un): (7.89)
h=1 h=1

Using this, we have that Eq. (7.87) is non-negative for everyi, meaning that
Eqg. (7.82) is non-negative. Thus,H is positive-semide nite showing that the cross-
entropy error function in Eq. (7.65) is convex.






8. Data and Pre-processing

In order to obtain parameters for a statistical model on bike share tra ¢ patterns,
it is necessary to obtain data on bike share trips.

Through an extensive search we have found 19 cities which have bike share trip
data openly available. These cities are listed in Table 8.1. As seen in the table, the
bike share systems have varying sizes and amounts of tra c. The number of stations
in these systems lies between 56 and 938 in 2019, while the number of trips ranges
from just 123 thousand trips among 163 stations to 26 million among 399 stations.
The systems also vary both in density and extent. In order to narrow the scope of
the project, we chose 8 cities which were used in the modelling: 4 from the United
States and 4 from Europe. From the US, these cities are in order of system size New
York City, Chicago, and Washington DC, and Boston while the cities from Europe
are London, Helsinki, Oslo, and Madrid. The cities were chosen both based on the
sizes and maturity of their bike share systems and availability of other data used
in the analysis. For the purpose of illustration, examples from the analysis will be
based on the bike share system in New York City, as this is a large system with many
stations and trips which has been the subject of many prior studies [Chi+20; FIE16;
0OS15].

In addition to bike share trip data, we have compiled other types of data which
do not pertain to the bike share systems directly. These types of data include land
use data of the cities, population data, and location data of transit systems in the
cities as well as city centers. As these types of data are external to the bike sharing
systems we will refer to them as external data. The sources of the data are listed in
Table 8.2. The di erent types of data are described in the subsequent sections.

8.1 Bike Share Trip Data

The bike share trip data is obtained directly from the websites of the individual bike
sharing providers or from city data portals. In this project, we use data sets from
2019 as this is the most recent year with normal operation prior to the COVID-19
pandemic. All of the data sets used contain data on every individual trip made in
the system including trip duration, time of departure from the start station, start

station ID, start station name, time of arrival at the end station, end station ID,

and end station name. Not all cities provide the location of the stations in their trip
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data. For these cities, station data has been obtained from other o cial open data
sources such as station occupancy APIls as shown in Table 8.2.

For cities in the US, the data sets also include the type of user which used the
bicycle, primarily split between subscribers who pay an annual subscription fee and
casual users who pay for individual trips or for a limited time of use.

City System name # stations # trips 2019 Reference
Bergen Bergen Bysykkel 90 898 276 [Ber]
Boston Bluebikes 341 2522 771 [Blu]
Buenos Aires EcoBici 417 5 238 643 [Ecoa]
Chicago Divvy 593 3 614 078 [Div]
Edinburgh Just Eat Cycles 163 123 684 [Jus]
Guadalajara MiBici 275 4 625 130 [MiB]
Helsinki Helsinki City Bikes 348 3 784 877 [Hel]
London Santander Cycles 753 8 829 104 [Trab]
Los Angeles Metro Bike Share 234 276 943 [Met]
Madrid BiciMad 214 3 956 099 [EMT]
Mexico City EcoBici 480 8 349 075 [Ecob]
Minneapolis Nice Ride 179 263 169 [Nic]
Montreal Bixi 619 5442 288 [BIX]
New York City Citi Bike 938 20 551 396 [Cita]
Oslo Oslo Bysykkel 254 2 237 092 [Osl]
San Francisco Bay Wheels 351 2 296 199 [Lyf]
Taipei YouBike 399 26 484 903 [You]
Trondheim Trondheim Bysykkel 56 356 189 [Tro]
Washington, D.C. Capital Bikeshare 429 3 281 231 [Cap]

Table 8.1:

in 2019. The systems chosen for this project are highlighted.

Bike share systems around the world, including number of stations and number of trips



8.1. Bike Share Trip Data 63

Data set Area Provider Reference
Trip Data New York City Citi Bike [Cita]
Trip Data Chicago Divvy Bikes [Div]
Trip Data Washington D.C. Capital Bikeshare [Cap]
Trip Data Boston Bluebikes [Blu]
Trip Data London Transport for London [Trab]
Trip Data Helsinki Helsinki Region Transport [Hel]
Trip Data Oslo Oslo City Bike [Osl]
Trip Data Madrid BiciMad [EMT]
Station Data Chicago City of Chicago [Citc]
Station Data Washingon D.C.  Department of Real Estate Services [Citd]
Station Data London Transport for London [Traa]
Station Data Madrid BiciMad [EMT]
. New York City
Land Use Data  New York City Department of City Planning [New]
Land Use Data  Chicago City of Chicago [Citb]
Land Use Data  Washington D.C. gg\{ﬁ(r:?rgfegto?lljr%?a [Cite]
Boston Planning and
Land Use Data  Boston Development Agency [Bos]
Land Use Data  Europe European Enviroment Agency [Eurc]
Population Data US US Census Bureau [USCB]
Population Data Europe European Enviroment Agency [Eurc], [Eurb]
Transit Data All cities OpensStreetMap [Opea]
City Centers All cities OpenStreetMaps [Opea]
Table 8.2: Data sources.
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8.2 Station Service Area

Each station in the system is assigned a designated service area. These service areas
are determined using a Voronoi tessellation which de nes boundaries such that land

is assigned to the closest station. The areas are then truncated such that there is
a maximum of 500 meters from the station to the furthest point in its service area

in Euclidean distance. This distance was measured using an azimuthal equidistant
projection centered at a predetermined center point of the city. We choose 500 meters
as this is assumed to be the maximum distance people are willing to walk to get to a
station. This distance also conforms to general consensus in the US of having transit-
oriented development planning areas extend between a quarter-mile and a half-mile
from a transit station [FTAO2, p. 78]. Euclidean distance is used as the bike sharing
systems are in urban areas with a high density of roads and intersections. Having a
highly interconnected road network makes the Euclidean distance more likely to be

a valid metric since it will not be signi cantly shorter than the conventional network
distance following the road network, as suggested by [OCB14]. This simpli cation is
further justi ed if we assume that a user will walk the most direct route to a station
without taking detours. The service areas are further truncated such that they do
not span over bodies of water such as seas, rivers, and lakes when possible. This is
done by intersection with polygons from the land use data described below.

A great deal of care has to be taken when determining the span of time in which
the service areas are calculated since the number and locations of stations vary over
time. For instance in New York City, 938 unique stations have been used in the
system during the year of 2019. However, at no point in time has the system had
938 active stations simultaneously, since some stations have been created, relocated
and/or removed entirely. Thus, calculating 938 service areas will not give a repre-
sentative view of the system and how it was used at any given time. To account for
this, we calculate the service areas of the system in each day of the year. An example
of a map of the stations in New York City and their service areas for one day can be
seen in Fig. 8.1.

The relocation and removal of stations also a ects other variables which are
derived from the service areas and the location of the stations. These variables
include the population density around the station, land use, and distance to nearest
transit points. To alleviate this, for each station all variables used in the modelling
are calculated for each day the station has been used and then averaged over those
days.

8.3 Land Use Data

For US cities, land use is obtained from zoning data provided by the cities. The data
contains polygons delineating each zone along with a corresponding zone code. We
classify each zone as either residential, commercial, recreational, industrial or mixed,
depending on the zone code and its stated use in the zoning ordinance. Since no



8.3. Land Use Data

Figure 8.1:

Service areas for New York City on October 23rd 2019.
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