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Notation

In this report, j is used (in its non-italicized form) to denote the imaginary number pﬁ. ©7 is
used to denote transpose, (7 is used to denote complex conjugate and " is used to denote
complex conjugate transpose.Vectors will be denoted by bold lowercase letters and matrices
will be denoted by bold capital letters. Indices will be ordered as (row,column) and denoted
by subscript.If the name of a matrix or vector already contains a subscript (as is often the case
for time-indexed vectors), this subscript will be separated from the entry indices by a semi-
colon when denoting entries of the matrix or vector. For example, the (i, j)th entry of a matrix

Ag will be denoted ayj j .

Parentheses are used to indicate the argument of functions on a continuous space (e.g. f (t)),
while indices of a sequence will be indicated by subscript (e.g. Xn). Entries of multivariate
time series are specified according to the convention established in the previous paragraph;
the time index precedes the vector index, and the two are separated by a semicolon. Sets of
indexed elements are denoted by brackets followed by a subscript indicating the domain of the
index variable; if the order of the elements is unimportant, curly brackets are used, e.g. {Xj}i2>z.
If the set is a sequence of ordered elements, one of two conventions are followed; the ordering
is indicated either by the use of parentheses, e.g. (Xn)n2z, or, if the sequence is left-bounded,

by explicitly writing out the elements of the sequence in order its starting point, e.g. Xg, X1,....

\Y



Whether a subscript specifies an entry of a time series or an entry of a vector should always
be clear from the context, but generally, the subscript n is used to indicate time (often in Z
or N), while i and j, when used as subscripts, are commonly used to specify indices of vec-
tors and matrices or to distinguish between elements of a set, in which there are no temporal

characteristics.

Random variables, functions and time series will be indicated by capitalized letters. Whether
a bold capitalized letter is used denote a matrix or a random vector should be clear from the

context.

The second parameter of the Gaussian distribution denotes the variance, which is not to be
mistaken for the standard deviation, i.e. N (,,, 2) has mean ,,, standard deviation and vari-
ance 2. In the context of random variables, iid. is used as shorthand for independent and

identically distributed.

Throughout this report, the norm operator jj ¢ jj will denote the euclidean norm, unless stated
otherwise by subscript. Likewise, the term normalized should be taken to mean I,-normalized,

unless otherwise specified.
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Introduction

This thesis is titled 'Analysis of scale-invariance in EEG microstates due to acoustic stimuli'.
The title is sure to raise some questions for readers unfamiliar with the eld of neuroscience.
First, what are EEG microstates? Second, in what way do they exhibit scale-invariance?

This intro aims to answer the rst question by introducing the fundamentals of EEG signals and
microstates. Once the basics of the EEG microstate model have been established, the central
problem of this thesis will be stated in Section 1.4.

1.1 Electroencephalography

Electroencephalography is a method for monitoring electrical activity in the brain, and has
primarily been used to diagnose epilepsy and other seizure disorders. It has also been used to
monitor the brain activity of comatose or sedated patients as well as patients suffering from
sleep disorders.

The brain consists of billions of electrically excitable cells knownas neurons. The neurons are
able to communicate with other cells through  synapses- structures that allow neurons to pass
electrical signals to the target cell. The purpose of EEG is to monitor voltage uctuations re-
sulting from these electric signals.

EEG is most commonly used in a noninvasive way, by placing electrodes along the scalp in
order to record cerebral electrical potentials. These potentials can appear both as action po-
tentials, which are brief and limited in spread, and as slower and more widespread postsy-
naptic potentials [Binnie and Prior, 1994]. The potential recorded by a single electrode from a
neural generator depends on the solid angle subtended at the electrode - meaning that elec-
trodes placed on the scalp are too distant to record the activity of a single neuron [Binnie and
Prior, 1994]. Synchronous activity in groups of neurons, however, may form a neural generator
of suf cient magnitude to be recorded on the scalp [Binnie and Prior, 1994]. Thus, the EEG
records the spatiotemporal averages of synchronous postsynaptic potentials across a range of
cone-shaped cells.

While isolated groups of interconnected neurons adopt synchronous patterns, sensory inputs



like sight and hearing stimulate individual neurons. In turn, arousal and cognitive activity re-
duce synchrony [Binnie and Prior, 1994]. When monitoring brain activity, patients are often at
rest with their eyes closed, in which case a higher degree of synchrony is achieved.

The various frequency ranges of EEG signals correspond to different activities. The range of
frequencies 0.5 4 [Hz]is called the delta band, which shows higher activity during deep sleep
[Teplan, 2002]. Therange 4 7.5[Hz]is called the thetaband andtherange 7.5; 13 [Hz]is called
the alpha band . The alpha band is the dominant frequency band (in terms of EEG power) in
EEG of alert human adults, and is the most extensively studied EEG frequency band [Klimesch,
1999; Teplan, 2002]. Research suggests that comparatively large alpha band activity with small
theta and delta band activity characterize good cognitive performance [Klimesch, 1999]. Itis
assumed that alpha band activity decreases and delta and theta band activity increases in the
transition from alertness to sleep [Klimesch, 1999]. The range of frequencies E 13 is called the
beta band. The beta band is dominant in alert humans with open eyes. Beta band activity sig-

ni cantly decreases when eyes are closed, in which case the wave pattern changes into alpha
waves [Teplan, 2002].

There are multiple ways to analyze EEG signals. One approach to doing so is to characterize the
temporal frequency distribution of the recordings at preselected electrodes, which provides in-
sight into the electrophysiology of the brain, but neglects to account for the multivariate char-
acteristics of the signal [Poulsen et al., 2018, Sec. 1]. Another approach is to characterize the
EEG signal by the spatial con guration of the electric elds recorded on the scalp, which can be
achieved through the use of independent component analysis [Poulsen et al., 2018, Sec. 1]. The
approach that will be of greatest interest to this report, however, is called  microstate analysis
and is based on topographic analysis [Poulsen et al., 2018, Sec.1].

1.1.1 EEG Topographies

The aim of this subsection is to give a brief introduction to what is meant by 'EEG topographies),
by showing how EEG signals are illustrated.

EEG signals are recorded by electrodes placed on the scalp. The location of these electrodes
can intuitively be communicated by means of a top-down view of the scalp. An example of a
map of EEG channel locations is given in Figure 1.1a.

With each channel in the EEG signal being linked to a location on the top-down map of the
scalp, each time instance of the signal can be illustrated by a topographical map Figure 1.1b,
with red colors indicating high power in nearby electrodes and blue colors indicating low power

in nearby electrodes. We refer to this representation of the EEG recording as an EEG topogra-

phy.



(b) Topographical map of an EEG reading at a single time
(a) lllustration of channel locations. instance.

Figure 1.1. Examples of how EEG signals are commonly visualized.

1.1.2 Preprocessing of EEG Signals

EEG recordings may contain several unwanted elements, which need to be addressed in pre-

processing.

At several points during the preprocessing, the EEG data can be average-referenced, such that
the data point is a zero-sum vector. For a non-average-referenced data point  y, 2 RNs, whose
ith entry yn. contains the recording at the ith electrode at time n, the average-referenced
recording x, 2 RNs is given as [Pascual-Marqui et al., 1995]

Loy 1
Xn A | N—Slll Yoo

where | isthe Ng£ Ngidentity matrix and 1 is a Ng£ 1 vector of ones. Throughout this thesis,
when considering EEG recordings, it is assumed that they are average-referenced.

First and foremost, EEG signals contain noise, which is often modeled as a sequence of iid.
Gaussian variables. Since the EEG records, each of which is prone to various errors during
setup and recording. Because of this, the variance of the noise may vary between the individ-

ual channels. Channels that display extreme levels of noise relative to the other channels are
referred to as bad channels, and are often removed from the data while preprocessing.

Noise can span the entire frequency spectrum of the signal. Since - in the context of EEG sig-
nals - different sections of the frequency spectrum correspond to different neural activities, a
bandpass lIter can be applied to the signal in order to remove some of the noise and to isolate
the frequency bands of interest to the analysis. Additionally, if the signal were to be downsam-
pled, applying a low-pass lter to the signal prior to the downsampling could act as a means to

avoid aliasing.

Other unwanted elements in EEG signals include artifacts; patterns in the signal unrelated to
brain activity that are nonetheless recorded. The causes of these artifacts are often of a physio-
logical nature (e.g. eye movement, pulse, shivering).
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A popular tool used to remove artifacts from EEG signals is independent component analysis
(abbr. ICA). It is a computational method used to separate a multivariate signal into a set of
source signals, which are assumed to be non-Gaussian and statistically independent. By iden-
tifying and removing source signals related to artifacts, the signal can be reconstructed without

these artifacts.

The recorded signals are rstarranged inan Ng£ N matrix X A[Xg,X1,...,Xn; 1]- ICA assumes
that X (corresponding to an EEG channel) is a mix of M - Ngindependent source signals. In
other words, ICA is a latent variable model, in which it is assumed that the observed variables
are linearly related to the set of latent variables Z 2 RM£N as [Tharwat, 2018, Eq. (2)]

X EAZ,

where A 2 RNs£M s called the mixing matrix . The aim of ICA is to obtain the source signals in
the rows of Z, but neither Z or A are known.

To obtain estimates of the source signals, it is assumed that they are non-Gaussian and - by
assuming the source signals independent - factorize, so that [Bishop, 2009, Eq. (12.89)]

Wil

p(Z)AE  pi(z)), (1.1)
i AD

|l

where p(Z) denotes the joint probability distribution of the source signals  z;,z3,... ,z'M 1

pi (zi| ),i A£0,1,...,M i 1denotes the marginal distributions of the indicated rows of  Z.

and

We now consider the case where the observed variables X and the source signals Z are of the
same dimension, i.e. Ng/ZM. Since - in the context of EEG signals - each row of X correspond
to the recording across a single electrode, this assumption implies that the recorded signal is at
most composed of a number of independent components equal to the number of electrodes.
We say that X is in the electrode spaceand that Z is in the independent component space. As-
suming that the transformation from the latent variables to the observed variables is invertible,
the observed variables X can be mapped to the independent component space by the trans-
formation given as [Tharwat, 2018]

Z AW XAV, (1.2)

where W 2 RNsENs js referred to as the unmixing matrix . It is the inverse of A, and obtaining
W is the central problem of ICA. The added term v 2 RNsEN s additive noise and essentially
functions as an error term for the estimation. While the topic of how the mixing matrix W and
source signals Z are obtained is not one of great importance to this thesis, itis worth addressing

it brie y.

Some approaches to the ICA estimation problem are based on information-theoretical results.
Minimizing the mutual information between the source signals zi| ,i A0,1,...,Ngj 1lincreases
their independence, and entropy is larger for Gaussian variables than for any other random
variable with the same variance [Cover and Thomas, 2006, Th. 8.6.5]. Thus, minimizing the
mutual information and entropy should produce non-Gaussian independent source signals. A

4



popular choice for ICA estimation is the FastICA algorithm, which seeks to maximize the ne-
gentropy of Z in (1.2) [Tharwat, 2018]. The negentropy is hon-negative and zero only for for
Gaussian random variables, so this approach should produce non-Gaussian source signals.

Once W and Z have been obtained, the independent components may be observed from the
columns of Wi 1. By identifying which independent components are associated with different
artifacts, their corresponding source signals can be set to zero. Afterwards, the original signal
can be reconstructed with artifacts removed as a new matrix X %given as [Jung et al., 2000]

x0mwilz0 (1.3)

in which Z%is Z with the rows corresponding to artifactual components set to zero. This can
be done manually; for example, by analyzing which independent components exhibit activity
on electrodes near the eyes, artifactual components related to blinking or eye movement can
be identi ed and removed.

The EEGLAB toolbox for Matlab ([Delorme and Makeig, 2004]) includes ICA decomposition
functionality, using the FastICA algorithm as the default option. It allows for both manual and
automatic agging of independent components as artifacts,. For this thesis, the ICA framework
included in EEGLAB will be used in the preprocessing.

One notable made apparent by (1.3) is that removing independent components makes X °rank-
de cient. This may not be an issue; the information missing was presumably of an artifactual
nature. Additionally, the microstate representation of the EEG signal, which will be introduced
in the following section, assumes the existence of a sparse representation of EEG signals re-
gardless.

1.2 EEG Microstates

Within the eld of EEG analysis, microstate analysis is an alternative representation for EEG
signals. The concept of microstates originates from research by D. Lehmann and collabora-
tors, who observed that the topographies of EEG signals are comprised of a small discrete set
of topographies that remain stable for 80-120 milliseconds before transitioning to a different
topography [Lehmann, 1971; Lehmann et al., 1987]. The term microstate refers to these brief
periods of quasi-stable topographies, while the term  microstate classesrefers to the small dis-
crete set of topographies, which the signal cycles between. It is commonly assumed that dif-
ferent topographies of EEG signals re ect different con gurations of neural generators. Thus,
studying the dynamics of the microstates should provide insight into the changes in the neural
activity of the brain.

In mathematical terms, the fundamental assumption of the microstate-representation of an
EEG signal is that the (average-referenced) EEG signal at time n, x, 2 RNs, with Ng denoting
the number of electrodes used for each measurement, can be expressed as [Pascual-Marqui
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etal., 1995]

xnﬁEX ainmiAv,, n22, (1.4)
i /A
where K 2 N is the number of microstate classes, the a; , 2 R denote the intensities of the ith
microstate class at time n, the m; 2 RNs are the i th microstate class template and v, 2 RNs is
zero-mean additive noise. Furthermore, the microstates are assumed to be non-overlapping,

ie.
a| ’naj’n EO, 8| 6$,

and it is assumed that at any time, one of the K microstate classes must be active, i.e.

a?, EO, 8n.
i AL
Throughout this thesis, c, 2{1,2,...,K}will be used to denote the microstate class label at time
n, i.e. the discrete number for which ac, n 64 The sequence cg,Cy,... will be referred to as the
microstate sequence. A 'microstate class' is de ned by the combination of a 'microstate class
label’ k 2{1,2,...,K}, with its associated 'microstate class template, mj 2 RNs. When specifying
one of the two, the former is called the and the latter is called the .

The validity of the non-overlapping assumption of microstates has been debated, with one
study by Mishra et al. [2020] arguing that microstates are not as discretely isolated as is com-
monly assumed, and that the assumption of discreteness is less valid for points of the EEG
recording with low power and low signal-to-noise ratio. Nonetheless, the assumption is com-

monplace in the relevant litterature.

An analysis of microstate sequences typically involves analyzing how the dynamics of microstates
change under different experimental conditions. The dynamics of each microstate class in-
clude their mean duration, their frequency of occurence and the percentage of analysis time
occupied by them. Examples include Koenig et al. [2002], in which the interaction between
microstate dynamics and age was investigated in order to gain a better understanding of the
maturation of the brain; their ndings suggested a complex evolution of microstate dynamics
with age, compatible with brain developmental stages proposed by developmental psycholo-
gists.

Another approach to analyzing microstate sequences is to estimate the transition probabilities
between different microstate classes and analyze how they change under different experimen-
tal conditions. The estimated transition probabilities typically take the form of a transition
matrix, in which the entry  p; ; is the probability that the microstate sequence transitions from
microstate class i to microstate class j. Al Zoubi et al. [2019], for example, analyzed how the
dynamics of microstate sequences differed for individuals with mood and anxiety disorders
versus healthy control subjects. They found that while the microstate class topographies and
microstate dynamics showed little to no signi cant difference between the two groups, some
transition probabilities showed signi cant differences between the two groups. However, in

6



estimating the transition probabilities between microstate classes as a transition matrix, it is
implicitly assumed that the microstate sequence is a rst order Markov chain (as de ned later
in De nition A.28), and that the probabilities are stationary and do not change over time.

von Wegner et al. [2017] tested microstate sequences for the Markov property of orders 0, 1
and 2, corresponding to the three hypotheses P(cnjcn; 1,Cnj 2,...) AP (Cn), P(CnjCn; 1,Cnj 2,...) A
P(cnjcn; 1) and P(cnhjCn; 1,Cn; 2,...) £EP(ChjCn; 1,Cn; 2), respectively. They found that the mi-
crostate sequences ful lled none of the three properties, concluding that the memory effect
of microstate transitions extends further than two steps into the past. Additionally, when test-
ing for stationarity of the transition matrix (whether the transition probabilities are indepen-
dent of time), the results suggested that the transition matrix was non-stationary and change
over time. Finally, when testing for symmetry of the transition matrix (the hypothesis that
P(cnh /Ejjcn; 1 /i) AP(cy Aijcn; 1 Aj)), they found that the transition matrix was asymmet-
ric in a majority of cases. The study by Al Zoubi et al. [2019] used earlier in this section as an
example also applied the methodology of von Wegner et al. [2017] to their data, obtaining sim-
ilar ndings. This suggests that microstate sequences are not low-order Markovian, have nei-
ther time-invariant nor symmetric transition probabilities and may exhibit long-term memory
properties.

Identifying and classifying the sequences of microstates is a post-hoc process. The microstate
classes must rst be identi ed before each point of an EEG signal can be assigned a microstate
class. Clustering algorithms are commonly used for this task. A popular example of such an
algorithm is the K-means algorithm, which iteratively assigns each point to the cluster whose
mean is the shortest distance from the point, after which it updates the mean of each clus-
ter based on the points assigned to it. Another example is a polarity-invariant version of the
K-means algorithm called the modi ed K-means or N-microstates algorithm [Pascual-Marqui
et al., 1995]. The assumption (1.4) is consistent with this algorithm. Both algorithms will be
introduced in Section 1.3.

While they wont be considered for this thesis, popular alternatives to K-means and modi ed
K-means for microstate estimation do exist. An example is the Topographic Atomize and Ag-
glomerate Hierarchical Clustering , which is a hierarchical clustering method. Unlike  K-means,
it does not require a preset number of clusters. The algorithm starts with each point being as-
signed its own cluster and iteratively removing the cluster with the lowest sum of correlations
between it and its members, before reassigning the points in the removed cluster to their most
similar cluster [Poulsen et al., 2018]. Probabilistic alternatives such as the fuzzy C-means have
also been suggested [Dinov and Leech, 2017], since these allow for a single topographical map
be assigned a degree of membership' for each microstate class, as opposed to being assigned
only one microstate class. As such, the fuzzy C-means algorithm agrees more with analysises
that reject the non-overlapping assumption of the microstate model.

In order to avoid using noisy measurements when estimating the prototype microstates, it is



common practice to only use the data points which correspond to the maximal signal-to-noise
ratio. For EEG data, these points are generally found at the peaksinthe global eld power (abbr.
GFP) [Dinov and Leech, 2017], which is de ned as follows:

De nition 1.1 (Global Field Power) c
For an average-referenced measurement Xp /E Xn:0,Xn:1, .-+, Xn:Ng;j 151 , where Ng is the number

of electrodes used for the measurement, the GFP is de ned as [Murray et al., 2008]
U
SECE
GFP, A —¢ x2_. (1.5)

n;l
S iMm N
Mathematically, the GFP is identical to taking the root mean square across all channels of an
average-referenced EEG reading at a given time instance.

After having found the peaks of the GFP and used them to estimate the microstate class pro-
totypes, the microstate classes must be 'back tted' onto the original signal. A measure often
used for assigning data points to microstate classes is global map dissimilarity (abbr. GMD)
[Poulsen et al., 2018, Eq. (18)]. Itis a distance measure, and can be de ned as follows:

De nition 1.2 (Global Map Dissimilarity)

For two EEG samples xm,x, 2 RNs, the global map dissimilarity is de ned as [Poulsen et al.,
2018, Eq. (18)]

k Xm I Xn
GMD, g SFPr (1.6)
c
where GFP,, is the GFP of the signal at time n and c is a normalizing constant. N

1.2.1 Canonical EEG Microstates

In resting state subjects with eyes closed, four speci ¢ microstate topographies appear consis-
tently (e.g. [Van De Ville et al., 2010; Al Zoubi et al., 2019]), and in [Koenig et al., 2002], a study of
496 subjects, they were found to account for 79% of the variance in the data on average. Since
microstates are hypothesized to be a set of 'building blocks' for brain electric activity, each in-
corporating different modes or steps of information processing [Lehmann et al., 1998], these
four microstates, shown in Figure 1.2, are likely to play a signi cant role in human thought.
Hence, they are often called the canonical microstates.

While Figure 1.2 shows the four canonical microstates obtained from real EEG data, there is
bound to be some difference due to randomness in the data.Additionally, since the clustering
methods used for microstate class estimation do not assume any prior knowledge of the four
canonical microstates, the order in which the microstates are sorted is not consistent and la-
beling estimated microstate classes as one of the canonical microstates is a manual process.
Figure 1.2 shows this issue; while the classes have been rearranged to match the litterature,
the microstate classes were originally sorted according to frequency of occurrence (indicated
by the number above each class). To ensure a consistent characterization of the four canonical
microstates, A, B, Cand D, they can be de ned by their topographical characteristics as follows:

8



Figure 1.2. The four microstate classes obtained from EEG data using EEGLAB. The top num-
bers indicate the order of frequency of appearance, while the bottom letters indicate the la-
bels used in the relevant litterature [Koenig et al., 1999; Britz et al., 2010].

(A) Right anterior-left posterior orientation.
(B) Left anterior-right posterior orientation.
(C) Anterior-posterior orientation.

(D) Central extremum.

1.3 Clustering Algorithms

Microstates are de ned using clustering algorithms . One of the simplest ways to interpret
clusters is to think of them as groups of multidimensional data points in which the distance
between two points within the same group is small compared to the distance between two
points not within the same group. The aim of a clustering algorithm is to identify clusters of
data points in a multidimensional space. K-means is one such algorithm and aims to sepa-
rate points from a set of data into K clusters, each of which has a mean (also referred to as
the cluster center). Each point in the dataset is assigned to the cluster with the nearest mean.
The aim of this section is to introduce the K-means algorithm as well as alternatives to the al-
gorithm; a modi ed variant of the K-means algorithm introduced by [Pascual-Marqui et al.,
1995] - dubbed the N-microstates algorithm by the authors.

1.3.1 K-Means

Unless otherwise stated, this section is based on [Bishop, 2009, Sec. 9.1].

We start by considering how a set of Nt Ns-dimensional data points { Xg,X1,...,XNyj 1} %2 RNs
can be individually classi ed as belonging to one of K different clusters. The K-means algo-
rithm aims to characterize each of K clusters by their own mean vector, *, 2 RNs, hence the
name of the algorithm. In the context of EEG, the size Ng corresponds to the number of elec-

trodes used for the recording, Nt corresponds to the number of temporal samplesusedand K

corresponds to the number of microstates considered in the model.

The initial goal of the K-means is to nd the assignment of data points to clusters and the set
of vectors * o, 1,...,* k; 1 that minimizes the sum of squares of the distance between each data
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point and its closest vector ! . The reasons as to why the set of vectors * o, 1,...,* k; 1 can be
thought of as mean vectors will become apparent soon. For now, this initial goal can be stated

as the optimization problem [Bishop, 2009, Eq. (9.1)]
. Pnei1Py. o o2
minimize r':'zggl KTk Xni Yy

{3 ra}

where ry  is 1if Xp, is assigned to cluster k and 0 otherwise.

: (1.7)

In the K-means algorithm, the objective function in (1.7) is minimized by an iterative proce-
dure, in which we aellternate between minimizing the objective function with respect to© . Tkn
while ke%)inga 1 xed, and minimizing the objective function with respect to 1 while

keeping ryn xed.

Using superscrjiipt to denote itera%on number, we start by choosing some initial values for the
set of vectors 1! f)o), 1 (10), oot f?l) ;1 - Inpractice, this can be achieved by use of a pseudo-random

number generator.

We now keep nl 80),2(10),...,1 (Kol) lo xed and seek to minimize the objective function in (1.7)
with respectto ry . By utilizing the fact that the objective function in (1.7) is a linear func-
tion of ry n while noting that the terms involving different  n are independent, we can optimize
for each n separately, by simply letting ry , be 1 for whichever value of k yields the minimum
value of kxp j kk2. This step can be written as [Bishop, 2009, Eg. (9.2)]

8 _
_ 21 if kA&argmin kxp,j ! E')kz
r{AD j (1.8)
" 0 otherwise.

ext, keeping rk,noxed, we seek to minimize the objective function in (1.7) with respect to
1 80)'1 (10), ot E<0|) 1 - We consider this optimization separately for each * . This turns the opti-
mization problem into that of a quadratic program, meaning that a minimum solution can be
obtained on closed form by setting the derivative of the objective function with respect to Ly
to zero and solving for * , yielding [Bishop, 2009, Eq. (9.3)]
PNy 1, (AL,
1 (kiAl) E nA 'k,n N

NTj lr(iAl)
k,n

(1.9)
nAD

Since the numerator in the sum of all data points in cluster  k and the denominator counts the
number of data points in cluster k,? (ki) is the mean of all data points assigned to cluster k at

the i th iteration.

While the K-means is guaranteed to converge to a minimum since the value of the objective
function is reduced at each iteration, it may converge to a local minimum rather than a global
one. Nonetheless, the K-means algorithm has been popular in computing EEG microstates.

An example of microstates obtained from EEG data using K-means clustering with different
values of K is shown in Figure 1.3. One thing to note in this gure is that the K-means algo-
rithm is not polarity invariant; topographical maps that are (approximately) identical up to a
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Figure 1.3. Topographical view of examples of microstates obtained from EEG data using K-
means with K=3,4,...,8 as indicated by each row. The microstates were computed using the
Microstate toolbox ([Poulsen et al., 2018]) for EEGLAB ([Delorme and Makeig, 2004]).

negative scalar are assigned to different clusters by the K-means algorithm. This means that
microstates that are virtually identical in terms of their topography are treated as being unre-
lated to one another. This issue is addressed in the modied K-means algorithm.

1.3.2 Modied K-Means

The aim of this subsection is to introduce the modi ed K-means or N -microstates algorithm
of [Pascual-Marqui et al., 1995], which is similar to K-means in multiple ways. Throughout
the rest of this thesis, it will be referred to by the shortened name ‘'mod- K-means' In order to
avoid excessive redundancy, this subsection serves to only brie y introduce the algorithm and
highlight how it differs from the regular ~ K-means.

Similarly to K-means, the aim of mod- K-means is to assign each data points to one of K clus-
ters, each characterized by their own vector, °,. Note that the number of clusters is still de-
noted by K, butthe characteristic vector is now denoted by  °, ratherthan * , asto not confuse
it with a mean vector.

The mod- K -means algorithm is speci cally tailored for EEG signals, so the data point ~ x; 2 RNs
can be thought of as containing the scalp potential measurements attime  n. Ng denotes the
number of electrodes used for the EEG recording.

For the K-microstates algorithm, the optimization problem is given as [Pascual-Marqui et al.,
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1995, Eq. (2),(4)]

I PNei1o P.. o2
1 Nrile, . Pki1, o
Tl?}@kze} NTNG D tAD Xni e dkn ks
subjectto ay n ¢ajn A0,8k 64, : (1.10)
Keal, . 0.8n,

At rst, the ay , appear to be very similar to the ry , from K-means, since the rst constraint
ensures that for any given t, ay , 64 for only one value of k. This in turn means that the sum
over k in the objective function in (1.10) reduces to a single term at each  n, in which case the
objective functions of (1.7) and (1.10) are nearly identical up to a constant scalar. One notable
difference between the two, however, is that the value of the nonzero  ay , need not be 1. In-
stead, ay , is @ measure of the kth microstate intensity at time instant  n. In turn, this means

that the method of obtaining solutions for this optimization problem differs from that of K-
means.

n
We start by choosing a normalized and linearly independent set of initial vectors ° 80), ° (10), e’ (KO|) 1

and seek to minimize the objective function of (1.10) with respectto  ax , under the given con-
straints, while keeping ° |, xed. To do so, we use L, to denote the microstate label associated
with the data point X, and label each data point as belonging to the microstate to which it is
closest in terms of the orthogonal squared distance. This can be expressed as follows [Pascual-
Marqui et al., 1995, Eq. (5)]

3 .
. .\ 2
LﬂAl)ﬁEarglr:win xHxn i x;'°g) .

The microstate intensity ag , can now be estimated as [Pascual-Marqui et al., 1995, Eq. (7)]

8
. <xHo () jf g (AD
alAb g " K " (1.11)
' "0 otherwise.

Next, we seek to minimize the objective function of (1.10) with respectto  °, while keeping
the labels L, and microstate intensities ax , xed. The minimum of the objective function is
obtained as the normalized eigenvector corresponding to the largest eigenvalue of the matrix
given as [Pascual-Marqui et al., 1995, Eq. (8)]

. X
S(k'Al)ﬁE xnxr';'.
n [¢]
n:LOAD m

The estimate of ° (kiAl) can be obtained as [Pascual-Marqui et al., 1995, Eq. (9)]

° EM) Aargmax el SE Alg (1.12)
{e:kekAL}

An example of microstates obtained from EEG data using the mod- K-means with various choices

of K is shown in Figure 1.4. In this gure, it is clear that the mod- K-means topographies are

polarity-invariant (i.e. proportional but opposite topographies are assigned to the same clus-

ter), as opposed to those obtained by use of K-means in Figure 1.3.
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Figure 1.4. Topographical view of examples of microstates obtained from EEG data using
mod- K-means with K=3,4,...,8 as indicated by each row. The microstates were computed us-
ing the Microstate toolbox ([Poulsen et al., 2018]) for EEGLAB ([Delorme and Makeig, 2004]).

1.4 Problem Statement

In recent years, the microstate representation of EEG signals has received signi cant attention.
The reason behind its popularity is two-fold: it has been hypothesized that microstate dynam-
ics re ect changes in neural activity, and the microstate representations of EEG signals provide
a signi cant dimensionality reduction, since every point in time takes a discrete value from a

nite set rather than a vector of continuous variables.

Studies have indicated that microstate sequences exhibit fractal properties [Van De Ville et al.,
2010]; speci cally, temporally scaled versions of the microstate sequences have been found

to be statistically similar across a range of scales, suggesting that neural activity occurs across
multiple temporal scales. Thisimplies that microstates could exhibit some form of scale-invariance
- being statistically identical under any rescaling in time. However, since the processed EEG
signals are discrete in time and nite in length, the hypothesized scale-invariance must be in-
vestigated by using a less restrictive fractal property related to scale-invariance as proxy. This
related property is self-similarity , which is invariant to a discrete set of scalings; it can be char-
acterized by the Hurst exponent.

The nature of the self-similar behavior of microstate sequences is central to this thesis. Since
changes in microstate dynamics are assumed to re ect changes in neural activity, a question
could be raised as to which characteristics of neural behavior are revealed from changes in the
Hurst exponent, which is frequently used in assessing long-range dependence of a signal.

One could speculate whether low levels of long-range dependence suggest that the neural cir-
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cuit operates in a rapid and volatile manner, indicating some level of distress or arousal in the
subject. The most direct approach to affecting the mental state of the subject is by introduc-
ing external stimuli - with a natural choice of stimuli being those of an acoustic nature. Under
various types of acoustic stimuli, changes in the Hurst exponent can be observed, potentially
revealing new information about the dynamics of the brain. Ultimately, the neuroscienti ¢
interest in this issue is largely tangential to the eld of engineering mathematics; therefore,
this thesis adopts an exclusively model-driven approach to the issue instead. This discussion
motivates the following statement, which, from here on, will act as the central problem of the
thesis:

This thesis investigates changes in the self-similar behavior of EEG microstates due to acoustic

stimuli.

The acoustic stimuli in this thesis (introduced later in Chapter 4) includes music and speech,
speci cally, each of which has two subgroups. The music signals include piano pieces or pieces
of an electronic nature; neither contain vocals. The speech signals are obtained from either a
male or a female speaker. The subject was presented with an attention task, in which they
were asked to focus on one of two concomittant sounds played on two separate loudspeakers,
during which their scalp potentials were recorded with an EEG.

The task stated above composed of multiple steps, as depicted in Figures 1.5 and 1.6. Figure 1.5
provides a general overview of the process, emphasizing the steps that have already been dis-
cussed in this section. Figure 1.6 expands upon the fractal analysis segment of Figure 1.5, which

will be the main concern of this thesis moving forward.

Acoustic Stimuli

Estimation Back tting
) Preprocessing — of Microstate |— Microstates f— Eggf;;ls
Classes to EEG
Figure 1.5. The system diagram of the central problem of this thesis.
Wavelet Wavelet-Based
Transformof = Estimation of
Random-Walk Hurst Exponent
Random-Walk Analysis of Hurst
Embedding of Fractal Analysis Exponent versus

Microstates Acoustic Stimuli
Convolutional Neural
Network-Based Hurst

Exponent Estimation

Figure 1.6. The system diagram for the fractal analysis.

While the fundamentals of EEG recordings were introduced in the beginning of this chapter,
the problem of recording EEG is not central to this thesis.
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The Preprocessingstep concerns the steps introduced in Section 1.1.2, including bandpass-
Itering and removal of artifacts using ICA.

Estimation of Microstates is a two-step process; rst, the peaks in the GFP (De nition 1.1) are
identi ed. Next, microstate classes are estimated based on the data points corresponding to
peaks in the GFP using mod-K-means (Section 1.3.2).

The Back tting of Microstates to EEG is the process of assigning each point of the original signal
a speci ¢ microstate class.

The last step, Fractal Analysis, includes the substeps in Figure 1.6, the majority of which will be
introduced and discussed in Chapter 2. The rst step of the fractal analysis is transforming the
EEG microstate sequences into a series suitable for fractal analysis using a technique referred
to as random-walk embedding . This will be discussed in Section 2.3.

The second step is to assess the self-similarity of the transformed series of EEG microstates
from a Hurst exponent analysis, either by application of an existing wavelet-based analysis or
by a convolutional neural network-based approach. The concept of statistical self-similarity
will be introduced in Section 2.2. While general theory of wavelets has been relegated to Ap-
pendix B, the wavelet-based method, by which self-similarity of the microstate sequences can
be assessed, will be introduced in Section 2.4. Similarly, general theory of deep learning and
arti cial neural networks can be found in Appendix C, while the topic of a deep learning-based
analysis of self-similarity will the main focus of Chapter 3.

The nal step includes the experimental aspect of this thesis; the analysis of whether changes
occur in the Hurst exponents for different types of acoustic stimuli. Chapter 4

The eld of EEG microstate estimation and classi cation has been extensively studied, and
there are tools available for easy application of microstate estimation and classi cation [Poulsen
et al., 2018]. Moving forward, the process of microstate estimation and classi cation will not

receive much attention. Instead, the focus will be on the fractal analysis, which - to the extent
of the author's knowledge - is less extensively researched and more open to innovation.

Speci cally, this thesis aims to address the following points:

» Application of a convolutional neural network-based approach to assessing fractal prop-
erties of microstate sequences.

» Assessment of changes in the Hurst exponent of microstate sequences in subjects ex-
posed to acoustic stimuli.
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Fractals and Statistical

Self-Similarity

In [Van De Ville et al., 2010], it was proposed that EEG microstate sequences exhibit scale-free
dynamics and statistical self-similarity. The purpose of this chapter is to introduce the fun-
damental theory of fractal theory with an emphasis on the concept of statistical self-similarity
and discuss how the degree of self-similarity of a stochastic process can be assessed.

Figure 2.1. A popular example often used in fractal theory is the Mandelbrot set, the bound-
ary of which is a fractal curve.

2.1 Fractals

The aim of this section is to introduce the de nition of a fractal. Informally, a fractal is a subset
of atopological space which appears to be the same regardless of the scale at which it is viewed.
The property of similar patterns appearing at different scales is referred to as  self-similarity ,
and will be the main topic of Section 2.2. While fractals can exist in any topological space, the
theory introduced in this section will be restricted to fractals on R". In order to provide context,
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