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Preface
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Sobolev spaces, and the finite element method. We refer the interested reader to [1| and
[2] for a thorough exposition on these subjects.

We would like to thank our supervisors Horia and Anton for guidance throughout the
project.
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Notation and terminology

The following is a list of notation and terminology used throughout the project:
e We let R denote the set of real numbers.

e For any positive integer d, we let R? denote the usual d-dimensional Euclidean space
equipped with its usual norm, denoted by | - |.

e Whenever 2 C R? is an open subset of R?, we define the following function spaces:

— For p € [1,00), the space LP(Q)) denotes the set of p-Lebesgue integrable
functions f : @ — R, and L*™(f2) denotes the set of essentially bounded
functions f : 2 — R. In both cases, we equip these spaces with the norms

1/p
1l = ( / |f|pdx) ,

[l 2o () = ess sup | f(x)]
x€e)

— For any positive integer k and any p € [1, 00|, we let W}/ (§2) denote the Sobolev
space defined by

WEP(Q) = {f : Q — R : f and all its weak derivatives up to order k belong to LF(Q)},

and we equip these spaces with the Sobolev norms
1/p

1fllwro@ = | D 1D Fllfa

o <k

In the case p = 2, we also write H*(Q2) = W*2(Q) in order to emphasize this
space’s property of being a Hilbert space.

— The space H} () is defined as the closure of the set of smooth functions with
compact support in © under the H'(2)-norm. Whenever € has sufficiently
smooth boundary, we may identify HZ(§2) as the space of functions f € H'(f2)
whose trace vanishes at the boundary.

e Whenever (V|| - ||) is a normed function space and d is a positive integer, we let
V4 denote the set of vector-valued functions f = (f1,..., fs) whose components
fi,..., fa belong to V. Furthermore, we endow V¢ with the obvious norm

p 1/d
[l = (Z ||fz-||‘é> -
=1
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Chapter 1. The main problem AAU

1 The main problem

In this chapter, we present the problem of interest, namely the evolution of a mixture
of two fluids with distinct viscosities and densities contained in a vertical slab, then
formulate a model for the evolution of said fluid. Furthermore, we also show that the
mixture will reach an equilibrium after some finite amount of time, in which the two
fluids are completely separated, with the fluid with lighter density resting on top of the
other fluid.

1.1 A model of the problem

Let Q be an open subset of R? with d € {2,3} contained in the vertical slab R~! x [0, H]
for some H > 0, and suppose that €2 is filled with an incompressible mixture of two
fluids with distinct densities p;, po and distinct viscosities puq, po such that the fraction
of volume ¢q of fluid 1 at time ¢ = 0 lies strictly between 0 and 1. If we suppose that
p2 < p1, then at any time t > 0, we can distinguish between at most four regions within
the mixture:

1. A region QN (R x [hy(t), H]), occupied solely by fluid 2;

2. A sedimentation region QN (RI~1 x [hy(t), hs(t)]);

3. A region QN (R! x [hy(t), ha(t)]), densely packed with spheres of fluid 2;
4. A region QN (R4 x [0, hy(t)]), occupied solely by fluid 1.

At time ¢ = 0, we assume that we have have h;(0) = hy(0) = 0 and hs(0) = H.
Furthermore, we assume that the fraction of volume ¢, of fluid 1 within the densely
packed region satisfies 0 < ¢g < ¢4 < 1 and that the fraction of volume of fluid 1 in the
sedimentation region is constant and equal to ¢y. By the conservation of the volume of
fluid 1 across regions, we obtain the relation

Heo = hi(t) + (ha(t) — hi(t))¢a + (hs(t) — ha(t))go. (1.1)

The goal is to write down a dynamical system of equations that models the time evo-
lution of these four regions. In accordance with observations in physical experiments,
we will show that at some finite time T > 0, the sedimentation region disappears, i.e.
that hy(T,) = ha(T,). For any t > Ty, the equation remains valid if we simply dis-
card the last term on the right-hand side. Furthermore, we will show that h; converges
exponentially to hgy.
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Chapter 1. The main problem AAU

1.1.1 The dynamic system of equations
As stated previously, the initial conditions for the functions hq,hg, and hg are given by
h(0) = ha(0) =0, £y (0) = H.
The first equation in our dynamical system, describing the evolution of Ay, is given by
hl(t) = — Kt — a. (1.2)

The second equation in our dynamical system, describing the evolution of hg, follows
directly from equation (|I.1]) and is given by

1 _
halt) = _¢d(%)¢0 it = 0¥ —(ijo

The third and final equation in our dynamical system, describing the evolution of hq, is

given by
oy Ha(ha(t) — (1)) _ e
Ri(t) = T Dlz(f’t)(hd(t) @) D(t) =/ Dj + bt. (1.4)

In the equations (1.2)-(1.4)), a,b, Dy, K1, K3, and K3 are all positive constants. Notice
first that the equation (1.2]) combined with the initial condition hs(0) = H clearly has
the solution

(8). (1.3)

hs(t) = H — K1§ — at. (1.5)

1.1.2 Vanishing of the sedimentary region

In order to show our desired properties, i.e. that the sedimentary region between hy
and h, vanishes and that hy converges exponentially to hgq, we require a description of
the solutions of equations and ([1.4). To this end, we start by introducing the new
unknown function f := hy — hy. In domg S0, we may combine and (| into the
more “canonical” form

/ (b ¢0 o
PO = (Kt +0) = =0, £0) = 0. (1.6
h&(t)——[(;ff)}() m() =0,

ha(t) = ha(t) + f(£),  ha(0) = 0.

The advantage of introducing f is that f obeys the regular ODE ([1.6]) near ¢ = 0, hence
we obtain a smooth local solution. Furthermore, f'(0) > 0 and f(0) = 0, hence f(¢) > 0
for all ¢ € (0,¢) for a sufficiently small € > 0. Hovever, the ODE remains regular so long
as [ > 0, hence we may extend the solution so long as f remains non-negative.

The key insight is that f cannot become negative at any point; indeed, if f were to
become negative at some point, it follows from the intermediate value theorem that there
exists some t; > 0 such that f(¢;) = 0. From this, we see that f(t) > 0 = f(¢;) for all
t € (0,t1); however, f'(t1) > 0 by (L.€]), hence f is strictly increasing around #;, which is
a contradiction.
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Chapter 1. The main problem AAU

From this argument, we conclude that f(t) = hy(t) — hq(t) > 0 for all t > 0, i.e. hy(t) <
hq(t) for all t. Furthermore, we can use ([1.6)) to obtain the following solutions of ((1.3)

and :

®o a4 — ¢o

_ 2 _

hi(t) = 1_¢0(K1t [2+at) = S ™ f@), .
%o 1 — g '

ha(t) = 1_¢0(K1t2/2—|—at)+ 1_¢0f(t).

From and (1.7)), we see that
alt) — ha(t) = £ i (K02 at) + 1 = 23 F(t) = (H — K112/2 — at)
1 1 — ¢q
=1 ¢O(Klt2/2 + at) + - ¢0f(t) —H

can assume both negative and positive values for some finite 7T, > 0, hence there exists

some T > 0 such that hq(Ts) — hs(Ts) =0, i.e. hy(Ts) = ha(Ts).

1.1.3 Exponential convergence of hy to hy

Consider again the equation ((1.1)). Letting f = hqy — hy as in the previous subsection, we
see that

hi(t) = Hpo — f(t)¢a, t =T (1.8)
Combining and , we see that
f(t) = L N () t> 1T, (1.9)

bd 1—|—DI§—a)f(t)’

Similarly to before, this equation has a unique solution so long as f(¢) > 0. From ([1.9),
we see that f is decreasing for ¢ > T,; as D?(t) is linearly increasing, it follows that

K3 K3
1+ DQ—(t)f(t) < 2max{l1, —sf(Ts>},
1 1 _Ks

——— < f(T)}=1—-K;<0
L+ o f() — 2
for t > T,. Furthermore, (|1.9) also implies that

fit) < —%f@), > T,

from which it follows that f(t) exp(tKyK,/¢q) is decreasing for t > Ty, hence
0 < f(t) < f(T,) exp(—(t — To) KoK, /da), t> T

From this, we see that f = hy — hy converges exponentially fast towards zero, but the
evolution never stops in the sense that the difference never becomes exactly zero for any
finite t > T5.
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2 Theoretical aspects of modelling an
incompressible two-phase flow

In this chapter, we first introduce the system of partial differential equations that govern
the evolution of the pair consisting of a velocity vector field and a scalar pressure field,
which together describe the flow of a mixture of two fluids such as the one considered in
Chapter 1. Using these equations, we describe a classical method for approximating said
velocity field and pressure field. Said method involves

2.1 The governing equations of motion of a two-phase
fluid

The evolution of said mixture of fluids can be described via the velocity vector field u
indicating both the direction and velocity of the mixture’s flow. This pair of the velocity
field u and the pressure field p defined on € x [0, c0) must satisfy the equations

Oi(pu) + Vi - (puu”) = —Vyp — pges + Vi - ((Vyu + (V,u)")), (2.1)
Vx-u=0, (2.2)
8,C +u-VyC =0, (2.3)

subject to the initial conditions

u(x,0) =0, p(x1,22,23;0) = poo + (21, 29, x3;0) ds (2.4)
for all x = (x1, 9, 23) € Q and the boundary conditions

u(x,t) =0, p(xy,x,x3;t) = poo + V(21, x9, x3;t) ds (2.5)

for all (x,t) = (x1,z9,x3;t) € 00 x [0,00), where C' is the volume fraction function of
fluid 1, p = p(C) and p = p(C) are the fluid density and fluid viscosity functions defined
by

p(C(x,1)) = pC(x,1) + p2(1 — C(x, 1)),
N(C(Xv t)) = MlC(Xa t) + ,U2<1 - C(Xat))a

Poo 18 the atmospheric pressure, and 1 : Q x [0, 00) is defined by

H
¢($1,$2,$3;t)=/ p(C(z1, 79, 5;1)) dz.

z3
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2.2 Variational formulation

Let At > 0 be a fixed time step. We define a sequence of points in time {t,},>0 by
t, = nAt,n > 0. Furthermore, whenever f is a function defined on R? x [0, 00), we write

Taking a forward difference in time in (2.3) yields the equation

Cm—l—l —Cn

A7 +u" -V, C" =0, (2.6)

which can be solved for C™! using a volume-of-fluid method. With the volume fraction
field updated, we now turn towards updating the velocity field and the pressure field.
We shall make use of a classical technique first introduced in [3| called the projection
method or Chorin’s method that decouples the velocity and the pressure from each other
and updates both fields in three steps. Our approach to this method is based on the
particular variant of the projection method called the incremental pressure correction
scheme (IPCS) due to [4], and our exposition of this method is largely based on |5, sec.
3.4.2]. In the first step, we compute a tentative update for the velocity field, denoted u*,
by taking a forward difference in time in , yielding the equation

Cn+1 _ cn I )
p( ) p( )un + (un(un>T)vxp(Cm) 4 p(Cn) u u + (un . vx)un — ges
At At
= (Vxu" + (vxun)T)VXN(Cm) +pu(C") (Vi - (Vxu") + Axu”) — Vyp™.
(2.7)
Note that
p(CnJrl) _ p(cn) B B Cerl —C"
At - (pl P2) At )
pr(C") = (p1 — ,02)chma
(0" (u")") Vep(C™) = u*((u")" Vxp(C™)) = (p1 = pa) (w0, - VC™)uy,
hence we may reduce to
P At P X xP P ges (28)

= (Viu" + (V,u") ")V p(C™) + u(C™) (Vi - (Vxu™) + Axu™).

by applying the calculations above and (2.6). Rearranging terms, we may restate ({2.8))
as

f=u" u” - u” — ges L u” u™)” ") — "
u = ut At(( Vau' — ges + s (V" + (V™)) Vs C™) — Viep o)
+ u(C™Y (Vi - (V™) + Axu")]>.

By taking a dot product with a test function v belonging to a function space to be defined,
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then integrating over Q on both sides of (2.9), we obtain the equation

/u*~vdx:/u”-vd:c—l—At(/(u"-Vx)u”-vdx—/ge3~vdx
0 Q Q 0

1 n mT ™ . vdr
+/Qp(0n) (V" + (V™)) V(€] - v d (2.10)
1 n . u” u”) — "l vdr
+/Qp(0n) [11(C™) (V- (Vxu™) + Agu™) — Vyp"] - vd )

Notice that (2.10) makes sense whenever u* and v belong to the space H}(Q)?, the
previous velocity field u™ belongs to the space

V(Q) = H*(Q)*N{f € Hy(2)*: Vi -f=0ae. in Q},
and the previous pressure field p™ belongs to the space
P"(Q) :={f € HY(Q) : f = po + 9" on IN}.
Defining a bilinear form a; : H*(Q)3 x H'(Q)? — R by
ai(u,v) = / u-vde (2.11)
Q

and a linear functional ¢; : H'(Q)* — R by

ﬁl(v):/u”-vdx—i-At (/(un-vx)u”~vdx—/ge3-vdx
Q Q

Q
1
+/ - [(Vxu™ + (Vxu™)") Vieu(C™)] - vda (2.12)
o p(C™)
1
+ C™") (Vyx - (Vxu™) + Au™) — Vyp" 'de> ,
| S W€ (T (T + ) = Vo
we obtain the following variational problem from ([2.10):
find u* € Hy(Q)? such that a;(u*,v) = (,(v) Yv € Hy(Q)? (2.13)

Whenever a variational problem such as (2.13) is introduced, it makes sense to ask
whether said problem has a weak solution, and whether said solution is unique. The
following proposition gives an affirmative answer to both of these questions.

Proposition 2.1. The variational problem (2.13) has a unique weak solution u* €
HL(Q)®

Proof:

Using the definitions of a; and ¢; as given in (2.11]) and (2.12)), respectively, it suffices
to prove that a; is continuous and coercive and that ¢; is bounded, i.e. that there exist
constants C7, Cy, C's > 0 such that

a1 (u, v)| < Ci[ull g1 ||V a1 (@),
ar(u,u) > Collul|F gy,
((v) < Csllvl o)
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for all u,v € H*(Q2)3. Once these properties have been verified, we may invoke the Lax-
Milgram theorem to directly obtain both existence and uniqueness of a weak solution u*
of (2.13). The proof naturally splits into three parts, each concerned with verifying one
of the three properties listed above.

Let u = (u1,us,u3)’,v = (vy,v9,v3)7 € H(Q)3. We start by showing continuity of
ay. Using the definition of a; and Holder’s inequality along with the obvious inequalities
il 22y < |lallar@)s, i = 1,2,3, it follows that

lai(u,v) |—‘/Zuzvzdx <Z/|uvz|dm

3
< Z [will 2o [vill 22(0) < llull o) Z Vil 2(0)
=1

< ||u||H1(Q)3||V||H1(Q)3a

hence a; is continuous with C; = 1. Next, we turn to coercivity of a;. We start by
writing

3 3
1(11,V) = Z/ U;V; dl‘ = Zau(ui, Ui>,
i=1 79 i=1
where a;; : H'(Q) x H'(Q) — R is the bilinear form defined by

ari(u,v) —/uvdx, i=1,2,3.
Q

Each of the bilinear forms a;; is can be shown to be coercive over H'(Q) x H'(Q2) by
using the Poincaré-Friedrichs inequality; for a proof of this, see [6, pp.12-22|. Using this
fact, we obtain coefficients C; > 0,7 = 1, 2, 3 such that

Cillull o) < avi(u, u)

for all u € H'(Q). Letting C* = mln{ci i=1,2 3} we see that

w

3
lalli oy = D luillin ) < Z i(ui, ui) = C%ay(u, ),
i=1
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to prove continuity of /1, note that

hence a; is coercive with constant Cy =

|01 (v |</Z|u v;| doe + At (/ Z |u"(9$1ujv]|dx+/|gv3|dx
0

1,7=1

1 3 . § )
+/Q p(C™) z:: (1027 + 10,2171} 102, 2(C™) i] da
1 3 . )

< Z [ui |2 @107 20) + At (Z [ || 2@ |0z, || L0 V5] £2(02)

J=1

Z 100,67 | 220 + 102,45 | 2 () 102, C"[J0il 20

mm{ph Pz} i1

i max{ }
+ Z M1, f2

D,2u; ) z.
miﬂ{/h,pz} (” T5T; ]HL2 +H x?u HLQ(Q) HU ”LQ(Q)

}leaxlp 2@ llvill 2 e )

ij=1

+ gV A Q) || L2(0) +

< C3||v|l 203,

mm{p P2

where C5 > 0 is a constant depending on Q, u?, p(C™), and p(C™). In order to obtain the
second inequality, we have made the following observations:

e The term fQ Gz |uj' Oy, ufvj| dz can be bounded upwards using the generalized
Holder inequality, yielding the estimate

[ Wt lan < 3 Wl lon ool

4,j=1 i,j=1

This is due to the fact that v} and 0,,u] belonging to H 2(Q) implies that they

belong to L5(2) by the Sobolev embedding theorem, since ¢ = 6 satisfies é =

i — 3 - By the Riesz-Thorin interpolation theorem, it follows that ;' and d,u}
in partlcular belongs to the intermediate space L*(Q) fori,j = 1,2,3. As v, belongs
to L3(Q) for j = 1,2,3 and }l + % —I—% = 1, the generalized Holder inequality implies

that each term ufd,,u7v; belongs to L'(Q) and yields the estimate

/ i O ujvs| dz < [|uf| oo 102,45 [ oo il 2 (), 4,5 = 1,2,3.
Q

e The partial derivatives 0,,C™ are bounded on (2, hence the partial derivatives
O, 1(C™) = (1 — p12)0,,C™ are also bounded on €.

e Every term on the right-hand side of the first inequality besides the term mentioned
in the first point can be bounded upwards by applying Holder’s inequality.

Having shown the desired properties of a; and ¢;, we are now in a position to invoke the
Lax-Milgram theorem and obtain a unique solution u* of ([2.13)). O

Group 5.211b Page 19 of



Chapter 2. Theoretical aspects of modelling an incompressible two-phase flow AAU

The tentative velocity u* obtained from the variational problem has one defect,
namely that there is no guarantee that it satisfies the divergence-free condition .
In order to ensure the next velocity field satisfies , we will compute a correctional
pressure term that will be used to modify the tentative vector field u* such that the new
vector field is divergence-free.

We obtain this correctional pressure term as follows: By taking a forward difference in
time in (2.1)) at the nth time step and using the pressure field p"™!, we obtain the equation

n+1 n

HEED P i a0l ) (g - Tt = g

= (Vxu" + (Viu™) ) Vo s(C™) + p(C™) (Vi (Vi - u™) + Aju™) — Vyp™.

(2.14)

Notice here that we use the actual velocity field u"*! in the forward difference instead of

the tentative velocity u*. Subtracting (2.14) from (2.7) and dividing through by p(C™)
yields
un+1 —u* vxpn+1 . vxpn B

Taking the divergence of both sides of (2.15)) and requiring that the (n + 1)th velocity
field u™*! satisfies the divergence-free condition (2.2)), the equation

ﬁﬁxp* - %(VXC”) (Vip™) = évx u* (2.16)
follows, where p* = p™*! — p™ and we used the fact that
e (g (gt gy 5
p(C™) p(C™) p(Cm)
-t P 9,0 (V).

p(C) (p(C"))?

Multiplying both sides of (2.16) by p(C™) and a scalar test function ¢ € Hj(2), then
integrating over €2 yields

/Q (Anp)qd — / p/j<g,§2<vx0”>~<vxp*>qu=§ / p(C™) (V- gz (2.17)

Using integration by parts on the first integral on the left hand side of (2.17)) and recalling
that ¢ vanishes on 0f2, we obtain

[@aa= [ sV nm)as - [ () (V) da

Q

- /Q (Vod") - (V) o

using this equation, we may restate (2.17)) as

/Q(pr*) - (Vxq) + G (ViC™) - (Vyp)gdx + / M(Vx -u¥)gdr =0. (2.18)

p(C™) o At
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Similarly to (2.10)), the equation (2.18)) makes sense when the correctional pressure field
p* belongs to the space

PYQ) = {f € H'(Q) : f =" — ¢ on 00Q}.

Defining a bilinear form ay : H'(Q) x H*(Q2) — R by

P1— P2 n
as(p, q) = /Q(pr) - (Vxq) dx —1—/9 () (VxC™) - (Vxp)gdx (2.19)

and a linear functional /5 : H'(Q2) — R by

1

ly(q) = N QP(

C™")(Vx -u¥)gde, (2.20)

we obtain the following variational problem:
find p* € P*(Q) such that  as(p*,q) = la(q) Vg € HL(Q). (2.21)

Similarly to Proposition [2.1] we are able to show existence and uniqueness of a weak

solution of (2.21)):

Proposition 2.2. The variational problem (2.21) has a unique weak solution u* €
(H*(Q) N H(2))°.

Proof:

As in the proof of Proposition 2.1} it is enough to show that the bilinear form as defined
by is continuous and coercive and the linear functional ¢y defined by is
continuous. Once we have shown these properties, we may finish the proof by directly
invoking the Lax-Milgram theorem. To this end, let p,q € H*(2). Recalling that p(%
and the partial derivatives 0,,C™ are bounded, applying Hoélder’s inequality directly to

(2.19) shows that

3 3
P1— P2
02,0 < [ Y lonpdualdo+ [ 01’10, C" 0, pl da
Q ZZI ol p(C) ;
3 3
< 0l 2 @ 1024l 2@ + Cllallz) Y 1022l 2@

i=1 =1

3
< CNdllzrey Y 10ap
=1

|22(0)

< C"|Ipllmollallm ),

hence ay is continuous. Furthermore, by arguing as in |6, pp.12-22|, we obtain coercivity
of as.

It remains to show that £ is continuous. Recalling that u* belongs to H}(Q)?, an appli-
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cation of Holder’s inequality shows that
1 3
l < — c" Oy, ur|d
0] < 5 | 1Al 3 on s

3
1 *
< g lallzze > 10w 220
i=1

3

1 *

< EHCIHHl(Q) > 100,17 [ 220,
=1

hence /5 is continuous. U

With the correctional pressure term p* obtained from ([2.21]), we are ready to update both
the velocity field u” and the pressure field p" in time. We obtain the (n + 1)th pressure
field p™*! simply by recalling that p"*! = p™ 4 p* by the very definition of px. To obtain
the (n + 1)th velocity field u"*!, consider the equation (2.15)). Taking a scalar product
with a vector test function v € H}(Q)? and integrating over € on both sides, we obtain
the equation

1

u"“-vdx—/u*-vdx—At/—pr*-vdx. 2.22
/Q Q o p(C") (2:22)

Similarly to the previous steps, we define a bilinear functional a3 by
az(u,v) = / u-vde (2.23)

Q
and a linear functional /3 by
1

l3(v :/u*-vdx—At/—pr*-vda:, 2.24
i\ Q Q p(C™) ( )

then consider the following variational problem based on ([2.22):
find u"tt € E(Q) such that az(u"*!, v) = l3(v) VYv € Hj(Q)?, (2.25)

As with the previous variational problems, we start by ensuring existence and uniqueness
of a weak solution:

Proposition 2.3. The variational problem (2.25) has a unique weak solution u* €

Proof:

As before, we wish to show that asz as defined by (2.23)) is continuous and coercive and
that (3 as defined by (12.24]) is continuous in order to invoke the Lax-Milgram theorem to
directly obtain the existence of a weak solution of ([2.25)).

The continuity and coercivity of ag follows by analogous arguments to the ones made for
the same properties of the bilinear form a; in the proof of Proposition [2.1} since the two
bilinear forms are defined by the same expression. As for the continuity of /3, we recall
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that u* € H*(Q)? and p* € H'(Q2), hence we may once again apply Holder’s inequality
to show that for any v € H(Q),

3
1
l3(v S/ U v; da:—i—At/’—
sl [ 3 kv RFCS
3

3
< @ llvillzze + €Y 10w,0" | 2@ vill 20
i=1 1=1

< vllav@),

3
Z |0, p"v;| d
i=1

hence ¢5 is continuous. O

2.3 Numerical experiments

Hvaing introduced the TPCS, we now turn back to the original problem presented in
Chapter 1, i.e. the question of whether a two-phase flow reaches an equilibrium in which
the two fluids are separated. To this end, we have conducted a range of numerical
experiments using an implementation of the IPCS in the open-source computing platform
FeNICSx |7, 8,9, (10, 11}, |12} {13, 14, |15]. In the appended Python script “num_exp.py”,we
have created a scripts which implements the IPCS in order to simulate a mixture of water
and oil in the slab Q = [0,1]2 x [0, 5].
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3 Conclusion

Through this thesis, we have managed to show theoretical properties of the evolution
of a two-phase flow in a vertical slab and managed to verify them numerically as well.
However, the field still contains several open questions, including but not limited to:

e Investigating more general subsets 0 C R? and their effects on the stability of the
methods

e Incorporating several more concepts from the theory of finite element analysis and
finite volume analysis in order to achieve new results, e.g. a priori estimates on the
error committed in the approximations

e Conducting more numerical experiments.
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