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Resumé

Frekvensområdet for mikrobølger og synligt lys har længe været veludviklet, mest affødt af de rel-
ativt let tilgængelige metoder til at både danne, detektere, og manipulere stråling i disse områder.
Imellem disse to områder finder man en tidligere noget uudforsket del af det elektromagnetiske
spektrum, nemlig området for terahertz stråling. Dette område var op til 80’erne forbeholdt
hvad bedst kan beskrives som nicheforskning eftersom ingen af komponenterne påkrævet for at
udforske dette område var lettilgængelige.
I 80’erne skete der et gennembrud, da forskellige forskergrupper viste, at man ved hjælp af fem-
tosekund lasere kan danne og detektere terahertz stråling. To af disse grupper, som er specielt
nævneværdige, er Grischkowskys gruppe der var tilknyttet IBM og Austons gruppe der var
tilknyttet Bell Labs. Disse grupper udgiver i årene 1988 til 1990 nogle af de artikler der lagde
grundstenene for terahertz tidsdomæne spektroskopi.
Brugen af femtosekund lasere til både at excitere og detektere terahertz stråling blev et vende-
punkt for forskningen indenfor terahertz området da det betragteligt sænkede adgangsbarrieren
til feltet, og dermed gjorde det mere tilgængeligt.
Selvom området har oplevet en stor udvikling over de seneste 30 år, er det stadigvæk et område
af interesse. Dette skyldes at mange af komponenterne i dette område ikke er lige så veludviklede
som de tilsvarende komponenter i de omgivende frekvensområder, som for eksempel mikrobølger
og synligt lys.

Formålet med dette kandidatspeciale var at designe og lave forskellige passive komponenter til
manipulation af terahertz stråling, hvorfor sådanne både er blevet modelleret, fremstillet, og
karakteriseret. Mere specifikt er der fokus på to slags komponenter, en der udviser Fano res-
onanser samt en anden der udviser fotoniske båndgab. Disse er henholdsvis baseret på en- og
to-dimensionelle fotoniske krystaller i høj resistivitet silicium. Komponenterne der udviser Fano
resonancer er fremstillet ved at ætse et en-dimensionelt gitter ned i overfladen af 100µm tynde
wafere, og disse kan for eksempel benyttes som spektral specifikke reflektorer. Komponenterne
der udviser fotoniske båndgab er fremstillet ved enten at ætse i 100 og 200µm tynde wafere
således at et firkantet eller hexagonalt gitter af stave står tilbage, eller ved at brænde huller i et
hexagonal mønster ved at benytte en høj energi pulset laser. Disse komponenter kan bruges til
at reflektere områder af frekvenser, men kan også bruges til at lave bølgeledere og kaviteter.
Efter fremstillingen blev de forskellige komponenter også karakteriseret ved hjælp af flere forskel-
lige metoder såsom skannende elektron mikroskopi, lys mikroskopi, og profilometri. Derudover
er de også blevet optisk karakteriseret ved transmissionsmålinger, og efterfølgende er de blevet
sammenholdt med tilhørende teoretiske modeller.

Målingerne på de fremstillede komponenter der udviser Fano resonanser er i fremragende ov-
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erensstemmelse med de spektrummer beregnet med den teoretiske Fourier modal metode, både
under normalt og vinklet lysindfald. Samtidigt blev der også fundet en tilfredsstillende ov-
erensstemmelse mellem målingerne på de fremstillede komponenter der udviser båndgab, og
de båndstrukturer der blev beregnet med en iterativ tre-dimensionel Fast Fourier Transform
metode. Selvom det ikke var muligt at detektere bølgeledertilstande i en luftbølgeleder, så blev
der med succes fundet bølgeledertilstande i en siliciumbølgeleder i en prøve med et hexagonalt
gitter af lufthuller i silicium, samt kavitetstilstande for en kavitet i en prøve med et hexagonalt
gitter af silicium stænger i luft.

De resultater og overvejelser som er præsenteret i dette kandidatspeciale kan bruges som inspi-
ration til videre undersøgelse af: Samling af signal ved hjælp af bøjede bølgeledere, nedskalering
af de producerede komponenter, og fremstilling af fungerende luftbølgeledere.
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Part I

Background, Theory and Method
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1 | Introduction

The terahertz region is of increasing interest and spans the frequency interval from 0.1 to 10
terahertz, corresponding to wavelengths between 3.0 mm and 30� m [1�6]. This region lies
between microwaves and infrared, and was before the late 1980s referred to as the "terahertz
gap" due to the lack of e�cient emitters and detectors in this frequency region compared to
the adjacent regions [3, 7, 8]. The terahertz frequency range has been actively researched in
the last 30 years following the introduction of using femtosecond lasers to both excite and
detect freely propagating terahertz radiation in the late 1980s [3, 8, 9]. Although the selection
of both emitters and detectors has improved since then [10,11] it is still an area actively being
researched [12, 13], wherein particular the realisation of quantum cascade lasers operational at
room temperature is of great interest but has yet to be achieved [14, 15]. The reason for this
interest is grounded on the expectation that it will reduce the complexity, cost, and improve the
portability of terahertz laser systems which would help the commercialisation of the �eld [14],
which has only experienced an increasing interest over the years, due to the multiple areas in
which it has usages. [2,3,8,15]

In the defence and public security sector terahertz imaging can be used to detect hidden metallic
objects, given that many materials such as clothing and many common types of packaging are
transparent in this spectral region. In addition, terahertz spectroscopy may be used to detect
many illicit drugs and explosives since they have material-speci�c spectra. [16,17]
Since terahertz radiation is strongly absorbed by water it may also be used for medical diag-
nostics of phenomena where the water content of the tissue, and in the future potentially cells,
under investigation changes [18, 19]. Terahertz imaging has also been proved able to identify
cartilage deterioration in a rabbit knee [20]. An overarching bene�t of using terahertz in med-
ical diagnostics is the inherently lower energy of terahertz radiation compared to visible light
and X-rays, and consequently, the ionisation potential of terahertz is nearly non-existent, and
it therefore poses a signi�cantly lower risk for unwanted side e�ects [20]. Another area where
terahertz radiation can be exploited is in non-destructive quality control of, e.g., plastics and
di�erent foods. For plastics, it can be used to determine water content, the presence of contam-
inants, and the quality of plastic welds [21,22]. For foods, it can be used to determine moisture
content and the presence of pesticides, antibiotics, as well as foreign bodies [23]. Furthermore,
an almost certain future exploitation of terahertz radiation is found in telecommunications, since
following the current trend of the technology the bands of the next generation, 6G, will extend
into the terahertz region [24�26].

Besides the need for better emitters and detectors, all these applications also require components
that enable the possibility to manipulate the radiation, components that are not as readily
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available in the terahertz region [27�29]. Examples of the components are �lters, waveguides,
and re�ectors. Furthermore, phased arrays could be a possible way to collect and steer the
output from multiple sources in an attempt to circumvent the rather low output power from
terahertz sources [3,13,30].

A mechanism that can be exploited to create components such as spectral-speci�c re�ectors
is Fano resonances [31�34]. These are well established in the literature [5, 31, 35�40], and as
the name suggests, they are resonances of some system. They materialise when a continuous
and a discrete set of states coexist, with the interference between these states resulting in the
asymmetric spectral line shape that characterises Fano resonances. The formulation of the Fano
resonance theory was developed by Ugo Fano in 1935 [32], when some of the Rydberg spectral
lines were observed to be anomalous, and could not be understood using the theory at the time.
Fano showed that these lines can be understood as interference between superimposed wave
functions corresponding to a discrete transition as well as a continuous transition. Fano gained
this insight by considering the photo-ionisation of an atom, which may occur several ways, the
most straightforward being the case in which the photon simply has enough energy to ionise
the electron, resulting in the processA + ~! ! A+ + e� . Another process that may occur
is that the photon excites two electrons into some quasi discrete level, from which one of the
electrons may fall back down into its initial energy state providing the energy needed for the
other electron to be ejected into the vacuum continuum. This last process is also known as an
Auger process and can be expressed as~! + A ! A � ! A+ + e� . These autoionising levels
are discrete, and due to the nature of quantum mechanics, the real process can be described as
the superposition of these two cases. With this description, Fano used perturbation theory to
arrive at the following expression for the scattering cross-section,� , which could then explain
the asymmetric absorption peaks

� =
(� + q)2

� 2 + 1
; � =

2(E � EF )
�

; (1.1)

with EF being the resonance frequency,� the width of the resonance,E a continuous frequency
variable, and q being a phenomenological shape parameter. This shape parameter can be further
understood if eq. (1.1) is rewritten to be the superposition of a Lorentzian peak, expected for
absorption of a discrete set of modes, as well as a continuous level, i.e.,

� =
q2 � 1
� 2 + 1

+ 1 +
2q�

� 2 + 1
: (1.2)

Here the last term can be understood as a mixing term, which strongly depends on the value
of q. Thus the parameter q governs to which degree the two ionisation methods are probable in
relation to one another, which is what Fano proposed in his original paper. This means that in
the limit q ! 1 the absorption process by the continuum of states is very weak, and the Fano
resonance simply looks like the standard Lorentzian peak, whereas ifq is on the order of unity,
both transitions are equally probable resulting in an asymmetric dip. In the case whereq = 0 a
symmetric dip appears, sometimes called an antiresonance, and is unique to the Fano resonance.
These pro�les are illustrated in �g. 1.1. This interference between discrete and continuous states
is then the physical interpretation of the Fano resonance, and also explains why this phenomenon
is present in the �eld of photonics. If a structure supports coupling into and out of discrete and
continuous modes, Fano resonances may appear, a mechanism that can then be used for, e.g.,
spectral-speci�c re�ectors.
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Figure 1.1: Plots the peaks of di�erent absorption processes discussed in this section. In the limit where
q �! 1 the absorption process is dominated by discrete transitions, whereas whenq = 0 the absorption
is facilitated by a continuum of states. When q � 1 both absorption processes are equally likely, and it
is by this mechanism Fano resonances occur.

A class of materials that can be used to create optical devices for the terahertz spectrum are
photonic crystals. These have been studied since the late 19th century, when Lord Rayleigh
showed that multilayered dielectric stacks, i.e., the Bragg Mirror, had a spectral region of high
re�ectivity dubbed the stop band [41]. Such a structure, where the dielectric function is varied
periodically along one or more axes, is today commonly thought of as a photonic crystal, though
it is contended by one of the progenitors of the name, Eli Yablonovitch, that the namephotonic
crystal should be reserved for materials that are both periodical in either two or three dimensions,
to distinguish them from the materials studied by Rayleigh, and have large modulations of
the refractive indexes, separating the �eld from X-ray crystallography [42]. Nevertheless, a
commonly accepted de�nition of the word photonic crystal is simply that of a material in which
the dielectric function varies periodically in one or more dimensions [43�45].

The name photonic crystal was �rst brought into existence in 1987 when Sajeev John and Eli
Yablonovitch published two pioneering papers [46, 47]. S. John showed that light could be
con�ned by introducing defects into a photonic crystal, in a similar way that an electron can
be con�ned by introducing a potential trap in the form of impurity atoms in a semiconductor.
The defects could be any disruption to the otherwise periodic dielectric function such as point
defects, line defects, or grain boundaries [46]. The paper written by E. Yablonovitch investigated
the possibility of inhibiting the spontaneous emissions of systems at speci�c frequencies by using
two- and three-dimensional photonic crystals with band gaps at these frequencies, concluding
that the e�ect could play a signi�cant role in solid-state physics, speci�cally in the study of
semiconductor lasers [46]. That the spontaneous emission rates of systems could be altered had
been known since the 1940s, when Edward Purcell published a paper regarding the enhancement
of nuclear magnetic moment transitions by coupling with a resonant electrical circuit [48], where
he showed that the spontaneous emission of a system at a given frequency can be changed by
a factor proportional to the ratio between the systems density of states and the free space
density of states. Thus, creating a material with a true band gap would inhibit the system from
spontaneously emitting light with frequencies inside the gap. [48]

4



Aalborg University

Since the pioneering work of S. John and E. Yablonovitch, the number of publications regarding
photonic crystals have exploded [45], with the �rst three-dimensional photonic crystal being
fabricated in 1991 by Eli Yablonovitch. The crystal used a pseudo-FCC lattice that was dubbed
Yablonovite. The fabricated structure had a photonic band gab in the microwave regime and
was fabricated by drilling holes at three di�erent angles into a suitable transparent material.
Yablonovitch further commented that his structure could readily be scaled down by using state-
of-the-art reactive ion etching, resulting in a band gap near-visible frequencies [49]. The �rst
photonic crystal exhibiting a band gap in the near visible spectrum was, however, based on a
two-dimensional crystal, due to the di�culties of scaling down three-dimensional structures to
the nanoscale. The crystal was based on a hexagonal array of air holes etched into SiO2 using
electron-beam lithography and reactive ion etching [50]. Although three-dimensional photonic
crystals have since been fabricated in a variety of lattices [51], it is the two-dimensional versions
or varieties thereof that see the most success [43, 45]. In fact, the �rst three-dimensional pho-
tonic crystal fabricated on the micrometer scale was the woodpile crystal, which is essentially
fabricated one two-dimensional layer at a time, by iteratively depositing and etching silicon,
lending from the decades worth of expertise with top down methods acquired in the research
and fabrication of electronic chips [43,45,52,53].

Today, photonic crystals are still the subject of major research, yet they have also become
the major component in a variety of industries, perhaps the most prominent example being
the photonic crystal �bre (PCF), the �rst of which was fabricated by Phillip Russel and his
team in the 1990s [45,54]. These structures, capable of acting as waveguides, can be created by
melting thin glass capillaries together, leaving air gaps in between resulting in a two-dimensional
photonic crystal in the plane perpendicular to the length of the �bre. By introducing a defect
in the center, either air or just a massive rod of glass, the periodicity of the photonic crystal
plane is interrupted, allowing light of speci�c frequencies to be trapped [54]. The fabrication
procedure also allows for one or more of the constituent capillaries to be doped, making it
possible to have gain or even creating laser �bers [44, 54]. Two types of PCF, referred to as
solid-core and hollow-core �bers, see a wide variety of purposes, with the most mature product
being the solid-core [44]. An example are telecommunications, where solid-core PCF has two
distinct advantages over the traditional waveguide using a high-index core surrounded by a low
index cladding where the light is trapped using total internal re�ection [44]. First, the freedom
to engineer the zero point for chromatic dispersion is better, making it possible to tailor the
PCF for the speci�c need, and secondly because the structure is single mode for a larger span
of frequencies, removing modal dispersion. [54]

The hollow-core PCF has the advantage that large intensities of light can be con�ned in the
�bre without damaging the guiding core, allowing products such as high e�ect �bre lasers. Fur-
thermore, if the interface between the hollow-core and surrounding glass can be made smooth
enough, the hollow-core PCF promises outstandingly low attenuation lengths, again an inter-
esting parameter for telecommunications as it would allow for an increased distance between
repeaters. [44,54,55]
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Group 5.340 Chapter 1. Introduction

1.1 The Aim of the Project

The focus of this project is to develop passive optical components based on photonic crystals
that can be used to manipulate terahertz radiation. Speci�cally, one- and two-dimensional
photonic crystals will be modelled, fabricated and characterised. The one-dimensional photonic
crystals will be all-silicon, sub-wavelength gratings that exploit Fano resonances to create low-
loss spectral-speci�c re�ectors. Using the models established in the later sections, the dimensions
of the structures will be optimised for resonances in the frequency range 0.1-3.0 terahertz.

The two-dimensional photonic crystals will be based on both hexagonal and quadratic arrays
of circular shapes. Speci�cally, structures consisting of silicon rods standing on a thin silicon
substrate as well as air holes in a silicon wafer will be fabricated. The structures will be tailored,
within the limitations set by the available equipment, such that their primary band gap lies
in the lower end of the terahertz spectrum. Line defects will be introduced to the various
two-dimensional photonic crystals, investigating the possibility of using the design to guide
frequencies inside the band gap. Furthermore, point defects will be introduced to samples based
on silicon rods, such that the associated cavity modes can be explored.
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2 | Theory

This chapter will cover some of the fundamental equations in electromagnetism, laying the
foundation for the models that will be derived in the following sections. Using assumptions
suitable for the topics covered in this project, the general Maxwell equations will be simpli�ed
and rewritten to their frequency-dependent form. From these, the wave equations will be derived
and the nature and general features explored. Building upon these equations, the expected
solutions in a periodic dielectric medium will be investigated, laying the foundation for the
following sections where models for periodic materials in one and two dimensions are established.
Speci�cally, the plane wave expansions (PWE) method is introduced and used to calculate the
band structures of in�nitely extending one- and two-dimensional photonic crystals. Thereafter,
the Fourier Modal Method (FMM) is presented, which will be used to model the transmittance
spectra of two-dimensional, but layer-wise one-dimensional periodic structures. Finally, the
method of Fast Fourier Transform (FFT) is introduced, and used to calculate the band structure
of photonic crystals with defects.

2.1 Maxwell's Equations

The macroscopic Maxwell equations account for all free charges and currents. On di�erential
form they are given as

r � B (r ; t) = 0 ; (2.1)

r � D (r ; t) = � F (r ; t); (2.2)

r � H (r ; t) = JF (r ; t) +
@
@t

D (r ; t); (2.3)

r � E(r ; t) = �
@
@t

B (r ; t): (2.4)

These equations relate the four �elds, the displacement �eldD (r ; t), electric �eld E(r ; t), mag-
netic �eld H (r ; t), and the magnetic induction �eld B (r ; t), to the sources, being the free charge
and current density, � F (r ; t) and JF (r ; t), and the changes in the �elds. [43, 56] The magnetic
�eld is de�ned from the magnetic induction �eld and the response from the medium in the form
of the magnetisation,

H (r ; t) =
B (r ; t)

� 0
� M (r ; t): (2.5)

For the problems considered in this project, it is reasonable to ignore this medium response as
they are non-magnetic, such that eq. (2.5) simpli�es to B (r ; t) = � 0H (r ; t) [43]. The displace-
ment �eld D (r ; t) is de�ned by the electric �eld and the material response in the form of the

7
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polarisation as
D (r ; t) = "0E(r ; t) + P(r ; t): (2.6)

Generally speaking, the displacement �eld and the electric �eld do not need to be parallel, which
can be seen from the de�nition of P(r ; t) [57]

Pi (r ; t)
"0

=
X

j

� (1)
i;j (r ; t)E j (r ; t) +

X

j;n

� (2)
i;j;n (r ; t)E j (r ; t)En (r ; t) + :::; (2.7)

where Pi is a given component ofP and � (n) is the n'th order electric susceptibility. Assuming
isotropic, linear media, all but the �rst term on the right-hand side of eq. (2.7) disappear and
� (1) becomes a diagonal matrix with one unique entry and the equation therefore simpli�es to

P(r ; t) = "0� (1) (r )E(r ; t); (2.8)

where the time dependence of� (1) has been dropped, corresponding to the material polarising
instantaneously. Inserting eq. (2.8) in eq. (2.6) results in the following relation

D (r ; t) = "0

h
1 + � (1) (r )

i
E(r ; t) = "0" (r )E(r ; t); (2.9)

where" is the relative permittivity of the material, which is used to form the material permittiv-
ity � (r ) = " (r )"0 [56]. Finally, the fact that Maxwell's equations are separable allows the spatial
and temporal parts for each plane wave of the �eld to be separated, as shown in [43],

H (r ; t) = Re f H (r )e� i!t g; (2.10)

E(r ; t) = Re f E(r )e� i!t g; (2.11)

known as a harmonic mode. This is allowed because Fourier analysis shows that any time
dependence can be formed by a suitable sum over harmonic modes with varying frequency
dependence [43]. With these assumptions and modi�cations, the Maxwell equations in frequency
domain take the form

r � E(r ; ! ) = i!� 0H (r ; ! ); (2.12)

r � H (r ; ! ) = JF (r ; ! ) � i!" 0" (r ; ! )E(r ; ! ); (2.13)

r � ["0" (r ; ! )E(r ; ! )] = � F (r ; ! ); (2.14)

r � � 0H (r ; ! ) = 0 : (2.15)

2.1.1 Wave Equations

From the Maxwell equations in frequency domain, it is straightforward to formulate wave equa-
tions for both the electric and magnetic �elds. Taking the curl of eq. (2.12) and inserting
eq. (2.13)

r � r � E(r ; ! ) = i!� 0 [JF (r ; ! ) � i!" 0" (r ; ! )E(r ; ! )] : (2.16)

Utilizing that r � r� = �r 2 + rr� , and setting the free current density to zero results in
�
�r 2 + rr�

�
E(r ; ! ) = ! 2� 0"0" (r ; ! )E(r ; ! ): (2.17)

8
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Equation (2.17) will be used to tackle problems whereE(r ) = ẑE (x; y), which is a divergence
less �eld, and therefore the equation reduces to

�
r 2 + k2

0" (r ; ! )
�

E(r ; ! ) = 0 ; (2.18)

with k2
0 = ! 2� 0"0. To get a wave equation for the magnetic �eld, eq. (2.13) is divided by"(r ; ! ),

JF is set to zero and the curl is taken, after which eq. (2.12) is inserted on the right-hand side
resulting in

r �
1

" (r ; ! )
r � H (r ; ! ) = k2

0H (r ; ! ): (2.19)

Moving forward, the frequency dependence of" (r ) and H (r ) is implicit. In fact, for all of the
structures modelled in this project, " will be treated independently of ! . If the dielectric function
is independent of position eq. (2.19) becomes

�
r 2 + k2

0"
�

H (r ; ! ) = 0 : (2.20)

Equation (2.19) is an eigenvalue problem, with the linear operator�̂ = r � 1
" (r ) r� , which

means that linear combinations of eigenvectors, with the same frequency, are also solutions to
eq. (2.19), e.g., given the eigenvectorsH 1(r ) and H 2(r ) the linear combination

�̂ ( � H 1(r ) + � H 2(r )) = k2
0 (� H 1(r ) + � H 2(r )) ; (2.21)

where� and � are some arbitrary coe�cients, is also a solution. This has the direct consequence
that a given eigenvector can be scaled by any constant, and still have the same eigenvalue which
gives the freedom to normalise obtained solutions, i.e., requiring that the inner product equals
unity,

hH (r )jH (r )i =
Z

H (r ) � H (r )d3r = 1 : (2.22)

This is convenient in some cases, however, if the physical energy of the �eld is of interest and not
just its spatial pro�le, the overall multiplier is important. [43] The fact that the operator, �̂ , in
eq. (2.19) is a Hermitian operator also means that the eigenvalues are real and the eigenvectors
of non-degenerate frequencies are orthogonal. A Hermitian operator,̂� , satis�es

hFj�̂ jG i = ĥ� F jG i : (2.23)

Note that for any operator it applies that hFjÔjG i = hÔG jF i � . To show that �̂ is a Hermitian
operator, the following vector identity is applied, B � (r � A ) = r � (A � B ) + A � (r � B ),

Z
F � � r�

�
1

"(r )
r � G

�
d3r

=
Z �

r �
��

1
"(r )

r � G
�

� F �
�

+ ( r � F � ) �
�

1
"(r )

r � G
��

d3r:
(2.24)

Applying the divergence theorem,
R

V (r � F) dV =
H

S (F � n̂ ) dS, to the �rst term on the right-
hand side it disappears in the cases where the �eld goes to zero at in�nity, or when the �elds are
periodic in the region of integration, which are the only scenarios of interest [43,56]. Because the
dot product commutes, the order of the last term on the right hand side can be interchanged,
and by reapplying the vector identity and the divergence theorem the result is

Z
(r � G) �

�
1

"(r )
r � F �

�
d3r =

Z
G � r �

1
" (r )

r � F � d3r = h�̂ F jG i ; (2.25)
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and as such�̂ is a Hermitian operator. To show that the hermicity of �̂ entails real eigenvalues
is straightforward, simply take the inner product of H (r ) with eq. (2.19)

hH (r )j�̂ jH (r )i = k2
0hH (r )jH (r )i ; (2.26)

after which both sides of the equation are conjugated

hH (r )j�̂ jH (r )i � = h�̂ H (r )jjH (r )i ) (k0
2) � = k2

0; (2.27)

where it is used that the inner product is always real and positive. However, what is usually
of interest is k0, and not k2

0. The condition above only requiresk0 to be completely real or
completely imaginary. Provided that " (r ) > 0, it is easy to show that k0 is in fact real, and thus
that k2

0 is positive. To do this, the same procedure used to show that̂� is Hermitian, eq. (2.24),
is repeated with F; G = H (r ), resulting in

hH (r )j�̂ jH (r )i = k2
0hH (r )jH (r )i =

Z
1

"(r )
jr � H (r )j2d3r: (2.28)

If k0 is imaginary while " (r ) is positive, then eq. (2.28) is a contradiction, thusk0 is real and
positive. That the hermicity of �̂ causes the harmonic modes of di�ering frequency,H (r ; ! 1)
and H (r ; ! 2), to be orthogonal follows straight from the property that hH 1(r ; ! 1)j�̂ jH 2(r ; ! 2)i =
h�̂ H 1(r ; ! )jH 2(r ; ! 2)i which implies that

�
k2

0;1 � k2
0;2

�
hH 1(r ; ! 1)jH 2(r ; ! 2)i = 0 ; (2.29)

which is only true if the two eigenmodes are orthogonal. These properties of the operator will
be used repeatedly in the coming section.

10
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2.2 Solutions in Photonic Crystals

The following section draws inspiration from Photonic Crystals Molding the Flow of Light by
John D. [43].

Before proceeding with the derivation of the various methods used to model photonic crystals, it
is advantageous to discuss the attributes of such structures. As mentioned in the introduction,
photonic crystals are structures where the dielectric function is periodic in one, two, or three
dimensions. This periodicity results in band structures and band gaps for electromagnetic radi-
ation in the same way that the periodic potential of a regular crystal results in electronic band
structures. Inside of these band gaps, there is no combination of frequency and wave vector that
can support a propagating mode, and incident radiation with these combinations is therefore
re�ected. The immediate di�erence between the two crystal types is the distance between their
unit cells. The periodicity of regular crystals comes from the ordered crystal lattice where the
magnitude of their translational vectors, vectors that move the observer to an indistinguishable
position in the lattice, are on the order of a couple of angstroms, which is on the same order of
magnitude as the wavelength of electrons in crystals [58, 59]. On the other hand, the length of
the translational vectors for photonic crystals is comparable to the wavelength of the light for
which there should be a band gap. [43,58]
A one-dimensional photonic crystal is a multilayered stack, where two or more dielectric mate-
rials are repeated. Two- and three-dimensional photonic crystals can be made by introducing
structures such as rods or holes repeated periodically, with the periodicity spanning the nanome-
ter to millimeter scale, with the larger scale exhibiting control of the microwave spectrum, and
the smaller scale controlling the visible spectrum [44]. By breaking the periodicity of the pho-
tonic crystal, which is done by introducing defects in the crystal, localised states are supported.
These defects come in two forms, point defects, and line defects. For point defects the ordered
crystal is changed at a single point, resulting in a cavity, in which localised modes with frequen-
cies inside the band gap are supported, with their �eld decaying exponentially away from the
defect. For line defects, the crystal order is perturbed along a line through the crystal. Similar
results occur, where light with frequencies inside the gap is supported inside the defect, with
their �eld strength decaying exponentially away from the defect. It is therefore possible to create
waveguides by introducing line defects into a photonic crystal and spectral-speci�c transmitters
based on point defects. [43]

Figure 2.1: Sketches one-, two-, and three-dimensional photonic crystals.

To determine what sort of solutions are expected for eq. (2.19) in a region where the dielectric
function is periodic a one- or two-dimensional photonic crystal can be considered. Here, at least
one direction is completely translational invariant, e.g., the z-direction, such that any shift of
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the structure in this direction leaves the system unchanged, as is the case for �g. 2.1(a) and
�g. 2.1 (b). This can be described by introducing a translational operator,T̂z;d, such that

T̂z;d" (r ) = " (r + ẑd) = "(r ); d 2 R: (2.30)

Because the two positions in the system are identical, it should not matter if the system is
shifted by T̂z;d �rst, and then �̂ is applied or the other way around. This means that the two
operators must commute,

h
T̂z;d; �̂

i
H (r ) =

�
T̂z;d �̂ � �̂ T̂z;d

�
H (r ) = 0 : (2.31)

There is more than one way for this to be true. When�̂ acts on H (r ) it returns the eigenvalue� !
c

� 2. If the �eld H (r ) does not depend onz, the operator T̂z;d does nothing, and the operators
therefore obviously commute. A more interesting possibility is that H (r ) does depend onz, and
is a simultaneous eigenfunction of�̂ and T̂z;d.
Let the �eld be polarised alongx̂ and propagating in the zy-plane of the one-dimensional photonic
crystal depicted in �g. 2.1 (a). A z-dependence that is an eigenfuntion of all̂Tz;d is eik z z, with the
limitation that because the system extends in�nitely in all directions, kz must be a real number
such that the �eld is �nite. Hence H (r ) will be an eigenfunction to T̂z;d with the eigenvalue
eik z d which would make eq. (2.31) straightforward. In the y-direction the photonic crystal has
discrete translational symmetry, such that

T̂R y " (r ) = " (r + R y) = " (r ); (2.32)

with R y = ŷ � yh, where � y is a primitive lattice vector and h is an integer. Following the same
line of thought as previously, it is required that T̂R y commutes with �̂ , which can again be
solved by the eigenfunctions being on the formeik y y , such that

T̂R y eik y y = eik y � y heik y y : (2.33)

Unlike the directions with continuous translational symmetry, not all values of ky lead to di�erent
eigenvalues. It is easily determined thatky + 2�

� y
m; m 2 Z, form a degenerate set. This value

that can be added freely to ky is called the reciprocal lattice vector, jby j = 2�
� y

. In the same
way that the lattice vectors move the observer to an equivalent point in the lattice, so does
the reciprocal lattice vector by move the wave vectorky to an equivalent point in reciprocal
space. Thus, when determining the supported eigenvalues in the structure, there is no reason
to investigate wave vectors outside the span� �

� y
< k y � �

� y
.

Using that the operator �̂ is linear and commutes with T̂z;d and T̂R y , H (r ) can be constructed
as a linear combination over the wave vectors

H kz ;ky (r ) = x̂ eik z z
X

m
cky ;m ei (ky + by m)y = x̂ eik z zeik y y

X

m
cky ;m eiby my = x̂ eik z zeik y yuky (y); (2.34)

whereuky is a periodic function with the same periodicity as the photonic crystal, and the wave
vectors have been used to index the given eigenvector. Thus, the dependence in the periodic
direction has the form of a plane wave multiplied by a periodic function. This result extends
to two- and three-dimensional crystals and is known as Bloch's theorem, which states that the
solution to the wave equation in a periodic medium will be on the form of a plane wave multiplied
by a periodic function [58,60]

H k (r ) = ei k �r uk (r ): (2.35)

This theorem will be used to �nd the band structures of one and two-dimensional photonic
crystals.
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2.3 Plane Wave Expansion

In this section, the band structure for various photonic crystals is calculated based on the
PWE method in one and two dimensions. In one dimension, on- and o�-axis propagation is
considered, while only in-plane propagation is used in the two-dimensional case. The goal is to
determine photonic crystals which exhibit band gaps that can be used for practical applications
in the terahertz regime, such as spectral-speci�c re�ectors or waveguides, and can be fabricated
by this project group. The following subsection derives the PWE method for one-dimensional
photonic crystals.

2.3.1 One-Dimensional Photonic Crystals

Given a one-dimensional photonic crystal that is periodic in they-direction, �g. 2.1, the �eld
can in accordance with Bloch's theorem be given as

H k (r ) = H kx ;ky (x; y) = ẑei (kx x+ ky y)
X

n
CneiG n y ; Gn =

2�
� y

n; (2.36)

with � y being the period alongy. Inserting this �eld into eq. (2.19) results in

�̂ H kx ;ky (x; y) = r �
1

" (y)
r � H kx ;ky (x; y) = k2

0H kx ;ky (x; y): (2.37)

The dielectric function is periodic with the lattice, which can be described by a Fourier series.
However, because it is the reciprocal of the dielectric function that enters in eq. (2.37) it is
convenient to instead de�ne

1
"(y)

= � (y) =
X

m
� m eiG m y ; Gm =

2�
� y

m: (2.38)

The coe�cients � m0 are determined by

� m0 =
1

� y

Z � y

0
� (y)e� iG m 0ydy =

1
� y

Z � y

0

1
"(y)

e� iG m 0ydy: (2.39)

Inserting eq. (2.38) and eq. (2.36) in eq. (2.37) gives

r �

"
X

m
� m eiG m yr �

 

ẑei (kx x+ ky y)
X

n
CneiG n y

!#

= ẑk2
0ei (kx x+ ky y)

X

n0

Cn0eiG n 0y (2.40)

Taking the �rst curl

r �

"
X

m
� m eiG m ye(ik x x+ ky y)

X

n
CneiG n y i (x̂ (ky + Gn ) � ŷ kx )

#

= ẑk2
0ei (kx x+ ky y)

X

n0

Cn0eiG n 0y :

(2.41)
Proceeding and taking the second curl results in

ẑei (kx x+ ky y)
X

m

X

n
� m Cnei (Gn + Gm )y

�
k2

x + ( ky + Gn )(ky + Gn + Gm )
�

= ẑk2
0ei (kx x+ ky y)

X

n0

Cn0eiG n 0y : (2.42)
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It can be seen thatẑei (kx x+ ky y) can be divided out of the equation. Additionally, introducing
n0 = m + n, eq. (2.42) becomes

X

n0

eiG n 0y

"
X

n
� n0� nCn

�
k2

x + ( ky + Gn )(ky + Gn0)
�

� k2
0Cn0

#

= 0 : (2.43)

This equation must be satis�ed for all values ofy, which means that everything inside the square
brackets must equal 0,

X

n
� n0� nCn

�
k2

x + ( ky + Gn )(ky + Gn0)
�

� k2
0Cn0 = 0 : (2.44)

Equation (2.44) contains an in�nite sum, and is itself one of an in�nite amount of equations,
corresponding to all the possiblen0. To handle these equations numerically it is necessary to
truncate these summations, such that� N � n � N . By doing this, eq. (2.44) can be written
as a matrix equation

2

6
6
6
6
4

� 0 � � 1 : : : � � 2N

� 1 � 0 : : : � � 2N +1
...

...
. . .

...
� 2N � 2N � 1 : : : � 0

3

7
7
7
7
5

�

0

B
B
B
B
@

k2
x
��J2N +1 +

2

6
6
6
6
4

(ky � NG)
(ky � (N � 1)G)

...
(ky + NG)

3

7
7
7
7
5




2

6
6
6
6
4

(ky � NG)
(ky � (N � 1)G)

...
(ky + NG)

3

7
7
7
7
5

1

C
C
C
C
A

2

6
6
6
6
4

C� N

C� N +1
...

CN

3

7
7
7
7
5

= k2
0

2

6
6
6
6
4

C� N

C� N +1
...

CN

3

7
7
7
7
5

; (2.45)

where � refers to a Hadamard product and
 refers to a tensor product, andJ2N +1 refers to
a matrix of all ones with size [2N + 1 � 2N + 1] . This matrix equation can be solved by an
eigensolver such aseigs in MATLAB, which returns the eigenvalues k2

0 and the coe�cients of
the eigenmodes,Ci .

In �g. 2.2 the square root of the eigenvalues,k0, is plotted against ky for three di�erent structures,
determined by "(y), and with kx = 0 , meaning that the mode is only propagating in the y-
direction. The plots are in dimensionless units ofk0� =(2� ), because the solutions are scalable
[43, 44]. The solutions being scalable means that for a given set of materials, determining the
values of " (r ), it is possible to design general photonic crystals in terms of the periodicity� ,
and then choose� so that the band gaps lie in the frequency range of interest. For the same
reason, the size of the band gap is not given by an absolute value, but rather as the gap-midgap
(GMG) ratio in percent de�ned as

GMG =
� !
! m

; (2.46)

where ! m is the frequency in the middle of the gap, and� ! is the width of the gap.
In �g. 2.2a, " (x) = 4 , meaning that there is no periodic structure. The result is therefore simply
a light line given by the dispersion relation of light in a homogeneous medium,! (ky) = ckyp

" ,
which is linear [43]. Thezig-zacbehaviour of the dispersion relation is a result of the periodicity
enforced on the modes. When reaching the edge of the Brillouin zone, the line gets shifted by
� Gy .
Figure 2.2b is the band structure of a dielectric slab, where each layer has the same physical
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thickness, with "1 = 1 and "2 = 1 :3. Again, it can be seen that when the lines reach the
edges of the Brillouin zone, they are shifted by� Gy . However, now there are gaps apparent,
as indicated by the red bars. Within these frequency ranges, there is no combination ofky and
k0 which gives rise to a propagating mode. There can exist solutions in these regions, but their
wave vector is complex, so they decrease exponentially inside the structure and are known as
evanescent waves. [43]. The GMG ratio of the two band gaps is8:3% and 0:85%. Increasing
the di�erence between the dielectric constants by choosing"2 = 4 , the GMG ratio changes to
37:7% and 18:4% for �rst and second band gap, respectively, shown in �g. 2.2c. Furthermore,
the location of the band gap moves to lower frequencies. As is apparent in �g. 2.2, a given set
of ky and kx can have more than one eigenvalue, and therefore eigenmode. Therefore, the band
number, n, is used along with the wave vector to index a given solution.
Illuminating the same structure as �g. 2.2c with a plane wave propagating in the y-direction,
total re�ectance is expected for frequencies inside the band gap. This is con�rmed by �g. 2.2d,
where the transmittance as a function of frequency calculated using the one-dimensional Finite
Element Method (FEM) for a 40-layer dielectric slab with the same parameters as �g. 2.2c is
plotted. The red regions are given by the values determined in �g. 2.2c, and it can be seen that
they correspond with the region whereT = 0 .
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(a) (b)

(c) (d)

Figure 2.2: (a) - (c) Band structures, and (d) transmittance graph, of one-dimensional photonic
crystals with layer thickness of d1 = d2 = � y

2 . (a) "1 = "2 = 4 . (b) "1 = 1 , "2 = 1 :3. (c) "1 = 1 , "2 = 4 .
(d) "1 = 1 , "2 = 4 and 40 layers, 20 of each dielectric material.

The graphs in �g. 2.2 had kx = 0 , corresponding to on-axis propagation. By changingkx the
allowed modes in the structure change as well. This can be seen in �g. 2.3a, where the band
structure of the dielectric slab from �g. 2.2c has been plotted with varying kx and ky = f 0; �= 2g.
Between two corresponding black and red lines there is a region in which an allowed mode
(combination of kx ; k0) exists, with a given ky in the range 0 � ky � �= 2. These bands of
allowed modes have been labeled withn's. The opposite is also true; in the region between
these allowed bands, there are no propagating modes in the crystal. By stepping between the
valuesky = 0 ; �= 2, and calculating the band structure for eachky , the allowed bands can easily
be visualised. This is done in �g. 2.3b, where the allowed bands are blue, and bounded by red
and black curves. It can be seen that the band diagram contains no actual band gaps; there
are always combinations ofky and kx that lead to an allowed mode, for a given frequencyk0.
In �g. 2.3b the dashed black line is the dispersion relation of a plane wave in a medium with a
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refractive index of 1, such as air. Only modes at or above the light line can characterise plane
waves propagating in air. Therefore, all the white regions above the light line correspond to
incoming plane waves which would be completely re�ected from the structure.

(a) (b)

Figure 2.3: Band structure of a photonic crystal, da = db = � =2 and "1 = 1 , "1 = 4 . (a) Plots the
square root of the eigenvalues as a function of the o�-axis wavenumberkx for both ky = f 0; �= 2g. (b)
Plots the square root of the eigenvalues as a function of the o�-axis wavenumberkx with ky = (0 ; �= 2).

2.3.2 Two-Dimensional Photonic Crystals

Given a two-dimensional photonic crystal where the dielectric function is periodic in two linearly
independent directions in thexy plane but constant in the z-direction, the �eld can be categorised
into two di�erent polarisations, S and P, if it is only propagating in the periodic plane, that is
kz = 0 . The P (S) polarisation has the magnetic �eld (electric �eld) perpendicular to the plane
of propagation. Thus, for the P-polarisation the �eld can in accordance with Bloch's theorem
be given as

H (r ) = ẑei (k ? �r ? )u(r ? ) = ẑei (k ? �r ? )
X

n
Cnei (G ? ;n �r ? ) ; (2.47)

where the ? symbol refers to (x,y)-coordinates andG ? ;n = b1n1 + b2n2. The summation over
n is taken to mean all the sets off n1; n2g, e.g., if the summation is truncated at � N � ni � N
the amount of G ? ;n vectors is(2N +1) 2. The reciprocal lattice vectors, b1, b2, are de�ned from
the lattice vectors as,

b1 =
2�

a1 � ��Q(�= 2)a2

��Q(�= 2)a2; (2.48)

b2 =
2�

a2 � ��Q(�= 2)a1

��Q(�= 2)a1; (2.49)

which follows directly from the condition b i � aj = 2 �� i;j [58]. The matrix ��Q(� ) is the rotation
matrix de�ned as

��Q(� ) =

"
cos(� ) � sin(� )
sin(� ) cos(� ):

#

(2.50)
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The reciprocal dielectric function is expanded as a Fourier series

� (r ? ) =
X

m
� m ei (G ? ;m �r ? ) ; (2.51)

with

� m =
1

� x � y

Z � x

0

Z � y

0

1
"(r ? )

ei (G ? ;m �r ? )dydx: (2.52)

To ease the notation, the dot product is de�ned asG ? ;n � r ? = Gx;n x + Gy;n y, as opposed to
the formally correct form of G ? ;n � r ? = x(b1;x n1 + b2;x n2) + y(b1;yn1 + b2;yn2). In section 2.4
the e�ect of using the reciprocal dielectric function, � (r ? ), instead of 1

" (r ? ) will be discussed,
based on the works of Lifeng Li [61]. For this chapter, it will su�ce to test the convergence
when using the two functions. Inserting eq. (2.47) and eq. (2.51) in eq. (2.19) and performing
the �rst rotation results in

r �

"
X

m

X

n
� m ei (G ? ;m �r ? ) i (x̂ (ky + Gy;n ) � ŷ (kx + Gx;n )) Cnei (G ? ;n �r ? )ei (k ? �r ? )

#

= ẑk2
0ei (k ? �r ? )

X

n0

Cn0ei (G ? ;n 0�r ? ) : (2.53)

Introducing m + n = n0, this expression simpli�es to

X

n0

X

n
� n0� nCn r �

h
e(i G ? ;n 0�r ? ) i (x̂ (ky + Gy;n ) � ŷ (kx + Gx;n )) ei (k ? �r ? )

i

= ẑk2
0ei (k ? �r ? )

X

n0

Cn0ei (G ? ;n 0�r ? ) ;
(2.54)

which becomes
X

n0

ei (G ? ;n 0�r ? )ei (k ? �r ? )

"
X

n
� n0� nCn

�
(kx + Gx;n )(kx + Gx;n 0) + ( ky + Gy;n )(ky + Gy;n 0)

	
� Cn0k2

0

#

= 0 :
(2.55)

This equation must hold for all values of r ? , meaning that the terms in the square brackets
must give 0,

X

n
� n0� nCn

�
(kx + Gx;n )(kx + Gx;n 0) + ( ky + Gy;n )(ky + Gy;n 0)

	
= Cn0k2

0: (2.56)
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On matrix form eq. (2.56) becomes

2

6
6
6
6
6
6
6
6
6
4

� 0;0 � � 1;0 : : : � � 2N; � 1 : : : � � 2N; � 2N

� 1;0 � 0;0 : : : � � 2N +1 ;� 1 : : : � � 2N +1 ;� 2N
...

...
. . .

... : : :
...

� 2N;1 � 2N � 1;1 : : : � 0;0 : : : � 0;� 2N +1
...

... : : :
...

. . .
...

� 2N;2N � 2N � 1;2N : : : � 0;2N � 1 : : : � 0;0

3

7
7
7
7
7
7
7
7
7
5

�

0

B
B
B
B
B
B
B
B
B
B
B
B
@

2

6
6
6
6
6
6
6
6
6
6
6
6
4

kx + Gx; f� N; � N g ky + Gy;f� N; � N g
kx + Gx; f� N +1 ;� N g ky + Gy;f� N +1 ;� N g

...
...

kx + Gx; f N; � N g ky + Gy;f N; � N g
kx + Gx; f� N; � N +1 g ky + Gy;f� N; � N +1 g

...
...

kx + Gx; f N;N g ky + Gx; f N;N g

3

7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
4

kx + Gx; f� N; � N g ky + Gy;f� N; � N g
kx + Gx; f� N +1 ;� N g ky + Gy;f� N +1 ;� N g

...
...

kx + Gx; f N; � N g ky + Gy;f N; � N g
kx + Gx; f� N; � N +1 g ky + Gy;f� N; � N +1 g

...
...

kx + Gx; f N;N g ky + Gx; f N;N g

3

7
7
7
7
7
7
7
7
7
7
7
7
5

T 1

C
C
C
C
C
C
C
C
C
C
C
C
A

2

6
6
6
6
6
6
6
6
6
4

Cf� N; � N g
Cf� N +1 ;� N g

...
Cf N; � N +1 g

...
Cf N;N g

3

7
7
7
7
7
7
7
7
7
5

= k2
0

2

6
6
6
6
6
6
6
6
6
4

Cf� N; � N g
Cf� N +1 ;� N g

...
Cf N; � N +1 g

...
Cf N;N g

3

7
7
7
7
7
7
7
7
7
5

; (2.57)

where the speci�c set ofn for a given � , G, and C has been explicitly stated. Similar calculations
can be made for the S-polarisation using the wave equation from eq. (2.18), which results in

Cn

h
(kx + Gx;n )2 + ( ky + Gx;n )2

i
= Cn0k2

0

X

n
"n0� n : (2.58)

2.3.3 Convergence

In this subsection, the convergence of the band structure based on the number of Fourier co-
e�cients and choice of using � or " will be tested. For all the following calculations in this
subsection, the photonic crystal is a square lattice of air holes, withnmedium = 3 :42, nair = 1
and r = 0 :4� . The solutions will be referred to asS" and S� and likewise for the P-polarisation,
with the understanding that in the case of S� the used matrix is ��� � 1, and in the case ofP" the
used matrix is ��" � 1. The convergence of S-polarised modes is seen in �g. 2.4, using N = 3, 6 and
9, corresponding to 49, 169, and 361 plane waves. It is seen thatS" converges much faster than
S� . The same convergence test is performed for the P-polarisation, shown in �g. 2.5, and the
result is the same. When using the� matrix, the convergence is signi�cantly slower, while 361
plane waves are su�cient when using the" matrix.

However, asS" (P" ) and S� (P� ) in principle should be identical, the number of plane waves used
to calculate S� (P� ) is increased, to test if it converges towardsS" (P" ). This is shown in �g. 2.6,
where S� and P� are calculated with up to 2401 plane waves. While an increasing number
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(a) (b)

Figure 2.4: Band diagram for S-polarised modes in a rectangular grid of air holes withr = 0 :4� ,
nmedium = 3 :42, nair = 1 . (a) Uses the��" matrix. (b) Uses the��� � 1 matrix.

(a) (b)

Figure 2.5: Band diagram for P-polarised modes in a rectangular grid of air holes withr = 0 :4� ,
nmedium = 3 :42, nair = 1 . (a) Uses the��" � 1 matrix. (b) Uses the��� matrix.
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of plane waves do makeS� (P� ) approach the result of S" (P" ), it does so incredibly slowly.
The cause of the slow convergence has been tackled by Lifeng Li [61], and will be discussed in
greater depth in subsection 2.4.1. For now, the� matrix will be discarded, and all following
band diagrams will only use the ��" matrix.

(a) (b)

Figure 2.6: Band diagram for modes in a rectangular grid of air holes withr = 0 :4� , nmedium = 3 :42,
nair = 1 , calculated using either the ��" or ��� matrices. (a) S-polarised modes.(b) P-polarised modes.

2.3.4 Band Structures

In this subsection, di�erent photonic crystals are explored in an attempt to �nd a suitable
candidate that exhibits a band gap, and can be fabricated in the laboratory using tools available
to this project group. As was demonstrated in the one-dimensional case, a high index contrast
leads to wider band gaps. The search is therefore based on silicon-air structures, in part due to
the high refractive index of silicon which is � 3:4 in the THz regime, and because many decades
of it being the workhorse of microelectronics has led to a tremendous amount of experience with
micro structuring the material [45]. Additionally, high resistivity silicon exhibits low attenuation
for radiation in the giga- and terahertz region [62]. The search takes inspiration from the work
done in Photonic Crystals: Molding the �ow of light by John D. [43]. The structures that will
be investigated can be seen in �g. 2.7, with their unit cells outlined by the dashed black lines.
All patterns have lattice vectors of equal size,jai j = � . With material and pattern chosen, the
ratio between radius and period can now be varied in order to determine a suitable photonic
crystal. Speci�cally, the ratio is varied in 60 steps within 0:05 � r=� � 0:5. For each radius,
the band structure for the �rst eight bands is calculated, and the maximum and minimum value
of adjacent bands for each polarisation is subtracted from each other, to see if there is a gap
between the bands. If there is a band gap, the midgap frequency, GMG ratio, upper and lower
band gap frequency are stored and plotted. This way, the optimal radii and pattern can be
found. The calculations are performed usingN = 9 , based on the �ndings in subsection 2.3.3.
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(a) Air Holes in Si, Quadratic (b) Si Rods in Air, Quadratic

(c) Air Holes in Si, Hexagonal (d) Si Rods in Air, Hexagonal

Figure 2.7: Plots the dielectric pro�le of the photonic crystals that are investigated in the coming
sections. Unit cells are outlined by the dashed black lines.
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2.3.4.1 Quadratic Array of Air Holes in Silicon

In �g. 2.8 the band structure of a square array of air holes in silicon is plotted against a path
going between high symmetry points in the �rst Brillouin zone for the �rst four bands of both
S- and P-polarised modes. The high symmetry points all lie at the edge of the Brillouin zone,
except � , and are of special interest because the bands are continuous, resulting in most maxima
and minima of the bands, which determines the band gaps, being found at these points. In two
dimensions, the area bounded by the high symmetry points for a given reciprocal lattice is
known as the irreducible Brillouin zone and can be seen as the shaded blue area in the insert
of �g. 2.8(a). All k -vectors in the entire �rst Brillouin zone can be obtained by rotating and
re�ecting the irreducible Brillouin zone. In this case, the ratio between the �rst Brillouin zone
and the irreducible Brillouin zone is eight.
All band structures in this project are based on the Fourier expansions of dielectric functions,
such as the one seen in Figure 2.8b, where the dielectric function and the Fourier expanded
dielectric function, using N = 9 corresponding to 361 plane waves, is plotted. The band structure
in �g. 2.8 has band gaps for both polarisations, indicated by the blue and red horizontal bars
with gap mid-gap ratios of GMG1;S = 1 :9%, GMG1;P = 8 :7% and GMG2;P = 11:8%. However,
because the band gaps do not lie on top of each other there are no frequencies where both
polarisations are re�ected from the structure. The photonic crystal is said to not feature a
simultaneous band gap.
The e�ect of changing the radii of the air holes can be seen in �g. 2.9. When the radii of the

(a) (b)

Figure 2.8: Depicts the band structure and dielectric function using "holes = 1 , "medium = 3 :42,
� x = � y , N = 9 and r = 0 :4� . (a) Band structure of a photonic crystal consisting of a square lattice of
circular air holes for both P- and S-polarised light. The path through the �rst Brillouin zone is shown
along with the irreducible Brillouin zone as the shaded blue area in the mini-�gure. (b) Dielectric function
and the Fourier expanded dielectric function used to calculate the band structure.
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holes are reduced tor = 0 :38� the band gap for S-polarised modes vanishes, and the GMG ratios
of the band gap for P-polarised modes are reduced to GMG1;P = 7 :4%, and GMG2;P = 9 :3%.
Increasing the radii of the holes tor = 0 :44� the GMG ratios are changed to GMG1;P = 8 :6%,
GMG2;P = 14% and GMG1;S = 10:2%. Another e�ect is the change of the position of ! m . When
the r=� ratio is increased, all band gaps, and therefore! m , is moved to higher frequencies. This
may be useful if for example only holes of a �xed radius can be produced, in which case the only
way to manipulate the position of the band gap is to change the ratior=� .

In �g. 2.10 the midgap frequency, frequency of the top and bottom of the band gap, and the
gap mid-gap ratio is plotted for varying ratios between the radius and period. Gathering the
plots of the frequency of the top and bottom of the band gap, �g. 2.10e, it is revealed that this
photonic crystal supports a simultaneous band gap whenr > 0:46� with eigenvalues around
0:46� =2� , because, for the same radius, the upper-frequency boundary of the second S-band
gap is between the frequency boundaries of the second P-band gap. This happens because a
band gap between the third and fourth S-band opens up aroundr = 0 :45� , which can be seen
in �g. 2.10d. Although this means that a square array of air holes is a possible candidate,
this structure corresponds to the dielectric pro�le plotted in �g. 2.7a which may prove fragile.
Additionally, it sets high requirements for the precision of the fabrication. If the radius becomes
smaller than 0:46� the band gap closes, and if it becomes larger the structure falls apart.

(a) (b)

Figure 2.9: Depicts the band structure using "holes = 1 , "medium = 3 :42, � x = � y , N = 9 and (a)
r = 0 :38� , (b) r = 0 :44� , of a square array of air holes in Si.
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(a) (b)

(c) (d)

(e)

Figure 2.10: (a) - (d) Plots the midgap frequency, frequency of the top and bottom of the band gap,
and the gap mid-gap ratio of two band gaps for varying radii-period ratios in a photonic crystal consisting
of a square array of air holes in Si.(e) Collects the upper and lower frequencies of the band gaps in a
single plot.
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2.3.4.2 Square Array of Si Rods in Air

In �g. 2.11 the same graphs are plotted for the case of a square array of Si rods in air. At
r = 0 :19� the �rst band gap of the S-polarisation is widest, with a 38% GMG ratio while the
largest GMG ratio for the P-polarisation is 1%. The band structure for r = 0 :19� is plotted
in �g. 2.11f. In �g. 2.11e it can be seen that the band gaps for the S- and P-polarisation never
overlap and that there are thus no simultaneous band gaps. However, this photonic crystal
may still be of interest. If the P-polarisation can be removed, the structure can still exhibit
band gaps, as well as the various modes associated with defects in photonic crystals. This can
be achieved by sandwiching the structure between metal plates. Assuming that the metal is a
perfect conductor, the tangential part of the electric �eld must be zero inside the metal, and hence
also at the interface between the photonic crystal and metal, removing the P-polarisation [63].
Therefore, structures that have a large band gap for S-polarised light are still of interest.

2.3.4.3 Hexagonal Array of Si Rods in Air

In �g. 2.12 the same graphs are plotted for the case of a hexagonal array of Si rods in air.
As was the case for the quadratic array, Si rods favour large band gaps for the S-polarisation
with the highest occurring between bands 1 and 2 with a peak GMG ratio of46% at the ratio
r=� = 0 :175. The GMG ratios for the P-polarisation are much larger than the quadratic case,
with the highest being above 9%. As was the case for the quadratic array, no simultaneous
band gaps exist, see �g. 2.12(f). To create photonic crystals with measurable band gaps based
on dielectric rods, it is therefore necessary, regardless of pattern, to remove the P-polarisation.

2.3.4.4 Hexagonal Array of Air Holes in Si

The last photonic crystal investigated is the hexagonal array of air holes in Si. The relevant
graphs are plotted in �g. 2.13. This photonic crystal exhibits the largest band gaps observed for
the P-polarisation, up to GMG ratios of 49%, and respectable band gaps for the S-polarisation,
GMG ratios of 19%. Crucially, some of these band gaps have the samer=� ratio and frequencies.
No less than three simultaneous band gaps can be found, with overlap between the �rst band gap
occurring for S- and P-polarised modes being seen in �g. 2.13f. This gap opens atr=� > 0:42
whereafter it remains open for increasing ratios.

2.3.5 Summary

The most important �ndings of the previous subsections are gathered in table 2.1. In terms
of GMG ratios, it is clear that the hexagonal patterns are superior both in the case of rods
and air holes. The value of the midgap frequency di�ers for the two patterns, but the midgap
frequency, ! m , of any band gap can always be tuned to some desired frequency by scaling the
value of � . Therefore, the only reason that the square patterns may be relevant is if there
are limitations to the dimensions of the structures that can be fabricated. In that case, the
square array may be of interest over the hexagonal, simply by virtue of midgap frequency being
placed at di�erent values. For the air holes in silicon, the hexagonal patterns holds additional
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(a) (b)

(c) (d)

(e) (f)

Figure 2.11: (a) - (d) Plots the midgap frequency, frequency of the top and bottom of the band gap,
and the gap mid-gap ratio of two band gaps for varying radii-period ratios in a photonic crystal consisting
of a square array of Si rods in air. (e) Collects the upper and lower frequencies of the band gaps in a
single plot. (f) Band structure with r = 0 :19� .
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(a) (b)

(c) (d)

(e) (f)

Figure 2.12: (a) - (d) Plots the midgap frequency, frequency of the top and bottom of the band gap,
and the gap mid-gap ratio for varying radii in a photonic crystal consisting of a hexagonal array of Si
rods in air. (e) Collects the upper and lower frequencies of the band gaps in a single plot.(f) Band
structure with r=� = 0 :175.
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