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Preface

This report is developed in the fall of 2021 and spring of 2022 as a long master’s thesis by
a MSc student who studies mathematics at the Department of Mathematical Sciences at

Aalborg university.

The main focus of the report is to conduct statistical inference and in particular parameter
estimation for the Rasch model based on a dataset referred to in the report as the test
results data. For this purpose theory regarding the Rasch model, generalized linear mixed

models and missing data is presented.

To read the report it is suggested that the reader has a basic knowledge within the fields
of probability theory and statistics.

In the report citations are denoted with [number]| associated to a publication in the
bibliography and when referring to a table, figure, definition or theorem the correspond-
ing numbering is written in the text. For equations there are parentheses around the

corresponding number.

I would like to thank my supervisor Rasmus Waagepetersen for good and appreciated

supervision.
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Chapter 1. Introduction AAU

1 Introduction

The purpose of this report is to explore the test results data which is a dataset consisting
of test responses of 663 students from the danish public school. The students range from
10 to 12 years old and originates from 19 different schools across the country. Each of the
students where given the same test consisting of 36 questions regarding fractions, and they
only had a limited time to respond to the questions, i.e. it was a speeded test. The data
were kindly provided by Associate Professor Pernille Ladegaard Pedersen, Via University

College, Aarhus.

Specifically, the test results data consists of the age, gender, class and school of each
student, as well as a binary response pattern y; indicating which questions were solved
correctly. The data is structured such that y;; = 1 implies that the ith subject correctly
solved the jth item.

As the analysis of this dataset will be conducted using item response theory (IRT) models,
in particular the Rasch model, the students will be referred to as subjects and the questions

will be referred to as items for the rest of the report, in accordance with the IRT litterature.

Another important feature of the test results data is the fact that some of the data is
missing. This is due to the subjects not responding to certain items for various reasons,
for instance if a subject decided to skip a question deemed too difficult or if the subject

ran out of time.

The number of missing responses for each item can be found in Figure 1.1.
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Figure 1.1: Figure showing the number of missing responses for each item.

It is clear from the figure that there is a tendency for more missingness to occur at higher

item numbers.

It will be a working assumption throughout the report that the subjects solve the items
in enumerated order and hence the large amount of missing responses among the last
items is due to the time constraint, i.e. the last items where not answered because the
subject ran out of time. This phenomenon is known as dropout and will be the central

focus point of the modelling of the missing data mechanism in the report.

Mikkel Rinason Simonsen Page 10 of 149



Chapter 1. Introduction AAU

One could argue that, usually when a teacher grades a student, a missing response would
simply be considered as an incorrect response, and hence the analysis could be conducted
by changing all missing responses to incorrect responses and then conduct analysis on an

augmented dataset with no missingness.

The problem with this is that if e.g. a subject runs out of time before answering the last
items, then it is unknown whether or not the subject could answer them correctly. Simply
assuming that the subject wouldn’t have been able to answer them correctly would result

in perceiving the subject as worse than he is.

On the other hand, ignoring the missing data and only consider analysis based on the
observed responses is clearly also problematic, since one would throw away the information
regarding the ability of the subject contained in the missing responses. It might for
instance be the case that there is correlation between an early dropout and a low level of

subject ability.

Hence it is clear that the test results data contains an interesting missing data problem

which somehow needs to be modelled in order to conduct a data analysis.

In Chapter 2 item response theory will be presented with a particular focus on the Rasch
model considered as a generalized linear model. Furthermore, theory regarding parameter
estimation in the Rasch model when considered as a generalized linear model will be
presented in Chapter 3. In Chapter 4, theory regarding generalized linear mixed models
in general, and in particular methods for computing the likelihood of said models are
presented. This framework is then used to reformulate the Rasch model as a generalized
linear mixed model by introducing random effects. In Chapter 5, the general framework
of missing data is presented and maximum likelihood estimation under the assumption
of an ignorable missingness mechanism is considered with a focus on the EM algorithm.
The chapter is concluded by considering several models for the missing data mechanism
present in the test results dataset. Analysis of the test results data is then conducted in
Chapter 6 first by ignoring the missingness mechanism using a complete cases approach
and then by modelling the missing data mechanism using one of the models described in

Chapter 5 .
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2 The Rasch Model

In this chapter the Rasch model is presented based on the general framework of item
response theory. Futhermore, the Rasch model is also considered as a generalized linear
model (GLM) as it is a special case of logstic regression. Therefore, for readers unfamiliar
with GLM’s it is advised to read Appendix A which is a supplement to the chapter
presenting relevant definitions of the topic and introduces the logistic regression as a

GLM.

2.1 Presentation of the Rasch Model

In this section the Rasch model will be presented and important properties of the model
will be discussed. The section on based on [10][Chapter 1 & 2] and [13]. The Rasch
model was first introduced in 1960 by the Danish mathematician Georg Rasch in his book
" Probabilistic Models for Some Intelligence and Attainment Tests” and is an item response
theory (IRT) model. In IRT subjects respond to a series of items all meant to measure one
or more latent traits of said subject, where it is observed whether the subject solves the
item or not. Usually unidimensionality is assumed, such that only one latent trait, often
referred to as the ability of the subject, is measured. In the report this will be referred to
as the subject parameter. Furthermore, local stochastic independence is assumed, such that
the subjects answer the items independently of each other, often referred to as no cheating,
and answer each item independently from the other items given the latent trait(s) of said
subject, often referred to as no learning. The central idea of IRT is that the probability of
a subject with certain latent trait(s) solves a given item can be modelled through a simple
function depending on the latent trait(s) and one or more parameters characterizing the
item. Therefore, associated to each item is an item characteristic curve (ICC) which gives

the probability of solving the item as a function of the latent trait(s).
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Let n € N denote the number of subjects and p € N denote the number of items.

The Rasch model is a unidimensional IRT model where the ICC of the jth item is given
by

~exp(f - 5))
B0 = e -5y

such that f3; is the only parameter characterizing the jth item and will be referred to

(2.1)

as the difficulty of the item or the item parameter for j = 1,...,p. Note in particular
that the ICC is strictly increasing, which is intuitively clear, since a subject with greater

abilities should have a higher probability of solving a given item.

Furthermore, it should be noted that the Rasch model is also a logistic regression model

with linear predictor 7;; = 6; — f3; since, by (2.1), it follows that

- - B exp(ei—ﬁj)
Dij —P(YU o 1> o 1+eXp(0i_5j)

(2.2)

where the response Y;; = 1 is interpreted as the ith subject solving the jth item for

1=1,...,n,7=1,...,p.

Therefore, for y;; € {0,1},

p(Yij; 03, ;) == P(Yyj = yij) ” -
— ( exp(0; — B3;) )) ” (1 _exp(f — B)) )) i

1+ exp(6; — f; 1+ exp(0; — B;

_ ( exp(6; — 53;) >yij ( 1 )1_%
1+ exp(6; — 5;) 1+ exp(6; — B;)

_ exp(yi; (i — 5)))

(2.3)

Furthermore, as the Rasch model is a logistic regression it is natural to consider the odds.
In particular, the odds that the ith subject solves the jth item is by Equation (A.3) given

as
0ij = eXp(ei - @)

and the odds ratio between the ith and #'th subject to solve the jth item is by Equation

(A.4) given as
% _ exp(0; — 0y)

Oy

fori, i’ =1...,n,7=1,...,p.
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Let Y, = Z i and Y, = in’j fore=1,...,n,5 = 1,...,p. For the 1th subject,
Yy is the random number of slgllved items and will be referred to as the score of the ith
subject. Similarly Y, ; is the random number of subjects that solved the jth item and is
called the score of the jth item. These scores will be of great importance in what will
follow, primarily because they are sufficient statistics of their respective subject and item
parameters. In other words, all the information contained in a given dataset regarding
e.g. the ability of a subject is contained in the score of that subject. It does not matter

which items or the difficulty of said items the subject solved, only the number of items.

When the score of a subject is either 0, meaning that the subject did not solve any items,
or p, meaning that the subject solved all items, the score will be called an extreme score.
Similarly, item scores of 0 or n will be called extreme scores. These extreme scores will
later be seen to be problematic which is intuitively clear: how could e.g. the ability of a
subject be estimated if said subject has not solved any items and thus not demonstrated

any abilities at all?

It will now be shown that the sufficiency of the subject score is somewhat unique to the

Rasch model.

Theorem 2.1.1. Sufficient Statistics and the Rasch Model

Consider a unidimensional IRT model such that

o For the jth item the corresponding ICC g¢; : R — (0, 1) is continuous and strictly
increasing and satisfies that 5lim gi(&) =0, 5lim gi(§)=1forj=1,...,p,
——00 —00

» Local stochastic independence is satisfied, that is, for the ith subject
- il—
P(Ya =yu, - Yip =) = [ P(Yyy = vi5) = Hgy )Y (L — g;(&)7) %
7j=1

fori=1,...,n.

If the subject score Y;, is a sufficient statistic for the corresponding subject parameter

&; then the item response model is equivalent to the Rasch model.
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Proof. Tt follows by the assumption of sufficiency that the conditional probability of
obtaining response pattern y € I'(p) = {0, 1}*, where I'(p) is the set of possible response

patterns, given subject score r does not depend on the subject parameter &, i.e.

_ p%:8)
p(r; )

where ¢, (y) denotes a constant given r and y and does in particular not depend on & .

p(y [ )

= ¢ (y)

Here, it should be noted that the conditional density of the response pattern given the
subject score, the density of the response pattern and the density of the subject score are
all denoted by p without the use of subscripts. This is done in order to simplify notation

and it should be clear from the input which density is in question.

p
Let y be a response pattern with corresponding subject score r = 3 y; such that y; =1
j=1

and y; = 0 for some j € {2,...,p}.

Furthermore, define ¢’ such that y; = 0,y; = land yj, = yy for j' =2,...j—1,j+1,...,p
and hence >0 _, yi = Y5y = 7.

Let y~ %9 = (yo, ... Yj—1,Yjr1, - - - » Up) such that y=(13) = /=13,

Since local stochastic independence implies that

ply~ )5 6)g1(6)(1 — g;(9))
p(r;€)

it follows that

Py~ €)1 — 91(€))9;(6)

(6 =py'Ir) =)

=py|r)=c(y),

cr(y) _ ply""78g1(6)(1 - g;(6)

o)~ Py 61— 01(0)9;(0)

(O - g,(9)

TG G) 24

Since g;(§) is assumed to be strictly increasing there exists a strictly monotone function

¢ : R — R given by ¢(&) = logit(g1(£)) such that

exp((§)

_ )
= ool = OO

9:1(§)
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Furthermore, consider f; : R — R such that f;(¢(£)) = g;(£). Then, by insertion into
Equation (2.4) it follows that

cr(y) _ fi(o(©)( = £5(4(6)))
a(y) (L= fi(o(§))fi(8(E))

RS (1— f(8(6)))
(- 1j’;§§;gf( )fi(6(£))

which implies that

e (y) %(1 — [i(0(8)))

fj(¢(§))c W) T = exp(d(§)) — exp(0(£)) fi(0(£)))
Y Texp(3(8))
and hence
o) = 20O e (06 ~los (45))

o Foxp(0(€)  1+exp (¢(¢) —log (24))

Since £ € R was entirely unspecified it follows that ¢(£) € R is also unspecified and will
now be denoted . Furthermore, from Equation (2.4) it is known that both ¢,(y) and

¢ (y') are positive but otherwise unspecified and hence log ( ((5,))) is a well defined real

number which will now be denoted by ;. In conclusion,

exp(0) exp(0 — 5;)

Si(6) = 1+ exp(6)’ 1+ exp(d — 5;)

fi(0) =

for j=2,....p,

such that the IRT model is equivalent to the Rasch model with item parameters 5; = 0
and g; for j =2,...,p. O

Theorem 2.1.1 shows, under appropriate conditions, that sufficiency of the subject score
implies that the IRT model is equivalent to the Rasch model. The reverse implication,
that the subject score is a sufficient statistic for the subject parameter in the Rasch model,
will be shown in the derivation of the conditional maximum likelihood in the following

chapter where parameter estimation for the Rasch model will be considered.
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3 Parameter Estimation in the

Rasch Model

In this chapter methods to conduct parameter estimation for the Rasch model presented
in Chapter 2 will be explored. Specifically, the joint maximum likelihood (JML) and con-
ditional maximum likelihood (CML) will be presented for the Rasch model in respectively
Section 3.1 and Section 3.2. Furthermore, a goodness of fit (GOF) test based directly
on asymptotic results of the conditional maximum likelihood is derived in Section 3.3.
The Chapter is then concluded in Section 3.4 where a simulation study is conducted to
illustrate some of the asymptotic properties of the estimators and test statistics presented

in the Chapter.

Remark 3.0.1. Uniqueness of Parameter Estimates Consider a Rasch model with
subject parameters § = (61, ...,60,)" and item parameters 3 = (£, ...,3,)". By Equation
(2.2), an equivalent model would be obtained by translating the parameters by some ¢ € R.

To ensure uniqueness of the parameter estimates in the following, it will be assumed that

B =0.

77777

j=1,...p
generated from a Rasch model with item parameter 3, € RP~L,
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3.1 Joint maximum likelihood

This section regarding joint maximum likelihood estimation is based on [11].

It follows by local stochastic independence and Equation (2.3) that the joint likelihood is
given by

n

0.8 1y) =111

»(
=1
no B (exp(yi; (0 5;))
1;[ 1;[ (1 + exp(6 ))

ity Oiyit) GXP( S0 Biyes)
H H (1 —|—exp( 5]))

i=17=1

Yijs Z?BJ

.

—
<.

, (3.1)

and hence the joint log-likelihood is given by

0,6 v) Z Osyiy — Z Biysj — Z Z log(1 4 exp(¢ 53))
=1

i=1j5=1

By taking the partial derivatives wrt. each of the n + p — 1 parameters, recalling that

B1 = 0, the joint score is obtained as

zpz exp(01—0;)

Yie = — T+exp(01—5;)

. exp(fn—5;)
2231 1+exp(6n *Jﬂj)

SJ(evﬁ | y) =

exp(6i —Bp)
“Y+p + Z 1+exp(6; %p)

By setting the score function equal zero the joint solution equations are obtained as

exp(6

p

= Piis i=1,...,n, 3.3
§1+exp< BJ ]Zl J 49
n eXp n .

= i =2,...,p. 3.4
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Solving the joint solution equations, assuming a solution exists, yields the unique joint

mazimum likelihood estimates 0, = (éw, . én,J)T and (3, = (5’2,% . ,BPJ)T.

It should be noted that the JML estimates does not necessarily exist, which is for instance
the case if ;4 = p,yi4+ =0,y4;, =noryy; =0forsomei¢=1,...,norj=1,...,p, ie.
if there are any extreme scores in the data. This follows directly from the joint solution

equations and fact that 0 < p;; <lfori=1,...,n,7=1,...,p.

The joint solution equations also illustrates the sufficiency of the subject and item scores
since it is clear that e.g. y;» = yy, implies @J = éi/7J for i,/ = 1,...,n,i # 7, and

similarly for the item parameter estimates.

It will now be shown that the parameter estimates obtained by solving Equations (3.3) and

(3.4) are unique and maximizes the joint likelihood function, which will be done by showing

exp(0;—5;)

that the joint observed information matrix is positive definit. Let k;; = CroxpOr B )
X iP5

then it follows from Equation (3.2) that

o u eXp B .
0o, 8 [ y) = ) ki, 1=1,...,n,
862 jzl 1+€Xp( @)) ]Zl j
o2 o exp(O— ) - |
- ki'? :2,..., ,
352 10,8 | y) Z 1—|—exp( 5])) 12::1 g »
2 exp( 5 |
" N : _ki" i =1, y 1 :27 y Py
o005, 00 1) = Tt el 37— ; ,
0?2 N o
sag0. 08y =0, ii'=1...ni#d,
3

10, =0, §,7=2,....pj#7.
aﬁjaﬁjl< B1ly) 3,7 D, JF#J
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From the above the joint observed information can be constructed as

p
Zlklj 0o --- 0 —kip oo oo —kyp
=
0
0
p
0 oo oo Yokny —kng e e kg
50,8 | y) =
Chyy e e —ky Sk 0 e 0
=1
0
0
K1y e e =y O e 0 Sk
L i=1 |

The joint observed information matrix is positive definite, which follows from the fact

that for any z € R*~1\ {0}

p p n p n
Ji(0,8]y)z Z Z; Z ij Z 721+j—1 Z kij — Z Zi Z Znyj—1kij — Z “ntj-1 Z ziki;
= i=1 =1 j=2 =2 i=1

Remark 3.1.1. If the assumption 5, = 0 was removed and the joint score and joint
observed information matrix also included partial derivatives wrt. [, then the joint
observed information matrix would be positive semidefinite, i.e. the found maximum
would not necessarily be unique. This is in agreement with our considerations in

Remark 3.0.1 regarding uniqueness.

Theorem 3.1.2. Existence of JML estimates
Fix the number of items p. Then the probability that the joint maximum likelihood

estimates exists approaches zero as the number of subjects n approaches infinite.
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Proof. Let P;s = P(y;+ = s) denote the probability that the ith subject has score s. Since
P, is strictly positive for all : = 1,...,n and s = 0,...,p the probability that the ith
subject has an extreme score is strictly positive, i.e. P,o + F;, > 0. If atleast one subject
has an extreme score then the JML estimates does not exist and hence the probability

n

that JML estimates exists is bounded above by [] (1 — (P + P;,)), the probability that
i=1

none of the subjects have an extreme score. The theorem now follows from the fact that

[1(1— (Po+P,)) = 0asn— oo. .

i=1
The following Theorem regarding the bias of the JML estimator is stated in [6][Page 36]
and the proof is beyond the scope of this report.

Theorem 3.1.3. Bias of JML Estimator
The joint maximum likelihood estimates for both the subject and item parameters

are biased. Futhermore, the bias is of order 1%.

It should be noted that Theorem 3.1.3 is a special case of a more general result derived in

[16] regarding bias when conducting joint estimation of parameters.

Theorem 3.1.3 shows that the bias of the parameter estimates does not converge towards
zero asymptotically and therefore it is clear that the estimators would also be inconsistent

as the following theorem based on [4][Page 66-69] states.

Theorem 3.1.4. Inconcistency of JML Estimates
Fix the number of items p and keep the item parameters 3;,j = 1,...,p constant.
Then the joint maximum likelihood estimates él J and ﬁj, s of respectively ¢; and 3;

fore=1,...,n,5=1,...,p are inconsistent as n approaches infinity.

Intuituvely, the asymptotic problems with the JML come from the fact that the number

of parameters in the model increases as the number of subjects increases.

Another approach to parameter estimation which avoids this problem will now be presented.
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3.2 Conditional maximum likelihood

This section regarding the conditional maximum likelihood is based on [6] and [2]. The
basic idea of the CML is to condition on the subject score, which is a sufficient statistic
for the subject parameter as will be shown in the following, such that the CML only
depends on the item parameters. Consider the conditional probability that a subject with

parameter 0 obtains result pattern § € ['(p) given the score of the subject s = 7,:

p(7:0,5)

p(j | s;0,8) = (s

, B)
oL (3.5)

Cbz Cbz

By local stochastic independence and Equation (2.3), the probability of a subject to obtain

result pattern ¢ is given by

exp (Z o (9 @)) exp(sé) exp (f)l —g%@-)
p(7:0,8) = — = — — : (3.6)
11 (1 +exp(d - 3))) 11 (1+exp(6 — 5)))

J=1 J=1

Furthermore, the probability that the subject would have obtained a result pattern with

score s is given as the following sum over result patterns with score s:

exp(s )eXp<Z y]ﬁa>

p(s:0,8) = > py:0.8) = Y — - (3.7)
ygféps): y?ifzps): jl;[l (1+exp(9—ﬁj)>

where Equation (3.6) is used in the second equality.

Inserting Equations (3.6) and (3.7) in Equation (3.5) yields

exp (é ﬂ?jﬁj)

(7| s8)= .
>, exp (Z yjﬁj)

yGF(p)
Y+=

which does not depend on the subject parameter § thus showing that the subject score is

a sufficient statistic for the subject parameter.
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By defining the symmetric functions

s(B) = D exp (ﬁ: —yj@')

y€l(p):
y+=s

for s =1,...,p, it follows that

exp < i _gjﬁj>
j=1
75(B) '

P | s;8) =

Remark 3.2.1. The symmetric functions inherit their names from the well known

elementary symmetric polynomials given by

Sk(x) = Z iji

1<j1 << <n i=1

for x € R", k,n € N since

Vs(B) = Ss(exp(=p1), - ., exp(=5)).

The following lemma regarding the symmetric functions is important for the derivations

in the rest of the section.

Lemma 3.2.2. Symmetric functions
Forany j=2,...,pand s =1,...,p— 1 it follows that the symmetric functions can

be expressed recursively as

715(8) = exp(=B,)71 (8) + 1 (B), (3.9)

where 7)(3) denotes the symmetric function with the jth item omitted. Furthermore,

the partial derivative of v4(/5) wrt. (; can be expressed as

0

2775(8) = — (=574 (8) (3.10)
dB;
and the partial derivative of v)(3) wrt. B, where j'=2,...,p,j’ # j, is given by
g -
Y (B) = — exp(—B; )12 (B) (3.11)
0B

where ”ygj_’j;)(ﬁ) denotes the symmetric function with both the jth and the j'th item

omitted.
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Proof. Since the omission of the jth item is equivalent to letting y; = 0,y € I'(p), it
follows that

gj) (B) = Z exXp (zp: _yj’ﬁj’) ) (3.12)

y€l(p): J'=1
Y+=$
y;=0

and hence

exp(—B)7h(B) = Y exp (Z —y By — Bj)
§'=1

y€el(p):
y+=s—-1
y;=0

= Z exp (zp: —yj/ﬂj/) . (3.13)

y€el(p): J'=1
Y4=$
y;=1

Combining Equations (3.12) and (3.13) immediately yields (3.9).

Equation (3.10) follows directly from Equation (3.9) by noting that 7\)(3) does not

depend on f;.

Equation (3.11) follows since

0 , P
7 Y(B) = > —yyexp (— > ykﬁk>
3’ y€v(p) k=1
Y+=5
y;=0
p
= —exp(—fBy) >, exp <— > ykﬂk)
yev(p) k=1
y+=s—1
yj:0,yj/:0

= —exp(—B;)777 (8).

Define the conditional likelihood as

n

, €XD (jil —yz‘jﬁj>
Le@ 1) = ot L) = 11—

where the second equality follows from Equation (3.8). Let y»~Y denote the vector
composed of y; such that y;. =1,...,p—1, i.e. the dataset restricted to subjects with

non-extreme scores.
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Furthermore, let ngy denote the number of subjects with score s for s =0,...,p. Then the

conditional likelihood can be written as
p p o
exp (— > y+j5j> exp (— > ygrljp 1)5]')
7=1
Bly) = ’
sl;[o (6" Ys(B)m

and where in the last equality it is used that vo(8) = 1, 7,(5) = exp <— i 5;’) and that

p P
> b = Zy(”’ VB, Y By
j=1 j=1

Hence the conditional log-likelihood is given as

-1

(5 | y Znslog ’Ys Zy(lp b ].

s=1
It should be noted that subjects with extreme scores contain no information regarding
the difficulty of the items, which intuitively explains why they are not part of the CML

function.

The partial derivative wrt. the jth item parameter is given by

%) 1 Dlog(vs .
aﬁjzcw\y):—znsww% 2

s=1

pin exp(— ﬁ])’ys 1(5) L (Lp=1)

%(B) Vi
s g 2 B p—
Znsv 3 ( )—y(jj Y (3.15)

where the second and third equality follows from respectively Equation (3.10) and Equation

(3.9). Therefore, the conditional score is given as

42 Lip—1
Z”s s (8)— (B) (8) _ygr2p )

sc(B|y) = : . (3.16)

p—1 (») .
¥s(B)=vs (B) _ , (Lip—1)
Z s 'Ys(ﬂ) y+p

Setting the conditional score equal to zero yields the conditional solution equations

s s B - éj) B .
y(jf’ b ;nsv( )%<;) ( ), for j=2,...,p. (3.17)
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Solving the conditional solution equations wrt. 3, assuming a solution exist, yields the
conditional maximimum likelihood estimates BC = (/32707 e ,Bp,C)T, which is a unique
solution cf. [9][Theorem 3 and 4]. Note that a solution does not exist in the case of an
extreme item score since 0 < %ﬁ;)(m < 1. However, the probability of an extreme
item score goes to zero as the number of subjects increases.

From Equation (3.15) it follows that for j, 7/ = 2,...p, the second order partial derivatives

of the conditional log-likelihood are given by

52 =0 %8 -9 (8)
a5, 1V = 2 )
it (008 = 35990) 108) — (16(8) = 19(3)) 587.(8)
It 7:(B)?
=l (%(8) = 19(8)) (7(8) = 10(8)) — (1(B) — 79 (8)).(B)
=Y n,
s=1 73(6)2
a8
e 75(5)2
=1 =9 (B)(1:(8) = 197(8)) — 95, 2D (B)r(B)
— z::l g — 5 . (3.18)
For j = 7/ Equation (3.18) yields
>, —9(8)(1:(8) = 29(8))
grptets 10 = Sn. O (19
since 7/ (3) does not depend on §3;.
Furthermore, for j # j° Equation (3.18) yields
o 5 exp(=8)0E T (8)1(8) = 19 (8)((8) = 1 (8))
aﬁjaﬁj,gcw | y) = ;n ~0)? (3.20)

where Equation (3.11) have been applied.
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Thus a closed form expression have been obtained of every entry in the conditional observed

information given by

o2
Jo(Bly) = —W%(ﬁay) (3.21)

which in particular only depends on y through ng for s =1,...,p — 1. The conditional
score and conditional observed information can be used to obtain the CML estimates

using e.g. the Newtons-Raphson algorithm assuming that a solution exists.

Once the conditional maximum likelihood item parameter estimates have been obtained,
these can be used to estimate the subject parameters by insertion into the joint solution

equations for the JML estimates.

The following Theorem is stated in [12] and the proof is beyond the scope of this report.

Theorem 3.2.3. Bias of CML estimators

The CML estimators of the item parameters are unbiased, i.e.

Consider the restricted conditional likelihoods which are the conditional likelihood where

the subjects with score y;, different from s is omitted for s=1,...,p—1,2=1,...,n, ie.
ERCIOFS
n exp | = 2 Ui, B;
S 1 J=
L& (B 1) = T py | ,8)"0 = ;
i=1 ¥s(B)e
where ) denotes the vector composed of y; such that y;, = s fori =1,...,n i.e. the

data restricted to subjects with score s.
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By defining the restricted conditional log-likelihood, restricted conditional score and re-
stricted conditional observed information in the obvious way, it follows by the above

derivation of the quantities of the CML that

B y) Zyﬂ)ﬁ] nsYs(3)

BB ()
s ’YS(IB) y+2
s8] y) =
s(8)= (8) (s)
_ns’y Vs (75) o y+p
(s) *
Jo' (B ly)=— e’ (B y)

0BoBT ¢

with elements

85‘;2 G(8 | y) = n, —J )(B)(ﬁg;; AL
and
P 05| ) = n, SRR (B16(8) 1 (B)((8) =1 (8))
9B;00; s(6)?
for j,j' =2,...,p,j # 7.
Define the restricted conditional mazimum likelihood estimate Bg) = (Bés)c, . BAZ()S)C)T as

the solution to the restricted conditional solution equations given by

%5(B) =19B) _ (o)
e 7s(8) BRask

forj=2,....,p,s=1...,p— 1.

Furthermore, it follows immediately that the relation between the CML and restricted

CML is given by

c(Bly) = HLc (B 1y) (3.22)
and similarly it follows that

c(B1y) ZSC B 1y) (3.23)
and

c(B1y) Z DB 1), (3.24)
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Theorem 3.2.4. Asymptotic Normality of Restricted CML Estimator
The restricted CML estimate is asymptotically normally distributed with mean [,

and variance J((;S)(ﬁo)*1 fors=1,...,p—1, ie.

Vs (Bg) - 50) n_%o Ny (07 Ig)(ﬁo)_1>

where Iés)(ﬁo) = n%t]((f)(ﬁo | y).

Proof. Recall that Y7,Ys,... Y, arei.i.d given that they share the same subject score,

ie. YV, =sfori=1,... ,n,.

It follows immediately by standard results, see e.g. [8][Theorem 18], that

Vs (BE = Bo)l (Yit)ica, = N (051, 160 (B0) ™)

since Ig )(50) is the observed information and hence also the Fisher information for a

single observation as it does not depend on y.

In order to extend this result from the conditional distribution to the marginal distribution,

consider a bounded and continuous function f : RP~! — R. Note that

.....

— E [E [f(z)” s for z ~ Np—l <0p—17 Iéf)(ﬁ())—l)

n—oo

where it is used that n - oo = n, — oo. Thus it follows that

E[f (vis(BS = Bo))] = E[f(2)
and as f was an arbitrarily chosen bounded and continous function the result follows.

]

Theorem 3.2.4 will be used to show a similar result regarding the CML estimator.

In [2][Theorem 2] it is stated that the following result regarding consistency of the CML
estimator is obtained from Theorem 3.2.4, Equation (3.23) and some elementary continuity
arguments. However, as this is not clear to the author of this report, the proof has been

omitted.
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Theorem 3.2.5. Consistency of CML Estimator

The CML estimator is consistent, i.e.

50—>50

n—oo

Theorems 3.2.4 and 3.2.5 can now be used to show asymptotic normality of the CML

estimator.

Theorem 3.2.6. Asymptotic Normality of CML Estimator

The CML estimates is asymptotically normally distributed with mean (3, and variance

Jo(Bo | )71, ie.

Jc(ﬁo | y)1/2 (BO - 50) n_%o prl (Opfla Ip%)

Proof. A zero’th order multivariate Taylor expansion of 8%[0(6 | y) around Be yields
J

0 ’ 8 82 .
R 32 .

for some 3" such that 35 — ;0] < |Bj,0 — Bjo| for 7 =2,...,p. Theorem 3.2.5 implies

that Bj/,o n_%o Bj,0 and hence [)’;5 i) Bjo-

Therefore, it follows that gc(ﬁo | y) has the same limiting distribution as Z (ﬂ]/ c—
3'=2
Bj’,O)agjaBj, KC’(BO | y)

Applying this for j = 2,...p, it is obtained that sc(fy | y) has the same limiting
distribution as (60 — 60) (Bo | v)-
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The standard results referenced in the proof of Theorem 3.2.4 also yields that

s d s
S(C)(ﬁo | y) == Np (Op—la J(c)(ﬁo | y)) :
Combining this with Equation (3.23) and Equation (3.24) implies that

so(Bo | 9) =2 Nyt (01, Jo(Bo | )

such that
Jo(Bo | 9) (Be = Bo) =5 Nya (051, Je(Bo )
and hence
Jo(Bo | y)'? (BC - 50) Tﬁé Np—1(0p-1, Ip-1)

O

When comparing Theorems 3.2.3 and 3.2.6 to Theorems 3.1.3 and 3.1.4 it is evident why

the CML estimator is usually preferred in application.

Informally, there are three main problems with the JML estimator which results in
the non-existence of JML estimates, bias and inconsistency. The first problem is that
the occurrence of extreme scores implies that the JML estimates do not exists. This
is particularly problematic as the number of subjects increases since this increases the
probability of an extreme subject score. The extreme subject scores do not occur in the
CML function and are therefore not problematic. Furthermore, as the number of subjects

increases, the probability of extreme item scores decreases since 0 < p;; < 1.

The second problem is the joint estimation of subject and item parameters which leads
to bias. Since CML estimation conditions on the subject score, a sufficient statistic for
the subject parameter, CML estimates the item parameters independently of the subject

parameters, thus resulting in an unbiased estimate.

The third problem is that when the number of subjects increases then the number of
parameters to be estimated in JML increases likewise. Furthermore, an increased number
of subjects brings no additional information regarding the other subjects parameters, only
further information regarding the item parameters. This is not an issue for the CML since
only item parameters are to be estimated. Therefore, as the number of subjects increases,
the number of parameters to be estimated remains the same, and additional information

regarding these parameters are obtained, which results in consistent estimates.
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Another approach to parameter estimation in the Rasch model is the maximum marginal

likelihood which will be discussed in Section 4.3.

The asymptotic results regarding the CML will be utilized in the following section to

formulate a goodness of fit test for the Rasch model.

3.3 Goodness of Fit Test

In this section a goodness of fit test for the Rasch model will be presented based on the
framework of the CML and restricted CML from Section 3.2. The section is based on
2]. Consider the conditional likelihood-ratio between the Rasch model fitted to each score

group and the Rasch model fitted to the full data given by

- Le(Be | y)

=3 o . (3.25)
51;11 Lg ( C | ?J)

Clearly A < 1 with A =1 if Bc,s = BC forall s =1,...,p — 1 by Equation (3.22).

The null hypothesis for this test is that the data is generated by the Rasch model and this
is rejected for small values of )\, i.e. small values of the test statistic are critical. This is
intuitively clear because no matter which score group is considered, all the subjects took
the same test and hence answered the same items with fixed item parameters. Therefore,
no matter which score group is considered, the item estimates ought to be approximately
the same, such the test statistic A would be close to one. This phenomenon where the
difficulty of the items can be measured based on a sample not drawn at random from
the total subject population, i.e. that the estimates of the item parameters is somehow
independent of the ability of the students constituting the sample, is often referred to as

specific objectivity.

As per usual when working with likelihood-ratio tests, the test statistic

p—1 R R
Z = =2log() = 2348 (Bos | y) = 20(Bc | ) (3.26)
s=1

is considered where large values of Z are critical.
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Asymptotic properties of Z will be described shortly and for this purpose the following
result is needed. The result is a corollary of Fisher-Cochran’s theorem presented in

[21][Page 188] and the proof is beyond the scope of this report.

Corollary 3.3.1. Let Q = Q1 + Qy where Q ~ x%(a), Q; ~ x*(b),Q> > 0 and a > b.

Then Q2 ~ x?*(a — b).

Using Corollary 3.3.1 is can now be shown that Z is asymtotically chi-squared distributed.

Theorem 3.3.2. Asymptotic Distribution of Test Statistic
The test statistic Z given by Equation 3.26 is asymptotically chi-squared distributed
with (p — 1)(p — 2) degrees of freedom, i.e.

Z = (-1 -2).

n—oo

Proof. Equation (3.22) implies that

c(By) — ZLs)ﬁly—O

for any § € RP and hence it follows that Z can be written as

p—1 R p—1

7 ==2c(Be | y) +20c(Bo | y) + 2D L3 B [ y) =23 40 (Bo |y). (3.27)
s=1 s=1

A first order multivariate Taylor expansion of {o(f5p | y) around Be yields

P

te(Bo | y) = Le(Bo | y) + 286 (Be | 9)(Bjo = Bic)
J

o /¢ * « .
Yy B 1) (50— By0)(Bro— Frc)

j=2j'=2 853'86;' 2
A P& 0 B y) A A
=1 D 0 — Bi.c)(Biro — By,
c(Be 1 y) 2 2 953,00, 5 (Bjo — Bic)(Bjro — By.c)

for some 3* such that |37 — ;| < ‘Bjc — Bjol for j = 2,...,p, where it in the second
equality is used that Ec(ﬁc | y) is zero for j = 2,...,p by the definition of Be.
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Hence it follows that

—20(Be | y) +20(Bo | v) Z Z B [ ) (Bjo — Bic)(Byo— Byc).  (3.28)

j=2j'= 266185]

Similarly, for s = 1,...,p a first order multivariate Taylor expansion of E(CS)(BO | y) around

BY) yields

s s s f( *(S A(s A(s
B | y) =13 BE 1y +222 86]85, T 60— B2 (B0 - AS)

for some £*(®) such that \ﬁ;(s) — Bjol <| Ajfc — Bjol for j =2,...,p and hence

p—1 O Als p—1 . p—1 p p o 23) (3%(s)
238008 192 9 = -3 3- 30 0 T 5 30504
s=1 s=1 2 |

s=1j=24'=
(3.29)

Insertion of Equations (3.28) and (3.29) in Equation (3.27) yields

p P o p—1 p p
=2, 2 gaam e WG Bi) (By0=5y) zgza aﬁ, " 9)(Br0=5;2) (Byro—Byie)

Theorems 3.2.6 and 3.2.4 imply that BC and Bg ) for s = 1,...,p—1 converges in probability

to By for n — oo and therefore so does * and 5*(®)

It follows that Z has the same limiting distribution as
A A iy O T A(s
— (Bo— Be) " Je(Bo | 9)(Bo— Be) + 3 (o= BE) IS (Bo 1 w) (Bo— ). (3.30)
s=1

By Theorem 3.2.6 it follows that

(Bo—Bc) " Je(Bo | ) (Bo—Bo) = (\/Jc(ﬂo | y)(Bo — Bc))T VJe(Bo | 9)(Bo—Be) ~ xP(p—1)

since \/Jo(Bo | ¥)(Bo — Be) ~ Np—1(0, I,_y). Similarly, by Theorem 3.2.4 it follows that

pP—

Z(ﬂo— SN IS B ) (Bo = BY) ~ (0~ D(p — 1)),

s=1

Insertion into Equation (3.30) yields that Z has limiting distribution as the difference
between two chi-squared distributions with degrees of freedom (p — 1)(p — 1) and (p — 1)

respectively.

Therefore, it follows by Corollary 3.3.1, since Z is strictly positive, that Z is asymptotically
chi-squared distributed with (p —1)(p —1) — (p — 1) = (p — 1)(p — 2) degrees of freedom.

O
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3.4 Simulation Study

In this section a simulation study will be conducted in order to illustrate the practical
implications of Theorems 3.1.2, 3.2.6 and 3.3.2. The implementations and code discussed

in this section can be found in Appendix B.

In this simulation study, 1.000 datasets are generated from a Rasch model with n =
500, P = 10, 60 = (62707. .. ,5177())T where @j,O = 02(] - ].) for ] = 2,. .., P and 60 =
(010, .. ,9,170)T where each 0, is a realization of a normal distribution with mean and

standard deviation equal to one and are fixed across the 1.000 simulated datasets.

Note that n is chosen as 500 as it is similar in size to the 663 subjects in the test result
data. This choice of n also have the implication that JML estimation cannot be conducted
on any of the 1.000 simulated datasets, since each of them contains extreme subject scores.
Considering the size of n this is also to be expected based on Theorem 3.1.2. The Monte
Carlo estimate, and corresponding Monte Carlo error, of the expected number of subjects

in each score group can be found in Table 3.1.

g n; ns ns ny ns g nr ng ng njo

Uyvc | 8 25 | 41 56 | 66 72 71 64 | 51 33 13

omc | 0121019 1 0.26 | 0.31 | 0.34 | 0.35 | 0.34 | 0.32 | 0.28 | 0.22 | 0.15

Table 3.1: Monte Carlo estimates uyic of the expected number of subjects in each score group rounded
to integer values, and Monte Carlo error oy rounded to two decimal places, based on the

subject scores of the 1.000 simulated datasets.

The CML estimates are obtained in R for each dataset using the clogistic function from
the Epi package, which is a function for maximizing conditional likelihoods in logistic

regression models.

From Theorem 3.2.6 it follows that if the CML estimates Bc = (52,0, e ;Bp,C)T are
normalized as Jo(Bo|y)"/?(Be — Bo) then the normalized CML estimates should follow a

multivariate normal distribution with mean 0,_; and covariance I,_;.
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Therefore, in order to obtain the normalized CML estimates the conditional observed
information Jo(fy | y) is implemented in R. Recalling Section 3.2, the entries Jo (5o | y)
are given by Equations (3.19) and (3.20) and hence the symmemtric functions must be

implemented in R. This is done based on Remark 3.2.1 which states that

/VS(B) = Ss(exp(_ﬂl)u cee 7eXp(_6p))

for s =1,...,p — 1 since elementary symmetric polynomials are easily computed in R

using the sum, combn and prod functions.

Furthermore, this approach also immediately yields all other terms in Equations (3.19)

and (3.20) as e.g.

'ng)(ﬁ) = Ss(exp(—=ph),...,exp(—Bj—1),exp(—PFj+1), - - ., exp(—F,))

fors=1,....p—1,7=2,...,p.

Based on the above, the conditional joint observation and hence the normalized CML

estimates are computed for each dataset.

In Figure 3.1 it is clearly seen that the marginal distribution of the normalized CML

estimates seems to follow a standard normal distribution for each item.

28 T T T T T 1 25 T T T T T 1 2
K 2 A 0 1 2 3 K 2 El 0 1 2 3
Normaized CIL Estimate for temS Normaized CHL Estimate for kem§.

T
0
E

T T T
3 2 A
Normatzed CHL Estimate for tem 7

Figure 3.1: Histograms of the normalized CML estimates for each item parameter plotted with the

standard normal density for reference and comparison.
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This is also supported by applying the Andersen-Darling test for univariate normality
using the mvn from the package MVN in R. Here it is found that the test statistic for
each item yields a p-value above the corrected significance level when using an overall
significance level of 5% and when using the Bonferroni correction since this a multiple

hypothesis testing setup.

Furthermore, the mvn function also conducts the Henze-Zirkler test for multivariate

normality which is accepted with a p-value of 0.64.

Regarding correlation between the items, the covarariance matrix based on the sample of
normalized CML estimates is computed in R and the diagonal values are contained in

(0.95,1.06) while the off-diagonal values belongs to (—0.08,0.05).

The covariance matrix suggests that there is little to no correlation between the normalized

CML item estimates.

Thus all of the above illustrates the asymptotic normality of the normalized CML estimator

given by Theorem 3.2.6.

Furthermore, in order to consider the asymptotic distribution of the test statistic of the
goodness of fit test described in Section 3.3, the test statistic Z is computed for each

simulated dataset.

In Figure 3.2 the GOF test statistics are shown in a histogram together with the density of
the y*-distribution with (p — 1)(p — 2) degrees of freedom for comparison as per Theorem

3.3.2.
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Histogram of GOF Test Statistics
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Figure 3.2: Histogram of the GOF test statistic for each simulated dataset compared to the density of
the x2-distribution with (p — 1)(p — 2) degrees of freedom.

Furthermore, Figure 3.3 shows a QQ-plot of the GOF test statistics against the y2-

distribution.

Theaoretical
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40
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£

Figure 3.3: QQ-plot of the GOF test statistics against the x2-distribution with (p — 1)(p — 2) degrees

of freedom.
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While both Figures 3.2 and 3.3 clearly illustrates Theorem 3.3.2, it should be noted
that in an application, the most important aspect is the probability of rejecting the null

hypothesis.

Therefore, for each dataset it is controlled whether the GOF test statistic is larger than
the critical value, or equivalently, whether the p-value is smaller than the significance level.
A significance level of 5% yields a critical value of approximately 93, corresponding to the

rejection of 54 out of 1000 null hypotheses, i.e. a rejection rate of approximately 5%.

In conclusion, the above analysis supports Theorem 3.3.2 and illustrates that the estimator

already exhibits its asymptotic behavior for n = 500.
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4 The Rasch Model as a Gener-
alized Linear Mixed Model

The Rasch model was presented in Chapter 2 as a GLM, and within this framework
parameter estimation was considered in Chapter 3. Here two estimators were considered,
namely the JML estimator which is biased and inconsistent c¢f. Theorems 3.1.3 and 3.1.4,
and the CML estimator which is unbiased and consistent cf. Theorems 3.2.3 and 3.2.5 yet
only provides estimates for the item parameters. Hence it is clear that if one is interested

in not only the items but also the subjects, another approach is needed.

Furthermore, in many situations the interest is not in individual subjects but rather in
the entire subject population. This could for instance be the case when considering the
test results data, where a researcher might not be interested in the particular ability level
of a specific subject, but rather wish to make conclusions regarding all students of the

danish public school similar to those represented in the data.

This is done by imposing a distribution over the subject parameters and hence considering
them as random effects rather than fixed effects. Then the parameters of interest are the

parameters of the distribution rather than the individual subject ability.

In Section 4.1 generalized linear mixed models (GLMM) are presented in general and
the Rasch model is presented within this framework. The Laplace approximation and
Gauss-Hermite quadrature is then presented as methods for computing the likelihood
function for GLMMs in Section 4.2. Appendix D is a supplement to Section 4.2 regarding
Monte Carlo methods for computing the likelihood of a GLMM and simulation from the
conditional distribution of random effects given the data using rejection sampling. Then
marginal maximum likelihood for the Rasch model is considered in Section 4.3 which is
how parameter estimation is conducted when the Rasch model is considered as a GLMM.
Then finally in Section 4.4 a simulation study is conducted to illustrate the asymptotic

properties of the MML estimator.
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4.1 Generalized Linear Mixed Models

This section is based on [25]. In the following a definition of a GLMM is presented which
is a direct modification of the definition of a GLM, see A.0.2, to include random effects in

the linear predictor.

Definition 4.1.1. Generalized Linear Mixed Model
Let Y = (Y1,...,Yy) and U = (Uy,...,U,,) for k,m € N be random vectors, and let
X € R¥>*P 7 € R¥*™ and B € RP. Furthermore, let g : M — R be an intervertible

function for M C R.

Then Y is said to follow a generalized linear mixed model with fixed effects design
matriz X, fized effects parameter B, random effects design matrix Z, random effects

U and link function g if the following holds:
o U~ N,(0,%) for some covariance matrix > € R™*™.

o Conditional on U = u, the Y;’s for i = 1, ..., k are independent, their distribu-
tions belongs to the exponential dispersion familiy and E[Y; | u] = ¢! (n;) € M
where 7 = X3 + Zu is the linear predictor.

Essentially Definition 4.1.1 states that Y follows a GLMM if conditioned on the random
effects U, Y follows a GLM.

Example 4.1.2. The Rasch Model as a GLMM Consider the Rasch model and
assume that the ability parameter of a random subject follows a normal distribution

with mean zero and variance o2, i.e.

0 ~ N(0,07%).

This assumption appears rather reasonable as the closely related attribute of 1Q is
known to follow a normal distribution see e.g. [14]. However, it is not easy to test
for this assumption as the random effects are only observed indirectly through binary

response patterns.
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Conditioned on a realization from the ability distribution, it follows that the probability
of solving the jth item is given by

exp(f — 5; ‘
J

Assuming independence between the ability of the subjects, it follows that the ability
parameter vector for all subjects follows a multivariate normal distribution with mean
giving by the n-dimensional zero vector and variance %I, i.e. 6 = (61,...,0,) ~
N(0,,0%I,) such that @ constitutes the random effects of the model. Furthermore, the
vector consisting of the item difficulties 5 = (B, ..., 5,) is the fixed effects parameter.
The fixed effects design matrix X is given such that the row corresponding to 7;;,
say x;;, is given by zeroes in all entries except for —1 in the jth entry. Similarly the
random effects design matrix Z is given such that z;;, the row corresponding to the

ith subject and jth item, is given by zeroes except for the ith entry which is 1.

The marginal density of Y can be determined as
Ir(y; 8,%) = /fY,U(y,U;ﬂag)dUZ /fY\U(y | w; B) fu(u; ¥)du. (4.1)
R™ R™

In the following the densities will not be written with subscript to indicate which distribu-
tion the density belongs to. Although this is abuse of notation it will be clear from the

context which densities are meant.

Since f(y;u, ) is given as a product of densities on the form of Equation (A.1) since
Y;|(U = u) has distribution belonging to the exponential dispersion family and f(u;X)
is the density of a multivariate normal distribution, it follows that f(y | u; 5)f(u; X) is
a fairly complicated function and hence the integral in Equation (4.1) does not have a

closed form solution in general.
In Section 4.2 different methods for computing the marginal likelihood will be discussed.

In some situations interest could be at predicting the value of the random effects which
led to the observation. This could e.g. be to predict the ability of a subject given the
observed response pattern. The following proposition regarding the minimum mean square

error predictor is presented in [25] and will not be proven.
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Proposition 4.1.3. Conditional Mean as Predictor

The conditional mean

E[U | Y =y

is the minimum mean square error predictor of the random effects U.

For applications of 4.1.3 it should be noted that the conditional denisty of the random
effects U given the data Y = y is not explicitly given in the model specification of the

GLMMs and it follows that the conditional mean would generally be determined as

EW\YIMI/WW!wBHM

fyIUB f(u;3)
= ) du (4.2)

which, like the density of Y, is problematic to evaluate.
Proposition 4.1.4. Score and Observed Information
Let ¢ denote the covariance parameter vector, § = (3,¢)" and let 3(0 | y,u) =

% log(f(y,u; 3,%)) denote the score of the joint likelihood Y and U. Then under

regularity conditions it follows that the marginal score is given as
s(0|y) =Eq[35(0 | y,U) | Y =y] (4.3)
and the marginal observed information as

019 =~ | (556 | 50) 1Y =] (4.0

—Varg[5(0 | y,U) | Y =y].
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Proof. Equation (4.3) follows since

s(0 ] y) = ;elog(f(y;ﬁ, 2))

d
- f(y,ﬁ,E)d@RZ f(y>u7672>du
s/ u; 8,%)

d
Rm™ f(y7/67 2) u
4 f(y,u; 8,%)
dé '
R™ f(y7u,672> f(u ’ y?ﬁaz)du
d
= B ldglog(f(y,U;B,E)) Y =y

=g [3(0 |y, U) | Y =]

where the regularity conditions are used in the third equality to interchange the differenti-

ation and the integration.

In order to prove Equation (4.4), first note that

2

30 1Y) = = qpg7qg 108/ (4: 5, %))
d
= WEG[ 500 1y, U) Y =y]
= [ 050 v | i, 5w
R

-- (5@ 1000 3,2

_Rzé(e\y, )<d3r (u]yﬁE))du

_ g, Kdgﬁ(@ v, U)) Y = y]

— / CARRT <dgT f(l(ty?ﬁ?;;» du (4.5)

where Equation (4.3) is used in the second equality and the regularity conditions are used

in the third equality to interchange the differentiation and the integration.
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Since

\

N d flu,y; 8,5
1 >(dm f(y: M))d“

d
/59!% ;Z)dmf(uyﬁz)

m

d 1
/§9|y, uyﬂﬁ)dmf(yﬂz)du,

where the first term can be written as

1 d
/5(9 | yau)mdoﬁﬂuay;ﬁax)d“

fluly:8,%5) d
f(y,u; 8,%) o7

= [ 30| y,w)3(0 | y,U)" f(u|y; 3,%)du

= [ 50 ]y u)

fu,y; 8, E)du

=Eo [3(0 | 3, U)3(0 | 5,0)7 | Y =]

and the second term as

d 1
50 |y, u)f(u,y; 8,%) 75— du
HJ doT f(y; B, %)

d
=—/ (60 ] y,u)f(u] y:5.2)s(6 | ) du

= By [3(0 | y.U) | Y = 9] Eg[5(0 | 5. U) | Y =]

it follows that

- d flu,y: 5, E) .
500 | y,u du=Varg |50 |y,U) | Y =y]. 4.6
/ L SO 10U Y=y (46)
Inserting Equation (4.6) in Equation (4.5) yields (4.4). O

This section will now be concluded by noting that in order to evaluate the likelihood in
Equation (4.1), the conditional mean in Equation (4.2) as well as the expectations and

variances in Proposition 4.1.4 some methods are needed.

The following section, which in particular focuses on computation of the likelihood, will

present methods that can be utilized for these purposes.
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4.2 Computation of Likelihood for GLMMs

This section is based on [25]. In some situtations Equation (4.1) can be simplified
by factorizing such that the m-dimensional integral can be replaced by a product of
one-dimensional integrals. Consider for instance the case where the random effects
are mutually independent and the data can be written on the form Y = (Y};);; for
i=1,...,m,j=1,...,p; where p; € N such that ¥; = (Y};); only depends on U through
U;. This is exactly the case for the Rasch model where the random effects § = (64, ...,6,)
are mutually independent and the response pattern for the ith subject y; € I'(p) only
depends on 6 through 6;, the ability parameter for that subject, see Example 4.1.2.

Then the marginal likelihood of Y can be written on the form

F:09) = 11 [ £ | ws 8) 7w o2 (4.7

=1
where o2 denotes the ith diagonal entry of ¥, i.e. ¢? is the variance of U;.

In conclusion, methods are needed for computing integral of the form
[ 1y w3 (s o*)du. (48)
R

In the following the Laplace approximation and Gauss-Hermite quadrature is presented as
methods to approximate the integral. Futhermore, in Appendix D Monte Carlo methods
for computing the likelihood of a GLMM is discussed along with a technique to simulate

from the conditional distribution U|(Y = y) using rejection sampling.

Mikkel Rinason Simonsen Page 46 of 149



Chapter 4. The Rasch Model as a Generalized Linear Mixed Model AAU

Laplace Approximation

This subsection regarding the Laplace approximation is based on [27] and [26].

Let g(u) = log (f(y | u; 8)f(u;0?)) and assume there exists 4 = arg max g(u) such that
g'(@) = 0.

A second order taylor expansion yields

g(u) = g(@) + (u — a)g'(a) + 5 (u — @)*g" (@) = g(a) — S(u—a)*(=g"(@)  (4.9)

where it is seen that exp(g(u)) is approximately proportional to a normal density with
mean ppp = 4 and variance ofp = g,,_—(z). Thus the integral in Equation (4.8) can be

approximated as

[ £ | wiB)f(wio®)du = [ explg(u)du

R

~ explg(@) [ exp (—5(u - 0)*(~g"(@)) du
= exp(g(prp))\/2m0ip. (4.10)

Equation (4.10) is called the Laplace approzimation of the integral given in Equation

(4.8).
Furthermore, since

~ fly | w B) fu;0°)

fluly;B,0%) = fhon & exp(g(u))

it follows that

d
UlI(Y =y) = N(:U'LFHUI%P)

yielding that pupp is an estimate of the conditional mean given in Proposition 4.1.3.

Remark 4.2.1. Even though the attention of the report has been directed towards the
one-dimensional integrals thus far, the Laplace approximation can easily be modified
to the higher dimensional case simply by utilizing a multivariate Taylor expansion in

Equation (4.9).
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From the motivation of Equation (4.7) it is clear that
P
fly | u;B) = H (45 | i B)

such that the integrand of Equation (4.8) can be written as

exp (Zlog (y; | w ))) fu;0?). (4.11)

7j=1

In the following, results regarding asymptotic convergence of the Laplace approximation
and the order of the convergence will be discussed under certain conditions. The proofs of

the results are rather technical and can be found in Appendix C.

Ideally, the results should be presented and proven for integrands on the form
exp(phy(u))g(u), because this would include the integrands in Equation (4.11), which is

seen by choosing
Zlog (yj [w),  g(u) = flu;0?).

However, if the A depends on p this would imply that the associated maximizer upp also

depends on p, making the proof even more complicated and technical.

For simplicity, the results will be presented and proven for integrands of the form
exp(ph(u))g(u) in order to illustrate the asymptotic properties of the Laplace approxima-

tion.
With this integrand, clearly the Laplace parameter is given as
pupp =ty = arg max (ph(u) +log(g(u)) -

In particular it should be noted that jp, depends on p. However, it is clear that the

term ph(x) is asymptotically dominant in the sense that

— argmax h(u) =: 1.
HLPp oo A8 TR ()

For simplicity urp = @ is therefore chosen, which is asymptotically equivalent.
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AAU

Similarly
9 -1 -1

g = = 17 7
HP g (u) ph”(u)+W

is replaced by the asymptotically equivalent

02 == !
P pht(u)

Theorem 4.2.2. Convergence of Laplace Approximation

2. 4 is a global maximum of h in the sense that

3. h® and g is bounded near 1, i.e.

Then the Laplace approximation of

I, = [ exp(ph(u))g(u)da

converges to I, i.e.

5

p—o0

— 1.

exp(ph(@))g(@)y/2mp~tH!

Proof. See Appendix C.

there exists some @ € R such that the following conditions are satisfied:

1. @ is a local maximum for h, i.e. H = —h"(4) > 0 and h'(4) = 0,

VA >03e>0:ju—1 <A = h(a) — h(u) > ¢,

Let g, h : R — R be functions, assume that h is three times differentiable and that

>0 |u—a <5 = [h®(u)] < K, |g(u)| < C for some K,C >0,

4. either [|g(u)|du < K, or [exp(h(u))|g(u)|du < K, for some K,, K}, > 0.
R R

]

Theorem 4.2.2 shows not only asymptotic convergence of the Laplace approximation but

also that the relative error goes to zero asymptotically.

The following Theorem regarding the order of the relative error expands on this result.
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Theorem 4.2.3. Order of the Relative Error of Laplace Approximation
Consider the assumptions of Theorem 4.2.2 and assume further that h is four times
differentiable, and extend condition 3 by assuming that [&—u| < § = |[h®(u)| < C’

for some C’" > 0.

Then the relative error is of order (p~'), i.e.

I — exp(ph(ﬁ))]g(ﬁ)\/27Tp1H1 _ o).

p

Proof. See Appendix C. m

Assume that Theorems 4.2.2 and 4.2.3 can be extended to integrands of the form
exp(phy(u))g(w). Then it is clear that when the Laplace approximation is applied in the
context of the Rasch model later in the report, see e.g. Section 4.4, then the number of

items p will be the determining factor regarding the accuracy of the approximation.

Gauss-Hermite Quadrature
This subsection regarding Guass-Hermite quadrature is based on [25].

The idea of Gauss-Hermite quadrature is to approximate the integral of f(z)¢(x) as
M
/f(:v)¢(x)dx ~ Y wif (). (4.12)
R =1

where ¢(-) denotes the density of the standard normal distribution, f : R — R is some real
function and w;, z; € R for i = 1,..., M, where M € N\ {0} is the number of quadrature

points.

For any M € N\ {0}, w; and z; can be found in an appropiate table, and they are
determined as follows. Equation (4.12) should be exact for polynomials of degree less
than 2M. Thus by the linearity of the integral it is enough to solve the following system

of equations

M
/xkgb(x)da::Zwixf, k=0,...,2M — 1. (4.13)
2 i=1
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Since the left-hand side of Equation (4.13) is simply the kth moment of the standard
normal distribution, which is known to equal zero for odd k& and equal (k — 1)!! for even
k, it follows that the system of equations given by (4.13) can be written as
M
1k even](k — 1) => " waf, k=0,...,2M —1 (4.14)
i=1

which has a unique solution cf. [25][Page 10].

Recall that the density of the random effect f(u;0?) is the density of a normal distribution
with mean zero and variance o2 such that £ ~ N (0, 1) and hence Equation (4.8) can be

written as

[ H@ 1w o™= [ 1y | ow:B)o(a)da. (415)

Directly applying Guass-Hermite quadrature on Equation (4.15) yields
M
/f(y | w; B) f(u;0%)du = > wif(y | oxs; B) (4.16)
2 i=1

and is called naive Gauss-Hermite quadrature. The problem with this is that f(y | oz; )
might be very different from a polynomial and there are therefore no guarantee regarding

the quality of the approximation.

Therefore, another approach to Gauss-Hermite quadrature is needed. Consider the Laplace
approximation of Equation (4.8) and let ¢ p denote the density of the normal distribution

with mean upp and variance 5. Then

. .2
[ s s stusetan= [ 4 LA
~’U=“:Z§§P / fly | opz + MLP;Sf;{(Upr + pLp; Uz)aLpgzﬁ(a:)dx
R
(4.17)

and the application of Gauss-Hermite quadrature to Equation (4.17) yields

f(y | ouexi + pop; B) f(oLpa; + pop; o)
o(x:)

M
/f(y | w; B) f(u;0%)du =~ Y w; o (4.18)
R =1

which is called adaptive Guass-Hermite quadrature.
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Adaptive Guass-Hermite quadrature is generally considered to be more precice than naive
Gauss-Hermite. This results from Equation (4.9) which showed that f(y | u; 3)f(u;0?)
was approximately proportional to a normal density with mean upp and variance o?p,

such that %W is approximately equal the normalizing constant f(y; 3,0?).

Example 4.2.4. Adaptive Gauss-Hermite for Conditional Mean Recall that
in order to assume that the likelihood can be factorized as have been done in this

section, it must hold that the random effects are mutually independent.

This would however also imply that the condition mean giving by Equation (4.2) can

be factorized into one-dimensional integrals on the form

du.

/uf(y | u; 8)f(u; X)
J fy; 8,%)

Adaptiv Gauss-Hermite quadrature is for particularly useful when computing the

conditional mean. This is seen by considering

fy|uﬁ fl; ) 1 f | ovpx + pp; B) f(oLpx + prp; 02)
Fy: 8,2 du = f(y)R/(ULPJE*I—MLP) () oLpd(r)d
where
(oupi + f1p) fly | oupx + pp) f(oLpx + pip) oin

¢(x)

is approximately a first order polynomial by the same arguments as above, and hence

is in particular a polynomial of degree below 2M for any M € N\ {0}.
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The following proposition shows that the Laplace approximation is essentially just a

special case of adaptive Gauss-Hermite quadrature.

Proposition 4.2.5. Equivalence Between Adaptive Gauss-Hermite and
Laplace Approximation
The Laplace approximation given by Equation (4.10) and adaptive Gauss-Hermite

quadrature given by Equation (4.18) of the integral
[ £ | i 8)f(us0®)du
R

coincides when there is one quadrature point.

Proof. For M =1 it follows from Equation (4.13) that z; and w, is determined as the

solution to

1 2°¢(z)dz = wz? (4.19)

0

rré(r)dr = wx; (4.20)

i

/
/

such that 1 = 0 and w; = 1.

Adaptive Gauss-Hermite quadrature with M = 1 of the integral [ f(y | u; 8)f(u;0?)du is
R

given as

fly | oupar + pp; B) f(ovpas + pup; o)

2
u; u; 0)du ~ w o
HZ £l | ) (o) ~ o e

~ fly | e B) f (s 02)

= 1 aLp

Vo P (0)
= exp (log(f(y | 1e; B)f (b 02))) V2motp
which is exactly the Laplace approximation as given in Equation (4.10). O
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Remark 4.2.6. Gauss-Hermite quadrature suffers heavily from the curse of dimen-
sionality since evaluations in a grid in a high dimensional space can be computationally
heavy. Guass-Hermite quadrature is therefore most reasonably used for small values

of M in high dimensional spaces.

However a large number of quadrature points might be needed in order to obtain a

certain precision, and in a high dimensional space this is simply not feasible.

In this situation other methods are needed such as the Monte Carlo methods described

in Appendix D.

4.3 Marginal Maximum Likelihood for the Rasch
Model

This section is based on [22].

In this section response data on the form y = (y;;)i=1,...n is considered and the Rasch
J=Trp
model will be interpreted as an GLMM as in Example 4.1.2 such that

0= (6,...,0,) ~ N,(0,,0°L,) (4.21)

and

exp(0; — 53;) ) .
Ply;=1|6:8) = C fori=1,....nj=1,...p 4.22
(y] ’ 5]) 1+eXp(92_6]) or 7 n,Jj b ( )

The purpose of the section is to present a commonly used method for conducting parameter

estimation in the Rasch model using marginal maximum likelihood.

Remark 4.3.1. In Remark 3.0.1 it was argued that in order to ensure uniqueness
of the parameter estimates it was needed to somehow fix a parameter to the real
line. This was done by assuming that $; = 0. However, if the parameter estimates is
fixated to the real line in such a way that $; = 0, it would not necessarily be the case
that E[f] = 0,,. Therefore, the parameter estimates will be shifted relative to Chapter
3 by assuming that E[f] = 0,, instead of 5, = 0.
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It follows by local stochastic independence and Equation (2.3) that the conditional
probability of result pattern y; given ability parameter 6; is

yz ‘ 91; H yzy ‘ 9176]
J=1

T (exp i (0 5;)))

1—|—exp9 - 55)

=1
_ exp (0;yi4) exp ( i1 ﬁjyij) (4.23)
]‘[ (14 exp(0; — B;))

Jf

Since the abilities of the subjects are independent it follows by Equation 4.7 that the

marginal likelthood is given by

Lu(8,0% | y): /fy,@ﬁ, 2)d9
= 11 [ 6:) 60

_ H/ o Zy” )exp (- T} 153'?/“)]0(9‘.02)(19,
1T (1+ exp(0; — 3,) |

]_
The choice (B, 62,) of (8,02) which maximizes the marginal likelihood will be referred

to as the marginal mazimum likelihood estimate (MML estimate) of (3, 02).

As discussed in Section 4.2, there are numerous approaches to do parameter estimation
for GLMMs in general. Later in the report, when conducting data analysis in Chapter 6,
the Laplace approximation and Gauss-Hermite is going to be used as they are standard
methods implemented in R. However, for IRT models in particular, the EM-algorithm

approach suggested in [22] has seen great use in applications and will now be presented.

Consider the posterior density of , that is, the conditional density of § given the data

ply | 0;8)f(0;0?)
p(y; B,02)

ilillf(ei;az)jlip(yij | 0:; B;)
- p(y; B,02)

where the second equality follows from local stochastic independence.

[0y B,0%) =

(4.24)

Choose an initial estimate (3, ¢2©) for (3, 0?). Often 3% is chosen as the negative of
the item scores, which makes sense as e.g. the more difficult items would tend to have a

lower item score and hence a greater initial difficulty estimate.
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Then iteratively the parameter estimates are updated by maximizing the conditional
expectation of log(f(y,0; 3,0?)) given y and the current parameter estimates. Hence at
the kth iteration for some k € N, (3*+1, 52(-+1)) is obtained as

GO = e B ey o (F0350) o] (125)

The procedure will then be terminated once some convergence criteria has been reached,
e.g. at the dth iteration for some d € N, and the MML estimate (5,7, 6%,) = (8@, 0%@)

is obtained.

Remark 4.3.2. The method defined by Equation (4.25) is known as the EM-algorithm
and is a standard method for maximization for missing data problems. The EM-
algorithm will be presented and discussed in more detail in Chapter 5 regarding
missing data. Intuitively it makes sense to apply the EM-algorithm as an maximization
technique for models with random effects since the realizations of the random effects

0; for : =1,...,n can be viewed as missing data.

Insertion of Equation (4.24) in the right-hand side of Equation (4.25) yields that

E (500 5200 [log (f(y,0; 8,0%)) | 9]
= E 500 o200 [log (£(0 | 3 8,0%)p(y: B,0%)) | ]

n p
= E ) 5200 [108; (H f(05;0%) H p(vij | 0i; B;) ) | ]

=1
=3 [10g (7(650%) £0: 133 3, o2t (4.26)
i=lg
g k k
#3007 [og (0w | 65587)) £(6: | w3 8, 02 ),
i=1j=1p

should be maximized. It is clear from Equation 4.26 that maximation wrt. o2 only
involves the first sum and maximization wrt. 3; only involves the summation over ¢ in

the double sum with j fixed.
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Insertion of the known density of the random effects and Equation (2.3) into Equation

4.26 yields

> / log< e ( ))f(e | y; 8%, 020 do; (4.27)
ZZlR 27TU

n P exp(y; >
N o j (0 | y; B9, 06N dg,

;;R/ <1+exp9—ﬁj fO: 1 yi )

Therefore, each iteration consists of computing

5 2(k+1) 2/92 9 | y; B0, 5200 ) (4.28)

le

and solving for ; in

Y 1 (), 5200

f (92‘ | ?J;ﬁ(k)ﬁz(k)) db; = Eqgw g2 [W | y] which is

strictly between zero and one. Therefore, it follows that a solution to Equation (4.29) for

. 1
Notice that H{m
each j only exists if the jth item does not have an extreme score. In other words, in order
to obtain the MML estimate it is needed that 0 < yy; <n for j =1,...,p. In this case it
is suggested in [22] to approxmiate the solution to Equation (4.29) by use of the secant
method.

Remark 4.3.3. The MML method described in this section can be used in a more
general setting with a broader class of models, e.g. IRT models with two (2PL) and
three (3PL) item parameters. This is because unlike CML, MML does not utilize the
conditional framework presented Section 3.2 which can only be used for the Rasch

model c¢f. Theorem 2.1.1.

Alternatively, other approaches have been presented specifically for the Rasch model
where it is still considered as a mixed model, but where the item parameters and
the parameters of the ability distribution are estimated separately. In particular,
CML is used to estimate the item parameters and then with the estimates inserted
into the likelihood function either the EM algorithm, see [3], or the Newton-Raphson
procedure applied to the so called population likelihood, see [1], is utilized to estimate

the distribution parameters.
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4.4 Simulation Study

In this section a simulation study will be conducted in order to investigate the properties
of the MML estimator when parameter estimation is conducted in R using the glmer
function from the Ime4 package, which is a function for fitting GLMM’s. The code used
in this section has been omitted as it is very similiar to the code in Appendix B and is

explained in detail throughout the section.

The glmer function approximates the marginal likelihood using Gauss-Hermite approx-
imation with the default number of quadrature point as one, yielding the Laplace-
approximation. Furthermore, the approximated marginal likelihood is then maximized

using Nelder-Mead.

If the marginal likelihood could be evaluated exactly then maximizing it would simply
yield a maximum likelihood estimator which is known to be unbiased and asymptotically
normally distributed under regularity conditions. However, as the marginal likelihood has
to be estimated, the goal of this section is to study whether the approximation of the

marginal likelihood has influence on the bias and asymptotic distribution of the estimator.

For this purpose, 1.000 datasets are generated from a Rasch model with n = 500, p = 10,
Bo = (B10s---,8p0)" where 8,0 =02(j —1)—1for j =1,...,p and oo = 1. That is,
for each dataset the abilities of the students § = (0y,...,60,)" are first generated, and
then the response patterns are generated based on the item parameters § and the subject

parameters 6.

Table 4.1 shows that the MML estimator is approximately unbiased, as the Monte Carlo
estimates of the expected value of the MML estimator almost agrees perfectly with the

actual parameter values.
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Br | Bz | Bs | Ba | Bs | Bs | Br | Bs | Bo | Buo

(Bo,oo) | -1 | -08 | -06 | -04 | -02 | 00 | 02 | 04 | 06 | 08

Unic -1.00 | -0.80 | -0.61 | -0.40 | -0.20 | 0.00 | 0.20 | 0.41 | 0.61 | 0.80

omc | 0.004 | 0.004 | 0.003 | 0.004 | 0.003 | 0.004 | 0.004 | 0.003 | 0.003 | 0.004 | 0.002

Table 4.1: Table containing the true parameter values (59, 0¢), the Monte Carlo estimates unc of
the expected values of the MML estimators rounded off to two decimal places, and Monte
Carlo errors opc rounded to three decimal places, based on the MML estimates of the 1.000

simulated datasets.

Furthermore, Figure 4.1 suggests that the marginal distribution of the MML estimator

agrees with a normal distribution for each parameter.

Figure 4.1: Histograms of the MML estimates for each parameter plottet with the normal density with

mean and standard deviation estimated from the sample.

This is also supported by applying the Andersen-Darling test for univariate normality
using the mvn from the package MVN in R. Here it is found that the test statistic for
each item yields a p-value above the corrected significance level when using an overall
significance level of 5% and when using the Bonferroni correction since this a multiple

hypothesis testing setup.
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Furthermore, the mvn function also conducts the Henze-Zirkler test for multivariate

normality which is accepted with a p-value of 0.25.

To summarize the results obtained in this section, the fact that the marginal likelihood
cannot be evaluated exactly and hence is approximated using the Laplace approximation
does not seem to interfere with the unbiasedness nor the asymptotic properties of the
ML estimator. This is despite the fact that p = 10 was chosen relatively small, which as
discussed in Section 4.2 is important regarding the accuracy of the Laplace approximation.
Therefore, reasonable approximations can be expected when the Laplace approximation is

used on the test result data with p = 36 in Chapter 6.

This chapter will be concluded by comparing the accuracy of the conditional and marginal

ML estimators using the root mean squared error (RMSE).

For n = 10,100,1.000, 1000 datasets is simulated from the Rasch model using the
parameters already specified in this section. Then, for each dataset the conditional and
marginal ML estimate of each item parameter is obtained using the functions clogistic and

glmer in R.

The RMSE for the conditional and marginal ML estimator is given as respectively

RMSE¢y = <\/IE [(@,cm - 62,0)2} .. \/]E {(@J,an - Bp,0)2D

T

and

RMSE,,,.| = <\/E [(62,M,n — 52,())2} e \/E |:(3P,M,n - 5;7,0)2] ) T

The RMSEs are estimated using a Monte Carlo estimate based on the 1.000 simulated
datasets for each n = 10,100, 1.000 and can be found in Table 4.2.
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n=10 B4 Bo B3 By Bs Be By Bs Bo B1o

RMSE i - 3.240 | 2.574 | 2.861 | 2.794 | 2.643 | 3.107 | 2.992 | 3.266 | 3.702

RMSE i | 3.123 | 2.726 | 1.331 | 1.801 | 1.042 | 0.918 | 1.472 | 1.944 | 2.093 | 2.864

n=100 B4 B2 Bs Ba Bs Be B Bs Bo B1o

RMSE_ - 0.336 | 0.334 | 0.324 | 0.326 | 0.311 | 0.324 | 0.324 | 0.334 | 0.340

RMSEm | 0.263 | 0.264 | 0.254 | 0.252 | 0.249 | 0.239 | 0.254 | 0.247 | 0.253 | 0.245

n = 1000 B4 Bs Bs B4 Bs Be B Bs Bo B1o

RMSE 1 - 0.103 | 0.106 | 0.104 | 0.105 | 0.102 | 0.101 | 0.105 | 0.110 | 0.105

RMSE, ;i | 0.082 | 0.079 | 0.080 | 0.077 | 0.078 | 0.075 | 0.077 | 0.074 | 0.081 | 0.078

Table 4.2: Table containing the Monte Carlo estimates of RMSE of respectively the conditional and
marginal ML estimator for each item. The estimates are rounded to three decimal places

and are based on 1.000 simulated datasets for each n € {10,100, 1000}

From Table 4.2 it is clear that the RMSE reduces as the sample size n increases, which is
to be expected as both estimators are consistent and hence the RMSE should converge to

zero for each item and estimator.

Table 4.2 also reveals that the RMSE of the marginal ML estimator for each item is
smaller than the corrosponding RMSE of the conditional ML estimator for all sample
sizes. Hence it is concluded that not only does the marginal ML estimator provide a
measure of homogeneity of the subject population, but it also yields more accurate item
parameter estimates compared to the conditional ML estimator. This is, of course, under
the assumption that the model is correctly specified. For instance, if subject ability was
not normal distributed, then this could potentially have great impact on the marginal ML

estimator in constrast to the conditional ML estimator which would be unaffected.
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5 Missing Data

Throughout the report thus far focus has been on the Rasch model, i.e. the proposed
data generating model for the test result data. However, as explained in Chapter 1, the
test result data contains a lot of missing information which cannot reasonably be ignored

without careful assessment.

The purpose of this chapter is to present general theory regarding missing data and

propose a model for the missingness mechanism present in the test result data.

In Section 5.1 the general framework of missing data is presented including the different
types of missingness. Then in Section 5.2 maximum likelihood inference under the assump-
tion that the missingness mechanism is ignorable will be considered. The EM algorithm
is introduced in Section 5.3 and some of its properties are discussed. Furtheremore,
Appendix E is a supplement to Section 5.3 containing the proof of Theorem 5.3.2 and a

result regarding convergence of the EM algorithm.

Finally the Chapter is concluded by Section 5.4 where a model for missingness mechanism

for the test result data is proposed.

5.1 Framework

The section is based on [5][Chapter 1 and 2]. In this chapter it is assumed that a study is

conducted where information is supposed to be collected on n subjects. The full data
Y=(M",....Y,)

is the random real-valued p-dimensional vector that is intended to be collected for each

subject.

Mikkel Rinason Simonsen Page 62 of 149



Chapter 5. Missing Data AAU

Furthermore, let

R=(Ry,...,R) (5.1)

denote the random missingness pattern for Y, where R; indicates whether or not the jth

component of Y is observed for j =1,...,p, i.e.

1 if Y] is observed,
Rj -

0 otherwise
andlet R=(1—Ry,...,1—R)).

For a given missingness pattern r € I'(p) let Y,y and Y7 denote respectively the observed

and the missing subset of Y such that the observed data is given as

(R) }/(R)) .

It should be noted that the observed data for a subject depends on two random vectors,
namely the full data ¥ and the random missingness pattern R. The following definition

describes different plausible situations regarding the dependence between R and Y.

Definition 5.1.1. Missingness Mechanisms
Let Y denote the full data and R the missingness pattern. Then the missingness

mechanism is said to be

» missing completely at random (MCAR) if

P(R=r|Y)=PR=r),

» missing at random (MAR) if

P(R=r|Y)=PR=r|Yy), (5.2)

 and missing not at random (MNAR) if

P(R=r|Y)#P(R=r|Yy).
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Remark 5.1.2. Unlike MCAR, which has the simple interpretation that Y and R are
indepedent, the meaning of MAR is relatively unclear. Often MAR is interpreted as
conditional independence between R and Yz, given Y(g) which is incorrect. Note that
r appears on both sides of the conditioning symbol in the right-hand side of Equation
(5.2) making the statement rather unclear. The correct intepreration of MAR is that
the function y — P(R =1 | Y = y) takes on the same value for all y € I'(p) which
agrees on all coordinates ¢ where r; = 1 for i = 1,...,p. It is however the case that
conditional independence implies MAR, and that is exactly the special case of MAR

which is usually considered.

While the plausible dependence structures between Y and R described in Definition 5.1.1
are important in the following theoretical derivations, it should be noted that there are
obvious practical limitations. For instance, as only the observed data is available, it is not
possible to determine whether the data is MAR or MNAR. Assuming MAR, it is however
possible to test for MCAR cf. [5][Page 20].

Therefore, when handling missing data, the data analyst must make assumptions regarding
the missingness mechanism without use of the data. The analyst must do this based on
other information available regarding the study itself such as the methodology of data

collection.

Before considering systematic approaches to handle missing data using maximum likelihood
estimation and the EM algorithm, the section will be concluded by considering some
naive methods commonly used when dealing with missing data. In particular, it will be
illustrated why these methods are not advisable to use, dependent on the nature of the

missingness mechanism, in particular whether the data is missing at random or not.

Naive Methods

There are a great number of naive methods for handling missing data. In this subsection
two such methods will be considered, namely the complete cases approach and last

observation carried forward (LOCF).
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In the complete cases approach one simply ignores all the subjects for which some of the

data is missing, or equivalenty only considers the complete cases, i.e. the subjects for

which the full data has been observed. Intuitively, there is an underlying assumption

that the complete cases are somehow representative for the whole dataset and hence it is

sufficient to only consider the complete cases, i.e. it is assumed that Y|(R = 1,) has the

same distribution as Y.

This need not be the case and the following example demonstrates that the effectiveness

of this method greatly depends on this assumption.

Mikkel Riinason Simonsen

Example 5.1.3. Complete Cases for Estimation of Mean

Suppose that Y; for ¢ = 1,...,n are i.i.d real-valued random variables with expected

value p such that R; indicates whether Y; has been observed or not.

Then the expected value p can be estimated by taking the sample mean of the complete

cases, i.e.

o8

s
I
—

RY;
(5.3)

>
Il

R,

M=

1

-
Il

In the case of MCAR it is easily seen that the estimator is unbiased since

where the third equality follows from independence between Y; and R;.
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By similar arguments it follows from the weak law of large numbers that

p, E[RiY)]

s E[R,]

showing that the complete cases sample mean is consistent. It is readily seen that the
complete data sample mean under the assumption of MCAR have the same properties
as the usual sample mean for the full data. The main difference is essentially just that
the complete data sample mean utilizes a smaller sample of size i R; but from the
same distribution. -

However, in the case of MNAR it follows that E[R;Y]] # E[R;]E[Y;] in general, and
thus fi is not necessarily unbiased nor consistent. If e.g. it is more likely to observe

larger values of Y, i.e. P(R; =1 |Y = y) is increasing as a function of y then clearly

the complete cases sample mean would be positively biased.

LOCEF is an approach used in a more specific framework. Consider a longitudinal study
where the full data Y = (Y3,...,Y},) are to be collected at prespecified times t1,...,1,.
Now suppose that there is missing data due to dropout, i.e. a subjects drops out of the
study at time ¢; for some j € {2,...,p} such that Yi,...,Y;_; is observed and Y}, ..., Y,
is missing. Then the LOCF approach is to replace the missing values in the dataset with
the last observed value for each subject. This would imply that a new dataset on the form
Yiocr = (Y1,...,Y,1,...,Y,_4) for a subject with dropoup at time ¢; will be constructed,

which will then be treated as if it is the full data.

Again, as in the complete case approach, it is evident that the succes of the method
depends greatly on the missingniss mechanism. Say for instance that the subject is a
patient participating in a study regarding his condition, and then the patients condition
takes a drastic turn for the worse causing the patient to drop out of the study. Using
LOCF the missing data is simply replaced by the last observation such that the new
dataset treated as the full data will consist solely of observation before the worsening of

the patients condition, which clearly is problematic.
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Remark 5.1.4. It should be noted that while dropout is assumed to take place in
the test result data as the subjects run out of time, LOCF would clearly not be
reasonable approach no matter the type of missingness mechanism due to the Rasch

model property of local stochastic independence.

It is clear from the above that other approaches are needed, which will be presented in

the following section.

5.2 Maximum Likelihood Estimation under MAR

This section regarding maximum likelihood inference on datasets with missing data is

based on [5][Chapter 3].

Consider the ideal full data (R,Y") consisting of both the missingness pattern and the full
data. While the ideal full data is unattainable in practice, it still relevant to consider its

density pry. In particular, consider the selection model factorization given by

Pry (1Y) = PRy (r | ¥)pY (V).

Assuming parametric models for both the full data with parameter # € © C R? and the
missingness mechanism with parameter ¢ € ¥ C R¥ yields the selection model framewortk,

with models on the form

Pry (1, y;0,¢) = pryy (1 | y;¢)py (3 0).

Consider i.i.d observed data (r;,¥yi,)) for i = 1,...,n, let v = (ri,...,7.),y¢ =

(Y1(r1)» - - - » Yn(rn)) and define the observed data likelihood as
Lons(0 | v,5() = [T PRY () (765 Witr)3 6, 00)-
i=1

The following definition of the separability condition is a technical prerequisite for most

of the theory in the section.
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Definition 5.2.1. Separability Condition
Consider the parameters § € O for the full data ¥ and ¢ € ¥ for the missingness

mechanism. Then the separability condition is satisfied if the parameter space of

@7, 4T)7T is © x 0.

The separability condition implies that the range of # does not depend on v and vice verca,
and thus intuitively information regarding one of the parameters contains no information

regarding the other.

The separability condition together with the MAR assumption implies ignorability of the
missingness mechanism, meaning that the missingness mechanism can be ignored when

considering the observed data likelihood wrt. 6, as the following theorem shows.

Theorem 5.2.2. Ignorability for the Observed Data Likelihood
Assume MAR and the separability condition. Then the observed data likelihood wrt.
0 is given by i

Lops(0 | v,y(r)) = 1_[1py(7.i)(yi(n);9)

and does in particular not depend on the missingness mechanism.

Proof. The joint density of (R, Y(r)) evaluated at r and y, is given as

PRY e (T, Y(); 0,0) = / priy (7 | y; 0)py (3 0)dv (y )
= PRV, (T | Y3 /py y; 0)dv(ye))

= PRV, (T | Y ¥)Py,, (Y3 0)

where the second equality follows from the MAR assumption and v denotes the Lebesgue

measure if Y is continous and the counting measure if Y is discrete.

Thus clearly the observed data likelihood is given as

Lons(0 | v,y () = 1L Privi,.,, (i | %irs )Py, (Yira)s 0)
=1

where the first factor regarding the missingness mechanism only depends on v and can

therefore be ignored by the separability condition, thus yielding the result.
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]

It follows immediately from Theorem 5.2.2, assumming MAR and the separability condition,
that the observed data log-likelihood and the observed data observed information is given

by respectively

lops(0 | T Y Zlog (py (Yigra); 9)) (5.4)
and
82
Jobs(0 | T, () Z 50007 log(py,,, (i(ri): 0))- (5.5)

Define the observed data score for the ith subject as

0
Sobs(e | T, yz(n)) = % lOg (pY(Ti) (yz(n)a 6)) (56)

and define the observed data mazimum likelihood estimate éobs as the maximizer of the
observed data likelihood, which under regularity conditions can be found as the solution

to

Z sobs<9 | Ty yz(n)) = 0.

=1

Furthermore, define the observed data Fisher information as

iobs(€> = EQ {Sobs<0 ’ Ra }/ER))Sobs(e | R> Yv(R))T} . (57)

In the following it will be shown that observed data maximum likelihood inference is
essentially equivalent to usual maximum likelihood inference, where the random variable
of interest is simply (R, Y(r)) rather than Y. Firstly it will be shown that the observed
data likelihood satisfies the two Bartlett identities. Next a result regarding the asymptotic

normality of the observed data ML estimate will be presented.

Proposition 5.2.3. Barlett identities
Assume the separability condition and MAR. Then under regularity conditions the

observed data maximum likelihood function satisfies the Bartlett identities, i.e.
E[sobs(0 | R, Y(r))] = 04

and

iobs () = Eg[Jobs(0 | R, Y(r))]-
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Proof. Recall from Theorem 5.2.2 that pry,, (v, ¥ 0, ¥) < py,,, (y@r); 0) such that
0
Eolsons(f | R, Vi)l = > / o5 (Lors0 | 7.9)) PRy (7 90ry: 0 ) A0 (1))
rel(p
0
= Z / %pR,Y(R) (T’ Y(rys 9, ¢)dy(y(r))
rel(p)

0
- % Z /pR,Y(R)(r? Y(rys 07 ¢)d’/(y(r))
rel(p)

0
:Od

where the third equality follows by interchanging the differentiation and the integral,
proving the first Bartlett identity.
The second Bartlett identity follows by
92
OdXd 80@91— Z /pR Y(R) T y(’l")79 w)dy(y(’l‘))

rel(p

- Z /aeaeTpRY(R)(ryr)ﬁe iﬂ)dl/( )

-2 /ae (ang 08(PRx (7 Y0r); 0 V)P Y (1 ) 0 ¢)> v(yn)

rel'(p)

92
- Z / S000T 108 (PR Y (1Y) 0, V)PRY R (7 Y3 6, 9)dr ()
0
+ %(: /GQT log(pr,y (7, Y(r): 0 w))ae 108(PR,Y (s Yr); 0,7))
re p
X PRY g (1 4 0, ) dv (y)
- Eg [Sobs(e | R7 YY(R))Sobs(e | R, YV(R))T} - Ee [Jobs(9 | R, YV(R))}

where the third equality follows by interchanging the differentiation and the integral. [J
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Remark 5.2.4. The observed data score and Fisher information is defined based on
the likelihood for a single subject, unlike the observed data likelihood, log-likelihood
and observed information which is defined wrt. the joint density for all n subjects.

This has the implication that e.g.
]EB |:<]obs(8 | R, Y(R))} - niobs(0>

by Proposition 5.2.3.

While this may seem confusing, it will simplify notation in the following.

The following Theorem regarding the asymptotic normal distribution of the observed data

MLE is based on [5][Page 60] and will not be proven.

Theorem 5.2.5. Asymptotic Normality of Observed Data MLE
Assume the separability condition and MAR. Furthermore, assume that the full data

model is correctly specified with true parameter 6. Then under regularity conditions

\/ﬁ(éobs - 90) 7%2 Nd(odu Z-obs<90)71)~

The following lemma will be used in the proof of Proposition 5.2.7 and Theorem 5.3.1.

Lemma 5.2.6. Assume MAR, then for a realization (r, y.) of (R, Y(p)) it holds that

PyIR Y (Y | 7Y 0:9)) = vy, (U | Y3 6)-

Proof. The result follows since
pry (1, y;0,9)
s Yer ;97 = :
Prie W | 72 4e); 6, Y) IRy (ry:0,¢)dv(ye)
B pRm,,)(T’ | Yy oy (9 0)
PRIV (T | Y3 ¥) [ oy (y; 0)dv (y i)

= pyve, (Y | yor): 0) (5.8)
where MAR is used in the second equality. O

Mikkel Rinason Simonsen Page 71 of 149



Chapter 5. Missing Data AAU

Using Lemma 5.2.6 an important relation between the full data and observed data score

can now be derived.

Proposition 5.2.7. Assume the separability condition and MAR. Then under regu-
larity conditions the observed data score is the conditional expection of the full data

score given the observed data, i.e.
Sobs(6 | 7, y(r)) = Eo[sen(0 | Y) | R =7, Y(r) = yr)]

where
0
Sfuu(9 | y) (99 log (pY<y7 9))

denotes the full data score.

Proof. Because of the separability condition and MAR, the missingness mechanism is

ignorable and hence the observed data score is given as

5@ | 07) = 2108 (py,, (00 )
&y, (W 9)
Py, (W) 0)
L Zpy Wy vy 0)dv(y)
N Py, (¥ 0)
S san(@ | Yy, vi)py We, Y ; 0)dv (ye)
B Py, (Y3 0)

= / statl(0 | Y0r)s Y@y v, W) Yo | Ye); 0)dv(ye) (5.9)

where the third equality follows from interchanging the order of integration and differenti-

ation.

Applying Lemma 5.2.6 on (5.9) yields
Sobs(0 | 7, Y()) / stal(0 | Yoy, Y)Y 1R Y () (Y0r)s Yo | 7593 0)dv (yi))
E [Sfuu(@ | Y) | R= T, }/(R) - y(r)}

]

It should be noted that Proposition 5.2.7 is essentially a missing data result equivalent to

Equation (4.3) for GLMMs.

Mikkel Rinason Simonsen Page 72 of 149



Chapter 5. Missing Data AAU

Furthermore, the Proposition can now be used to show the famous missing information

principle.

Theorem 5.2.8. Missing Information Principle
Assume the separability condition and MAR. Then under regularity conditions
it follows that the full data Fisher information equals the observed data Fisher

information plus a term representing the lost information, i.e.
Z.full(g) - iobs<0) i imiss(e)

where

imiss (0) = B [Varg[sen(6 | Y) | B, Y(m)]] .

Proof. 1t is a well known result following from the first Bartlett identity that the full data
Fisher information equals the variance of the full data score under regularity conditions.

Thus it follows by the law of total variation that
iran(0) = Varg[spn (0 | V)]

= Varg [Eglsan(0 | V) | R, Yir)] + Eo [Varg[sn (0 | V) | R, Y(r)]]

= Z.obs(g) + Z‘miss(e)
where Proposition 5.2.7 and Proposition 5.2.3 are applied in the third equality. O

It is clear that the observed data ML estimate éobs can be obtained using the usual
numerical optimization algorithms such as the Newton-Raphson algorithm. However,
in practice this have proven to be computationally challenging as py,,, (Y(r): 0) for any
realization (7, ) of (R, Y(r)) is not known directly but can be obtained by integrating

out the missing subset of the full data density which is assumed to be known, i.e.
Dy, (Y 0 / py(y ;0)dv(y))-

Therefore other techniques have been developed such as the Ezpectation-Mazimization

(EM) algorithm presented in the following section.
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5.3 Expectation-Maximization Algorithm

This section regarding the EM algorithm is based on [5][Chapter 3].

The section will be started by rewriting the observed data log-likelihood in a way which is

convenient for the rest of the section.

Theorem 5.3.1. Observed Data Log Likelihood for EM Algorithm
Assume the separability condition and MAR. Then

lobs(0 | T,y () = Q(6;0') — H(6;0')
for any fixed value 8/ € © where

Q(6;6) =By [ta(6 | Y) | R =1,Y(r) = y()
H(0;0') = Eg [log (pY\R,Y(R) (Y [ R, Y(R)§9)) | R=r1,Yg®) = Y(r)}

and lr(0 | Y) denotes the full data log-likelihood.

Proof. Since
py(y;0) = Py, (Y(r);e)mer) (v | Y(r)s 0)

it follows that
Cons (0| Ta}’(r)) = lan(0 | y) — log(pY\Y(r) (v | }’(r)Qe))
and hence
gobs(e ’ raY(r)) = /‘gobs(e | r?Y(r))pY\Y(r) (y | Y(r)79/>dV<Y)
= /%ﬂl(i9 | Y)Yy (Y | Yy: 0)dr(y)
- /log (PY|Y(T) (v | Y(r);el)) PYY o, (Y | ¥ 0)dr(y)
= Ey Vfull(e | Y) [R=r,Y@®) = y(r)}
— Ey {log (py|R7Y(R) (Y | R, Y (R); 9)) |[R=rY®) = y(r)}
=Q(60;0') — H(0;0)
where Lemma 5.2.6 is applied in the third equality, proving the result. O
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Theorem 5.3.1 motivates the EM algorithm presented in the following, because it is clear
that a potential strategy to maximize the observed data likelihood is simply to maximize

Q0 | 0') wrt. 0 iteratively, assuming that the H(6 | ') term can be controlled.

Expectation-Maximization Algorithm
Given initial value () € © the kth iteration of the EM algorithm for k € Ny is performed
by first evaluating Q(# | #%)) and then maximazing it wrt. 6, referred to as respectively
the expectation-step (E-step) and the maximization-step (M-step), i.e.
o FE-Step:
QUO:0%) =By [tran(0 | Y) | R =1, Y(r) = yp]

o M-step:
(k+1) _ - g(k)
0 arg max Q(6;0").

The algorithm is then terminated when some convergence criteria have been satisfied e.g.

if |04+ — 9O]| for some I € N gets below a prespecified tolerance for some norm || - ||.

Evidently the goal is that the output of the EM algorithm 6(*Y is a reasonable estimate
of the observed data MLE éobs, which will be shown later. Before that, however, standard
errors will be considered. Since the EM algorithm only returns an approximation of the
observed data MLE, standard errors for the estimates must be computed separately. Thus
a method for determining the observed data observed information is needed, which is

given by the following theorem.

Theorem 5.3.2. Observed Data Observed Information
Assume the separability condition and MAR. Then the observed data observed

information is given as

Jobs(0 | T, y)) = g {qun(e | Y:) | Ri =7y, Yiry) = yi(ri)}

i=1
— B [ssan(0 | Yi)ssan(0 | Yo)T | Ri =73, Yiay = viro)|

+Ep [sean(0 | Vi) | Ri = 14, Yiry) = Yicr)| Bo [san(0 | Y2) T | Bs =13, Yigy) = viry)|

where Jr (0 | Y;) denotes the full data observed information for the ith subject.

Proof. See Appendix E. m
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Remark 5.3.3. The expression for the observed data observed information in Theorem
5.3.2 demonstrates a conditional version of the missing information principle described
in Theorem 5.2.8. In particular, the first term is given by

S E [Jan(0 | i) | Ri =i, Yicr)) = iy |

i=1
and the second and third term together can be written as

— ZVar [sfuu(ﬁ | Y:) | Ri = ri, Yy, = yi(n‘)}

i=1

which when combined yields
ST [Jan(0 | i) | Ri =74, Yicry = ir)| =Jobs(0 | 1, ¥w)
i=1

+ > Var [Sfuu(@ | Y) | Ri =73, Yiry) = Yitra)| -

=1

Taking expectations on both sides of the equality yields Theorem 5.2.8.

Convergence of the EM algorithm will now be considered in the following subsection.

Convergence of the EM Algorithm

This subsection regarding the convergence of the EM algorithm is based on [5][Chapter 3|
and [7].

While the EM algorithm is very simple in its formulation, it is not immediately clear why
it would result in a reasonable approximation of the observed data MLE since neither
the E-step nor the M-step controls the H(f | 6') term in Theorem 5.3.1. However, the

following theorem shows that each iteration increases the observed data log-likelihood.

Theorem 5.3.4. EM Iteration Increases Log-Likelihood
Assume the separability condition and MAR. Then the observed data log-likelihood

increases for each iteration of the EM algorithm, i.e. for k£ € Ny then

Eobs(e(k_H) | rvY(r)) Z gobs(e(k) | r?Y(r))'
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Proof. It follows by Theorem 5.3.1 by choosing ' = %) and ¢ = §*+1) respectively, that

gobs(e(k+1) [Ty r)) - Eobs<0(k) | 1'7}’(1«))
=Q ( i1, )) —Q (9(’6);9(16)) _ (H (9(k+1); g(k)) _H (Qk;g(k)» '
Clearly
Q(A*+1 g(k)) — QoW g(k’)) > ()
since A+ = arg max Q(0;0%) by the M-step.
Thus to prove the result it is sufficient to show that

H(O®D. 9"y — [ (g*; 9*)) < 0.

By the definition of H(- | -) it follows that

H(0;0%1) — H(0;0) = Egu [log (pyirvie (Y | R, Y@);0%)) [R=1,Ym) =y

— By [log (pyir v (Y | R, Yr); 0P)) | R=1,Y®) =y

. p(k+1)
PYR,Y g, (Y ’ R, Y(R)"g )

=E 1 R=rYg =

T ( vy (Y | R Y s 00) ) | B=0Y 0 =Ye
)
py|RYR>(Y\RY ;O0FD)
<log | Eyun R=rYg =
( " | v (¥ T ¥ 0 | S

(/pymr) Yy Y | Yoo 0F)dv(y e ))

=0

where the inequality follows from Jensen’s inequality for conditional expectations since

log(+) is a concave function, proving the result. O

As Theorem 5.3.4 shows that each iteration of the EM algorithm increases the log-
likelihood, conditions can now be presented under which the EM algorithm converges

which is proven in Appendix E.

In [7] it is suggested to consider the mapping M : © — © implicitly defined by the EM

algorithm as

MO®) =o*+D  for k=0,1,....

In particular, Theorem 5.3.4 implies that if 0* € © satisfies that (0" [ 1,y () > (0 | v,y ()
for all € © then

(M0 | r)Y(r)) ={(6" | r?Y(r))'
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Therefore, if the observed data MLE B exists, which is an unique maximizer wrt. 6,

then

A

M(éobs) = 60bs;
i.e. the maximum likelihood estimate is a fixpoint for the EM algorithm.

Furthermore, given a fixed point #* € O, it follows by a first order Taylor expansion that

9
M(OWY ~ M(6* ®) — %) = M (0
(0P) ~ M(07) + (0 9)80 (6%)
which yields
5,
(k+1) _ p* (k) _ p* *
0 0"~ (0 e)ﬁeM(@) (5.10)

suggesting that near the fixed point 8* the EM algorithm have approximately linear
convergence. In particular, it is shown in [7][Page 10] that the rate of convergence is

directly related to the proportion of missing information.

It has been shown that an EM step increases the likelihood function, see Theorem 5.3.4,
that under appropriate conditions the EM algorithm converges, see Theorem E.0.1, that
the MLE is a fixed point for the EM algorithm and that the EM algorithm converges
approximately linearly near its fixed points. However, results regarding convergence of
the EM algorithm towards the MLE can be found in [7] and is beyond the scope of this

report.

A special familiy of models for which the EM algorithm is particularly convenient will

now be considered.

EM Algorithm for Exponential Familiy Models

A major challenge in writing this subsection was modifying derivations and results from
[17][Page 2-4 | and [15][Page 4,7] in order to generalize the results to natural parameters.
This was done in order to prove the results regarding the EM algorithm in the exponential

familily case presented in [5][Page 68-69] given by Equations (5.11) and (5.12).
and then modify these results to the case of missing data.

It is evident that the EM algorithm is more convient in situtation where the full data
log-likelihood has a simple form and in particular where the E-step and the M-step are

easily performed.
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As it will be shown in this subsection, the exponential familiy is a class of models where

to EM algorithm in particularily simple and convenient.

Consider the case where the distribution of Y belongs to the exponential familiy, that is,

the density is given by

pr(9:60) = c(y) exp (lz n(O)h(y) — b(@))

for functions ¢ : R — R, b : © — R, natural parameters n;(0) for [ = 1,...,d, where
m : © — R, and sufficient statistics t;(y) where ¢, : R? — R. Note that the natural

exponential familiy defined in Definition A.0.1 is a subfamily of the exponential family.

It follows that the joint density for all n i.i.d observations is given by

py(y:0) = f{lpy@i; 0) = aly) exp (n(6) Ti(y) — b(6))

where

™

(y) = ﬁ c(y) b)) =nb(9), y)=E(y),....5H)" = <§:t1(yi), o i%(w))

and n(0) = (m(0),...,n40))".

The following result is needed for further study of how the EM algorithm can be simplified

when applying to a model beloning the exponential family.

Lemma 5.3.5. Suppose that the distribution of Y belongs to the exponential family
such that
py(y;0) = &(y) exp (n(0) Ti(y) — b(9))

Under regularity conditions it follows that
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Proof. Since py(y; @) is a density, it follows that

1= [ ety exp (1(6)Ty) — (0)) dvly) — b(6) = log ( [ ey)exo (n(0) i) du<y>)

and hence

where the differentiation and the integral was interchanged in the third equality. O]

The following proposition regarding maximum likelihood estimation for exponential family

models is a well known result for exponential families.

Proposition 5.3.6. ML Solution Equation for Exponential Family Models
Suppose that the distribution of Y belongs to the exponential family. Then under
regularity conditions it follows that the maximum likelihood solution equation is given
by

i(y) = Eo [f(Y)]

Proof. As the full data log-likelihood is given by

lean(0 | y) = log(&(y)) + n(6) "i(y) — b(0)

it follows differentiation wrt. # and setting equal zero yields

Sn0)TFy) = b(6).
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By applying Lemma 5.3.5 it follows that the maximum likelihood solution equation is

given by
G)Tily) = o (0f6)) Ea [i(¥)] = T(y) = o [i(¥)]

where it is assumed that 2n(6)" is invertible.

O

Utilizing the above, it is clear that the EM algorithm becomes particularly simple when

considering exponential family models.

Consider the proof of Proposition 5.3.6 but replace the full data log-likelihood with the

expected full data log-likelihood given the observed data, i.e.

Q(6;0%)) = Egu [log(e(Y)) +n(0) TH(Y) = b(0) | R =1, Y(r) = y(n)|
= 1(0) "By [{(Y) | R =1, Y(m) = y(| = b(0) + Egor) [log(&(Y)) | R=r, Y ()

which, by differentiating wrt. 8 and setting equal zero yields

9
90"
— Egw[l(Y) | R=r1,Y®) =y = Et(Y)]

(O) By [f(Y) | R =1, Ym) = y) = —on(0) "Eoff(¥)

where it is assumed that %n(@)T is invertible and Lemma 5.3.5 is applied. Intuitively
this result is the natural extension of Proposition 5.3.6 in the case of missing data, where
the sufficient statistic of the full data is replaced by the conditional expectation of the

sufficient statistic given the observed data.

In conclusion, if the distribution of Y belongs to the exponential family then the EM

algorithm can be simplified to
o« Given %) compute
Eow[H(Y) |R=1,Y®) =y (5.11)
+ Determine 8%+ as the solution to the system of d equations given by
Eg[H(Y) | R =1, Y(®) = y(u] = Eg[t(Y)]. (5.12)
The following example regarding the use of the EM algorithm in the case of a univariate

normal sample demonstrates the simplified version of the EM algorithm for exponential

family models.
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Example 5.3.7. EM Algorithm for Univariate Normal Sample

Suppose that Y; ~ N(u,0%) fori=1,...,n, Y = (Y,...,Y,) and that Y,...,Y,, are
observed and that Y,,,1,...,Y, are missing, i.e. Ry = --- =R, =1, R, = - =
R, =0 and let R = (Ry,...,R,) such that Y(g) = (Y1,...,Y,,). Furthermore, let
(r,¥@)) be a realization of (R, Yr). The normal density is given by

o o

2

Loy np fo
= exXp <_Wy + ?y - ﬁ — 10g( 27TO'2)>

= o(y) exp (s, 0*) "HY) = b(p, 0%))
where

w0 = (B k). 1) = @) b et = e+ los(Vare?)

o?’ 202
and ¢(y) = 1, showing that the univariate normal distribution belongs to the exponen-
tial family. Therefore, by Equation (5.11) when considering the EM algorithm, taking
the conditional expectation of the full data log-likelihood can be replaced by simply

taking the conditional expectation of the sufficient statistics, i.e. the computation of

(k)
QUi 0% 1, 0*) =4y a0 [lans(0 | Y) | R =1, Ym) =y

is replaced by computing

Eu(k)ﬂz(k) [E(Y) | R= r,Ymr) = Y(r):| M(k) 52(F) KZ Yi, ZYf) |R= r,Ym) = Y(r)l
=1 =1

Y+ Z Ey<k),02(k) Zyz + Z E k) o 2(k) ])

i=m-+1 1=m+1

I
N 7 N
NG

INgE
IS
+
N

@
I
—

W95 g+ (n = m) (" + N2(k))>
=1

=
N2

n
—

~
=
-5
NG
N—
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Furthermore, by Equation (5.12) the (k + 1)th M-step simply consists of solving

(t(k) t(k)) = Emk) 2 [t ( ) R=r , Y(r) = Y(r)] =E,~[t(Y)] = (nu,n(02 - ,u2))

wrt. u and o2, with solution

(k
) i) S22 _ ta(k) D2
n n

Note that this example is mainly for illustrative purposes as the observed data

maximum likelihood estimates for (u,0?) is simply given by

m Vi m y2
N . 7 A2 7 ~2
/iobs—ZE’ Oobs = E—M-
i=1 i=1

Remark 5.3.8. Monte Carlo EM Algorithm While this subsection focuses on a
special case where to EM algorithm is particularly simple and hence more attractive
to use, it should be noted that the EM algorithm can be used on a far wider range of

models.

In particular, for models where there is a complex model for the full data the E-step

might not even be carried out on closed form.
In such situtations it natural to use a Monte Carlo approach as in Section 4.2.

For the ith individual use Monte Carlo approximation to obtain

1
M

nMg

Egu [log(py (Vi 0)) | Ri =13, Yi(r) = ir| = log (py (Witr: ¥)))i 0)

where yzl.(?) are 1.1.d with density py,, v, W | Yier); :0W) for | =1,...,M € N. At the
(k + 1)th E-step the Monte Carlo EM algorithm consists of computing the numerical

approximation given by

M:

Q6:;0%)) = 3" Eya [log(py (Vi) | Ri = ri, Yicry = Yir)

1

.
I

1
M

2
M=
M=

log (py ((Wira): ¥r)))i 0)

1

N
Il
—

.
Il

and the (k + 1)th M-step is done by maximizing this numerical approximation.
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It should be noted that the result given in Theorem 5.3.4 regarding each iteration of
the EM algorithm increases the log-likelihood is not necessarily true for the Monte

Carlo EM algorithm and therefore there are no garentees regarding convergence.

Furthermore, if the Monte Carlo EM algorithm does convergence, it does so approxi-
mately linearly by Equation (5.10). This combined with the computationally heavy
E-step yields a method which might be rather unwieldy and thus care must taken

when using this approach.

5.4 Modelling the Dropout Effect

In this section inspired by [20][Chapter 3] the dropout effect for the test result data will
be modelled. Recall Chapter 1 where the idea of dropout in the test result data was
first introduced. Here it was vaguely argued that the dropout could potentially contain
information relevant to the ability of the subjects and would have to be modelled. With
the terminology presented in this chapter these considerations can be reformulated as the

dropout might not be ignorable.

In this section several situations are considered for which the missingness is either MNAR

or the seperability condition is not satisfied, such that the dropout is not ignorable.

For simplicity it will be assumed in this section that all other missingness than the dropout

effect due to the time constraint is ignorable.

Furthermore, the (sequential) steps model as presented in [23] will be used to model the
missing data mechanism. Modelling the missing data mechanism in IRT speeded test
by the steps model has been investigated in [20][Chapter 3] where it was found using
extensive simulation studies that this method could in fact negate the bias which would

otherwise occour by ignoring the missing data mechanism.

The steps model specifies the probability of the ith subject to dropout at some item d;,
where d; € {1,...,p+ 1}, recalling that dropout at item d; implies that

i1 = 17~~7ri(di—1) = 1,7’idi ZO,...,TiPZO,

where d; = p + 1 is interpreted as no dropout, i.e. 73 =1,...,7;, = 1.
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The steps model is given by

di—1
P(ra=1,...,74,-1) = L,rig, = 0,...,1p = 0) = p(d;; &, 6) = (H ﬁz‘j) (1 — pia,)
j=1

where

exp(& — dj) _
i = ) 4 = 07
Pij 1+ exp(fi — (S]) Pitp+1)

fori=1,...,n, 7=1,...,p (5.13)

and 0 = (1,...,0,)".

It should be noted that while Equation (5.13) agrees with Equation (2.2) in the specification
of the Rasch model, of course with different parameters, there is still a fundamental

distinction between the steps model and the Rasch model.

Under the Rasch model, local stochastic independence is assumed such that given the
parameters, a given subject answers each item independently. However for the steps
model r;; = 1 implies that r;; = 1 for j=1,...,7 and similarly ri; = 0 implies 7,5 = 0 for

}:j7"'7p'

Furthermore it should be noted that the parameters of the steps model have a different

interpretation as well.

The subject parameter &; is interpreted as the speed of the ith subject, such that a large
& would imply a high probability that the ¢th subject can respond to each item without

running out of time.

Similarly, the item parameter J; represents the total workload needed to respond to all

items before and including the jth item.

The joint model for the ideal full data will now be specified in the case where all the
parameters are considered as fixed effects. Note that the model specification when
considering random effects are equivalent to the fixed effects case when conditioning on

the random effects.

Let rj_q,) denote all missingness other than the dropout s.t. r; and (ri(_di),di) are
equivalent for i = 1,...,n, and let ¢ = (¢7,67, @ZT)T denote the missingness parameters,

were @E denotes the missingness parameters not associated to the dropout.
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It is assumed that the dropout occurs as specified by the steps model independently of
the full data generated from the Rasch model, and that given the dropout and full data

ignorable missingness occurs, i.e.

p(ria Yis 67 67 ¢) = p<ri(—di))7 di7 Yis eiu 67 1/})
:p(ﬁ(fdi)) \ dmyz‘;@P(di;fz»(s)p(yi;ei,ﬂ)-

The definition of ignorability is slightly different when it is only assumed for part of
the missingness mechanism compared to when ignorability is assumed for the whole

missingness mechanism.

Specifically, in this context the assumption of MAR is replaced with
P(h‘(—di) | dz’yyz’;d;) :p(ri(—di) | diayi(r,-);@-

Furthermore, the assumption of separability between the missingness parameters 1) and
parameters for the full data model 6, § is replaced with separability between the parameter
for the ignorable part of the missingness mechanism ) and the parameters for the dropout
as well as the parameters for the full data model 6, &, 3, 6. It is clear that these assumptions

implies that the missingness not due to dropout is ignorable, since

P(Ti, Yiery); 03 B,0) = /p(riayi;0i767¢)dy(yi(fi))
= /p(rz‘(—di) | i,y ©)p(dy; &, 6)p(yis 03, B)dv (yicr,)
ZP(Ti(—di) | di,yi(ri);@ /p(di;&,5)P(yi;ei,5)d’/(yz'(a))
= p(ric-a) | i Yigrsy; OIP(di Yitro); 0: i B, 6)
o p(di, Yiry); 035 &, B, 6), (5.14)

where the proportionality is wrt. the parameters of interest 6, &, 3, 6. However, considera-

tions has to made regarding p(d;, yi(r,); 0, &, 5, 0).
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Clearly D; and Yj(g,) are not independent, but since D; and Y; are, it follows that

p<dwyz(n)79w§17675) = /p(duyzaeugzu@a 5)dy(yzﬂ)
:p(di;fiaé)/p(yﬁ91’76)(11/(%@)
= p(di; &, 0)p(Yir); 0is B) (5.15)

where it should be noted that the above argument is a MCAR version of the proof of
Theorem 5.2.2.

Equations (5.14) and (5.15) yields that

which is of great importance in the rest of the section.
In the following possible forms of § and ¢ will be proposed.

It is clear that d; should be monotonically increasing as a function of j. Since the subjects
does not run out of time at the first few items, it is not be possible to estimate J; for
small values of j unless some restrictions are made on the form of the item parameters.

For simplicity it will be assumed that
0; =T+ Jjn (5.17)

where 7 is a baseline level and 71 represents the monotone increasing log odds of dropout

with increasing item number.

Remark 5.4.1. The assumption of a monotonically increasing ¢; as a function of j as
seen in Equation (5.17) is an explicit usage of the assumption that all subjects try to

solve the items in order of the item enumeration.

If the subject speed parameters € = (&y,...,&,)" along with 7 and 7 are simply assumed
to be fixed parameters unrelated to the subject speed # or item difficulty 3, then clearly
the separability condition is satisfied. This, in combination with Equation (5.16) implies
ignorability of the entire missingness mechanism, yielding the case considered in Section
6.1. While this would be particularly simple, the modelling of the dropout using the steps

model would contribute with no new information regarding the data.
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Furthermore, one issue is that intuitively there ought to be correlation between the ability

and speed of a subject.

Another option is to model the speed deterministically given the ability as

&S =ab;, foracRi=1,...,n (5.18)
In this case the distribution of the dropout depends explicitly on the ability of the subject,
implying that the separabililty conditions is not satisfied.

Let v = (07, a, 7,7, QZT)T denote the parameter vector of all missingness where 1 is the

parameter vector for the missingness not due to dropout, which is assumed to be ignorable.

The joint likelihood is then on the form

r)ae B w)

LJobs(e «, 6a7— n | r, y(T): (
H PAT, Yi(ry) s 275 ¢)
LI

Yi rz)agzaﬁ (di;eiaaaTa n)»

where the proportionality follows by Equation (5.16).

By similar arguments it follows that
p<ra Yirys 97 67 1/}) X Hp(yl(rl)a 0i7 6)p<d17 61’7 a,T, T])
i=1
= Hp(yi(m) | Z/z‘(m)+;ﬁ)p(yz‘(ri)Jr;eiaﬁ)p(di;917a7ﬂ 77)
i=1

and hence the conditional likelihood is given as

n

Leons(B 1 ywy) = [T pWiers) | Yier+3 B)
=1

which is simply a complete cases version of the conditional likelihood, which is also

considered in Section 6.1.
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Furthermore, by considering the GLMM framework, and letting v = (o, 7,1, @/;T)T, the

marginal likelihood is given by

LM,ObS((XaB?TJTIJO-Q ’ T, y(’r‘)) = /f(rv y(T)78;B70-27¢)d9
Rn

- /p(r’ Yy | 0;8,0) f(6;0%)d0

I

p(ﬁ',yi(ri) | 9i§5:¢)f(6i;02>d6i

PWitry | 033 B)p(d; | 050, 7,m) f (05 0°)d0;.

%

@
Il
—

1
A %H\

Parameter estimation can be conducted from either the observed data joint, conditional

or marginal likelihood presented above.

However, this has been omitted since the assumption of the deterministic relationship

between the ability and speed of subjects given by Equation (5.18) is too restrictive.

Intuitively, it is quite clear that there is a distinction between the ability of a subject and
the speed of said subject. One could easily imagine a diligent subject who has a high
0, yet is slow and rigorous in his work and hence has a low £. On the other hand, it
is also intuitively clear that there ought to be a dependence structure between the two
since a high level of ability in general would imply that the subject can solve the items
quicker. Here it is also worth noting that £ measures the speed of a subject in regards to
responding to items but not necessarily solving them correctly, and hence a student with

low 6 could potentially also have a high &.

Therefore, by considering the GLMM framework, it will be assumed that

o5 pogoe
(97 6) ~ N2(027 2)7 Y= . (519)

pPoOeO¢ O'g
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Remark 5.4.2. Consider the interpretation of MAR presented in Remark 5.1.2 and
suppose p # 0. Then clearly, if 1 is a vector of ones then the conditional distribution
of 6 given Y = vy is skewed such that higher values of # are more likely than if
e.g. Y is a vector of zeroes. But as p # 0, this implies that the value of y
influences the conditional distribution of ¢ given Y = y, which again influences the
conditional distribution of R given Y = y. In conclusion it is evident that the mapping
y— P(R=r|Y =y) does not coincide for all y € I'(p) with the same yy but
potentially different y.

On the other hand if p = 0 then clearly the missingness mechanism is MCAR.

Let A = (0g,0¢,p)" denote the covariance parameter vector for ¥, ¢ = (7,7, ¥ ")T denote
the missingness parameters and v = (37, 7,17,AT)" denote the parameters of interest.
Since the abilities and the speeds between the subjects are independent it follows by

Equation (4.7) that the marginal likelihood is given by
Lu( | rye) = [ F( 90,0, 8,0, 1)dédd
R2n
= H/R2 p(%yi(n) | ‘917§z‘;5;1/))f(9z‘7§i§)\)d&‘dei
i=1

oI [, oo | 6:9p(d: | Gmm)f(6, &5 NG (5:20)
i=1

In Section 6.2 focus will be on the implementation and maximization of this marginal

likelihood.

Furthermore, the marginal score and observed information can be obtained using Proposi-

tion 4.1.4. The proposition yields that the score is given by

sV | Y, 7) = DB [3ia (0 | Yirs 76, 6,6 | 760 Yio) | (5.21)

i=1

where

- 0
Sin (v | yz‘(m),ﬁ',@i’&) = %log(f(yi77’i,9m€i;57¢a)\))

0
= %log (p(yi(ri);ez‘ | B)p(di & | 7,m) f(0:, & | A))

0
= %gi(ez’u &) (5‘22)
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The components of 5y (v | Yier,), 7is 05, &) will now be derived.

Since

0 9 exp(yi;(0i — 5;))

86 (yZ] | eluﬁj) 86] 1+6Xp(6 _6])

_ Y —ij exp(yij(0i — 5;)) (1 + exp(0; — B;)) + exp(6; — 5;) exp(yi; (6 — 5;))
(1 +exp(6; — 5)))?

such that
0 log(p(yij | 035 B7)) = pij — vij
86] 1] 1y Mg 1] %]

and hence

0 0
%gi(‘giagz) EMJ 10%( (yi(m) | 91';5))

:Tij(pij _yij>7 fOI'j = 1,...,p. (523)

Similarly, since

gﬁ‘ _ 0 exp(& — (T +n))

o Ot 1+exp(& — (T +4n))

_ —exp(& = (T + ) (1 + exp(§ — (T +jn))) + exp(& — (7 + jn)) exp(& — (T +jn))
(1 +exp(&§ — (7 +jn)))?

it follows that

0 5.
ol 1
Dij
and
Zpia, _
— = = —Didg;
1 — pig,
such that

0
Egi(ghgi) - log( (di | &:7.m))

- 8 0 _
= JZ 87 g(Pij ) + o7 log(1 — pia;)
di—
- Z p’Lj - 1) +]5id¢
j=1
d;
= Z ) (d; — 1) (5.24)
and similarly
a d;—1
2~ ($m) - (£5) o
77 j=1
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Furthermore,

) 0
8709‘%(0“ &) = 907 log (f(6,&; M)

0 0 1 2 0
- log(2mogoe(1 — p?)) + 904 <— ( s+ % — 2p£>>

Doy 2(1—p?) \oj  of 090¢
1 6? phE
- + _ 5.26
= - Ao 20
which by symmetry also implies that
0 0
(B £ =~ £
8591(027&) Do og (f(0;,&i; M)
1 & pt¢
==+ - . 5.27
I=p)o? (1= P)oton (520
Lastly, since
0 0
=-9i(0i, &) = -1 0, &is A
50.6) = S 108 ((0,.6:)
p p 0; & L+p* 0¢
= — - _ 5.28
1—p? (1—/)2)2<03+% =) 000 (5.28)

it follows that the components of 3;a(v | Yir,), 7is 65, &) are given by Equations (5.23),
(5.24), (5.25), (5.26), (5.27) and (5.28).

Thus the marginal score sy;(v | y(,7) can be determined by summing the conditional

expectation of 5,5 (v | Yi(ry), 74, 03, &) over all n subjects.

Furthermore, Proposition 4.1.4 also yields the observed information

Jm(v [ 7,y ZE l( Sina (v | 73, Yir) 9”&)> | myz‘(vu)]

+ Var, [giM(U | riayi(ri)yeiafi) | Tzﬁyi(m‘)} .
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Here (%éi m(v | T, Yi(rs)» i, {,)) is a sparse matrix with nonzero components given by

0? 9
aﬁggz(ezafz) 7aij(pij _pij>
62
or .29 91751 sz] ﬁij
82
——g:(0 5
6)Tangz &) = ijz] Dij
82
877291 ezafz Z] pzj _ﬁij
o2 1 302 2p0¢
5910, 8) = — —
003908 = 2 = = 2os T A= Py
d” 23
000" = (1= oo
0? O ) = 2007 (PP +1)6¢
dagdp™ " (1= p?)2ay (1= p?)2oj0e
2 1 3&2 2p0&
@92'(91»&) = ;62 e Aot T 1 2)otos
0 P ) = 2082 (p*+1)0¢
docdp” " (1= p?)20f (1 - p*)2ogoy
0? A+ 2p(p* + 3)6¢

3p° +1 (93+§§>+
(1—p?)2 \o§g  o¢

The score and observed information cannot be specified any further before the data

aﬁpﬁi@zﬁfi) =

— p?)? (1 —p)30g0¢

analysis in the following chapter because the expected values and variance is taken wrt.

the conditional distribution of the random effects given the data.
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6 Data Analysis

The purpose of this chapter is to conduct a data analysis and make statistical inference,
in particular parameter estimation, based on the test result data presented in Chapter 1
and the theory presented in Chapters 2, 3, 4 and 5. Throughtout the report thus far the
Rasch model has been proposed as the data generating model for the full data and the
steps model for the dropout.

For simplicity the parameter estimation will first be conducted under the assumption of
ignorability of the missingness mechanism in Section 6.1. Then in Section 6.2 parameter

estimation will be conducted where dropout mechanism is modelled by the steps model.

For the rest of the chapter let y = {y;;}i=1,...n denote the test result data and let
r = {r;; }i=1,..n denote the missing data indicators of y, such that r;; = 1 implies that y;;
has been observed and r;; = 0 implies that y;; is missing.

6.1 Assuming Ignorable Missingness Mechanism

In this section parameter estimation in the Rasch model will be conducted under the
assumption that the missingness mechanism is ignorable. The R code described in this
section can be found in Appendix F. In particular, MAR and the separability condition is

assumed such that the proof of Theorem 5.2.2 implies that

pR,Y(R)(TJ y(r)7‘97671/}) O(pY(T) (y(T%e?ﬁ) (61)

where ¢ denotes the parameter vector for the missingness mechanism. Densities will in

the following be denoted without the use of subscripts to ease notation.
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Joint Likelihood Estimation

In order to conduct joint likelihood estimation, the observed data joint likelihood, from

now on simply referred to as the joint likelihood, given by

LJ,obs(ey B | r, y(r)) = p(ra Yirys 67 57 W (8 Hp(yz(n); 0i7 B)
=1

will be considered. By noting that

p(@/z(n)» 91’7 B )s Yi(7;) z; ﬁ)dy(yz rz))

J»
/]

p
11 p(vij; 0:, 8;)"
j=1

(i
p
H p(Wij3 0is B;)dv (Yicr))

it is immediately clear that when the missing data mechanism is ignorable, the joint
likelihood is simply the full data joint likelihood where each factor containing missing
values is removed, i.e. a complete cases version of the full data joint likelihood. It is
also clear that the observed data joint likelihood inherits the problems of the full data
joint likelihood. For instance, joint maximum likelihood estimation cannot be conducted
if there are extreme scores present in the data, i.e. if y;,)+ = riy or Y4+ = 0 for any

1=1,...n

Furthermore, since an increased number of subjects implies an equivalent increment in

the number of parameters in the model, inconsistency is still to be expected.

The JML estimates are computed in R using the glm function which is a function used to

fit generalized linear models.
The item parameter estimates B 7 can be found in Table 6.1.

While the 663 subject parameter estimates have not been included in the report, the

sample variance of the subjet parameter estimates is 6; = 1.98.
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Conditional Likelihood Estimation

Recall how the full data conditional likelihood was obtained in Chapter 3 by factorizing
the density as

p(y; 0.6) = [ pwi; 05, 8) = TT p(wi | yirs B)p(yiss 65, 5)
=1 =1

and then simply disregarding the second factor such that
LC(5 | y) = Hp(yi | yi+;5)-
i=1

Similarly, since

p(r,ywy; 9,0, 8) o )

yl (r)+5 B)p(yz(n)—‘rv 97 6)

Py
ﬁ[ yZ 7'1

the observed data conditional likelihood, from now on simply referred to as the conditional
likelihood, is given as

n

LC,obs(ﬁ | r, y(T)) = Hp(yl(ﬁ)

=1

Yi(r)+s B)

While a rigorous study of the observed data conditional likelihoods properties will be

omitted in this report, it should be noted the observed data conditional score

0
% log(LC,obs(ﬁ | T, y(r)))

satisfies the first Bartlett identity, thus giving it merit as a reasonable estimating function.

SC,ObS(6|r7 y(r)) -

This follows since

)
9, ﬁp(%(n) Yi(r)+: B)
710g( (y’L (r; Yi(ry)+> )) ’ yz (ri)+ ] :/ p(% i Yi(r; 76)dy1 (ri)
s ) (ri)+ p(yz'(n) yz‘(m)+;5) ) it
0
= 732 i(rs i(rs)+s dyi(r,
aﬁ/p(yu) Yitr+ B)AYicr)
— Op

and hence it follows by the law of total expectation that

E [SC,obs<6 | T, y(r))} = 0.
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The CML estimates are obtained in R using the clogistic function from the Epi package,

which is a function for maximizing conditional likelihoods in logistic regression models.
Parameter estimates B s can be found in Table 6.1.

Furthermore, a goodness of fit test as described in Section 3.3 is also conducted in yielding
a test statistic of Z = 1267.00. Comparing this test statistic to a y2-distribution with
(p—1)(p—2) = 1190 degrees of freedom as per Theorem 3.3.2 yields a p-vaue of 0.059.
That is, with a significance level of 5% the Rasch model is accepted as the data-generating

model.

Marginal Maximum Likelihood

The observed data marginal likelihood, from now on simply referred to as the marginal

likelihood, is given as
Latans(8,0° | 7,90 /fry 650, 8,0%)d6

—/pryo« | 6;¢, 8)f(6;0%)db

H/ yz (r4) | 92; (‘9170_2)(191

Asymptotic results regarding parameter estimates using the marginal likelihood is obtained

from Theorem 5.2.5.

The MML estimates are obtained in R using the glmer function from the Ime4 package,

which is a function for fitting GLMMS.

The glmer function approximates the marginal likelihood using Gauss-Hermite approx-
imation with the default number of quadrature point as one, yielding the Laplace-
approximation. Furthermore, the marginal likelihood is then maximized using Nelder-Mead
and convergence is verified by controlling that max|grad| is below some prespecified toler-
ance, where max|grad| denotes the numerically largest entry of the score approximated

using finite-difference methods.
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When using the Laplace-approximation, the tolerance was not met as the greatest numeric

value of entries in the score was
max|grad| = 0.0938797.

Therefore, the number of quadrature point is increased to 5, yielding
max|grad| = 0.0117677

which is a considerable improvement from the Laplace-approximation case. Using Gauss-
Hermite quadrature with 5 quadrature points, the estimated variance of subject ability
is given by ), = 1.36 and the item difficulty parameter estimates BM as well as the
associated standard errors SE;; can be found in Table 6.1. It should be noted that
parameter estimation has been made assuming E[f] = 0 such that By # 0. Therefore, B
has been translated such that Bl = 0 in order to make comparisons between the item

difficulty parameter estimates simpler.

Discussion and Comparison

When deriving the observed data version of the joint, conditional and marginal likelihood
under the assumption of ignorable missingness mechanism, it was seen that these were

simply the complete cases equivalents of the full data versions.

The default handling of NA values in glm, clogistic and glmer is na.omit which directly
removes all records with NA values from the dataset, thus yielding exactly the complete

cases analysis.
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Br | B2 | Bs | Ba| Bs | Bs | Bz | Bs | Bo | Bio | Bua | Baz

BJ 0 |-1.27]-0.84 | 2.13 | -0.83 | -1.20 | 1.08 | 2.22 | 1.74 | -0.41 | 3.07 | 1.68
AC 0 -1.20 | -0.79 | 2.01 | -0.78 | -1.13 | 1.02 | 2.10 | 1.65 | -0.39 | 2.90 | 1.60
,éM 0 -1.21 | -0.81 | 2.01 | -0.79 | -1.15 | 1.02 | 2.09 | 1.64 | -0.42 | 2.87 | 1.56
SEyn | 011 0.14 | 0.13 | 0.11 | 0.13 | 0.14 | 0.11 | 0.11 | 0.11 | 0.13 | 0.13 | 0.12
Bis | Bisa | Bis | Bie | Bir | Bis | Bio | Bao | Bar | Baz | Baz | Bas

By |333] 082 | 1.54|055]-0.69| 2.18 | 5.87 | 5.24 | 7.49 | -0.53 | -1.26 | 0.86
Bc 3.15 | 0.77 | 1.46 | 0.52 | -0.66 | 2.07 | 5.54 | 4.95 | 7.03 | -0.51 | -1.19 | 0.81
BM 3.10 | 0.77 | 1.45 ] 0.52 | -0.67 | 2.04 | 5.40 | 4.91 | 6.93 | -0.53 | -1.22 | 0.81
SEn | 0.14 | 0.11 | 0.11 | 0.11 | 0.13 | 0.12 | 0.27 [ 0.23 | 0.52 | 0.13 | 0.15 | 0.11
Bas | Bae | Bar | Bas | Bao | Bso | Bs1 | Bsz | Bas | Bsa | Bss | Bse

BJ 0.24 | 0.80 | 2.36 | 0.26 | 3.09 | 4.08 | 3.70 | 5.05 | 1.89 | 1.25 | 1.07 | 2.46
BC 0.22 | 0.76 | 224 1 0.24 | 294 | 3.89 | 3.53 | 4.79 | 1.79 | 1.18 | 1.01 | 2.34
BM 0.15| 0.68 | 2.14 | 0.22 | 2.87 | 3.78 | 3.42 | 4.62 | 1.79 | 1.10 | 0.92 | 2.23
SEn | 0.17 | 0.16 | 0.16 | 0.13 | 0.21 | 0.26 | 0.26 | 0.34 | 0.13 | 0.19 | 0.19 | 0.19

Table 6.1: Table containing item parameter estimates rounded to two decimal places obtained from

the test result data using respectively joint, conditional and marginal maximum likelihood

assuming ignorability of the missing mechanism. The table also includes the standard error

associated to each marginal ML parameter estimate.

Considering Table 6.1 it is seen that there are no statistically significant difference in

the parameter estimates obtained from the different estimators, as all three estimates

associated to each item parameter is contained within two standard errors of the marginal

ML estimate.
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In particular, the estimated orderings of item difficulty are in agreement. Furthermore,

using the Ly norm it follows that

18; = Bell =087 1Bs — Bull =119 ||Be — Bul = 0.38

showing that the estimates are similar but that the conditional and marginal maximum

likelihood estimates are closer to each other than to the JML estimates.

However, although the item parameter estimates are somewhat in agreement, there is quite
big difference between the estimated standard deviation in subject ability when considering
the sample standard deviation of the JML subject ability estimates 6; = 1.98 and the
MML estimate 65, = 1.36. Intuitively, it is reasonable that the MML variance estimate is
smaller since the GLMM framework imposes a distribution on the subject abilities whereas
the subject ability parameters can be chosen "freely" in the joint maximum likelihood

estimation.

6.2 Assumming the Steps Model for Dropout

In this section parameter estimation will be conducted in the Rasch model when modelling
the dropout effect using the steps model within the GLMM framework as presented
in Section 5.4. In particular, the marginal likelihood given by Equation (5.20) will be

maximized. The R code described in this section can be found in Appendix G.

In order to maximize the marginal likelihood, it is first implemented in R and then

maximized using R’s default optimization function optim.

Implementation of the Marginal Likelihood in R

In order to evaluate the marginal likelihood given by Equation (5.20) for a given set of
parameters v = (", 7,7, A") ", the subject specific integral must be computed for each

subject.
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This is done using the two-dimensional Laplace approximation, which recalling Section

4.2 is given by

/R2 P(yi(n)

where

0i; B)p(d;i | &i;7,m) f (0, §i; A)d&;do; ~ eXP(Qi(eLPfLP))\/m

91(0,) =1og (p(yir

9155)p<di ’ £i§7'777)f(9i7£i§)‘)) , fori=1,...,n

is the logarithm of the ith integrand, (6;Lp,&Lp) is a maximizer of g;, |¥;.p| denotes the

determinant of ¥; p and X;1p is the negative of the inverse Hessian of g evaluated at

(eiLP ) giLP ) .

In order to obtain (0;1p, {iLp), g; must be maximized for i = 1,...,n, which is done using
R’s default optimization function optim. In particular, the BFGS algorithm is chosen for

optimization as it is known for quick convergence and efficiency.

In the BFGS algorithm the gradient of the objective function is used, which if not supplied,
will be replaced by a finite difference method to approximate the gradient. In order to
obtain fast convergence and avoid unnecessary computations, the exact gradient of g; is

supplied, which is derived in the following.

First ¢;(0;,&;) is written out as

gi(05,&) = log (p(yi(n-) O0s: B)p(d; | & m,m) f(05, & A))

di—1
= log (H (p(yij | 0i5 85) pig) (1 = Dia,)) f (0, &is A))

J=1

di—1
= (Z rijlog(p(yi; | 035 85)) +10g(15ij)> +log(1 — pia;) + log(f(0s, &is A))-
j=1
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By Equation (2.3) it follows for j = 1,...,p that

0 0 eXp(QU( BJ))

o6, | 0559 = 50 T4 explf; — )
_ Y exp(yi; (0: — B;))(1 + exp(0; — B;)) — exp(0; — B;) exp(yi; (0: — 5;))
(14 exp(6; — 5;))?
such that
a
Caan 90 PWi | 0555))
891 (p(yw | ‘91)6])) - (yij | 02;6])
_ Y exp(yi; (0: — B;))(1 + exp(0; — B;)) — exp(0;i — B;) exp(yi; (0: — 5;))
(1 + exp(¥; 6]))6Xp(yw( 6]))
= Yij — Dij- (6.2)
Furthermore,
0 N
20, (Dij) =0 (6.3)
and

9 D 1 & 0 ¢
on, 0 = g (‘zu—m (() () %W))

1 ,
N P
2(1—p?) \ o3 0g0¢

P& 0;

= — . 6.4
(1= Mo (1= )3 &4)
Combining equations (6.2), (6.3) and (6.4) yields
(9 ! PSi 0;
% 6@7 z Tig \Yij i + - . 6.5
Through similar arguments it follows that
O &) —dim1— Sy | 4 P S (6.6)
o 9ilVi, 6i) = d — 1L — Dij - . .
05" =) W= Povoe (1)
Equations (6.5) and (6.6) specify the exact gradient utilized in the BFGS algorithm.
Considering
Yip| = | = 57739 (Owp, Sip) |,
Zip| = | awi’&)ﬂ( e, &ip) |

it should be noted that the negative sign can be omitted since it is a 2 X 2 matrix.
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Furthermore, since the determinant of the inverse is the inverse of the determinant and
the determinant of a 2 x 2 matrix can be efficiently computed exactly, it follows that
the only challenge remaining in determining |¥;p| is to determine an expression for the

Hessian of g as

1
| XiLp| = . .
‘ﬁgi(emp, &ip)|

While the optim function provides the option to return a numeric approximation of the
Hessian evaluated at the optimum, this would result in less precise Laplace approximation

and would increase the computational demands of the R implementation drastically.
Therefore, the exact Hessian is used which is derived in the following.

It follows immediately from Equation (6.5) that

82 d;—1 a 1
8791-291(9“ gz - Z Tij 89 ap Pii — m
_ Z_l exp(6; — B))(L + exp(6; — B))) —exp(6; — B;)> 1
(14 exp(0; — ;))? (1 —p?)ag
B di—l Dis 1
=T L el 5 (0 Ao

Similarly it follows by Equation (6.6) that

o “ 1
ﬁgi(ez’,fi) = - P : - N 2
9¢; o ltexp(&G—(T+yn)  (1—p?)oj
and
2
P
89 afng( zagz) - ( pQ)O_eo_g'

In conclusion, once (#;p, &Lp) has been determined using optim they are then inserted in
the expressions above yielding the Hessian and hence also the determinant of ;1 p. This
in turn yields the Laplace approximation of the two-dimensional integral corresponding to

the ith subject fori =1,...,n

Once all n integrals have been approximated, the marginal likelihood can simply be

estimated as the product of the Laplace approximations.

Remark 6.2.1. Since each of the integrals usually is a very small number, this product
of integrals would be indistinguishable from zero due to the limited precision of floating

point numbers. Therefore, the marginal log likelihood is estimated instead.
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A major challenge in this implementation is computational efficiency and numeric insta-

bility.

In particular, efficient vectorized computations in R have been utilized whenever possible
and the function parLapply from the parallel package has been used in order to utilize
multiple cores when computing the Laplace approximations. The code was run on a
computer with i7-7700HQ processor and 8GB RAM, where all 8 virtual cores where
utilized using parallelized computations, resulting in an average time of approximately 10

seconds per likelihood evaluation, of which thousand are needed for maximization.

Regarding numerical instability, functions such as exp are used multiple times throughout
the implementation, which due to the limited precision of floating point numbers yields Inf
whenever the input becomes somewhat large (above 710 when using IEEE 64-Bit floating
point numbers). Therefore, one have to be careful when choosing parameters in order to

ensure that e.g. the exponential function does not return Inf.

Another example is when considering the density for the dropout, where

el — (r +di)
L+exp(& — (7 +dim))

is replaced with
1

1+exp(& — (7+dm))

as the former simply returns 0 and the latter returns small positive values for reasonably

large & — (7 4+ d;n).

Maximization of the Marginal Likelihood

With the marginal likelihood implemented in R, such that the marginal likelihood can
be evaluated given parameters v = (8, 7,7, A") ", the marginal likelihood can also be

maximized.

This is also done using optim, but unlike the implementation of the marginal likelihood the
BFGS method could not be used. This is due to the numerical instability discussed earlier,
since the BFGS method with optim had a tendency to choose parameter values which are
numerically much larger than the current iterate, resulting in e.g. the exponential of large

numbers.
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In contrast, the Nelder-Mead method with optim generally v parameters not too dissimilar

from the current iterate, avoiding these numerical problems.

Furthermore, some parameters have a parameter space which is not the whole real line, in

particular o9 and o, which are strictly positive and p which is between —1 and 1.

These bounds have to be modelled implicitly as optim does not support the use of bounds

when using the Nelder-Mead method.

Therefore, instead of maximizing wrt. o0y,0 and p, the maximization is done wrt.

log(0g),log(o¢) and tan(5p) as exp : R — Ry and 2 arctan : R — (—1,1).

The MML estimate B v obtained in Section 6.1 under the assumption of ignorability is
used as the initial value for the item difficulty parameters 8 = (f1,...,/3,)". In particular,
these are the item parameter estimates when E[f] = 0, i.e. before the parameter estimates

where translated by —BlM to make BlM = 0.

Furthermore, 7 = —3,7 = 0.1,09 = 0¢ = 1 and p = 0.1 were chosen as initial values.

Evaluating the marginal log likelihood in the initial values yields —29076.24.

After approximately 63.500 iterations and one week of computations the optim function
converged with parameter estimates 0p given in Table 6.2. The table also includes
standard errors of the parameter estimates which where obtained using Proposition 4.1.4

which states that

jM(U | T Y(r) ZE [( SzM v | T4y Yi(ri)» 0176&)) | Ti?yi(ri)]
+ Var, [@'M(U | Tiayi(ri)aeiagi) | Tivyi(ri)}

where i (v | 74, Yi(ry), 035 &) and %EiM(v | 74, Yi(rs), 035 &) were derived in Section 5.4 and
the conditional expectations were obtained using Monte Carlo estimation by simulating
random effects 6;, §; from their conditional distribution given r;, y;(»,). In particular, the

result

Q=

(9“&)!(%% ri)

from Section 4.2 where utilized as the Laplace parameters were already obtained for

N(/Li,LP, Zi,LP)

each subject due to the Laplace approximations in the implementation of the likelihood.
Another possible approach would be to simulate from the exact conditional distribution

using rejection sampling as discussed in Proposition D.0.1.
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Note that the item difficulty parameter estimates presented in Table 6.2 have been

translated by —0.9 such that BLD =0.

Estimate | Standard Error Estimate | Standard Error

BI,D 0 0.01 BQ?,D -0.40 0.01
Bo.p -0.93 0.01 Bosp | -0.89 0.01
Bsp | -0.65 0.01 Bosp | 0.62 0.01
Bi.p 1.55 0.01 Bas,p -0.06 0.02
Bs.0 -0.62 0.01 Bas.0 0.37 0.02
Bop | -0.88 0.01 Borp | 149 0.02
Brp | 075 0.01 Bosp | 0.16 0.01
Bs.p 1.61 0.01 Boop | 216 0.03
Bo.p 1.26 0.01 Bsop | 294 0.06
Buop| -0.33 0.01 Bap | 260 0.05
B 2.18 0.01 B2 p 3.55 0.10
Bia,p 1.16 0.01 Bs2.p 1.39 0.01
Bisp | 231 0.01 Baap | 0.74 0.02
Biap 0.60 0.01 Bss. 0.60 0.02
Bisp | 114 0.01 Byep | 157 0.03
B | 040 0.01 . 7.84 0.02
Prp | -0.50 0.01 Aip 0.19 0.00
Bis.p 1.52 0.01 o0 0.31 0.00
Buop | 441 0.07 Gep | 138 0.00
Boon | 3.99 0.05 oo 0.54 0.01
Bop | 6.03 0.34

Table 6.2: Parameter estimates and standard errors rounded to two decimal places.

Evaluating the marginal log likelihood in 0p yields —10672.05.
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Code Validation

In order to validate the R implementation and maximization of Equation (5.20) a sim-
ulation study is conducted. Here 100 datasets are simulated from a Rasch model
with dropout based on the steps model using n = 100,p = 5 and the parameters
Bo = (Br0,---0p0) With 5; =0.55 — 1.5, 79 = —6,1m90 = 1,090 = 0.5,0¢0 = 1.5, pp = 0.5

and vy = (ﬁoT,707770,0970705,07P0)T-

It should be noted that the number of datasets, n and p have been chosen relatively small

in order to make the simulation study computationally feasible.

For each dataset maximization of the marginal likelihood is conducted using the method

described previously.

B B2 B3 B4 Bs T n O O¢ P

vo | -1.0 | -05 | 00 | 05 | 1.0 | -6.0 | 1.0 | 0.5 | 1.5 | 0.5
e | -0.94 1 -0.49 | 0.03 | 0.47 | 1.04 | -6.01 | 0.99 | 0.48 | 1.60 | 0.51

ovc | 0.03 | 0.02 | 0.02]0.02]0.02| 0.02 | 0.01|0.01|0.03]0.01

Table 6.3: Table containing the true parameter values vy, the Monte Carlo estimates pyc of the expected
values of the MML estimators rounded off to two decimal places, and Monte Carlo errors
onmc rounded to three decimal places, based on the MML estimates of the 100 simulated

datasets.

Table 6.3 shows that the R implementation obtains reasonable parameter estimates in
regards to the bias of the estimator, since the Monte Carlo estimate for each parameter
deviates less than 2 times the Monte Carlo error from the true parameter value, except for

th Monte Carlo estimate for o which is still reasonably close to the true parameter value.

In conclusion, this simulation study shows that the R implementation and maximization

of the likelihood works as intended.
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Discussion

A rather important parameter to consider is the correlation between ability and speed,
p. Clearly, if p = 0 then the ability and speed of a subject would be uncorrelated and
hence independent, such that the missingness mechanism would be ignorable. This would
be the same situation as studied in section 6.1 and hence BD = BM, 09p = Ogp- That
is, modelling the dropout effect would have contributed with no additional information

regarding the distribution of subject ability parameters or item difficulty parameters.

However, as pp = 0.54 with an associated standard error 0.01, this is not the case. In
particular, the ability and speed of a subject is positively correlated, such that a high
speed of a subject increases the probability of the subject to also have high ability and

vice versa. This also means that an early dropout indicates low ability.

Consider e.g. the case of a subject who drops out early but has a high correct rate before
dropout. In the case of ignorable missingness this subject would have a large ability
estimate, as an early dropout is assumed to be unrelated to the ability of the subject.
However, in the case of a positive correlation between the ability and speed of a subject,

the student would have a lower ability estimate as the early dropout indicates lower ability.
It is seen that p is different from both &), and 6, and in particular significantly lower.

Furthermore, when comparing B p with B 7, BC and B v in Table 6.1 it is seen that numerical
values of the BD estimates are significantly smaller than B 75 Bc and BM for every item.
However, the ordering of the items are almost unchanged, such that e.g. item 21 is the
most difficult item, item 19 is the second most difficult item and so on no matter which of

the estimates are considered.

Thus the dropout mechanism is MNAR by Remark 5.4.2 and therefore in particular
non-ignorable, and choosing to ignore it results in numerically larger parameter estimates

for both  and oy compared to when the dropout is modelled.
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7 Conclusion

The test result data was presented in Chapter 1 where it was apparent that both a model
for the full data and the missingenss mechanism would be needed, as the missingness was
potentially MNAR. Specifically, as motivated by Figure 1.1, it was decided to model the
dropout.

Regarding the full data model, IRT was presented in Chapter 2 in a general setting, and
the Rasch model was proposed as the full data model. Therefore, estimators for the Rasch
model was presented and asymptotic properties derived. Furthermore, the derivation of
the asymptotic properties of the CML estimator was also used to derive a GOF test based
on the Rasch property of specific objectivity.

The Rasch model as a data generating model was accepted by the GOF test when assuming

ignorability of the missingness mechanism in 6.1.

In Section 6.1 the joint, conditional and marginal ML estimates where obtained from
the test result data under the assumption of ignorable missingness. Here it was found
that there where no statistically significant differences between the different types of item
difficulty estimates for each item. A measure of subject homogeneity was obtained from

the MML with 65, = 1.37.

Regarding the modelling of the dropout, the steps model was introduced in Section 5.4
where the subject speed £ and the correlation between subject ability and speed p was

introduced.

A marginal likelihood was then derived including models for the full data, the dropout
and the ability and speed of subject modelled as bivariate normally distributed random

effects.
This marginal likelihood was then implemented in R and maximized in Section 6.2.

Here, a 95% confidence interval of p was obtained as (0.52,0.56), confirming that the
dropout does in fact yield MNAR missingness cf. Remark 5.4.2 under the proposed model.
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Furthermore, the standard deviation in subject ability was estimated to 6p = 0.31,

considerably smaller than the estimate 6,; = 1.37 obtained in Section 6.1.

Similarly it was found that estimates based on ignorable missingness yielded the same
ordering of item difficulty as when modelling the dropout, but were however significantly
larger in numeric values. That is, the difficulty of the items was seen to be significantly

more similar when modelling the dropout.

In conlusion, under the stated assuptions the dropout effect was found to be MNAR and
hence non-ignorable. Choosing to treat the missingness mechanism as ignorable regardless
would result in severly skewed result in significant changes to the obtained parameter
estimates, implying that modelling the missingness mechanism is essential to conduct

statistical inference on the test result data.
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8 Final Remarks

This chapter contains the final remarks of the report including reflection of how the
content of the report have been prioritized, and how the analysis could be continued if

time was not a limitation.

The EM Aglorithm

The EM algorithm was introduced in Chapter 5 as an approach to conduct optimization
in situations where e.g. py, (y(r); 0) is difficult to compute, and hence the usual methods

for maximizing the observed data likelihood are computationally infeasible.

However, this is clearly not the case for the Rasch model making the EM algorithm a
less appealing choice of optimization approach. Furthermore, as seen in Section 4.3 the
E-step is not explicitly given but instead has to be numerically approximated by e.g. a
Laplace approximation. Furthermore, the EM algorithm only has linear convergence near
to optimum and does not return standard errors as opposed to e.g. a Newton-Raphson
approach with quadratic convergence which also computes the observed information at

each iteration.

Based on the above, the EM algorithm have not been used to maximize the marginal

likelihood in this report.

Nevertheless, this begs the question as to why the EM algorithm was considered in Sections

4.3 and 5.3 if it was not going to be used in the data analysis.

One of the reasons that the EM algorithm was been considered in this report is due to its
prominent role in the missing data litterature, see e.g. [7], [5] and in the IRT litteature

see e.g. [22], [20] and [3].
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Furtheremore, as mentioned in Remark 4.3.2, the EM algorithm is applicable for GLMM’s
since the random effects can be considered as missing data which was the original purpose
of the EM algorithm. Hence the EM algorithm somehow overlaps the topics of GLMM’s

and missing data making it especially relevant in this report.

Other IRT models

Within IRT there are numerous models which could have beeng used, for example the 2PL
model where each item has two associated parameters, namely difficulty and discrimination,
ie.

1) = exp (a;0; — B;)

PlY..=1) = .
(¥ 1 + exp (a;60; — 5;)

Intuitively this is a natural extension of the Rasch model since not all questions requires
the same utilization of ability. For instance, one could design a "coinflip"-type question
where the subject has a 50% chance of answering correctly regardless of ability. This
situation could not be explained within the Rasch model but in the 2PL model this is

easily found by setting the item difficulty and discrimination to zero, hence yielding

exp (0-6; —0) 1 _
P(Y;=1) = — = fori=1,....n
¥y =1) l+exp(0-6,—0) 2 o "

Clearly the Rasch model is a special case of the 2PL model where all discrimination

parameters equals 1.

The reason this has not been prioritized in the report is because it would fundamentally
not add anything new. The joint likelihood estimation in the 2PL model would obviously
suffer from the same issues as in the Rasch model and since sufficiency of the subject score
is unique to the Rasch model c.f. Theorem 2.1.1 it follows that the conditional approach
is not viable. Hence the parameter estimation would simply be done using a marginal
maximum likelihood approach by considering the subject ability as a random effect and
where the likelihood would be estimated using the methods described in Section 4.2, see

Remark 4.3.3

To summarize, applying other IRT models than the Rasch model to the test result data
might add new insight to understand the data, but not new methods for the report and

has therefore not been prioritized.
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Utilizing all the Test Result Data

Recall Chapter 1 where the test result data is presented. Here it is mentioned that the
dataset actually contains more information regarding the subjects than just the response
pattern, includig age, gender and school. Although this additional information has not

been utilized in the report, it is interresting to consider if it could have been.

Obviously as the Rasch model is a logistic regression additional covariates could have

easily been added to the linear predictor yielding a modified Rasch model.

Another approach as to how this additional information could have been used is the

following.

Recall Section 3.3 where the Rasch model property specific objectivity is presented, which
intuitively means that the estimators of the item parameters is consistent no matter the
sample of subjects. As explained then, the GOF test presented in Theorem 3.3.2 is a
special case of specific objectivity where the test is based on consistent estimators for

each score group.

However, one could also have constructed a similar GOF test by e.g. grouping the subjects

by age, gender or school rather than subject score.

This has however been omitted from the report as one GOF test ought to be sufficient.

Modelling the Missingness Mechanism

When modelling the missingness mechanism in Section 5.4 it is assumed that all missingness

other than dropout is ignorable such that

p(riayi(m) ’ 9&%5) Ocp(dwyz(n) ‘ 975;677—7 77)

However this assumption it most likely wrong. Intuitively, especially since it’s a speeded
test, it is quite possible that subjects simply skip items deemed too difficult. Hence

missing responses before dropout might indicate lower ability just like early dropout.

Therefore, it might contribute to the understanding of the dataset to model more of the
missing data mechanism than just the dropout, and this could for instance be done using

a Rasch model.
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Expanding the modelling of the missingness mechanism would be my focus if more time

was available.

Improving the Maximization Approach

The implementation and maximization of the marginal likelihood in Equation (5.20) as
discussed in Section 6.2 was quite inefficient as the Nelder-mead algorithm converged
63.500 iterations. This implies that the implemented approach will most likely not be

utilized in other applications or by other reasearchers.

As the marginal score and observed information have already been implemented it seems
reasonable to maximize the marginal likelihood using the Newton-Raphson algorithm
rather than the Nelder-Mead algorithm. However, attempts at this have so far not been
successful as problems occur similar to those described in Section 6.2 regarding the use of

the BFGS algorithm.

In conclusion, if more time were available, improving the maximization approach would

be a priority along with expanding the modelling of the missingness mechanism.
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A Generalized Linear Models

This appendix is based on [19][Chapter 2] and [18][Chapter 4], and is meant as a supplement
to Chapter 2 with the purpose of introducing the reader to generalized linear models and

logistic regression.

First, the exponential dispersion family is defined as follows.

Definition A.0.1. Exponential Dispersion Family
A distribution is said to be in the exponential dispersion family if its density can be

written as
F(y;0,%) = exp(A(0y — b)) + c(y, \)) (A1)

for canonical parameter 6 € Q C R* k € N, dispersion parameter A > 0 and functions

b:Q =R, c:RF xR = R.

The subfamily where A = 1 is called the natural exponential family.

Definition A.0.1 can now be used to define GLMs.

Definition A.0.2. Generalized Linear Models

Let Y = (Y1,...Y,) be a random vector with expected values E[Y;] = p; for i =
1,...,n and let X € R™P for n,p € N. Suppose that y; € M C R and let n; = 2]
for© = 1,...,n and some § € RP. Furthermore, let g : M — R be an invertible

function.

Then Y is said to follow a generalized linear model with design matriz X, link function
g and linear predictors ny,...,n, if Y; follows a distribution from the exponential

dispersion family, Y; 1L Y; and n; = g(w;) for i, =1,...,n,i # j.

Logistic regression will now be presented and in particular it will be shown that is a

GLM.
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Example A.0.3. Logistic Regression as a GLM

Let X; A Bin(n;, p;) and 7n; denote the number of successes and the linear predictor

for the ¢th subject fori =1,... n.

For a logistic regression, p; is modelled using the relation

o = st ) = o () (+2)
1 —pi
which is well defined since logit : ]0, 1[— R.
By Equation (A.2) it follows that
l—p; ! 1—p; - +1 exp(n;) + 1’

that is, the probability for succes for the ith subject is modelled as the standard

logistic function of the linear predictor for that subject.

While odds are not a concept usually utilized in most of statistics, they are often
considered when dealing with logistic regression because of their simple form. The

odds for succes for the ¢th subject is given by

= exp(n;) (A.3)

0; =
L —p

such that the odds ratio between the i¢th and jth subject is given by

0;

0 exp(n; — 1) (A4)

It will be now shown that the logistic regression is a GLM.
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Let V; = & such that
E[Y] = p;, Y; 1LY for i # j
and
Frily) = S Fr(9) = 5 P (miy) = i, mag) = ma " )1 = poyrene
v;\Y dey—dyXi iY) = NiJX; ly—znpz Pi

n;
=n; (ny> exp (nylog(ps) + (ns — nyy) log(1 — p;)

)
a2 )

showing that the distribution of Y; belongs to the exponential dispersion family with
0; = logit(p;), b(0) = log(1 + exp(0)) and \ = n,.
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B R Code for Simulation Study
of CML Estimator

This appendix contains the R code for the simulation study regarding the conditional
likelihood discussed in Section 3.4. In particular, the R code was converted to latex code

using RMarkdown and the knit function.

Data generation

K=1000
n= 500
p = 10

beta = (1:p-1)%0.2

theta sim = rnorm(n,mean = 1)

#save(theta_sim, file = "theta_sim.RData")

load("theta sim.RData")

response = rep(NA,0,n*p)

item = factor(rep(l:p,n))

subject = factor(rep(l:n, p))

dat = data.frame(subject,item,response)

simdata = vector( "list", K)

prob = vector( "list", p)
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for(j in 1:p){
prob[[j]] = exp(theta_sim-betal[j])/(1+exp(theta_sim-betal[j]))

for(k in 1:K){
for (j in 1:p){
dat$response [dat$item == j] =rbinom(n,1,prob[[j]1])
}
simdatal[[k]]=dat
}

#save(simdata, file = "simdata.RData")

load("simdata.RData")

Subject scores including MC estimates and error

#Computing subject scores
n s = data.frame(matrix( K, p+1))
for(k in 1:K){

data = simdatal[k]]

data_wide =data.frame(matrix( n, P))
for(i in 1:n){

data_wide[i,]=data$response[data$subject==1i]

subjectscore = rowSums(data_wide)
n_s[k,]=table(subjectscore)
}
#save(n_s, file = "simstudy_n_s.RData")

load("simstudy_n_s.RData")
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#No datasets without extreme scores, hence JML estimation not possible
min(n_s[1])

min(n_s[11])

#Monte Carlo estimates

colMeans(n_s)

#Monte Carlo error

sapply(n_s, sd)/sqrt(1000)

Conditional maximum likelihood estimation

library(Epi)

beta_cml = data.frame(matrix(nrow = K, ncol = p-1))

for(k in 1:K){
cml <- clogistic(response ~ item, strata = subject, data = simdatal[[k]])
beta cml[k,] =-coef(cml)
}
names (beta_cml) = c("item2","item3","item4","item5","item6", "item7",

"item8","item9", "item10")

#save(beta_cml, file = "simstudy beta_cml.RData")

load("simstudy_beta_cml.RData")

#Evaluation of conditional observed information

sympoly <- function(s,X) sum(combn(X, s, prod))

gamma = sapply(l:(p-1),sympoly,exp(-beta))

gamma_j = data.frame(matrix(nrow = p-1, ncol = p-1))
gamma_ji = data.frame(matrix(nrow = (p-1)°2, ncol = p-1))

for(j in 2: (p)){
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gamma_j[j-1,] = sapply(l:(p-1),sympoly,exp(-betal[-j]))
for(i in 2: (p)){

gamma_ji[(j-2)*(p-1)+(i-1),]1=sapply(0: (p-2),sympoly,exp(-betal-c(j,i)]1))

J = function(n_ s k){
J C = matrix( p-1, p-1)
for(j in 2:(p)){
for(i in 2:(p)){
if (i==j){
factorl = (-gamma_j[j-1,]*(gamma-gamma_j[j-1,]))/(gamma"2)
J C[j-1,j-1]=sum(n_s_kx*factorl)
} else {
factor2 = (exp(-betal[i])*gamma_ ji[(j-2)*(p-1)+(i-1),]*gamma
-gamma_j[j-1,]*(gamma-gamma_j[i-1,]))/gamma"2

J C[j-1,i-1]=sum(n_s_k*factor2)

3

return(-J _C)

#Computing normalized CML estimates

beta_cml norm = data.frame(matrix( K, p-1))
for(k in 1:K){
beta_cml norm[k,] = sqrtm(J(n_s[k,][-c(1,11)]1))
%*has.vector (t (beta_cml[k,]-betal[-1]))
}
names (beta_cml norm) = c("item2","item3","item4","item5","item6", "item7",

"item8","item9", "item10")
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#save (beta_cml_norm, file = "simstudy_beta_cml_norm.RData")

load("simstudy_beta_cml norm.RData")

#Histograms for mormalized estimates associated to each item

x <- seq(min(beta_cml_norm$item3), max(beta_cml_norm$item3), 1000)

fun = dnorm(x)

par ( c(3,3))
for(j in 1:(p-1)){
hist( TRUE,beta_cml_norml[, j], 15, NULL, c(0,0.43),
c(-3,3), paste("Normalized CML for Item", j+1))
lines(x, fun, 2, 2)
}
library (MVN)

mvn (beta_cml norm)

cov(beta_cml norm)

Goodness of fit tests

Z = rep(0,1000)
for(k in 1:K){
vec = rep(0,p-1)
data = simdatal[k]]
cml = clogistic(response ~ item, strata = subject, data)
data_wide =data.frame(matrix( n, P))
for(i in 1:n){
#data_wide[7,]=data$response[data$sudbject==1]
}
subjectscore = rowSums(data_wide)

table(subjectscore)

for(s in c(1:(p-1))){

cml_s<- clogistic(response ~ item, strata = subject,
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data[data$subject %inj which(subjectscore == s), ])
vec[s] = cml_s$loglik[2]

Z[[k]] =2*(sum(vec) - cml$loglik[2])
}
#save(Z, file = "simstudy_Z.RData")
load("simstudy_Z.RData")
df = (p-1)*(p-2)
x <- seq(min(Z), max(Z), length = 1000)
chisq <- dchisq(x, df)
hist(Z, prob = TRUE,ylim = c(0,0.035), xlim = c(30, max(Z)),
main = "Histogram of GOF Test Statistics")
lines(x, chisq, col = 2, lwd = 2)
qqplot(Z,rchisq(1000,df), xlab = "Z", ylab = "Theoretical",
main = "QQ-Plot of GOF test statistics against ")
gqline(Z,distribution = function(p) qchisq(p,df=df), col = "steelblue", lwd = 2)
sum(1-pchisq(Z, df)<0.05)
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C Proof of Asymptotic Results

of the Laplace Approximation

This Appendix is meant as a supplement to Section 4.2 containing proofs of the asymptotic

results of the Laplace Approximation.

Proof of Theorem 4.2.2

Proof. Let 0 > 0 be the constant that exists according to condition 3 and define A5 =
[Z — 9,2+ 6] and A5 =R\ As. Since

I, _ I exp(—nh(z))
exp(nh(z))g(2)V2mn=tH-t  ¢(Z)vV2mn~tH-!
Af exp(nh(z) — nh(z))g(x)dx Aj; exp(nh(z) — nh(z))g(z)dz
- 9(2)V2mn-1H! i g(2)V2rn—1H-1

it is sufficient to show that the first term of Equation (C.1) converges to 1 and the second

(C.1)

term converges to 0.

To show that the second term in Equation (C.1) converges to 0 in the case [ |g(z)|dz < K,
R

(condition 4a), note that

/ exp(nh(z) — nh(#))g(x)dz < exp(—ne) / g(x)dz

c
A5 S

< exp(-ne) [ lg(x)lde
< exp(—ne)K,

where condition 2 is applied in the first inequality choosing A = § and condition 4a is

applied in the final inequality. This implies that

exp(nh(z) —nh(z))g(x)dx
Afg p(nh(z) (2))g(z) oK

— 0.
g(2)V2mn—1H-1 T g9(@)V2mnTtH!
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Similarly, in the case [exp(h(x))|g(z)|dx < K, (condition 4b),
R

[ exp(nh(e) = nh(@)g(x)de = [ exp((n = 1)(h(x) — (@) + h(z) - h(@))g(x)ds

< exp(—(n — 1)e) exp(~h(2)) [ exp(h(2))lg(x)ld

A5

< exp(—=(n — 1)e) exp(=h(2)) K,

where condition 2 is applied in the first inequality choosing A = ¢ and condition 4b is

applied in the final inequality. Thus
J exp(nh(z) — nh(2))g(x)dz .
i _ (=1 = D) xp(—h(E) Ky g
g(&)V2rn—tH-1 N g(&)V2mrn—tH-1

0.

In order to see that the first term in Equation (C.1) converges to 1, define

In :/exp(nh(x) —nh(2))g(x)dx

vV 12 / exp(nh(n~"u+ &) — nh(2))g(n~"?u+ &)du

Bn,é
where B, 5 = [—1/nd, v/nd], so that it has to be shown that

g(2)V2mn=tH-'  ¢(Z)V2rH™!
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Note that

and let

vo|

falw) = exp(nh(n™"2u + &) = nh(#))g(n ™ u+ 3) = exp (- u?) g(2)

such that

|\/ﬁJn — /exp <—Zu2) g(2)dz

R
H
= | / exp(nh(n=Y?u + &) — nh(z))g(n~?u + &)du — / exp (—2u2) g(2)dx
Bnyg Bn,é
H
— / exp <—2u2) g(z)dx|
BC

< L/ fo(u)du| + / exp (—I;'zf) g(2)dz|.

Since

it is sufficient to show that

n—oo

— 0.

/ fo(u)du

Consider the function p(u) = nh(n="/?u + #) such that

p(0) = nh(z),
P(0) = Val'(2) = 0,
p'(0) = W'(2) = —H.
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A second order taylor expansion of p(u) around zero, utilizing that h is three times
differentiable and that linear combinations of differentiable functions are differentiable,
yields
~1/2 . . q ,
nh(n™“u+ &) —nh(2) = 5 + R, (u)

where

73/2h(3)(n_1/20’+£) 3 _ 71/2h(3)(c) 3
5 u’ =n 6 u

where ¢ is between zero and u and ¢ = n=Y2¢ + # is between 7 and n~Y%u + %.

R, (u) =nn

Since u € B, s implies that |# — ¢| < § such that condition 3 implies that |[h®)(c)| < K

and hence R, (u) — 0 for n — oo, it follows for any u € R that

1[u € B 4] <exp (nh(n‘l/gu +z)— nh(f)) g(n™Y2u + &) —exp <—21u2) g(:i‘)) =20.

Since

Lju € By, 5] exp (—Zu2> g(#) "= exp (— u2> 9(2)

it follows that

Lu € By, 5] exp (nh(n_l/Qu + ) — nh(ﬁ)) g(n™Y?u + &) =% exp (— u2> g(2).

Furthermore, for v € B,, 5 then |u| < y/nd such that
Koo ~1/2 Ay A
|Rn(u)|§€5u ;T Pu ) 2] <9
and hence, by applying condition 3,
~1/2 . . ~1/2 . H ., K.,
1u € By, 5] exp (nh(n u+ ) — nh(m)) lg(n™ " u+2)| < exp —G U + Eéu C

is obtained, where the righthand side is integrable for sufficiently small §.

It follows by two applications of Lebesgue’s dominated convergence theorem that

/ fo(u)du = / exp (nh(n_lmu + ) — nh(i)) g(n Yy + &)du — / exp (—Zu2> g(2)du

n,d Bn,(S
n—oo H ~ H R
X /eXp (—2u2> g(2)du — /exp (—2u2> g(2)du =0
R R
and hence
/ fu(u)du| =% 0.
n,s
O]
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Proof of Theorem 4.2.3

Proof. Assume for simplicity that g(z) = 1. Note that this implies that condition 4b is

satisfied since 4a is not.

From Equation (C.1) in the proof of Theorem 4.2.2 it is known that

I, o, +x!seXp<”h(f">—nh<:%>)dw
exp(nh(2))V2rnTH- T V2rH ! VornTH-1

Therefore, as it was shown that the second term has an upper bound of order O(exp(—n)),

it is sufficient to show that

nd, _

As in the proof of Theorem 4.2.2, consider at taylor expansion of nh(n='/?u + %), this

time of order three, around zero:

H h3(2
nh(n™?u + &) — nh(#) = —Euz + nl/Qéx)uB’ + R, (u) (C.2)
where R, (u) = n*1%u4 for ¢ between # and n~"/?u + 2. Furthermore, a first order

taylor expansion of exp(-) around zero yields

h3 A h3 A / h3 2, 2
exp (nméx)u?’ + Rn(u)> = 1—|—n1/2éx)u3+Rn(u)—|—€m(C") <n1/2(x)u3 + R, (u)

24 6
(C.3)
for ¢/, between zero and n’lﬂwu?’ + Ry (u).
Inserting Equation (C.2) and then Equation (C.3) into y/n.J, yields
vnJd, = / exp (nh(n’lﬂu +z)— nh(f))) du
Bn,&
H 3(2
= / exp (—2u2 + n_l/2héx)u3 + Rn(u)> du
Bn,&
H 3(4 / 3(4 2
= / exp (—u2> 1+ n_1/2L (x)u?’ + R, (u) + L(p(%) n_1/27h (x)u?’ + R, (u) du.
E 2 6 24 6
n,s

By splitting the integral into four terms, each of the terms can be assessed seperatly.
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It follows by Lebesgue’s dominated convergence theorem, utilizing that

H

‘]l[u € Bjs)exp (—gu2>' < exp <—2u2)

for all n € N, that the limit of the first term is given by

) H
lim
n—00
n,s

exp <—2u

2>du=R/exp<

H

——u
2

2) du = vV2rH-L.

Furthermore, by the symmetry of the second term it follows that

H h3(%)
2 3
exp | ——u du
/ p( 2 ) 6
n,o
nd
; H NRG@ ,
= exp | ——u U exp
p du +
2 6
V/né 0

Multiplying the third term by n yields

. H,
nh_g)lo exp (—2u ) nR,(u)du
Bn,é
H D (c)
_ 1 0 2) 4
n0 eXp( 2" ) T2
n,o
. H )\ W)
SJLI& exp (—2u) o1 u”| du
n,s
H C’
< lim exp (—u2> —utdu
n,s
H C’
= [ exp <—2u2> ﬂu‘LdU < 00

where condition 3 is used in the second inequality and Lebesgue’s dominated convergence

theorem is used in the second equality. Since the third term muliplied by n is O(1) the

third term itself must be O(n™').

For the fourth term, recall that ¢, is between zero and n~"/ Q@ﬁ + R, (u).

Mikkel Riinason Simonsen

Page 132 of 149



Appendix C. Proof of Asymptotic Results of the Laplace Approximation AAU

Furthermore, for u € B, 5

h®3) (4
n1/2 (2) @Bl <

6

such that
h3) (2) R (c)

+ | Ry (u)] < ou’ +

and hence exp(—%u2 + ¢)) is dominated by an unnormalized normal density, say ¢(u),

on B, ; for sufficiently small 0.

Therefore, since

B3 (% 2 R(3)(£)2 "2 L3 ()20
<n1/26<x>u3 + Rn(u)> <nt 3<6I> ub + n*Q%uS - n3/21(i)1 u’
it follows that
H )\ exp(c,) —-1/2 h?(2) 3 ’
/ exp (—2u ) o\ + R, (u) ] du
Bn,5
¢(u)) ~1/2 h3(2) 3 ’
< TN A\
< / T 5 u + Ry(u) | du
Bn,5
WO ()2 1 c” KO (3)2C"
-1 1 64 o071 84 —3/2 / 4
n,d n,d n,8

and hence the fourth term is O(n~!) since any order moments of a normal distribution is

finite.
In conclusion, it is clear that

nd, _
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D Monte Carlo Methods

This appendix regarding computations of the likelihood function for GLMMs using Monte

Carlo methods is based on [24] and is meant as a supplement to Section 4.2.

The integral given by Equation (4.8) can be written as the expectation
/f | wi B)f (us 0*)du = E2[f(y | U3 B),

and hence it follows that integral can be approximated using monte carlo methods. First
simple Monte Carlo is considered, which estimates the expectation as

Eo2[f(y | U; B)] Z y | Uk B)

where U, ~ N(0,0?) for k =1,..., M. The variance of the simple Monte Carlo estimate
is given as
Var | LS #ly | UsB)| = Lvar(fy | U3 )
ar | — ; = —Var ;
M Pt Yy ks M Y )
and hence it follows that the Monte Carlo error, which is the standard deviation of the

. . 1
Monte carlo estimate, is of order Tt

In application Var[f(y | U;5)] can be estimated using the usual emperical variance

estimate

2

M
Var [f(y | U; 5)] <y|Uk§ Z (y | Up; B )

It should be noted that for a particular dataset y based on a specific realization, say uy,
of U ~ N(0,0?), the density f(y | U;3) would usually be heavily concentrated around wuqg
such that f(y | U; 8) will have a large variance. This problem is particularly impactfull in
higher dimensions because of the curse of dimensionality, effectively making the approach

unusable in such settings.

Clearly if f(y | U; B) has a high variance then M should be chosen very large which can

be computational infesible.
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Therefore, other approaches such as importance sampling is needed. Importance sampling

can be used in a more general setup but will now be introduced for our context for

GLMMs.

Suppose there exists a denisty g such that

fly | w; B)f(u;0?)

~ constant, f(y | u; B)f(u;0?) >0 = g(u) > 0.

g(u)
Then
o gt o = [T g,
g lf(y | V;}(B&J;(V;U ) (D.1)

where V' denotes a random variable with denisty g. Furthermore, it follows that applying

the simple Monte Carlo approximation on Equation (D.1) yields

fW | Vi B)f(Vis 0°)
g(Vi)

2 1 &
R/ Sy | ) (wio?)du 375

where Vj, for k =1,..., M has density g. It follows by the choice of g that %W
has low variance and hence the Monte Carlo error is small even though f(y | U; 3) might

have a high variance.

The question at hand of course becomes how ¢ should be chosen. In order to ensure a finite

(y | wiB)f(us0?)

Monte Carlo error it is evident that £ ) ought to be bounded and therefore g

should have heavy tails.

Similar to the justification for adaptive Gauss-Hermite quadrature, recall that Equation
(4.9) implies that f(y | u; 3)f(u;0?) is approximately proportional to a normal density

with mean ppp and variance o?p. Therefore if g is chosen to be said normal density, then

fly | wp)f(wo?)

) is approximately constantly equal to the normalizing constant f(y; 3,0?).

Alternatively, in order to obtain heavy tails g could be chosen as the density for the
t-distribution with the same parameters. Care needs to be taken when choosing the
degrees of freedom, because if it is chosen too small then the approximation might not
work well and reversely if the degrees of freedom is chosen too big then the tails dont

become significantly heavier than the tailes of the normal distribution.
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An another option also utilizing that
fy | u; B) f(u; 0%)
fluly;B,0%)

would be as follows: Fix ; € R? and of € R, and define

g(u) = f(u | y; fo,05) = H }Z/%OO)J:; .

= f(y; B,0%)

such that

B) f(u; UZ)g(u)du

(w
e o2y [ LW w0 f(uio?)
= 10560.98) | T ) s

!ﬂmuﬁﬁwwmngﬂym;

fu| y;ﬁo,ag)du

o fly | U3 F(Uso?) o
=10t | F gy ¥ =]
Since
Fy:B,0%) = [ Fly | wi B) (s 0)du
R
it follows that
f(y:8,0%) ) [f(y | U; B)f(U; 0?) B
00 Boro?) — 00ed | 51y T o) FTr0) | YY) (b2

Since f(y; Bo,08) is constant wrt. [ and o? it follows that the maximum likelihood

estimate can be found as

A5 A2 f(y7 6a 0.2)
,07) =ar max —
(8,57) g(ﬂ,UQ)GRPXM f(y; Bo, o3)

s 1 M fy | Uk B) f(Uk; 0%)
Boterrxke M = f(y | Uy; Bo) f(Us; 03)

/R arg

where the approximation follows from the Monte Carlo estimate of Equation (D.2) and
Ui, ... Uy are ii.d. with density f(u | y; 8o, 03).

However, considerations have to be made regarding how to simulate from U|(Y = y).

Although f(u | y; 3,0?) is a non-standard density

: .2
ﬂMyﬁp%:f@;z@igﬂ)

since f(y | u;B)f(u;0?) is well known by the definition of a GLMM, it follows that

f(u | y;B,0?) is known up to proportionality. Therefore, rejection sampling can be

utilized.
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Proposition D.0.1. Rejection Sampling
Let f(x) < h(z) be a density and assume there exists a density g and K € R such
that

h(z) < Kg(z).

Generate X with density g, W ~ unif[0, 1] and accept X if W < [?;@). Then the
conditional density of X given that it has been accepted is f and the probability of

accept is given by [ h(x)dz/K.
R

Proof. The probability of accept is given by

Kg(2)
P (W < }?;ég) :R/ 0/ g(x)dwdz
Y.
H{h(m)dx
T K

Furthermore, the conditional distribution function of X given accept is given by

h(X
h(X) ) P(X <y W< g)

Kg(X)) ~ P(Wg W”)

P<X§y|W§
Kg(X)

[]

Simply recognizing f(u | y; 8,07), f(y | w; B) f(u;0*) and e.g. t4(u; prp, ofp) for d € N\{0}
as respectively f(z),h(z) and g(z) in Proposition D.0.1 immediately yields a method to

simulate from the conditional distribution of U given y.
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It should be noted that the density for any t-distribution would work for this purpose,
but by choosing it such that it is centered at the Laplace mean pupp and scaled by the o?p

the K is kept as small as possible so that the probability of accept is as large is possible.

Being able to simulate from the conditional distribution of U given y has other usages

than just the one mentioned above.

For instance, the conditional mean described in Proposition (4.1.3) and Example 4.2.4

can be estimated using Monto Carlo approximation simply by
1 M
EU|Y=y~—=>1U,

where Uy, ..., Uy are i.i.d with density f(u | y; 3, 02).

Furthermore, in Section 6.2 simulations are made from U | Y = y in order to estimate the

marginal score and observed information.
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E The EM Algorithm

This appendix containing the proof of Theorem 5.3.2 and a result regarding the convergence

of the EM algorithm is meant a supplement to Section 5.3.

Proof of Theorem 5.3.2

Proof. In the proof of Proposition 5.2.7 it was shown that

_ Jsan(0 | Yy Y)Py Yoy, Yy 0)dv (yey)
Py (Yr)i 0)

Sobs(e | T, y(r))

Taking the partial derivative wrt. 67 yields

0
aofq—sobsw | r, y(r))

T (S 5510 | Yoy v Py Wiy, vy )V (yi) ) Py (W3 6) (E£.1)
Py (Yir); 0)?2 '

S0 |y )Py ey Y O (Y ) 5 (S Py Wy, yry; 0)dv (i)

: .

Py (Yr)i 0)

(E.2)
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Equation (E.1) is given by

oo (50 | vy, v )Py (W, vy 0)dv (ye))

Py, (Yr); 0)
B J—Jran (0 | Yir)s r))PY(y Y(r)s 6) + sean (0 | Y(r)s
B Py (Yr); 0)
_/ —Jtat (0 | Yir)> ¥r))PY (W) Yy 0) n sean(0 | Yoy, Yey)sean(0 | vy,

y(f))a%py(y(r), Yy 0)dv (ya)

Y Py (Yo yi): 0)

pym (ym; 0) Py Y3 0)

= / —Jran(0 | Yy, Y )Py Yr)s Yy | Yy 0)Av (yiy)
+ / st (0| Yy, y@)sean (0 | yey, v) " oyvive, Wos v | ye; 0)dv(ye)
= —E[Ju(® | Y) | R=7Yir) = yo)] +E [sun(® | V)san(® | V) | R=r,Yimy = ()

(E.3)

where the first equality follows by interchanging the integral and differentiation, the second

equality follows since %py(y; 0) = stn(? | y) "py (y;0) and the fourth equality follows by

Lemma 5.2.6. By similar arguments it follows that Equation (E.2) is given by

~ Jsanl0 | Yoy, o) oy (Yo Yiry; 0)dv (Yer) 50 (f pY(:y(r)yy(f);e)dV(y(F)))
PYe,, (Yr); 0)?
_ s | Yoy, y@)py W), vo; )dvye) S ssan® | oy v@) Py W, v 0)dv (ye)

Py, (Y 0) Py (Yr): 0)
~E [san(0 | V) | R =7, Ym) = Y] E [sra(0 | V)T | R=7r,Yr) =y - (E.4)
The result follows by summing over the n subjects. O
Convergence of the EM Algorithm
Theorem E.0.1. Convergence of the EM Aglorithm
Suppose that {£os(0%) | r ;¥ () en, is a bounded sequence and that
Q(O%FV. 9y — Q8™ 9™y > K||9*+D — 9®)2 for k =0,1,. .. (E.5)
where || - || denotes the L*norm. Then for some 6* in the closure of the © it follows
that
0 s 9.
k—o0
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Proof. Tt follows immdiatly from Theorem 5.3.4 that boundedness of £,s(0%) | r,Y())
implies that the sequence converges to some C' < oo. In particular, it follows that
(fobs(ﬁ(k) | r, y(r)))keNO is a Cauchy sequence such that for any € > 0 there exists k(e) s.t.
k > k(e),r > 1 implies that

T

Z (gobs(e(k—’—j) | r, Y(r)) - gobs(e(k—’—j_l) | r?Y(r))) = éobs(e(k—w) | r, Y(r)> - gobs(e(k) | r,y(r))

=1

<e. (E.6)

Furthermore, in the proof of Theorem 5.3.4 it is shown that
0 < QO™7:0®) — QO™D;0W) < Loy (0" | 1,y — Lons(0 7 | 1,5
for j =1,...,r such that Equation (E.5) and (E.6) implies that
Ki [0+ — glksi=D 2 < Z (Q(B%+); 9 — g0+ 60))
< €.
Applying the triangle inequality implies that

K| ig(kﬂ') — 9(k+j—1)||§ <€

=1

€
64+ — ), < /-

showing that (0®*) is a Cauchy sequence. Hence it follows by the completeness of
8 keNp

such that

the closure of © that the sequence converges to some 6* in the closure of ©. O]
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F R Code Assuming Ignorable

Missing Data Mechanism

This appendix contains the R code for the maximization of respectively the joint, con-

ditional and marginal likelihood discussed in Section 6.1. In particular, the R code was

converted to latex code using RMarkdown and the knit function.

Formatting the data

cfa=read.csv("cfa.csv")
response = rep(0,0,663*36)
for (i in 1:663){
for(j in 6:41){
response[(i-1)*36+(j-5)] = cfali, j]
}
}
item = factor(rep(1:36,663))
subject = factor(rep(1:663, 36))
data = data.frame(subject,item,response)
#save(data, file = "data.RData")

#load ("data.RData")

Joint maximum likelihood

jml <- glm( response ~ -1 + subject + item, data,

summary (jml)

beta_jml=c("iteml1"=0, -coef(jml) [(698-34):698])
theta_sd_jml=sqrt(var(coef (jml) [1:(698-35)]))
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Conditional maximum likelihood

library(Epi)
cml <- clogistic(response ~ item, subject, data)

beta_cml=c("item1"=0,-coef (cml))

Marginal maximum likelihood

library(1me4)

mml = glmer(response ~-1+(1|subject)+item, family = binomial, data = data)

mmlGH5 = glmer(response ~-1+(1|subject)+item, binomial, data,
5)

summary (mml)

summary (mm1GH5)

beta mml = -(as.numeric(coef (mml1GH5) [[1]1][2,]1[-11)
- as.numeric(coef (mm1GH5) [[1]]1[2,]1[2]))

Comparison

round (rbind (" jml"=beta_jml, "cml2"=beta_cml, "mml'"=beta_mml), 2)
norm(beta_jml - beta_cml, "2")

norm(beta mml - beta cml, "2")

norm(beta_mml - beta_jml, "2")

order(beta_jml)
order (beta_cml)

order (beta_mml)

Goodness of fit test

subjectscore = rowSums(cfa[6:41], TRUE )
table(subjectscore)

vec = rep(0,35)

for(s in c(1:33,35)){

cml_s<- clogistic(response ~ item, subject,
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NormalTokdata[data$subject %in) which(subjectscore == s), 1)
vec[s] = cml_s$loglik[2]

Z =2x(sum(vec) - cml$loglik[2])
df = 35%34
1-pchisq(Z, df)
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G R Code for Parameter Es-
timation When Modelling
Dropout Effect

This appendix contains the R code for the implementation and maximization of the
marginal likelihood discussed in Section 5.4. In particular, the R code was converted to

latex code using RMarkdown and the knit function.

Loading relevant data and packages needed in the following, and defining the initial value.

load("data.RData")

load("beta mml.rda")

library(mvtnorm)

library(parallel)

init = c("beta"=-beta_mml, "tau"=-3, "eta"=0.1, "sigma theta_log"=0,

"sigma_xi_log"=0,"rho_tan"=pi/2*tan(0.1))

Defining the logarithm of the integrand, aka the g function, which is to be maximized in

order to obtain Laplace approximation of integral.

g = function(parl, par2,i){
y = datal[data$subject == i,]$response

diff _y

parl["theta"]-par2[1:36]
diff r

parl["xi"]-(par2["tau"]+(1:36)*par2["eta"])

p_y_vec = exp(yx(diff_y))/(1+exp(diff _y))
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p_r_vec = exp(diff_r)/(1+exp(diff r))

p_y_log = sum(log(p_y_vec), TRUE)

k = max(which(!is.na(y)))+1

if (k==37){

p_r_log = sum(log(p_r_vec))

} else{

p_r_log = sum(log(p_r_vec[1:(k-1)1))

+ unname (log(1/(1+exp(parl["xi"]-(par2["tau"]+k*par2["eta"])))))

p_y_log + p_r_log + log(dmvnorm(c(parl["theta"],parl["xi"]), rep(0, 2),
matrix( 2, 2, c( exp(par2["sigma_theta_log"]l)"2,
2/pi*atan(par2["rho tan"])* exp(par2["sigma theta log"]) *exp(par2['"sigma xi log"]),
2/pi*atan(par2["rho_tan"])* exp(par2["sigma_theta_log"]) *exp(par2['"sigma xi_log"]),
exp(par2["sigma xi_log"])"2)), FALSE))

Defining the gradient of the g function wrt. 8 and &, known in this code as “parl”. This

function will be supplied to the BFGS method in optim in order to maximize g.

score_g = function(parl, par2, i){
diff y = pari["theta"]-par2[1:36]
diff r = pari["xi"]-(par2["tau"]+(1:36)*par2["eta"])

data[data$subject == i,]$response

max (which(!is.na(y)))+1
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p_vec = exp((diff_y))/(1+exp(diff _y))
p_r_vec =c (exp((diff _r))/(1+exp(diff r),0)

g_dtheta = sum((y-p_vec) [-which(is.na(y))]) + (2/pi*atan(par2["rho_tan"]))
*parl["xi"]/((1-(2/pi*atan(par2['"rho_tan"]))"2)
*xexp(par2["sigma_theta_log"])*exp(par2["sigma xi log"]))- parl["theta"]
/((1-(2/pi*atan(par2["rho_tan"])) ~2)*exp(par2["sigma_theta_log"]) ~2)

g dxi = sum((rep(1,k-1)-p_r _vec)[1:(k-1)]) -p_r_vec) [k]
+ (2/pi*atan(par2['"rho_tan"]))*parl["theta"]/((1-(2/pi*atan(par2["rho tan"]))"2)
*exp(par2["sigma_theta_log"])*exp(par2["sigma_xi_log"l))
- par1["xi"]/((1-(2/pi*atan(par2["rho tan"])) "2)*exp(par2["sigma xi log"])"2)

c(g_dtheta,g dxi)

Defining the Laplace function which estimates the Laplace approximation of the integral of
exp(g) for a given subject given parameters (3, d, 1 or equivalently 5, 7,7, 0y, o¢, p, known

in this code as “par2”.

Laplace = function(i, par2){
#O0ptimize g function
fit = optim( c("theta"=0,"xi"=0), g, score_g, par2, i,
list( -1, "BFGS")

#Calculate derivatives for hessian

diff_y = fit$par[1]-par2[1:36]

diff r = fit$par[2]-(par2["tau"]+(1:36)*par2["eta"])

datal[data$subject == i,]$response

max(which(!is.na(y)))+1
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cl = - sum((exp((diff_y))/(1+exp(diff_y))~2) [1:(k-1)])
- 1/((1-(2/pi*atan(par2["rho _tan"])) 2)*exp(par2["sigma theta log"])"2)

c23 = (2/pi*atan(par2["rho_tan"]))/((1-(2/pi*atan(par2["rho_tan"]))"2)

xexp(par2["sigma_theta log"])*exp(par2["sigma xi log"]))

c4d = - sum((exp((diff_r))/(1+exp(diff r))~2)[1:(k-1)])
- 1/((1-(2/pi*atan(par2["rho_tan"])) 2)*exp(par2["sigma xi log"])"2)

hessian = matrix( 2, 2, unname(c(cl, c23, c23, c4)))

exp(g(fit$par, par2,i))*2*pi*sqrt(1/det(hessian))

Setting up parallelised computations and calculating the loglikelihood given parameters

L(par277‘

cl = makeCluster(8)

clusterExport(cl, c("g","dmvnorm", "score_ g", "data"))

loglikelihood = function(par2){
sum(log(unlist (parLapply( cl, 1:663, Laplace, par2))))

Using the optim function to maximize the loglikelihood wrt. “par2”.

fit = optim(par = init, fn =loglikelihood, control = list(maxit = 100000,
fnscale = -1))
par = fit$par

# save(par, file="parameters.Rda")

#load ("parameters.Rda")
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beta = par[1:36]-par[1]
loglikelihood (init)

loglikelihood (fit$par)
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