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Preface

This project is a 10. Semester Master thesis written by MCE-1028 at the Department of Energy
Technology with specialization in Mechatronic and Control Engineering at Aalborg University
in 2021. This project was not a predefined project proposal supplied by the department at
the University, but was proposed by the authors. Furthermore, the project was conducted in
collaboration with our supervisor Petar Durdevic Løhndorf ph.d., which is based at the Esbjerg
branch of Aalborg University. The authors wish to thank Morten Veng, a 10. semester student
at Aalborg University, for his inputs and sparring throughout this project.

Reading Guide

In this report the IEEE citation standard is utilized. In the PDF version each citation is a
clickable hyperlink which directs to the bibliography which is provide in the report. Furthermore,
internal references are clickable which redirect to the related section, equation, etc. A list of
abbreviations is given at the beginning of each chapter. A table of of content is provided in the
beginning of the report which has clickable hyperlinks which direct to the appropriate chapter
or section. All modeling and all simulations were conducted in MATLAB and Simulink, and
all figures were created with Inkscape. The project was written in LATEX at Overleaf.com.
Matrices and vectors are denoted in bold in equations and inline text. Within Appendix A a list
of the assumptions is stated, which are referred to throughout the project. Due to the pandemic
"corona virus" this project is purely a simulation based project.
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Abstract

Indvendig inspektion af vindmøllevinger kan være en tidskrævende process med nedetid op til
8 timer, og der kan forekomme ulykker og personskader under manuel inspektion. En metode,
der bliver forsket i, er brugen af droner til at fortage inspektionen, hvilket er inspirationen til
dette projekt. For flyvining med en drone indeni en vindmøllevinge, er der blevet udarbejdet
et nyt dronedesign baseret på 8 rotorer, der tillader individuel aktuering for alle frihedsgrader.
Orienteringen af rotorerne er udvalgt igennem en optimeringsprocess, der involvere kobling,
inputbegrænsninger og effektivitet. Projektet er udført på simuleringsbasis, og derfor er der
opsat en detaljeret simuleringsmodel af dronens og rotorernes dynamikker, målestøj samt
rotationelle og translatoriske forstyrrelser. Det har været et mål med projektet, at dronen skulle
kunne følge et traktorie inde i en vindmøllevinge, mens den modstår forstyrrelser og samtidig
følger vindmøllevingens svingninger. Først er der designet et "unscented Kalman filter" for
at reducere målestøj, hvor filteret er tunet med en designed "grid search" algoritme. For at
modstå translatorisk forstyrrelse i form af jord- og lofteffekt er den globale z position benyttet i
et augmenteret Kalman filter for at estimere forstyrrelserne. For at afværge den translatoriske
forstyrrelse er estimatet heraf benyttet i positionsregulatoren. For reguleringsstrukturen er
der benyttet 2 "model predictive controllers", hvor den ene er tilknyttet regulering af dronens
rotationelle position, mens den anden er relateret til regulering af dronens translatoriske position.
Begge regulatorer indeholder en række tunings parametre, som skal bestemmes og til denne
process, er simuleringsmodellen approksimeret som en Gaussisk process regression, der bliver
optimeret ved hjælp af Baysisk optimering. Det præsenterede design var observeret til stadig
at have indflydelse på translatoriske bevægelser, når den blev udsat for rotation. Til gengæld
var den i stand til at styre alle translatoriske frihedgrader individuelt uden brug af rotationer.
Med den rotationelle regulator var dronen i stand til at opretholde den samme orientation.
Der forekommer stadig rotationelle afvigelser på maksimalt 0:3 [�] enheder i quaternioner
tilsvarende udsving på 22° for rul, tilt og drej udsat for den værste omstændigheder og 0:12 [�]

tilsvarende 8:8° for normale omstændigheder. Den translatoriske regulator udviste fluktureringer
på �4 � 6 [cm], men har vist sig at kunne følge frekvensen for vindmøllevingens svingninger.
Dronen opnåede en længde på 24 [m] udsat for de værste omstændigheder og 45 [m] under
normale omstændigheder.
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1 Introduction

Abbreviation Meaning

DOF Degrees Of Freedom
ESC Electrical Speed Controller
FAUAV Fully Actuated Unmanned Aerial Vehicle
LQR Linear Quadratic Regulator
MPC Model Predictive Control
OC OmniCopter
PID Proportional Integral Derivative
RL Reinforcement Learning
SLAM Simultaneous Localization And Mapping
SMC Sliding Mode Control
UAV Unmanned Aerial Vehicle
UV Unmanned Vehicle
WT Wind Turbine
WTB Wind Turbine Blade

Table 1.1: Abbreviations used in the following chapter.

The global wind turbine (WT) industry is expected to have an annual growth rate of around
5:3 % between 2019 and 2025 [1]. As the market is growing so is the need for optimization of
certain issues regarding the WT industry, such as fault detection, inspection, maintenance etc.

The main issue addressed in this report is internal wind turbine blade (WTB) inspection using
unmanned aerial vehicles (UAV).

The WTBs make up for 15� 20 % of the total cost of WTs and further have one of the highest
failure rates. Failures a�ect the e�ciency of the WT as well as the electricity production
and due to the failure rate and the component cost, failure is one of the reasons for the high
maintenance cost of the WT [2�4]. Multiple factors cause the WTB to fail such as cycling loads,
weather conditions as strong winds, rain/hail and lightning strikes or from bird collision [5]. The
typical failures of the WTB is surface damages as leading edge erosion or cracks and internal
damages as delamination of plies, debonding of parts or cracks [3]. Minor failures could lead
to secondary failures that could damage the WT and evidently the WT could fail completely
making inspection necessary for optimal operation [6].
Typically three methods are used for inspection: Rope inspection, ground based inspection
using high resolution cameras and UAV inspections [7]. Exterior and interior WTB inspection
is usually carried out manually [8], but these are comprehensive, requires safety equipment
and well coordinated execution. To accommodate for the comprehensive work and safety risks,
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companies are emerging bringing new UV technologies designed for WTB inspection [9, 10].
The focus in this work is based on interior WTB inspection. Interior inspection implies that
the inspection is conducted in one or more coherent constrained environments, such as blade,
nacelle and hub. A constrained environment is throughout this report de�ned as a con�ned space
with �nite boundaries for all directions. The inside of a WTB is considered as a constrained
environment.
Manual inspection of the interior of a WTB is a time consuming and a costly process. According
to [11] it can take between 1-2 hours to inspect each blade plus the downtime for shutting down
and starting up the WT. Furthermore, the maintenance crew are facing risk of injury while
conducting the inspection. Those include e.g. �res, falling down, lightning strike or static
electricity build-up, and due to the con�ned space, lack of oxygen can occur [11, 12]. To reduce
the expenses consisting with downtime and the risk of injuries, the usage of UVs for inspection
purposes (i.e wheeled vehicles) have been researched and tested [13�15], where [13, 14] focuses
on interior blade inspection. In [16] a comparison is conducted on the e�ciency between UV and
manned inspection, in which it was concluded equal e�ciency regarding identi�cation of errors.
However expenses and time consumption were found to be reduced with UVs. A research topic
of interest is the usage of UAV for the inspection as a UAV is more �exible regarding the inner
structure and the position of the WTB.
Utilizing UAVs, the design becomes a trade-o� between �ight time, equipment, size and weight.
Small sized UAVs are capable of inspecting smaller con�ned spaces but the smaller size results in
lesser lift force to carry sensors, cameras and batteries. By increasing the size of the UAV enable
more room to attach batteries extending the �ight time but limit accessibility of the WTBs
narrow points e.g. the tip of the blade. Di�erent complications are present for manual �ight
with a UAV within a con�ned space. First of is the extensive camera solution and illumination of
the surroundings needed for the operator to navigate the UAV and avoid obstacles. Additionally
is the constant radio communication between the operator and the UAV required for the steering
of the UAV. To overcome some of the complications from manual �ight, a solution is for the
UAV to �y autonomously. It requires additional hardware for the UAV to �y autonomously as
sensor or camera units must be utilized for localization and obstacle avoidance [11, 17, 18].
As the UAV is �ying within a constrained environment it is a�ected by disturbances in form
of ground, ceiling and Wall e�ect, which need to be accounted for [19]. Di�erent methods
of control have been researched and utilized to accommodate for these disturbances. Simple
linear PID controller designs are commonly used for the altitude and attitude control of a
quadcopter but due to non-linearities and external disturbances a more robust control methods
have been investigated. To improve the robustness of the controller design, fuzzy-logic and self-
tuning algorithms have been utilized to correct the controller gains during �ight while others
have researched multivariable control methods as the linear quadratic regulator (LQR) [20�23].
Another approach for robust control is to utilize non-linear control methods as sliding mode
controllers (SMC) as seen in [24�26]. Aside the disturbances, a UAV �ying within a WTB has
to accommodate for the infrastructure of the WTB and the constant changing boundaries as
the WTB oscillates when exposed to wind. Di�erent methods for path planning and obstacle
avoidance have been researched for indoor �ight of quadcopters. In [27], di�erent bug algorithms
are investigated for �ying a quadcopter in an indoor environment with di�erent obstacles where
the quadcopter follows a general direction until it encounters an object. Hereafter, it follows the
edge of the object to avoid collision. [28, 29] are utilizing image processing or point clouds for
simultaneous localization and mapping (SLAM) algorithms to determine and navigate around
obstacles. Di�erent variations of model prediction control (MPC) such as simple linear MPC
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or robust nonlinear MPC have been investigated to follow predicted trajectories for object
avoidance as seen in [30]. Another researched approach is reinforcement learning (RL) to
determine the �ight direction for the shortest distance around obstacles using Q-learning [31, 32].
A common problem for the controller designs and object avoidance algorithms for UAVs utilized
for indoor �ight is to get reliable measurements from sensor units and estimation of the UAVs
position. The accuracy of the sensor units is not investigated further as it is out of the scope of
this project.
Research has been made regarding UAV inspection in constrained spaces such as pipes [33, 34].
Companies as [35, 36] even specializes in UAV tasks performed in con�ned areas, however most
of these are underactuated which impacts the agility of the vehicle. An open issue that remains
in this context is the use of fully actuated UAVs for con�ned space inspection. In this work
a UAV with higher degrees of freedom actuation than a traditional quadcopter is investigated.
The fully or overactuated UAV is referred to as a FAUAV within this work.
In [37�39] a �ve blade FAUAV is designed. It consists of two counter-rotating propellers in
the middle to generate thrust and control the yaw orientation whereas three ducted fans with
variable angles enable lateral �ight and the control of roll and pitch. In [40] an overactuated
quadcopter is presented. Each propeller can tilt around its own arm due to a mounted servo
motors. In [41] a classic hexrotor is designed, but with all the propellers tilted at a �xed angle.
In [42] six propellers are each mounted on tetrahedrons which are joined together at a single
point in the middle. Lastly, in [43, 44] examples of an eight rotor FAUAV is presented. Each
rotor is oriented in a �xed position, which gives the design 6 DOF. Those designs are examples
of existing FAUAV designs. In the survey [45], existing designs of FAUAVs are analysed in
terms of the respective design optimization method used. In section 1.3 some of these designs
are further discussed.

1.1 Objectives

In the introduction the advantages of more e�cient WTB inspection solutions are described as
well as an analysis of the most recent research within the �eld of UAV design, robust control
and trajectory tracking. The main objectives of this work are stated below.

ˆ 1. Reference tracking

ˆ 2. Disturbance rejection

ˆ 3. Application dependent design

Reference tracking is one of the primary issues since the whole WT structure is a�ected by
external forces such as wind. The oscillations could cause a UAV inside the wing to crash into
the walls of the WTB. Therefore the control solution must be able to track or react to a fast
changing reference. In Section 1.2 further analysis is made on the WTB including determination
of the nature of the oscillations, that is expected to occur.

Another aspect of importance is the aerodynamic e�ects that are caused by the rotors air
streams. Such disturbance could cause system instability. Therefore robust control are necessary
for UAV inspection in a con�ned space to reject the aerodynamic disturbances. For this to
be investigated a disturbance model is presented in Section 3.5 based on ceiling, ground and
interfering air�ow e�ects.

3



1.2. Description of Environment Aalborg University

In order to ease the control criteria, which are described in detail in Section 4.1, a relevant design
is desired. A relevant design in this context is a design which allows to decouple translational
motion from rotational motion. This is desired to independently control all 6DOF and as
discussed earlier such designs falls into the category of FAUAVs. In Section 1.3 a set of candidate
designs are investigated and discussed in order to a suitable design for WTB inspection. In order
to evaluate a suitable solution of the UAV design for performing internal WTB inspection, the
complications regarding the environment must be clari�ed to establish desired design criteria
and requirements. The inspection environment is analyzed in Section 1.2.

1.2 Description of Environment

The UAV is desired to �y within a WTB from a 5MW o�shore WT with blade type LMH64-5
[46]. The WTB is consisting of spar caps, shear webs and the outer shell. The spar caps and
shear webs are extending from the root and close to the tip of the WTB as illustrated in Figure
1.1. [47]

Figure 1.1: Sketch of the internal structure of a WTB. A) The WTB divided in sections. B)
Closed shell. C) Box spar. D) Load carrying shell. [11, 48]

where O is considered the zero length andL the total length of the blade. Three di�erent
caps-webs con�gurations are shown in Figure 1.1; the closed shell utilizing 1 web, the box spar
with the web in the shape of a box and the load carrying shell utilizing 2 webs. The caps-webs
are used to increase the blades strength, relieve the outer shell of shear stresses and keep the
aerodynamic shape. The outer shell is consisting of a downwind suction side and an upwind
pressure side both mounted to the caps-webs con�guration by adhesive layers as illustrated in
Figure 1.2.
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Figure 1.2: Cross section of WTB with box spar. [47]

Figure 1.2 show the cross section of a WTB with box spar. HereWcs is the inner length and Hcs

is the inner height of the box spar. By this con�guration and the load carrying shell 3 con�ned
spaces occur, one at the leading edge, one at the trailing edge and the inner of the caps-webs
con�guration.

For the scope of this project the constrained environment to be inspected is the construction of
a box spar approximated as a tube with width Wcs and height Hcs (Assumption 1 ). The tube
is chosen as a quadratic cross section thusWcs = Hcs. Within the quadratic tube the UAV has
to compensate for aerodynamic disturbances caused by the propellers and the oscillating motion
of the WTB as it is a�ected by wind. The cross sectional area of the tube is largest at the root
and narrows as the UAV moves along the length of the blade as illustrated in Figure 1.3. The
calculations of the outer constraints of the quadratic tube is described in Section 2.2.

(a) Con�ned space in the x/ z plane. (b) Con�ned space in the y/ z plane.

Figure 1.3: Quadratic tube within the WTB.

In the following three subsections further considerations of the WTB are described. Firstly,
the frequency and amplitude of the oscillations which the WTB can experience are discussed.
Secondly, the aerodynamic disturbances which the UAV can experience inside the WTB are
listed. Lastly, size considerations of the UAV are discussed and which limitations there are.

WTB Natural Frequency and Amplitude of De�ection

Due to wind conditions the WTB is oscillating thus bending the con�ned space, the UAV is
�ying within as illustrated in Figure 1.4.
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Figure 1.4: Illustration of the UAV within a WTB.

Due to the moving environment the expected de�ection and frequency of the dominating WTB
oscillations are analyzed for the blade. The oscillations are utilized as a reference for the UAV
to track to avoid colliding with the inner wall of the WTB. Figure 1.5 illustrates a WT where
2 di�erent de�ections are de�ned, �rstly the out of plane de�ection and secondly the de�ection
in the rotor plane direction, these are commonly referred to as �apwise and edgewise de�ection,
respectively.

Figure 1.5: Illustration of de�ection directions of a WTB.

To establish the amplitude of the WTBs oscillations for both �apwise and edgewise de�ection a
study of the NREL 5 [MW ] [49] WT is utilized. The data for the WTB de�ections are seen in
Figure 1.6.
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(a) Out of plane displacement for NREL
5 [MW ]. [49]

(b) In rotor plane displacement for NREL
5 [MW ]. [49]

Figure 1.6: Displacement of WTB caused by wind disturbances.

From another study on the NREL 5 [MW ], a calculation of WTB eigenfrequency (! W T B ) is
performed. The collective �apwise eigenfrequency is determined to be0:699Hz [50]. From
Figure 1.6a it is shown that at a wind speed of12 [m =s] the displacement in the out of plane
direction is 6 [m] and for the rotor plane direction the displacement is � 0:8 [m] at 12 [m =s]
wind speed which is illustrated on Figure 1.6b. The usage of the de�ections and the natural
frequency for trajectory design is further described in Section 2.2.

Aerodynamic Disturbances

Within a con�ned space the UAV will encounter aerodynamic disturbances. Among those are
air resistance which causes drag and air�ow interference which can be a result of the UAV being
in close vicinity of walls or if the rotors are tilted and the air streams crosses. As for the drag
the design of the UAV can be minimized by streamlining the design, thus reducing the �ow
separation caused by the frontal area of the UAV. For the air�ow disturbance the diameter of
the propellers is the dominating factor where the size determines the distance from e.g. wall
where the disturbances a�ect the UAV. Furthermore, by tilting the rotors the wake of two rotors
might collide which disrupts the air�ow. This can be reduced by considering the angle of the
tilting and the distance between the rotors. The disturbances presented above will be explained
further in Section 3.5.

Size

The size of the UAV is limited as it do not only need to �t inside the WTB but further needs
space to maneuver to follow a trajectory and compensate for the disturbances. Contrary the
UAV has to carry sensor equipment such as camera solutions for trajectory control and the
inspection process increasing the weight and the required size of the UAV. The number of rotors
and the length of the propellers is a trade o� between size and generated thrust whereas a
quadcopter can be made compact compared to a hexacopter but cant carry the same load.
Another aspect is the UAVs capability for full actuation. For a UAV utilizing tilting rotors the
maneuverability is enhanced but these UAVs require additional actuators for the tilting motion
of the rotors thus increasing the size and weight.
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Optics and Positioning

The closed space within the WTB is dark and thereby a light source is required to illuminate for
the cameras. Additionally if the cameras for either trajectory tracking or inspection are �xed
at the UAVs body the UAV has to adjust the line of sight to the WTB. As the WTB can attain
di�erent positions at downtime the UAV has to �y horizontally, vertically or at an angle. For
con�gurations such as the quadcopter, multiple �xed cameras or cameras with the capability of
rotating independently are required for inspection at all blade positions. Another solution for
the camera heading is to utilize an omnicopter (OC). By this the heading of the UAV can be
chosen for all orientation thus aligning the camera with the WTB. The OCs are larger than the
quadcopter con�guration due to the amount of rotors needed and the complexity is increased
with the di�erent structure but it allows the omnidirectional �ight.

1.3 Relevant Designs

The UAV is desired to control all 6DOF independently to avoid roll or pitch for moving in the
x or y directions. Further, it is desired to align the UAVs heading with the line of �ight. For
this purpose it is of interest to investigate design possibilities for an OC. In this section a list of
existing designs is brie�y described from which inspiration for a new design is found.

ArduCopter: Fixed bidirectional rotors:
The ArduCopter has an unique form, which consists of 6 tetrahedrons that are joined together
in the center of gravity. It consists of 6 bidirectional rotors with one rotor attached to each
of the tetrahedrons. The UAV utilizes ArduPilot software for control. Otherwise there exists
scarce amount of information about design and control as the UAV was designed by a hobbyist.
The ArduCopter has the advantage of omnidirectionality which in principal could point a single
inspection sensor at any surface inside the WTB. However, the limited description of this system
as well as the use of bidirectional propellers makes the design less desirable. [42]

HexaCopter: Beam �xed bidirectional rotors:
This OC is consisting of 6 opportunistically aligned bidirectional rotors �xed on a beam shaped
body, 3 rotors at each end of the beam. To enable the omnidirectional �ight an optimization
algorithm is designed to determine the orientation and displacement of the rotors from the center
of mass. The optimization algorithms purpose is to maximizes the control wrench. For control,
a simple PID control structure is adopted. An advantage is the high wrench but the beam
structure is designed for carrying tools and induce increased size compared to the traditional
hexacopter structure. [51]

HexaCopter: Tilting unidirectional rotors:
The �rst tilting rotor hexacopter to be experimentally tested is given in [52]. The mechanical
structure is compact and allows to decouple rotational motion from translational. The tilting
property allows the hexacopter to be more e�cient when hovering compared to other �xed tilt
omni-vehicles, as the rotor thrust vectors can be parallel with the gravity vector. The control
structure is employing a position PID control law and a cascaded attitude control law. An
advantage for this design is the high e�ciency while hovering since the plane unidirectional
rotors can be aligned perpendicular to the gravitational vector. However, the tilting property
of the rotors require 6 additional actuators which yields a total of 12 actuators.

HeptaCopter: Fixed unidirectional rotors:
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The heptacopter is an OC consisting of 7 rotors and has an unique asymmetric design. By adding
a 7th rotor, the UAV gets full actuation with unidirectional rotors. Furthermore, the UAV can
handle actuator failure. The unique form which the OC has is a result of an optimization
algorithm to minimize the volume. The attitude loop is cascaded and highly nonlinear where an
adaptive backstepping control strategy is utilized. Lastly the stability of the system is proofed
utilizing Lyapunov theory. An advantage is that the rotors are unidirectional. However, the
performance of the UAV has never been experimentally tested. [53]

OctoCopter: Box �xed bidirectional rotors:
Articles [43, 54] both concerns the same work and OC where [54] contains the most detailed
description. The design is optimized based on wrench, which implies that the OC outputs
concerning translational and rotational movement can be reached equally e�cient with the
actuator inputs. Conclusively thrust and torque generation of the OC in [43, 54] was proven
feasible, however it was not possible to fully decouple translational from rotational motion
with the proposed control structure. Whereas the OC presented in [44] are optimized based
on minimization of power usage. This article also provides a more comprehensive actuator
model taking into account interacting air �ows from other nearby rotors. Article [44] analyzed
the energy consumption of the design at di�erent trajectories. However, it was not concluded
whether the air�ow interaction model was able to decouple translational and rotational motion
through control allocation. An advantage of the structural design of the OCs discussed
here is that their inertia tensor contains equal diagonal elements, and due to the propeller
orientations and the bidirectional property all angle orientations are an operating point. The
bidirectional rotors will have increased response time when a change of direction is required which
approximately doubles the settling time of the actuator (Assumption 2 ). Another disadvantage
is that the propellers are angled in di�erent and opposing directions making hovering ine�cient
and therefore decreases �ight time. [43, 44, 54]

OctoCopter: Beam �xed bidirectional rotors:
An OC designed and optimized with the purpose of mounting tools for physical interaction
while in midair. One example is to utilize the UAV for the steering of a mechanical arm as seen
in [55]. It is consisting of 8 bidirectional rotors each with 4 propeller blades. The OC has a
beam shaped body with 4 rotors �xed at both ends. The orientation and displacement from
the center of mass are determined through an optimization algorithm designed to maximize the
minimum applicable thrust and torque possible. The design ensure an omnidirectional �ight
with the possibility of carrying additional weight but due to the 8 rotors with 4 propeller blades
each the design required a large amount of battery capacity. The authors did not �nd any
commercial rotor-battery combination for the UAV to build and test a functional prototype.
Further they had to design a selective mapping algorithm to partially subdue the destabilizing
e�ects of the ESC-induced singularities caused when the rotors change spin direction and the
thrust is temporarily lost. [56]

For internal inspection of WTBs the following properties are seen as advantages:
Bidirectional rotors introduce singularities due to the rotor switching direction and also have a
slower response than unidirectional rotors. But, bidirectional rotors have increased actuation as
all rotors can contribute to thrust in all DOF which is found more desirable. A possible solution
to overcome the disadvantages of the bidirectional rotors is to incorporate a strategy to reduce
the frequent changing of direction of the rotors.
Compact design are of high importance, since the larger the UAV is the less of the WTB can be
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inspected. For this a more symmetrical design is preferred where the width, length and height
of the UAV is of similar size. This would make rotational motions easier as the cross sectional
area of the tube gets smaller.
The �ight time is important as the UAV do not only have to �y a far distance inside the WTB
but further �y at a speed which allows the inspection sensors to detect damages. The lesser
rotors and a light design increase the �ight time.
A symmetric structure as the construction used in articles [43, 54] are utilized as a starting point
for the design process. Due to the 8 rotors the �ight time is of concern, �rstly because of the
redundancy for utilizing 2 additional inputs than outputs. Secondly because of the increased
energy consumption gained from the relation in Equation 2.25.

With the initial structure of the design the rest of the work presented throughout this project
will revolve around the design and control objectives stated in Section 1.4

1.4 Problem Statement

The main objectives was brie�y discussed in Section 1.1. In this section the objectives is
speci�ed and decomposed into subproblems necessary to be investigated in order to obtain
our main objectives. This work is divided into 2 main parts. The �rst part concerns the design
procedure and modelling of an overactuated UAV for the application of conducting internal
WTB inspection. The second part involves the choice and design of a relevant control structure.
The objectives regarding design is stated separately from the objectives from the objectives
regarding control, as seen below.

Design Objectives:

1. Capability of producing thrust and torque for all DOF.

2. Determine optimal rotor locations and orientations based on the application.

3. Realistic proposal of UAV build.

4. Derive a realistic simulation model capturing dominant dynamics for the purpose of control
design.

Control Objectives:

1. Follow aggressive and smooth trajectory of sinusoidal tendency with a frequency
corresponding to ! W T B .

2. Keep the orientation aligned with the inertial frame.

3. Robustness towards unknown and unmodelled disturbances.

The design and control objectives are further elaborated in Sections 2.1 and 4.1, respectively.
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2 Design

The following chapter elaborates the application and the chosen trajectory for the UAV. Next,
the design is presented where the orientation of the rotors are determined from an application
dependent optimization algorithm. Lastly, the components for the UAV build is described with a
weight and size estimate of the UAV leading to the choice of a motor/propeller combination.

Abbreviation Meaning

BLDC BrushLess Direct Current
CAM Control Allocation Matrix
DOF Degrees Of Freedom
ESC Electrical Speed Controller
LED Light Emitting Diode
NRDM Normalized Rotor Displacement Matrix
RGB Red Green Blue
UAV Unmanned Aerial Vehicle
WTB Wind Turbine Blade

Table 2.1: Abbreviations used in this chapter.

2.1 Design Objectives

In this section the chosen design objectives are elaborated. The design objectives are the
guidelines throughout Chapter 2 and 3 and lay the ground work for the later presented control
structure. The design objectives are stated in the list below.

1. Capability of producing thrust and torque for all DOF.

2. Determine optimal rotor locations and orientations based on the application.

3. Realistic proposal of the UAV build.

4. Derive a realistic simulation model capturing dominant dynamics for the purpose of control
design.

The �rst design objective revolve the initial UAV design and the consideration for attaining
a fully actuated UAV. This involves number of rotors and general shape of the structure.

The second design objective involves the optimal position of the rotors depending on the
stated application. For this an optimization algorithm must be de�ned which is subject to
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physical concerns to ensure e�cient �ight such as decoupling of outputs, rotor e�ciencies and
input constraints.

The third design objective relates to the realization of the UAV design. Even though this
project is purely simulation based and a prototype of the �nal design is not realized it is still
desired to base the simulations on realistic measures. To obtain the proposal of the UAV build,
components have to be evaluated for both �ying and inspection together with weight and size
estimations.

The fourth design objective concerns the establishment of a realistic simulation model
to design a su�cient control structure for the application. For this, the descriptive
equations of the UAV dynamics are required together with approximations of the rotor model,
disturbances a�ecting the UAV both rotational and translational and measurement frequencies
and uncertainties.

2.2 Trajectory

The trajectory planning of the UAV for the �ight within the WTB is designed to �y at the
center of the quadratic tube along they axis as seen in Figure 1.4. The trajectory is based on
the de�ection of the WTB as described in Section 1.2. The trajectory has to change with the
de�ection for both the x and z direction to prevent the UAV from colliding with the walls of the
WTB. To mimic the wind disturbances the trajectory is consisting of 2 sinusoidal waveforms,
one for the x direction and one for the z direction. Both have a frequency of the WTBs
natural frequency at 0:699 [Hz] with the amplitude as a function of the UAVs y position and the
maximum tip de�ection. The trajectory is expressed as in Equation 2.1 and 2.2 and illustrated
at Figure 2.1. (Assumption 3 )

x(y; t) = xdef

� y
L

� 2
sin (! W T B t) (2.1)

z(y; t) = zdef

� y
L

� 2
sin

�
! W T B t +

�
2

�
(2.2)

where xdef and zdef are the maximum tip de�ections in the x and z directions respectively,
! W T B is the natural frequency in radians, t is time and L is the total length of the WTB. The y
position divided by the total length is representing the change in amplitude as the UAV moves
further into the WTB.

Figure 2.1 is an example of how the trajectory change as the UAV is moving at a constant
velocity through the WTB. Combining the 2 parts it is evident that the x and z reference is
constantly moving with the amplitude as a function of the UAVs y position. To perform the
inspection the y reference is chosen as a ramp input as the UAV is desired to �y slow and
continuously through the WTB. Set points of the y position are stated in Table B.1.

2.3 Orientation and Displacement of the Rotors

2.3.1 Application Dependent Design

As mentioned in Section 1.3 the initial design of the UAV, presented in this project, is based on
the symmetric design seen in [43, 54], where bidirectional electronic speed controllers (ESCs),

12



2.3. Orientation and Displacement of the Rotors Aalborg University

Figure 2.1: Illustration of the trajectory caused by wind for the UAV moving through the
WTB at a constant velocity.

brushless dc motors (BLDCs) and propeller con�guration is used. This con�guration is too
used in this work. For the inspection it is desired to align the body framey axis with either the
positive or negative WTB y axis. The alignment of the y axis is convenient for the orientation of
the camera solutions but requires some extend of omnidirectional �ight for the UAV to inspect
the WTB at any given position. Inspection at all WTB positions is possible if the UAV is fully
actuated at an angular span of90° rotation revolving the x axis. This can be visualized in Figure
2.2. If a rotation around xb occurs in the interval [0°; 90°] all directions contained in the blue
areas can be reached. If rotation revolvingzb has a full span (i.e360°) a rotation of 180° around
zb will render the directions marked by green reachable.

Figure 2.2: Illustration of how the UAV can translate in the yb direction when a 90° rotation
around xb can be applied.

The design presented throughout this project is optimized for the case where the WTB is at a
horizontal position and thereafter analyzed to determine actuation at other angular positions.
The proposed design is illustrated in Figure 2.3.
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(a) Illustration of the rotor design. (b) Illustration of the UAV design.

Figure 2.3

In Figure 2.3a the rotor fastening is illustrated whereas the motor is �xed to a base of carbon
�ber. From the base, 2 bent bars are extruded at each side with a protective ring attached,
surrounding the rotor to prevent the propeller from colliding with the ground, ceiling and walls.
As seen from Figure 2.3b the bars are further acting as the �xing point for the rotors and
the arms. The orientation of the rotors are for illustration whereas the exact orientations are
presented through the later optimization algorithm. The hollow cube at the center of 2.3b
is representing the case for the hardware, batteries and sensors utilized for the UAV. The
illustrations in Figure 2.3 are conceptual.

The UAV is desired to be fully actuated to control all 6DOF independently and minimize
necessary motions. Additionally it is desired to follow a moving trajectory meanwhile
compensate for aerodynamic disturbances. To achieve these desired speci�cations the orientation
of the rotors are of great importance. Within this section the orientation of the rotors are chosen
through an optimization algorithm where the optimization criteria are determined for �ight at
a horizontal WTB position as illustrated in Figure 2.4.
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Figure 2.4: Illustration of possible thrust directions for each rotor.

In Figure 2.4 the UAV is seen with the body frame y axis aligned with the inertial frame y axis
with the x axis pointing out of the plane. The circumference of the grey semi-spheres are seen
as the possible positions attainable for the individual rotor direction where each point on the
sphere denotes a direction which the rotor thrust vector can point towards. The subscript for
each rotor number express which direction in thex,y,z plane the rotor is placed. This will allow
any of the 8 rotors to a�ect in the 3 translational directions. The span of the orientations are
chosen due to the application of WTB inspection. For inspection, the UAV has to move back
and forth inside the WTB thus must be allowed to generate thrust in the y direction. Further,
due to the de�ection appearing in the inertial frame x and z axis the UAV must have signi�cant
actuation in these directions as well. The span of orientations each rotor can attain are utilized
for the optimization algorithm. The optimization method is presented in [54]. The method is
adopted in this work as it allows to adjust the design constraints as desired. The placement of
the rotors and their orientations are described by a displacement matrixP and a orientation
matrix X respectively. These matrices are de�ned from the relationship between the individual
propeller thrust and the body frame forces and torques.

2.3.2 Forces and Torques

The 8 rotors is generating a thrust and torque when rotating which a�ect the motion of the
UAV. If all the rotors thrust vectors are pointing in the body frame z-axis as for conventional
quad- or hexacopters, motions in thex and y axis are only obtainable by coupling these motions
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of roll and pitch. The design of the UAV is desired to achieve full controllability for traveling in
all translational directions while keeping the angular positions steady. Therefore the rotors have
to be con�gured to generate thrust in all 3 translational directions at all possible orientations.
The force vector containing the forces acting in thex, y and z body frame directions is calculated
as in Equation 2.3.

F =
NX

i =1

Fprop;i x i (2.3)

whereN is number of rotors, Fprop;i is the force generated for each rotor andx i is the respective
orientation of the rotor given as the rotor disk normal.
The torque a�ecting for roll, pitch and yaw is calculated as Equation 2.4.

� =
NX

i =1

Fprop;i (pi � x i ) + �F prop;i x i (2.4)

here pi is the respective displacement of the rotor from the center of mass of the UAV and�
is the thrust-to-drag coe�cient of the propeller given as the relation between the torque and
thrust coe�cients as seen in Equation 2.5. [43, 54]

� =
K �

K F
(2.5)

where K � is the torque coe�cient and K F is the force coe�cient. These coe�cients are
determined in Section 3.1.1 from experimental data of the rotor con�guration chosen in Section
2.3.3.

From Equation 2.3 and 2.4 the forcesF and torques � can be described as in Equation 2.6.

Fgen =

"
F
�

#

=

"
X

P � X + � X

#

Fprop (2.6)

where X is the orientation matrix containing the normal of each propeller disk and P is the
propeller displacement matrix. For the displacement matrix the structure of the UAV is seen
symmetric in which all rotors are placed with the same displacement from the UAVs center of
mass. The displacement matrix is seen in Equation 2.7.

P1 =
1

p
3

2

6
4

1 � 1 1 � 1 1 � 1 1 � 1
1 1 1 1 � 1 � 1 � 1 � 1
1 1 � 1 � 1 � 1 � 1 1 1

3

7
5 (2.7)

The gain of the displacement matrix comes from the normalization as the length of each vector
is de�ned as the length 1. The gain is calculated from Equation 2.8 and 2.9.

jpi j =
q

p2
x + p2

y + p2
z = 1 (2.8)

p2
x = p2

y = p2
z !

p
3p2

x = 1 ! p2
x =

12

3
! px =

1
p

3
(2.9)
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The orientation matrix is seen in Equation 2.10.

X 1 =

2

6
4

a1 a2 a3 a4 a5 a6 a7 a8

b1 b2 b3 b4 b5 b6 b7 b8

c1 c2 c3 c4 c5 c6 c7 c8

3

7
5 (2.10)

where the coe�cients ai , bi and ci determine the e�ect of the inputs in the x, y and z direction
and these are used as the variables for the optimization. The length of each column vector in
the orientation matrix have to be 1 and the 3 coe�cients thus have to satisfy the relation stated
in Equation 2.11.

q
a2

i + b2
i + c2

i = 1 ; i = 1 ; 2; : : : ; 8 (2.11)

The values the ai , bi and ci coe�cients can attain are determined from the area span of each
rotor de�ned at Figure 2.4. The rotors are paired into groups of 2 to reduce the complexity of
the optimization algorithm whereas 4 di�erent coe�cient spans are de�ned as seen in Table 2.2.

Rotor 1 and 2 Rotor 3 and 4 Rotor 5 and 6 Rotor 7 and 8

0 � c1 � 1 -1 � c3 � 0 -1 � c5 � 0 0 � c7 � 1

b1;max =
p

1 � c2
1 b3;max =

p
1 � c2

3 b5;min = -
p

1 � c2
5 b7;min = -

p
1 � c2

7

0 � b1 � b1;max 0 � b3 � b3;max b5;min � b5 � 0 b7;min � b7 � 0

a1 =
p

1 � b2
1 � c2

1 a3 =
p

1 � b2
3 � c2

3 a5 =
p

1 � b2
5 � c2

5 a7 =
p

1 � b2
7 � c2

7

c2 = c1 c4 = c3 c6 = c5 c8 = c7

b2 = b1 b4 = b3 b6 = b5 b8 = b7

a2 = � a1 a4 = � a3 a6 = � a5 a8 = � a7

Table 2.2: Attainable values of the orientation matrix coe�cients.

The de�nitions of the coe�cients spans are utilized for the optimization algorithm whereas
di�erent orientation matrices are calculated through a total of 8 loops.

As for now the 8 loops are only utilized to create an array of possible orientations but these are
further substituted into Equation 2.6 to determine the relation between the individual propeller
thrust and the body frame forces and torques. The relationship matrix is called the control
allocation matrix (CAM) and is represented in Equation 2.12.

V =

"
X

P � X + � X

#

(2.12)

The objective of the optimization is to maximize the CAM from which the propeller thrusts are
used e�cient for most possible motion. For each CAM the rows are evaluated by summation of
the absolute coe�cients thus a measure is given for each motion. Figure 2.5 illustrates a �ow
chart of the optimization procedure. Firstly, the code is initialized with the desired number of
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Figure 2.5: Visualization of design procedure.

for loop iterations, the normalized rotor displacement matrix (NRDM) and constraints. Then
8 for loops assign values for theai , bi and ci coe�cients based on the de�nitions in Table 2.2.
Thereafter the orientation matrix is stated and is used to calculate the CAM. The constraints
listed in Equation 2.14 - 2.17 are then de�ned. The �rst constrain is the condition number based
on the ratio between the highest and the lowest singular value and is de�ned not to be larger
than 7:5. The next three constrains relate tox, y, z direction values and are set to be not equal
0 (Assumption 4 ). These constraints are de�ned to reduce the coupling of outputs, to reduce
e�ort of the inputs and to utilize all rotors for every translational motion. The concept behind
SVD and the reasoning for using the condition number as a constraint are further elaborated in
Appendix F. Thereafter, the coe�cients are evaluated with respect to the constrains and if they
satisfy the given constrains then the optimization algorithm continues, otherwise the solution is
discarded. Figure 2.6 illustrates the inputs required for the UAV design to hover. To the left the
inputs of the maximum CAM without constraints are illustrated. The design might state the
maximum values of the CAM but some of the inputs required for hover exceed the saturation
limit while other are close to zero. By introducing the constrains listed in Equations 2.14 - 2.17
it can be seen in Figure 2.6 (right) that all the inputs are within the saturation limits.
The next step in Figure 2.5 is to de�ne an input constrain which is seen in Equation 2.18 and
then compare each input to a chosen set point. If any of the input errors violates the constraint,
the solution is discarded. On Figure 2.7 the orange lines are the set points and the error for
each input is the distance from input to set point. This constraint should draw the inputs away
from zero crossing and the saturation limit. If the all the errors ful�lls the given constrain then
the CAM is stored. At the the end of the algorithm all suitable solutions are evaluated and the
maximum CAM is chosen as the �nal design.
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Figure 2.6: Illustration of arbitrary inputs with and without SVD constrains.

Figure 2.7: Illustration of arbitrary inputs with a set point constrain.

With the given constraints the optimization problem is stated as a maximization as seen in
Equation 2.13 subject to Equations 2.14-2.18.
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max
x

8X

j =1

6X

i =1

jVij j (2.13)

subject to: 
 (V ) < 7:5 (2.14)

vx 6= 0 (2.15)

vy 6= 0 (2.16)

vz 6= 0 (2.17)

S
2

� 2:5 < jei j <
S
2

+ 2 :5 (2.18)

From the stated maximization the �nal CAM is given in Equation 2.19 and the corresponding
thrust vectors are seen in Figure 2.8 and Figure 2.9.

V =

2

6
6
6
6
6
6
6
4

0:839 � 0:839 0:839 � 0:839 0:839 � 0:839 0:839 � 0:839
0:484 0:484 0:484 0:484 � 0:484 � 0:484 � 0:484 � 0:484
0:250 0:250 � 0:250 � 0:250 � 0:250 � 0:250 0:250 0:250

� 0:126 � 0:144 0:144 0:126 � 0:126 � 0:144 0:144 0:126
0:345 � 0:334 � 0:334 0:345 � 0:345 0:334 0:334 � 0:345

� 0:202 0:207 � 0:207 0:202 0:202 � 0:207 0:207 � 0:202

3

7
7
7
7
7
7
7
5

(2.19)

Figure 2.8: Rotor thrust vectors.

Figure 2.9: 3D plot of the �nal design. The solid black lines are pointing outside the plane
while the dashed black lines are pointing into the plane.
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The �nal design is optimized from the WTB at a horizontal position but if the WTB position
change and the body framey axis is still desired to be aligned with the WTB length the e�ects
of the CAM would change in the inertial frame. To analyze the CAM in the inertial frame at
di�erent positions the orientation and displacement matrices are rotated around the x axis with
an increment of 10° from a span of � 90° to 90° seen from the original position. At �rst the
rotation matrix referring to rotation revolving the x axis is de�ned in Equation 2.20

R x (� ) =

2

6
4

1 0 0
0 cos(� ) � sin (� )
0 sin (� ) cos(� )

3

7
5 (2.20)

The orientation and displacement matrices can then be calculated as in Equation 2.21 and 2.22
whereas the CAM is seen in Equation 2.23.

P i (� ) = R x (� )P ; � = � 90° + i � 10° ; i = 0 ; 1; : : : ; 18 (2.21)

X i (� ) = R x (� )X (2.22)

Vi (� ) =

"
X i (� )

P i (� ) � X i (� ) + � X i (� )

#

(2.23)

Within Table B.3 the summation of absolute CAM values for all translational and rotational
motions are stated. Here the coe�cients for thrust in the x direction and torque for performing
roll are constant at all rotational positions. The thrust for the z direction is seen to be reduced
for rotations � 30° but then starts to increase for the additional rotational positions. The same
tendency appear for torque in the pitch direction. The thrust for the y direction is though seen
to decrease the further the UAV is rotated from the original orientation. This is also the case
for the performance of yaw motion. Though the coe�cients change with rotation, all DOF are
obtainable for the chosen design at an angular span of180°. The �nal CAM is not only used to
determine the individual propeller thrusts to generate force and torque in the desired directions
but further utilized as a measure for the selection of the motor/propeller con�guration for the
UAV as described in Section 2.3.3.

2.3.3 Choice of Motor/Propeller Con�guration

For the calculation of the CAM the thrust-to-drag coe�cient is present. As � is based on the
rotor thrust and torque coe�cients it will vary with di�erent rotor con�gurations. The thrust
and torque coe�cients are experimentally determined but as no experimental work has been
conducted throughout this project experimental data for di�erent motor/propeller con�gurations
have been gathered from RCbenchmarks database [57]. Together with the motor and propeller
the ESC is presented for each data set. For the rotors the propeller size is chosen as5 [in ] in
diameter based on prior knowledge of thrust generated and the relatively small size to keep
the UAV compact. From RCbenchmark 5 di�erent rotor con�gurations have been selected for
comparison:

1. The Carbon Fiber 5030 propeller with a TBS Ethix Mr Steele 2306 2345kv Silk V2 motor
and a EMAX BLHeli 80A UBEC 5A 5V ESC.
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2. The Gemfan 5040 R propeller with a Hypetrain Blaster 2207 2450Kv motor and a EMAX
BLHeli 30A BEC 2A 5V ESC.

3. The HQ Prop 5045 propeller with a DYS Samguk Shu 2306 2500kv motor and a Flycolor
XCross Blheli32 50A ESC.

4. The HQ Prop 5050 propeller with a DYS Samguk Shu 2306 2500kv motor and a Flycolor
XCross Blheli32 50A ESC.

5. The Gemfan 5050 3-Blades BN propeller with a Hypetrain Blaster 2207 2450Kv motor
and a EMAX BLHeli 80A UBEC 5A 5V ESC.

To choose the rotor con�guration for the UAV each of the 5 candidates are evaluated at 4
characteristics: Motor e�ciency and total e�ciency at hover position and maximum thrust and
torque. The motor e�ciency is related to the power consumption as operating at a higher
e�ciency increases the �ight time while the total e�ciency is evaluated to utilize more of the
con�gurations potential. As the UAV has to follow a trajectory meanwhile compensate for
WTB de�ections and aerodynamic disturbances the maximum thrust and torque are desired to
be large to allow faster movements of the UAV and prevent it from colliding with the walls.

To determine the e�ciencies at hover position the capable thrust capacity in the positive z axis
is utilized. For this the coe�cient vz from the feasibility analysis seen in Table B.3 is seen as
a measure of propeller forces acting against the gravitational force. The mean of the propeller
force needed to hover is then calculated as in Equation 2.24.

f p;hover =
mg

v(0°)z
=

0:8422kg � 9:8
m
s2

2
= 4 :13N (2.24)

The gravitational force is calculated by the gravitational acceleration g and the massm whereas
the mass is found in Section 2.5. With the mean of propeller force the rotational speed for
hovering can be determined from the data set and further utilized to determine the e�ciencies at
the given speed. At �rst, each candidates force measurements are plotted with the corresponding
rotational speed as seen in Figure 2.10 with the corresponding data sets seen in Appendix B.3.
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Figure 2.10: Force plot of the rotor candidates with corresponding 2nd order regression line,
equation and R2 �t.

From the data points a 2nd order regression forced through point (0,0) is approximating the
relation of the rotational speed and the rotor force. The 2nd order regression is due to the
assumption that force and torque are proportional to the rotational speed squared as seen in
Equation 2.25 [58] (Assumption 5 ).

f p / ! 2 ; � / ! 2 (2.25)

As an example the 2nd order regression of the HQ Prop 5045 is given in Equation 2.26.

f p = 0 :182� 10� 7 RPM 2 � 0:323� 10� 4 RPM (2.26)

By substituting the mean propeller force at hover position into Equation 2.26 it can be solved
for the approximated rotational speed needed for hover. From the calculated rotational speed
the data sets are used to determine the corresponding e�ciencies. The e�ciencies and maximum
force and torque are stated in Table 2.3.

Candidate 1. 2. 3. 4. 5.

Motor E�. [%] 62 72 71 63 62
Total E�. [%] 59 76 77 75 68

Max. Force [N ] 4.77 4.62 10.59 10.55 10.27
Max. Torque [Nm] 44:64� 10� 3 43:81� 10� 3 110:7 � 10� 3 115:12� 10� 3 168:18� 10� 3

Table 2.3: Characteristics of the 5 rotor con�gurations at hover position.
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From Table 2.3 the 3rd candidate HQ Prop 5045 has the second highest e�ciency for the motor,
the highest for total e�ciency, is capable of generating most force and is within top 3 in maximum
torque. This rotor con�guration is thus chosen for the UAV design. In Section B.3 all relevant
data for the �ve candidates is presented.

2.4 Size Estimation

In this section the size of the FAUAV is estimated. The estimation is based on the space available
inside the WTB at a depth of 2=3, this depth corresponds to approximately 40 [m] inside the
WTB.

From Table B.1 in Appendix B.1 it can be seen that at depth 40:29 [m] the box-spar has length
and width of 0:53 [m]. It is therefore argued that the maximum diameter of the UAV must be
less than the length and width at this given depth, that is Dmax < 0:53 [m]. Figure 2.11 a rough
sketch of the FAUAV is presented, in the sketch the relevant parameters for sizing the FAUAV
is given.

Figure 2.11: Sketch of the designed UAV displaying length and diameter parameters including
the maximum diameter of the vehicle.

The parameters L diag , D rotor , Dcasing , L slack , L cube and Dmax are known and from these the
unknown parameter L rod is calculated as seen in Equation 2.27.

L rod =
Dmax � (Dcasing + L diag )

2
(2.27)

ChoosingDmax = 500 [mm], L rod attains the value seen in Table 2.4.
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Parameter Value [mm]

Dcasing 147
D rotor 127
L cube 60
L diag 103.92
L slack 10
L rod 113

Table 2.4: Lengths and diameters of the UAV structure components.

2.5 Component List and Weight Estimation

In order to provide a realistic weight estimate, a hypothetical component list is constructed,
consisting of materials, actuators and sensors. Due to the geometric similarity between the
proposed design and the design in [54] certain components are incorporated in the weight
estimation in Table 2.5. The components that are incorporated from [54] are referred to as
basic components.

Basic Components

Component Units Unit Weight [kg] Summed Weight [kg]
Motor 8 0.0455 0.36
Propeller 8 0.0105 0.084
ESC 8 0.002 0.016
Battery 1 0.196 0.196
Frame 1 0.152 0.152
Wiring 1 0.02 0.02
Others 1 0.02 0.02
Sensors for Control and V-SLAM

Depth Camera 1 0.0756 0.0756
Tracking Camera 1 0.055 0.055
Sensors for Inspection
RGB Camera &

LED Light Source 1 0.04 0.04

Total Weight - - 0.8422

Table 2.5: Weight estimation of required components.

The reason for taking depth and tracking cameras into account are further elaborated in Chapter
4 Section 4.3. The RGB camera and LED light source are required to perform non-destructive
testing inside the WTB. An advantage by using RGB camera is low price and ease of use while
disadvantages include the requirement of illumination and it can only detect surface damages.
[11]
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3 Modelling of the UAV

Throughout this chapter the force and torque coe�cients are determined and a mathematical
model is made to approximate the dynamics of the ESC, motor and propeller combination.
Additionally a mathematical model of the UAV is constructed by rigid body dynamics. After the
mathematical model, a noise model is presented for inputs and measurements together with a
disturbance model a�ecting translational and rotational motions. Finally the equations utilized
for the simulation model are summarized in the last section.

Abbreviation Meaning

AI Aerodynamic Disturbance
CAM Control Allocation Matrix
CE Ceiling E�ect
DOF Degrees Of Freedom
ESC Electrical Speed Controller
FOPDT First Order Plus Dead Time
GE Ground E�ect
ICE In Ceiling E�ect
IGE In Ground E�ect
IMU Inertial Measurement Unit
IWE In Wind E�ect
OCE Out of Ceiling E�ect
OGE Out of Ground E�ect
UAV Unmanned Aerial Vehicle
WE Wind E�ect
WTB Wind Turbine Blade

Table 3.1: Abbreviations used in this chapter.

3.1 Modelling of Rotor Con�guration

The modelling of the rotor con�guration chosen in Section 2.3.3 is utilized for di�erent purposes
presented throughout the following 3 subsections. At �rst a static gain is calculated from the
relation between angular velocity squared and the thrust and torque respectively. These gains
are utilized to determine the thrust-to-drag coe�cient used in the CAM and to determine the
thrust saturation of the rotors. Secondly a dynamic model is derived to mimic the delay as a
input is commanded until it a�ects the UAV. This dynamic response is afterwards formulated
as a discrete model in the third part for estimation and control purposes.
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3.1.1 Force and Torque Coe�cients

From Section 2.3.2 the forces and moments a�ecting the UAV can be described through the
CAM and the propeller thrusts. From Equation 2.25 force and torque are assumed proportional
to the rotational speed squared and the relation is con�rmed at Figure 2.10 where the rotational
speed to force can be approximated as a 2nd order regression with the lowestR2 value at 0.9997.
The data sets utilized for Figure 2.10 are obtained by static experiments thus all dynamics are
settled when rotational speed is measured. Further at settled condition the input voltage is
assumed proportional to the rotational speed making the force and torque proportional to the
input voltage squared (Assumption 6 ). By normalizing the rotational speed squared the force
and torque coe�cients can be found as the gains between the normalized values and the force
and torque measurements. The gains are obtained as the slope of the linear regressions seen in
Figure 3.1.

Figure 3.1: Linear regression with the slope assigning the force and torque coe�cients.

The slope of the linear regressions are determined as the force and torque coe�cients seen in
Equation 3.1 and 3.2 whereas the thrust-to-drag coe�cient is calculated in Equation 3.3.

K F = 10:414 [N ] (3.1)

K � = 0 :1123 [Nm] (3.2)

� =
K �

K F
= 10:78� 10� 3 [m] (3.3)

3.1.2 Dynamic Response

At the static experiments the data is measured as the dynamic response of the rotor has settled
and thus do not capture the dead time and time delays occurring in the transition from voltage to
rotational speed. To incorporate a dynamic model of the rotor con�guration a di�erent data set
is utilized with faster sampling time to capture the dynamic response. No such data is obtainable
for the chosen rotor con�guration at RCbenchmarks database and it was chosen to approximate
the dynamics from data utilized in [43]. The results in [43] are of 2 di�erent step applied for the
rotor con�guration to determine the dynamic response. For the �rst step, the rotor is initially
providing 1:6[N ] of thrust whereas a step of0:4[N ] is additionally commanded. The rotor is thus
commanded to increase rotational speed for the same spinning direction and the settling time is
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approximated to 0:2 [s]. The second response is also as the rotor is commanded a step of0:4 [N ]
but with an initial thrust generation of � 0:2 [N ]. The step forces the rotor to change spinning
direction and the settling time for this response is approximated to 0:45 [s] thus more than
double of the step maintaining the same spinning direction. 2 di�erent approximations of the
rotors dynamic response are made as seen in Figure 3.2. The �rst approximation is a continuous
model consisting of 2 �rst order transfer functions, one with time constants at 0:085 [s] and one
with a time constant at 0:3 [s]. The reason for the 2 di�erent time constants are due to the
dynamics occurring as the rotors change direction. If a rotors input corresponds to the rotor is
always spinning the same direction, the time constant is kept at0:085 [s] as seen from the step
at the left of Figure 3.2. If the input forces the rotor to change direction the dynamics change to
the slow time constant when close to zero velocity to simulate the deceleration and acceleration
of the rotor as seen at the right of Figure 3.2. In addition a delay occur in the data acquired in
[43] whereas the steps are applied at time0:25 [s] but the response starts to act at time 0:27 [s]
thus the rotor model is extended to a �rst order plus dead time (FOPDT) with a dead time of
td = 0 :02 [s]. The FOPDT model is then seen in Equation 3.4.

GF OP DT (s) =
1

� ss + 1
e� td s (3.4)

with � s being 0:085 [s] under normal conditions or 0:3 [s] if the rotor change direction.
Increasing the time constant as the rotor is spinning with an angular velocity close to zero is an
impractical implementation in the simulation model as the slow response is only desired when
the rotor actually change spinning direction. Therefore the �rst approximation is only utilized
as a reference model for the second approximation seen as the red response at Figure 3.2.

Figure 3.2: Dynamic response of the rotor model.

Here the rotor response is still the FOPDT with a time constant of 0:085 [s] though if the rotors
angular velocity change sign the time constant is increased to5 [s] for a time period of 0:18 [s]
to �t the blue rotor approximation. The red response is then implemented in the simulation
model for each rotor.
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3.1.3 Discrete Rotor Approximation

The rotor model presented in Section 3.1 is of continuous form but to incorporate the dynamics in
the observers and controllers some assumptions are made and a di�erence equation is derived.
At �rst the rotor model is a FOPDT but to compensate for the dead time the rotor model
utilized for the observers and controllers is chosen as a second order transfer function to gain
an acceleration phase. The second order transfer function is presented in Equation 3.5.

Y (s)
U(s)

=
! 2

n

s2 + 2 �! ns + ! 2
n

! (s2 + 2 �! ns + ! 2
n )Y (s) = ! 2

nU(s) (3.5)

here � is the damping coe�cient and ! n is the eigenfrequency. The Laplace transform can be
described as the di�erentiation of the given variable. The time derivatives of Y (s) is then given
as in Equation 3.6 and 3.7.

Y (s)s =
dy
dt

= _y �
y(n) � y(n � 1)

T
(3.6)

Y (s)s2 =
d _y
dt

= •y �
_y(n) � _y(n � 1)

T
=

y(n) � 2y(n � 1) + y(n � 2)
T2 (3.7)

here T is the sampling time while n is the discrete time indicator. By substituting Equation
3.6 and 3.7 into Equation 3.5 the output can be de�ned from the di�erence equation given in
Equation 3.8.

1
T2 (y(n) � 2y(n � 1) + y(n � 2)) +

2�! n

T
(y(n) � y(n � 1) + ! 2

ny(n) = ! 2
nu(n)

!
�

1
T2 +

2�! n

T
+ ! 2

n

�
y(n) = ! 2

nu(n) + 2
�

1
T2 +

�! n

T

�
y(n � 1) �

1
T2 y(n � 2)

! y(n) =
! 2

nu(n) +
2
T

�
1
T

+ �! n

�
y(n � 1) �

1
T2 y(n � 2)

1
T2 +

2�! n

T
+ ! 2

n

(3.8)

The output becomes an expression of the current inputu(n) together with the 2 former outputs
y(n � 1) and y(n � 2). The damping coe�cient is chosen as� = 1 as no overshoot is occurring
for the FOPDT and the eigenfrequency is chosen as! n = 19[rad=s] to attain similar rise and
settling time as the rotor model presented in Section 3.1.2. The response of the second order
transfer function is seen in comparison with the FOPDT at Figure 3.3.
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Figure 3.3: Approximation of the rotor model for the EKF/MPC.

With the second order response the dead time is not fully captured, but still forces to accelerate
slower. Additionally as both the rise time and settling time is closely related for the 2 models,
the rotor approximation is deemed proper for the observer and controller designs.

With the di�erent rotor model approximations the input dynamics have been stated. The
following sections derive the descriptive equations for the UAVs motions where Section 3.2
describes the translational dynamics and Section 3.3 describes the rotational dynamics.

3.2 Derivation of Translational Dynamics

The thrust of the rotors are translated into general translational forces by the relation seen
in Equation 2.6. The translational dynamics of the designed UAV covers the relation between
the general forces and the UAVs motion in thex, y and z directions. The general forces can
be transform to a �xed global frame to determine the UAVs position in global coordinates
(Assumption 7 ).

To describe the translational accelerations Newton's 2nd law is utilized as stated in Equation
3.9.

Fb = m •p (3.9)

where Fb is a vector containing the translational body forces and •p is a vector containing the
linear accelerations both correlated to thex, y and z axis. The forces acting on the UAV is the
sum of forces generated from the 8 rotors and the gravitational force. To describe the e�ects
of the rotor forces and the gravitational force an inertial and a body frame is presented. The
inertial frame correlates to the motions of the UAV from a globally �xed coordinate system
while the body frame is �xed at the center of mass (CM) for the UAV and is correlating to the
orientation of the UAV. The 2 coordinate frames in relation to the UAV can be seen in Figure
3.4.
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Figure 3.4: Free body diagram contained in an inertial frame. When describing rigid body
dynamics a potato proves su�cient for the purposes of illustration.

Figure 3.4 shows the inertial frame extending from origoO and the body frame extending from
the CM of the UAV. The body frame is seen rotated around the CM whereas the gravitational
force Fg is a�ecting at the CM and directed in the global negative z axis. The forces acting on
the UAV can then be de�ned as in Equation 3.10.

X
F = F i � Fg ; Fg = mge (3.10)

where F i is the rotor force acting on the rigid body in the inertial frame and Fg is the
gravitational force with e as the orientation vector. As the gravitational force is only acting in

the z axis of the inertial frame the orientation vector is de�ned as e =
h
0 0 1

i T
. The forces

from the rotors both depend on the orientation of the rotors with respect to the body frame and
the body frames orientation in relation to the inertial frame. The orientation of the rotors with
respect to the body frame is conveyed in Section 2.3.2, but the relation of the forces between
body and inertial frame is described through the rotation matrix Q as seen in Equation 3.11.

F i = QF b (3.11)

Q =

2

6
4

q2
0 + q2

1 � q2
2 � q2

3 2(q1q2 � q0q3) 2(q0q2 + q1q3)
2(q1q2 + q0q3) q2

0 � q2
1 + q2

2 � q2
3 2(q2q3 � q0q1)

2(q1q3 � q0q2) 2(q0q1 + q2q3) q2
0 � q2

1 � q2
2 + q2

3

3

7
5 (3.12)

The rotational matrix seen in Equation 3.12 is described in quaternion units. A quaternion is a
4 dimensional vector consisting of a real partq0 (scalar part) and 3 imaginary parts q1, q2 and
q3 (rotational part) as seen in Equation 3.13.

q = q0 + iq1 + jq2 + kq3 (3.13)
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The usage of quaternions for the rotational matrix require the 4 components to be normalized
thus they have to satisfy the second-norm being equal to 1 as seen in Equation 3.14.

jqj2 =
q

q2
0 + q2

1 + q2
2 + q2

3 = 1 (3.14)

Using quaternions to describe rotation is less intuitive than applying Euler angles but has it
advantages as the sine and cosine terms from Euler angles are removed. Further, quaternions
can handle omnidirectional rotation without resulting in loss of DOF as Gimbal lock does not
occur. Further explanation of quaternion theory and derivation of the rotational matrix are
seen in Appendix C. [59�61]. By substituting Equations 3.9 and 3.11 into Equation 3.10 the
translational acceleration can be seen in Equation 3.15 wherem denotes the mass andg is the
gravitational acceleration. [62]

•p =
1
m

QF b � ge (3.15)

The global acceleration of the UAV then becomes a function of the body forces rotated with the
orientation described in quaternions and the gravitational acceleration. As the UAV is further
capable of rotating the next section covers the rotational dynamics.

3.3 Derivation of Attitude Dynamics

The attitudinal dynamics are described in 2 part. The �rst part is the derivation of the
quaternion rates and the second part is the derivation of the angular accelerations.

The quaternion dynamics can be established by the quaternion rates calculated by the cross
and dot product of the quaternion q itself and a quaternion for the angular velocity in the body

frame. The angular velocity quaternion is de�ned as! = 0 + ip + jq + kr =
h
0 p q r

i T
thus

only pure rotation. For simplicity the two quaternions are de�ned as a scalar and a vector part
given asq = [ q0; q] and ! = [ ! 0; ! ]. The quaternion derivative is then calculated as in Equation
3.16. [61]

_q =
1
2

q 
 ! =
1
2

"
q0! 0 � q � !

q0! + ! 0q + q � !

#

(3.16)

The two expressions from Equation 3.16 are calculated in Equation 3.17 and Equation 3.18. [63]

q0! 0 � q � ! =
h
0 � q1p � q2q � q3r

i
(3.17)

q0! + ! 0q + q � ! = q0

2

6
4

p
q
r

3

7
5 +

2

6
4

q1

q2

q3

3

7
5 �

2

6
4

p
q
r

3

7
5 =

2

6
4

q0p + q2r � q3q
q0q � q1r + q3p
q0r + q1q � q2q

3

7
5 (3.18)

By substitute Equation 3.17 and 3.18 into Equation 3.16 the quaternion derivative can be
expressed by the transformation matrix containing the angular velocities and quaternion vector
q as seen in Equation 3.19. [64]
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7
7
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(3.19)

Figure 3.5: Free potato-body diagram, containing the necessary parameters for the derivation
of attitude dynamics of a rigid body.

The angular acceleration is derived from the absolute angular momentum as seen in Equation
3.20.

H =
X

� i � mi v i (3.20)

The absolute angular momentumH is the sum of moments for all given point masses illustrated
in an arbitrary position in Figure 3.5. From Equation 3.20, � i is the length from origin to the
i th point mass, mi is the mass andv i is the velocity of the i th point mass. The velocity is
de�ned as in Equation 3.21.

v i = v + ! � � i (3.21)

here v is the velocity of the center of mass and! � � i is the relative velocity of the i th point
mass, both illustrated in Figure 3.5. Substituting Equation 3.21 into Equation 3.20 the absolute
angular momentum is seen in Equation 3.22.

H =
X

(� i � mi (v + ! � � i )) =
X

� i � mi v +
X

� i � mi (! � � i ) (3.22)

From Equation 3.22 the momentum can be divided into 2 terms whereas the �rst term can be
rewritten as Equation 3.23.
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X
� i � mi v = � v �

X
mi � i (3.23)

As the center of mass is considered the origin the sum of the product between the mass and
length to the i th mass points are zero. Thus, the absolute angular momentum is reduced to the
expression in Equation 3.24.

H =
X

� i � mi (! � � i ) (3.24)

From Equation 3.24 � i can be described as a vector� i = ix + jy + kz. Further by substituting
dm for the mass, the summation is turned to an integral action de�ning the absolute angular
momentum as Equation 3.25.
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The integral can be described in matrix form as seen in Equation 3.26.
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The integration of the length units squared related to mass results in the inertia for thex, y
and z axis with respect to the angular velocities. Equation 3.26 can then be rewritten as the
inertia matrix and the vector of angular velocities as seen in Equation 3.27.
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Due to the symmetry of the UAVs structure all of the o�-diagonal terms in the inertia matrix
are zero and the absolute angular momentum is expressed as in Equation 3.28.
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! x
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7
5 = iI xx ! x + jI yy ! y + kI zz! z (3.28)

To relate the angular acceleration to the moments the sum of moments can be described as the
derivative of the absolute angular momentum as seen in Equation 3.29.
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X
M = _H =

�
di
dt

I xx ! x +
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dt

I yy ! y +
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I zz! z

�
+ ( iI xx _! x + jI yy _! y + kI zz _! z) (3.29)

The derivatives of the i , j and k can be combined and described by the angular velocity vector
cross the orientation vector as seen in Equation 3.31.
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By this notation the sum of moments is given as in Equation 3.32.
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The sum of moments are equal to the torque generated in the body frame. By substituting the
torque into Equation 3.32 the angular acceleration can be isolated as seen in Equation 3.33 [62].
Where

P
M = � b.

_! = J � 1(� b � ! � J ! ) (3.33)

where ! = [ p q r]T . It is evident from Equation 3.33 that the inertia is of great importance.
Therefore an accurate estimation of the moment of inertia is desired and derived in Subsection
3.3.1.

3.3.1 Estimation of Inertia

In this section an expression of the moment of inertia of the UAV is derived, assuming the UAV
to be a cuboid with uniformly distributed mass as illustrated in Figure 3.6 (Assumption 8 ).

Figure 3.6: A sketch of a cuboid illustrating how mass moment of inertia is estimated, notice
the marked area constitute a quarter of the volume and thereby quarter of the mass of the

cuboid.
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The quarter of the mass can be de�ned as in Equation 3.34.

m1=4 = �abc (3.34)

wherea; b; care half the lengths of each side of the cuboid and� is the density. By inserting this
expression into the diagonal elements in Equation 3.26 the inertia of the quarter of the cuboid
can be derived seen in Equation 3.35. The derivation in Equation 3.35 is for the inertia around
the z axis, but the procedure is the same for thex and y axis.
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=
4
3

m1=4

�
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By further de�ning the sides as presented in Equation 3.36 and inserting into 3.35 the inertia
can be expressed as seen in Equation 3.37.
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Furthermore, by inserting Equation 3.36 into Equation 3.34 the mass can be stated as in
Equation 3.38.

m1=4 = �abc = �
1
2

A
1
2

Bc =
�
4

ABC (3.38)

Then by multiplying Equation 3.38 by 4 the total mass of the UAV is expressed in Equation
3.39.

mtotal = �ABC (3.39)

The total mass is then inserted into Equation 3.37 which yields the total inertia around the z
axis.

I zz =
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�
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4

ABC
�
A2 + B 2�

=
1
12

�ABC
�
A2 + B 2�

=
1
12

mtotal

�
A2 + B 2�

(3.40)

With the derivation of the moment of inertia, the foundation of the mathematical model is now
de�ned and the following section shows open loop testing of the simulation model based on the
presented design.
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3.4 Open Loop Test of the Mathematical Model

This section demonstrates how the designed UAV acts in the simulation model as di�erent
open loop inputs are commanded. The �rst simulation involve the UAVs motions as only hover
thrust is applied as seen in Figures 3.7 and 3.8. Then the UAV is exerting thrust for individual
translational motions such as thex direction seen in the Figures 3.9 and 3.10. These are followed
by simulations of the UAV as torques are applied for either a roll, pitch or yaw motion with the
simulations of roll presented in Figures 3.11 and 3.12.

While only applying hover thrust the UAV is kept at the same global x, y and z coordinates
without performing any rotations. For Figures 3.9, 3.10, D.1, D.2, D.3 and D.4 the UAV is
applied with hover thrust plus thrust for either the body x, y or z direction. The UAV is only
seen to move in the direction of the corresponding force without rotating, thus proving the design
capable of controlling each translational motion independently without the use of rotation. At
last the Figures 3.11, 3.12, D.5, D.6, D.7 and D.8 presents the UAVs motions as hover thrust is
provided together with torques generating di�erent rotations. The hover thrust is applied for
the body frame and not for the global which results in the translation motion when performing
roll or pitch. This is due to the forces applied for the body z axis is rotated in the global frame
thus redirecting the thrust in the y direction with a roll motion and in the x direction with a
pitch motion.

The results presented above is motions of the UAV only with the descriptive dynamic equation
utilizing ideal inputs. The rotor model derived in Section 3.1.2 is then incorporated and the
e�ects are shown in Figure 3.13.

Figure 3.7: Translational positions applying hovering thrust.
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Figure 3.8: Rotational positions applying hovering thrust.

Figure 3.9: Translational positions applying hovering thrust and 0:1 [N ] for positive x direction.
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Figure 3.10: Rotational positions applying hovering thrust and 0:1 [N ] for positive x direction.

Figure 3.11: Translational positions applying hovering thrust and 0:0001 [Nm] for positive roll.
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Figure 3.12: Rotational positions applying hovering thrust and 0:0001 [Nm] for positive roll.

Figure 3.13: Comparison of dynamic response with and without the rotor model.

The simulation shown in Figure 3.13 are seen as the UAV is initialized atz position 0 [m] and
simply dropped. The rotors are then commanded to provide hover thrust to illustrate how the
rotor model corrects for the drop. It is seen from the response without the rotor model, that
the inputs act instantaneously and the UAV is kept at the initial position. For the response
with the rotor model, the inputs have a slow phase at the �rst 0:25 [s] corresponding to the
acceleration of the rotors and afterwards change to the faster time constant before settling at
the commanded rotor inputs. During this period the UAV is seen to fall and slightly correct for
the drop as the rotors increase in velocity. Due to these results the rotor model is concluded
important to incorporate in the design of estimators and controllers in future aspects.
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The results presented in this section is only for an ideal �ight thus not a�ected by either
translational or rotational disturbances. When �ying with a UAV, and especially within a
con�ned space as a WTB, di�erent disturbances occur. To make the simulation model more
realistic and to create a robust control structure to accommodate for these disturbances they
have to be modelled as seen in Section 3.5.

3.5 Disturbance Model

This section introduce the simulation model approximations of the disturbances a�ecting the
UAV within a con�ned space. Firstly, translational disturbances are introduced which include
ground e�ect (GE) and ceiling e�ect (CE) presented in Section 3.5.1. Secondly, rotational
disturbances are described in Section 3.5.2 and include wall e�ect (WE) and air�ow interference
(AI) caused by the propellers.

3.5.1 Translational Disturbances

GE and CE are phenomenons which occur when the UAV is in near vicinity of the ground or
ceiling respectively. When the UAV is in ground e�ect (IGE) the thrust required to sustain the
same altitude or �y upwards is lower than the required thrust when out of ground e�ect (OGE).
This is due to the increased pressure under the UAV compared to above which is a result of the
air�ow bouncing of the ground. Figure 3.14 (top right) illustrates how the air�ow behaves IGE
compared to Figure 3.14 (top left) when the UAV is OGE. Further, when the UAV is in ceiling
e�ect (ICE) the air pressure under the UAV is larger than above which causes suction towards
the ceiling. This results in the same tendency for ICE as for IGE where lesser thrust is required
to maintain or increase altitude as when the UAV is out of ceiling e�ect (OCE). On Figure 3.14
(bottom left) ceiling e�ect is illustrated.

Figure 3.14: Illustration of the air�ow for: (top left) no e�ect, (top right) ground e�ect,
(bottom left) ceiling e�ect and (bottom right) wall e�ect. [65]
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Figure 3.15: Simpli�ed sketch of the WTB along with z axis de�nitions. The black X marks an
arbitrary position of the UAV.

A simpli�ed model of the WTB is illustrated in Figure 3.15 ( Assumption 9 ). The black lines
represent the outer walls of the WTB and the blue lines are the height when the UAV enters GE
or CE. Lastly, the red line is the reference trajectory which was set aszref = 0 . A linear function
of the WTB walls was derived based on data from Table B.2 in Appendix B.1. Equation 3.41
describes the slope from the lower WTB wall to the reference trajectory. Further, Equation 3.42
represents the slope for the upper wall of the WTB down to the trajectory.

zW T B GE
(y) = 0 :012y � 0:615 (3.41)

zW T B CE
(y) = � 0:012y + 0 :615 (3.42)

To determine the actual position of the UAV inside the WTB an error function is de�ned and
is presented in Equation 3.43 werezerr is the distance between the trajectory and the UAVsz
position where z denotes the UAVs z axis position.

zerr = � zref + z (3.43)

The distance from the WTB wall where the UAV enters GE or CE is de�ned as 5R were R is
the radius of the propellers. To determine when the UAV is IGE or ICE, the relative position
of the UAV compared to the ground and ceiling are determined in Equations 3.44 and 3.45
respectively. When zGE or zCE < 5R, the UAV is either IGE or ICE.

zGE = � zW T B GE
+ zerr (3.44)

zCE = zW T B CE
� zerr (3.45)

The e�ect of GE and CE on the thrust is seen in Equations 3.46 and 3.47 respectively [66]
(Assumption 10 ). Here TIN is the commanded input thrust and TOUT is the actual thrust
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seen from the UAV. When zGE or zCE > 5R then TIN � TOUT and GE or CE are negligible.
Furthermore, when zGE and zCE < 5R then the UAV is a�ected by GE and CE simultaneously
which is expressed in Equation 3.48. The constants�; a 1; a2 are tuning parameters and the
values are seen in Table 3.2.

TOUT
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=
1

1 � �
�

R
4zGE

� 2 (3.46)
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� �
R
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� 2
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1 � �
�

R
4zGE

� 2
� (3.48)

Parameter Value

a1 0:9
a2 0:5
R 0:0635[m]
� 1

Table 3.2: Parameters utilized in the GE and CE model.

The e�ects of the GE and CE can be seen in Figure 3.16 by a simple simulation. The UAV
is supplied with hover thrust and given a constant thrust input for the y direction causing the
UAV to �y into the WTB. The y and z position in the global frame can be seen at the left where
the UAV is initialized at a length of 24:2[m] inside the WTB. When the UAV reach 24:8[m] in
the y direction the z position are seen to change as the UAV enters GE and CE and the thrust
required to hover is reduced. As the UAV is constantly supplied with the initial hover thrust it
keeps �ying upwards until it crashes into the ceiling where the rotors are cut o� and it falls to
the �oor of the WTB. At the right the thrust seen from the UAV is shown. Before entering the
translational disturbances the thrust is constant but when the UAV reaches GE/CE at 18 [s] 2
sudden jumps occur for the thrust before it continuously increases until the UAV collides with
the ceiling of the WTB. The sudden spike appearing when the disturbances a�ects is due to the
ground and ceiling models do not have a smooth transition. This reaction might not occur in
real life but deemed suitable for testing robustness for the later control structure. The slight
drop right after entering the disturbances is caused as the UAV begins to �y upward and quickly
leaves the ground e�ect again. The UAV is though only a�ected by ceiling e�ect for the rest of
the simulation until crash. In Appendix G.4 the code which was implemented in MATLAB is
presented.
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Figure 3.16: The e�ects on the UAV when entering GE/CE.

3.5.2 Rotational Disturbances

The rotational disturbances described in this section include WE and AI. WE occurs when the
propellers are in a perpendicular position and in close vicinity of a wall. When the UAV is
in wall e�ect (IWE) the air�ow to the propellers closest to the wall reduces compared to the
propellers further away. This causes the thrust from the propellers closer to the wall to be lower
than the thrust from propellers further away, which then induces a torque around the center and
the UAV �ips towards the wall. WE is illustrated in Figure 3.14 (bottom right). AI is an e�ect
which occurs as the air�ow from the propellers collide with each other. Due to the angles of the
rotors this disturbance has larger e�ect than with a conventional quadcopter. The established
rotational disturbance model for this work will apply small but fast changing torques to the
body. This is done to mimic e�ects of turbulent air�ow. The model is de�ned as a statistic
function following a normal distribution that randomly applies torques about all axes in both
positive and negative direction. To determine the variances of the torques, row 4 for roll, row
5 for pitch and row 6 for yaw are extracted from the CAM. The CAM seen as the output of
the design optimization are though based on the normalized displacement matrix. The CAM
utilized for calculating the variances of the rotational disturbances are based on the CAM with
the real displacements of the rotors and can be seen in Equation 3.49

V =

2

6
6
6
6
6
6
6
4

0:839 � 0:839 0:839 � 0:839 0:839 � 0:839 0:839 � 0:839
0:484 0:484 0:484 0:484 � 0:484 � 0:484 � 0:484 � 0:484
0:250 0:250 � 0:250 � 0:250 � 0:250 � 0:250 0:250 0:250

� 0:0054 � 0:0252 0:0252 0:0054 � 0:0054 � 0:0252 0:0252 0:0054
0:0441 � 0:0327 � 0:0327 0:0441 � 0:0441 0:0327 0:0327 � 0:0441

� 0:0202 0:0261 � 0:0261 0:0202 0:0202 � 0:0261 0:0261 � 0:0202

3

7
7
7
7
7
7
7
5

(3.49)

The absolute values of each row concerning the torques are summarized where the row for roll
is utilized as an example in Equation 3.50.

V�;total =
4X

i =1

V�;i i = 1 ; 2; � � � ; 8 (3.50)

44



3.5. Disturbance Model Aalborg University

To �nd the maximum variance the total value is multiplied by the maximum thrust the UAV
can yield which is seen in Equation 3.51.

M �;max = V�;total f p;max (3.51)

Where f p:max = 10:414[N ]. With the maximum value of the torque found, the variance is chosen
to be 5 % of that value which is seen in Equation 3.52 (Assumption 11 ).

M �;var = ( M �;max � 0:05)2 (3.52)

The same procedure is used to �ndM �;var and M  ;var . Table 3.3 presents the values of the
variance for roll, pitch and yaw.

Parameter Value

M �:var 1:87� 10
� 5

M �:var 1:18� 10
� 4

M  :var 4:28� 10
� 5

Table 3.3: Parameters utilized in the rotational disturbance model.

The values within Table 3.3 are chosen with a small variance at5% of the torque that the given
UAV design is capable of producing. The disturbance values are mostly chosen to investigate
how sensitive the UAVs motions are and if the presented control structure can compensate
for small disturbances. The variances are seen as the minimum peak values for the rotational
disturbances and are later increased to test robustness of the control structure. With the stated
variances the e�ects can be seen in Figure 3.17 where the UAV is applied with hover thrust in
the body frame and a�ected by the rotational disturbances.

Figure 3.17: UAV supplied by hover thrust and a�ected by rotational disturbances.

The rotational disturbances a�ects the UAV instantaneously causing rotation seen from the
quaternions to the right at Figure 3.17 as they deviate from the set point. This causes the hover
thrust in the body frame to be redirected in the x and y direction in the global frame and the
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UAV starts moving in all translational directions. This proves that even small disturbances have
a signi�cant in�uence on the motions of the UAV and must be considered in the later control
structure.

Another aspect of the simulation model is to apply measurement noise for the states which can
be monitored. The measurement noise is depending on the individual sensors utilized to measure
the di�erent states. In Section 3.6, the di�erent measurements available are presented with the
corresponding measurement noise models.

3.6 Measurement Noise

Di�erent sensors are to be attached to the UAV to determine its position and orientation in
relation to the WTB and the desired �ight trajectory. The measurements of the sensors are
a�ected by noise which is modelled in this section for simulation purposes. To obtain attitude
and a general direction for yaw (magnetic north) a 9DOF inertial measurement unit (IMU)
is used. The IMU considered is the BNO055 [67] consisting of an accelerometer measuring
the translational accelerations, a gyroscope to measure rotational position and a magnetometer
determining the yaw orientation from the earths magnetic �eld. The IMU already contains
fusion �lters to sort out measurement noise but due to the condition of the UAV �ying within
a con�ned space with electrical and magnetic disturbances, measurement noise is modelled for
the quaternion measurements. The measurement noise for the IMU is modelled as white noise
with a mean of zero whereas the frequency is determined from the fused output data stated
as 100 [Hz] in the data sheet. The variance is based on a deviation of2 % of the quaternion
measurement span of� 1 to 1. An example of the quaternion measurement noise is seen in
Figure. 3.18.

Figure 3.18: Quaternion measurement noise.
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The noise models applied for the additional measurements are of same nature as for the
quaternions though with di�erent variances. For the translational position within the WTB
two cameras are utilized. The cameras are the Intel RealSense Tracking Camera T265 [68] and
the Intel RealSense Depth Camera D455 [69]. Both cameras contain a 6DOF IMU consisting of
a accelerometer and a gyroscope. In this work it is assumed that the depth camera can be used
to increase accuracy of the tracking camera without in�uencing the sampling frequency of the
tracking camera which is maximum 200 [Hz] as stated in Table 3.4. Elements in Table 3.4 are
intentionally left blank to indicate knowledge we do not have or can't obtain from the sensors.

Measurement
Tracking Camera

T265
IMU

BNO055
f s [Hz ] � 2 f s [Hz ] � 2

p 200 0.0004* - -
_p 200 0.001* - -
•p 200 * 100 0.013
! 200 * 100 *
q 200 * 100 0.0004

Table 3.4

The stars (*) refers to values that must be assumed, since they were not mentioned in the data
sheets [67�69] (Assumption 13 ).

Since 200 [Hz] is the maximum attainable frequency it is found reasonable to assume that a
realistically obtainable sampling frequency is100 [Hz] which is the same sampling frequency as
the BNO055 (Assumption 14 ). Lastly it is assumed that sensor fusion is possible between
the camera combination and the BNO055 for more reliable measurements (Assumption 15 ).
Table 3.5 summarizes variances and sampling frequencies used for the white noise sensor models
contained in the overall simulation model. The values are either assumed or directly found in
data sheets of the candidate sensors.

Measurement
Measurement

Model
f s [Hz ] � 2

p 100 0.0004
_p 100 0.001
•p 100 0.01
! 100 0.0004
q 100 0.0004

Table 3.5

3.7 Model Summary

In this section the governing equations of the UAV model are summarized. In Section 3.1 a
FOPDT model of the motors is derived as seen in Equation 3.53 where� s is the time constant
and td is the time delay constant.
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GF OP DT =
1

� ss + 1
e� td s (3.53)

In Section 3.2 the translational dynamics are derived, where the states are viewed in Equation
3.54 with p being the global position states,q being the global orientation states and! being
the body frame angular velocity.

p =
h
x y z

i T
q =

h
q0 q1 q2 q3

i T
! =

h
p q r

i T
(3.54)

The �nal model describing the translational acceleration is presented in Equation 3.55. HereQ
is the rotation matrix shown in Equation 3.56. Furthermore, FB are the forces acting on the
UAV in body frame, m is the mass,g is the gravitational acceleration and e is an orientation
vector.

•p(q; _p; Fb ) =
1
m

Q F B � g e �
1
m

Cd _p (3.55)
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Section 3.3 describes the derivation of the attitude dynamics, where the �nal model of the
rotational acceleration is stated in Equation 3.57. J is the inertia matrix, � B are the torques
acting in the body frame, ! is the angular velocity and Cd is the aerodynamic damping.

_! (! ; � b) = J � 1(� B � ! � J ! ) (3.57)

In Appendix C the derivative of the quaternion vector is calculated and can be seen in Equation
3.58. Here W is the transformation matrix containing the angular velocities and q is the
quaternion vector.
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(3.58)

The system model is summarized in Equation 3.59.

f sys =

2

6
4

•p(q; _p; Fb)
_! (! ; � b)
_q(q; ! )

3

7
5 (3.59)

and the state vector is seen in 3.60

� =
h

_x _y _z x y z p q r q0 q1 q2 q3

i T
(3.60)

48



3.7. Model Summary Aalborg University

A disturbance model was derived in Section 3.5 describing both translational and rotational
disturbances. The translational disturbance models for GE, CE and combined GE/CE are
presented in Equations 3.61, 3.62 and 3.63 respectively.
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As for the rotational disturbance model, it was modeled as a statistic function described in
Equation 3.64 where� is the mean,� 2 is the variance andN denotes that the function follows a
normal distribution. Likewise, in Section 3.6 a measurement noise models are stated as statistic
functions seen in Equations 3.65

M R = N (�; � 2
R ) (3.64)

M meas = N (�; � 2
meas) (3.65)

Figure 3.19 illustrates a block diagram which summarizes all the equation which were utilized
in the open loop model.
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Figure 3.19: A block diagram of the full model.
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4 Control Considerations

This chapter establish a candidate control structure for trajectory tracking and disturbance
rejection of the designed UAV. At �rst the desired control criteria are presented followed by a
literature review of existing relevant control structures. The review is followed by considerations
on availability of measurements, choice of control allocation method, assessment of signi�cant
closed loop bandwidths and lastly the proposed control structure is presented.

Abbreviation Meaning

BLDC BrushLess Direct Current
BS BackStepping
DOF Degrees Of Freedom
EKF Extended Kalman Filter
FAUAV Fully Actuated Unmanned Aerial Vehicle
IMU Inertial Measurement Unit
LMPC Linear Model Predictive Control
LQR Linear Quadratic Regulator
MCU MicroController Unit
MPC Model Predictive Control
NMPC Nonlinear Model Predictive Control
PID Proportional Integral Derivative
SMC Sliding Mode Control
UAV Unmanned Aerial Vehicle
V-SLAM Visionbased-Simultaneous Localization And Mapping
WTB Wind Turbine Blade

Table 4.1: Abbreviations used in this chapter.

4.1 Control Criteria

In this section the chosen control criteria are outlined. They are chosen based on the environment
in which the UAV is supposed to carry out the inspection tasks. These criteria are summarized
in the list below.

1. Follow aggressive and smooth trajectory of sinusoidal tendency with a frequency
corresponding to ! W T B .

2. Keep the orientation aligned with the inertial frame.

3. Robustness towards unknown and unmodelled disturbances.
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The �rst control criterion on the list concerns translational movement since the UAV can
be commanded to move in globalx, y and z directions independently from angular movement.
It is required that the magnitude of translational disturbances in any direction are less than the
forces that can be asserted by the actuators on the body of the UAV. This can be justi�ed by
rewriting equation 3.15 to contain a bounded disturbance term as seen in equation 4.1.

•p =
1
m

Q(Fcmd � Fext ) (4.1)

It is implied that the gravitational force is contained in Fext . If the acceleration is to be controlled
in the presence of disturbances the inequality in Equation 4.2 must be ful�lled.

jF cmd j > jFext j (4.2)

In addition the closed loop bandwidth for translational motion must be much larger than the
frequency of the disturbances that a�ects the systems translational movements as stated in 4.3.

j! cl;trans j >> j! W T B j (4.3)

If this can be achieved with a candidate controller, the closed loop system can react to a fast
changing reference and additional disturbances without colliding with the inner walls of the
WTB.

Likewise, the magnitude of the attitudinal disturbances and gyroscopic e�ects must be less than
the maximum absolute moments applied by the actuators. The gyroscopic e�ects are contained
in the term (� ! � J ! ). This can be seen by rewriting 3.33 into 4.4 and including a bounded
disturbance term (� ext ).

_! = J � 1(� b � � ext � ! � J ! ) (4.4)

The closed loop system bandwidth related to attitudinal motions must also be much larger than
the frequency of the attitudinal disturbances as seen in Equation 4.5.

j! cl;att j >> j! att;dist j (4.5)

If this condition can be achieved by means of a candidate control structure the FAUAV is in
theory stabilizable since the closed loop response can react to an error signal faster than the
dominant disturbance frequencies a�ecting the systems attitudinal dynamics.

The second control criterion states that a constant attitude reference must be kept during
�ight. The constant reference should be aligned with the inertial frame. In Euler angles this
can be expressed as� = [0 0 0]T and in quaternions this reference isq = [1 0 0 0]T .

In order to account for the third control criterion disturbance estimation is desired. By
acquiring an estimate of the magnitude and direction of the disturbances at a speci�c moment
the candidate control structure can bring this information into account when calculating the
control input to the FAUAV and in theory achieve better robustness.
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With the control criteria, the foundation for the selection of a suitable control structure is
de�ned. On the other hand the control criteria only point in a general direction and do
not considerably limit the �eld of possible control structures. To get a better understanding
of applicable structures with their respective strengths and weaknesses a literature review is
constructed in the following section.

4.2 Literature Review on Relevant Control Methods

In this section recent articles are considered from a control perspective in order to gain an
understanding of e�cient and modern control techniques for UAV trajectory tracking.

The reviewed articles are based on UAVs with a control architecture designed for aggressive
�ight of under actuated UAVs [30, 70�76] and on the control architecture of FAUAV similar to
the proposed UAV design [37, 43, 53, 77�81].

4.2.1 Under Actuated UAVs

This section reviews state of the art control of under actuated UAVs. Trajectory tracking of
UAVs is a well documented and researched issue in which numerous control structure solutions
exist, many of which are variations of one another. Popular controller types include PID, LQR,
backstepping control (BS), SMC, and MPC. Even though other control methods exist this review
is limited to these controller types as the aforementioned controller types primarily has been
researched for applicability to under actuated UAVs. This renders the possibility of researching
the extension of these controller types to be applicable to fully or over actuated vehicles. Before
presenting literature on the control issue of FAUAVs, recent state of the art control structures
for under actuated UAVs are investigated. The simplest trajectory tracking control laws, in our
opinion, are based on PID controllers in whichx and y positions are indirectly controlled by pitch
and roll movements respectively in a cascaded manner. Yaw and height are likewise controlled
by respective PID controllers. Examples of such structures are found in [70, 71]. Further, in
[71] a comparative study is conducted on PID and LQR approaches where the LQR controller
enable position convergence closer to the de�ned reference than the PID controller. From this
study LQR is considered favorable compared to PID. Further in [72] LQR was used for accurate
attitude and elevation control in an indoor environment. Since multi rotor system dynamics is
described by a set of nonlinear di�erential equations, nonlinear control methods such as SMC, BS
and MPC are suitable. In [73] a pure SMC control structure is derived to control both attitude
and elevation. The method was shown to be satisfactory for set point tracking, however no
results were shown for tracking of a time varying trajectory. In [74] a BS control structure
was derived and tested. 4 BS controllers were used to control attitude and elevation based on
4 subsystem that combined constitutes the full quadcopter system. The BS control structure
achieved robust trajectory tracking in the presence of disturbances and model uncertainties.
MPC has in literature been researched and used for both attitude trajectory tracking and for
position trajectory tracking. It is challenging to use a costly procedure for attitude control as the
update rate of an attitude controller must be fast. In fact the control iteration frequency should
be signi�cantly greater than the closed loop attitudinal system bandwidth to achieve stable
�ight. This is further elaborated in Section 4.5. In [75] an MPC attitude controller was designed
where the control structure is cascaded with the inner loop being the attitude tracking MPC
controller and the outer loop as an LQR position tracking controller. The controller structure
showed highly agile for maneuvering and attained accurate tracking capability. Another MPC
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trajectory tracking control structure is investigated in [30]. The article revolve a cascaded control
structure with attitude control as the inner loop and translational control for the outer loop.
The given UAV do already have a controller implemented for fast attitudinal control whereas
a thorough comparison of trajectory tracking utilizing LMPC and NMPC is conducted. For
the outer loop controller designs it is deemed necessary to include the inner loop dynamics.
One conclusion reached by the authors is, that the NMPC is better for aggressive trajectory
tracking presumably due to the more accurate prediction model. A �nal piece of work contained
in the review of modern control methods for trajectory tracking of under actuated UAVs is a
comparative study based on the following controller types; BS, SMC and MPC. In the study [76]
the three controllers are ranked in terms of robustness, input optimality, intelligence, ability to
adapt, tracking ability and disturbance rejection. In terms of robustness the SMC has highest
ranking followed by MPC. The MPC ranks highest in input optimality which is a result of
the controllers build-in optimization process. According to the study the tracking ability ranks
highest for the BS and SMC. All three controller types yield the same rank regarding disturbance
rejection.

In summary MPC, SMC and BS are found interesting due to their robustness and disturbance
rejection properties. LQR is also considered a candidate since it improves performance when
compared to conventional PID control. LQR can also be extended as a nonlinear control method
by online linearization and repeatedly solving the algebraic Ricatti equation.

4.2.2 Fully and Over Actuated UAVs

The majority of articles on FAUAVs is, to our knowledge, published between 2015 and now
and remains an active �eld of research both in terms of e�cient application dependent designs
and specialized control strategies. To simplify discussion FAUAV referrers to both fully and
over actuated UAVs. In this section advances made in regard to control of such UAVs are
presented. Fixed rotor FAUAVs di�er from tilting rotor FAUAVs as the tilted rotor FAUAVs
contain additional actuator dynamics (i.e. tilt angles) and thus additional control variables. In
theory it is possible to implement the same control schemes to each type of FAUAV and assign
tilt commands and motor force commands by means of a control allocation algorithm. However,
one comparative study already has been made on control methods for trajectory tracking of
tilting rotor FAUAVs [77]. Therefore in this review we speci�cally focus on �xed rotor FAUAVs.

Table 4.1 provides an overview and a block diagram representation of most of the control
structures discussed here. It has been noted that the majority of control structures attempts to
decouple translational dynamics from attitude dynamics as seen in block diagram 1 through 3.
This implies that control design can be divided into two separate controllers, one for translational
position and one for attitude based on individual subsystem dynamics. It should be noted that
there exists several control structures similar to the structures 1 through 3 presented in Table
4.1, but is left out of the review. An example is the control structure presented in [37].

The �rst control structure in Table 4.1 consists of PID controllers for both Position and
attitude. The position controller is regulating position by calculating desired body forces(Fdes)
based on the position error. The attitude controller functions in a similar manner by calculating
the desired body moments(� des) based on orientation error. Control allocation is then utilized to
map the vector [Fdes � des]T into rotor forces. The control method proves feasible as it keeps the
position errors within � 0:18 [m] and orientation errors within � 0:04 [rad] as both controllers are
running at 50 [Hz]. In 4.1 indoor �ight is conducted in an ideal environment thus disturbances
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are present. For the purpose of inspection of a WTB a tracking error of� 0:18 [m] is not
acceptable however the attitude controller is deemed suitable.

The second control structure is slightly extended in complexity compared to the above
structure. The position controller has a feed-forward term and uses additional information on
measurements and reference trajectory including higher order derivatives of the position. The
attitude control law is cascaded with an inner loop body rate controller running at 1000 [Hz] in
synchronicity with the control allocation. Both the position and outer loop attitude controllers
runs at 50 [Hz]. The position error is kept within � 0:18 [m] and orientation error within
� 0:14 [rad] when tracking the reference of a circle of1:5 [m] radius with a velocity of 1:95 [m =s].
Experiments are conducted indoors in an ideal environment.

The third control structure is decoupled like the above discussed structures. Like the �rst
control structure the attitude control is not cascaded and always tracking the same set point
equivalent to alignment with the inertial frame. The orientations are controlled individual with
sliding mode controllers. The SMCs utilize chattering attenuation and are mentioned to be
asymptotically stable. Only simulation studies are presented from which tracking errors are not
deducible, however through simulation results stabilization is achieved. It is not mentioned at
which frequency the SMCs are running, which is an important tuning parameter of the sliding
mode controller in general. It is however mentioned that a PixHawk controller unit is intended
to be used for experiments. This is restricting the controller maximum possible frequency to
433Hz, as this is the fastest rate at which the PixHawk controller unit can read and process
incoming signals. In their future work they mentioned that the prototype is yet to be realized
and their control structure is to be implemented.

The fourth control structure is a control method unknown to the group and is considered out
of scope for analysis and discussion, it is mentioned to make the reader aware of the limitations
of this review.

The �fth control structure a BS controller is derived in a mathematically rigorous manner it
is not directly mentioned whether it is a centralized or decoupled control structure. The control
law contains a gain matrix 2 R6� 6 that is directly multiplied with the position-orientation vector.
Such gain matrix could introduce coupling terms if it has nonzero values on o� diagonal elements
and therefore this control method could be centralized. The control gain matrices utilized are
diagonal with all o� diagonal elements zero and therefore their implementation and controller
tuning results in a decoupled control structure. The developed control structure is validated
by simulation. The tracking error can be observed to be within � 0:1 [m] and within � 0:1 [rad]
approximately. The simulations are performed with introduction of bounded disturbances in
the form of body forces and moments, the disturbances has maximum value of� 0:5 [N ] and
� 0:5 [Nm]. It is not mentioned at which frequency the controller is running.

The sixth control structure is based on a nonlinear MPC controller. The MPC solves an
online optimization problem in order to determine an optimal system input to bring the vehicle
to the position reference as e�ciently and smooth as possible. E�cient and smooth refers to the
input and states being penalized in the optimization problem. The optimization is subject to
the system dynamics where they utilize a rigid body model of the vehicle similar to the model
derived in Chapter 3. The MPC controller was tuned to penalize pose and twist errors as well
as rate of change of input. However, no speci�c tuning method was mentioned. Further an EKF
is utilized to estimate disturbance forces(F̂dist ) and moments(�̂ dist ) acting on the system. The
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MPC takes the disturbance estimates into consideration when calculating optimal inputs. Lastly
a state estimator is employed such that estimates of all states are available. The optimization
executes at a rate of100[Hz] where a new control input is calculated then passed to a zero order
hold. The allocation is executed at a rate of200 [Hz] using the most recent control input. The
prediction horizon for the optimization is set to ( Np = 20) and utilizing a discretization time of
Ts;MP C = 0 :05 [s]. Through experiments a maximum position and attitude tracking error was
found to be � 0:17 [m] and � 0:4 [rad], respectively.

In summary all control methods discussed for under actuated UAVs have already been tested for
FAUAVs to some extent with the exception being LQR control. BS control is a computationally
e�cient nonlinear control method, though as the �fth control structure is purely simulation based
a performance comparison with the experimentally tested controllers would be inconclusive.

Even though MPC is a more computationally expensive method compared to both SMC, BS
and LQR it is considered to be a suitable control method. This is partly because it is assumed
that a trajectory generation algorithm to predict future reference points is available and these
future reference points can be taken into account by the MPC. Another reason MPC is found
suitable is the possibility to impose penalties on e.g. input, rate of change of input and state
error as well as actuator constraints. In conclusion MPC is chosen as the candidate controller
used further in this work.

To narrow the �eld of control structures some practical aspects have to be taken into
consideration as seen in the following section. Section 4.3 presents the measurement units
desired to be implemented on the presented UAV design together with an analysis of the available
measurements which are assumed to be obtained. Section 4.4 covers di�erent possibilities for
applying the control allocation converting general forces and moments to the individual propeller
thrusts and vice versa. Lastly. Section 4.5 presents a closed loop bandwidth assessment of UAV
design to analyse the controller iteration frequency required for the �nal control structure.

4.3 Availability of Measurements and Trajectory Generation

As stated in Section 3.6 the tracking and depth camera attached to the UAV can be fused to
establish the UAVs position and translational velocity in the body frame. Furthermore by fusing
IMU and image processed data from the cameras with the measurements from the BNO055
full pose of the vehicle can be obtained. Full pose in this context means global accelerations
•p, velocities _p and positions p together with quaternions q, Euler angles � and rotational
body rates ! . With the stated measurements all the control structures within Figure 4.1 are
obtainable. Additionally these measurement can be utilized for designing full state observers for
noise reduction or observers for disturbance estimation.

Full pose feedback is not su�cient for online trajectory generation on its own, however the
cameras can be utilized for this purpose. As an example in the recent article [82] a method of
online trajectory generation and obstacle avoidance is described utilizing only a stereo camera
similar to the aforementioned camera candidates. Furthermore a masters thesis is currently
being written by Morten Veng, in which he develops a method of online trajectory generation
using the depth and tracking camera. The title of the project is "Navigation and Predictive
Control with Active Disturbance Compensation for Autonomous Quadrotor Flight inside Wind
Turbine Blades" and can be found in the AAU project library after submissions. It should be
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Figure 4.1: 1: [78] 2: [43] 3: [79] 4: [80] 5: [53] 6: [81]
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noted that no such method is developed in this thesis and this discussion provides background for
making the assumption that online trajectory generation is possible. Furthermore it is assumed
possible to obtain a �nite number of future trajectory reference points (Assumption 16 ).

4.4 Control Allocation

This section contains a brief discussion of the control allocation methods as it is necessary for
mapping desired body forces and moments as utilized for some of the control structures in
Figure 4.1. The allocation solves the system of linear equations as described in Section 2.3.2
Equation 2.6. The same Equation is solved forFprop , which in this context is referred to as
Fprop;des 2 R8� 1.

Fprop;des = V � 1Fgen;des (4.6)

Where Fgen;des 2 R6� 1 refers to desired generalized forces and moments. The issue in this
context is Equation 4.6 can not be obtained becauseV 2 R6� 8 does not have an inverse as it
is non-square. The purpose of control allocation is to approximate Equation 4.6 in the cases
where such system is either underdetermined or overdetermined.

In a recently written thesis [83, p.14-32] a literature survey of existing control allocation methods
can be found. The thesis further contributes with a new allocation algorithm. One of the
methods proposed are the commonly used Moore-Penrose pseudo inverse [43, 81]. A property of
this solution is that it provides a unique solution, however it is not possible to impose actuator
constraints. Also this method can result in a rapidly changing rotor input command which
in turn will decrease lifetime of the BLDCs as well as discharge the battery faster than a
optimization algorithm subject to input rate constraints. The method proposed in [53] uses a
search algorithm to iteratively �nd desired propeller forces. Such optimization procedure allows
to impose constraints and to choose certain mapping solutions that ensure the force input of
a certain rotor is not changing rapidly. This could be achieved by introducing penalty rate
of change of propeller force inputs in the cost function. Such methods are computationally
expensive and is thereby preferable for processes which do not require a fast calculation time
or for systems with high computational power. A third option, also covered in [83], is the
redistributed pseudo inverse method, which is a combination of aforementioned methods where
an initial guess is obtained by means of the Moore-Penrose method. This initial guess is then
used in an optimization problem. The result of this method is a less expensive optimization than
the method proposed in [53] but still requires more than the Moore-Penrose pseudo inverse.

Since, the controllers developed in Chapter 6 performs online optimization and furthermore can
handle constraints, this is of no concern to implement in the control allocation. Furthermore,
the calculation of the pseudo-inverse is desired to be performed for each iteration to gain an
optimal input and thus the Moore-Penrose method is chosen.

The Moore-Penrose is a simple method to cope with the inverse of a non-square matrix. The
general problem of an overactuated system can be stated as in Equation 4.7.

Ax = b (A 2 Rm� n ; m < n; x 2 Rn ; b 2 Rm ) (4.7)

(4.8)
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with m = 6 and n = 8 lesser equations are present than unknowns and taking the inverse ofA
to solve for x results in in�nite solutions. The Moore-Penrose method introduce an elegant way
to compute a unique solution. AT �rst the transpose of A is multiplied on both sides of the
equal sign giving Equation 4.9.

A T Ax = A T b (4.9)

As the product A T A becomes a square matrix this can be inverted resulting in Equation 4.10.

x = ( A T A ) � 1A T b (4.10)

The pseudo inverse can then be de�ned as in Equation 4.11.

A y = ( A T A ) � 1A T = A T (AA T ) � 1 (4.11)

Due to the properties of the Moore-Penrose method the right most term can be stated which is
the same term yielded in [83]. [84, p.1-4]

As mention, the Moore-Penrose method is unconstrained and the inputs does thereby have
to be considered in the controller design to restrict the solution generated by the pseudo
inverse. On the other hand the Moore-Penrose o�ers a computationally cheap solution instead
of implementing additional optimization algorithms.

4.5 Closed Loop Bandwidth Assessment

In this section a bandwidth estimate is made from a state space representation of the system
described in Equation 3.59. Such estimate will help to determine at which iteration frequency
or equivalently at what sample time the controller must update the next input command
(Assumption 17 ).

The state space model formulation is given in Equation 4.12.

_x = Ax + Bu ; y = Cx (4.12)

Where A is the system matrix, B is the input matrix and C is the output matrix. The state
vector is as previously stated in Equation 3.60. The system and input matrices are computed
from the system Equations 3.59 by partial di�erentiation with respect to each state and input.
More speci�cally they are computed as shown in Equation 4.13 and 4.14.

A =

2

6
6
6
6
6
4

@•p(q; _p ;F b )
@_x

@•p(q; _p ;F b )
@_y : : : @•p(q; _p ;F b )

@q3
@_p( _p)

@_x : : : : : : : : :
@_! (! ;� b)

@_x : : : : : : : : :
@_q(q;! )

@_x : : : : : : : : :

3

7
7
7
7
7
5

13� 13

(4.13)
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B =

2

6
6
6
6
6
4

@•p(q; _p ;F b )
@Fx

@•p(q; _p ;F b )
@Fy

: : : @•p(q; _p ;F b )
@Mz

@_p()
@Fx

: : : : : : : : :
@_! (! ;� b)

@Fx
: : : : : : : : :

@_q(q;! )
@Fx

: : : : : : : : :

3

7
7
7
7
7
5

13� 6

(4.14)

It is evident that A and B are computed as �rst order Jacobian matrices with number of columns
corresponding to the length of the state and input vector respectively. The output matrix, C,
is given in Equation 4.15 and constructed to output p and q.

C =

2

6
6
6
6
6
6
6
6
6
6
4

0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1

3

7
7
7
7
7
7
7
7
7
7
5

(4.15)

Further the open loop transfer function matrix is computed as in Equation 4.16.

G 7� 6 = C(sI 13� 13 � A ) � 1B (4.16)

The bandwidths to be analysed for control purposes are the closed loop bandwidths. To generate
these, the MATLAB command seen in Equation 4.17 are utilized.

! i;j = bandwidth(feedback(G i;j ; 1)) (4.17)

here i indicates the respective motion andj indicates the corresponding input. The function
feedback is the MATLAB command to close the loop and the 1 indicates unity feedback. A
proportional controller with a gain of 1 is assumed to be present. Table 4.2 contains the largest
bandwidth that relates a force input to a position output and likewise contains the largest
bandwidth that relates a moment input to a rotation.

Fx M x

x ! trans = 1 :6 [rad
s ] -

q1 - ! rot = 29:4 [rad
s ]

Table 4.2

The bandwidth estimates of Table 4.2 provides valuable information in regards to how fast a
controller must update the next input command, i.e. control iteration frequency. From [85] an
iteration frequency between10� 30 times that of the approximated bandwidth is recommended
as a trade-o� between accuracy and MCU workload. A minimum requirement is therefore, that
controller iteration frequency be at least 10 times faster than the largest observed bandwidths
(Assumption 18 ).

60



4.6. Proposed Control Structure Aalborg University

Referring back to the control criteria discussion, Equation 4.3 contains an important criteria.
The criteria states that closed loop dynamics regarding translational motion must be faster than
the the oscillations of the wing. However, by comparing the bandwidth relating x to Fx it is
found to be less than! W T B and thus violating the criteria. Equation 4.18 describe what has
been observed in this context.

j! trans j = 1 :6 [
rad
s

] < j! W T B j = 4 :49 [
rad
s

] (4.18)

The bandwidths in Table 4.2 are very rough approximations and it was found the bandwidth
relating x to Fx can be increased to a value around! trans = 10[ rad

s ], by replacing the trivial
proportional controller with a gain of one with a PID controller. In conclusion it can be expected
that Equation 4.19 holds true for sophisticated and fast reacting MPC controller.

j! trans j > j! W T B j (4.19)

In summary, we can expect issues with tracking the trajectory described in Chapter 2 Section
2.2.

4.6 Proposed Control Structure

For this section, the proposed control structure is presented. The control structure is determined
to ful�ll the control criteria presented in 4.1 by utilizing the prior knowledge obtained from the
literature review and the practical considerations. An illustration of the �nal control structure
can be seen in Figure 4.2.

Figure 4.2: Illustration of the control structure outline.

It can be seen in Figure 4.2 that the control structure is consisting of 2 controllers, one for
attitude and one for translational motion. Additionally the structure incorporates 2 observers,
one for state estimation and one for disturbance estimation. At �rst the division of the controllers
into one translational and one rotational is chosen due to the di�erent tasks and disturbances
related to each motion. The attitude of the UAV is desired to be kept constant during �ight
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which requires a robust and fast controller to compensate for the rotational disturbances. The
translational motions on the other hand have constant changing references and the modelled
disturbances are only a�ecting slowly (compared to rotational) in the global z direction. For
following a smooth trajectory a predictive and lesser aggressive controller is desired. As the
design allows to control each DOF individually it is chosen to apply the 2 di�erent controllers.
To contribute to a more smooth and accurate usage of the states for the controllers it is chosen
to design a state observer for noise reduction. The estimated states are not just used for the
controllers but also for a second observer to estimate the translational disturbance occurring in
the z direction. This disturbance estimate is included in the translational controller to increase
robustness against the disturbance. The design procedure and implementation of the observers
are described in Chapter 5 while the controller designs are described in Chapter 6.
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5 Sensor Measurement and State
Estimation

Throughout this chapter di�erent methods for full state estimation and disturbance estimation
are evaluated. The unscented Kalman �lter (UKF) is chosen for state estimation and noise
attenuation from which the unscented transform (UT) is elaborated together with the UKF
algorithm. Further a augmented Kalman �lter (AKF) is designed to estimate the translational
disturbance present in the simulation model.

Abbreviation Meaning

AKF Augmented Kalman Filter
CE Ceiling E�ect
EKF Extended Kalman Filter
GE Ground E�ect
GRV Gaussian Random Variable
KF Kalman Filter
PF Particle Filter
SSE Sum of Squared Errors
UAV Unmanned Aerial Vehicle
UKF Unscented Kalman Filter
UT Unscented Transform
WTB Wind Turbine Blade

Table 5.1: Abbreviations used in this chapter.

In Chapter 3 the mathematical model is presented together with disturbance and measurement
noise models. Though all states are obtainable from the sensor measurements a state observer
is desired for noise attenuation. Further as disturbances are introduced with GE/CE for
translational motion it is desired to estimate these disturbances for the purpose of disturbance
rejection. For these conditions to be met, di�erent state and disturbance estimators are
evaluated.

5.1 State and Disturbance Estimators

For state estimation numerous solutions have been developed all with di�erent purposes and
limitations. To con�ne the number of observer designs this evaluation focus on the estimators
presented in [86]. The article distinguish between 3 categories of observer designs with the
�rst one being the early observers as output and input based estimators and the Luenberger
observer. The early observers lay ground for the two newer categories, the modern observers,
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and the disturbance observers. The modern observers as the Kalman Filter (KF) and extensions
hereof are useful tools for state estimation by the assumption that the plant model is an accurate
representation of the real system. The KF utilizes a formulation of the disturbances to form
an optimal solution and can be designed to handle nonlinear models with the extended Kalman
�lter (EKF) or UKF on the cost of computational power.
The disturbance observers adopt the idea of a combined state and disturbance estimation of lesser
described plant models whereas the unknown system dynamics are ascribed as disturbances. One
disturbance estimator is the unknown input observer. The unknown input observer is structured
as a Luenberger observer but further augmented to transcribe the unmodelled disturbances as
additional states. Another approach is the extended state observer to reject unmodeled dynamics
and perturbations.[86]
It is assumed that the plant model is accurately re�ecting the reality and thus modern observer
design is chosen as the focus for state estimation (Assumption 19 ). Additionally, due to the
non-linearities occurring in the plant model it is desired to investigate the extensions of the KF.

The 3 estimation methods investigated are the EKF, the UKF and the particle �lter (PF). The
EKF utilize local linearization to accommodate for soft non-linearities. It is an e�ective tool
with high computational e�ciency but requires the model to be fully di�erentiable at all time
and for the noise to be Gaussian distributed. The UKF uses unscented transformation to convert
the state vector to a set of weighted points. It is still a local approximation but do not rely
on linearization thus the model does not have to be di�erentiable. This results in a stronger
robustness toward non-linearities though the noise has to be Gaussian distributed as for the
EKF. The third option is the PF that utilize the Monte Carlo method to generate a number
of weighted points for the estimation. The PF can handle strong non-linearities and the noise
can attain a di�erent distribution than Gaussian. Some considerations have to be accounted
for considering the number of points and their individual weighting but most dominant is the
trade-o� between accuracy and computational cost. In [87] the 3 di�erent estimators have been
evaluated and compared through the expected value test, the whiteness test and the weighted-
sum-squared-residual test. The model used in [87] include strong non-linearities causing the
EKF to deviate heavily compared to the other 2 candidates. Further as the noise do not follow
a Gaussian distribution, the PF has an advantage yielding the best results though the authors
conclude the UKF might be su�cient if this is not the case. [87].

The comparison of the 3 types of estimators is also conducted in [88] whereas the authors
apply an additive Gaussian distributed noise. The authors conclude the EKF and UKF to
be su�cient for real-life purposes as both �lters have similar and satisfying results based on
estimation error and computational cost. Contrary the PF has lesser estimation accuracy and
further requires a higher computational cost. The same is the case in [89] where the work is
extended to involve particle �ow �ltering and ensemble KF. The EKF and UKF are still among
the most accurate �lters and slight improvements from the other estimators results in greatly
increased calculation time. In [90] a evaluation has been made for the EKF and UKF for 30
di�erent real-life trajectories with the PF used for comparison. Here the EKF and UKF yield
similar results whereas the EKF has the smallest computational cost but the UKF is more
robust against changing tuning parameters. Other methods have been utilized to improve the
estimation accuracy of the EKF and UKF as in [91]. This article compares the EKF and UKF
with a PF of 5000 and 10000 samples but further presents 2 methods for merging UKFs, the
pre-merging and the post-merging. The methods consists of 2 UKFs each estimating states by
utilizing di�erent output feedback. For the pre-merging method each UKF generate a feedback
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and then combine the �lters whereas the post-merging method utilize the UKF outputs for the
merging and the feedback is then the merged output. The 2 merging methods yield better
results than the EKF and the standard UKF whereas the post-merging UKF even surpasses the
PF with 5000 samples in accuracy. Additionally the calculation time of the merging methods is
greatly lesser than for the 2 PFs.

In conclusion, the PF has the advantage of handling strong non-linearities and is not restricted
to the noise being Gaussian distributed. Though as noise is modelled as an additive Gaussian
distributed noise for this project the disadvantages of the PF outweigh the advantages. At
�rst former articles show only slightly better results for the PF with the noise being Gaussian
distributed and, in some cases, the EKF and UKF yield more accuracy. Next, the trade-o�
between accuracy and computational cost makes the PF unpractical for real-life applications.
The EKF and UKF have similar results with the UKF being slightly more accurate and reliable
but slightly more costly as well. The UKF have the advantage of handling the strong non-
linearities and seems to have a better robustness toward changing tuning parameters and the
UKF is thereby further investigated for the purpose of state estimation.

5.2 UKF Algorithm

The UKF utilizes UT which is based on the principal idea that �it is easier to approximate
a probability distribution than it is to approximate an arbitrary nonlinear function or
transformation� [92, 93]. This means, that the UKF only needs the mean and covariance to the
estimation while other nonlinear estimation methods either require assumptions of the model
behavior or have a high computational cost impractical for real life applications. The UT is
a linear transformation of states where a set of sigma points are chosen to represent possible
state vectors, and these are utilized through the nonlinear equations. By this the statistics of
the variables are captured by the transformation. The UKF uses a minimal of sigma points
capturing the true mean and covariance of the Gaussian random variable (GRV) to reduce the
calculation time and still approximate the true outcome to a 2nd order accuracy by Taylor series
expansion. The estimation accuracy is further elaborated in Appendix E. In basic the UT is
divided into 3 stages:

1. De�ning sigma points and corresponding weights of the input space with known mean and
covariance.

2. Nonlinear transformation of the sigma point.

3. Approximating the output variables mean and covariance from the transformed points and
corresponding weights.

The concept of the UT is illustrated in Figure 5.1.
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Figure 5.1: Illustration of the UT. [94]

At Figure 5.1a the real mean and covariance of the system are captured. Next, the sigma points
are placed with one at the real mean and the others scattered symmetrically from the real
mean as seen in Figure 5.1b. The sigma points in Figure 5.1b are then transformed through
the nonlinear equations and placed as in Figure 5.1c. The transformed sigma points state an
estimated mean and covariance, the blue dot and solid blue line respectively, approximating
the real mean and covariance, the black dot and solid black line respectively, to a 2nd order
accuracy. [92�95]

The UKF utilized in this project is based upon the original idea of the UKF giving the number
of sigma points generated as2L + 1 whereL is the number of states. To initialize the algorithm
a set of sigma points are generated from the initial state estimate as seen in Equations 5.1-5.3.

� 0 = x (5.1)

� i = x + (
p

cPx;0) i ; i = 1 ; 2; : : : ; 2L (5.2)

� i = x � (
p

cPx;0) i � L ; i = 1 ; 2; : : : ; 2L (5.3)

whereasPx;0 is the initial estimate of the state error covariance matrix and the subscriptsi and
i � L correspond to the respective column,L is the number of states andc is a scalar determined
in Equation 5.4.

c = L + � (5.4)

� = � 2(L + � � ) � L (5.5)

Where � and � � are tuning coe�cients. Usually, � � is chosen as zero while� is a real number
close to zero. To calculate the sigma points it is needed to take the square root of the state error
covariance matrix resulting in an optimization problem. To remove eventual complications in
computation of the square root, such as in�nitely small solutions, the square root is calculated
from the eigenvalues. For this the MATLAB command eig(A ) is utilized as seen in Equation
5.6.
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[V ; D ] = eig(cPx;0) (5.6)

here D is a diagonal matrix of eigenvalues andV contains the right eigenvalues to satisfy the
condition cPx;0V = V D . The square root is then calculated in Equation 5.7.

p
cPx;0 = V D :1=2V � 1 (5.7)

With D :1=2 as the elementwise square root ofD . The set of sigma points are then utilized in
the UT given in Equation 5.8.

� i;UT = f (� i ; u ) (5.8)

The mean of the transformed sigma points is calculated in Equation 5.9.

x UT =
2L +1X

i =0

Wi;x � i; UT (5.9)

where Wi;x is the respective weightings of the sigma points de�ned as in Equation 5.10 and
Equation 5.11.

W0;x =
�

L + �
(5.10)

Wi;x =
1

2(L + � )
; i = 1 ; 2; : : : ; 2L (5.11)

The weightings have to satisfy the relation given in Equation 5.12.

2L +1X

i =0

Wi = 1 (5.12)

The same procedure is utilized to �nd the mean of the outputs seen in Equation 5.13.

y
UT

=
2L +1X

i =0

Wi;x 
 i; UT (5.13)

The state error covariance matrix can be calculated from the sigma points and the mean of the
states by Equation 5.14.

Px;UT =
2L +1X

i; 0

Wi;P (� i; UT � x UT )( � i; UT � x UT )T + Q (5.14)

with Q as the process covariance matrix andWi;P as the respective weightings de�ned in
Equation 5.15 and Equation 5.16.
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W0;P =
�

L + �
(5.15)

Wi;P = (1 � � 2 + � ) +
1

2(L + � )
; i = 1 ; 2; : : : ; 2L (5.16)

here � is chosen from prior knowledge of Gaussian distribution. The next step is the update
phase whereas the Kalman gain is calculated and utilized to update the states and the state
error covariance matrix. To calculate the Kalman gain the output and cross error covariance
matrices are de�ned in Equation 5.17 and Equation 5.18 respectively.

PyUT =
2L +1X

i =0

Wi;P (
 i UT � y
UT

)( 
 i UT � y
UT

)T + R (5.17)

Pxy UT =
2L +1X

i =0

Wi;P (� i UT � x UT )( 
 i UT � y
UT

)T (5.18)

hereR is the output covariance matrix. From these the Kalman gain is calculated as in Equation
5.19 and utilized for the update process seen in Equation 5.20 and 5.21. [94, 95]

K = Pxy UT P � 1
yUT

(5.19)

x̂ = x UT + K (y � y
UT

) (5.20)

P̂x = Px;UT � KP yUT K � 1 (5.21)

5.3 Implementation

The UKF which was implemented in MATLAB and Simulink is seen in the �owchart presented
in Figure 5.2.

Figure 5.2: Progress of the UKF algorithm in the simulation model.

Within the �rst block in Figure 5.2 the thrust, torque, states and the state error covariance
matrix are seen as inputs where the sigma points are generated and utilized through the nonlinear
UT. The outputs of block 1 are the accelerations and velocities which are calculated through
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the nonlinear equations. The accelerations and velocities are fed into block 2 together with
the previous states where discrete integration is performed to �nd the change in velocities and
positions. The previous states are added to the changes within block 2. Next, the outputs of
block 2 are fed into block 3 together with the measurements of the simulation model outputs.
Within block 3 the mean of the transformed sigma points and the outputs are calculated and
utilized in the error covariance matrices. The Kalman gain is then calculated and utilized to
update the states and the state error covariance matrix. The outputs of block 3 are fed back
into block 1 and 2 through block 4 where the initial conditions of the states and the state error
covariance matrix are de�ned.

The states chosen for the UKF to estimate are the translationalx, y and z positions and the
rotational positions given in quaternions. This results in a total of 7 states giving 15 sigma
points to be generated. The additional variables within the nonlinear equations are chosen as
the measurements which lower the computational cost as each additional state to be estimated
adds 2 sigma points to be generated.
To tune the UKF, the parameters within the state and output covariance matrices are determined
through an iterative algorithm sweeping a predetermined area of samples for candidates. With
both the Q and R matrices being 7 � 7 they consists of 49 parameters each, but some
simpli�cations are stated to make the tuning process easier. At �rst all the o�-diagonal entries
are set to zero reducing each matrix to 7 diagonal tuning parameters. Secondly, the coe�cients
correlated to translational position in both matrices are chosen to have the same penalty and the
same goes for the rotational positions. Thereby the number of tuning parameters are reduced
to 4 and the covariance matrices can be described as in Equation 5.22 and 5.23.

Q =

"
QT � I 3� 3 04� 3

03� 4 QR � I 4� 4

#

(5.22)

R =

"
RT � I 3� 3 04� 3

03� 4 RT � I 4� 4

#

(5.23)

with I n� n being identity matrices and QT , QR , RT and RR being the tuning parameters. The
tuning algorithm consists of 3 grids of di�erent resolutions for the parameters with the outer grid
as the starting point. The di�erent grids assign values for the parameters by using parameter
loops before choosing the best candidate. An illustrative explanation of the parameter loops
and the tuning algorithm are given in Figure 5.3 with a 2D example.

From the 2D example only 2 parameters are to be determined through an inner and an outer
parameter loop. Starting by the outer grid, the outer loop is de�ned to run N number of
iterations with an increment of 1. The �rst tuning parameter is then assigned the value of
10i � 1 with i being the current outer loop iteration. Given the �rst parameter, the inner loop
is initialized to run N number of iterations starting by assigning the value10j � 1 to the second
parameter with j being the current inner loop iteration. Afterwards a simulation is run where the
sum of squared errors (SSE) are calculated between the real and estimated outputs. The inner
loop is executed for each iteration of the outer loop to attain the SSE of all combinations within
the outer grid. The candidate with the lowest SSE is stored before moving to the middle grid
whereas the candidate acts as the center value of the middle grid. The middle grid then repeats
the process from the outer grid but with a �ner resolution to only sweep points surrounding
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Figure 5.3: Pseudo code of the UKF tuning process.

the chosen candidate. After the process within the middle grid a new candidate is chosen and
utilized in the inner grid repeating the process with a �ner mesh from which the �nal tuning
parameters are chosen and represented by the green point at Figure 5.3.

For the real algorithm 4 parameters are to be determined thus giving 4 parameter loops within
each grid. The resolutions of the mesh grid are chosen as 1 for the outer grid, 0.25 for the middle
and 0.05 for the inner grid. For the simulation used in the algorithm the UAV is supplied by
hover thrust in the z direction and 0:01 [N ] in the y direction open loop to make the UAV �y
into the WTB. The UAV is initialized at a length of 24:75 [m] within the WTB thus, right at
the limit before it hits GE/CE. No rotational disturbances are applied but the positive thrust
in the y axis causes the UAV to �y into the translational disturbances. The simulation is run
for 5 seconds and the SSE is based on all of the 7 outputs. The parameters used for the UKF
and the �nal tuning coe�cients are seen in Table 5.2.

N � � � � QT QR R T R R

5 10� 4 0 2 101:6 10� 0:7 100 102

Table 5.2: Parameters of the basic UKF.

The results of the UKF estimation can be seen in Figure 5.4.

The translational position estimates are seen to follow the real positions but with some
�uctuations increasing with time as seen in Figure 5.4. These �uctuations are caused as the
estimates tries to mimic the measurement noise. The rotational estimates are close to the
reference and the �uctuations occurring are much smaller than the measurement noise and do
not seem to increase with time as seen in Figure 5.4. The UKF is tuned for the UAV as it is
a�ected by translational disturbances but without rotational disturbances. To test robustness
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Figure 5.4: Results of the estimated translational positions compared to the real states.
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against these disturbances Figure 5.5 shows the results of the UAV as it is initialized in hover
position but a�ected by rotational disturbances.

Figure 5.5: Results of the estimated translational positions compared to the real states.

For both the translational and rotational positions the estimates follow the real states though
with a slight o�set for q3. The motion of the UAV for the translational positions is due to the
thrust for hover being applied in the body frame and as the UAV starts to rotate the thrust is
directed in the x and y directions.
From the results of the UKF estimates, it is concluded that the UKF is accurate as a state
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observer for the UAV but for control purposes it is further desired to determine the additional
thrust seen from the UAV as it enters the GE/CE. Therefore an additional observer is designed to
estimate the translational disturbances. In Appendix G.5 the MATLAB code and the Simulink
block diagram utilized in the UKF design is presented.

5.4 Augmented KF for Disturbance Estimation

In this section the mathematical procedure of the disturbance estimator design is presented. This
observer is speci�cally designed to estimate the translational disturbance a�ecting the FAUAV
in the z direction i.e. GE and CE. The purpose of such observer is to include the estimated
disturbance in the controllers developed in Chapter 6.

5.4.1 General Kalman Filter Structure

The augmented Kalman �lter (AKF) provides optimal state estimation based on output residuals
between output measurements and estimated states while producing an estimate for the unknown
disturbance. The structure of the AKF is based on the more general KF structure. The KF
can be applied to systems where process noise (w ) and measurement noise (v) is present and
follows a normal distribution with a mean of zero and an associated variance (� ) as stated in
Equation 5.24.

wj � N (0; � j ) j = 1 ; :::; nx

vl � N (0; � l ) l = 1 ; :::; ny (5.24)

Where nx is number of states of the KF andny is number of measurements used in the KF. A
model is used for prediction of states and has the general form as in Equation 5.25.

_x n = Ax n + Bu n + wn

yn = Cx n + vn (5.25)

The subscript n denotes a discrete time instant. The mathematical algorithm is given in equation
5.26 through 5.30, from which a prediction phase and a correction phase are present within the
�lter. In the prediction phase the above prediction model is utilized to predict the next state
estimates n n+1 jn based on the current input (u njn ) and state estimate (x̂ njn ). Next, the new
predicted state error covariance matrix Pn+1 jn is calculated from the locally linearized model
equations and matrix M as seen in Equation 5.27. The correction phase involves the calculation
of the Kalman gain K n+1 , the correction of the state estimatesx̂ n+1 jn+1 and the corrected state
error covariance matrix Pn+1 jn+1 . The correction Equations are seen in Equations 5.28, 5.29
and 5.30 respectively.
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Prediction:

x̂ n+1 jn = A dx̂ njn + B du n (5.26)

Pn+1 jn = A dPnjnA T
d + M (5.27)

Correction:

K n+1 = Pn+1 jnC T (CP n+1 jnC T + N ) � 1 (5.28)

x̂ n+1 jn+1 = x̂ n+1 jn + K n+1 (yn+1 � C x̂ n+1 jn ) (5.29)

Pn+1 jn+1 = ( I � K n+1 C )Pn+1 jn (5.30)

M is the covariance matrix for the states andN is the covariance matrix for the measured
outputs. An important property of the KF is, that it will optimally determine a state estimate
such that the squared estimation error is minimized [96, p. 237-243]. The algorithm is
executed in discrete time, and therefore Equation 5.26 is the discrete time version of 5.25.
The discretization can be performed using forward Euler method as illustrated in Equations
5.31.

_x �
x n+1 � x n

Ts
= Ax n + Bu n

x n+1 � x n = TsAx n + TsBu n

x n+1 = ( I + TsA )x n + TsBu n (5.31)

x n+1 = A dx n + B du n

As a result A d and B d can be obtained from Equations 5.32 and 5.33, respectively.

A d = I + TsA (5.32)

B d = TsB (5.33)

5.4.2 Augmented Kalman Filter

Since the disturbance forceF̂ext;z is to be estimated is related to linear translational motion it
is assumed that using the matrix stated in Equation 3.55 as prediction model is su�cient.
It is hypothesized that only the third equation i.e. the equations describing translational
acceleration in the z direction is su�cient. In this context it is assumed that Equation 5.34
is true (Assumption 20 ).

Fext =

2

6
4

0
0

Fext;z

3

7
5 (5.34)

Using Equation 3.55 as basis for the prediction model requires slight modi�cations, the equation
is restated for •z including the disturbance term Fext;z .

•z( _z; F̂ext;z ; q; Fz) =
1
m

�
(q2

0 � q2
1 � q2

2 + q2
3)Fz + F̂ext;z

�
� g �

1
m

Cd _z (5.35)

In this context q and Fz is considered as inputs to the prediction model whereas_z and F̂ext;z

are considered states of the KF. By inspection of Equation 2.6 and 2.19 an expression forFz

can be written as in Equation 5.36.
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Fz = 0 :25f p;1 + 0 :25f p;2 � 0:25f p;3 � 0:25f p;4 � 0:25f p;5 � 0:25f p;6 + 0 :25f p;7 + 0 :25f p;8

= 0 :25(f p;1 + f p;2 + f p;7 + f p;8 � f p;3 � f p;4 � f p;5 � f p;6) (5.36)

which is substituted for Fz. Lastly, f p;i represents the actual motor force which is in�uenced by
the actuator dynamics, wheref des;i is the inputs dictated by the controllers. More speci�cally
f p;i must be calculated by the actuator response approximation described in Section 3.1.3 and
restated in Equation 5.37.

f p(n) = ! 2
n � f des(n) �

� 1
T2 +

2�! 2
n

T
+ ! 2

n

� � 1
+

� 2
T2 +

2�! 2
n

T

�
� f p(n � 1) �

� 1
T2 +

2�! 2
n

T
+ ! 2

n

� � 1
:::

�
1

T2 � f p(n � 2) �
� 1

T2 +
2�! 2

n

T
+ ! 2

n

� � 1

(5.37)

where (� ) implies elementwise matrix multiplication. In conclusion, by substituting Equation
5.37 into 5.36 and lastly into 5.35 the acceleration equation to be used in the �lters prediction
model is obtained. To keep notation short, the result of the mathematical extensions are
summarized in Equation 5.38, which can be observed to be a linear ordinary di�erential equation.

•z( _z; Fext;z ; q; f des; f p(n� 1) ; f p(n� 2)) (5.38)

It should be noted that the acceleration becomes a function off p instead of Fz. Velocity and
position can be obtained from Equation 5.38, however for completeness the trivial equation for
velocity is stated in Equation 5.39 and is in state space form equivalent to a free integrator.

_z( _z) = _z (5.39)

Lastly, the prediction model must be augmented with an additional equation. As the dynamics
of the disturbance is unknown a typical choice is denote the disturbance as given in Equation
5.40 [97].

_Fext;z () = 0 (5.40)

Next Equations 5.38, 5.39 and 5.40 are concatenated into vector form as seen in Equation 5.41,
where states and acceleration are denoted as estimates.

2

6
4

•̂z
_̂z

_̂Fext;z

3

7
5 = A

2

6
4

_̂z
ẑ

F̂ext;z

3

7
5 + B (q; f p(n� 1) ; f p(n� 2))f des (5.41)

here [ _̂z ẑ F̂ext;z ] is the state vector, f p is the input vector and B 2 R3� 8 is the input matrix
in which the parameters q; f p(n� 1) and f p(n� 2) must be updated for each iteration of the
�lter. Matrices A and B are �rst order jacobian matrices where A is constructed by partial
di�erentiation with respect to each of the �lters states for each of the three equations. Likewise
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B is obtained by partial di�erentiation with respect to each input. The procedure for deriving
these are identical to the one presented in Section 4.5. TheA and C matrices are given in
Equation 5.42 where the notation ofB is omitted due to its complexity.

A =

2

6
4

� Cd
m 0 1

m
1 0 0
0 0 0

3

7
5 ; C =

"
1 0 0
0 1 0

#

(5.42)

The discrete time version of Equation 5.41 is given in Equation 5.43.

2

6
4

_̂zn+1

ẑn+1

F̂ext;z (n+1)

3

7
5 = A d

2

6
4

_̂zn

ẑn

F̂ext;z (n)

3

7
5 + B d(q; f p(n� 1) ; f p(n� 2))f des(n) (5.43)

M and N are chosen as a diagonal positive de�nite matrices and are given in Equation 5.44.
The diagonal elements are the tuning parameters of the �lter.

M =

2

6
4

m1 0 0
0 m2 0
0 0 m3

3

7
5 ; N =

"
n1 0
0 n2

#

(5.44)

The �lter was manually tuned since there are relatively few tuning parameters compared to e.g.
the UKF. Tuning recommendations for the �lter is to choose elements in M >> N . Also it is
recommended to choosem2 > m 1 ^ m2.

Further, it was observed that choosingm1 < m 3 results in faster convergence of the estimated
disturbance with the drawback of larger overshoot and more chattering on the estimated
disturbance. The overshoot and chattering can be attenuated by choosingm1 > m 3, however
this results in a slower convergence and more phase lag of the estimated disturbance.

The chosen tuning parameters are summarized in Table 5.3.

Tuning
Param.

Value

m1 1.3
m2 2
m3 1
n1 0.0004
n2 0.001

Table 5.3: Chosen tuning parameters for the AKF.

A simulation is presented in Figure 5.6 where the AKF is to estimate the GE and CE while the
FAUAV covers a small distance in the y direction equivalent to the direction of the WTB. The
simulation is initialized just before the FAUAV encounters GE/CE. No control or additional
disturbances are present in this simulation. The open loop input applied to the system is
Fgen = [0 0:1 mg 0 0 0]T .
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Figure 5.6: Estimated translational disturbance in the form of GE/CE utilizing the AKF.

To test robustness and stability of the �lter a longer simulation is performed with an early
stage version of the attitude controller presented in Section 6.2. Rotational disturbances are
introduced as described in Section 3.5.2 with the variance values in Table 3.3 increased by a
factor of 5. The FAUAV is set to hover throughout the simulation while a random disturbance
signal is imposed on the system as seen in Figure 5.7.
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Figure 5.7: Estimated random translational disturbance utilizing the AKF.

It can be observed that the �lter is able to estimate the imposed disturbance signal without being
in�uenced by rotational disturbances. However, phase lag, overshoot and the �lters response
time results in inaccurate tracking when the disturbance is changing. The �lter is found useful
as a disturbance estimator as it will provide a disturbance estimate in the vicinity of the real
disturbance.
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6 MPC and Trajectory Tracking

Abbreviation Meaning

AKF Augmented Kalman Filter
MPC Model Predictive Control
OCP Optimal Control Problem
QP Quadratic Problem
RMS Root Mean Square
SQP Sequential Quadratic Programming
UAV Unmanned Aerial Vehicle

Table 6.1: Abbreviations used in this chapter.

6.1 Introduction to MPC

In this section an overview of the basic functionality of MPC is given. This section is partly
based on [98, p.1-3] and [99] as well as practical testing of an early stage MPC. Early stage
MPC refers to the presented MPC design in Chapter 7 with manually tuned parameters, thus
before utilizing optimization for the tuning process. MPC is an optimization based feedback
control method applicable to both linear and nonlinear systems. The main applications of MPC
is stabilization and trajectory tracking. Stabilization is equivalent to having a constant reference
and trajectory tracking which deals with tracking a time varying reference. For a MPC process
a control input u(n) is found by the model predictive controller. The control input is a function
of the system statesu(n) = f u(x(n)) , where n indicates a discrete time instant tn ; n = 0 ; 1; 2:::
The principle of MPC is to predict and optimize future system behavior by means of a system
model. The system models used in this work are functions of states and inputs as seen in
Equation 6.1.

� p(k + 1) = f (� p(k); u (k)) (6.1)

where � p denotes predicted states andk refers to a speci�c discrete time step in the prediction.
From Equation 6.1 the next state estimate is obtained from knowledge of current states, current
inputs and system dynamics. A �nite number of future state predictions is calculated where
the number of predictions are dictated by a prediction horizon (Np). Conclusively, Equation 6.1
can be iterated for k = 0 ; :::; N � 1 and this is done for each time instant ofn. The �rst set of
states for the zeroth iteration of k is obtained from state measurements at timen as stated in
Equation 6.2.

� p(k = 0) = � p(n) (6.2)
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here n refers to discretized instances of real time. By applying optimal control a series of
optimal control inputs is then obtained throughout the prediction horizon u(0); :::; u (N � 1) with
corresponding series of estimated states. The corresponding discrete time steps then progresses
as tn ; :::; tn+ N throughout the prediction, where the interval between time steps are denoted
Ts;MP C . The prediction horizon Np and sampling time Ts;MP C are tuning parameters of the
controller. Additional tuning parameters are involved in the prediction such as solver method
utilized to obtain � p(k + 1) . Further the plant model can be considered a tuning parameter.
A cost function ` is de�ned for the optimization, typically such cost function is a function of
predicted states, and input i.e. `(� p(k); u(k)) . The cost function is then accumulated for each
prediction iteration given as k = 0 ; :::; N � 1. An example of a commonly used cost function is
given in 6.3 [98, p.2].

`(� err (k); u(k)) = � err (k)T Qerr � err (k) + u(k)T R uu(k) (6.3)

where � err (k) = � p(k) � � ref (k) and Qerr and R u are diagonal weighting matrices
for state errors and inputs respectively. As a result the accumulated cost function
J (xp(k); x ref (k); x(n); u(k)) takes the form of Equation 6.4.

min
u

J (� p(k); � ref (k); � (n); u(k)) =
N � 1X

k=0

`(xp(k); u(k)) (6.4)

where min
u

implies that a minimization is to be performed on the function

J (� p(k); � ref (k); � (n); u(k)) with u being the manipulated variable. This is commonly referred
to as an optimal control problem (OCP). The solution of the OCP can be written as in Equation
6.5.

min
u(0) ;:::;u (N � 1)

J (� p(k); � ref (k); � (n); u(k)) =
N � 1X

k=0

`(� �
err (k); u � (k)) (6.5)

=
N � 1X

k=0

`(� �
p(k); � ref (k); u � (k))

In the solution, min
u(0) ;:::;u (N � 1)

, implies that an optimization has been performed for each input

in the sequence. The optimal control sequence contains the optimized input values de�ned
as u � (k) 2 RNu � Np , where Nu is number of inputs. The prediction error is de�ned as
� �

err (k) 2 RN x � Np and contains the optimal errors computed from� �
err (k) = � ref (k) � � �

p(k).
The optimal prediction trajectory is de�ned as � �

p(k) 2 RN x � Np and contains the systems
behavior when applied with the optimal control sequenceu � (k). In Figure 6.1 an early stage
simulation of the MPC controller is shown and further developed in Section 6.3. In the simulation
the optimization algorithm is executed once and only globalx position is displayed for simplicity.
The optimal control sequence in the simulation isu�

x (t) and is equivalent to the desired body
force in the x direction.
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Figure 6.1: Single execution of the optimization algorithm. The tuning parameters used are:
Np = 10, Nc = 10, Ts;MP C = 0 :1; Q = diag([0; 0; 0; 10; 10; 100]); R = diag([1; 1; 1]).

It is to be noted, that usually only the �rst element of the optimal control sequence is applied
to the system. The reason for this is that the further the MPC predicts into the future the less
reliable the predictions become due to modelling inaccuracies.

In the example seen in Figure 6.1 the �rst element of the optimal control sequence corresponds to
u�

x (0). Then, at time tn+1 the procedure is repeated with the next prediction horizon spanning
the time interval [tn+1 ; tn+ N +1 ]. In applications where a faster execution of the optimization
algorithm is desired it can be bene�cial to introduce a control horizon Nc. The control horizon
dictates how many steps an optimization is to be performed within the prediction horizon. The
control horizon must therefore ful�ll Nc < N p. In Figure 6.2 another simulation of the early
stage MPC controller is shown where a prediction horizon ofNc = 3 is chosen.

Figure 6.2: Single Execution of the Optimization Algorithm. The tuning parameters used are:
Np = 10, Nc = 3 , Ts;MP C = 0 :1; Q = diag([0; 0; 0; 10; 10; 100]); R = diag([1; 1; 1]).
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Furthermore, by including a control horizon is, that the signi�cant part of the response is often
contained within the �rst few samples [99]. By comparing Figure 6.1 and 6.2 it can be observed
that the �rst element in the optimal control sequence (u�

x (0)) is almost identical. In Table 6.2 a
comparison of execution time and root mean square (RMS) error between predicted state and
reference is shown. The values provided in the table are averages from 5 executions of the early
stage position MPC.

Average time [s] RMS Error [m]
RMS Error [m]
First 3 iterations

Fig 6.1
Nc = Np = 10

0:89 0:022 0:041

Fig 6.2
Nc = 3

0:60 0:026 0:05

Table 6.2

Introducing the control horizon becomes a trade o� between computation time and accuracy.
The MPC containing the control horizon is seen to decrease the computational time with
approximately 1

3 , but results in lower accuracy when it tracks the de�ned reference. The
calculation time and tracking error also dependent on the ratio between the prediction and
the control horizon and the number of predictions for each optimization.

6.2 Attitude MPC

In this section the attitude controller is described. This involves de�ning the prediction model,
optimization process and cost function. The purpose of the attitude controller is to achieve
stabilization, i.e. tracking a constant reference and thus maintaining a �xed orientation.

6.2.1 Prediction Model

The prediction model is based on a subsystem of the full model described in Equation 3.59.
The subsystem prediction model is based on Equation 3.57 and 3.58. The rotor response
approximation given in Equation 3.8 is used in the prediction model in almost the same manner
it was used in the AKF in Section 5.4.2. The rotor response approximation di�ers from the one
used in the AKF in the sense, that the response is assigned to the desired moments. This is an
assumption and does not re�ect the true nature of the response, however it is found reasonable
because the allocation happens instantaneously. Therefore it should not matter whether the
response is introduced on the desired forces and moments or on the desired propeller forces.
The adjusted response is given in Equation 6.6 (Assumption 21 ).

u att (k) = ! 2
n � u att;des (k) �

� 1
T2 +

2�! 2
n

T
+ ! 2

n

� � 1

+
� 2

T2 +
2�! 2

n

T

�
� u att (k � 1) �

� 1
T2 +

2�! 2
n

T
+ ! 2

n

� � 1

�
1

T2 � u att (k � 2) �
� 1

T2 +
2�! 2

n

T
+ ! 2

n

� � 1

(6.6)

In this context u att = � and u att;des = � des.
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The discretized versions of Equation 3.57 and 3.58 are used in the controller and given in
Equation 6.7

"
! k+1

qk+1

#

=

"
! k

qk

#

+

"
J � 1

�
u att (k) � (! k � J ! k )

�

1
2W k (! k )qk

#

Ts;pos (6.7)

Where the prediction model state vector is denoted� att = [ ! q ]T

6.2.2 Cost Function

For the MPC to choose the next optimal input, a cost function has to be de�ned for the
optimization. The chosen cost function is presented in Equation 6.8.

`att (� att;err (k); u att (k); du att (k)) =
�

� att;err (k)T Qatt � att;err (k) + u att (k)T Ru att (k)

(6.8)

+ du att (k)t R d;att du att (k)
�

And the accumulated cost function is then given in Equation 6.9

Jatt (� att;err (k); u att (k); du att (k)) =
Np;att � 1X

k=0

`att (� att;err (k); u att (k); du att (k)) (6.9)

The cost function of the attitude MPC is a function of the state errors � att;err 2 R7� 1, the
inputs u att 2 R3� 1 and the input rates du att 2 R3� 1. The cost function stated in Equation 6.9
are a rede�nition of the one presented in Equation 6.3. Here the weighting matrices for states
and inputs are de�ned as Qatt 2 R7� 7 and R att 2 R3� 3 respectively. Additionally, the input
rates are considered with corresponding penalties contained inR d;att 2 R3� 3. For the state
errors the references are de�ned asqref = [1 0 0 0]T and ! = [0 0 0]T thus the cost function
increases as the UAV deviates from the original rotational position. Additionally the inputs
are penalized to keep the operation cost low whereas the input rates are penalized to ensure a
more smooth �ight as the cost function increases if the current inputs deviate from the previous
inputs.

6.2.3 Optimization Process

To initialize the optimization algorithm an initial guess must be supplied. The initial guess has
in�uence on how fast and accurate the optimization algorithm converges. A proper guess results
in few iterations of the optimization algorithm before convergence or very accurate results if
the algorithm is performed for a speci�c number of calculations. A bad guess is either slow,
inaccurate or might even diverge. For the MPC, the optimization could either utilize cold or
warm start. The cold start simply means the initial guess is repeated for each iteration and the
optimization algorithm has to search for the optimum from scratch over and over. The warm
start remembers the solution from the previous iteration and utilizes this as the initial guess
when the optimization algorithm is calculated again. The bene�ts of the 2 methods depends on
the application. If the new optimum is close to the previous the warm start would be bene�cial
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as the algorithms search area can be reduced by utilizing the knowledge of the previous point to
�nd the next solution. On the other hand, if the optimum frequently move at a great distance,
the warm start would not be bene�cial as the previous solution is placed far from the new
optimum and the algorithm have to search in a large area. In this case the cold start might
result in more accurate results. The 2 di�erent scenarios of the warm start are shown in Figure
6.3 together with a cold start process, all presented as a 2D example.

Figure 6.3: 2D example of the optimization with cold start to the left, warm start with closely
related optimums in the middle and warm start with strong �uctuating optimums to the right.

The 3 di�erent cases of initial guesses in Figure 6.3 are presented with the initial guess as the
green cross, the current optimum as the red cross and new guesses from the algorithm as the
blue crosses. The examples show an optimization algorithm with a �xed number of calculations
stated as 5 where the dotted line show the direction of the new points. To the left, the cold start
has to sweep points at a large area to move closer to the optimum. At the center warm start
is utilized with an optimum closely related to the previous solution and the algorithm is seen
to �nd a very suitable solution. On the other hand the warm start utilized to the right do not
converge toward a very satisfying solution as the optimum is placed further from the previous
solution than the zero point whereas cold start could be preferable.

For the attitude MPC the inputs to be chosen are assumed to be closely related between the
optimization iterations due to the continuous nature of the physical system, and therefore warm
start is used to presumably improve the optimization (Assumption 22 ).

It is common practise to state a compact form of the OCP as in Equation 6.10 below.

min
u

J (� att;err (k); u att (k); du att (k))

subject to Equation 6:7

u att (k) 2 U

� att (k = 0) = � att (n)

(6.10)

The set U contains all feasible input values. These values are constrained to avoid actuator
saturation thus an upper and lower bound is imposed on each element in the input vectoru att

as shown in Equation 6.11.

lb;i � uatt;i � ub;i where i = 1 ; 2; 3 (6.11)
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A pseudo code of how the optimization process is structured in MATLAB is given in Algorithm
1.

Algorithm 1 NMPC Pseudo Code

1: Load references (� ref;k ) current measured plant outputs (� k ) and other a priori knowledge.
2: Assign values for tuning parametersQ; R ; R d; Np; Nc; Ts

3: Assign input constraints l b and u b

4: Provide Initial input guess u (n)
5: Import or calculate future reference points
6: A Target function, with a function handle ( @(u)) is de�ned and executed:
7: � TargetFcn = @(u)CostFcn(u ; Q; R ; R d; u (n) ; � k ; � ref;k ; Np; Nc; Ts);
8: � The target function speci�es u to be the variable of manipulation
9: The cost function is de�ned and executed:

10: � This triggeres the prediction loop to start
11: function J = CostFcn(u ; Q; R ; R d; u (n) ; � k ; � ref;k ; Np; Nc; Ts);
12: � k = � (n) ;
13: u array = reshape(u (n) ; Nu ; Nc);
14: J = 0;
15: for i = 0 : Np � 1
16: if � Nc � 1
17: u k = u array (:; i );
18: else
19: u k = u array (:; Nc);
20: end
21: � k+1 = SystemFcn(� k ; u k ; Ts);
22: J = J + � T

err Q� err + u T
k Ru k + du T

k R ddu k

23: end
24: � Where SystemFcn contains discretized dynamic equations
25: � Note, both CostFcn and SystemFcn are contained in TargetFcn
26: Perform optimization using fmincon :
27: u ctrl (n + 1) = fmincon (TargetFcn; u (n) ; []; []; []; []; l b; u b);
28: � Note that u ctrl (n + 1) 2 R(Np � Nu )

29: Repeat

This code is executed in MATLAB, the code requires usage of the 'optimization toolbox' from
which the optimization function ' fmincon' is utilized. Wrapping a function-handle around the
cost functions allows 'fmincon' to continuously optimize the cost function by manipulating any
given variables. In this caseu is the manipulated variable.

In Appendix G.1 MATLAB code is provided for the attitude MPC. By converting the MATLAB
based MPC controller into C code, the calculation time of the optimization is signi�cantly
reduced. The optimization time was found to be in the interval 150� 300 [ms] in MATLAB
code, where the generated C code decrease optimization time with approximately a factor of0:01.
In Appendix G.1.1 MATLAB code is provided for converting the underlying MPC functions into
C code for faster optimization.

In section 6.2.4 we address the optimization method used for the OCP. Controller tuning and
results are presented in Chapter 7.
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6.2.4 Optimization Method

In this section a short description of the optimization method utilized within the fmincon
function in MATLAB is described. The method utilized is the sequential quadratic programming
(SQP) which is a constraint optimization method based on polynomial approximation.

Figure 6.4: Flowchart of the SQP algorithm.

Figure 6.4 illustrates the concept of the SQP algorithm. Firstly, the algorithm is initialized with
a start guess, number of iterations and the iteration counter is set to0. The next step is to
evaluate the nonlinear objective function in the point uk . Thereafter, the function is linearized
and the Hessian is determined such that the quadratic problem (QP) can be solved for the
gradient dk . If either the criteria for maximum number of iterations or for convergence are
reached, the best solution is chosen and the algorithm terminates. Otherwise, a step sizeak

is found by e.g. linear search method and a new guess is calculated along with updating the
iteration counter and the loop continuous until the number of de�ned iterations or convergence
is reached.
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6.3 Position Tracking MPC

In this section the position tracking controller is described. The purpose of this controller is to
track the time varying reference described in Chapter 2 Section 2.2.

6.3.1 Prediction Model

The prediction model used for the position tracking MPC is the discrete version of Equation
3.55. Again the rotor response approximation given in Equation 3.8 is used to provide a realistic
response of the inputu pos as shown in Equation 6.12.

u pos(k) = ! 2
n � u pos;des(k) �

� 1
T2 +

2�! 2
n

T
+ ! 2

n

� � 1

+
� 2

T2 +
2�! 2

n

T

�
� u pos(k � 1) �

� 1
T2 +

2�! 2
n

T
+ ! 2

n

� � 1

�
1

T2 � u pos(k � 2) �
� 1

T2 +
2�! 2

n

T
+ ! 2

n

� � 1

(6.12)

Where u pos = F and u pos;des = Fdes. The discretized version of Equation 3.55 is given in
Equation 6.13.

"
_pk+1

pk+1

#

=

"
_pk

pk

#

+

"
•pk (qk ; _pk ; upos;(k) ; F̂ext; (k))

_pk

#

Ts;pos (6.13)

Where •pk (qk ; _pk ; upos;(k) ; F̂ext; (k) ) is given in discrete form in Equation 6.14.

•pk (qk ; _pk ; upos ;(k ) ; F̂ext; (k) ) =
1
m

�
Q(qk ) upos;(k) + F̂ext; (k)

�
� g e �

1
m

Cd _pk (6.14)

The state vector is denoted� pos = [ _p p]T .

6.3.2 Cost Function

The cost function used for this controller is equivalent to the attitude MPC cost function. The
accumulated cost function is given in Equation 6.15.

Jpos(� pos;err (k); u pos(k); du pos(k)) =
Np;pos � 1X

k=0

`pos(� pos;err (k); u pos(k); du pos(k)) (6.15)

Where � pos;err 2 R6� 1, u pos 2 R3� 1 and du pos 2 R3� 1.

6.3.3 Optimization Process

The optimization process uses warm start and the pseudo code presented in Algorithm 1 applies
to this controller as well. The optimization method is equivalent to the one described in Section
6.2.4.
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The OCP for the position tracking MPC is stated in compact form in Equation 6.16.

min
u

Jpos(� pos;err (k); u pos(k); du pos(k))

subject to Equation 6:13

u pos(k) 2 U

� pos(k = 0) = � pos(n)

F̂ext (k = 0) = F̂ext (n)

F̂ext (k) = F̂ext (k + 1)

(6.16)

The set U contains all feasible input values. The set is de�ned by imposing constraints in the
same manner as for the attitude MPC as seen in Equation 6.11. This optimization process di�ers
from the attitude MPC as the estimated disturbance is used in the prediction model. In the
OCP it is implied that the estimated disturbance at time instant n is assumed to be constant
for the duration of the prediction. Controller tuning is addressed in Chapter 7 Section 7.3.
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7 Bayesian Optimization and
Controller Tuning

This chapter presents the tuning methods used for determining the control parameters of the
MPCs presented in Chapter 6. The di�erent considerations concerning the tuning parameters
are discussed and results are then presented for the �nal attitude and position tracking MPC.
Finally, simulation results are presented for �ight of the UAV within the WTB under di�erent
scenarios.

Abbreviation Meaning

AF Acquisition Function
BO Bayesian Optimization
EI Expected Improvement
EIP Expected Improvement Plus
GP Gaussian Process
GPR Gaussian Process Regression
MPC Model Predictive Control
SSE Sum of Squared Erroes
UAV Unmanned Aerial Vehicle
WTB Wind Turbine Blade

Table 7.1: Abbreviations used in this chapter.

The usage of MPC controllers has a strong advantage when following a trajectory e�ciently
by solving a cost function as a trade o� between performance and operational cost. On the
other hand the MPCs contain numerous controller parameters to be tuned and the tuning
process is often not intuitive, resulting in a time consuming and inaccurate iterative procedure.
It is ideal for the tuning process to utilize algorithms to determine the control parameters
that minimizes or maximizes a prede�ned cost. One approach is to obtain and analyse data
by conducting experiments or running simulations. Conducting experiments with a UAV for
controller tuning could damage the UAV as an inadequate controller can cause the UAV to
crash. Running simulations is less accurate due to the lack of unmodelled dynamics but safer,
cheaper and not as time consuming. Though for controllers with many parameters the number
of simulations required could be extensive and thus still result in a time consuming process.
Another approach for tuning the controller parameters is to utilize hyperparameter tuning
methods. Hyperparameter tuning is when the optimization problem is solved by adjusting
hyperparameters seen as inputs for a surrogate model. A surrogate model is a statistical
approximation of the real system constructed only from input and output data. The surrogate
model can be used as a fast approach to predict the output from a given set of control coe�cients.
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3 di�erent search algorithm is usually utilized for choosing suitable controller coe�cients by
hyperparameter tuning. These algorithms are the grid search, the random search and Bayesian
optimization all illustrated by a 2D example in Figure 7.1.

At the illustration of the search algorithms seen in Figure 7.1 the green circles is the optimal
point of the tuning parameters. The blue and red areas illustrate the in�uence on the output
for the given parameters x1 and x2 respectively and the red crosses are samples. The grid
search demonstrated at the left of Figure 7.1 is a simple structured search algorithm where the
samples are placed in the full grid with equal distance between one another. The downside to
this method is the symmetry as the 9 samples only covers 3 values ofx1 and 3 values ofx2. To
overcome the symmetry, random search can be utilized where the 9 samples are placed random
in the full grid. From this, up to 9 di�erent values of x1 and x2 can be tested. The 2 methods
are easy to implement but do only provide a vague idea of the distribution of states compared to
determining the optimum. A more complex algorithm is the Bayesian optimization (BO) which
uses a compromise of exploitation and exploration. This is described further in section 7.1 but
from the right of Figure 7.1 it can be seen, that the algorithm places some points in the outer
regions of the grid but also concentrate samples around the optimum.

For tuning the attitude and position tracking MPCs a Bayesian optimization approach is utilized
due to the fast approach of using hyperparameter tuning and the intelligent prediction of the
samples. Section 7.1 covers the Bayesian optimization principles, theory and implementation
whereas Section 7.2 and 7.3 presents the considerations, tuning process and results of the attitude
and position tracking MPCs respectively.

7.1 Bayesian Optimization

BO is a black-box optimization method where a probabilistic surrogate model is established as
a statistical approximation of the system as a set of tuning parameters are applied as inputs
and corresponding cost function values are supplied as outputs. The surrogate models utilized
for the tuning of the MPCs are Gaussian process regressions (GPR) from which the BO utilizes
the model and adjusts the hyperparameters to minimize the cost function and retrieves the
corresponding optimal controller parameters. A key advantage of using BO is the reduction
of the time needed to tune the controllers. Even by usage of simulation-based tuning, an
iterative parameter determination is costly as a simulation has to be run for each change of

Figure 7.1: Di�erent methods for hyperparameter tuning.
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the parameters. By approximating the simulation model with a GPR the computational cost is
signi�cantly reduced. Another key advantage of using BO is the choice of the next parameter
change. When tuning controllers, especially with an extensive number of tuning parameters, the
change of tuning parameters do not always have an intuitive e�ect on the response especially
the relation between the parameters for controllers with multiple coe�cients. Methods like
grid search and random search are simple to incorporate for the tuning process, but it is not
guaranteed that the solution is in the near vicinity of the optimum. The BO uses an acquisition
function to evaluate prior sets of parameters and corresponding cost function values to obtain
the next guess of parameters by maximizing the probability of the next parameters reaching an
optimum. For BO to operate, an acquisition function must be chosen. Further the Gaussian
process (GP) together with the hyperparameters and corresponding cost function have to be
established. These terms are explained in the following.

GP is described through a mean function � (x ) and a covariance function k(x ; x 0) giving
f (x ) � GP(� (x ); k(x ; x 0)) . Here x and x 0 are 2 di�erent sets of parameters seen as inputs
for the GP, the mean is the expected function valueE[f (x )] and the covariance function is the
expected covariance between setx and x 0 given by E[(f (x ) � � (x ))( f (x 0) � � (x 0))] .

Di�erent covariance functions have already been developed for GPs. The covariance function
is utilized to determine similarity between sets of x and corresponding y. The similarity
is based on the assumption, that points in the same vicinity of x would likely result in a
similar y as the actual point x . The covariance function k(x ; x 0) is called a kernel which must
satisfy the condition of kernel symmetry given ask(x ; x 0) = k(x 0; x ) and the condition of the
matrix K being positive semide�nite. The matrix K is the gram matrix with entries given
as K ij = k(x i ; x j ). The kernel used for the BO is chosen as the squared exponential given in
Equation 7.1.

k(x ; x 0) = � 2
sdexp

�
�

jjx � x 0jj2

2� l

�
(7.1)

where � sd is the signal standard deviation and � l as the length-scale. The length-scale is
describing the range for the correlation between di�erent x . If the length-scale attain a large
value, the correlation between points x and x 0 is strong even if they are placed far apart.
Opposite if the length-scale attain a small value, the pointx do only have a strong correlation
to points in the near vicinity.

As mentioned, the BO utilizes an acquisition function (AF) to determine the inputs for the next
prediction. The AF utilizes the knowledge from prior points to determine in which direction and
length to search for a new point. AFs have already been developed, all building upon the terms
exploration and exploitation. The term exploitation is when the AF exploits the knowledge of
previous points. The next point is chosen in the near vicinity of a prior points yielding a low
cost to search for a local minimum. The term exploration on the other hand is when the AF
choose the next point to be placed in an otherwise unexplored area. The more the AF is utilizing
exploration the more it turns into a random search algorithm. The AF used for the MPC tuning
is the expected-improvement-plus (EIP). The method of expected improvement (EI) determines
the next point from the predictive distribution calculated from the hyperparameters of the
surrogate model, namely the mean� (x ) and the standard deviation � (x ). The goal of the BO
is to maximize the EI by decreasing the mean as seen in Equation 7.2.
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EI (x ) =

(
(f (x + ) � � (x )) � (Z ) + � (x )� (Z );

0;
if � (x ) > 0
if � (x ) = 0

(7.2)

where f (x + ) is the best cost function value so far and� (Z ) and � (Z ) is the cumulative and
probability distribution respectively. Z is de�ned as in Equation 7.3.

Z =

(
f (x + )� � (x )

� (x ) ;

0;

if � (x ) > 0
if � (x ) = 0

(7.3)

To maximize this AF, the BO chooses points that reduce the mean thus increasing the �rst term
of Equation 7.2. The EI uses a mixture of exploration and exploitation to �nd the next point but
it is possible for the function to overuse exploitation and thus only focusing on �nding a local
minimum instead of searching unexplored territories. To reduce this e�ect, the AF is extended
to EIP whereas the plus establishes an exploitation ratiot � . To choose the next point the guess
x must satisfy the condition � f (x ) < t � � with � f (x ) and � being the standard deviation of the
posterior cost function and additive process noise respectively. Ifx do not satisfy this condition,
a new point is evaluated.

The implementation and execution of the BO is conducted in 3 di�erent processes: Acquiring
training data, generation of the GPR and the actual BO.

Acquiring training data: The �rst step to acquire the training data is to specify number of
training data sets. This number assign the number of loops to de�ne parameter guesses and run
simulations. To assign values for the parameters, the individual parameter value spans have to
be established whereas the ones used for the attitude MPC can be seen in Table 7.2 together
with the respective data type. These are further described in Section 7.2.

Parameter Ts Np Nc Qp Qw R M R dM

Value span 8 : 1 : 16[ms] 6 : 1 : 15 2 : 1 : 5 [103 105] [100 101] [103 105] [103 105]
Data type Integer Integer Integer Double Double Double Double

Table 7.2: Parameter value span of the attitude MPC.

With the parameter spans, the parameters are assigned a value randomly within the respective
span with the MATLAB command rand. As an example, the time constantTs and the position
penalties Qp are calculated as in Equation 7.4 and 7.5 respectively.

Ts = round(rand � 8) + 8 (7.4)

Qp = 10 (rand �2+3) (7.5)

The rand command takes a random number between 0 and 1. ForTs the data type is an integer
thus the random number generated is rounded to the nearest integer. ForQp the coe�cient is
of data type real and can attain all values within the span to double precision.
With all the parameters assigned, a simulation is then run for the simulation model utilizing
the chosen values. The cost function for the BO is calculated by the data acquired from the
simulation. The cost function for the attitude MPC is based on the quaternion errors and the
required control inputs as seen in Equation 7.6.
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J =
NX

i =1

�
(qj (i ) � ref j )2 + uk (i )2�

(7.6)

with N being the number of data samples,j = 0 ; 1; 2; 3 being the respective quaternion and
k = 1 ; 2; 3 de�ning the respective input. It has been observed that some of the combinations of
parameters results in unstable controllers thus causing the drone to spin. This causes the cost
function to skyrocket and sometimes cause trouble for the BO. The outliers are thereby removed
from the input matrix and output vector before moving to the GPR.

Gaussian process regression:The data acquired are further utilized to �t a GPR for the BO.
The GPR are generated by use of thef itrpg (X ; y ;0options0) in MATLAB. Here X is the input
parameters thus the tuning parameters from the training data, y is the corresponding cost
functions and within `options0, the desired kernel is de�ned. The GPR is then written as in
Equation 7.7.

gprMdl = f itrgp (X ; y ; 'KernelFunction' ; 'squaredexponential') (7.7)

Bayesian optimization: With the GPR, the actual optimization algorithm can be initialized. The
�rst part of the algorithm is to de�ne the tuning parameters as optimizable variables whereas
the respective parameter value span and the data type are established. As an example,Ts and
Qp are used again as seen in Equation 7.8 and 7.9.

Ts = optimizableV ariable(0T0
s; [8; 16];0Type0;0integer 0) (7.8)

Qp = optimizableV ariable(0Q0
p; [103; 105];0Type0;0real0) (7.9)

Next part is to write the BO where the MATLAB command bayesOptis utilized. Within this
command the prediction function with corresponding function handles are de�ned together with
the desired AF. The command is shown in Equation 7.10.

bayesObject= bayesOpt(@(tbl)mdlfun (tbl; gprMdl ); vars; :::
0AcquisitionFunctionName 0;0expected� improvement � plus0) (7.10)

The bayesOptcalls the function mdlfun (tbl; gprMdl ) which is the prediction function using the
GPR and the optimizable variables collected in the function handletbl. The �nal part is to
establish the prediction function utilizing the GPR and the new point chosen from the AF. The
prediction function is described in Equation 7.11.

f = predict(gprMdl; vars ) (7.11)

Where the bayesOptminimizes f by implementing the new parameters collected invars into
the GPR and predict the corresponding cost function value. The MATLAB code of the BO is
seen in Appendix G.6.

The following sections presents the tuning and �nal results of the MPCs.

93



7.2. Attitude MPC Tuning Aalborg University

7.2 Attitude MPC Tuning

Before starting BO the di�erent parameters to be tuned and corresponding parameter spans must
be determined to generate proper training data sets for the GPR. The adjustable parameters
in the attitude MPC are the operation time Ts;att , the prediction and control horizons Np;att

and Nc;att , the state penalties for quaternions and body rates contained inQp;att 2 R4� 4 and
Qw;att 2 R3� 3 respectively, the input penalties for the torques are contained inR att 2 R3� 3 and
the penalties for the input rates contained in R du;att 2 R3� 3. To reduce the number of tuning
parameters the penalties for the quaternions are denoted the same value by the assumption,
that the response of the di�erent quaternions are similar (Assumption 23 ). The same goes
for the penalties for the body rates, the inputs and the input rates. This reduces the number
of tuning parameters from 16 to 7 and thus assumed to reduce the number of training data
sets required to �nd a suitable solution. As mentioned in Section 7.1 the parameters used for
the training data are attained randomly between a stated intervals seen in Table 7.2. These
intervals are established from knowledge obtained from prior simulations to de�ne a decent grid
to search for an optimal solution. An exception is the calculation time Ts;att , where the upper
and lower limits are determined from a mixture of control theory and practical implementation.
First the largest bandwidth of the rotations was calculated in Section 4.5 whereas the upper
limit of the calculation time was stated as a frequency of 10 times the bandwidth. This ensures,
that the controller is at least 10 times faster than the largest closed loop bandwidth. The lower
bound was due to the possible calculation time observed from simulations where the slowest
calculations were at the vicinity of 8 [ms].

With the parameter spans de�ned, the parameters can be assigned values and simulations can be
performed to generate the training data required for establishing a GPR. Within the simulations
the designed UAV is constantly a�ected by rotational disturbances and the attitude MPC is thus
desired to be robust towards these disturbances. It is thereby chosen to generate the training
data from simulations containing the rotational disturbances multiplied by a factor of 10. By
this it is assumed, that if the designed UAV is capable of stabilizing while exposed to greater
disturbances the same would be the case for lesser disturbances and thus ensure a more robust
controller. Results are presented for the case of both the normal and increased disturbances
in Figure 7.2. Additionally for the GPR, the number of training data sets must de stated.
With 7 parameters to be determined it was assumed, that numerous simulations were required
to establish a suitable surrogate model. To test this hypothesis 2 di�erent GPR models were
generated, one with 10 sets of training data and one with 100. These models were used in the
BO whereas the �nal controller coe�cients can be seen in Table 7.3 and the results are seen in
Figure 7.2.

Training data Ts;att Np;att Nc;att Qp;att Qw;att R att R d;att

10 12 [ms] 9 3 10^(4.37) 10^(4.9) 10^(3.04) 10^(4.21)
100 15 [ms] 10 4 10^(4.75) 10^(4.83) 10^(3.09) 10^(5)

Table 7.3: Final controller coe�cients of the attitude MPC.

At the left column of Figure 7.2 the results of the 2 attitude MPCs are seen in the presence of
attitude disturbances ampli�ed by a factor of 10 while the right column shows the results in the
presence of the formerly established attitude disturbances. For all of the results the controllers
are seen to be stable within a period of100 [s]. With the increased disturbances, the rotations
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