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Abstract:

A ball balancing-robot is a non-
minimum phase, omni-directional mo-
bile robot that balances on a ball with
shape accelerated dynamics. It pos-
sesses five degrees of freedom and
it is driven by three actuators, yield-
ing an under-actuated MIMO system.
This thesis covers the analysis of the
dynamic model derived through La-
grangian mechanics and using quater-
nion representation, and it draws con-
clusions with regard to the implica-
tions of the unit quaternion opera-
tions.

Based on this model, two Unscented
Kalman Filters (UKF) are implemented
to deal with the measurement signals
and are in charge of orientation and
velocity estimation. The Quaternion
UKF introduces a novel treatment of
the quaternion to assure its unit norm.
Velocity and balance control are
achieved through a cascade control
structure. To deal properly with the
MIMO system and quaternion algebra,
a modification of the non-linear Feed-
back Linearization Controller is imple-
mented. An adequate reference track-
ing, equivalent to a Sliding Mode Con-
troller performance, is achieved.
Simulation results prove the ability of
the algorithms to control the system,
although further laboratory tests are to
be conducted to justify the higher com-

plexity.
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Chapter 1

Introduction

The world of mobile robotics has been dominated by structures on platforms with
one or two pairs of parallel wheels, due to its stable equilibrium with two/four
points of contact with the ground and fairly easy and intuitive modeling and con-
trol. However, the parallel wheels architecture has the main inconvenience which
is its non-holonomic properties in the trajectory. A non-holonomic trajectory im-
plies that to reach certain positions the shortest way might not be available, which
requires a roundabout to reach the desired position. Therefore, some of this moves
presents dif culties for the parallel wheels architecture. One of the solutions to the
non-holonomic limitation is the ball balancing robot.

The ball balancing robot, also called ball-robot, consists of a robot with a ball
platform architecture. The path tracking in the ball-robot is achieved by generating
the ball movement required. To do so, the ball-robot changes its inclination which
generates an acceleration due to the gravity forces, allowing the ball-robot to follow
paths in a holonomic way. The challenge for the ball-robot architecture consists of
maintaining the desired orientation and therefore the equilibrium while achieving
the desired path tracking.

Having holonomic properties allows ball-robots to have the capacity to move side-
ways without spinning the body, as well as perform more sophisticated maneuvers.
Due to this fact, the ball-robot has been proposed as an architectural solution to
robots intended for human-robot interaction.
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1.1 Problem analysis

The ball-robot architecture was selected in Aalborg University for the 'Robot Dig-
ital Signage' [1] project, with the goal of developing a Human-Robot Interaction
(HRI) under the use case of guidance and interaction with passengers in an air-
port. With the use case in mind, the ball-robot V1 was conceived with two main
parts, the ball, and the body, whereas the total dimension was designed to reach
the eye height, therefore a Human-Machine Interface, such as a tablet, can be dis-
played at the top of the robot.

The ball-robot should be capable of performing smooth maneuvers in a controlled
environment, such as an airport, including path following, obstacles avoidance,
standing still, and standing basic interaction with humans i.e. the force arising
from a human touching the screen or an unpredictable collision. Thus, the me-
chanical design as well as the control of the ball-robot is designed to cope with the
aforementioned functionality.

The basic operation principles of the ball-robot are based on two processes, stand-
ing still and moving.

Figure 1.1: Ball-robot in standstill position and tilted for linear displacement [2].
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In a standstill process, the ball-robot is ideally held perpendicular to the ground,
where the gravitational force act in the center of mass without introducing any
acceleration to the system, therefore maintaining the equilibrium.

On the other hand, the moving process is produced when the center of mass is
not aligned vertically with the center of the ball, which causes an acceleration
producing the movement of the ball-robot.

Both processes have to be controlled by the actuators of the robot through the
controllers, assuring that they are performing as expected, either maintaining the
equilibrium position and recovering it if lost or by maintaining the inclination
required to reach the necessary translational velocity.

1.2 State of the art and previous work at AAU

The ball balancing robot architecture has been researched thoroughly for the last 15
years, capturing the interest of many researchers in different institutions. Among
the research consulted, the most remarkable and cited tests are three; The Carnegie
Mellon University (CMU), consisting on an inverse mouse-ball with four DC-
motors [3], the Tohoku Gakuin University (TGU) using omni-wheels and stepper
motors [4] and nally the Eidgendssische Technische Hochschule Zirich (ETH)
with omni-wheels and geared brushless DC motors [5]. Besides those, the previ-
ous project at Aalborg University [6] makes thorough research and recapitulation
on the recent studies around the ball balancing robot state of the art.

In mechanical terms, there are no great differences between the project's set-up
characteristics. The typical con guration of the ball balancing robot consists of the
aforementioned structure of a ball and a body. The body is designed with a narrow
skeleton and allocating the mass as closest as possible to the ball and symmetri-
cally distributed, hence, reducing the inertia and increasing the controllability. The
ball-robots are mostly driven by three actuators and different force transmitters,
including inverse-mouse drives and omni-wheels, being the last one the most ex-
tended. The main characteristic of the omni-wheel is that, besides the common
behavior of a wheel, it allows axial translation, therefore transmitting the torque
of the motors but not blocking the displacement of the ball caused by the other
motors.

In terms of modeling strategies of ball balancing robots, different approaches can
be found in the literature; The most simple one consists in modeling the robot in
2-Dimensions which highly decreases the complexity of the model, with the draw-
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back of not being so accurate in representing the system. The ETH group used a
projection strategy in two planes. Finally, the 3-Dimensions representation with
a coupling between the body and the ball dynamics is the more accurate repre-
sentation used. Inside the 3-Dimensions representations, there is also a distinction
between projects in how to represent the rotations, either by Euler-angles, SO(3),
or quaternions.

Finally, there is a great variety of control strategies used to stabilize the system
and track the references given. The different strategies can be categorized into two
groups, linear controllers and non-linear controllers.

The linear controllers vary in its complexity and results, from simple PD con-
trollers, such as [4], to cascade structures to correct disturbances and linearization
errors, as shown in [3]. On top of that, gain-schedule strategies for an LQR are
developed by the ETH group [7]. The research conducted by ETH university con-
tinued the mentioned work by developing a time-varying LQR gain.

For the non-linear control strategies the most common strategy is the use of sliding
mode controllers to account for the coupled non-linearities of the model [8], [9],
[10], [11] and [6].

The previous ball-robot project at Aalborg University [6] included in its scope the
recapitulation and detailed description of the balancing ball-robot state of the art,
as well as a comparison between the different studies conducted, therefore, if a
deeper insight into the ball-robots states of the art is required, the reader is referred
to [6] to nd an extended revision.

It is necessary to mention the outstanding work done by [6] as the predecessor
of the current Master thesis. His extended job achieved various goals; it contains,
among others, a detailed review and comparison of the state of the art in the ball
balancing robot world; A quaternion 3D model of the balancing robot is derived
and an ODE equation using the Euler-Lagrange equation is computed. Extended
Kalman Filters are designed to cope with the noise of the sensors. A cascade con-
trol structure is developed using mainly a Sliding mode controller with a velocity
controller. Finally, it is tested in the real version of the ball balancing robot at AAU
facilities producing satisfactory results.

Therefore, the authors of the current thesis want to specially acknowledge the clear
and detailed work presented by Jespersen, and also providing all the documenta-
tion and materials open-source.
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1.3 Scope of the thesis

The current thesis is developed to face certain challenges and learning goals. First
of all, getting insight into how to model and interact with a mechanical device
with multiple degrees of freedom, under-actuated, advanced complexity, and cou-
plings between the states. Secondly, learning to develop state of the art observers
to deal with sensor noise, non-linear models, and model inaccuracies. Finally,
developing advanced control strategies involving Multiple-Input Multiple-Output
(MIMO) non-linear systems, where non-linearities and input-output couplings are
into consideration.

Due to the characteristics of the ball balancing robot, it offers the challenges sought
and satis es the inquisitiveness and goals set.

Thanks to the previous work developed in [6], there is a solid background to
start with the development as well as to compare results and assess the properties
achieved by the algorithms developed. Therefore, throughout the current thesis,
it is cited several times and its work is taken as a basis. Comparisons with the
previous project are provided in order to throw conclusions and make advances in
the eld.

The "Future work" chapter introduced in [6] as well as his work is taken into con-
sideration to chose the algorithms to be developed in this thesis, in order to explore
new techniques that can overcome certain issues found. The variations introduced
are summarized in Figure 1.2, where V2019 refers to the system developed by
Jespersen and V2020 to the current version. The algorithms that vary from one
version to the other are colored in orange to ease the reader.
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Figure 1.2: Schematic of the changes proposed in the current project compared to the ones imple-
mented in the predecessor [6]. The main changes proposed are highlighted with an orange back-
ground or in orange text.

The scope of the current project does not cover interacting with the on-board com-
puter of the robot, therefore the operative system ROS as well as the LIiDAR read-
ings are not available for the project development.

For the modeling of the robot, it has been decided to continue with the quater-
nion representation while introducing a small variation in the way of treating the
gquaternion and its operations to obtain the error. Previously done through a "brute
force normalization" where the quaternions are driven on the unit sphere forcing
the unit norm, which can yield deviations in the predictions. The proposed al-
ternative is based on using only quaternion multiplication and no addition and
subtraction, therefore the quaternions are kept unitary throughout the algorithm
without requiring the forced unit norm.

The observers proposed are an alternative non-linear approach to the previously
implemented Extended Kalman Filters. The Extended Kalman Filters linearise the
model in every iteration which might lead to linearization errors, whereas the Un-
scented Kalman Filter is thought to deal with the non-linearities of the model,
hence it is presumed to provide preciser results in the whole operation range. Fur-
thermore, as proposed in "Future work" in [6], quaternion additions and subtrac-
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tions are substituted also in the estimators' algorithms by multiplications in order
not to introduce deviations in the estimates due to the forced norm. It becomes a
relevant change to be implemented in the Unscented case, due to the number of
additions included in the algorithm that might make the forced norm even more
inaccurate. These required changes lead to implement an extension of the classical
Unscented Kalman Filter.

Finally, the controller strategy studied in this thesis consists in the Non-linear Feed-
back Linearization Controller as an alternative to the Sliding Mode Control, seek-
ing better performance in the tracking error and a more suitable control signal.
The Sliding Mode Controller shows a chattering in the torque control signal com-
manded to the motors, that yields wheel slip related problems. On the other hand,
when using the continuous switching law the stability can only be proven for the
reaching phase. As shown in [6] it creates some oscillations around the desired
equilibrium point that are aimed to be reduced by using the Feedback Lineariza-
tion Controller strategy.

It was originally in the scope of this thesis to implement the results in the physical
device. However, due to external circumstances the device and the facilities to test
were not available.

1.4 Problem statement

Based on the scope of the thesis and according to the goals aimed to be achieved,
the statement of the project can be summarized in three main groups

1. Review, understand and develop the quaternion model with alternative quaternion
operation.

2. Development of an advanced observer strategy for non-linear systems.

3. Derivation and implementation of an advanced non-linear control strategy.

The performance of the different algorithms proposed will be evaluated through-
out the thesis.

1.5 Project outline

The thesis is disposed in the following chapters
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Chapter 1. Introduction

Chapter 2 details the main characteristics of the ball-robot as well as the
principles of the model derivation.

Chapter 3 starts reviewing the observers state-of-the-art applicable to the
system to justify the observers' type choice. It shows the derivation of the
Unscented algorithm and its principles.

Chapter 4 covers the implementation of the orientation estimator, QUKF.
Chapter 5 describes the procedure to implement the velocity estimator, VUKF.
Chapter 6 presents the results obtained with the estimators.

Chapter 7 provides an overview of the system from a control perspective
detailing the peculiarities and providing a preview of the control scheme
chosen.

Chapter 8 describes the principles of the Feedback Linearization Controller
and presents the results of the balance controller.

Chapter 9 shows the results obtained in simulation tests combining the con-
troller with the estimators.

Chapters 10 discusses the insights obtained throughout the project.

Chapter 11 suggests possibilities for future work based on the current project
achievements.

In regard to appendices of the thesis,

Appendix A lists the parameters used in the ball-robot.

Appendix B derives the kinematics of the model while in  Appendix C the
dynamics of the model are obtained.

Appendix D shows a comparison of the different types of 3D rotation repre-
sentations and justi es the quaternion representation choice.

Finally, in Appendix E quaternion algebra required for the project is ex-
plained.



Chapter 2

Description of the system

The ball balancing robot onward referred to as ball-robot is designed seeking to
adapt properly to the speci cations of the use case. Therefore, it consists of a ball
of 129 mm of radius with the body on top of it leading to the center of mass ending
up at 421.3 mm above the center of the ball. For its design, it has been sought to
distribute the mass such as the center of mass is the closest possible to the ball and
symmetrically distributed. An illustration of the system is seen in Figure 2.1.

Figure 2.1: System main geometric parameters. a) and b) from [2]. c) from [12].

11
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Three omni-wheels are equally distributed with a separation of 120° and a zenith
inclination of 45°. Each wheel is driven by a different motor and has a radius of 50
mm. Finally, a list of the parameters of the ball-robot used for simulation is de ned
in Appendix A.

2.1 System architecture

The measurement system consists of three sensors sets, i.e., one encoder that mea-
sures the rotations of the motor and an Inertial Measurement Unit (IMU), which
consists of an accelerometer, a gyroscope, and a magnetometer. However, the mag-
netometer is not used since the interferences with the environment of the room
and the device itself introduce noise in the signal. The sensors readings are fed to
the velocity and quaternion estimators and, trough an inverse kinematics computa-
tion, to the velocity controller, which is a Linear Quadratic Regulator with integral
action (I-LQR).

The measurements of the sensors are normally noisy and not suitable for the con-
troller, therefore two Unscented Kalman Filters estimators are placed in between
in order to reduce noises and improve the signal, accounting for possible param-
eter deviations on the system model. The Quaternion Unscented Kalman Filter
(QUKF) estimates the orientation of the body through the quaternion estimate and

its derivative. These estimates are fed to the linear velocity Unscented Kalman
Filter (VUKF) that estimates the linear velocity of the ball-robot.

A reference generator provides the desired translational velocity as well as the ro-
tational velocity in the heading angle to the controllers' section. The controller
scheme is designed as a cascade controller architecture. In the outer loop, a ve-
locity controller (I-LQR) is placed, which computes the reference in the inclination
required to obtain the desired reference tracking. The reference signal is expressed
in quaternion representation and its derivative. The quaternion reference from the
velocity controller together with the states estimated is fed to the inner loop, where

a Non-linear Feedback Linearization Controller (FLC) is in charge of computing the
signal required by the drivers to reach the desired reference.

An overview of the architecture is presented in Figure 2.2.
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Figure 2.2: System architecture.

2.2 Model assumptions

There is a trade-off between the accuracy of the system and its complexity, and
it must be assessed carefully in order to set the goals and characteristics of the
model. The assumptions considered in the model and their implications have been
de ned upon the state-of-the-art of the ball balancing robots [5] and mainly based
on the equivalent robot of the one presented in the project [6].

1. The parts of the system are considered rigid bodies. This idealization implies
that they do not deform or change shape under the action of external forces,
it can only translate or rotate. Three components of translation and three
of rotation de ne a rigid body; hence, a rigid body has a maximum of six
degrees of freedom.

2. The ball-robot is de ned by two rigid bodies, the ball and the body, includ-
ing the wheels. The body is simplied as a cylinder. The ball and body
connection are considered a spherical joint, avoiding the parts to fall apart
and allowing them to conceive the body as an inverted pendulum.

3. Wheels and motors masses are included in the body mass, although the mo-
tor and wheel inertia are evaluated within each of the wheels. The reason
for it is that, at any given moment, the velocity and direction of the body
with respect to the wheels and the wheels with respect to each other might
be different.
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10.

11.

Chapter 2. Description of the system

The ball-robot will move in a at environment, meaning that the ball only
translates in the x-y plane, but not on the z-axis, therefore, limiting one de-
gree of freedom in translation.

There is no slip between ball and omni-wheels, hence there is a kinetic rela-
tionship between the body's movement.

There is no slip between ball and ground; this allows us to connect the ball
translation movement with its rotational movement.

The ball is considered not to rotate around the z-axis. Therefore the rotation
of the body in the z-axis is not transmitted to the ball z-axis rotation.

. The center of mass of the body®p_,,, location is in the geometrical center of

the body, which provides an inertia tensor with only diagonals.

. The actuators' dynamics are considered ideal. They are fast enough and

considered without having a delay between the command and the response.
The torque provided is the same as the commanded one.

The omni-wheels are connected to the ball in a point (p,) and can only
transmit tangential force while the displacement in other directions occurs
without friction.

The friction forces considered in the model are: Viscous friction between the
ball and ground, B; viscous friction between the body and the air, B,y; vis-
cous friction arising from the motor angular velocity B\, which is composed
of the internal motor friction and the friction between omni-wheel and the
ball.

The ball-robot model is constructed under these assumptions and the parameters
of the model are de ned according to it in Appendix A.

2.3

System representation

The ball-robot representation shown in Figure 2.3 presents the system character-
ized by the two rigid bodies simpli cation, where the upper part of the robot, also
referred to as the body, is represented as a cylinder.
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Figure 2.3: Rigid bodies representation of the ball-robot showing the main reference frames.

The parameters are de ned in their respective frames. The de nition of the frames
is required to ease and simplify the representation, have a structured nomenclature,
and systematically enable calculations.

2.4 Frames de nition
The frames used throughout this project to de ne the model are the following:

« { 1'}: The inertial frame is considered the general reference frame. Deter-
mined in the initial position of the ball robot. It does not vary with time.

« { K} : The orientation of the axis of the frame K is the same as the inertial
frame. It is located in the centre of the ball and translates with respect to the
inertial frame in accordance with the horizontal translation of the ball.

« { K%} : Itis rigidly attached to the centre of the ball, hence with the rotation
of the ball the axis will rotate equally.

« { B} : Rigidly attached to the body, but located at the centre of the ball. The
axes will rotate in accordance with the rotation of the body.
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 { B%} : Same orientation as the frame {B } but translated to be located at the
center of mass of the body.

2.5 System characteristics

In this section the main concepts that de ne the characteristics of the ball-robot
are de ned and discussed for the system. These concepts are considered by the
authors as key concepts for understanding the algorithms developed throughout
the project.

The ball-robot is a system with ve Degrees of Freedom (DoF). Itis able to translate
in two directions, i.e., x-axis and y-axis directions, and it can rotate in the three
rotational directions, pitch, roll and yaw. The z-axis translation is limited by the
assumption that the ball moves on a xy-plane.

The ball-robot is controlled through three motors which transmit torque to three

different omni-wheels. An omni-wheel, also considered a poly wheel, is a wheel
composed by rotary parts in its circumference. The speci ¢ structure of an omni-
wheel is designed to transmit the torque tangentially to the circumference and
parallel by the plane formed by the wheel, while the rotary parts included in the

circumference allow the wheel to "slip" in the other directions [13]. The three
motors are the actuators of the system. Hence, the ball-robot is de ned by ve
DoF controlled by only three actuators, which make it an under-actuated system
[14].

Depending on the number of actuators versus the DoF, a system can be considered
of three types:

1. Fully-actuated : A fully actuated system is a system where the number of
actuators corresponds to the degrees of freedom, there is a direct relationship
between each actuator and the control of one of the coordinates; however, it
can exist couplings between them.

2. Over-actuated: An over actuated system has more actuators than the re-
quired to control the coordinates of the systems. Hence there is some redun-
dancy [15].

3. Under-actuated : Systems where the number of degrees of freedom is higher
than the number actuators. Hence, by default there are couplings between
coordinates. In other words, when controlling one of the coordinates another
is collaterally affected.
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It is required to use a mathematical representation capable of describing each of
the possible positions, also known as con guration. Con gurations are de ned
through a mathematical representation, also known as generalised coordinates of
the system. If the generalised coordinates are chosen in a way that represents
the different con gurations with the minimum amount of independent variables,
the generalised coordinates are known as minimal coordinates. However, there
are some cases in which it is not possible to use minimal coordinates, or there
are some advantages coming from the usage of other nomenclature. For those
situations, the generalised coordinates include a set of dependent coordinates. As
a consequence, it is required extra de nitions, known as constraints, to maintain
the problem solvable. The constraints can be of two types, holomonic or non-
holomonic;

» Holomonic: A holomonic constraint limits the places in space where the sys-
tem can reach; it is interpreted as a reduction of freedom. It can be integrated
into a position state, which means that at any time it is possible to know the
position through a geometric relationship.

g=(c,t)=0 (2.1)

* Non-holomonic: A non-holomonic constraint limits the directions of the sys-
tem. It is a constraint in velocity, and it can not be integrated; it would
require to know the information about the previous states, e.g. the order of
the rotations applied with Euler angles determines the nal position. It is
not possible to determine the current position just by knowing the amount
of rotation; hence, it requires the previous states, i.e., how the rotations have
been produced with respect of time.

g=(c,c,t)=0 (2.2)

The ball-robot system has ve degrees of freedom; hence, it is required to have
at least a set of ve coordinates. The coordinates set depends on the system cho-
sen to describe the rotations in the system. Rotations can be described through
different systems of representation, while the most common systems are SO(3),
Euler-Angles and quaternions. Each system has its properties with advantages
and disadvantages. In the previous work in the homologous ball-robot [6] the rep-
resentation with quaternions is used. Even though it was proven not to be a must,
it is desirable to use quaternions due to its extensive use and advantages compared
to Euler angles. A comparison of the different systems as well as the reasons of
choosing quaternions for this project are explained in detail in Appendix D. The
basics in quaternion algebra and their main concepts are developed in Appendix
E.
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Due to the quaternion representation choice, there are four generalised coordinates
to represent the 3 degrees of freedom of the rotation. This results in the following
set of generalised coordinates de ned relative to the inertial frame.

2 3
X

y

_ a0
c = 2.3
(o] (2:3)

(07)

(0]

To avoid confusion with the quaternions, the symbol c is used instead of the com-
monly used q to refer to as the generalised coordinates. The coordinate z is not
included since the displacement in the z-axis is not allowed. Finally, the set of

generalised coordinates is composed by six variables, while the system has ve

degrees of freedom, meaning that it is not a set of minimal coordinates, and it

requires the use of constraints arising from the quaternions.

The generalized coordinates de ne the con guration of the system. The states of
the system x that are used to control the system, and therefore to de ne the state-
space, are the generalized coordinates and their derivatives. The choice of these
states is because they represent the complete position and orientation of the frame
f Bg, i.e. its translational velocity and rotation with respect to the inertial frame,
and therefore they de ne completely the system dynamics.

2 3
X
Y
C
x= o = B)? (2.4)
y
e

The ball-robot is also characterised as being a shape accelerated robot, which
means that it is destabilized by gravitational forces and has non-integrable con-
straints in its dynamics [16]. The body inclination angle with respect to the vertical
axis generates a linear acceleration that makes it translate. Being shape-accelerated
combined with having the actuators at a lower height than the COM of the body
makes the system present non-minimum phase dynamics, which is due to Right
Half Plane (RHP) zero behaviour. As a consequence, the ball-robot has inverse
response behaviour at the beginning of the response. For example, when com-
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manding a reference of linear displacement in the x-axis, the ball-robot initially
has to move to the negative x-axis direction before starting moving to its positive
steady-state value, yielding a delay in the response.

2.6 Model notation

A standard notation for deriving the model is created for the sake of simplicity
and avoid ambiguity to the reader.

The velocity is relative and therefore, it has to be given as a velocity of the subject
frame respect to another frame, called reference frame or observer, from where it
is observed. Thus, the subscript is composed of the frame from where the velocity
is measured, followed by the name of the frame from where the movement is

observed. Furthermore, the vector has to be described in a frame coordinates,
which is indicated with a superscript. In case of its absence, it is assumed that it is
expressed in the reference frame.

According to this convention, the linear velocity ng, (also referred to as tangential
velocity) is the velocity vector at which the origin of the frame fBg is moving
relative to a reference frame f Ag, i.e. the linear velocity of frame f Bg seen from an
observer placed on frame f Ag.

A rotation of a vector, applied either by transformation matrices or quaternions,
only changes the frame in which the vector is expressed, and it will not affect the
reference frame. Equation (2.5) describes the velocity of the reference framef Bg
relative to the reference frame f Ag, being the velocity expressed in f Cg frame,
which is accomplished through a pure rotation.

“Vgia = SRAVgia (2.5)

Same principles and notation apply for angular velocities but describing the speed
and direction of a frame rotating relative to the reference frame wpg;a.

2.7 Model of the system

The main goal of the project is to be able to control the ball-robot in a de ned
environment. The control strategies and estimators studied in the thesis make use
of the system model. The model describes mathematically the response of the
ball-robot to stimulus coming from the system itself or the environment. Hence,
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it is correct to assume that with an accurate model of the system, correct control
of the ball-robot is achievable, and simulations can be performed to replicate the
real set-up behaviour. The model of the system has been based on previous works,
especially in the model from 2019 at AAU [6], seeking for an in-depth understand-
ing while trying to improve the previous work, and providing detailed information
about the concepts and methodology needed to create the model. In the current
section, a summary of the model derivation is shown, while the main explanation
and derivations can be found in Appendix B and C.

To model the system behaviour, rstly, it must be described by the laws of kine-
matics. The kinematic model is derived and explained in Appendix B. The goal is
to relate the system states to the actuator variables, and vice-versa.

The dynamic model makes use of the obtained kinematic relationships to substitute
and leave the model in terms of the state variables. The dynamic model describes
the behaviour of the system and is used for prediction of the system outputs, i.e.
it connects the states and system inputs with the derivative of the system states,
which are the next instant values of the system.

The dynamic relationships can be mainly established through the Newton-Euler
equation or Lagrangian mechanics. In this project, the dynamic model derivation
is developed based on Lagrangian mechanics and can be found in Appendix C. It
leads to the standard Euler-Lagrange equation

M(c)¢ + C(c,c)c+ G(c)+ D(c) Hig(c)! noi+ Hion(C)l non= Q(c,c,u)
(2.6)

Furthermore, the equation is modi ed for convenience into a more manageable
equation including the constraints required for the system while having a suitable
form as an Ordinary Differential Equation. This form is better suited for control

purposes yielding the nal ODE dynamic equation of the system (2.7), which is
further used for the estimators and controllers development.

M(c)e + €(c,c)c + &(c)+ B(c) = ©&(c,c,u) (2.7)

The solution of these equations of motion describes the system states dynamics
and therefore the behaviour of the whole system.
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Chapter 3

Estimators introduction

The dynamic model de ned in Appendix C is aimed to provide an accurate rep-
resentation of the behaviour of the system. However, the model states differ from
the real states of the system due to a variety of reasons.

One reason comes from the inaccuracy of the mathematical model due to the as-
sumptions and the parameter uncertainties. Besides that, there could be scenarios
not considered in the model, including the response of the system to external
events, also known as disturbances. Hence, it yields a drift in the values obtained
by the model.

Another relevant source of error is caused by the inaccuracy of the sensors used
in the system. Most of the systems use mechanism or devices to "read" a specic
parameter. Those devices are prompt to drift, either by noise inherent to the device
and the system or mechanical limitations, i.e. the precision of an encoder is limited
by the number of readings per full rotation.

For some applications, neither the model predictions (sensor-less) or the readings
from the sensors are accurate or reliable enough to be fed to the controller. In
some cases, the controller is required to control some states that the sensors can
not measure and they need to be estimated. A state estimator, also called Luen-
berger observer, is aimed to account for the inaccuracies of the model and drive the
estimated parameters to converge to the real ones in the presence of disturbances
or uncertainties [17]. The schematic of an estimator using the linear standard state-
space nhomenclature is shown in Figure 3.1.

23
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Figure 3.1: Block diagram of a system with an estimator, inspired by [18].

The equations governing the error of a state estimator [19] are in the form of

Eest= X X
X = Ax + Bu (3.1)
X= AX+ Bu+ K(y V)

while the error dynamics are de ned by

€st= (A  KC)eest (3.2)
esf(t) = A Kc)teesl(o) .
The error of the mathematical model is determined by subtracting the real states
minus the mathematical model.

The Luenberger observer has to be applied to a deterministic system, in which no
randomness is involved in the development of future states of the system. How-
ever, real systems suffer from random noise, v, in their sensor signals. When
dealing with sensors the system is considered stochastic, i.e. a random proba-
bility distribution is expected in the output measurements from the sensors [20],
and therefore the estimator is required to be able to handle this noise statistically.
Hence, despite the fact that the structure of a Luenberger observer and a Kalman
Iter looks alike, the gain of the Luenberger observer is just an adequately chosen
constant for convergence rate. In contrast, in a Kalman lter the gain is optimally
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derived taking into account the variance of the measurement and process noise and
updated in every iteration. In addition, Kalman Filter estimators allow to combine
the measurements of multiple sensors that are reading the same states or indirectly
the same states [21] and, applying the combination of the readings obtain a more
precise measurement. The use of the technique combining multiple measurements
is often referred to as sensor fusion.

In this chapter, the model of the sensors are derived in order to create the noise
in the simulation as well as to derive the noise covariance needed for the Kalman
Iter estimators. At the end, a discussion about the choice of the type of Kalman
Iter is provided.

In Chapter 4 and Chapter 5, the Unscented Kalman lters for orientation and ve-
locity estimation are derived respectively.

The results of the estimators dealing with the noise created by the sensors in sim-
ulation are shown in Chapter 6.

3.1 Sensor modelling

The available sensors' set consists of three-wheel encoders and an Inertial Measure-
ment Unit (IMU), consisting of a three-axis gyroscope, three-axis accelerometer and
a three-axis magnetometer.

IMU's are capable of providing orientation changes measurement through the gy-
roscope, changes in linear velocity through the accelerometer, and heading orienta-
tion measurements using the magnetometer. However, experiences in the previous
projects on the ball-robot had proven the magnetometer to be under the in uence
of large disturbances due to the Electro Magnetic Interference (EMI) [6]. Hence,
it is not being considered for the measurements. The wheel encoders are electro-
mechanical sensors capable of reading the rotation of the axle, to do so, a full
revolution is divided into different reading points or ticks, and every time the
angle lands in one of the points a signal is sent through the encoder.

The measurements of the IMU are noisy and integrated to obtain the states of
the system. However, integration leads to dead-reckoning positioning systems.
Therefore, the IMU measurements are biased, and a bias integrated over the time
causes drift in the measurement. For a long-running time, this drift can trigger
an utterly wrong state estimation, i.e. wrong position and orientation of the ball-
robot. This drift might be negligible in some cases and simpli es the algebra, while

it is relevant for most of the cases. It is therefore essential to assess its relevance
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for each speci ¢ application, e.g. in autonomous cars, a drift effect causes the car
not to keep the lane properly and it is a non-admissible effect [21].

Avoiding drift is a matter of fusing this information with absolute position read-
ings, such as the ones from GPS, LiDAR or a vision device that can reset this drift
[22]. However, this absolute readings also have noise, and in order to treat them
properly, they need to be considered through a Kalman Filter. The accelerometer
and gyroscope biases for each axis can be incorporated as states of the Kalman
Filter to estimate them and correct them with the sensor sources.

However, it is proven in [6] that the observability of the gyroscope is not possible

if LIDAR measurements or any supplementary sensor reading of the states related
to the bias are not available. The reasons of the unobservable bias come from
the accelerometer model used for quaternion estimation and are explained more
in-depth in Section 4.2. As a consequence, only the accelerometer bias can be
estimated. The drift effect is expected to be admissible for this application since it is

a short running time application and the integration of the bias is not accumulated
for a long time. Furthermore, by means of an accurate initial calibration, the biases
can be close to zero in the beginning and therefore do not lead to a signi cant drift.

In the ball-robot set-up, the centre of mass of the body is not accurately known.
Furthermore, the IMU installation place might differ from the desired one. For

these reasons, it might contain misalignments with the orientation of the body.
Hence, a speci ¢ frame for the IMU, fIMU g, is de ned. Finally, the models of
different parts of the IMU are de ned following the work of [23].

3.1.1 Accelerometer

Accelerometer measurements are generated through the use of two components,
an internal measurement which is reading the gravity force, and an external case
measuring all the accelerations to which the IMU is subjected to. The internal
case readings are subtracted to the external case readings to calculate the total
acceleration. Hence, in a free fall under the in uence of gravity, an accelerometer
would measure zero acceleration due to gravity. However, while being on the
surface of the earth, it measures a positive gravity vector.

M Zace= Kace™ R IOIMUjI 'g +™ bacet ™ Vace (3.3)

Equation (3.3) models the general form of an accelerometer, where K 4 is a scale
factor specic for each IMU. The rotation matrix "R transforms the readings



3.1. Sensor modelling 27

from the IMU frame f IMU g to the inertial frame f | g. The bias of the sensor
is represented by "MV b, and the noise corresponding to the sensor is denoted as
MUy 0o Which is represented as an additive white noise with a Gaussian distribu-
tion; "™vaee N (03 1, Sacc)-

The covariance of the accelerometerS,c, as well as the rest of the covariances of
the sensors de ned throughout the project, are de ned based on the ones used
in the previous project [6]. The accelerometer covariance is extracted from a test
performed on a MPU-9250 IMU, and is given by

3
0.3945 0.0006 0.0234

Sacc= 4 0.0006 0.3922 0.00365 10 ° (3.4)
0.0234 0.0036 0.9941

The gravity vector in the inertial reference frame is de ned as

2 3
0

'g=4 0 5 (3.5)
9.81

The IMU is assumed to be perfectly calibrated and the measurements readings
have been transformed to be expressed in the body frame, yielding the following
equation for the accelerometer model

®Zace= 50" IdIMUjI 'g 54+ "bacct “Vacc (3.6)

3.1.2 Gyroscope

The gyroscope measures the changes in orientation of the IMU and depending on
the quality of the IMU it is more or less prompt to give a noisy reading and drift
due to the time-varying bias.

IMU —_ IMU IMU
Zgyro = Kgyro, R

Winuj + MY bgyro + MY Vgyro (3.7)

The accelerometer gainKgyro is also a sensor-speci ¢ constant scale factor, as well

as the bias of the sensorbgyr,. The noise of the measurementsv 4y is also modeled
ussian whi ise,"™ Vgyro 3 1, ro » W ro IS €X

as a Gaussian white noise," vgyro N 03 1, Sgy here Sy is extracted from
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the previous project [6] test in a MPU-9250, leading to the following values

2 3
0.4969 0.0201  0.0035

Sgyro = 4 0.0201 0.1749  0.02605 10 3 (3.8)
0.0035 0.0260 1.3970

Due to the nature of the gyroscope, the readings are in uenced by the bias, which
may drift over time as an stochastic process. The rate of change of the bias is
modelled as a white Gaussian noise, " wgyro N (03 1, Spias), With Spjas being a
tunable parameter

"bgyro =™ Wpias (3.9)

Assuming the gyroscope to be calibrated, the equation of the gyroscope yields to
BZgyro = BWBjI +58 bgyro +58 Vgyro (3.10)

3.1.3 Encoder

The encoders measure the variation of the angle position of the motor axle. The
variation measured is limited by the resolution of the encoder. Hence, it can only
measure the change between one reading and another, and the number of read-
ings per revolution limits the precision. The number of readings for the encoder
used in the set-up consists of niicks = 70997.33. The total amount of ticks, i ks, iS
accumulated and obtained as follows [6]

. Ny;
iicks = round tz'cr')‘s q (3.11)

where ¢ corresponds to the motors position angle vector
2 3
Go
q= 4q° (3.12)
s7

The round function forces the angle to the lower or upper tick as follows

round (x) = sgn(x) jjxj + 0.5 (3.13)
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A change in the encoder readings evaluated over a time period, Dt, is used as a
numerical approximation to calculate the angular velocity of the motor [6]

. Ngi Nt
Diticks = round téLr;‘sq(H Dt) round %‘Sq(t) (3.14)

However, due to the approximation, it is required to include a small error on the
encoder readings, which leads to model the encoder as

. Ny
Zenc = Diticks = ;(;)ks Dtg + Venc (3.15)

The noise for the encoder is modelled as Gaussian white noise,venc N (03 1, Senc)-
The covariance Senc is determined as a diagonal matrix due to the lack of in uence
of the noise of the encoders between one another. The maximum error possible
in the encoder is limited by the error in the approximation of the function round
(3.13), which corresponds to one tick

Nticks ) Nticks ) Nticks )
round Tq,(t+ Dt) round 3 Gi(t) 2 Dtg 1 (3.16)

A Gaussian distribution is built upon the premise that 99.7% of the samples belong
to 3s. This boundary is set to one according to (3.16). Hence, it is possible to
de ne the Gaussian distribution covariance diagonal from the standard deviation
as follows

1
3Senc= 1! Senc= 3

— 2 —
Senc - Senc|3 - §|3

Finally, combining (3.15) with the inverse kinematics from (B.47) yields to
0 2 1

0 3
N , N . .1 Y ~
Zenc = Ditieks = ;:)ks Dtiv F e "RG 54 — )2)/ é qu§ * Venc (3.17)
0

Mk
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3.2 Kalman Filter

A static parameter can be estimated, for example, by a linear recursive least squares
Iter. Similarly, the Luenberger observer aims to drive the state estimate to a real
evolving value. However, it has to be applied to a deterministic system, in which no
randomness is involved in the development of future states of the system. Rudolf
E. Kalman developed an estimator based on the least-squares method capable of
estimating an evolving variable. It is also aimed to handle statistically the noisy
signals that come from stochastic systems. For this reason, a Kalman Filter is also
called linear—quadratic state estimator [24]. There are several types of Kalman
Iters, but all of them are settled on the fundamentals of the classic one, i.e. com-
puting the gain optimally over time using measurements which contain noise. The
estimates of the real values are computed using the model of the system, which
yields deviations due to inherit inaccuracies [25].

The principle of the Kalman lIter relies on the combination of the characteristics
of the probability distribution of the estimated value, i.e. the mean value estimated
and its covariance, combined with the distribution of the measured value, in or-
der to provide a more accurate value with lower covariance. Hence, the more the
sources of measurements used to estimate the value, the higher precision is ob-
tained in the estimation process. Therefore, the objective of the Kalman lter is to
minimize the mean squared error between the actual states and the estimated ones
[26], as shown in Figure 3.2.

Figure 3.2: Combination of measurements distribution, inspired by [27].

The classic Kalman's estimator structure can be divided in two steps, prediction
and update step. A schematic of the steps followed is shown in Figure 3.3.
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Figure 3.3: General process of a classic Kalman lter estimator [28].

In the rst step, also called the prediction step, an estimation of the current states
is computed as well as the statistical parameters accounting for the uncertainties.
Afterwards, in the update step, the states are transformed into the estimate of the
measurement variables. The difference between the values obtained through sen-
sor measurements and the estimated ones are pondered using a dynamic weight
and used to correct the state estimate obtained in the prediction step. The result
of the update or correction step, known as "a posteriori* estimate, is composed of
a mean and a covariance matrix. It is assumed as the correct value and driven to
the controller as well as fed-back to the Iter algorithm to use it in the next predic-
tion step. Depending on the applications, precision aimed as well as the sensors
reading rate, multiple prediction steps may be performed per update step.

The prediction step in a classical KF for a LTI system is de ned by the following
relationships
kk = AXy 1+ Bug

3.18
P, = APy AT+ Q (3.18)

to de ne the a priori state estimation X, and the a priori covariance matrix P, . For
the rst iteration of the algorithm, the previous state estimation and the previous
covariance, Xy 1 and P, 1 respectively, are initialized by a xed value of the initial
estimated parameters. The matrix Q corresponds to the noise covariance of the
process model.

The second part of the algorithm, or update is given by
Ke= P, CT CP,CT+R '

Py= (I K(C)P, (3.19)

Xk = kk + Ky Yk C)’{k
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where Ky is the optimal weighting factor. It is an m,n-matrix whose components
depend on the relative size of the covariances of estimate and measurements. The
Kalman gain performs two functions, it weights the update, i.e. it is in charge of
deciding how much to trust the measured values and the estimated ones, and at
the same time it transforms the residual from measurement space to state vector
space [29]. The matrix R corresponds to the noise covariance of the measurements.

3.3 Kalman Filter types comparison and choice discussion

The Kalman Filter algorithm has many variants and are chosen depending on the
system and application requirements. For a linear system, a linear Kalman Filter,
known merely as Kalman Filter (KF) can be applied. In this case, to propagate the
system states from the previous instant to the next time step, a linearised model at
the equilibrium point is used.

For some non-linear systems, a linear estimator is not suf cient, in such a case a
non-linear estimator is needed, such as an Extended Kalman Filter (EKF). The EKF
is different from the ordinary Kalman Filter since it uses the non-linear model in-
stead of the linearised one to predict the mean of the states. The covariance of the
states is however propagated linearly, but with a more accurate approach, since the
system is linearised in every iteration at the previous value of the state. Therefore,
it is usually used instead of the Kalman Filter when the system is considered to
be degraded using a global linearisation. However, for a proper performance the
system is required to be locally linear, i.e. the system linearised at the previous
state value used to calculate the next time state value still needs to t the non-
linear system result. For the ball-robot application, due to the fast sample rate of
200 Hz, the model can be considered locally linear in the vicinity of each sampling
instant, since the variable values are not going to change considerably in that short
sampling period. An EKF approach is applied in [6], showing accurate results at
that sampling rate. However, EKF is not optimal if the system is highly non-linear;
besides that, the system is linearized at each iteration, which requires nding the
Jacobian matrices of the system. For complex functions nding the Jacobians is a
dif cult task by itself, i.e. analytically it might prompt to mistakes, and numer-
ically is computationally costly. In case the functions are not differentiable, it is
impossible to nd the Jacobians [30].

The Error-State Extended Kalman Filter (ES-EKF) is a modi cation of the EKF to
reduce the error in the estimation due to the linearization process. It splits the state
value into the nominal part and the error in the estimation. The nominal part is
propagated in the prediction step by the non-linear model, leading to having an
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error state closer to a linear signal. ES-EKF uses the error in the estimation as the
Kalman Filter states. The error in the estimation consists of the accumulation of
the modelling errors and the process noise. Therefore, ES-EKF estimates the error
state directly and uses it as a correction to the nominal state. This Kalman Filter
approach operates close to the origin since the error states are assumed to be small
and considered centered around a zero mean, and therefore far from possible pa-
rameter singularities and providing a guarantee that the linearisation validity holds

at all times. Since the error state is small, the second-order products are negligi-
ble, which makes the computation of the Jacobians easy because they are constant
or equal to available state magnitudes. Furthermore, the error dynamics are slow
because all the large-signal dynamics have been integrated into the nominal-state;
this leads to apply corrections at a lower rate than the predictions achieving same
results [21].

In case of dealing with highly non-linear systems, there are some extensions of the
EKF, such as the Unscented Kalman Filter (UKF) or more complicated versions,
such as the Particle Kalman Filter, that handle the non-linearities achieving higher
accuracy. However, the more accurate the approximation, the higher the computa-
tional cost.

In general terms, both EKF and UKF share the basics of the KF implementation
structure; the difference lies in how to compute the mean and noise covariance
matrix both in the prediction and correction steps. The EKF transforms the proba-
bility distributions through the linearised process and measurement model, which
can lead to a covariance that does not accurately capture the uncertainty in the
states, triggering the state estimates to vary from the actual value [29]. Conversely,
the Unscented Kalman Filter relies on the Unscented Transform (UT) which al-
lows transforming probability distributions through the non-linear functions of
the models, maintaining the Gaussian distribution afterwards without distortion.
Since it transforms the distributions by using the non-linear process and measure-
ment model, it is a more realistic approach and ts better the real propagation
of the noise through the model. The error source, in this case, comes from using
the UT, i.e. from approximating a Gaussian distribution to a non-linear function.
Nevertheless, this error is lower compared to the error caused by linearising the
model, mostly in highly non-linear models. It is founded on the intuition that

it is easier to approximate a probability distribution than an arbitrary non-linear
function transformation [31]. Moreover, UKF removes the requirement to explicitly
calculate Jacobians matrices of the system at every time step.

Once the Kalman Filter algorithm is chosen, there are different approaches on
how to apply it to the system. The dynamic model of the system can be used
to propagate the states and calculate the output; in such a case, it is said to be a
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model-driven lter. It utilizes the actuated input to the system, i.e. the external
torques, to predict the next time step state of the system. The other approach is
called sensor-driven when it uses the kinematic relationships as the system model.
The advantage of a sensor-driven lter is that it does not rely on the model and pa-
rameters of the system and therefore makes the estimator applicable to any similar
system.

Quaternion estimation is widely researched in Kalman Filters with mainly two
different approaches, treating the error in an additive way or multiplicative [32]
[33]. Quaternions are not closed under addition and subtraction, therefore correct-
ing the a posteriori estimation with a quaternion addition prevents the result from
being a unit quaternion, and forced normalization is required at the end of each
estimation iteration to keep the quaternion on the unit-sphere.

An overview of the main characteristics of the different Kalman lters is presented
in Figure 3.4.

Figure 3.4: Comparison of the main characteristics of the Kalman Filters inspired by [21].

Once assessed the differences between the Kalman Filters state-of-the-art, the choice
of the estimator approach applied to ball-robot is discussed next. First, the non-
linear relationship in the ball-robot between estimated orientation and expected
measurement prevent the usage of a classical Kalman Filter. This problem is ad-
dressed by choosing a UKF which allows the non-linear measurement and process
models and is more accurate and less costly than the common EKF. Furthermore,
when dealing with quaternions UKF is preferred compared to an EKF due to the
exibility it offers in dealing with the random variables, v and w. Some extensions
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of the original UKF are necessary in order to deal with the inherent properties
of unit quaternions, which results in a UKF with similarities to an error-state ap-
proach with the multiplicative treatment of the orientation propagation. The UKF
approach chosen is sensor-driven due to its simple model and commonly usage for
this application. Furthermore, the sensor model approach is proved as a suf cient
model for orientation state estimation in [29].

A two connected UKF structure is developed to estimate the ball-robot states. A
Quaternion UKF (QUKEF) in charge of orientation and angular velocity estimation,
and a Velocity UKF (VUKF) dealing with the linear velocity estimation, which re-
guires the quaternion orientation estimation from the QUKF to update its states.
This two Iter structure approach is chosen because for orientation estimation pur-
poses (QUKF) the accelerometer is usually assumed to measure mainly the gravity
vector since the linear accelerations of the ball-robot are considered negligible com-
pared to the gravity one. However, when estimating velocity (VUKF), its rate of
change is calculated using the linear acceleration estimation, which is corrected
by the linear acceleration read by the accelerometer and hence it can not be disre-
garded in this case.

The QUKF and VUKF are executed at the same speed rate as the sensors reading
speed which coincides also with the sampling time, which is 200 Hz. It is decided
to compute the same number of prediction and update steps, since it might provide
enough convergence speed. Hence, the Iter algorithm has an iteration periodicity

of Dt = 1/200 = 5ms

3.4 Unscented Kalman Filter

The Unscented Kalman Filter (UKF) is the one studied in the current project. Hence
its characteristics are covered in the current section.

The KF operates on a probability distribution in the n-dimensional state vector
space. This distribution is characterized by its rst two statistical moments, mean
and covariance. The UKF uses a deterministic sampling technique known as the
Unscented Transform (UT) to pick a minimal set of sample points from the input
distribution. These points are called sigma points since they are placed at a speci ¢
rate of standard deviations away from the mean [30]. The process and measure-
ment models transform this distribution by transforming each sigma point, leading
to a new set of sigma points belonging to the output distribution, from which a
new mean and covariance estimate is then formed to parameterize the transformed
distributions. The resulting Iter depends on how the transformed statistics of the
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UT are calculated and which set of sigma points are used.

The goal of the Iter is to compute an estimate of the system state vector x com-
bining the model prediction and the sensor measurements. The distance at which
each sigma point is placed away from the mean of each state is related to the square
root of the noise covariance of that state in each of the dimension directions. Since
the noise covariance matrices are by de nition symmetric positive de nite matri-
ces, the Cholesky Decomposition is used to compute their square root. The most
basic example is in the case of a one-dimensional input probability distribution, in
which the Cholesky Decomposition is the square root of the variance, which is the
standard deviation [29].

LLT = B, , (3.20)

where L is a lower triangular matrix. At the beginning of every UKF recursion
the previous estimate of the state vector m_, or the mean at time step k 1, and

its covariance P, ,, are known. The n,n-matrix P, , is transformed into the set of
sigma points Xy 1 which has the same mean and covarianceP, ;.

X =m  poeolly . (3.21)

where i 2 f 0,Dg corresponds to the index of the sigma point and D to the total
number of sigma points. The corresponding column of the L matrix previously
calculated is refers to as cof L, ;. The proportional parameter will be de ned
according to the transformed statistics of the UT and the number of sigma points
chosen.

The sigma points are propagated ahead to the next iteration k through the non-
linear process model of the system. Note that no process noise vector w is being
considered in the process model function since it will be added through its covari-
ance matrix Q to the sigma points when computing the covariance matrix Py. The
covariance matrix Q of the random variable w is a measure of the rate at which the
uncertainty of the system state estimates increase with time.

XD =t xO,u 1,0 (3.22)

The prediction step concludes computing the "a priori" estimation of the mean and
covariance of the state vector at time k, weighted by a proportional parameter that
is specic for each UT characteristics chosen and that approximates a Gaussian
distribution using the properties of the sigma points deviations due to the model
propagation.

m, = x k& X, (3.23)
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gy () (i) T
Peua X, m, Xy m, *+Q (3.24)

The update step requires to obtain a mean and covariance of the measurement esti-
mation vector. The previous sigma points are transformed from the n-dimensional
state space to the m-dimensional measurement space through the measurement
model function. The measurement noise vector v is neglected in the model func-
tion since its covariance R is added afterwards when computing the covariance
matrix of the estimated measurement of P,,.

z=hn, xP,0 (3.25)

The measurement mean and covariance of the measurement estimates are com-
puted as previously de ned

=mudz? (3.26)

N>

R 2N ) . . T
Po=8a z m z0 m +R (3.27)
i=0

Finally the Kalman gain that optimally weights the update is computed. To do
so, the cross-covariance of the predicted state and the predicted measurements
needs to be computed. This cross-covariance relates how the measurement space
is correlated with the state space

o (i) (i) T
Pend X’ m, 2 m (3.28)

leading to a Kalman gain that drives the residual between the measurement and
the predicted measurement to an update of the "a priori" states value and trans-
form from the m-dimensional measurement space to the n-dimensional state space.
Therefore K is a n,m-matrix computed as follows

Kk = PXZPzzl (329)

The "a posteriori" state estimate corresponds to the "a priori* mean updated with
the residual. The update of the "a posteriori" covariance matrix is computed fol-
lowing the same principle.

Xk = X+ Kk(Zk 2k) (3.30)
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Figure 3.5 shows the transformation of the sigma points through the non-linear

model and the UT approximation to a Gaussian distribution. In a classical KF, the

measurement estimate is simply the states mean transformed through the model
(h(m)), while UKF uses the mean value of the projected distribution instead ( m),
which generally does not correspond as shown in the gure. The covariance is also

calculated more realistically in the UKF using the UT instead of using the linear

model, which constitutes a relevant improvement of the UKF compared to the EKF

if the model functions are highly non-linear.

Figure 3.5: The sigma points are chosen equally separated from the mean according to the Gaussian
properties of the variable. They are transformed through the non-linear model (orange dots) leading
to a non-linear distribution (orange line). The sigma points are used to calculate through the UT
the mean and covariance to properly approximate a Gaussian distribution to the non-linear one.
Inspired by [21].
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Quaternion Unscented Kalman
Filter (QUKF)

A modi ed Unscented Kalman Filter speci cally designed to work with quater-
nions is implemented for orientation estimation. An schematic of the work ow is
shown in Figure 4.1 in order to clarify the steps followed.

Figure 4.1: Schematic of the modi ed quaternion unscented Kalman lIter estimator.
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The modi cations were needed since the UKF algorithm contains a large number of
additions and subtractions operations. Those operations can not be implemented
freely with quaternions due to the accumulated error caused by exiting the surface
of the unit-sphere. The proposed forced unit norm after the addition operations
that worked properly for an EKF in [6], did not yield to good results in the UKF
algorithm due to the aforementioned reasons.

The QUKF estimates the orientation of the ball-robot and the rotational velocity,
i.e. the f Bg reference frame orientation with respect to the fKg reference frame
represented by a unit quaternion and its angular velocity associated. As explained
in Section 3.1, the gyroscope bias can not be estimated since it is unobservable
without an additional sensor available. The Iter states to be estimated form a
7-dimension vector as follows

sd

X = 5
BWBjK

(4.1)
for the algorithm explanation, the super and sub-scripts indexes of the states will
be removed for clarity purposes. As explained in Section C.4, the unit quaternion
constraint (C.45) on the norm deprives the quaternion of one degree of freedom.
Therefore, the rst four components of the Iter space vector are dependent, and
any spatial rotation could be represented by their three degrees of freedom (in
fact, there are two quaternions that represent each rotation E.1.2). The dependence
between lter states causes a con ict with the concept underlying a KF and the way
how noise is treated as additive [29]. Furthermore, unit quaternions are not closed
under addition and subtraction, and therefore many UKF operations need to be
adapted to unit quaternions arithmetic. For these reasons, a quaternion orientation
estimation Iter requires special handling of the quaternion associated states.

The available measurements for the update step to correct the states estimate comes
from the IMU, accelerometer and gyroscope.

o
Zace _ Bsik

z= = s (4.2)
Zgyro BWgix

The previous iteration state vector and covariance are known for each iteration
of the algorithm. For the rst iteration, they are initialized with a realistic initial
position of the ball-robot, which consists in starting in a pre-calibrated vertical
position and standstill. This position corresponds to a unit quaternion orientation
with zero angular velocity.

T

= 1 0 0 0J]0O 0O O (4.3)
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Since the state vector has six degrees of freedom @ = 6), the covariance of the
process noise vectorw uses for the orientation components an axis/angle repre-
sentation instead of a quaternion form, and therefore it is a 6,6-matrix.

P°=diag 1 10 " 1,, 110°% 1107 1, 1 10° (4.4)

4.1 Prediction step

Sigma points de nition

In the beginning of every QUKF recursion the previous d,d-matrix P, 1 is known
and transformed into the set of sigma points through the Cholesky decomposition.
In this UKF it is desired to apply the process noise before the process model in
order to include it in the sigma points creation at k 1. The process noise has zero
mean and a d,d-matrix covariance Q that makes it more suitable to be implemented
when de ning the sigma points deviations from the mean [29]. Each sigma point is
a seven-dimensional vector, while the process noise is de ned as a six dimensional
vector, therefore a simple process noise addition would not be possible because of
size mismatch. This yields to the following d,d-matrix L

. 9 ——

Le.= (Pc:+ Q) (4.5)

where Q is de ned in (4.37). The matrix L is transformed to create the 2d = 12

sigma points deviations W |  from the mean. This deviations have a covariance

P, .+ Q scaled by a factor following [29]. These UT characteristics are optimal for
a quaternion orientation UKF.

i P_— ~ .

w =+ 2dcoll,, i

Xk 1

1...d

. o (4.6)
wi*d - p2dcoIiLk1 i=1...d

Xk 1

The deviations form a 6,12-matrix in which each column correspond to the devi-
ation of a specic sigma point and the rows to the variable corresponding to a
degree of freedom, therefore

o =w), 4.7)

the rst three components correspond to the orientation. Since the sigma points
need to be seven-dimension vectors to match with the state vector, the orientation
components are then transformed to a quaternion form applying the axis/angle
properties,

a§) = jaY)] (4.8)
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(i) — fw

Taw = iy, (4.9)
HAw]

where the angle is the magnitude of rotation needed for the deviation of the sigma
point i and it is expressed in radians. The deviation axis of rotation is the previous
vector in its unitary form. The quaternion orientation of the deviation of the sigma
point i can be composed by applying (E.23)

" (i ! i # o

i
i a i a
qw = CO0s %‘W ,eg\z, sin %‘N (4.10)
The set of sigma points X, , is a 7,12-matrix created shifting the deviations by the
mean value. The deviations will be symmetrically distributed to both sides of each
previous state value, which corresponds to the state mean given by

" #

ERE (4.11)

Since unit quaternions are not closed under addition, the mean is rotated by the

deviation quaternion q\(,i\) to create each sigma point i, and this has to be done
by quaternion multiplication (E.9) to keep it in the unit-sphere. For the angular

velocity each deviation vector wf,i\} is added to the mean.

2
_ _ _ 0 . o
X0 =g ,+wd 1 x 0=4 k1 W5 (4.12)

Xk 1 . k17 (I)
Wi 1+ Wy

The sigma points are seven dimensional vectors, however, to clarify a simpli ed
schematic is depicted in Figure 4.2. It shows the sigma points creation process
using the deviations from the mean, for the rst and second state space directions,
hence creating a 1D and 2D planes respectively.
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Figure 4.2: 2D and 3D probability distribution planes for one and two state space directions respec-
tively, represented in a 1D and 2D drawings to show the distribution of the sigma points from the
mean according to their deviation.

Process model

These sigma points are propagated ahead in time through the non-linear process
model to get a new set of sigma points for the predicted state at time k. The process
noise vector w is not considered in the model since the process noise has already
been applied at the sigma points de nition.

xW=1t xP,0 i=1..2 (4.13)
The process model of the angular velocity is de ned as the simplest one which
considers it constant in time. It is proven that this model is enough for these types
of applications [29], despite a more complex model like the dynamic one can also

be used.
Wi = W, (4.14)

Furthermore, the process noise attached to this angular velocity model is de ned
in (4.39) and considered as a tunable parameter for the process model. The bigger
the noise covariance of the angular velocity model, the less trust in stating that
the angular velocity is constant, leading to trust more the measurement from the
sensors than the process model. If the covariance is low, it means that a constant
angular velocity is a good estimation to our application. As a consequence, this
noise parameter has a Itering effect in the angular velocity sensor readings, which
is higher if more trust is put in the model.

The process model function for the orientation is derived from the angular velocity
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one. The angle rotated is computed as
ap = jw, ,j Dt (4.15)

and the unitary rotation axis is

(4.16)

The corresponding process model for the orientation is a quaternion given by

h i
dp = cos b ,€p Sin b (4.17)
2 2
which results in the following process model from (4.13) that is used to propagate
the set of sigma points 2 3
AR SO
xW =471 05 (4.18)
k (i)
W1

Computation of the "a priori" mean

The predicted mean x, and covariance P, for the state at time k, are the "a priori"
state and covariance estimation. The mean is computed applying the barycentric
mean.

= m = — é{’ X (4.19)
©oo2din “
However, orientation is periodic. Therefore (4.19) can yield to invalid results, e.g
the mean of f 176, 18Q gives 2° when itis 178° [29]. Furthermore, the quater-
nion mean computation is not trivial since unit quaternions are not closed under
addition. Therefore, for the rst four components of the sigma points that corre-
sponds to the quaternion, the mean is computed using quaternion multiplication
instead of a sum, this is applied through a square distance minimization algorithm.
It is establish on the idea that the mean is the least total distance to the addends
considered. The quaternion term of each sigma point is rst transformed into its
rotation matrix [34]. The mean quaternion is the result of minimizing the squared
Frobenius norm of the difference between a sweep quaternion and the quaternions
of the sigma points. The sweep matrix consists of quaternions that represent rota-
tions from 0 to 180 degrees about each axis and is also transformed into a rotation

matrix. I
2d

N2
g=arg min & R(Gsweep R Xq(') (4.20)
In an iterative process the quaternion of the sweep matrix that minimizes the dis-

tance between itself and each sigma quaternion is stored. Once all the sweep
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guaternions have been tried, the one that minimizes the sum of the distances to
each sigma point quaternion is the mean quaternion of the guaternions sigma
points [34]. The algorithm is limited to compute the mean of quaternions that are
close to each other [35]. The Frobenius norm consists in the matrix horm of a
matrix, i.e. the square root of the sum of the absolute squares of its elements.

Computation of the "a priori" covariance

The covariance Py, is usually calculated by the square of the subtraction to the
mean of each sigma point value and then divided by the total number of sigma
points. This subtraction term is similar to the deviations W ,, , computed in (4.12)
to de ne the sigma points but in this case for time step k.

13

1
F)xxk = 53

) ) T
a XD mo x0 m = W W, (4.21)
i=

This is true for the angular velocity terms W 4, , but in order to avoid unit quater-
nions subtraction the orientation terms, i.e. the rst 4,12-matrix W qy,, of the
7,12-matrix W ,, are computed applying instead quaternion multiplication. The
conjugated quaternion (E.15) of the mean is required to represent a orientation
subtraction in the quaternion multiplication.

N — y ()
W (CL)Xk = Xq,k H‘E’Xk (4.22)

Furthermore, in order to match the dimensions of the covariance matrix, which is
a 6,6-matrix due to the noise terms de nition, the quaternion deviation must be
converted to its axis/angle representation to be three component vector. Following

(E.23) the angle is extracted from the scalar part of the quaternion W qu)'()k

aw, = 2 arccogW ) (4.23)

Xk

and the unitary rotation axis from the complex terms is given by
‘ W (2:4j)
[ g,X
efN)qk = + (4.24)
sin aqulz

by multiplying both terms the rotation vector is de ned

W 8, = €Wy 8w (4.25)

X

This way the covariance 6,6-matrix can be computed applying (4.21) with the mod-
i cations introduced for the orientation terms

T

i W Q. Xk W 0. X
2d W W, Xk W W, Xk

Pxx, =

(4.26)
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4.2 Correction step

The predicted state sigma points Xk(i) which are seven-dimensional and were ob-
tained in (5.11) are transformed through the non-linear measurement model to get
a new set of sigma points of the predicted measurement, which are six-dimensional.

z0=h x"0 i=o0.. . (4.27)

Two measurement models are required to compute the predicted measurements
corresponding to the sensors reading, one for the accelerometer and another for
the variable read by the gyroscope. The measurement vector is de ned as

2acc - BéBjK (428)

N>
1

2gyro BW BiK

Measurement model

The accelerometer is assumed in the QUKF to measure the gravity vector in the f Bg
reference frame. Therefore its measurement model transforms the known gravity

vector in the inertial reference frame to the f Bg reference frame by rotating it using

the quaternion estimation obtained through the process model.

2 0 3
) |
fem = - S0 ApS M0 = _FCOTECAN 405 (429
1

Since the gyroscope measures the angular velocity in the f Bg reference frame and
this variable was already component of the state vector its measurement model is
simple

Zgyro = PWg (4.30)

The accelerometer estimation has a limitation inherit from its model. A yaw rota-
tion reference in the ball-robot does not vary the projection of the gravity vector in
the f Bg reference frame, since the gravity vector has only z-component when the
ball-robot is vertical, and the f Bg reference frame z-axis coincides with the inertial
reference frame z-axis. Therefore, when there is a yaw rotation in the reference it
produces a drift in the heading estimation that increases with time. A magnetome-
ter or Li-DAR sensor reading can correct the estimate of the heading and assure
that the drift stays into the acceptable threshold for the application. In that case,
the bias would be observable and could be estimated by the QUKF. It would be
added in (4.30) to improve the angular velocity estimate compensating for the drift.
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Computation of the measurement mean and covariance of the estimate

In this case the measurement vector (5.2) is a six-dimensional and does not have
guaternions, therefore the mean of the sigma points can be easily computed as

N

5 130
Zk=m= 24 4 (4.31)
|

1

I Qo

Same applies for the covariance computation that can be computed with the sub-
traction formula without modi cations. The measurement noise covariance R is
de ned in (4.40) and added to the sigma points covariance to compute the nal
covariance of the predicted measurements, providing the noise is additive.

2d . . T
Zid a z" m z" m +R (4.32)
i=1

I522 =

Computation of cross-covariance and Kalman gain

The cross-covariance relates how the measurements are correlated with the states
and transform from the m-dimensional measurement space to the n-dimensional
process space, therefore it is a 7,6-matrix,

T

- 1 & i A
P = o a ' m, 20 m (4.33)
The Kalman gain is a 7,6-matrix and is given by
Ky = PyP,t (4.34)

Computation of the "a posteriori" mean and covariance

The Kalman gain is used to optimally correct the mean and covariance of the pre-
dicted "a priori" state estimate with the residual between the sensors measurement
and the measurement estimate from the model, leading to the "a posteriori" state
estimate and covariance.

X = X+ Ke(zw  2) (4.35)

Pxxk = Pxxk KklszzKI (4.36)

These two variables are the initial data for the next iteration of the QUKF algorithm.
Moreover, the part of the mean and covariance related to the quaternion estimation
is driven to the VUKF since it needs the estimation of the quaternion to compute
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the linear velocity estimate. The estimated quaternion and angular velocity of
the QUKF transformed to quaternion derivative are also required to estimate the
position of the ball-robot through integration and forward kinematics. Therefore,
an accurate and fast convergence is required to the QUKF in order not to propagate
its error to the other state estimates.

4.3 QUKF covariance matrices

The process noise covariance matrixQ is a 6,6-matrix and is de ned for the QUKF
following the explanation of the noise sources in Section 3.1 [6]

Q= 0s 3 Sy (4.37)

For the process model of the QUKF the numerical integration error that comes
from the discretization is normally that small that can be simply set to be zero.
However, to be able to apply the Cholesky decomposition in (4.5) to P, , + Q the
sum of these matrices must be a positive de nite matrix. Hence, since P, . is
computed automatically and can not be modied, Sq is set to a small covariance
but different from zero to prevent having a 3,3-matrix of zeros that would make
impossible to compute the Cholesky decompaosition.

Sq=8q l3=1 10 % I3 (4.38)

The angular velocity process covariance is de ned as a diagonal matrix with a
smoothing factor that is tunable for acquiring the desirable Itering [6]. The an-
gular velocity process model was de ned as to propagate the angular velocity as
a constant. Therefore, the noise with covariance S,, which is tunable, indicates
how reliable is to state that the angular velocity is constant. The higher the noise,
the less trust in the model of constant angular velocity, and therefore less Itering
effect in the angular velocity estimation from the sensors reading.

Sw=sSw l3=110°% I3 (4.39)

The measurement noise covariance is a 6,6-matrix that is de ned as follows

R = arrust Sace 03 3 (4.40)
03 3 Sgyro
where Sacc and Syyro Where already extracted from experimental data collected by
the MPU-9250 IMU with internal LPF as shown in (3.4). and (3.8) The ratio ayys;
is set to 2 and it is a tunable parameter, the higher value the more trust is put into
the gyroscope measurements by increasing the accelerometer covariance.
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Velocity Unscented Kalman Filter
(VUKF)

The VUKF aims to estimate the linear velocity of the ball-robot in the fKg reference
frame with respect to the inertial reference frame. However, the system states to be
estimated form the following 7-dimensional vector

2 . 3

Y
Il
X

2

(5.1)

since also the linear acceleration and the gyro bias are needed to perform the linear
velocity estimation process model.

The available measurements for the update step to correct the states estimate comes
from the encoder placed in each motor and from the accelerometer in the IMU.
The state vector and measurement vector share the linear acceleration terms, but
the measurements ones are de ned in the f Bg reference frame.

2 3
ME o

M
z= Zeo - @ 'f2 (5.2)

Zacc

The previous iteration state vector and covariance are known for each iteration of
the algorithm. For the rst iteration, the state vector is initialized with a standstill

49
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position and pre-calibrated with zero bias value,

T

%x°= 0 0|0 0|0 0 O (5.3)
The covariance matrix is a 7,7-matrix initialized at
PO=diag 1 10 1, 11021, 1 10° I3 (5.4)

5.1 Prediction step

Sigma points de nition

In the beginning of every QUKF recursion the previous N,N-matrix Py 1 is known
and transformed into the set of sigma points through the Cholesky decompaosition.

Ly 1|:I 1 = P 1 (5.5)

In this case, the number of sigma points required is chosen to be 2N + 1 for an
N-dimensional probability distribution, since there are N states to estimate, where
N = 7 since it is the state vector dimension.

The matrix L is transformed to create sigma points deviations W ixk , from the
mean. The parameterk is a tuning parameter and is chosento bek = 3 N, since
it is shown in [21] as a good choice in case of a Gaussian probability distribution.
The higher k the faster the convergence. the These UT characteristics are commonly
assumed as optimal for a general state estimation UKF.

ng)l =+pN+|<CO|i|:k1 :+p§(;o|i|:kl i 1...N (56)
w N~ pN+kcoIiI:kl = péco“:kl i=1. N '

Xk 1

The deviations form a 7,14-matrix in which each column correspond to the devi-
ation of a speci ¢ sigma point and the rows each of the state vector components.
The previous state estimation is taken as the mean and also constitutes the rst
sigma point. The other 14 left sigma points are concatenated to this one forming a

7,15-matrix.
0
X =m_

X =m  +WE, i=1.N

Xk 1

(5.7)

Process model
These sigma points are propagated ahead in time through the non-linear process
model to get a new set of sigma points for the predicted state at time k.

xD=1 xP,0 i=o0..N (5.8)
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The velocity of the VUKF is calculated through the rst order relationship between
the velocity and the acceleration, hence the new velocity would be updated through
the Forward Euler method

'X¢ = "% .+ Dt'X,
ka = lyk 1+ Dtlyk 1
where Dt corresponds to the sampling time.

(5.9)

The changes in acceleration can be described by the dynamic model but it is com-
putationally heavy, hence, the acceleration is de ned kinetically as a constant pro-
cess model where the changes are de ned as random noise and included in the
noise covariance matrix Q.

le: — | o
Xe = Xy 1

'S/'k =! Vi 1
The accelerometer bias is modelled as a constant in which the changes correspon-
dent to a tunable white noise variable whose covariance is applied in the noise

covariance matrix Q
Dacck = Dacex 1 (5.10)

Hence, the complete process model used for propagating the sigma points follow-
ing (5.8) is de ned as

2 .. 3
'x), + Dt'x{,
'y, + DY,

X = ROk 1 (5.11)

0
Y1

NO)
b

acck 1

Computation of the "a priori" mean and covariance

The a priori mean and covariance of the sigma points are computed weighted by a
factor a;.
A
X =m = a a®x [ (5.12)
i=0
This weight depends on the parameter kappa and the dimension N of the proba-
bility distribution. 8
k -
_ < N i=0
al) = (5.13)
' vk 160

Z|
x|

=

NI
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The predicted covariance is the result of adding the covariance of the propagated
sigma points (3.22) to the noise covariance matrix Q, de ned in (5.26). Therefore, it
results in a 7,7-matrix covariance matrix Pyx, Which is updated with the integration

of the process noise from the process model, and grows more and more every

iteration.

T

2N . . .
PXXk = é a(|) Xk(l) n}(k Xk(l) n}(k + Q (514)

i=0
5.2 Correction step

The predicted state sigma points Xk(i) which are seven-dimensional are transformed
through the non-linear measurement

z0=h x"0 i=o0..N (5.15)

In this case the measurement models correspond to transform the states to the
measurement variables read by the encoder and accelerometer

2 . 3

2enc _ f 2

N>
]
|
>

(5.16)

o B8
Zace Xgjk

Measurement model

The model h is de ned by the sensors providing the measurements. Using the
de nition of the encoder from (3.15) discretizing without the noise yields to

0 2 0 3 1
N Ny . .1 y -
Zenck = ;(I;ks Dtfv F qu ! %G qu a )zyk Z 2§qk§ (5.17)
k
0

In the case of the VUKF, the accelerometer measures are not simpli ed as it was
done with the QUKF since it is required to obtain the in uence of the different
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accelerations in the system. The measurement model of the accelerometer is dis-
cretized from (3.3) yielding to

2 3

I)'('k
IMU 5

2accr = _F (5007 G(56) " 4 Wi 5+ ™ bace (5.18)
g

Finally, the measurement sigma points are computed transforming them using
both measurements

0 2g)nck
2= 0 (5.19)

ZaCCk

Computation of the measurement mean and covariance of the estimate

The mean and covariance of the predicted measurements are estimated using the
weighted a; parameter from Equation (5.13)

2= m = _é’1 allz () (5.20)

A 2N . . T
P,, = é a(') Z(') m, Z(') m, + R (5.21)
i=0

The measurement noise covariance is de ned in (5.28).

Computation of cross-covariance and Kalman gain

The cross-covariance and Kalman gain are 7,6-matrices given by

R FA0 o T
Pe=a X m  Z0 m (5.22)
i=0

Kk = I’:\)XZI’:\)zzl (523)

Computation of the "a posteriori" mean and covariance

The Kalman gain is used to optimally correct the mean and covariance of the pre-
dicted "a priori" state estimate with the residual between the sensors measurement
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and the measurement estimate from the model, leading to the "a posteriori" state
estimate and covariance.
)’Zk = X+ Ky (Zk 2k) (524)

ﬁxxk = Pxxk Kkl’jzzKI (525)

Since the VUKF makes use of the quaternion estimation obtained from the QUKF,
its convergence and error are in uenced by the QUKF one.

5.3 VUKF covariance matrices

The process noise covariance matrix Q is build collecting all the covariances from
the process model, giving a 6,6-matrix [6]

Svlz2 02 2 02 3
Q=407 sal2 0 3° (5.26)
02 2 02 2 Spias

where s, is the covariance of the distribution of errors occurring due to the dis-
cretization of the system, hence they are tunneable. As for s, is the covariance
corresponding to the expected change in acceleration, thus, if it is expected to have
large changes in acceleration thes, can be increased to give less trust to the pre-
dictions and relay more in the readings. Finally Syiss is tuned depending on how
fast the accelerometer bias changes in the process.

The measurement noise covariance is a 6,6-matrix built upon the error covariances
of the encoder and the accelerometer in addition to the covariance of the accelerom-
eter coming from the QUKF (4.36)

A~

. p 0
Pxx,k — Oxx,k,acc |53 3 (5.27)
3 3 XX,K,gyro
Senc 03 3 03 3 03 3
03 3 Sacc 03 3 I:)xx,k,acc ( )

where the covariance of the encoder Serc is de ned in (3.1.3) as %|3 and the covari-
ance of the accelerometerS;cc de ned in (3.4) as a 3,3-matrix.
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Estimators results

The estimator is implemented and tested in simulation, where the output of the
system model, c, is fed to a model of the sensors which adds noise to the states.
The noise of the sensors is shown in Figure 6.1, Figure 6.2 and Figure 6.3, corre-
sponding to noise of the encoder, gyroscope and accelerometer respectively.

Figure 6.1: Ideal encoder signal compared to the deviated encoder signal.
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Figure 6.2: Signal given by the gyroscope with the measurement noise included.

Figure 6.3: Signal given by the accelerometer with the measurement noise included

The measurements obtained by the model of the sensors are used as input to the
estimator. Furthermore, it is desired to compare the performance of the proposed
UKF against the EKF to assess if the use of a more advanced estimator is justi ed
with remarkable improvements. The comparison is possible thanks to the use
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of the previous results obtained by the V2019 ball-robot in the project [6], which
makes uses of the mentioned EKF to estimate the states.

The time lapse chosen to show the following results covers the main characteristics
of the response, further time lapses only add repetitive patterns similar to the
results presented.

6.1 QUKF results

The rst estimator implemented is the QUKF, since its output is required to be fed
to the VUKF. The QUKF provides an accurate tracking of the quaternion reference
as it is seen in Figure 6.4. The real part of the quaternion as well as the ¢, compo-
nent, follows the reference correctly. The g, and gz components are slightly noisy
with an error of order  0.001 and 0.002 respectively.

Figure 6.4: Comparison of the quaternion obtained by the QUKF against the referenced quaternion
signal.

More intuitive visualization of the results expressed in Euler Angles is shown in
Figure 6.5, where it can bee seen that the movement is tracked achieving low error.
The error seen in the yaw angle might be corrected using another sensor, such as a
LiDAR, which would allow to correct the heading estimate.

Part of the error seen in the quaternions might be due to the yaw error distributed
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between the components of the quaternion.

Figure 6.5: Comparison of the estimated Euler angle against the reference orientation.

To assess the quality of the QUKF, the results are compared with the ones obtained
in the V2019 ball-robot [6]. Figure 6.6 shows the error in tracking for both of them
in Euler angles representation. It is observed that there is no mayor difference in
the performance of the observers. Both of the estimators yield an error considered
admissible for the application requirements.
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Figure 6.6: Comparison in error between the QUKF from V2020 and QEKF from V2019 expressed in
Euler Angles.

For the quaternion derivative tracking shown in Figure 6.7, it is quite remarkable
the precision obtained by the estimator, since the estimation for every component
follows adequately the references, being the signals centered around the actual
value. As it was expected, the estimation in the quaternion derivative have more
noise than the quaternion estimation.
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Figure 6.7: Quaternion derivative tracking obtained by the quaternion estimator.

A comparison between the errors obtained by the QUKF (V2020) and the QEKF
(V2019) for the quaternion derivative can be observed in Figure 6.8. It is seen that
there are no noticeable differences in the performance.

Figure 6.8: Comparison of the error of the quaternion derivative between the QUKF from V2020 and
QEKF from V2019.
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6.2 VUKEF results

The quaternion and its derivative estimation signals are used to calculate the po-
sition and the linear velocity estimates through the Velocity Unscented Kalman
Filter. The results are compared with the reference in Figure 6.9.

The estimations obtained by the VUKF are considered precise enough for the ball-
robot application, with a slight constant drift of 0.0002n/ sfor the x-axis position,
and a small chattering in the velocity x-axis.

It is ventured that it can be caused by the quaternion error coming from the QUKEF,
given that an error in the original orientation from the body can produce a small
deviation in the translational velocity. Despite that, e.g. the error in the x-axis
position after 100 seconds would accumulate to 2 cm, which might be considered
acceptable for the current scope of the project. An additional sensor correcting
the heading in the QUKF might mitigate the deviation in the position and velocity
estimate.

Figure 6.9: Tracking performance in the position and linear velocity.

Comparing the errors of the VUKF and the VEKEF in Figure 6.10, it is observed that
the results are similarly accurate, with a slightly better performance in the y-axis
velocity estimated by the VEKF. The difference might be caused by the non-use of
the heading in the QUKF versus a heading correction in the QEKF.



62 Chapter 6. Estimators results

Figure 6.10: Comparison of error for the UKF in V2020 and the EKF in V2019 to estimate the position
and linear velocity.

6.3 Estimators conclusion

From the previous results, some conclusions regarding the Kalman Iter strategy
chosen are drawn. Firstly, it was assumed that a model-driven UKF was going to
lead to better results but with the trade-off of being computationally more costly
than the implemented sensor-driven UKF. However, the accuracy achieved by the
sensor-driven approach validates the use of the kinematic relationships, since it is
suf cient for the ball-robot application with a less computational cost.

From the comparison with the previous work done in V2019, it can be synthesized
that the Unscented Kalman Filter produces similar results as the Extended Kalman
Filter in simulation. Theoretically, the UKF is supposed to lead to more accurate
results because it avoids linearizing the system. However, the similarity in the
results between the UKF and EKF leads to conclude that the model of the system
is not highly non-linear around the references generated. The combination of this
premise with a high-speed computation in the algorithm relative to the dynamics
of the system allows assuming the linearization error of the EKF to be negligible.

Furthermore, due to the sensor-driven approach, the functions for the process and
measurement models are relatively easy Forward-Euler integration and kinematic
relationships. These equations can be easily differentiated to form analytically the
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Jacobians matrices of the system required by the EKF. As a consequence, it is simple
to implement an EKF which on top of that requires less computational cost.

Regarding the quaternion algebra implemented in the QUKEF, it is essential to point
out that there is a signi cant difference desired to be tested between the QUKF
and the QEKF implementation. The QEKF makes use of unit quaternion additions
and subtractions during the steps of the algorithm, which is then corrected by a
forced unitary norm of the resulting quaternion. This is not desirable in quaternion
algebra since it introduces error in every iteration to force the quaternion to go back
to the unit-sphere. The QUKF is implemented with modi cations from the classical
UKF in order to substitute all the quaternion additions and subtractions adequately
by quaternion multiplications and iterative algorithms. Since the results provided
by the QUKF are almost similar to the ones obtained with the QEKF quaternion
strategy, it could be concluded that the error coming from the forced normalization
is not noticeable, which is mentioned as a possibility in [36].

Also, it is remarkable how the UKF with no heading available produces as accurate
estimations as to the EKF that has heading readings available for correction. Hence,
it might be possible to produce better results with the UKF if the heading would
be available.

In conclusion, an Unscented Kalman Filter approach was tested, where the main
differences against the previous Extended Kalman Filter lie in transforming the
covariances with the non-linear model and a different approach to manage the
guaternion algebra and its error. The variations had led to similar results which
might induce that is more practical to develop an EKF instead of a UKF for the
ball-robot case. However, it would be required to evaluate the results in the real
device, as well as increase the range of operation evaluated to provide conclusive
statements.
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Chapter 7

Controllers introduction

In the following chapters, the control scheme applied to the balancing robot is
presented, simulated, and the results are discussed.

The current chapter describes the system characteristics, and the controller scope
is provided in order to set the requirements of the controller. Furthermore, the
velocity controller and how to cope with quaternion errors are presented.

In Chapter 8, the controller providing the balance of the ball-robot is explained in
detail, and the results obtained presented.

In Chapter 9 the results of the balance controller combined with the velocity con-
troller, the sensor models and the estimators are presented and analyzed.

7.1 System characteristics and design speci cation

The ball-robot is conceived to track a de ned path, avoiding obstacles while main-
taining the balance of the body for expected operating conditions as well as under
disturbances, to a certain extend. In the previous project [6], a use case is sug-
gested where the ball-balancing robot acts as a human assistant and guidance in
environments like airports, providing information or showing the desired path.
For the current project, the trajectory planning, as well as obstacle avoidance, is
not contemplated. Nonetheless, it is decided to de ne the speci cations based in
the predecessor project [6]

1. Maximum translational velocity of 0.5 m/ s.
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Linear acceleration limit of 1 m/ s2.

Maximum heading velocity ( y) of lrad/ s 60°/s.

A wDN

Angular acceleration limit of 10 rad/ s°.

o

Inclination limit  5°.

6. Angular velocity on inclination less than 20°/ sto avoid aggressive jumps and
to reduce the risk of wheel-slip.

On top of the desired speci cations, it is necessary to account for the hardware
and design characteristics. The ball-robot consists of an idealized cylindrical body
above a ball. The assumption of an idealized cylindrical body is upfront impre-
cise. Hence it would be required to de ne the controller accounting for a possible
misalignment in the Center Of Masses (COM). The ball-balancing robot is com-
manded by three motors in charge of providing torque to the ball to maintain the
balance and accomplish the translational movement. The system has ve Degrees
Of Freedom (DoF). However, it is commanded by three motors providing three
torques. Hence, the system is under-actuated; there are more degrees of freedom
than actuators. Due to its under-actuated properties, it means that there exists a
coupling between the degrees of freedom; i.e. to provide a rotational movement
in one of the axes, there might be an in uence in other axis or the translational
velocity. The existing couplings between the states of the system are critical when
developing the controllers.

The physical properties of the ball-robot besides being under-actuated, classi es
it as a shape accelerated robot. An accelerated shape system is destabilized by
gravitational forces and has non-integrable constraints in their dynamics [16]. Fur-
thermore, the shape con guration provides a mapping between the accelerations
of the system and the con guration. The functionality of the ball-robot is built on

its shape accelerated characteristics. Hence the body inclination angle generates a
linear acceleration that makes it reach the desired translational velocity, while at
the same time seeking to maintain the balance.

An accelerated shape system is signi cantly in uenced by its physical properties,
such as the location of the COM and inertias. On top of that, a possible misalign-
ment in the IMU position provides an accumulative error for the readings and the
calculations. Therefore it is decided to use a cascade controller structure, with an
outer loop in charge of controlling the velocity and an inner loop controlling the
balance. The velocity controller, placed in the outer loop, ensures that the refer-
ence orientation and reference rotational speed are correct for the desired velocity.
It corrects the COM misalignment and deviations in the physical properties. The
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inner loop receives the desired angle and rotational speed from the velocity con-
troller and generates the torque control commands to track those references. A
schematic of the cascade control scheme used for the simulation implementation is
shown in Figure 7.1.

Figure 7.1: Schematic of the cascade control scheme.

In a cascade control structure, it is required that the inner control loop behaves
with bandwidth at least three times faster than the outer loop [37]; consequently,
the inner loop dynamics can be neglected for the outer dynamics. Besides, it is
commonly recommended to have a sampling rate ten times faster than the band-
width [38]. The sampling rates of the sensor should be chosen to avoid aliasing,
sensor noise and other problems derived from a fast sampling rate. Nevertheless,
it is proved in [6] that is possible to have enough fast sampling rate compared to
the dynamics of the controller. Therefore, it is possible to design the controller
algorithm in the continuous space, or in other words, it is not required to use dis-
cretized controllers. It is also required to take into consideration the bandwidth of
the estimators, which should be two to six times faster than the controllers in order
to omit its dynamics in the controller design. The sample rate of the controller and
the quaternion and velocity estimator is set to 200 Hz.

The ball-robot presents a non-minimum phase dynamics due to Right Half Plane
(RHP) zero behaviour. As well as in a SISO system, in a MIMO system, the RHP-
zeros can impose fundamental limitations in closed-loop performance. However,
they can be useful in some applications, e.g. RHP-zeros is an excellent method to
model the system delay in power electronics converters and analyze its in uence in
closed-loop stability. The zeros of a MIMO system are where the transfer function
G(s) loses rank. Therefore the direction of zero can be found by looking at the di-
rection where the matrix G(s) has zero gain. However, this method has limitations
since sometimes the zeros are cancelled by close poles [39].

The RHP zeros effect can also be observed experimentally since the ball-robot has
inverse response behaviour at the beginning of the response. When commanding
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a reference of linear displacement in the x-axis, the output initially has to move
to the negative x-axis direction before starting moving to its positive steady-state
value. Same applies to the y-axis. This inverse response is needed in the ball-
robot since it is shape-accelerated and tilts the body to the desired orientation to
start moving due to the gravity. This effect yields a delay in the response due
to a sudden negative phase added by the RHP zero. The controller is designed
accordingly. Otherwise, the reference is created taking this effect into account to
compensate for it.

This ball-bot characteristic is due to its shaped accelerated characteristic combined
with actuators at a lower height than the COM of the body.

7.2 Performance speci cation

The project scope is limited to the simulation environment, and as a consequence,
it is decided to use the previous project [6] as the benchmark in performance:

1. The inclination, based on roll and pitch, should be more aggressive than
heading.

2. Inclination tracking error in the steady-state reference should be held be-
tween 1°.

3. Heading error should stay between 5°.

4. The tracking lag should be less than 0.1s when tracking a step, ramp or sine
wave.

5. Less than I lag when tracking a quaternion even tough no angular velocity
reference is provided.

7.3 \elocity controller

As part of the cascade design, the outer loop is a velocity controller in charge of
generating the quaternion and quaternion derivative references that are fed to the
balance controller. The reference to the velocity controller is the linear velocities
and the rotational velocities. The current velocity controller is developed to en-
sure that the linear velocity is tracked correctly, as well as to provide robustness
against some disturbances, for example, COM miss-alignment. Different solutions
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are applicable to control the velocity, such as a Model Predictive Control. However,
it was proven in [6] that a Linear Quadratic Regulator performs properly for the
solution requirements. Due to the good results of the previous velocity controller,
it is decided to use the solution presented by [6] adapted to the new balance dy-
namics and focus the efforts in the balance controller. Nevertheless, an overview
of the velocity controller used is presented next in order to take into account its
in uence in the balance controller performance.

As mentioned previously, the shape accelerated properties of the ball-robot makes
it susceptible to misalignments in the COM, parameter mismatch in the system
model and noise and drift in the IMU readings. These deviations may cause an
error between the real orientation and the measured one by the sensors, despite
having zero error in the orientation tracking, i.e. between the reference orienta-
tion and the measured one. Therefore, the acceleration of the body caused by
gravity, also known as a run-away, would vary from the desired one, and as a con-
sequence, the ball-robot linear velocity would deviate from the referenced one. A
velocity controller is included to compensate for the deviation. It tracks the velocity
error and produces an orientation reference to the balance controller according to
the shape accelerated variation. The compensation is done de ning two different
states, the moving process and the standstill process.

A standstill process is considered when the velocity reference is zero and the ball-
robot is intended to be maintained perpendicular to the ground. Hence there
should be no translational velocity. However, due to the run-away effect, the con-
troller has to account for a change in acceleration and command an orientation
reference compensation. Therefore, an integral term corresponding to the position
error is included in the velocity controller. Otherwise, the ball-robot is tracking
a velocity. Hence it will behave like a typical error tracking controller, where the
error is considered the actual states minus the reference signal

Iy = | [
IXe_ IX IXref (7.1)

Ye=Y Yref
Finally, a Linear Quadratic Regulator was de ned to track the velocity. The perfor-
mance of the velocity controller is shown in Figure 7.2.
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Figure 7.2: Comparison of velocity reference vs velocity tracking by the velocity controller.

It can be seen how the velocity controller converges the states to the reference ones
in steady-state. However, a ramp input is tracked with a constant delay due to
the non-minimum phase dynamics of the ball-robot. The RHP zeros introduce
an inverse response which generates the delay. The performance of the velocity
controller is considered satisfactory under the performance requirements.

7.4 Quaternion tracking error

Controllers are commonly designed to track a reference; hence, the controller input
signal is de ned as the error or deviation between the reference and the actual
states, which in most of the cases is computed as a subtraction

Xe= X Xref (7.2)

The balance controller addressed in this project requires to track a quaternion and
its derivative. The error fed to the controller is. Therefore, the quaternion devia-
tion and its derivative. Due to the use of quaternions, it is not possible to use the
algebraic subtraction in (7.2), since unit quaternions are not closed under subtrac-
tion. The orientation error must be computed by quaternions multiplication which
is given by

U= Qa Oy (7.3)

The quaternion multiplication is a non-commutative operation. Therefore the order
of the quaternions matter. Depending on the multipliers order, the quaternion error
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might be expressed in the ball f Kg or in the body f Bg reference frame. An example
and an extended comparison between these two approaches can be found in [6].
It remarks the bene ts of using the quaternion error de ned in the body frame.
Thus, it is decided to choose the body frame quaternion error, which is computed
by the reference quaternion left-multiplied.

B Kq (7.4)

qe = gqref
The quaternion error can induce a non-optimal tracking path, where the rota-
tion introduced by the controller would be longer than the intuitive one, due to
the "double-cover" effect explained in Appendix E. The long path rotation can be
avoided by evaluating the scalar value of the quaternion. The scalar would be pos-
itive for ge < 180 and negative for ge > 180. Thus, when the computation of the
error gives a long rotation such that ge > 180, it is possible to correct to the shortest
part by inverting the sign of each of the elements of the quaternion.

The derivative of the quaternion error can be computed by taking the derivative of
the quaternion error following Equation E.35

B K

qe: Iéqref gq+ gqref Bq (75)






Chapter 8

Balance controller

The goal of the balance controller consists of following an orientation reference
required to accelerate the robot and drive it at a speci c linear velocity.

The balance equilibrium of the body varies depending on the current orientation,
and the translation acceleration required due to its shape-accelerated dynamics.
The cascade control structure proposed allows the balance controller in the inner
loop to focus on reaching the reference orientation and rotational velocities. The
velocity controller commands the reference, and it is in the form of the body orien-
tation quaternion and its derivative. The non-linear controller proposed and stud-
ied for the balance purposes is the Non-linear Feedback Linearization Controller
(FLC).

However, in the current chapter the FLC is analyzed and simulated without the
in uence of the velocity controller, therefore, as seen in Figure 8.1 the input to the
FLC is fed by a reference generator.

Figure 8.1: Schematic of the simulation of the balance controller using Equation 7.4 and 7.5 to
calculate the error fed to the controller.
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8.1 Non-linear feedback linearization controller (FLC)

Non-linear Feedback Linearisation Control (FLC), often referred to as Computed-
torque control, aims to algebraically transform a non-linear system dynamics into
a (fully or partially) linear one, so that linear control techniques can be applied.
Feedback Linearisation (FL) is achieved by exact state transformations and feed-
back, as opposed to the Jacobian linearisation/Taylor expansion techniques, which
linearly approximates the dynamics. The idea of simplifying the form of a system's
dynamics by choosing a different state representation is widely used in other elds,
such as mechanics when a system model reduces its complexity considerably by
choosing correctly the reference frames or coordinate system [40].

For a SISO non-linear system, FL aims to cancel the non-linearities so that the
closed-loop dynamics are in a linear form and impose a desired linear dynamics;
in a MIMO case, it is also in charge of decoupling the system. The most com-
mon procedures in the literature for the Feedback Linearisation are input-output
linearisation and state-space linearisation.

Input-output linearisation is characterised by linearising the relation between the
transformed input v and the actual outputs y. It is the Feedback linearization
strategy chosen to implement the balance controller and its structure is depicted in
Figure 8.2.

Figure 8.2: Schematic of the zero reference tracking Input-State Feedback Linearization Controller.

On the other hand, state-space linearisation makes a linearisation of the trans-
formed input and a vector of transformed states. The state-space incurs on having
more outputs than the real ones. Hence, the extra ones are considered arti cial
outputs w [41].

In the current project, the focus is put in Input-output linearisation, in which once
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the change of coordinates is done, and the input-output linearisation is obtained,
linear control techniques are applicable.

8.2 Implementation

The implementation of the FLC scheme in the ball-robot system implies a series
of assumptions and extensions from the general form of the algorithm and are
going to be presented sequentially throughout the de nition of the algorithm. The
input-output linearisation approach to multiple-input multiple-output (MIMO) is
often called input-output decoupling because the input-output response is both
linearised and decoupled. More precisely, it consists in nding a diffeomorphism
and a state feedback control law such that, the map between the transformed inputs
v and controlled outputs vy is linear, and the i-th output vy; is decoupled from all
inputs v; for i & j [41].

The non-linear differential equations of the ball-robot dynamics in the so-called
controllability canonical form are given by

x= f(x)+ g(x)u
8.1
y = h(x) (&4
where the states are de ned by the generalized coordinates and their derivatives
2 3
X
y
_ C _ @85q
X = c T8y (8.2)
y
ed

To control the states a cascade control scheme is chosen, which has a balance con-
troller in the inner loop and a velocity controller in the outer loop. Since it is a
shape-acclerated system the orientation of the body is what induces the movement,
and therefore what de nes the torque control inputs of the motors. The FLC is ap-
plied to the balance controller and is in charge of controlling the orientation, which
implies controlling the quaternion and quaternion derivative states. A quaternion-
based FLC design implies transforming the state-space from eight variables to six
since the system possesses six differential equations (system dimensionn is equal
to 6); this is due to the fact that the two removed equations corresponds to the qg
and gp components that are algebraic equations, and therefore can be obtained at
any given time by an algebraic operation of the other quaternions.
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The system for the balance controller in the controllability canonical form is thus
reduced to 5
= + 4
Xq B f(xq) + G(Xq)u (8.3)
Yq = h(xq)

where the state vector is now a six-dimensional vector

. # g " #
C K,
Xq = Cq = Eq | Xq = "ﬁ = Eq (8.4)
Cﬂ Bq Cq Bq
and so is the f vector
" #
K
- q
f(xq) = 8 8.5
(%a) f4(5a 59) (68:5)
The function g becomes a 6,3-matrix given by,
" #
. 04 3
Xq) = 8.6
g( Q) gq(EQ) ( )

An orientation FLC design involves transforming the output state-space from six
variables to three since it controls the three degrees of freedom of the 3D orienta-
tion. This output space reduction leads to having three outputs and three control
inputs, which converts the system into a fully actuated MIMO system. It enables
to inverse the dynamics so as to cancel the couplings and apply SISO control. The
output vector of the system is formed of three outputs ( m = 3), which are chosen
to be the components of the vector part of the quaternion

2 3 2 3
h1(Xq) o]}
Yq= h(Xq) = 4hy(xq)® = 4 (8.7)
ha(Xq) 03

Since the unit quaternion satis es the unit norm constraint, the variable gy can be
solved by applying Equation E.18.

8.2.1 Feedback linearization

In the FL technique, the Lie derivative and the relative degree of the non-linear
system play an essential role.



8.2. Implementation 79

In an LTI system, the relative degree is the difference between the number of poles
(i.e., degree of the transfer function's denominator polynomial) and the number
of zeros (i.e., degree of its numerator polynomial). It can also be derived as the
number of times the output has to be differentiated before the input appears in its
expression [42]. For this system, each output needs to be derived twice to achieve
guaternion acceleration and therefore, the control input to appear. For a MIMO
system, the relative degree is called vector relative degree and is equivalent to the
sum of each output relative degree

r=ri+ro+rz=2+2+2=26 (8.8)
1

,
1
1" Qos

The Lie derivatives can be obtained by differentiating y from the controllability
canonical form from (8.1) with respect to time

fih |l

y= ﬂf(x)+ hg(x)u = L¢h(x) + Lgh(x)u (8.9)

X
where L¢h(x) and Lgh(x) are de ned as the Lie derivatives of h with respect to f
and g, respectively. De ning xg as the equilibrium point where f(x) becomes null,

then the Lie derivative of h with respect to g is bounded away from zero for all x
[42]. Therefore, the state feedback law

1 h [
u= ——— v Lth(x 8.10
yielding a linear rst order system from the supplementary input v to the initial
output of the system, y. Thus, there exists a state feedback law, similar to (8.10),
that makes the nonlinear system in (8.9) linear [42].

The control law yieldsto n r states of the non-linear system that are unobservable
through the state feedback. In the systems where n > r, only the input-output map
can be linearised while the state equation is partially linearised, leading to having
zero dynamics. It is called partial feedback linearisation or input-output lineari-
sation. On the other hand, if n = r the state equation is completely linearised
through the input transformation u and the algorithm is categorised as fully feed-
back linearisation or input-output linearisation [41] [43]. Since the dimension of
the current system evaluated in this project is six and equal to the vector relative
degree, the non-linear system can be fully feedback linearised, and there are no
zero dynamics.
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Expressing u in terms of the Lie derivatives is very convenient to see how the
input-output map through (8.9) and (8.10) is reduced to

y =y (8.11)

which is linear and can be written as a chain of integrators. It shows that the
output function h(x) must be derived r times until it obtains an expression relating
the input u with the output .

2 3

y(rl)

v £ = D(x)+ E(x)u (8.12)
y(r3)

where E(x) is called the decoupling matrix. FL must satisfy LgL} 'h(x,) 6 0,
i.e. the control input does only appears at the Lie derivative with respect to f
of r relative degree. The equivalent of the condition for a MIMO system implies
non-singularity of the decoupling matrix E(x), since it is required for E(x) to be
invertible in order to apply inverse dynamics for decoupling.

2 rg 1 rg 1 3
E(x) = : (8.13)
Lg,L? tha(x) LgsL? *hs(x)
where E(x) and D(x) are computed through the Lie derivatives.
2 L ha(X) 3

D(x) = 4 L?hy(x) & (8.14)
L'}3h3(X)

The derivative of h along the trajectories of the system x = f(x) [43] is given by

g Th
L¢hi(x) = —fi(x) (8.15)
f S.l X j

and leads to the following results

1
0fl

(100000)% f2 § =fi=q (8.16)

6 fe

Lthy(x) =

0 ¢ 1
1
o Thy B f2 G
fon T~ Tos %§
f
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Liha(x) = f2= o (8.17)

Lihs(x) = f3= o (8.18)

The matrix D(x) in Equation 8.14 is computed through the direction of the vector
eld from the previous results along f
0 - 1

_ s _TL{ °h
L) = Ly LY () = Lih() = § @—
=1 i

fi(x)A (8.19)

which yields to

0 . 1
Ton o Tow fz
L2hy(x) = —= = (000100 f 8.20
SO A ﬂqe,% § ( )%’ § ¢ 820
6
L2hy(x) = fs (8.21)
L2hg(x) = fe (8.22)

The matrix E(x) is a 3,3-matrix composed by the Lie derivative of the vector eld

obtained in (8.18) along g, which is de ned as
6 Ll'i 1 . 1
. [o) 1
Lg L *hi(x)= § @ o g k()A (8.23)
j=1 j

where k indicates each of the three columns of g. Substituting the previous values
from (8.18) and applying the gradients yield to

0 1
0 911l 0

Lg,Lthi(x) = ggl gg; Yoy %921§ (000100)284,1 = ga1 (8.24)
s

which forms the following E(x) matrix de ned in (8.13).

2 . - . 3
Osr Yoo Uss

E(X)= 4 §u Gro Grs © (8.25)
gS,l gS,Z g8,3
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There is no value of E(x) making the determinant zero. Hence, the non-singularity
requirement is satis ed, and the output linearisation and decoupling problem is
solvable for the non-linear system by isolating from (8.12) the non-linear control
input.

The control law u in matrix form is given by

u= E ¥x)(v D(X)) (8.26)

Applying this control law, the non-linearities are cancelled since the input-output
is decoupled and linearised.

8.2.2 Control of the decoupled linearised system

The design of the linear control law v, as well as the transformation from the x-state
space to z-state space, are to be de ned in order to compute u in (8.26).

It is desired to design a new set of n independent coordinates named z, so the
mapping from x-state space to z-space transforms the non-linear system de ned

in (8.3) into a system which is input-output linearized and controllable. The rst

r coordinates are denoted by x and the last n r coordinates that create the zero
dynamics and are named h. The ball-robot has no zero dynamics sincen = r = 6,
and therefore the new set of coordinates z are collected in a 6-dimensional vector
denoted by x.

The mapping from z-space to x-space must be invertible in order to be unique. The
coordinates are chosen following the SISO description in [44] but extended for a
MIMO system. Therefore, for each output i with relative degree r; the coordinates
are de ned as

2 w3 2 3
Z; hi (x)
g (lé § Lehi(x) % (8.27)
LY lh (x)

The derivative of the states are derived applying the Lie derivative. The last deriva-

tive of the state zﬂll corresponds to the linear control law v of the corresponding
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output I. 5 (i)3 5 0 3,
4 2 L¢hi(x)
0 (i) L2h
X; = gzz % = g Z3 % = § f '(X)z (8.28)
Zg.i) Zﬁ:ll Vi

The new coordinates for each output is computed and yields to

2 3 2 3 w4
e AV
Xl = 0 | Xl -4 (1)5 =
Z; z, Vi
2 3 2 3 w4
2 A2,
=4 5 =4 5=
X @ D 2 (8.29)
zZ; z, V2
2 3 2 3 w4
¥e) A0
X3 =4 1 5 | X3 =4 1 5= 2
(3) (3)
Z, z, V3

Since the system is decoupled and linearized after applying LF, the new set of
coordinates for each output create a linear system on the form of

X; = AX; + By;

8.30
yi = CX (8.30)

therefore yielding three linear systems with one control output each to be de ned.

The control signal is equal to the last state of each output zﬂ) and then transforms

the nonlinear system into a linear system. Thus, it stabilizes the system by standard
linear techniques and is chosen to be

vi = KX (8.31)

substituting (8.31) in (8.30) gives

X; = (A BKj)X (8.32)
The solution of this equation is given by

x, = dA BRIt (0) (8.33)

where x;(0) is the initial state caused by external disturbances. The stability and
transient response characteristics are determined by the eigenvalues of the matrix
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A BK|. Therefore K; must be properly chosen to make it an asymptotically stable
matrix and be a Hurwitz matrix. These regular poles or eigenvalues need to be
placed in the left half of the s plane, to make x;(t) approach zero ast approaches
in nity [45].

The three linear systems can be rearranged from (8.29) to be presented in an single
state-space system
X = Ax+ Bv

y = Cx (8.34)
where the states are rearranged as
22(1)3 2 3 2 3 22(1)3 2 3 2 3
1 hy(X) th 1 L¢ha(x) th
S e
1 ha(x) 07) 1 L¢ha(x) o))
y 2(13) _ 8 hg(x) _8 WG4, « = 2(13) B Lih(x) 2 8
2(21) Leha(x) e zgl) Vi Vi
22 L¢ha(x) 7] 2? Vo V2
2 Lths(x) O 29 V3 V3
(8.35)
and the state-space matrices are trivial and given by
033 I3
A= 8.36
033 033 (8.36)
B= %3 (8.37)
I3 3
C=[l3 303 3] (8.38)

The non-linear system response created byu is designed by the control law of the
linear system v. For a SISO system it is de ned as

v= Kozm Kizo ... Kizz= koy Kiy ... Koqy'1? (8.39)

the second part of the equality shows that the open-loop dynamics is a chain of
integrators. For a MIMO system this expression is extended for each output i. As
seen in (8.39), eachy; is indeed a chain of r;j integrators in open-loop and describes
the relationship between the output and the new input v [43]. For the ball-robot it
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yields to
2 1 3 2
2 V1 3 Klz(l) Kdlzg) Kith  Kath
v=4 vy, 5= Koz'?  Kgpz? Z =3 Katp  KgoOp £ (8.40)
V3 K3Z(13) dezg?’) K3z  Kgads

The control law drive the state variables to zero, and follows the response charac-
teristics determined by the closed-loop poles set by v. For a SISO system it leads
to the closed-loop output dynamics [43]

Z+1+t Koz + ...+ Kgz; =0 (8.41)

with K; chosen so that the polynomial in the left side of (8.41) has all its roots
strictly in the left-half complex plane, it leads to the exponential stable dynamics
(8.41). This implies that x(t) ! 0. Isolating from (8.40) yields to the ball-robot
closed-loop dynamics

Kigi + Kgpap + 6o = 0

Ko+ K+ G2 = 0 (8.42)

Ksgg + Kgsgs+ Gz = 0

It can be seen that no approximation arising from the linearisation has been per-
formed, the only linearisation by rst feedback has been applied in order to make
the system linear, but this linearisation did not include any approximation [46].

8.2.3 Zero-reference with non-zero initial condition results

The FLC with zero-reference con guration is implemented and simulated to test
the convergence of the states. The initial orientations of the ball-robot are given by
f=5,q=5 andy = 0, while the rest of the states are initialized to zero.

The convergence of the FLC to the zero-value is tested in Figure 8.3 and provides
zero steady-state error. With a more aggressive gain in the controller, it would be
possible to achieve faster reaching time if needed.
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Figure 8.3: Zero reference convergence test of the FLC controller.

To make the ball-robot follow an orientation reference, the tracking error needs to
be included in the control scheme.

8.2.4 Reference tracking

The idea of applying FLC to under-actuated mechanical systems is not new, but
most of the work has been devoted to the stabilisation problem. There is a lack of
literature dealing with how to address the reference tracking in the FLC. Mainly
some authors are de ning the algorithm for a zero reference and a SISO system.
Other sources do not reach an agreement on whether to apply the z-transformation
before computing the error or afterwards. Moreover, since the balance controller
belongs to a cascade control, it is indeed relevant in this case to consider how to
deal with the velocity controller dynamics in the balance controller computation
[40] [43].

The goal is to drive the error of the system states to converge towards zero at a
nite time. The reference tracking is implemented, as shown in Figure 8.4.
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Figure 8.4: Schematic of the reference tracking Input-State Feedback Linearization Controller.

The computation of the matrices E(x) and D(x) is done using the values of the
states, while the z-transformation and the linear controller takes the error of the

states. For this purpose, the control law from (8.39) needs to be rede ned in terms
of the error of the states.

vV = ko(Zeto 20) Ki(zet: z1) . K 1(Zety 1 Z1,) =

8.43
= Zetr+1 Koe Kie ... Ky €1 (8.43)

In the ball-robot case, the states error corresponds to the quaternion error and its
derivative, and due to quaternions algebra these errors need to be computed as
explained in Section 7.4 and de ned in Equation 7.4.

2

3

1 1 2 . 3

2 vy 3 Kleg) Kdleg) et KiBore Kar®Pa,

v="4 v, 9= § Koé? Ky ? é =3 terz K2Ppe KaPap, £ (s.44)
V3 Kse?  Kge? trers  KsPse Kaz®g,

The reference acceleration is assumed to be zero in the implementation of the
control law v in (8.44), since it is a common assumption for control due to its small
value. This chain of integrators yields to the following closed-loop dynamics

Ky Bop, + Kgg Ba, + G, = O
K2 Bop, + Kgp Bap, + G, = O (8.45)
K3Pas, + Kz Baa, + 83, = 0

which provides an exponentially stable error dynamics if K; are chosen to be pos-

itive. Therefore, if initially Bq_(0) = Bq (0) = 0, then Bg(t) = Ofort 0, ie.,
perfect tracking is achieved; otherwise, Bq_(t) converges to zero exponentially.

8.2.5 Feedback linearisation reference tracking results

The FLC is simulated to track the reference signal and tested using a sine wave
reference. The sine wave reference consists of a roll movement of 0.34z with 3° of
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amplitude, which is transformed into a quaternion reference to fed it to the FLC.
The periodical roll movement is tracked in a precise way by the controller as seen
in Figure 8.5, whereas there is a visible oscillatory error in the third and fourth
guaternion components, gz and g, respectively; furthermore, gz has a small offset
with respect to the reference. The errors could be explained by a combination of
the tracking dynamics as well as the condition to satisfy the unitary quaternion
norm.

Figure 8.5: Quaternion results with a reference signal of a sine wave in the roll angle.

Despite the deviations in tracking, the magnitude of the error is not signi cant,
with a maximum of 0.25° of error for the pitch direction and less than 0.1° for the
yaw, ful lling the desired performance speci cations.
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