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Abstract :

Through this report the design and validation

of an experimental procedure that aims to

characterize cohesive laws of layered composite

materials in an accurate and simple way is done.

The cohesive law determination is done from a

displacement �eld of one arm of a DCB specimen

via an inverse parameter identi�cation procedure

developed in the previous semester. Studies

on the effect of uncertainties related to the

experimental procedure on the variability of the

cohesive law calculations are performed using

the Monte Carlo approach. Correlation studies

are performed to identify the parameters that

drive the size of the con�dence intervals obtained

from the Monte Carlo analyses. From the results

obtained, modi�cations in the formulation of

the inverse parameter model are introduced

to improve the accuracy and stability of the

cohesive law obtained.

Based on previous experience and the results

from the statistical analysis performed, an

experimental procedure is designed to reduce

the impact of the variables that have been

found to strongly affect the solutions obtained.

The experimental procedure is based on DIC

and only requires displacement �elds to be

measured.

The motivation for this project is to develop

an experimental method that can be widely

applicable in industry thanks to its speed

and simplicity, that eliminates the human

interpretation on the data treatment process and

which has the possibility of being applicable to

fatigue loading.
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1 | Introduction
In this chapter an overall idea of the background, motivation and state-of-the art for the developed

methodology is presented. Then, as this project is a continuation of a previous semester (third semester)

project, a clear de�nition between what has been done and what is aimed to be done is established.

Finally, gathering all the previous information given, the problem statement of this project is formulated.

Additionally, an example of a solution obtained using the developed methodology is presented.

1.1 Contextual Background

The use of composite materials in industry due to their advantages against other materials

has been increasing in the last years. The failure characterization of these type of materials or

the prediction of component life have been an issue since their introduction, especially due

to their applications in aerospace, aeronautic, automotive or wind turbine industry, where a

failure can lead to catastrophic consequences [King, 1989]. If the physical limits of a material

are well characterized under real operational conditions, their expected life could be better

de�ned, maintenance tasks would be planned only when necessary and failure of structures

and mechanisms could be avoided or foreseen. This would reduce the negative economic

impact that most of the companies experience when an unexpected failure on one of their

products happen.

Another issue is that most of the failure techniques that try to characterize the behaviour of

these materials to failure are not simple to apply. They often require complex equipment

designed especially with a purpose and are subjected to the judgement and interpretation

of the human being evaluating the case. This, is just for the quasi-static case. Fatigue is an

even harder area of research that requires more effort and knowledge, and where some of the

methods that are currently used in industry to assess delamination behaviour fail to perform

[Sørensen, 2010].

Whether all these factors mentioned can be a reality or not, rests on the importance of research

and the establishment of methodologies that are based on real life experiments and that are

easy to implement in reality. The objective of this project is to elaborate a methodology that

effectively characterizes the quasi static delamination behaviour of layered composites in a

fast and simple way, without being subjected to the user's interpretation, that is validated

for real-life experimental conditions and could potentially be used for fatigue analysis of

components.

1



Group �b1423g 1. Introduction

1.2 Motivation

The use of composite materials plays an essential role in industry nowadays, and its use has

increased since they were introduced in the mid-twentieth century. The word composite, refers

to a combination of two or more materials to create a useful third material [Jones, 1999]. The

ability of composite materials to be tailored to �t speci�c applications supports their popularity

in many different industrial areas. This project centers its investigation in layered composites,

which are formed by �brous layers stacked up together.

With the introduction of composite materials, unprecedented failure mechanisms appeared, that

recall for new failure theories that account for these novel effects. Among the different failure

mechanisms present, such as kink-band failure, �ber-matrix debonding, matrix yielding/failure,

�ber micro-buckling or �ber failure, delamination (see Figure 1.1) is the most common and one

of the most critical failure mechanisms [Lindgaard and Bak, 2019]. Delamination is de�ned

as the "development of a crack along the interface between plies"by Turon et al. [2006]. This

failure is mainly caused by the presence of high interlaminar stresses together with a very

low through-thickness strength that is characteristic of layered composite materials. Fibers are

aligned in a plane to reinforce the structure in the corresponding direction, and when loads

are applied perpendicular to the plane of the aligned �bers, the matrix material must carry

that load alone. Matrix materials are usually considerably weaker than �bers, and therefore,

failure is prone to happen under these conditions.

Figure 1.1: Delamination along the interface in a �brous laminate composite material [Viejo
et al., 2019].

2



1.3. Theoretical Background and State-of-the-art Aalborg University

Delamination can be caused by numerous reasons e.g. as a consequence of other failure

mechanisms (�ber/matrix debonding), due to defects in the manufacturing processes, or can be

induced by geometric features such as notches or free edges (which produce high interlaminar

stresses). The possibility of failure due to delamination occurring in composite materials is a

known design limit, and depicts a clear obstacle in the usage of this type of material.

To exploit the full potential of composite materials, this knowledge gap of failure mechanisms

effect on the performance of the materials must be correctly addressed and investigated. This

fact motivates the development of the current project, which objective is to provide a tool that

can be used to characterize in a realistic way the aforementioned failure mechanism described

in the previous paragraph.

1.3 Theoretical Background and State-of-the-art

Clasically, failure assessment and crack propagation have been analysed via fracture mechanics.

Fracture mechanics deals with the irreversibility of the rupture process due to crack

nucleation/growth when a load is applied. Grif�th [1920] proposed in 1920 an energy criterion

based on the energy release rate to explain crack growth. After him, Irwin [1957] reformulated

the energy criterion introducing the stress intensity factors using Linear Elastic Fracture

Mechanics (LFEM). This knowledge was further extended to develop a series of techniques

that are the most used options for the analysis of crack propagation e.g. the J-integral, or the

Virtual Crack Closure Technique (VCCT). Nonetheless, the use of LEFM is limited due to the

simplicity of its main assumptions:

1. The assumption of an in�nitely sharp crack tip leads to in�nite stresses at the crack tip.
2. LEFM does not account for crack formation, which implies that a crack must already

exist in the body and its location and size are known. It is only valid as a propagation

criterion.
3. LEFM is accurate when the nonlinearities are enclosed in a small region around the crack

tip. Thereby, materials that exhibit an R-curve behaviour are not correctly represented.
4. LEFM is not suited for numerical method implementation e.g. Finite Element Method

(FEM), as its formulation leads to dif�culties in the calculations of some fracture

parameters e.g. energy release rates, when progressive crack propagation is involved

[Turon et al., 2006].

The reasons stated above (1 to 4) suggest the necessity of a theory that can overcome these

issues and can represent delamination failure accurately. The solution is found in the Cohesive

Zone Modelling (CZM), a theory embedded in the Damage Mechanics framework that assumes

that crack faces are brought together by tractions acting against the opening of the crack,

which eliminates the problem of the stress singularity at the crack tip [Barenblatt, 1962]. These

tractions at the interface represented in Figure 1.2 are directly related to the crack opening

displacement by a constitutive relation denominated Cohesive Law. The Cohesive Law relates

point-wise the separation of the faces and the aforementioned traction which brings the faces

3
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together to depict the behaviour of the structure while damage is occurring. In the deformed

state, the cohesive tractions, located within the Cohesive Zone (see Figure 1.2) prevent the

crack from propagating i.e. the external forces have to overcome the cohesive tractions for the

delamination to progress. When the damage is fully developed, there is a complete separation

of the crack faces and therefore the crack tip advances further. This cohesive law can be seen

as a function that is a material characteristic and can have different shapes (trapezoidal, linear,

exponential, etc.) describing materials with different behaviours. Moreover, the CZM uses the

strength criterion as a crack initiation criterion [Hillerborg et al., 1976], consequently, it can

account for crack propagation and initiation simultaneously. Another advantage of the CZM is

its simplicity to be introduced in the FEM, which makes use of interface elements to simulate

delamination behaviour.

Figure 1.2: Cohesive stresses and bilinear traction-separation relation in a Double Cantilever
Beam (DCB) under delamination.

There are several approaches for characterizing cohesive laws. The most simple method to

use would be the direct tension test, in which the traction-separation law would be calculated

directly from the experiment measuring the stress ( s) and the separation of the crack faces

(d) [Shen et al., 2010]. However, this experiment is very dif�cult to execute in a perfect way,

as it is usual that the results are discarded due to the specimen developing multiple cracks,

the rotation in the crack faces of the specimen or the multiple cracks overlapping [Elices et al.,

2002] (see Figure 1.3).

4
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Figure 1.3: Direct tensile test and uneven crack propagation in a tensile specimen.

Other direct method that has been proved to be effective in cohesive law characterization is

the method based on the J-integral. This procedure �rst introduced by Li and Ward [1989]

for characterizing the tension-softening relations in cementitious composites is later also used

by Sørensen [2010] for determining bridging laws in laminated composite materials. This

method relies on the path independent J-integral [Rice, 1968] and its closed-form solutions for

particular specimens under particular loading conditions. This method involves measurements

of global structural responses to compute the value of the J-integral and the crack tip opening

displacement, together with a numerical differentiation of the J-integral to obtain the cohesive

stresses (see Figure 1.4).
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Figure 1.4: J-integral method work�ow for the characterization of a cohesive law.

Indirect methods use inverse analysis and the assumption of a shape for the traction-separation

relation with a few model parameters [Shen et al., 2010]. For this approach the goal is to

determine these parameters, via experimental procedure or numerical simulation. In Ortiz

and Pandol� [1999], an irreversible exponential law is proposed to be implemented in a 3D FE

model of a dynamic fracture test, measuring the crack opening and the crack growth velocity.

Turon et al. [2006] develops a delamination-initiation criterion for mixed-mode delamination,

that is later proved by FE simulations and experimental results. In this case, there is an a priori

assumption of a bilinear cohesive law (for simplicity), and the parameters to be determined are

the load applied and the displacement of the crack tip for different mode mixity ratios.

The assumption of a cohesive law shape is demonstrated to affect the results of the CZM

calculations, as stated by Shah et al. [1995]"the local fracture behaviour is sensitive to the selection

of the shape of the cohesive law". For this reason, there are other type of indirect methods that

mitigate this problem by using inverse identi�cation. Shen et al. [2010] uses an approach

that relies on the Digital Image Correlation (DIC) error range and the FEM to simulate a real

displacement �eld and inverse optimization to get a feasible cohesive law. Another approach

that eliminates the a priori assumption is the one proposed by Jensen et al. [2019], where a

multilinear cohesive law is solved using inverse parameter identi�cation. This approach uses

measures of global structural responses of moment applied and rotation of the arms of a

Double Cantilever Beam (DCB) and a FE simulation for the optimization. The method is then

validated by means of the J-integral technique.

This review shows how the vast majority of previous investigations are supported either

by FE simulations or by experiments in which global structural responses are measured.

FE simulations that involve the implementation of an interface element and experimental

procedures involving different loading conditions and a wide variety of specimens depending

on the pursued outcome.
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The present masters thesis aims to accurately characterize a cohesive law using an indirect

method that uses local response measurements and aims to compute interface tractions instead

of normal stresses. This is a novel method when compared to existing techniques and requires

a thorough investigation of its behaviour and capabilities under real experimental conditions.

A more detailed discussion of the work contained in this master thesis is presented in the next

section.

1.4 Problem Formulation

The scope of this masters thesis is to study and design an effective experimental methodology

for characterization of cohesive laws of composite materials under quasi-static mode I

delamination for real experimental conditions. The methodology relies on the use of DIC as

measurement method, cohesive zone modelling and beam theory aided by FE modelling. This

aims to achieve a methodology that has a wide and simple application and that effectively

accounts for crack initiation and propagation under real life working conditions. The main

challenge of this masters thesis is to design an experiment that gives a robust and stable

response to the beam-based model that has been developed previously, by modifying the

model to comply with experimental effects that need to be accounted for to have an accurate

description of reality.

This master thesis is a continuation of the work done in the previous semester project Viejo

et al. [2019]. An outline is described here to clarify what has already been done (third semester

of the masters in Design of Mechanical Systems) and what is done in this �nal semester of the

masters (fourth).

1.4.1 Third Semester (Previous)

A resume of the work that has been carried out in the previous semester project [Viejo et al.,

2019] is given here. Further information is found in Appendix D or in Viejo et al. [2019]. The

aim of the project is to study and develop a method (based on a beam model approach) for

the characterization of the cohesive law of a laminated composite material under quasi-static

mode I delamination. The method relies on the approximation of a DCB specimen under

delamination to a clamped beam with an unknown distributed load applied. This unknown

traction �eld represents the interfacial tractions in the cohesive zone, which are the unknown

to be calculated. The methodology (see Figure 1.5) was formulated based on 2D Finite Element

(FE) simulations of a DCB specimen under mode I delamination with balanced moments

applied at the end of the arms of the specimen.
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Figure 1.5: Sketch of the methodology developed.

The main purpose for developing a methodology using the presented approach is to avoid

some of the dif�culties that the present theories about cohesive law characterization. Precisely,

due to the fact that the considered best method in the present (the J-integral method) cannot

be used for cyclic load applications.

The methodology developed is considered as novel because it is based on a change of approach

that is believed to have potential to overtake the methodologies existing in the present. Instead

of measuring parameters that are directly related to the cohesive law, the interface tractions

are chosen to be calculated. With this change of approach, the �exibility when predicting

the shape of the cohesive law calculated is higher when compared to some of the actual

cohesive law characterization methods. An inverse parameter identi�cation is used to �nd

a solution for the traction �eld. This approach (inverse parameter identi�cation) has proven

to give reliable results in previous research e.g. Jensen et al. [2019]. The fact that tractions

are being predicted as a linear combination of loads allows the problem to be solved using

ordinary least-squares, with a guaranteed global minimum, eliminating the nonlinearities that

the cohesive law parameter prediction has. Finally, it is decided that the DIC method is used to

measure the displacement �eld of the DCB, so that the local behaviour of the cohesive zone

can be captured by the experimental measurements.

The algorithm created (explained in detail in Appendix D) is based on a least-squares

optimization technique that aimed to reduce the difference between the displacement caused

by the predicted distributed loads in the model and the input displacement �eld from FE

simulations or DIC measurements. The prediction of the interface stresses in the simple beam
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is formulated �rst with Euler-Bernoulli beam theory and validated with analytical solutions

and later, with a 2D FE model of the experimental procedure. Due to the limitations that

Euler-Bernoulli has in the behaviour of a beam, it is decided to improve the formulation of the

model using Timoshenko beam theory. In addition, a complete validation involving analytical

solutions and FEM is done, showing good correspondence and a relatively good accuracy.

The model is then validated with a displacement input from the FE model with manually

introduced noise values, in order to emulate a DIC response, showing a relatively low sensitivity

to a normal distribution of noise.

Once the model is proven to behave as required, a real experiment (explained in detail in

Appendix D.3) is conducted using a DCB specimen with pure bending moments applied to

its ends, taking pictures in the deformed state to obtain the displacement �eld via the DIC

method. The behaviour of the model agrees with the expectations, but the stress prediction is a

rough estimate of reality due to the high amount of variables involved in the experiment.

Thus, the conclusion of the previous semester project [Viejo et al., 2019] is the proof that shows

that with the developed methodology it is possible to characterize a cohesive law avoiding

some of the drawbacks that the present methods have. However, the capabilities of the method

need to be addressed and studied in-depth with the focus on real experimental conditions.

The �aws of the methodology have proven to be mainly related to the experimental procedure

and the numerous variables involved, both during the delamination experiment and the post-

processing of the data. Moreover, the main concern apart from the experimental procedure is

related to the robustness of the inverse parameter identi�cation. The problems that have been

identi�ed are listed below:

• Experiment

1. DIC photos : the acquisition of images has been found as a problematic process.

Even though a high volume of pictures had been taken during the delamination

process, the number of images that were apt to be analysed was limited due to poor

quality. Out of more than 50 images taken, 6 were providing accurate displacements

using the DIC method and only 2 were �nally evaluated for the results. This was

identi�ed to be caused by the high displacement rate of the machine during the

specimen, that caused the delamination occur too fast to take good quality pictures.
2. Synchronization of equipment : the experiment was performed with a setup that

included a DIC setup, a moment rig machine and two inclinometers. Each piece

of equipment was independent of each other (measurements were taken using a

different device for each) and the synchronization of the results to correspond to a

certain time during the delamination process was found to be troublesome. In this

case, the moment value selected as input on the beam based model was not the one

corresponding to the deformation state shown by the DIC analysis, which caused

results to be incorrect. This situation caused an extra step in the post processing of

the data
3. Moment machine : Pure moment applied to the ends of the DCB produces a crack
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that translates once it becomes fully developed, which made the interpretation of

the results easier. However, this implies that a special machine, designed just for

this purpose, has to be available in order to apply this methodology. The use of this

machine involves the need of measuring a high number of variables with different

equipment components. If the developed methodology aims to be relatively simple

to apply, it must be able to be performed with more accessible equipment.
4. 3D effects study : the methodology has proven to be effective according to 2D

simulations, which are not an accurate representation of reality and cannot be

related to represent the experiment accurately.
5. Specimens used: just one specimen was selected to be evaluated which is obviously

not enough to describe the accuracy of the method.
• Inverse Parameter

1. Robustness: The methodology has been shown to be highly sensitive to changes on

the number of degrees of freedom used in the representation of the solution. Also,

the position of these force points is shown to affect the solution quality drastically.

Finally, it was demonstrated how the quality of the solution was even more sensitive

to the already mentioned parameters when real data was used.

Some parts of the previous semester project [Viejo et al., 2019] have been omitted in this review,

since only essential facts are highlighted to give an overview of the project.

1.4.2 Fourth Semester (Current)

As colophon to the previous semester's project [Viejo et al., 2019], an experiment was conducted

and results that matched to a certain extent the guidelines introduced by the theory were

obtained. However, it was clear that the weak point of the methodology was the experimental

part. Thus, the scope on the fourth semester project is mainly focused on designing an

experimental procedure that allows for a robust and accurate cohesive law characterization

under real experimental conditions.

For a methodology to be effectively implemented, the correspondence to real experiments

is an essential aspect. Therefore, a thorough evaluation of the effectiveness of the method

under real experimental conditions must be done. This is achieved by the assessment of the

main the possible sources of error that might affect the performance of the inverse parameter

identi�cation algorithm. All the variables (material, machine or DIC related) that are involved

in the experimental setup are to be identi�ed and quanti�ed systematically, to evaluate the

degree of variability of the cohesive law obtained, with the purpose of grading the level of

con�dence of the method.

Before the real experiments are conducted, a high �delity 3D FE model is created to represent

as accurately as possible the experimental conditions, in order to analyse and foresee 3D

behavioursthat may affect the input data in an unexpected way.
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The analysis of the variability of the cohesive law obtained is done using statistical analysis

with the Monte Carlo (MC)approach, which helps to characterize the deviation of the resulting

cohesive laws calculated combining all the quanti�ed uncertainties. After the preliminary

assessment, MC results are studied and correlation analyses are performed to estimate the

parameter/s that most affect the error bounds of the �nal cohesive law. Thanks to this,

modi�cations either in the inverse parameter identi�cation model or in the experimental

procedure are introduced in order to reduce the variability of the solution obtained.

Moreover, numerical methods are used to get an in-depth understanding of some of the

variables de�ned by the user to characterize the cohesive law and to seek for a pattern that

allows robustness of the solution. Then, changes in the load function formulationsare applied

accordingly and constraintsto the solution are set, tailoring the system of equations to achieve a

robust system that solves the issues encountered on the previous semester project [Viejo et al.,

2019].

With all the information gathered from the preliminary studies, a �nal experimental procedure

is designed and tested in the laboratory. This experimental procedure aims for an effective and

relatively simple application of the methodology developed. Particular attention is paid to

the dif�culties (1 to 5 in the previous subsection) encountered during the previous semester

project [Viejo et al., 2019].

From the previous description of the process to be followed in this semester, the objectives

established for the present thesis are summarized as:

• Study the uncertainties and errors present in the measurements of the variables used for

the calculations and how it affects the inverse parameter identi�cation routine.
• Identify and study undesired high sensitivities of the inverse parameter model to the

characterized uncertainties using statistical analysis based on the MC approach and the

correlation studies between variables and solution.
• Improvement of the beam-based model to assure a robust and accurate behaviour of

the inverse analysis. This is done with the aid of algebraic tools combined with the

MC approach, that help to analyse the system and its behaviour depending on input

parameters, in order to reduce the sensitivity of the system and improve the solution

robustness. By reducing the sensitivity of the inverse parameter to the uncertainty

of variables, the traction �eld predicted is uniquely related to the displacement �eld

introduced.
• Develop a high �delity 3D model using FE simulation with the aim of studying the effect

of beam theory assumptions and 3D effects on the cohesive law variability.
• Design of an experimental procedure based on the results of the studies performed and

previous experience.
• Validation of the method with the proposed experimental procedure under real

experimental conditions using the MC approach for a set of different input displacements

obtained from the DIC and the uncertainties for all the variables quanti�ed.
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This approach, if performed successfully, makes the methodology developed suitable for the

evaluation of any type of composite material under mode I delamination in an effective and

simple way.

Problem Formulation

The above discussion regarding the content of the present master thesis must be covered

by the problem formulation stated in the following lines. The scope of the thesis can be

formulated as: Design of an experimental procedure based on a statistical study of the variability of a

previously developed inverse parameter identi�cation algorithm for the characterization of cohesive laws

for composites under quasi-static delamination in mode I.
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1.5 Summary of the Method

From the work done in this master thesis, the main outcome is the validation of the developed

inverse parameter identi�cation tool against real experimental results. Input data is obtained

from a experiment designed with the special purpose of reducing the in�uence of experimental

uncertainties on the calculated solution. An overview of the tool is given in Figure 1.7. An

example of the cohesive law characterized with this tool is shown in Figure 1.6.

Figure 1.6: Example of cohesive laws obtained.
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Figure 1.7: Sketch of the inverse parameter identi�cation model of cohesive laws.
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2 | 3D Model of the Proposed
Experimental Procedure

In this chapter, the motivation for the creation of a FE-model that can reproduce real experimental

conditions is introduced. Then, an study of the impact of 3D effects and misplacement of the hinges

on the displacement �elds used for the inverse parameter is done. Finally, the results of the study are

analysed and discussed.

2.1 Requirements and Motivation for Building a 3D Model

For effectively simulating the experimental procedure, to aim for realistic results, a high-�delity

3D FE-model of the DCB is developed. To make a model that can accurately represent the

behaviour of the DCB during the test, an evaluation of objectives and possible inaccurate

assumptions that can affect the results is made.

The main concerns of the high-�delity model are to be able to:

• Capture the 3D effects
• Interpret imperfections present in real life
• Accurately describe the delamination process

2.1.1 Anticlastic Bending in 3D Beams under Delamination

This consideration is particularly important as a consequence of the method used for obtaining

the displacement of the beam. The picture of the DIC is taken at the face of the DCB, assuming

that the stresses and displacements do not vary along the width of the specimen. However,

in the three-dimensional space, this assumption does not hold and it calls for a study of the

in�uence of anticlastic bendingon the beam.

Anticlastic bending is a phenomenon that occurs due to transverse bending of beams and plates,

and it is caused by the Poisson effect. Using Theory of Elasticity for a beam in three dimensions

(see Figure 2.1), the deformations due to pure bending in a beam causes the components of

strain in the cross sectional plane to vary depending on the Poisson's ratio [Timoshenko and

Goodier, 1951]. The lower part of the cross section compresses and the upper part expands,

creating a "nail-shaped"beam.
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Figure 2.1: Anticlastic bending in a cantilever beam in a pure bending state.

This anticlastic bending affects the behaviour of the DCB specimen and the con�dence of the

results obtained from the DIC method. As seen in Figure 2.1, the image captured by the camera

is of a face that is rotated with respect to the vertical, but is taken as if it is the mid-plane face

when the inverse parameter model calculations are done. If a moment is applied to both arms

of the DCB specimen, both upper and lower beam suffer from anticlastic bending while being

delaminated (see Figure 2.2a).

This deformation of the cross section affects the stresses of the interface along the width of the

cross section. At the outer faces of the specimen, the beams are pushing each other opposing

the interface separation and delaying the delamination process. At the centre of the width, the

anticlastic bending pushes the faces of the beam away, making the faces prone to delaminate

before the edges of the beam. This effect causes the delamination front of a DCB specimen to

be non-uniform across the width plane of the specimen (Figure 2.2b).

(a) (b)

Figure 2.2: a) Anticlastic bending effect in a section of a Double Cantilever Beam in a pure
bending state. b) Anticlastic bending effect on the evolution of the crack front across the
interface.

Another aspect to be analysed in-depth in relation to the 3D model is the neutral line

assumption. It is important to see whether the results of the beam-based model in Viejo

et al. [2019] vary or not depending on the displacement �eld that is taken from the DIC.
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2.1.2 Mispositioning of the Hinges prior to the Delamination Experiment

Particularly important are the areas where the force is being applied, in this case piano hinges

are used for force transmission (see Figure 2.3).

Figure 2.3: 3D CAD model of the DCB specimen with the piano hinges.

Some factors can affect the structure that might introduce errors on the displacement �eld used

for the calculations e.g. forces are rotated with respect to the vertical axis (arrow in Figure 2.4).

The method used to connect the hinges to the beam is by four bolts close to the edge where the

crack is located. These bolts can easily produce a misalignment of the hinges due to the limited

accuracy of the tools. Therefore, hinges are modelled in order to study the aforementioned

situation and their effect on the results obtained.

Figure 2.4: Exploded view of the rotated hinge face that can result from an incorrect hole
alignment in the specimen.

Moreover, the fact that the deformation of the beam is an essential parameter for the

inverse identi�cation, makes important the consideration of support in�uences on the beam

deformation. In this case, the hinges are made from steel and are stiffer than the composite
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used, therefore the deformation of the beam where the hinges are positioned is strongly

affected by their presence, preventing the beam to deform freely.

2.1.3 Representation of the delamination process

The most essential feature of the model is that, apart from introducing the above characteristics,

is able to accurately describe the delamination process under pure mode I. The model has to

be able to represent correctly the stress state of the interface, making the parameters de�ned in

the cohesive law to match the observed behaviour of the structure. For this reason, a suitable

combination of boundary conditions, mesh characteristic and solver performance, that ensure

an stable behaviour of the delamination process at all time steps, must be achieved.

2.2 Analysis of 3D-Effects on the FE-model Displacements

For a complete explanation on how the specimen is modelled in ANSYS Workbench, which

features are used and the mesh convergence study of the model, see Appendix E.

2.2.1 Anticlastic Bending Effect on the Displacement

The vertical deformation along the width of the specimen is a matter of study, to con�rm the

theoretical considerations explained at the beginning of the present chapter.

The difference of vertical displacement between the lateral part of the beam and the central

part of the beam, which is more signi�cant at the delamination front, can be seen in Figure 2.5.

Note that when the difference is negative, the position of the lateral face is lower than at the

longitudinal symmetry plane of the DCB. This �gure indicates that the maximum difference

occurs near the crack tip.
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Figure 2.5: Vertical displacement differences between a path taken at the symmetry plane of
the DCB and the displacement �eld at the lateral face.

The deformation just at the crack tip for the top surface and interface along the width of the

specimen can be observed in Figure 2.6.

Figure 2.6: Difference in vertical deformation between lateral face and symmetry plane of the
DCB.

In the x direction, the maximum rotation of the faces due to anticlastic bending correspond to

the maximum difference in displacement. Thus, it is more accentuated close to the crack front,
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clearly seen in Figure 2.7.

Figure 2.7: Deformation in the z direction during the delamination process.

The stress state observed at the interface of the DCB is not uniform along the width of the

specimen (see Figure 2.8). It is seen how the maximum stress is reached at the edges of

the specimen, while delamination at the centre has already occurred. This is caused by the

anticlastic bending of the cross sections of the beams, that pushes the lateral faces against each

other, making the stress needed for delamination to be reached after than at the centre.

Figure 2.8: Normal stress in the solids at the interface.

The consideration of 3D effects is particularly important when the objective is to address the

discrepancies between the inverse parameter model and experiment. The input of the inverse

parameter algorithm is a displacement �eld obtained by means of DIC, with a picture taken to

the lateral face of the beam. These lateral faces, in practice, suffer from the deformation caused

by the anticlastic bending. However, the formulation of the inverse parameter identi�cation

algorithm is based on beam theory, which considers the cross section of the beam undeformable.
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With the aid of the FE-model, the paths corresponding to the longitudinal symmetry plane

can be extracted. This study aims to �nd out how the difference on displacement due to the

anticlastic bending affects the solution process of the inverse parameter problem, and if the

neutral �bre consideration holds even though the displacement �eld used as input is the one

taken at the lateral face.

All the displacement �elds considered for the present study are shown in Figure 2.9 and are

de�ned below:

• Displacement �elds available to the DIC method are located at the outer lateral faces

of the beam. Two displacement �elds are considered as input for this project, one is at

the centre line of the face (path B in Figure 2.9) and the second one corresponds to the

interface of the beam (path A in Figure 2.9).
• The displacement �eld of the neutral line of the beam (path D in Figure 2.9) is the path

used to build the inverse parameter algorithm. This displacement �eld is the one used

in the third semester project [Viejo et al., 2019] as input for the inverse identi�cation

algorithm and showed a good agreement with 2D simulations. The displacement �eld

corresponding to the longitudinal symmetry plane at the delamination interface of the

beam (path C in Figure 2.9). Once tractions are known, this displacement �eld represents

the interface separation, used to build the cohesive law.

Figure 2.9: Displacement �elds that are related to the DIC experiment and displacement �elds
used in the previous investigation.

Therefore, it is wanted to observe whether the the displacement �elds taken at the lateral face

under the effect of the anticlastic bending have a considerable impact on the results compared
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to the displacement �elds used in the previous semester project [Viejo et al., 2019].

Discrepancies can be seen between the four paths selected, that can produce an erroneous result

of the cohesive law calculated by the inverse parameter algorithm. It is observed how there

is a clear shift in the paths located at the lateral face and at the longitudinal symmetry plane,

specially at the crack tip where delamination is occurring. Moreover, paths at the interface

suffer from a different deformation than the paths at the neutral plane, breaking the beam

assumption of the underformable cross section. This �nding advocates for the use of the paths

at the neutral �bre as an input of the inverse parameter algorithm.

Figure 2.10: Vertical displacement of the top beam of the DCB specimen after the delamination
with different paths taken at different areas of the geometry.

The impact of these deviations on the output of the inverse parameter identi�cation is studied

in the following paragraphs. The effect of these deviations in the inverse parameter algorithm

traction estimation (using 12 degrees of freedom and positioning the tractions between x-

coordinates (0.2m, 0.45m)) can be seen in Figure 2.11.
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Figure 2.11: Stresses obtained when the different displacement �elds shown in Figure 2.10
are used as input for the inverse parameter identi�cation. These results are obtained using 15
degrees of freedom.

The stress predicted when the path on the lateral face at interface height is used as input

overpredicts the maximum stress and gives a value around 3.3 MPa (see Figure 2.11). It has

been mentioned in the previous subsection that the assumption of beam is broken due to the

deformation of the cross section at the interface, so results with this displacement input are

expected to be inaccurate.

The displacement �eld on the lateral face at neutral line height and the one at the plane of

symmetry at interface height calculate almost the same value (around 2.5 MPa), predicting

accurately the value established by the FE-model cohesive law (see Figure 2.12). Therefore,

even though the outer face of the beam is affected by the anticlastic bending, its deformation

resembles the behaviour of the interface displacement �eld at the longitudinal symmetry plane

of the DCB.

The path of the plane of symmetry at neutral line height, on the other hand, underpredicts the

maximum stress, being close to 2.1 MPa. The cohesive laws obtained for each of the paths and

the cohesive law de�ned for the material in the FE software (corresponding to Figure E.1) are

presented in Figure 2.12.
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Figure 2.12: Cohesive laws obtained when the different stress �elds shown in Figure 2.11 are
input in the inverse parameter algorithm.

2.2.2 Hinges Rotation Effect on the Displacement

As suggested in Section 2.1.2, one of the effects that can cause a deviation in the displacement

results captured with the DIC method can be a misplacement of the hinges that transmit the

delamination force to the DCB specimen. The misplacement of the hinges is set from 0 to 2

degrees, when it is clearly seen by the naked eye that hinges are bad positioned. Note that the

positioning of the hinges is not expected to be as bad as 2º, so this is a worst-case scenario.

With three FE-models, 5 simulations are computed, [-2 º -1º 0º 1º 2º]. The displacement �elds of

each result set are analysed to see whether a deviation between them exists or not. The path

that is going to be analysed is the one corresponding to the centerline of the face (path B in

Figure 2.9) for all simulations. First of all, the displacements are shown in Figure 2.13. It is

seen how the difference between the perfectly aligned hinges and the 1º/-1 º rotation almost

non-existent, whereas the difference between hinges rotated 2º/-2 º is remarkable. In this case,

observing the lower zoom image in Figure 2.13 the 2º line curves before the rest and shows

the maximum vertical displacement of all the displacement �elds taken for the study. Then,

the -2º degree rotation is the one with the lowest vertical displacement, the to the irregular

deformation of the beam.
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Figure 2.13: Different displacement �elds generated by a misplacement of the hinges when
mounting them on the DCB model.

The prediction of the cohesive stresses for each of the given displacement �elds, with 15

degrees of freedom and the traction calculation limited between the interval ( 0.25m, 0.45m),

is shown in Figure 2.14. It is found that the magnitude of the cohesive stresses predicted is

slightly different for the more rotated hinges (-2 º/2 º), having similar shape but lower onset

traction than the rest of the cases. For a rotation of 1º/-1 º the difference with respect to the

perfectly aligned hinges result is negligible. It is known from the FE-model results that the

maximum stress computed is around 2.55 MPa, which indicates that the rotation of the hinges

under-predicts this value.
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Figure 2.14: Cohesive stresses results extracted from the inverse parameter algorithm for the
input displacements in Figure 2.13

The cohesive laws predicted are shown in Figure 2.15, with the FE-model cohesive law that

represents the curve that should be imitated by the calculated solutions.

Figure 2.15: Cohesive law results extracted from the inverse parameter algorithm for the input
displacements in Figure 2.13

It is shown how, the misplacement of the hinges produce a variation in displacement �elds

that causes the inverse parameter algorithm to predict a different onset traction. Moreover, it is
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observed that the last part of the cohesive law, corresponding to the �ber bridging area, is not

accurately described when the rotation of the hinges increases.

2.2.3 Conclusions on the Hinges Rotation and Anticlastic Bending Effects on the

Displacement

The conclusions for both studies regarding 3D considerations are presented now

• From the study of the anticlastic bending, and the effect on the lateral face displacements,

it is clear that there is a slight difference on the displacement �eld values. However, even

though the displacements are different, the displacement �elds at the lateral face and at

the longitudinal plane of symmetry do not cause a signi�cant difference on the cohesive

laws calculated.

Therefore, the analysis shows how for this specimen with its particular properties, the

effect of the anticlastic bending on the lateral faces does not suppose a big error on the

computed solution. Moreover, it is also found that the displacement �eld to be used as

input must be the one corresponding to the centerline of the beam at the lateral face (Path

B in Figure 2.9).
• For the study of the effect of the hinges rotation on the cohesive law calculations, it

can be seen how a big rotation makes accuracy of the solution obtained to be not good

enough. The maximum traction seems to be closer to the expected one, but the shape

of the cohesive law obtained at the bridging area does not represent the appropriate

behaviour. However, these results are observed for a rotation of the hinges of 2 º, which

has been proven to be easily detected by the naked eye. Therefore, the situation depicted

should never occur in an experimental procedure, as the specimen should be labeled as

not valid for the analysis.
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Specimen and Experimental Pro-
cedure

This chapter is rooted in the theory presented in Appendix C, wherein the theoretical concepts of the

methods to assess uncertainty are presented. The following paragraphs contain the characterization of

the geometric data and the elastic properties of the DCB specimen which are of interest, together with

their uncertainty values. The sources or error that are identi�ed for the current experimental procedure

are also characterized. The results from this chapter are later used in the sensitivity analyses of Monte

Carlo in Chapter 4.

The present chapter is focused on giving the information of the data values which are

introduced in the inverse parameter identi�cation model (see Appendix D), together with

their uncertainty. In order to obtain the value of the uncertainty of a quantity that is either

measured or calculated, it is necessary to identify the primary sources of uncertainty that are

present in the process of calculation or measurement. Stated in Appendix C, once these values

are characterized, it is possible to accumulate them. Thus, it can be known how much the

calculated quantity can deviate with respect to the expected value.

As it has been pointed in Chapter 1, the objective of the delamination experiment, which

is to be carried out in the present semester, is to characterize the cohesive law of the tested

specimens. The attainment of the cohesive law is the result of the information collected from a

series of parameters, which have an uncertainty associated. This encourages a study of the

sources of error and uncertainty present in the double cantilever beam experiment.

It is assumed that large errors are not present. Therefore, only systematic and random

deviations are considered. The different uncertainty sources that have been found to be

representative in the delamination experiment are separated into two groups: the test specimen

and the experimental procedure. The �rst one comprises the geometric values and the elastic

properties of the DCB specimen, while the second takes into account the errors and uncertainties

associated to the devices that are used in the delamination experiment e.g. DIC camera or the

tensile test machine.

The variability of the parameters is required in order to test the inverse parameter identi�cation

tool against the expected range of data that might be recorded during the real experiment.

Therefore, from the study of the variability, the robustness of the inverse parameter

identi�cation routine can be assessed.
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3.1 DCB Specimen Data

The specimens that are going to be tested have been cut manually from a whole plate. Thus, it

is necessary to measure the dimensions properly. Additionally, there is the possibility that the

material properties provided last semester do not match with the current specimen's ones. In

composite materials, properties can vary noticeably from one plate to another. Therefore, they

must be validated prior to the delamination experiment.

3.1.1 Geometric Data

The geometric parameters of interest are: the effective length of the specimen L, which is

the distance from the hinge to the far-end of the specimen, the thickness h and the width w,

since they are used in the Timoshenko beam formulation of the inverse parameter algorithm

(see Appendix D). For each parameter, �fteen measurements are taken along the length of

the beam. The length is measured with a millimetric ruler, while the thickness and the width

are measured with a digital caliper. This indicates that each measurement is subjected to

two different uncertainties; a type-A and a type-B. As presented in Appendix C, different

treatments are given to assess these uncertainties. To start with, type-B evaluation is linked

with the resolution of the device that is used. Following Equation (C.6) in Appendix C, the

type-B uncertainty uB can be obtained. For the type-A evaluation, the experimental mean and

standard error for the �fteen measurements are calculated. Thus, the type-A uncertainty uA is

known.

Once these uncertainties are known, they can be accumulated following Equation (C.8) from

Appendix C. The following table presents the geometric values with its associated absolute

uncertainty. The mean values and uncertainties are all in millimeters.

Length (L) Width ( w) Thickness (h)
Mean 485 27.9 18.2

Type-A uncertainty
uA

0 0.011 0.018

Type-B uncertainty
uB

0.24 0.056 0.12

Combined uncertainty
u

0.24 0.056 0.12

Table 3.1: Geometric values with its related uncertainty. Mean and uncertainty values are in
millimeters.

3.1.2 Elastic Data

———————————————————————
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Due to the regulation of the access to Aalborg University caused by the COVID-19 measurements

imposed by the Danish Parliament, the experimental characterization of the elastic properties explained

in Appendix F could not be performed. Even though the group had access to the laboratory, it was

decided to prioritize the delamination experiment over the elastic properties characterization. Therefore,

the mean values of the elastic constants E and G, are taken from the previous semester project [Viejo

et al., 2019], which are supposed to be a close approximation of the specimens used here. However, the

available elastic constants of the specimens are nominal values instead of the values of the material,

which may vary. The uncertainties of these values are taken from Muttashar et al. [2015], in which a

similar material is characterized with the method explained Appendix F.

———————————————————————

3.2 Sources of Error of the Experimental Procedure

The following paragraphs expose the sources of error and uncertainty present in the

measurements taken during the delamination experiment of the DCB, which are mainly

related to the DIC. It is believed that they might have an impact in the attainment of the

interface tractions and the cohesive laws. These sources are stated in the following bullets.

• Noise of the DIC
• Misplacement of the hinges

The �rst bullet refers to the noise signal of the DIC, estimated via a Noise-Floor analysis [Jones

and Iadicola, 2018]. This study was performed in the previous semester project [Viejo et al.,

2019]. It consists in taking two pictures of the unloaded specimen to compare the displacement

�elds. The difference between the two sets of data is classi�ed as the Noise-Floor. Figure 3.1,

taken from the previous semester report Viejo et al. [2019], shows the difference in vertical

displacement of the neutral line of the DCB between two consecutive pictures. It would be

expected to obtain zero difference, as both pictures are taken in the exact same con�guration.

However, it can be seen how the displacement values differ from zero; thus, obtaining a pure

noise �eld n f .
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Figure 3.1: Noise-Floor analysis [Viejo et al., 2019].

As the noise is measured only once, a type-B evaluation is performed. Stated in Appendix C,

when a type-B uncertainty is characterized, a statistical law must be chosen. It is assumed that

the noise depicted in the above �gure follows a normal distribution [Viejo et al., 2019]. In this

case, the values of the meann f and the standard deviation s(n f ), are stated in Equations 3.1

and (3.2). However, the value of the mean n f is intentionally set to zero, as it is desired for the

noise to be unbiased.

n f = 2.44� 10� 8 � 0 m (3.1)

s(n f ) = 1.27� 10� 7 m (3.2)

With the value of the standard deviation, the absolute standard uncertainty of the noise �eld

u(n f ), which is present in the DIC measurements, is known, see Equation (3.3).

u(n f ) = 1.27� 10� 7 mm (3.3)

The second bullet takes into account the possible rotation of the hinges when they are bolted

to the DCB specimen. This topic has already been covered in Chapter 2, where a thorough

analysis of the 3D-effects is performed, and from where it is seen that the rotation of the hinges

can in�uence the results of the inverse parameter identi�cation model. For different rotations

of the hinges, which are set to be ranging from -2 º to 2º, the displacement �elds obtained differ

from the one where the hinge is not rotated. This behaviour is depicted in Figure 2.13, where

the vertical displacement of the center line at the lateral face of the DCB specimen is plotted

for the different orientations that are studied.

Unlike all the other quantities, which have been assessed in the present chapter, it is not

possible to give a value of the uncertainty associated to the rotation of the hinges. Neither a

type-A nor a type-B analysis can be executed as these results come from a numerical software.

For each value of rotation, an entire �nite element analysis must be solved. Therefore, it is
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believed that is unfeasible to generate a sample from where a statistical distribution can be

approximated. Thus, this is seen as an error source rather than uncertainty. It is decided to

characterize this error with a discrete uniform distribution in which the rotation values being

[-2º,-1º,0º,1º,2º]. The displacement curve corresponding to each value of the rotation of the

hinge is obtained from the FE-model, see Chapter 2.
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ti�cation using Monte Carlo

The Monte Carlo (MC) algorithm developed for assessing the sensitivity of the inverse parameter

identi�cation algorithm result to the uncertainty of the input data is explained in this chapter. First, the

functioning of the algorithm itself is shown. Then, the performance of the inverse parameter identi�cation

routine built during the previous semester project Viejo et al. [2019] is evaluated with this algorithm.

Correlation analyses are performed on the results to identify the parameters driving the error of the

characterized cohesive law. Finally, the results obtained are used as motivation for the in-depth study of

the mathematical tools in Chapter 5 and the redesign of the inverse parameter identi�cation procedure in

Chapter 6.

As explained in Section C.2 in Appendix C, MC methods can be used to introduce the

randomness of real-life processes to a deterministic numerical model. This allows to obtain

an interval in which the sought property is likely to lie when the uncertainty of the input

is known. In this project, the purpose of the MC simulations is to obtain an estimate of the

con�dence interval of the calculated cohesive law when the input data are subjected to the

uncertainties characterized in Chapter 3. Obtaining then, the sensitivity of an inverse parameter

identi�cation routine to the characterized uncertainties of the input. The displacement data

used as input is generated using the 3D high-�delity FE-model described in Appendix E,

emulating an experimental DIC measurement.

A correlation analysis is carried out using the results of MC to determine the impact of each

parameter on the results variation. A veri�cation of these results is also done in order to

validate the tool.

All the calculations are done in the program MATLAB. The scripts corresponding to the MC

analysis are displayed in Appendix I.

4.1 MC Algorithm for Uncertainty Characterization of Cohesive

Laws

4.1.1 Input Data of the Monte Carlo Algorithm

All the parameters used in the inverse parameter identi�cation procedure have been

characterized in terms of uncertainty in Chapter 3. The present MC algorithm consists

of generating random values of these parameters, following the characterized distributions,

and performing the inverse parameter identi�cation of the cohesive law with these values.

The input parameters are listed in Table 4.1 with their standard deviation if the distribution is

normal, or the interval of the distribution for uniform distributions. The MATLAB functions
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randn, rand and randi are used to sample normal, continuous uniforms and discrete uniform

distributions, respectively.

Parameter Distribution Mean Standard Deviation Interval
Flexural rigidity (EI) Normal 78.16 Nm2 3.44 Nm2 -
Shear rigidity (kAG) Normal 462000 N 46200 N -
Length (L) Normal 0.485 m 0.0014 m -
Force (F) Normal *mF 0.5% of mF -
Width (w) Normal 0.028 m 5.9� 10-5 m -
DIC noise signal Normal 0 m U([0,2.54� 10-7]) m -
Hinges rotation Discrete uniform - - [-2º,2º]

Table 4.1: Distributions of the data used for the inverse parameter identi�cation of cohesive
laws. *The mean value of the force depends on the value of the rotation of the hinge

The symbol mF in Table 4.1 refers to the mean value of the force, which is slightly different for

each value of the rotation. The mean values of the force are extracted from the FE-model for

each of the rotation values of the hinges. They are shown in 4.2.

Hinges rotation -2º -1º 0º 1º 2º
Mean force 134.91 N 134.44 N 134.31 N 134.44 N 134.91 N

Table 4.2: Values of the force applied on the FE-model to provoke the delamination of the
specimen. They are used as mean values of the force for each value of the rotation.

It must be emphasized that the standard deviation of the DIC noise signalin Table 4.1 is not

a constant value. It is decided to change the noise signal in between samples of the MC

algorithm to be able to apply correlation. If the same amount of noise is always introduced,

it is impossible to measure the effect of the noise over the results. Therefore, the calculations

of the cohesive law are done with different noise magnitudes added to the displacements to

be able to evaluate the impact of this perturbation on the results. The DIC noise signalfollows

a normal distribution centered in zero with a standard deviation that changes in between

samples, creating noise signals of different magnitudes. The standard deviation s of the noise

is changed following the uniform distribution

s(DIC noise) = U ([0, 2.54� 10� 7 m]) (4.1)

These values of the interval are chosen because the resulting average value ofs(DIC noise),
is s(DIC noise) = 1.27� 10� 7 m, which corresponds to the experimental value displayed in

Chapter 3.

4.1.2 Algorithm Description

One of the problems arising when trying to de�ne a con�dence interval for the cohesive law

is that the cohesive law is a function and not a scalar value. As a result, the statistical tools

36



4.1. MC Algorithm for Uncertainty Characterization of Cohesive Laws Aalborg University

explained in Appendix C have to be adapted. In the routine InTraFiCa, the resulting cohesive

law is de�ned by a �nite set of traction-separation values [sj , dj ], not by a continuous function.

To overcome this, the values of separation dj used to de�ne a cohesive law are maintained

throughout the different simulations, and the values of the traction sj corresponding to these

separation values is what the routine calculates. After several calculations, a set of traction

values si j are available for each separation value dj . Doing this, the traditional statistical

approach used to �nd the con�dence interval of a scalar variable can be applied to the traction

values si j of each of the separation values dj . Therefore, a set of mean valuess j and con�dence

intervals, de�ned by a lower bound sLB,j and an upper bound sUB,j , are obtained for the

cohesive law. See Figure 4.1.

Figure 4.1: Sketch of the resulting mean cohesive law [dj , sj ] and upper sUB,j and lower sLB,j

bounds.

The MC algorithm created in this project is sketched in the �owchart displayed in Figure 4.2.

Data of uncertaintiescorresponds to the data in Table 4.1, which is used by the Random sampling

function to generate a sample of random values Rik. A random value for each of the k = 1,. . . , 7

parameters in Table 4.1 is calculated following the displayed statistical distributions, where i

corresponds to the number of the sample. This set of parameter values Rik, is given to InTraFiCa,

the inverse parameter identi�cation routine, which returns a cohesive law.

For each value of separation dj , a value of traction is calculated for each sample si j , where

j = 1,. . . , N, being N the total number of points describing the cohesive law. The value of N

is chosen by the user together with the values of dj . Even though the separation values vary

in between analysis, the traction values are interpolated at the speci�ed separation values dj

for all the analysis. To avoid losing information during the interpolation, N = 10000is used

in all the analyses. Moreover, the maximum separation value dN is set to be higher than any
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separation value with nonzero traction to capture the whole cohesive law.

After calculating the cohesive law corresponding to a number of samples M, the result is a

matrix si j 2 R N � M , having in each row the traction values corresponding to the cohesive law

of the i � th random sample Rik. For each separation valuedj , a mean traction value sj can be

calculated for a sample size M as

sj
M =

1
M

M

å
i= 1

si j (4.2)

The set of traction-separation values [sj , dj ] is termed mean cohesive law.

The lower and upper bounds of the con�dence interval, sLB,j and sUB,j , are de�ned for each

separation value dj as

P(sLB,j < si j < sUB,j ) = a (4.3)

where a is the con�dence level of the con�dence interval and P(a < x < b) means probability

of x having a value in between a and b. They are calculated for each separation value dj as

the two traction values which de�ne an interval containing a � M values of si j , and leaving

outside (1 � a) � M values. The area in between the curves de�ned by the set of values sLB,j

and sUB,j , which is an estimate of the area in which the cohesive law has an a probability of

falling inside. Throughout the whole project a = 0.95has been used. For a sample sizeM, the

bounds are de�ned as s M
LB,j and s M

UB,j .

Figure 4.2: Flow chart of the MC algorithm.
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As explained in Section C.2 in Appendix C, MC relies on the Law of Large Numbers. Therefore,

as i ! ¥ , the mean s j and con�dence interval [s M
LB,j , s M

UB,j ] of the cohesive law approach the

values of the population. For ensuring that these estimates are close to the population value,

the stopping criteria is de�ned using the change in the variables of interest ( sj
M , s M

LB,j and

s M
UB,j) when increasing the amount of samples. For each separation value dj , the relative change

in these variables is calculated when the sample size changes from M � D to M, where D is the

amount of samples calculated in between two checks of the stopping criteria. This number is

de�ned by the user and the only purpose of having D > 1 is computational ef�ciency of the

algorithm, because several inverse parameter identi�cation calculations can be run in parallel

increasing signi�cantly the speed of the calculation. The parameters used for the stopping

criteria are
jsj

M � sj
M � Dj

sj
M

js M
LB,j � s M � D

LB,j j

s M+ D
LB,j

js M
UB,j � s M � D

UB,j j

s M
UB,j

(4.4)

A value of each of the ratios in Equation (4.4) is calculated for each separation value dj . These

values are compared to the parameters #mean, #LB and #UB to decide whether the estimates are

close to the population values. The value of these parameters is de�ned in Subsection 4.1.3.

The MC simulation stops when the three ratios in Equation (4.4) are under #mean, #LB and #UB,

respectively, for each separation value dj .

The reason of choosing these stopping criteria relies on the Law of Large Numbers. As the

number of samples increases (i ! ¥ ), the parameters in Equation (4.4) tend to zero. Therefore,

it is assumed that when these parameters are below a certain value (#mean, #LB and #UB), the

approximation of the s M
j , s M

LB,j and s M
UB,j can be considered a close approximation of the real

mean and con�dence interval of the cohesive law.

4.1.3 Stopping Criteria Study

The objective of this project is evaluating a methodology for determining the cohesive law, not

determining it for a speci�c purpose. Therefore, no numerical requirement can be set on the

result. In relation to the stopping criteria, there is no manner of setting a value for #mean, #LB

and #UB, so it is decided to justify its value with a simple visual inspection of the obtained

values of s M
j , s M

LB,j and s M
UB,j . When they do not seem to change after increasing the sample

size, the MC simulation is considered completed. They all are set to 1%.

As an example, the progression of the parameters used for the stopping criteria is shown in

Figure 4.3 when 10 traction d.o.f. are used in the inverse parameter identi�cation and 95% as

con�dence level of the con�dence interval. The values of the maximum relative changes in

mean and bounds are displayed for each 200 new samples (D = 200).
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Figure 4.3: Progression of the ratios of the stopping criteria (Equation (4.4)) throughout the
MC simulation using 10 traction d.o.f. on the inverse parameter identi�cation routine. The
parameters are calculated each 200 new samples. The displayed value of the parameters is the
maximum for all the separation values dj

It can be seen how the values of the three parameters tend asymptotically to zero, as it is

assumed to happen. When all the ratios in Equation (4.4) are below #mean, #LB and #UB, for

each opening value dj , the simulation stops. The value of the stopping tolerance, 0.01, can

be justi�ed by displaying the calculated mean cohesive law sj
M and bounds s M

LB,j , s M
UB,j for

different sample sizes, displayed in Figures 4.4, 4.5 and 4.6.

Figure 4.4: Change in the mean cohesive law s M
j throughout the MC simulation when 10

traction d.o.f. are used in the inverse parameter procedure. The legend shows the sample size.
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Figure 4.5: Change in the lower bound of the con�dence interval s M
LB,j , for a con�dence level

a = 0.95, of the cohesive law throughout the MC simulation when 10 traction d.o.f. are used in
the inverse parameter procedure. The legend shows the sample size.

Figure 4.6: Change in the upper bound of the con�dence interval s M
UB,j , for a con�dence level

a = 0.95, of the cohesive law throughout the MC simulation when 10 traction d.o.f. are used in
the inverse parameter procedure. The legend shows the sample size.

It can be seen how the curves of 3000 samples and 10800 samples are almost overlapping, which

suggests the idea that a tolerance value of 0.01 is quite conservative. The same asymptotic

behaviour is observed for all the analysis performed in this project, where no appreciable
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change in the curves is seen after a sample size considerably smaller than the �nal one. So the

value of 0.01 is assumed to be conservative, however, it is decided to maintain it to ensure a

representative sample size.

4.2 Analysis of the Third Semester Version of InTraFiCa

The 3rd semester version of InTraFiCacorresponds to the inverse parameter identi�cation built

in Viejo et al. [2019] and explained in Appendix D.

This simulation is run for different number of degrees of freedom of the calculated tractions.

The initial guess provided to fmincon, regarding the position of the traction peaks, is equally

spaced points along the whole beam. The results are displayed in Figures 4.7 and 4.8, where

the continuous line corresponds to the mean cohesive law s M
j and the dashed lines to the lower

bound s M
LB,j and the dash-dotted line to the upper bound s M

UB,j of the con�dence interval at 95%

of con�dence level.

Figure 4.7: Resulting mean cohesive laws [s M
j , dj ] (continuous line) and con�dence interval,

delimited by the lower bound s M
LB,j (dashed line) and the upper bound s M

UB,j ] (dash-dotted line),
obtained from the MC algorithm using 3, 5, 7 and 10 traction d.o.f. The legend shows the
traction d.o.f. used to calculated each of the curves and the curve labeled as FE-modelis the
one introduced as material property in the Finite Element model.
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