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Abstract

This paper will introduce the basics of options pricing. Starting with
the Binomial Tree model and moving on to the Black-Scholes model and
the Black-Scholes Greek letters. With a solid theoretical foundation in
place, the paper moves on to presenting more advanced options pricing
models. The reason being that the Black-Scholes model is pricing options
on a fixed volatility. The fixed volatility assumption used by the Black-
Scholes model serves well when learning about options. It has, however,
been proven empirically that the fixed volatility assumptions is not in line
with market behavior. Hence, using the Black-Scholes model for hedging
purposes will lead to wrongful hedges.

The fact that the Black-Scholes model is too simple has lead to nu-
merous more sophisticated options pricing models. This paper will review
two of these models.

First, the Local Volatility model. After breaking down the model I
find that for hedging purposes the model is ill suited. Empirically the
model is proven to perform bad when replicating the market behavior.
The model implied volatility simply moves in the opposite direction of
what is observed in the market. This makes it a bad model for hedging.

With this observation I move on to the SABR model. Contrary to the
other models examined in this paper the SABR model applies a stochas-
tic process as part of the volatility measure in the model. This leads to
a model that makes good predictions of the market behavior. Empiri-
cally the SABR model performs well and the model is widely used by
practitioners.

The low interest rate environment has however created a potential
problem for the SABR model as it implicitly assumes the interest rates
to be strictly positive when 8 # 0. The paper introduces some adjusted
SABR models for the reader without going into detail with the models.
However, it is important to know of the existence of these models.
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1 Introduction

In this section I will introduce the paper - starting with the motivation for the
subject, moving on to a minor introduction of the theories to come and some of
the papers used, to what to expect in the paper.

Most private investors invest their money in stocks, bonds and indexes. This
is probably because it is what the media is covering and what is easy accessible
when logging in to ones depository at the bank. To some extent it might also
be because the complexity of these products are not too high. That way you do
not have to be a specialist in order to invest your money in this type of assets.

Investing money is of course embedded with risk. Hence the reward of in-
vesting. Most investors are interested in maximizing their return on investment
given the amount of risk they add to their portfolio. In theoretical finance the
risk/reward is measured in different ways. Common to most investors is that
they would like to secure their reward given the risk they take. Omne way to
insure the reward on a portfolio from risk is by buying options. That is, adding
options to a portfolio allows the owner of the portfolio to limit the risk on the
investment.

Options are a type of financial instrument that can be bought and sold at
exchanges the same way a stock or another asset is being traded. The formal
definition of an option is

Definition. Owning an option on an underlying asset gives the right, but not
the obligation, to buy or sell that asset at a certain price.

To most private investors options are unknown. This might partly be because it
is a complex area of investing and partly because it is expensive to trade options.
In professional finance, however, options are widely used. One of the reasons are
that large banks operate with a division called Markets. This division specializes
in market making. That is, they make the market between buyers and sellers.
In order to do this, the Market division buys and sells assets. But sometimes
they are not able to sell an asset straight away. Or they simply choose to keep
that asset because they think they can make more money that way. In order to
reduce the risk on their positions, they hedge their positions using options. This
is typically done at the end of the day. It is common that each trader hedge
their own positions. That way, they know their risk when they leave at night.
But the bank or financial institution typically also hedge the overall position of
the bank. To do this, the bank typically have a team of people who specializes
in options trading. This team is highly specialized within options and handle
all customers who need help buying or selling options. The team also handle
the banks overall hedging needs.



1.1 The purpose of the paper

In this paper I will investigate the world of options. Options are a large part
of professional finance, as also described above. In order to get a better under-
standing of some of the mechanisms in the financial world, I think it will be
beneficial to have an understanding of options. Hence, this is my motivation for
writing this paper.

Below I will present some research questions that I will try to answer in this
paper. They serve as a guideline for the paper.

Problem. The Black-Scholes model is a well-known options pricing model. Is
there a model that handles options pricing for hedging purposes better than the
Black-Scholes model?

Problem. What are the arguments for choosing one model over another?
Problem. What are the implications of choosing a wrong or less precise model?

Theoretical finance can be very mathematical. Especially if you choose to ex-
plore the more complicated assets classes or areas like for instance options pric-
ing.
I will not pursue the mathematical solution to the models - or try to prove
the models and their assumptions mathematically. Instead, I will focus on
the general understanding of options and the different options pricing models
presented in the paper. Hence, I will accept and apply the mathematically
proposed models and their solutions and instead focus on the outcome of the
models. Namely the correctness of the pricing from each model and a discussion
about the results from an intuitive standpoint. Moreover, I will not go into any
trading strategies or anything of the like. I will solely focus on the pricing of
options from a hedging perspective.

I will not make any applications of the models in my review. Instead, I will
focus on the intuition of the models using figures. The reason being that making
an application of each of the models is beyond the scope of this paper.

1.2 Introduction of theory

The Black Scholes model is probably the best known model for options pricing.
The model was first introduced by Fischer Black and Myron Scholes in a paper
published in 1973 [3]. The same year Robert Merton published an expansion
of the model [28], making it capable of pricing options on underlying securities
paying out dividends. This model is know as the Black-Scholes-Merton model
and will be introduced in this paper.
Today it is clear that the Black-Scholes model has some shortcomings. These
are especially relevant when options are used for hedging.

The shortcomings of the Black-Scholes model are the reason for other op-
tions pricing models. In this paper I will investigate some of the models in the
search for a better or more correct way of pricing options. I will do this by



looking at two other models introduced below. The Black-Scholes model is the
first model introduced in this paper and it will serve as a sort of baseline model.

The second model the paper is looking at is the Local Volatility Model. This
is a model simultaneously developed by Dupire [13] and by Derman and Karni
[10]. I will use the approach of Derman and Kani.

The Local Volatility Model is trying to account for the none constant volatility
that the Black-Scholes model is failing to address. The way the Local Volatilty
Model handles this is by incorporating the volatility smile - the volatility smile
will be introduced later in the paper. It turns out that the result of incor-
porating the volatility smile in the Local Volatility Model might not give the
intuitively expected result.

The third model introduced is the SABR model. The model was first proposed
by Hagan, Kumar, Lesniewski, and Woodward in 2002 [18]. This model is also
trying to handle the non-constant volatility. The way the SABR model solves
this is by allowing the volatility to be stochastic.

Applying the SABR model involves calibration of the volatility smile. The
calibration is a continuous process as the volatility smile changes over time. The
output from the SABR model is applied to the Black-Scholes model to generate
new Black-Scholes Greeks for better hedging.

The paper is structured in the following way: Chapter 2 is introducing the basics
of options. Starting with the binomial tree structure, moving on to the Black-
Scholes-Merton model and on to It6’s formula and ending with the Black-Scholes
Greek letters. This should give the reader a solid theoretical understanding of
what options are before moving on to more complex models of options pricing.

Chapter 3 is looking at the Local Volatility model. For starters, this chapter
introduces the concepts of implied volatility and the volatility smile. Then the
Local Volatility model is introduced before it is applied and the model dynamics
are discussed.

Chapter 4 is about the Stochastic Alpha Beta Rho model. More commonly
known as the SABR model. Before introducing the actual SABR model the
Black-Scholes Greek letters are expanded with two additional Greek letters.
Then the SABR model is introduced and calibration of the model is explained
before the model is discussed.

In chapter 5 the options pricing models are evaluated and compared to each
other in order to answer the research questions presented earlier. Chapter 6 is
concluding.



2 Introduction to options

In this section I will present some theory needed to understand the basics of
options. It is necessary to know the basics of options and options pricing to
understand and work with volatility models as this is a particular element in
options.

An option is a type of financial derivative. That is, the price of an option is
depending on some underlying asset like a stock or a currency. This, in essence,
mean that when the underlying asset’s price moves in either direction the option
price makes an equivalent move. When buying an option it is possible to buy
either a put or a call option. The put options value rises as the underlying
assets price is declining. A call options value rises as the underlying assets price
is rising. This makes it possible for options to be regarded as a form of insurance
on a financial asset or an insurance of a portfolio as you can buy options moving
in the opposite direction of your assets. It is also possible to sell a call option,
meaning that you have a short position in the option. Going short in a call
option is like going long in a put option. However, there are some differences in
doing so.

There are two types of options. European options and American options.
The main difference between them is that the American option has an early
exercise element embedded in it. In general, some definitions for working with
options are listed below.

Definition 1. An option is a security that gives the right but not an obligation
to buy or sell an asset within a specified period of time.

Definition 2. A call option is the kind of option that gives the right to buy a
single share of common stock.

Definition 3. An exercise price is the price that is paid for the asset when the
option is exercised.

Definition 4. A European option is a type of option that can be exercised only
on a specified future date

This section will look at the theory of European options on underlying assets
not paying any dividends. The reason for this is that most models are derived
on these assumptions. One reason can be that some underlying assets are not
paying dividends.

Dividends are often paid by stocks. But options can be traded on a great variety
of underlying assets. In fact, the stock market is quite small compared to the
market for foreign exchange or interest rates. However, it is possible to expand
the models to include underlying assets paying dividends, if needed. Also, the
models can be expanded to include American options.



This section is structured so that we start by looking at binomial trees to get the
basic understanding of pricing an option. We then move on to look at processes
before we dive into the Black Scholes Merton model and It6’s Lemma. All this
is gathered by the Greeks before the section is summed up in the conclusion.

2.1 Binomial Tree

The pricing of options usually start with the introduction of binomial trees.
Pricing an option this way is done in steps where you start at the final node
and then price the option backwards. For the binomial tree model to work some
assumptions must be made. The first assumption is the one of no arbitrage op-
portunities in the model. That is, it should not be possible to buy and sell the
option at the same time and then make money of it. Further, we assume that
there exist risk less portfolios and risk neutral valuations. This, I will explain
further below.

The risk less portfolio is set up under the assumption that it must earn a return
equal to the risk free interest rate. That is, as there is no risk to the portfolio
there can be no risk premium either. Hence, the investor is requiring the risk
free interest rate in return for the investment.

Setting up a portfolio consisting of a long position in some asset denoted as
SoA, where S is the price of the asset and A is the quantity of the asset, and
a short position in an option using the same asset as underlying, the one step
binomial tree model can be used to express the risk less portfolio.

S()’U,A — fu = S()dA — fd (2.1)
_ fu — .fd
- So'u — Sod (2'2)

Equation 2.1 is the risk less portfolio. No matter if the underlying assets value
goes up or down, the value of the risk less portfolio must equal in order for the
portfolio to be risk less. Hence, solving for A as in equation 2.2 and using this
A value ensures that the portfolio is risk less. That is, buying A amount of the
asset and selling one option ensures that you have a risk less portfolio in the
given time period.

Pricing an option using a binomial tree model basically means that you assume
that the price can only be one of to possible things in next period given the
price in this period. The length of the time period can vary from tree to tree.
But when you start to evaluate an option using binomial trees the distance in
time between each node must be fixed.



Figure 2.1: Binomial Tree structure
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Note: The binomial tree structure. Starting in f and moving forward the option price can only take
one of two values in each future period. Moving one step forward the option is again facing one of
two prices.

Figure 2.1 depicts the binomial tree model structure. Starting at f and moving
forward the price of the option in the next period can only be f, or f;. The
following period the price can be one of the following three - f,., fud OF fad -
depending on the node in wich you stand in in the middle period of figure 2.1.

When pricing an option using the binomial tree model one starts at the time
of expire of the option and work back towards the start of the option. In figure
2.1 this means that one would start by pricing fy., fud and fgzq using the values
of the underlying asset at expiry. The same way, one would price f, and fz and
in the end one would price f. This is put more formally in the equations below.

f=e" pfu+ (1 =p) fd (2.3)
p=220 (2.4)
u=eoVAl (2.5)

d=e VAl (2.6)
a=et (2.7)

where r is the risk-free interest rate, o is the volatility and At is the change in
time.



Equation 2.3 states the calculation of the option value, f. Equation 2.4 is the
calculation of p using the input from equation 2.5 to equation 2.7. Equation 2.4
is a generalization of equation 2.2. Calculating the option price this way is called
risk neutral pricing. Pricing options this way is based on the assumption that
investors are risk neutral. That is, investors do not expect higher return with
higher risk. This assumption allows for two simplifying features.The expected
return of an investment is equal to the risk free rate. And the discount rate
used to calculate the expected payoff from an option is the discount rate.

P is measuring the probability of a node to be reached.

In the limit the Binomial Tree model and the Black Scholes Merton Model is
the same model. Later in this section I will present the Black Scholes Merton
model, where I will show why the two models are the same.

2.2 Processes

The pricing of a financial asset is following a stochastic process. That is, when
a variable is changing value in an uncertain way over time it is said to follow a
stochastic process. This stochastic process can be classified either as a discrete
or a continuous time process. The discrete time stochastic process is a process
where the value of the variable can only change at a certain time. For example
once a day or every time you flip a coin. A continuous time stochastic process
is one where the value of the variable can change at any time. However, when
talking about financial assets the actual change will only take place when the
stock exchange is open.

The choice between discrete time and continuous time is important when
choosing a process. The usage of processes is a way to guess or limit the sample
space of a variable. This is a way of managing expectations in a given situation.
Hence, for a process to make sense it is important to figure out if it is in discrete
time or in continuous time. Once this is settled, you can move on to try to
estimate the possible values the variable can have. For instance, if you play
heads or tails it makes no sense to use a continuous time process. Flipping a
coin is a discrete time maneuver and the fall out can only be one of two things
- head or tail. Hence, using the correct process enables you to limit the sample
space for this particular game. That way you can easier make predictions about
the fall out of the game.

Given that flipping a coin is a fairly simple game the gain from using a pro-
cess might seem a bit small since you can easily see the outcome. When working
with more complicated stuff like estimating tomorrows price on a stock it might
be beneficial using processes.

The Wiener process is a particular type of Markov Stochastic Process with
a mean of zero and a variance of one. A variable z follows a Wiener process if

the change in z for a small period of time At is

Az = eV At (2.8)



where Az = 2z, — z;_1 and At = t; — t;—1 and € has a standard normal
distribution ¢ (0, 1). The values of Az must be independent for any two different
short time intervals. It follows from equation 2.8 that Az follows a normal
distribution with a mean of zero, variance of At and a standard deviation of
V/At. Evaluating the change in z on a relatively long time period T, the change
in z can be written as z (T') — z (0). Thinking of this as the sum of changes in z
in N small intervals with a length of At, we get

T
A

From this it follows that

2(T)—2(0) =) VAt (2.9)

=1

From equation 2.9 it follows that z (T") — z (0) is normally distributed with
mean zero, variance T and standard deviation of v/T.

It follows from the fact that Az must be independent form any two short
time intervals that z follows a Markov Process. We can evaluate z in the limit
as At — 0. That is, the basic Wiener Process can be expressed as dz, meaning
that it has the properties of Az as At — 0. This allows for the Generalized
Wiener Process.

dr=adt+bdz (2.10)

where a and b are constants.

The General Wiener Process, equation 2.10, has a drift rate of zero and a
variance of one - a dt being the drift element and b dz being the variability or
noise element of x. The drift rate of zero means that the expected value of z at
any given future time equals the current value. The variance rate of one means
that the variance of change in z is equal to the change in time. In other words,
the expectation for next periods value is equal to this periods value. The lack of
a drift means that the change in value from period to period can be explained
with the change in time.

Az = aAt + beV At (2.11)



Equation 2.11 expresses a change in x given a small change in time t. Like
in equation 2.8 € has a standard normal distribution. Thus Az has a standard
normal distribution with mean aAt, variance of b>At and standard deviation
of bv/At. Tt follows from previously that the change in value of x in any time
interval T is normally distributed with a mean of aT’, variance of b*T and stan-
dard deviation of bv/T.

The Itdo Process is a stochastic process much like the Generalized Wiener
Process. The main difference being that the It6 Process uses functions for the
parameters a and b so that they are functions of the underlying variable x and
of time t.

dr = a(z,t) At + b (z,t) eV At (2.12)

Equation 2.12 expresses an Itd6 Process. Making the parameters a and b
functions of x and t allow for change in the drift rate and in the variance rate.
In a small time interval between ¢ and ¢ + At the variable x changes to x + Ax
where Ax is expressed in equation 2.13.

Azx =a(z,t)dt +b(z,t)dz (2.13)

To use equation 2.13 involves the approximation that the drift rate and
variance rate remain constant at their value at time ¢ during the time interval
between t and ¢t + At. The Itd Process, equation 2.12, is a Markov because the
change in x at time t only depends on the value of x at time t.

2.3 The Black Scholes Merton Model

In subsection 2.1 I mention that the Binomial Tree model and the Black Scholes
Merton model is the same, when evaluating the Binomial Tree model in the
limit. Deriving the Black Scholes Merton model from the Binomial Tree model
is done by letting the time steps in the Binomial Tree model approach infinity.
I will derive the Black Sholes Merton below.

A tree with n time steps is used to value a European call option with strike
price K and life T. Each step in the binomial tree is of length T/n. j is the
number of upward movements and n — j is the number of downward movements
on the tree. The final stock price is then Syu’d"~7 where u is upward movement
and d is downward movement. S is the initial stock price. The payoff from a
European call option is then

max (Soujd”*j - K, 0)



The probability of exactly j upward and n — j downward movements in the
binomial distribution is given by the equation

n!

mpj (1- P)nij

Following the above mentioned argument the expected payoff from the call op-
tion is then given as

n | , . . )
ﬁpﬂ (1= p)"~" maz (Sou’d"~,0)
= I

The binomial tree represents movements in a risk-neutral world and can be
discounted using the risk-free rate r. This gives the option price

—rT o n' j n—j i
c=e — ' (1—-p maz (Sou’d" 7,0 2.14

As equation 2.14 is for a call option the value of the option is only of interest
when the stock price is greater than the strike price as the option price is zero
otherwise. Hence, the following can be implemented.

Soujdnij > K
or

In(So/K) > —jin(u) — (n—j)In(d)

as u=e’VI/" and d = e ?VT/™ the above condition becomes

In(So/K) >no\/T/n—2jo\/T/n

or
n In (So/K)

2 20\/T/n

Jj>
With this, equation 2.14 is written as

10



c=e"T Z (n—n!j)!j!pj (1—p)" (Sowd" ™7 — K) (2.15)

j>a
Where
n  In(Sy/K)
A . il 2.16
2 20T/n (2.16)
I define the following
n! , i )
U, = — (1 —p)" T d" 2.17
] Z(n_j)!j!p (1-p)""u (2.17)
j>a
and
U=y o () (219)
Tt Y '
which gives equation 2.19 below.
Cc = 67TT (S()U1 — KUQ) (2.19)

If we start by evaluating Us. As the number of steps in the binomial distribution
approaches infinity the distribution approaches a normal distribution. If the
number of steps is denoted n and the probability of success is denoted p, the
probability distribution of the number of successes is approximately normal
with mean np and standard deviation y/np (1 — p). In equation 2.19Us is the
probability of the number of successes being more than «. From the properties
of the normal distribution, it follows that, for large n’s approaching infinity,

Uy =N (”p_a> (2.20)

np (1 —p)

where N is the cumulative normal distribution function. Substituting for « in
equation 2.20, Us becomes

_ In(So/K)  Vn(p- é))
N <2ax/T\/p(1 =5 Vp(-p) (221

From equation 2.4 to equation 2.7 in subsection 2.1 T have

11



erT/n _ e—a\/T/n
p= ecn/T/n _ e—o\/T/n

When n tends to infinity p (1 — p) tends to % and /n (p - %) tends to

(r—o?/2) VT

20

Evaluating Us in the limit as n goes to infinity equation 2.21 becomes

7 In(So/K)+ (r—o2/2)T
(s,

Moving on from U, to evaluating U;. From equation 2.17 I have the below
expression. I have just rearranged it for a cleaner expression.

Ui = g (n_n'])w (pu)’ [(1 = p)d]"™ (2.23)
Defining

* pu

p = m (2.24)

It follows that
1-p)d
TP Ut ) L
pu+(1-p)d
Using this, I can rewrite equation 2.23 as

n!

CET (") (1—p)"?

Ur=[pu+(1-p)d" )

j>a

The expected return in a risk neutral model is equal to the risk-free interest
rate, r. From this it follows that pu + (1 — p)d = ¢"7/™ and then it follows that

n! . .
U = erT — p* 71 _p* n—j

Using the same argumentation as with U, the above expression shows that U;
involves a binomial distribution with the probability of an up movement is p*

12



instead of p. Again, the binomial distribution goes towards a normal distribution
as n goes to infinity which gives

U =eTN S
np* (1 —p*)
Again, substitution for a gives
T In (So/K) Vi (" - 3)
T N 4 2
20VT\/p*(1=p*)  /p*(1-p*)
And substituting for u and d gives

. erT/n _ e—a\/T/n ecn/T/n
p= eo\/T/n o e—U\/T/’IL erT/n

UQZB

By the same argument as with Us, expanding the exponential function and
letting n go to infinity p* (1 — p*) goes towards % and /n (p* — %) goes towards
(r +0?/ 2) VT
20

resulting in

Uy e <ln (So/K) : \/(; +02/2) T) (2.25)

The final model is then expressed using equations 2.19, 2.22 and 2.25.

c=SyN (dy) — Ke "N (dy) (2.26)
p=Ke "IN (—dy) — So(—dy) (2.27)
where
n r 02
iy — In(So/K) (:/(T+ /2)T (2.28)
and

In(So/K)+ (r—o%/2)T
oVT

With this, we are able to price an option. However, the more interesting question
is often how the future price of an option is evolving in relation to building a

dg = dl —oVT = (2.29)

13



portfolio. To this, the Black Scholes differential equation is usable. We shall
look more in to this equation later. For now I only state it below.

of of 1 20
=t Sas+ 5 952
In this subsection I have derived the price of a call option . By the same
argumentation one can derive the price of a put option. However, I only state
the put option equation, equation 2.27, in this subsection. What should be quite
clear from equation 2.26 and equation 2.27 is that the main difference between
calculating the call and the put price is the difference between stock price and
strike price. With a call option the option has a positive value when the strike
price is below the stock price, whereas the put option has a positive value when
the strike price is above the stock price. Both equation 2.26 and equation 2.27
make use of equation 2.28 and equation 2.29, but with opposite sign.

(2.30)

2.4 Itd’s formula

In this subsection I will present some theory on Ito’s lemma. However, I will
not make a full derivation of Ito’s formula as it is not the scope of the paper.
Instead, I will introduce Ito’s lemma and show the relation to the Black Scholes
Merton model showed in subsection 2.3.

The price of an option is essentially a function two things. The underlying asset
and time. The underlying asset can be regarded as a stochastic variable as its
price is evolving in a stochastic way. Hence, an option is a function of some
stochastic variable and time. In subsection 2.2 I introduced the It6 process as

de = a(z,t)dt + b (z,t)dz

where a and b are functions of z, t and dz, where dz is a Wiener process as
introduced in subsection 2.2. The variable z in the above equation has a drift
rate of a and a variance rate of b2. Substituting = for S, as I will look at a
particular situation with a spot price, S, I restate the process as

dS (t) = puS (t) dt + oS (t) dX () (2.31)

where ;1 and o are constants. Using Itd’s Lemma on a function f = f (.S, t)as
a function of S and ¢ gives
0 f af 10%f
d, dt ——(5,t)dS + - —
=01+ 55 5045+ 5 552
if the function f in equatlon 2.32 follows the It6 process in equation 2.31,
equation 2.31 can be inserted in equation 2.32 and gives

(S,t)dS? (2.32)

0% f
052

of
as

df = ( f(S t) + pS—=5 (S,t) + E 252 (S,t)) dt—i—aS% (S,t)dX (2.33)
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Using the argument of risk neutrality I can use the risk free interest rate.
That is, if a portfolio is eliminated for risk an investor will expect the portfolio
to grow with the risk free rate. In this case the portfolio growth as time passes
is of interest. In subsection 2.5 I will go through this more thoroughly. For
now, let us just accept that delta, A, is a measure of change in time for some
quantity of asset.

(of of 1,0 ®f of
d(f+AS)= <6t (S,t)+ Sas (S, t)+ S 557 (S,t) + AuS | dt+AS 59
(2.34)
where A = —% (S,t). Using this equation 2.34 reduces to
_(9f 1 2 0%f
d(f+AS)= <6t (S,t) + S 557 (S,t) | dt (2.35)

This reduction has eliminated randomness and the expected growth rate is
now the risk free interest rate. Hence, we can state that

of 1 O*f of
at(St)+7252652( t) = <f Sas) (2.36)

Rearranging equation 2.36 and dropping the notation (.5,t) gives

f of 15 20
= rS—— + -0°S
"= T8 + 957
Equation 2.37 is equ1valent Wlth the Black Scholes differential equation in-
troduced in subsection 2.3. We shall look more into the equation in subsection

2.5.

(2.37)

In this subsection I derived the relationship between the Black Scholes differen-
tial equation and Itd’s Lemma. With this, we are ready to look at the Greek
letters before round this section off.

2.5 The Greeks

This subsection looks into the Greeks. The Greeks are a common term used in
explaining the different parts that are used when hedging your portfolio against
different changes like a change in price, in volatility or in time. In total, the
Greeks consist of five different measures. Delta, the measure of change in price
in the underlying asset. Theta, the passage of time. Gamma, the speed of
change in the price of the underlying asset. Vega, the change in value with
respect to volatility. Rho, the change in value with respect to the interest rate.

Below I will introduce each of the Greek letters more in depth. The Greeks,
as they are called in ’jargon’, are the language used when traders are talking
about hedging a portfolio. Hence, the Greeks are an important part of under-
standing options. I will return to the Greek letters and hedging later in this
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paper.

Delta, A, is defined as the rate of change of the option price with respect to the
price of the underlying asset. From a graphical perspective it is the slope of the
curve relating the option price with the underlying assets price. The delta value
is a reflection of the change in the option price as the underlying asset changes
value. Hence, a delta value of 0.75 means that when the underlying assets price
changes with one unit, the option price changes with 0.75 unit. This relationship
can generally be shown as

_ Oc

A= —
0S8

where c is the price of a call option and S is the price of the underlying asset.
A European call option on non-dividend-paying underlying asset can be set
up as equation 2.38.

A (eall) = N (dy) (2.38)

In equation 2.38, d; corresponds to equation 2.28 in subsection 2.3 above.
N (z) is the cumulative distribution function for a standard normal distribution
- calculated as N (z) = \/%e_%ﬁ. Equation 2.38 is the formula for the delta of
a long position in a call option. The delta of a short position in a call option is
denoted —N (dy).

Like with the European call option, a put option can also be set up. This is
done in equation 2.39.

A (put) = N (d1) — 1 (2.39)

Whereas a long position in a call option has a positive delta, a long position
in a put option has a negative delta. This mean that to use delta hedging for
a long position in a call option one must maintain a short position of N (d;)of
the underlying asset for each call option purchased. For a long position in a put
option delta is negative. Hence, to hedge this one must hold a long position in
the underlying asset. ’

The calculation of delta, as done above, is just as easily done for a portfolio.
In a portfolio delta is dependent on a single assets price, S.

oIl
oS

where II is the value of the portfolio.
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The delta of a portfolio is calculated as the sum of the individual assets
deltas. If a portfolio is constructed with w; as the individual assets portfolio
weight and A; as the individual assets delta, the portfolio delta is given as
equation 2.40.

A= szAl (240)
i=1

Theta, O, of a portfolio is a measure of the rate of change of the value of the
portfolio with respect to the passage of time, all else being equal. That is, how
is the value of a portfolio changing if the only other thing that changes is time.
For a European call option this can be shown as in equation 2.41.

SoN'(d)o

O (call) = T

rKe "' N (dy) (2.41)

where the probability density function for a standard normal distribution is
given as

1 2
N'(z) = ——e % /2
(@) V2r
The theta for a put option is given as
SoN' (d
O (put) = _ SN (dy) o +rKe "IN (—dy) (2.42)

2T

The theta of a put option exceeds the theta of a call option by rKe ™"

because N (—d2) = 1 — N (d2) in equation 2.42. Hence, the passage of time on a
put option has a larger impact than the passage of time on a call option. When
calculating theta as in equation 2.41 and equation 2.42, theta is calculated on a
yearly basis. Usually one is interested in knowing theta on a daily basis or on a
fixed period of time. Hence, dividing the theta value by 365 you have the value
on a daily basis.

Theta is usually negative. This is intuitive as the value of an option usually
declines as time passes with all else being equal. Usually, theta is not a param-
eter used when hedging ones portfolio. The reason is that it is expected that
time will pass. Hence, it make no sense trying to hedge this. Further, all else is
not equal as time passes. The price of the underlying asset will change with time.

Gamma, [', of a portfolio of options on some underlying asset is a measure

of the rate of change in the delta of the portfolio with respect to the price of
the underlying asset. That is, gamma is a measure of how fast the delta is
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changing. The gamma of a portfolio is found as the second partial derivative of
the portfolio with respect to price.

_om

05 (2.43)

The value of gamma is a reflection of the speed of change in delta. Hence, a
small gamma value means that delta changes slowly, whereas a large gamma
value means that delta changes faster. The speed of change in delta plays a
role when hedging ones portfolio. If the speed of change in delta i slow one
can less frequently adjust the delta hedge of the portfolio in order to keep the
portfolio hedged delta neutral. If gamma is highly negative or highly positive,
delta is very sensitive to the price of the underlying asset. This means that if
the objective is to keep a portfolio hedged delta neutral one has to pay a lot
of attention to the hedge as small changes in the price of the underlying asset
makes a big impact on the portfolio.

Figure 2.2: Hedging error using delta hedging

4 Call
price

c”

Stock price

[ SR
) e e e e

Figure from Hull [22].

Note: Consider a price change for S to S’. If delta hedging a portfolio one would assume that the
call price of a option moves from C to C’. In fact the price moves from C to C” which is not
captured when using delta hedging as delta do not account for the curvature in the relationship
between the price of the option and the price of the underlying asset. The difference between C’
and C” leads to a hedging error making the portfolio non delta neutral. The curvature of the
relationship between the option price and the price of the underlying asset is captured by gamma.
Hence, using gamma when hedging ensures that the portfolio is correctly hedged for changes in the
price of the underlying asset.

Consider a price change for S to S’ in figure 2.2. If delta hedging a portfolio
one would assume that the call price of a option moves from C to C’. In fact
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the price moves from C to C” which is not captured when using delta hedging
as delta do not account for the curvature in the relationship between the price
of the option and the price of the underlying asset. The difference between
C’ and C” leads to a hedging error making the portfolio non delta neutral.
The curvature of the relationship between the option price and the price of the
underlying asset is captured by gamma. Hence, using gamma when hedging
ensures that the portfolio is correctly hedged for changes in the price of the
underlying asset.

For a European call or put option on an underlying asset without dividend
payouts gamma is calculated as

L V@)

= 5o (2.44)

Where the input parameters are as defined earlier in this section. Gamma
of a long position in an option is always positive and varies with Sy as in figure
2.3.

Figure 2.3: The variation in gamma with the underlying asset

4 Gamma

K Stock price

Figure from Hull [22].
Note: Gamma is normally distributed around K for a long position in an option.

To make a portfolio gamma neutral one must add a position in an instrument
that is not linearly dependent on the underlying asset of the option in ones
portfolio. This is because the underlying asset of the option does not have
any gamma. If a delta neutral portfolio has a gamma equal to I' and a traded
option has a gamma equal to I'r and the number of traded options added to
the portfolio is equal to wr, the gamma of that portfolio is equal to

wrl'r + T

To make this portfolio gamma neutral the position in the traded option must
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be—T'/T'r . When including the traded option position in ones portfolio it is
likely that the delta hedging of the portfolio changes. Hence, the position in
the underlying asset in ones portfolio has to change as well to secure that the
portfolio maintain delta neutrality.

Vega of a portfolio of options on some underlying assets is the rate of change
of the value of the portfolio with respect to the volatility of the underlying
asset. That is, how is the value of a portfolio changing with fluctuations in the
volatility in the underlying assets.

oIl
Vega = o

If vega is either highly negative or highly positive, the portfolio is very sensitive
to small changes in the volatility of the underlying assets. That is, the portfolio
value will be very volatile if vega is taking on large positive or negative values.
If vega is close to zero the portfolio fluctuations will be small with fluctuations
in volatility. Like with gamma, the underlying asset has zero vega. The vega of
a portfolio can, like with gamma, be changed by adding a position in a traded
option. Let Vega be the vega of a portfolio and Vegar the vega of a traded
option. A position of —Vega/Vegar in a traded option makes the portfolio
vega neutral. To make a portfolio both vega and gamma neutral two traded
derivatives dependent on the underlying asset must usually be added.

A European call or put option on an underlying asset not paying dividends
is given by

v =SyVTN' (dy)

Where the inputs are given as previously described. The vega of a long po-
sition in an option is always positive.

Rho, p, of a portfolio of options is a measure of the change in value of the
portfolio with respect to the interest rate. That is, how does the portfolio value
change when the interest rate changes, all else equal.

=
For a European call option on an underlying asset not paying any dividends rho
is

rho (call) = KTe "' N (dy)
and a put options is

rho (put) = —KTe "IN (—dy)
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To sum up, the relationship between the greeks and the Black Scholes Merton
model can be illustrated as below

_of af 1 , ,0%f

_ 2 ) 252027 ) 2.4
rf=ar T %85 T 27 Y 52 (2.45)

Equation 2.45 is known as the Black Scholes Merton Differential Equation. Sub-
stituting f with a portfolio II gives

oIl oIl 1
I=== Dt - 2q@2Y &
r 8t+r585+20585‘2

As shown previously in this section

oIl oIl
0=—, A=2 = —
ot’ 08 052
Inserting this gives
1
rll =0 +rSA + 502521“ (2.46)

Equation 2.46 illustrates the use of the greeks. It might be easier to interpret
equation 2.46 using greek letters as notation compared to equation 2.45. Fur-
ther, the interpretation of a delta neutral portfolio is probably easier using the
greek letter notation as it is easier to spot the impact in the equation.

2.6 Conclusion

In section 2 I have presented the basic theory needed to understand the complex-
ity of options. The pricing of an option usually starts with binomial trees. In
subsection 2.1 I introduced the theory of binomial trees. In essence, the pricing
of options using binomial trees are done going backwards in the tree illustrated
by figure 2.1. This can be formalized by equation 2.3 restated below.

f=epfu+ (1 —p) fd

Equation 2.4 to equation 2.7 can be used to expand equation 2.3. The bino-
mial tree model builds on the assumption that investors are risk neutral. This
allows for risk neutral pricing. However, investors are not risk neutral in prac-
tice. If investors were risk-neutral they had no incentive to invest in options as
they would be satisfied with the risk-free interest as the return on investment.
But the assumption makes it possible to build the model.

In subsection 2.2 I looked at processes. In essence, processes are about classi-
fication. The pricing of options can be classified as a stochastic process as the
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price is evolving in an unknown manner. But by characterizing it as a stochastic
process some properties are following. For instance, characterizing something
as a Wiener process means that it has a mean of zero and a variance of one,
which can be helpful going forward.

In subsection 2.3 I introduced the Black Scholes Merton model. I showed how to
derive the model from the binomial tree model, which lead to equation 2.26 and
equation 2.27 with equation 2.28 and equation 2.29 as input. I also introduced
the Black Scholes differential equation, equation 2.30, restated below.
0 0 1 02
f f 0_2 52 f

T T T2 Y g

The Black Scholes differential equation was used in subsection 2.4 to show
the relationship between It6’s Lemma and the Black Scholes model.

In subsection 2.5 T introduced the Greek letters and the calculation of those.
Using the the Black Scholes differential equation and substituting the price of
an option, f, with a portfolio, II, I got

Inserting the greek letters I got

1
rIl =0 4+ rSA + 5025%
where

oIl o1l
0=—, A=2% 1=_—
ot’ 957 052
Here, delta is the change in the portfolio value as the underlying assets are
changing in value. Theta is the change in portfolio value with the passage of
time. And Gamma is the speed of change in delta.

Until now the focus has been on understanding what an option is and how
to price it. The models used so far are build on some assumptions. The Black
Scholes Merton model assumes that there is constant volatility. This is obviously
not the case in real life. Hence, other models might offer better insights if they
include the volatility element? The same way it is assumed that investors are
risk neutral. That means that investors settle with a return equal to the risk free
interest rate. This is obviously not true either. Investors have an expectation
about a payoff. This expectation varies from investor to investor. But most
expect something higher than the risk free interest rate. This is to be examined
going forward.
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3 Local Volatility Model

In this section I will introduce the local volatility model. The Local Volatil-
ity Model tries to solve the issue of constant volatility from the Black Scholes
model. This is done by making the volatility a function of time and of the price
of the underlying asset.

In section 2 I introduced the basic theory needed to understand options and
options pricing. One of the things introduced was the Black Scholes Merton
model in subsection 2.3. The Black Scholes model is one of the most famous
models for pricing options. A continuing problem with the model though, is
that it treats volatility as a fixed component of the options price. Keeping the
volatility fixed is a mistake and it will lead to wrong and unstable hedges of
portfolios. This is undesirable for investors as it is costly to rehedge. But more
importantly, if the market makes big moves that are unfavorable to the investors
position, the investor could loose a lot of money on the investment. The Local
Volatility Model tries to cope with this by making the volatility dependent
of time and of price. That way, the model should be more correct and help
investors to hedge their portfolios right.

1
rll = 0 +rSA + 502521“

In subsection 2.5 I accounted for the Black Scholes greek letter. Equation 2.46
from subsection 2.5 is restated above. Remembering that equation 2.46 is the
equivalent of equation 2.37, it is easy to see that the volatility is a constant.
In this section I will dive more into the volatility component, ¢. The Black
Scholes model assumes that the volatility is constant throughout time and with
different prices.

Empirically it has been proven that the volatility is not constant and the Black
Scholes assumption turns out not to be true. Hence, other models for volatility
has emerged. The Local Volatility Model being one of them. The model is
originally presented by Derman and Kani [10] and by Dupire [13] [14].

Before the Local Volatility Model is presented, subsection 3.1 will introduce the
concept of implied volatility and the volatility smile. Those are critical concepts
to understand when moving from the Black Scholes Model and into volatility
models. Subsection 3.2 will introduce the Local Volatility Model. In subsection
3.3 I will explain the concepts for setting up the model. In subsection 3.4 1
will make calculations using the model setup. Subsection 3.5 touches upon the
dynamics of the model before subsection 3.6 concludes.

3.1 Implied volatility and the volatility smile

Before moving on to setting up the Local Volatility Model, touching upon a
few things are necessary. Local volatility models often try to price options by
taking account of the volatility smile of options with a particular strike price
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and a particular time to maturity. To understand what a volatility smile is, we
must first understand what implied volatility is.

In the Black Scholes model the volatility is kept constant. Black and Scholes
simply assume that the volatility is fixed and not a function of for instance
time or strike price. This means that the volatility curve from the Black Scholes
models point of view is flat. Calculating the volatility in the Black Scholes setup
is done iterative. Hence, when you have the price of an options, you make an
iterative estimate of the volatility until the correct value is reached.

The move from volatility to implied volatility is basically a switch from the-
oretical options pricing to options pricing in the market. That is, the implied
volatility is the calculated volatility using the market price of a given option.
The market price of an option is not necessarily the same as the theoretical
price of the option. Hence, the implied volatility might also be different. The
implied volatility is often referred to as the estimated future volatility of an
option because it uses market prices.

Plotting options with the same time to maturity in a plot with the strike price
on the X axis and the implied volatility on the Y axis gives the volatility smile

Figure 3.1: The volatility smile

4 Implied
volatility

\_/

Stnke price

Figure from Hull [22]

Note: The figure depicts a volatility smile of an option with a given time to maturity. The implied
volatility is increasing as the option moves away from the money in either direction. Hence, if the
option is deep in or deep out of the money, the implied volatility is greater than if the option is at
the money.

Figure 3.1 depicts the volatility smile. The implied volatility is increasing as the
option is moving away from the money in either direction. Hence, if the option
is deep in or deep out of the money, the implied volatility is greater than if the
option is at the money.
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The put-call parity secures that the volatility smile for a call option is equal
to the volatility smile of a put option with the same strike price and time to
maturity.

3.2 The Model

One of the problems with the Black Scholes model holding volatility constant
throughout time is that the volatility can be different for overlapping time pe-
riods. For instance, the model allow for the volatility to be some value - say
20% - with a maturity of one year. At the same time, the volatility can be some
other lower value - say 15% - for a maturity time of two years. Hence, the model
suggests that the volatility is constant around a higher level for a year, while
it at the same time suggests that the volatility is at another lower level in the
same period.

Figure 3.2: Constant implied volatility from the Black Scholes model

Imp. Vol.
20%

15%

1 2 Years

Note: The figure depicts the implied volatility from the Black Scholes model. The X axis is time
and the Y axis is the implied volatility. It is easy to see that the implied volatility is constant
through time.

Figure 3.2 depicts this problem. Here the above two mentioned volatilities are
plotted. As the options in question have the same starting time but different
maturities there is an overlap in the time period. This basically gives the prob-
lem of the volatilities being different within the same period of time. Plotting
the volatilities clearly stresses the issue of different volatilities with overlapping
time. This issue is however fixed by letting the volatility be time dependent as
Merton [28] did.

dS

T =
Equation 3.1 is an It6 process as described in subsection 2.2. In equation 3.1
1 (t) is the risk-neutral drift dependent on time and o (¢) is the local volatility
dependent on time. This corresponds to what Merton did.

n(t)dt+o(t)dw (3.1)
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Taking account of time is only one part of the problem with the implied volatility
calculated from the Black Scholes model. The other part is taking account of
the price of the underlying asset. The dependence of implied volatility on the
strike price for a given maturity must in some way be handled. This is the
volatility smile, introduced in subsection 3.1, doing.

Incorporating the volatility smile in a model is the challenge that must be
solved. One of the big challenges when incorporating a volatility smile in a given
model is that the model can become very complex and lose its completeness.

Dupire [13] [14] and Derman and Kani [10] tries to solve the issue of incor-
porating a volatility smile in a model.

ds
S
Equation 3.2 is very similar to equation 3.1. The main difference is that the
volatility in equation 3.2 includes the spot price of the underlying asset. The
volatility in equation 3.2 is a deterministic function of the spot price and of
time. A deterministic function is a function that returns the same result every
time the function is called, given that the input is the same. In other words,
the volatility component of equation 3.2 is unchanged, if the input spot price
and the input time is unchanged.
Equation 3.2 is the equation the Local Volatility Model tries to answer.
Dupires approach to solving equation 3.2 is different from the approach of Der-
man and Kani. I will use the approach of Derman and Kani.

= (t)dt + o (S,t) AW (3:2)

3.3 Setting up the model

In this subsection I will do the formal setup of the model. For an easier overview
I will structure the setup in the following way. I start by introducing the no-
tation of the model. Then I show some figures before introducing equations.
Lastly, I explaining the intuition.

So The spot price of the underlying asset we are calculating the options price
for. This price is known when ¢t = 0. Hence, this is the initial price of the
underlying asset.

s; This is the known stock price at node (n,4) at level n node 7. This is also
the strike value for options expiring at level n + 1.

Si+1 The unknown state value reached after an upward move in the tree. Think
of it as the new spot price after an upward move.

S; The unknown state value reached after a downward move in the tree. Think
of it as the new spot price after a downward move.

p; The risk neutral probability of moving from s; to S;y11. Equivalently, the
probability of moving from s; to .S; is 1 — p;.
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F; The known forward price one period forward from the know price s;.
A; The Arrow-Debreu price calculated using forward induction.
t Time in years.

n node.

Now that the notation is in place, the figure below depicts the way in which the
subscripts are used in the binomial tree.

Figure 3.3: Notation form in the tree

i=3
i=2
i=1 i=2
i=1
i=1
t=0 t=1 t=2
n=1 n=2 n=3

Note: t is the time measure. n is the node group. i is the specific node we are looking at. The
specific node, i, is always starting from the bottom with value 1 as show in the figure.

We are now almost ready to look into the mathematics of the model. But before
doing that, there are a few things to note. This model is trying to calculate
transition probabilities, p;, and future unknown state values, S;. To do so, the
model maintains the spot price, Sy, as a central node throughout the tree - fig-
ure 3.4a shows this as the central node maintains the spot price of 100 - known
as the centering constraint. This is done to ensure uniquely determined param-
eters. Now, the market prices can be calculated using the observed volatility
smile.

At a given time n > 0 there are 2n + 1 parameters describing the transition
from time n to time n + 1 - the new stock price S; and the n transition proba-
bilities p; at time n 4+ 1. The information at hand at time n is n forward prices
and n option prices. Hence, to determine 2n + 1 parameters using 2n equa-
tions something must be done. Adding the centering constraint solves this issue
and makes it possible to uniquely determine all parameters within the time step.

The first step in setting up the model is to acknowledge that the forward price

corresponding to S; is F; = ¢"%S;. With this, the following identity equation
must hold.
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Fi=piSiy1+ (1 —p;)Si (3.3)

Equation 3.3 is the known forward price. Reminding our self that S;;; denotes
an upward move, S; a downward move and that p; is the probability.

The value of a call option is now represented by C (K, t,41) with a strike K
and maturity ¢,1.

C (K tni1) = e ™Y {Npj + X1 (1= pjua)ymaz (S0 — K,0)  (3.4)
it

Using the Arrow-Debreu prices, \;, equation 3.4 states the value of a call option.
e~ At indicates that we discount back to time 0. Setting K = s; allows for
equation 3.4 to be simplified.

n
C(Sirtng1) =€ ™" | Xipi (Sig1 — i) + Z Aj (Fj = si) (3.5)
j=i+1

Equation 3.5 is the simplified expression. From this, only up moves in the tree
will have a positive impact, whereas down moves will have zero impact. The
forward statement in equation 3.3 is applied to equation 3.5 as well. Equation
3.5 can now be evaluated in two steps. The first part of the bracket is only
adding value with some probability, p;, whereas the last part of the bracket for
sure is adding value. This value is the sum of all differences between the forward
price and the stock price. The unsure value is only added if there is an upward
move in the tree.

As the forward prices are known and a volatility smile is given, only the
transition probability, p;, and the underlying asset after an upward move, S;1,
are unknown. Combining equation 3.3 and equation 3.5 can solve this. However,
combining the two equations add an unknown, S;. Making the centering around
Sp makes it possible to start at the central node and work upwards in the tree.
Solving equation 3.3 and equation 3.5 simultaneously yields

Si [erAtC (Si,tn+1) — Z] — /\isi (F‘z — Sz)

S TSI () — 5] — M (F — ) o
Fi - Si

o Fiosi 3.7

X1 (37)

where Y~ = Z;;ll Aj (s; — F;) from equation 3.5.

A key element in calculating state values and transition probabilities this way
is knowing the value of the central node. When not knowing this, a different
approach must be used. This is for instance when moving from n =1 to n = 2.
Derman and Kani uses the natural logarithm to solve this issue.
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log (Si+1) + log (S;)

Log (50) = )
which is equivalent to
52

Si = =2 3.8
Sit1 (3.8

Substituting equation 3.8 in to equation 3.6 and rearranging yields

So [e"AC (S, tpi1) + NiSo —

Sit1 = o[ ( +1) 0~ 2] (3.9)

)\iFi — erAtC (SQ, tn+1) + Z

The implied volatility can now be calculated for each node in the tree based on
the possible state values and the transition probability.

o1 = /(1= pr)log <S+> (3.10)

S;

3.4 Applying the model

In this subsection I will apply the model on a sample calculation. That way, it
should be easier to see how the model works.

For this calculation, the setting is as follows.
o t€{0,1,2} and n € {1,2,3}.
e The spot price of the underlying asset is Sy = 100.
e The risk free interest rate is 3%.

e The volatility smile has an at the money volatility of 10% and a 0,5 per-
centage point change for every 10 unit change in the strike price starting
at K = Sp. This is calculated as

0,5% X (K— So)

Oimp (K) = 10%— 10

(3.11)
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Figure 3.4: Binomial local volatility modeling results
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Note: Figure a shows the results of the state values - s(, ;)- when solving the local volatility
model. Figure b is the grid implied volatilities - o(, ;). Figure ¢ is the transition probabilities -
P(n,i)-Finally, figure d is the Arrow-Debreu pricses for the given option - A(, 4).

Figure 3.4 shows the results from solving the Local Volatility Model with the
characteristics listed in the beginning of this subsection. Below is the calcula-
tions corresponding the results in figure 3.4.

The objective is to essentially calculate all state values in the tree - that is,
solving the tree of figure 3.4a. To do that, the other trees must be solved as well.
This is a step wise procedure where one value at the time is found. To calculate
the state value of (n,i) = (2,2), the Arrow-Debreu price of (n,i) = (1,1) must
be know. As this is the spot price note, the Arrow-Debreu price is simply equal
to one. Solving S, 2y, we must first solve C' (100, 1), as there is no central node
in node group two. That is, we can only move up or down in the node group
making this a special case. Hence, we must use equation 3.9 to calculate the
price. To calculate C (100,1) I use the implied volatility smile. As the option
has a strike price of 100, the implied volatility is 04, (100) = 10% cf. equation
3.11. Using this I get 0 = 0ymp = 10% and C (100,1) = 6,38. Inserting this
information and the fact that node (2,2) is the highest node in the group, S 2)
is calculated below.

100 [€3% x 6,38 4+ 1 x 100 — 0]
1% 100 (1 + 3%) — €% x 6,38 + 0

As mentioned, node (2, 2) is the highest in the group, meaning that the X' —term
is equal to zero. The result of S(5 o) is now used to calculate S(3 1) using equation
3.8.

5(2’2) = = 110,52
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1002
S =———=90,48

21~ 110, 52 ’
With the prices at node two in place it is now possible to calculate the transition
probability p(; 1) using equation 3.7.

100 x 1,03 — 90,48

PO = 10 52— 00,48 0%

Using the transition probability and the state values calculated above, the grid
implied volatility is calculated as

110, 52
90, 48

Using equation 3.11 to calculate the implied volatility yields

UOM::V@JD5X(1—OJﬂ&kg( ):zgxm%

0,5% x (110,52 — 100)
10

The same way as above, the next steps in the tree is calculated. This iterative

process is carried out until the whole tree is calculated. I will not calculate more

steps, as it offers no more information. Instead, I will discuss the model in the

next subsection.

Timp (110,52) = 10% — =9,47%

3.5 Model Dynamics

In subsection 3.4 I showed how to calibrate the model to a volatility smile in a
numerical example. Here, the volatility smile was given by equation 3.11. With
the knowledge of how to solve the model I will now move on to the dynamics
of the model. In other words, how is this a good model from an intuitive
standpoint.

To better evaluate the dynamics of the model, I start by simplifying the
initial setup by removing the time dimension from equation 3.2.

dS = 100 (S) SAW (3.12)

Evaluating the model in this particular setup is the focus of a paper by Hagan
and Woodward [19]. In this paper, Hagan and Woodward give an approximation
of the implied volatility from the Black-Scholes model. Equation 3.12 is stated
on spot prices, whereas Hagan and Woodward are investigating on forward
prices as stated below - under the forward measure previously introduced.

dF = o FAW (3.13)

With this, the Black-Scholes volatility for a given strike price, K, and a give
forward price, F, is
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(F+K)*+..| (3.14)

F+K . dd?fc (555)
24 Oloc (L

UB(KﬂF):Uloc< 5 ]

Intuitively, from looking at equation 3.14, it is clear that the contribution
from the first term - oyo. (£52) (x1) - is greater than from the second term -
Oroc (F55) (x5;). Hagan et al. [18] states that the contribution from the sec-
ond term is usually less than 1%. From a pricing perspective the second term
is important. But from an analytical point it makes sense to omit the second
term leaving us with

B(K7F)Ul0(!< (315)
With this reduced equation in place I now turn to the analytical evaluation
of the model. Suppose a forward price observed today denoted as Iy and a
strike price K. Together they form a volatility smile denoted as 0% (K). With
0% (K) and equation 3.15, for the model to be calibrated it must hold that
Oloc (F) = 0% (2F — Fy) since

F+K
2

Y (2F — Fy) = 010c (FOJ’[QQF_FO]) = 010c (F) (3.16)

If the current forward price, Fp, changes to some other forward value, F, equa-
tion 3.15 together with equation 3.16 imply that

F+K
OB (KaF) = Uloc( B )

5G]

= op (K +[F - F))

This is the new implied volatility for a an option with a strike price, K, an
initial forward price of F;y and a new forward price of F'. Figure 3.5 depicts the
situation where the forward price decreases from Fj to F'.
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Figure 3.5: Implied volatility if the forward price decreases

Implied Volatility

Note: Plot of a volatility smile moving as the forward price is changing. The interesting point is
that the volatility smile is moving in the opposite direction of the forward price change.

Assuming an implied volatility of 0% (K, F) = 0% (K + 0) is observed. Letting
the forward level decrease so that F' < Fj leaving us with a new implied volatility
being op (K, F) = 0% (K + [F — Fy]). When the forward price decreases from
Fy to F the volatility smile moves up and to the right. This is a move in the
opposite direction of the underlying asset. Hagan et al. [18] find that this move
is the opposite of the typical market behavior. The typical market behavior
being that volatility smiles move in the same direction as the underlying asset.

This opposite movement of the implied volatility in the model can lead to
potential wrongful hedging. Letting C (K, F,op (K, F)) denote the call value
of an option with strike price K, forward price F' and volatility calculated from
the local volatility model being op (K, F). Calculating the delta risk for this
option as

9C (K, F,op (K, F)) 0C(K,F,op (K, F))dog (K, F)

A =
c oF + 9o aF

(3.17)

The first term of equation 3.17 is the standard delta risk from the Black-Scholes
model using constant volatility. The second part of equation 3.17 is the cor-
rection term. This is a result of the volatility being a function of the forward
price. As a result of the Local Volatility model handling the implied volatility
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wrongfully, as depicted in figure 3.5, the delta risk is wrongfully hedged. That
is, using the Local Volatility model one might under hedge when the forward
price rises and over hedge when the forward price decreases.

3.6 Conclusion

In this chapter I started by introducing implied volatility and the volatility smile.
The implied volatility is the market generated volatility - volatility based on
market prices. The implied volatility is sometimes referred to as the estimated
future volatility of an option based on the market price.

Figure 3.1 plotted a volatility smile. The volatility smile is a way of showing
how the implied volatility changes when the strike price changes. As the price
moves further away from the strike price in either direction, the implied volatility
changes. Remember how the implied volatility is higher when the option is either
far out of the money or far in the money and how the implied volatility gradually
decreases as the strike price moves closer at the money. This forms a curve that
resembles just like a smile - hence the name.

The implied volatility and the volatility smile are both important concepts
to understand as they play a big role in the pricing of options. In particular
when looking at alternative options pricing models to the Black-Scholes model.

In section 2 I introduced the Itd formula. In this, the volatility was kept
constant. This formula looked something like the one below, where r () = p.

ds
S

In this section I found that the question the Local Volatility model tries to
answer is equation 3.2 restated below.

=7 () dt + cdW

% =7r(t)dt+o(S,t)dW

The main difference between the two above stated equations are the addition of
time and price. But the addition of time and price is exactly what the Black-
Scholes model is missing. Hence, answering this question might be the answer to
doing options pricing. This is at least the approach of Derman and Kani. They
came up with a model to solve the issue of assumed constant volatility. That is,
the model should solve equation 3.2 to handle the problem of assumed constant
volatility. To solve this, the model proposes a variety of equations. The reason
being that they want to keep the mathematics at a level not too complex. Below
is the restated model highlighting the most important equations in solving this
model.

F; =piSiy1 + (1 —pi) Si

The first assumption of the model is that of the forward price. It states that
the forward price is equal to the discounted spot price. This assumption leads
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to the relationship stated above, which is that the forward price is equal to the
probability of the spot price moving up or down in the pricing tree. This leads
to the pricing of a call option stated below.

C (5i7 tn+1) = e_rAt AiDi (Si+1 - Si) + Z )\j (Fj - Sz)
Jj=i+1

Solving the above two stated equations simultaneously leads to the pricing of
an upward move in the tree.

Si [erAtC (Si, tn+1) — Z] — /\iSi (F‘z — Sz)
[er&C (i, tnr1) — 2] = Xi (Fy — Si)
And calculating the probability as

Sit1 =

- R-S
bi Sjt1— S

The pricing of a downward move in the tree can be calculated like
S5
Sit+1

S; =
Substituting S; into equation3.6 and rearranging and you get

So [GTAtC (S, tn+1) + A\iSo — Z}
AiFy — emAtC (So, tny1) + 2
This gives the implied volatility of the model as

Si
o; = \/pi (1 — p;)log <S+1>

Applying the model like I did in subsection 3.4 and writing the results from the
calculations in a binomial tree structure like in figure 3.4 restated below.

Sit1 =
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Figure 3.6: Binomial local volatility modeling results
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c. Transition probabilities d. Arrow-Debreu prices
Note: Figure a shows the results of the state values - s(, ;)- when solving the local volatility
model. Figure b is the grid implied volatilities - o(, ;). Figure ¢ is the transition probabilities -
P(n,i)-Finally, figure d is the Arrow-Debreu pricses for the given option - A(, 4).

With the calibration of the model to a volatility smile in place, the dynamics of
the model was examined. The examination of the dynamics ended up with an
equation for the implied volatility restated below.

op (K, F) = oy (K + [F - Fy))

This is the Black Scholes volatility as a function of strike price and forward
price. Using the the Black Scholes implied volatility I found that the implied
volatility from the Local Volatility Model moves in the opposite direction of the
price of the underlying asset. This is intuitively difficult to understand as it is
the opposite behavior of what is the typically observed market behavior. The
movement is depicted in figure 3.5.

Calculating the delta risk of a call option using the volatility from the Local
Volatility Model leads to the below stated equation.

0C (K,F,op(K,F)) 0C(K,F,o5(K,F))dos (K,F)

Ao = oF + 9o oF

Since the volatility from the Local Volatility Model moves in the opposite di-
rection of what is empirically documented, the second part of the delta-equation
above is incorrect. As this is incorrect the delta-hedging becomes incorrect.
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Hence, the Local Volatility Model does not deliver the desired properties for
hedging purposes.
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4 The SABR Model

This section is introducing the SABR Model. The SABR model is an options
pricing model allowing stochastic parameters in the model. That way, it might
be a better suited model for handling volatility.

4.1 Vanna and Volga

Before delving in to the SABR model, a few things must be touched upon. In
section 2 I gave an introduction to the basics of options. In this introduction
I introduced the Greek letters for options pricing. The theory presented in
subsection 2.5 about the Greek letters must be expanded with a few more letters.
Namely the Greek letters Vanna and Volga.

Vanna is defined as

O*Vean
0S0c

Vanna is the second order derivative of the value of the option with respect to
the price of the underlying asset and the volatility. This is the same as being
the sensitivity in delta with respect to volatility.
Why is this of interest? It is of interest because the delta hedging of a portfolio
changes with changing volatility. If accounting for this, the portfolio might be
better and perhaps cheaper hedged.

Volga is defined af

Vanna = (4.1)

Volga = a;i’;” (4.2)

Volga is the second order derivative of the value of the option with regards to
volatility. Being the second order, it is the same as being the volatility of the
volatility. Why is this of interest? It is of interest because the volatility of
the volatility reveals something about the market sentiment. That is, should I
hedge my portfolio for rising volatility or should I hedge my portfolio for a more
calm environment?

I will return to the Greek letters later in this chapter as the findings of the
SABR model will be applied to the Black-Scholes Greeks.
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4.2 Introduction to the SABR model

The Stochastic Alpha Beta Rho model, also known as the SABR model, is a
model that tries to handle the stochastic volatility of options pricing. One can
think of the SABR model as a sort of add on to the Black-Scholes model.

The Black-Scholes model is a model that prices options. As mentioned previ-
ously in this paper, the Black-Scholes model prices options on fixed volatilities.
To get a more correct pricing, expanding the model with a non-constant volatil-
ity is a possibility. This is where the SABR model becomes handy. Where
the Black-Scholes model handles volatility by keeping it constant and the Local
Volatility Model presented in section 3 handles it by letting the volatility be
locally constant, the SABR model is handling the volatility by allowing it to be
a function of time, strike price and current forward price.

The SABR model was originally published by Hagan et. al. in 2002 [18]. This
paper is taking the same approach as of Hagan et. al. One of the attractive
things of the Hagan et. al. approach is that they try to keep the model as
simple as possible. Other papers are evaluating the SABR model using more
advanced mathematical methods that are outside the scope of this paper.

The SABR model is given by three equations. One equation for a forward price
process, one equation for a volatility process and one equation with a correla-
tion coefficient for the two Brownian motions included in the first two equations.
The three equations are stated below after a definition of the variables used.

oy is the stochastic volatility. « is the variable reflecting the level of volatility
smile curve.

ft is the forward price at time t.

B is the exponent of the forward rate.

v is the volatility of the volatility. This is the variable that controls the curva-
ture of the volatility smile curve.

p is the correlation between the Brownian Motions.
oary At the money volatility.

op (K, f) Implied volatility from the Black-Scholes model.
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With the notation in place, the model looks like,

dfy = on fy AW} (4.3)
doy = voy dW? (4.4)
dWrdW? = pdt (4.5)

Equation 4.3 is the forward price process. The forward price process is given by
volatility, forward price to the power of 5 and a Brownian motion. Changes to
the forward price is given by volatility and the Brownian motion.

Equation 4.4 is the volatility process. This is given by the volatility itself, the
volatility of volatility and a Brownian motion. Changes to the volatility is then
given by the volatility of volatility and a Brownian motion.

Equation 4.5 is the correlation between the two Brownian motions. This is mea-
sured with the correlation coefficient p.

The model can be solved using Monte Carlo but this is a tedious process. In-
stead, Hagen et. al. solves the model using singular perturbation techniques.
The results from using this technique is presented in the next section.

4.3 Solving the SABR model

In subsection 2.3 I introduced the Black-Scholes-Merton model for pricing op-
tions. More specifically, I ended up with the equations 2.26 to 2.29 for the final
model. Using the same approach for valuing options, the SABR model can be
solved by singular perturbation. Approximating the implied volatility this way,
op (K, f), gives the following result

2 2 2
o{1+ |G s + L i + 52 tea )
(fK) 4 (fK)A-8)/2 24 ex z
o5 (K. f) = <(35)

R (1 gt (£) + G (£))

(4.6)
where
2= g (FK)IP/2 1og (IJ;) (4.7)
and
B 1—2pz+224+2z—p
x (z) = log ( T, > (4.8)
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Using the same technique for at-the-money options, the case where K = f, the
formula simplifies to

(67

UATM:U(f>f>:f(1I3){1+

24 f-25) ' 4f0-P) 24

(1-5° o  ppua 2—3p2v2] tm}

(4.9)
Equations 4.6 and 4.9 are the main results of the 2002 paper by Hagen et. al.
[18]. This result is a replication of the volatility given a certain volatility smile.
This way, the model is able to give a value for the volatility given different input
factors.
With this result in place it is now time to look at the calibration of the
SABR model in order to make consistent estimates.

4.4 Calibrating the model

The parameters in the SABR model must be calibrated before the model is
functioning as intended. That is, before the model is calibrated it will not be able
to fit the volatility smile properly. This means that any volatility predictions
are wrong and will lead to mistaken hedging. As most traders are applying
the SABR model to help making hedging correct, wrongful calibration is not
desirable.

4.4.1 The beta value

When calibrating the SABR model, the 8 value is the first parameter to be
fixed. This is done manually by the trader. The § value is fixed based on the
traders own belief given the market conditions - in other words, the traders
intuition about the market he is participating in.

In the SABR model the § value is limited to be between zero and one. Usually
the B value is set high when the interest rates are high. Similarly the 5 value
is set low when the interest rates are low. In the following I will show the two
corner solution values of 5. The (8 value is limited to be between 0 and 1 and
hence the corner solutions are a 3 value of 0 and a 8 value of 1.

Setting S = 0 makes the forward process normally distributed. By Setting 8 =0
the forward process is reduced to the expression in equation 4.10.

dft == atth (410)

The reduced forward process means that the forward price increments are
stochastic normally distributed in within the model. More specifically, the for-
ward price movements are normally distributed with a mean of zero and a
log-normal distributed stochastic standard deviation.

With this reduced forward process the implied normal volatility is given by
equation 4.11.
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The implied normal volatility from the Black-Scholes model is given by equa-
tion 4.12.

op (K) = GOfZOfc(f/ff) 8 (:%§<)> g {1 " [2:;{ " 2_23021]2} o +(;1}2)

where ¢ and Z are given by

¢ = gx/fK x log <Ij;>

2 —3p?
on (K) = e {1 e e e } (4.11)

and

L—p

R V1—2p5+¢2—p+
x(§):log< preTe C)

Setting the 3 value to zero further means that the volatility curve will behave
as depicted in figure 4.1.

Figure 4.1: The volatility curve with a 3 value of zero
Imp. Vol.
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Note: On the x-axis is given the underlying forward rate and on the y-axis is given the model implied
volatility. Starting from the top left corner a volatility smile is given. As the underlying forward
rate rises the volatility smile moves down to the right. The model implied volatility is decreasing
as the the underlying forward rate rises.

Starting from the top left corner a volatility smile is given. Asthe underlying

forward rate rises the volatility smile moves down and to the right. Hence, the
model implied volatility is decreasing as the the underlying forward rate rises.
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Setting 5 = 1 makes the forward process a log normal process. The forward
process is reduced to the expression in equation 4.13.

dft = oy frdW; (4.13)

The forward process is now very similar to the Black-Scholes model. In fact,
if v = 0 the SABR model reduces to the Black-Scholes model. The forward
rate in equation 4.13 follows a log-normal distribution meaning that it has a
non-negative property.

With this reduced forward process the implied normal volatility is given by
equation 4.14

o (K) = eazo? (_f/lf) « (ai)) x {1 + [—214042 + ipow + 2—14 (2—30%) ijlirw + }

The implied normal volatility from the Black-Scholes model is given by equa-
tion 4.15

op (K) = ea x ( ) X {1 + |:1pow + L (2-3p?) 1]2:| € Tex + } (4.15)

S
z (<) 4 24

where ¢ and & are given by

V(1
~im(1)

R V1I=2pc+¢2—p+¢
z(s) = log T,

and

Setting the § value to one further means that the volatility curve will behave
as depicted in figure 4.2.

43



Figure 4.2: The volatility curve with a 3 value of one
Imp. Vol.
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Note: On the x-axis is given the underlying forward rate and on the y-axis is given the model
implied volatility. With 8 = 1 the volatility smile is moving horizontally as the underlying forward
rate is rising.

With a 8 value of one the volatility smile is moving horizontally. Hence, the
model implied volatility is limited to being the smile curve. With a S value
of zero the model implied volatility is changing with changing values in the
underlying forward rate. Instead of a limited model implied volatility like in
the case of 5 equals one, the model implied volatility is now responding to the
underlying forward rate and at the same time also moving along the smile curve.

If the underlying forward rate is high the model implied volatility is low
when the § value is set to zero. This is in accordance with what I wrote earlier
- that a 8 value of zero is applied when the interest rates are low whereas a (8
value of one is applied when the interest rates are high. Figure 4.1 and figure
4.2 displays the outcome of this. But the two figures also display something
about how often one might have to re-calibrate the model.

One thing to remember about the re-calibration of the model is that the
interest rates usually do not make large moves. However, when large movements
are happening it is usually due to some sort of crisis in the markets. When this
happens chances are the model must be re-calibrated often in order to reflect
the market conditions.

4.4.2 Estimating o, v and p

With the /5 value fixed the remaining parameters can be estimated. The remain-
ing parameters being «, v and p. One way of estimating the parameters is by
assigning values to p and v. From there the o parameter can be estimated using
the o o7y - at the money implied volatility - information found in equation 4.9
restated below.
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(1-p)* o pBva  2-3p% , .
o1 fe2B) Tapam T gy V| ter
(1.16)

Rearranging equation 4.16 I find

Aa%—kBa%—&—C’ozo—aATMf(lfﬁ) =0 (4.17)

where A = {%}, B = [4%1”};)} and C = [1 + %UQT}. This is a
cubic with up to three real roots. Typically there will only be one real root.
Should there be more than one real root the smallest possible real root should
be chosen [32].

With this, the model is essentially calibrated.

When applying the model to trading data some optimization is needed. It
is in reality a question about minimizing the sum of squared errors of v and p
leaving the optimization problem to be

77%”2(51' — 0o (v,p,a (v, p,0arm) , Ki £, 8))? (4.18)
T
where @; is the market implied volatility and o is the Black-Scholes implied
volatility using the SABR implied volatility. With all parameters estimated the
SABR model is properly calibrated.

4.5 The properties of the model

When the model is properly calibrated it is a single self-consistent model for all
strikes K which means that the risks calculated at one strike is consistent with
strikes calculated at other strikes. With the risks calculated being consistent
across strike prices the risks of options on the same underlying asset can be
added together. This is a model specific property that means that instead of
hedging the risk of every position one by one they can be grouped and one can
hedge the residual risk of all the positions instead.

Lets look at the the Greek letters coming from the SABR model. To start,
the value of a call option is given by

Veaw = BS (f, K,05 (K, f) ,tex) (4.19)

This is the value by the Black-Scholes model where the volatility component
op (K, f)=o0p (K, f;a,8,p,v) is given by equation 4.9 to equation 4.8.
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The Vega risk is found by differentiating the value of the call option with
respect to the volatility - in the SABR model it is «. It can also be g a7y as it
was used to fit the model with.

a‘/call 0BS % acTB (Ka faa76,pav)

Vega = =
9 O Odop Oa
905 (K, f,a,8,p,v)
_ 9BS Tt
Oop =~ 9oarm(f.e.B8,p,v)
fole’

0oBS % OB (K,f
dop  oarm (f)
0BS o (K, f)
dop o (f,f)

Next is Vanna and Volga as introduced in the beginning of this section.
Vanna is given as

Q

Q

% o Vean 7 OBS _ Odop (K, f;a,B,p,v)
anna = = X
ap Jop op
Vanna is the partial derivative of the value of a call option with respect to
p - the A sensitivity with respect to volatility.

Volga is given as

(4.20)

a‘/call 0BS 803 (Kaf;avﬁvpvv)
Volga = =
orga ov Oop % ov
Volga is the volatility of volatility. In the SABR model it is found as the
partial derivative with respect to v.

Now, lets look at the delta value from the SABR model.

(4.21)

a‘/call _ oBS + oBS % 803 (va;aaﬂapav)
af  of Jdop af
The A is the partial derivative with respect to the forward price plus a

correction term with respect to the volatility from the SABR model. Hence it
is the stochastic volatility instead of a fixed predetermined volatility.

A:

4.6 Conclusion

In this section I started by expanding the greek letters introduced in section 2.
The expansion was necessary in order to evaluate the SABR model that was
introduced in subsection 4.2.

After defining all variables in the model, the SABR model was shown as

dfy = o f) AW}
doy = Voztde
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dWrdW? = pdt

In subsection 4.3 I solved the model finding equations 4.6 and 4.9 to be the
main results of the 2002 paper by Hagen et. al. [18].

With the main result in place and a general understanding of the model I
moved on to calibrating the model in subsection 4.4.

In order to get consistent results from the model, the model estimates must
be fitted to observed volatility curves. To do that the models 3 value is fixed at
some value estimated by the trader. Depending on the chosen § value different
scenarios play out. Figure 4.1 and figure 4.2 show the volatility curve movement
with a 8 value of zero and a ( value of one. These values are the corner solutions
for the model.

With a chosen [ value the parameters o, v and p can be estimated. This
is an optimization problem where v and p should be minimized. To fit these
values « can be set equal to g a7, which is the at-the-money volatility.

With the model fitted I moved on to looking at the properties of the model
in subsection 4.5. Here I evaluated the value of a call option using the SABR
model.

Vrcall = BS(faKaUB (Kaf)atea:)

The call is defined as the Black-Scholes model using the SABR, volatility.
With this setup the A value is found as

A OVean  0BS n 0OBS y dop (K, f;a,8,p,v)
- of  of Jop af

Here, the A is the partial derivative of the Black-Scholes model with respect
to the forward price plus a correction term with respect to the volatility from
the SABR model.

The Vega value is found similarly, but instead of the partial derivative with
respect to the forward price it is now the partial derivative with respect to « -
the model volatility.

_ OVean O0BS 0op (K, f,a,B,p,v)
Vega = da  dog % Oa

Remembering from subsection 2.5 that Vega is representing the change in
value with respect to volatility.

With Vega in place it is now time to focus on Vanna and Volga. Initially I
described the intuition in the beginning of this section in subsection 4.1. Equa-
tion 4.20 and equation 4.21 from subsection 4.5 states the Vanna and Volga
values from the SABR model. Remembering that Vanna is the Delta sensitivity
to volatility changes represented by p in the SABR model and that Volga is
the volatility of volatility represented by v. The delta sensitivity to volatility
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changes is essentially how much the Delta position is changing with changes in
volatility. The volatility of volatility is a measure of how much the volatility is
changing when it is changing.
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5 Analyzing the Models

In this section I will compare the different models presented in the previous sec-
tions. The Black-Scholes model is the benchmark model for this discussion as
this model is used to price options in general.

5.1 Comparing the models

Until now this paper has reviewed numerous options pricing models. By now
the reader should have a clear idea about what options are and how to price
them. Now, it is time to compare the three main models of this paper and
to understand the differences between them. After reading this subsection the
reader should have a clear understanding of why a particular model is used and
what that models key focus is.

5.1.1 Black Scholes

The Black-Scholes model is in many ways the go-to model for options pricing.
Especially when you are first introduced to options. If you attend a finance class
at university chances are that you have heard about the Black-Scholes model.

However, if you enter into professional finance you will soon realize that the
Black-Scholes model is not the best model in practice. The big issue with the
Black-Scholes model is that it assumes that the volatility is constant. Hence,
the model volatility is constant whereas the market volatility is changing when
the price of the underlying asset is changing or when the time to maturity of
the option is changing.

The implication of the Black-Scholes model using a fixed model volatility is
that the model is not well suited for hedging purposes. The reason being that
the hedging will be off in the exact moment of time the hedging is made.

Even though the Black-Scholes model is not well suited for hedging purposes
the model is still used. For one, because it is intuitive when learning about
options. It takes the student into the options universe without making it too
complex. But most importantly, the Black-Scholes model is used in professional
finance when quoting prices. That is, when traders are quoting prices to other
traders they use the Black-Scholes price of an option. That might seem a bit
strange as everyone knows that the prices are quoted on fixed volatilities. But
that is the market standard.

In his 2008 letter to investors Warren Buffett reviewed the Black Scholes
model. Here, Warren Buffett acknowledges the importance of the Black-Scholes
model by writing that the model has approached the status of holy writ. He
then gives an example of how the model is wrong if applied to longer maturities.
This leads him to write

“If the formula is applied to extended time periods, however, it
can produce absurd results. In fairness, Black and Scholes almost
certainly understood this point well.”

49



Warren Buffett, (Annual letter to shareholders 2008, page 20 [4])

With this, Buffet touches upon one of the other issues of the Black-Scholes
model. In Buffett’s example he uses 100 years as the time frame to prove his
point. His point is however equally valid on shorter time horizons - that when
trying to estimate the Greek’s it is only possible to do on shorter time horizons.
In other words - the further out in time one wishes to hedge the more insecure.
When thinking about it, this makes perfect sense. It is easier to estimate what
happens tomorrow - all things equal - than it is estimating what happens in two
years time.

One thing that is in favor of the Black Scholes model is that hedging positions
usually run for a fairly short period of time. Since hedging essentially is an
insurance contract on an underlying asset that might appreciate or depreciate
in value over time there is a natural life span on a hedging position. This is
intuitive. When a portfolio is hedged, it is done at a point in time where the
owner of the portfolio has a certain view on the market. This view is in part
reflected in the pricing of the assets in that market. When the market moves,
the hedge either kicks in at secures the value of the portfolio or the hedge
becomes irrelevant because the market moves in the opposite direction. Hence,
the hedging position must be re-hedged in order to become relevant again.

5.1.2 Local Vol

The Local Volatility Model was introduced in section 3. Here I found the implied
model volatility to move in the opposite direction of what is intuitively expected.
This is depicted in figure 3.5. Here, the volatility curve moves up and to the
right when the forward price is falling compared to the initial forward price.

What seems to be intuitively wrong is at the same time proven to be em-
pirically wrong. That is, the observed market behavior is opposite of what the
model predicts. To this, Hagan et. al. says

“.. Due to this contradiction between model and market, delta

and vega hedges derived from the model can be unstable and may
perform worse than naive Black-Scholes’ hedges.”

Hagan. et. al., (Hagan et. al 2002, page 1 [18])

Hagan et. al. argument about the Local Volatility Model as a hedging instru-
ment seems rather convincing. However, as Jim Gatheral points out

“It is unlikely that Dupire, Derman and Kani ever thought of local
volatility as representing a model of how volatilities actually evolve
(...) the idea is more to make a simplifying assumption that al-
lows practitioners to price exotic options consistently with the known
prices of vanilla options.”

Jim Gatheral, (Gatheral 2002, page 6 [16])
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According to the citation of Gatheral above, the intention of the Local Volatil-
ity model was never to be a hedging instrument. Instead, the intent of the
model was to provide an instrument that could help price exotic options using
a volatility smile of vanilla options. That is, to be able to price more complex
options using a volatility smile from the most basic options available.

As the volatility smile in the Local Volatility Model moves in the opposite
direction of what is observed in the market it is clear that the model is ill suited
for hedging purposes. This is clear as the model will lead to wrongful hedging.
With this knowledge it is no surprise that other models has come forward.
However, with the statement of Jim Gatheral it is likely that the model was
never intended for hedging.

5.1.3 SABR

In section 4 I reviewed the SABR model. After solving the model and showing
how to calibrate it to a volatility smile I found that the model makes consistent
estimates. Hagan et. al. puts it this way

“The SABR model also predicts that whenever the forward price f
changes, the implied volatility curve shifts in the same direction and
by the same amount as the price f. This predicted dynamics of the
smile matches market experience.”

Hagan. et. al., (Hagan et. al 2002, page 16 [18])

With this it is reasonable to believe that the model is well suited to pricing
options and applicable for hedging. From my previous job in Nordea Markets
I know that the SABR model is the market standard within options pricing
models.

With this knowledge the next logical question to ask is why the SABR model
is market standard? In my opinion it comes down to a few things. Most
importantly because it integrates with the Black-Scholes model by fixing the
issue with constant volatility from the Black-Scholes model.

Further, as Hagan et. al. states, and I restate above, the SABR model
predictions are close to what is observed empirically in the financial markets.
As this is the case a lot of traders are using the SABR model. This is a further
strength of the model. Namely that a lot of people are using the same model
for pricing. The strength in this is that people have trust in the prices given by
other traders. Put differently. Either everyone is correct or everyone is wrong
in their pricing of options.

The SABR model was first proposed in the paper by Hagan et. al. in 2002. At
that time the interest rates were well above zero percent.
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Figure 5.1: Plot of Danish interest rates from 2000 to 2019

7

———Discount Rate  =———lendingRate  =——CIBOR 10y Bond Rate 30y Bond Rate

Note: Plot of Danish interest rates month by month from 2000 to 2019. The data shows a clear
downward sloping trend for the entire period. The Cibor rate, 10y bond rate and 30y bond rate
data expire earlier than the discount rate and the lending rate. [9]

Figure 5.1 shows a sample of Danish interest rates. The interest rates are
showing a clear downward sloping trend over time. The interest rates are espe-
cially dropping around the last part of 2008. The data points for the Cibor rate,
10 year bond rate, and 30 year bond rate are not available past 2013. However,
both the Cibor rate and the long term bond rates have been dropping in the
time period.

The low interest rate market raised some issues with the SABR model. The
SABR model with 8 # 0 is implicitly assuming the interest rates to be strictly
positive. The new low interest market violates this assumption. Hence, the
SABR model has been reviewed and new extensions to the SABR model ap-
peared.

5.2 SABR Models for low interest rate markets

With the low interest rate environment the extensions to the SABR model are
important. For that reason I will briefly mention some of the extensions below.
Breaking down the models, however, is beyond the scope of this paper.

The shifted SABR model [25] is one of the simplest models trying to coupe

with the low interest rate environment. The shifted SABR model using the
forward rate is setup as
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dF, = o (F,+s)dW}, F(0)=f
doy = wvo dW?, 0(0) =a

dW}rdW? = pdt and s is a positive deterministic shift.

Using the initial values F'(0) = f and ¢ (0) = « makes the model quite
similar to the SABR model derived in section 4. The only real difference being
the addition of the shift, s. The shift, however, changes the lower boundary
from 0 to -s allowing the F} to reach negative levels.

Another extension to the SABR model is the Free Boundary SABR model [1].

The forward rate is assumed to have the following dynamics

dFt Ut |Ft|6 thl, F (0) = FO
doy = ~yudW?, v(0) =g

dWrdW? = pdt, and with 0 < 8 < %, and a free boundary.

The free boundary model is not bounding how negative the interest rate
can become. This makes the Free Boundary SABR model quite flexible when
applying it to market data.

5.3 Conclusion

In this subsection I have compared the three models presented in this paper.
The Black-Scholes model, the Local Volatility model and the SABR model.

I found that the Black-Scholes performance over long time periods becomes
absurd. But also that Black and Scholes probably knew this. None the less
the Black-Scholes model is still widely used for a lot of reasons. And nothing
suggests that this will change.

The Local Volatility model was found to move in the opposite direction of
the observed market data. I this subsection it is stated that the model was
probably not made to try to replicate the volatility behavior. Instead it was
made as a tool for easily pricing exotic options. Hence, the intent of the model
was never to use it for hedging of portfolios.

Lastly, I find that the SABR model is handling the volatility smile in a
desirable way. The SABR model output is in line with what is observed in the
market. For that reason the SABR model is well suited for hedging purposes.
One issue with the model, however, is that it relies on an implicit assumption
of the interest rates being strictly positive. In the current low interest rate
environment this assumption might be violated. For that reason I finish this
subsection with introducing some adjusted SABR models.
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6 Conclusion

In this paper I have taken the reader through some of the theory regarding
options pricing. In section 2 I introduced the reader for options in general -
starting with the binomial tree model and ending with the Black-Scholes model
and the Black-Scholes Greek letters [22].

In section 3 I reviewed the Local Volatility model. This is a model simulta-
neously presented by Dupire [14] and by Derman and Kani [10]. The objective
of the Local volatility model is to incorporate the volatility smile in the pricing
of options.

Form the Local Volatility model I moved on to reviewing the SABR model
in section 4. The SABR model is presented by Hagan et. al. [18]. The strength
of the SABR model is that it allows the volatility to be stochastic which none
of the previous reviewed models do.

After reviewing the SABR model I analyzed the different models before in-
troducing the reader to some adjusted SABR models.

Common to most of the theory reviewed in this paper is that it builds on the
Black-Scholes model in some sense. This makes sense since the Black-Scholes
model is still the model used when quoting options prices.

In subsection 1.1 I wrote the purpose of this paper - including some problems
that I wanted to answer with this paper. In total, I wrote down three questions.
They are restated below.

Problem. The Black-Scholes model is a well-known options pricing model. Is
there a model that handles options pricing for hedging purposes better than the
Black-Scholes model?

Problem. What are the arguments for choosing one model over another?

Problem. What are the implications of choosing a wrong or less precise model?

The question to answer first is if there is a model to price options for hedg-
ing purposes that are better than the Black-Scholes model? In the paper I have
reviewed a lot of theory about the different models. It is clear that the Black-
Scholes model is still used for a variety of things. But it is also clear that the
Black-Scholes model is not the best model for hedging purposes. So the short
answer to the question is: Yes, there are models better suited to price options
for hedging purposes. The logical next question then is - which models?

I reviewed the Local Volatility model as an alternative to the Black-Scholes
model. But it turns out that this model is not ideal for hedging purposes. As
Gatheral stated.

“It is unlikely that Dupire, Derman and Kani ever thought of local
volatility as representing a model of how volatilities actually evolve
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(...) the idea is more to make a simplifying assumption that al-
lows practitioners to price exotic options consistently with the known
prices of vanilla options.”

Jim Gatheral, (Gatheral 2002, page 6 [16])

Gatheral’s statement is a statement about the model dynamics. It turns out that
the models implied volatility moves in the opposite direction of that observed
in the market. This is depicted in figure 3.5. The implication of this is that the
delta hedging of the option is wrong.

Disregarding the Local Volatility model as a model of choice when hedging
- as it produces wrongful hedges and never was intended for risk management,
according to Gatheral - I moved on to the SABR model.

The SABR model turns out to be a better solution. One of the main argu-
ments for a model like the SABR, model is that it allows for stochastic volatility.
According to Gatheral [16], most people engaged in the stock markets agree
that the prices are evolving stochastically. For that reason it makes sense to let
the volatility evolve stochastically.

When comparing the SABR model results to that observed in the markets
the SABR model performs well. Hence, the SABR model handles option pricing
for hedging purposes better than the Black-Scholes model - this is probably why
the SABR model is widely used in professional finance today.

The arguments for choosing one model over another should be quite clear
after reading this paper. As some models are performing really bad you might
be worse off using those models than using the simple Black-Scholes model - or
not hedging at all. The implications of choosing a wrong or less precise model
is at best more expensive hedging. At worst it is wrongful hedging meaning
that you are not covered the way you thought. Using a model like the Local
Volatility model when hedging could end up meaning that you are way more
exposed than you thought.
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