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Abstract:

This thesis aims at developing a robust
controller with a local path planner to
allow Crazyflies 2.0 to follow trajectories
generated from a global planner while han-
dling disturbances and uncertain param-
eters with collision avoidance. First, a
quaternion based model is developed for
the Crazyflie 2.0. After that, Sliding mode
controllers (SMC) are developed for both
attitude and position control to be con-
nected in a cascaded fashion. Simula-
tion tests confirmed the robustness of the
suggested method. Afterwards, an IMU
driven quaternion based Error-State Ex-
tended Kalman Filter with biases estima-
tion is developed and tested in simula-
tion and shown to have estimations ac-
curate enough for the controller. Subse-
quently, an attempt to implement the po-
sition SMC on the Crazyflie 2.0 is carried
out. The SMC managed to stabilize the z-
axis but not the x and y axis. Further in-
vestigation is needed to solve this problem.
Nevertheless, a simple robustness test is
carried out on the z-axis and the SMC
showed good robustness results. Finally,
an MPC based local path planner is devel-
oped to work with the position SMC with
a Kalman filter to estimate its dynamics
and use it as a model for the MPC. The
proposed algorithm is simulated for multi-
ple drones flying together without collid-
ing with each other and with a stationary
obstacle. This shows a potential for this
strategy to be implemented in real life.
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understand the work.
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• Introduction Chapter: Formulate the goal of this thesis.
• Modelling Chapter: Developing a model for a the Crazyflie 2.0.
• Control Chapter: Developing robust controllers for the attitude and position of the

Crazyflie 2.0.
• Estimation Chapter: Developing an estimator to estimate the states of the Crazyflie

2.0.
• Implementation Chapter: Attempting to implement the position controller on the

Crazyflie 2.0.
• Path planning Chapter: Developing the local path planner.
• Discussion and Conclusion: Discuss the results obtained from simulation and

implementation.
• Future Work: Discuss possible ideas and concepts that can be investigated and

explored in the future.

The report also includes appendices to provide the reader with supporting information.
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Nomenclature

x Scalar
x Vector or a matrix
x̂ Unit base vector
R Set of real numbers
R�0 Set of positive real numbers
Sn>0 Set of positive definite matrices of size n
Sn�0 Set of positive semi-definite matrices of size n
H Set of quaternions
Hp Set of pure quaternions
SO(3) Special orthogonal group
In Identity matrix of size n
0n�m A matrix of zeros with size n�m
xG Vector expressed in the global frame G
xB Vector expressed in the body frame B
RGB A rotation from the body frame to the global frame
qGB Quaternion representing the rotation of frame B in frame G
qv Vector part of the quaternion
q0 Scalar part of the quaternion
X[k] Value of the state X at time step k of the sample time
X̂[knjkm] Estimate of the state X at time step kn of the sample time

depending on the information up until time step km
N (�;�) normal distribution with mean � and covariance matrix �

Operations

Rfqg The rotation matrix corresponding to the quaternion q
q� Quaternion conjugate
q�1 Quaternion inverse

 Quaternion multiplication
Im(�) Return the imaginary (vector) part of a quaternion
Re(�) Return the real (scalar) part of a quaternion
� Cross product
[!]� Skew-symmetric matrix for vector !
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Modelling Symbols

P Position of the center of mass vector
V Velocity of the center of mass vector
fi Thrust force from rotor i

i Angular velocity for rotor i
kl Lift coefficient
Tth Thrust force
T Thrust vector
b Drag coefficient
Iri Mass moment of inertia for rotor i
�ri Torque for rotor i
� Torque vector
I Mass moment of inertia matrix
l The distance between the center of each rotor to the center of mass for the quadcopter
dair Air drag coefficient
Fd Air drag force
g Gravity acceleration
M Mass of the drone
q Quaternion
! Angular velocity of the drone
Uf Disturbance force
Rm DC motor’s resistance
Lm DC motor’s inductance
Um Input voltage from the battery
Be Battery voltage level
ia DC motor’s armature current
KE DC motor’s constant relating back electromotive force with the angular velocity of the motor
KI DC motor’s constant relating torque with armature current
Ir DC motor’s inertia
bm DC motor’s viscous friction

Control Symbols

Xp State vector of position and velocity for the center of mass of the quadcopter
Ap State matrix for the position model
Bp Input matrix for the position model
Ep Disturbance input matrix for the position model
qe Error quaternion defined as the rotation from the actual body frame to the desired body frame
!e Error angular velocity defined as the rotation from the actual body frame to the desired body frame
Pe Position error vector
Ve Velocity error vector
Xq State variable for the attitude error model that consists of a unit quaternion and angular velocity
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�Xq equilibrium point for the attitude error model
�q Gain matrix for the vector quaternion error in the sliding mode controller
sq Sliding variable for the attitude sliding mode controller
�q Gain for the saturation control input for the attitude sliding mode controller
"q Turning parameter for the saturation function in the saturation input for the attitude sliding mode controller
�q0 Tuning parameter to increase the gain in �q for the attitude sliding mode controller
PI The integrated position error
�p Gain matrix for the position error in the sliding mode controller
�I Gain matrix for the integrated position error
sp Sliding variable for the position sliding mode controller
�p Gain for the saturation control input for the position sliding mode controller
"p Turning parameter for the saturation function in the saturation input for the position sliding mode controller
�p0 Tuning parameter to increase the gain in �p for the position sliding mode controller

State Estimation Symbols

am Accelerometer measurement
at True acceleration
ab Accelerometer biases
aw Accelerometer noise
�aw Covariance matrix for the accelerometer’s noise
!m Gyroscope measurement
!b Gyroscope biases
!w Gyroscope noise
�!w Covariance matrix for the gyroscope noise
ym Magnetometer measurement
M Magnetic field intensity
Mw Magnetometer noise
�m Covariance matrix for the magnetometer measurements
yp Position measurement
Pw Position measurement noise
� Covariance matrix for the position measurement noise
ybar Barometer measurement
zw Barometer noise
�bar standard deviation for the Barometer noise
!bw driving stochastic process for the gyroscope biases estimation
abw driving stochastic process for the accelerometer biases estimation
�b! Covariance matrix for the gyroscope biases noise
�ba Covariance matrix for the accelerometer biases noise
y Measurements vector
XIMU States that the measurements depends on
wmeas Measurement noises vector

IX



18gr935

C Covariance matrix for the estimation error (Mean square error)
Xt True state
Xn Nominal state
X@ Deviation state
�@ Deviation angle vector
FIMU State matrix for the deviation model
EIMU Input disturbance matrix for the deviation model
H@ Jacobian matrix for the measurement function with respect to the deviation states
G@ Jacobaim matrix for the measurement function with respect for the measurements noise
~y Measurement residual
S Covariance matrix for the measurement residual
Kg Kalman filter gain

Path Planing Symbols

�c A diagonal matrix with diagonal elements equal to the poles of the system
Ad Discrete time state matrix for the position model for the model predictive controller
Bd Discrete input matrix for the position model for the model predictive controller
Ada Discrete state matrix for the input augmented model
Bda Discrete input matrix for the input augmented model
Trd Desired trajectory
Hp Prediction horizon
Hu Input horizon
Qs Weight matrix for trajectory following
R� Weight matrix for input change
J Value for the cost function for trajectory following and input minimization
�cv Vector of the elements equal to the poles of the system
wp Driving stochastic noise for estimating the parameters �cv
�p Covariance matrix for wp

M Matrix specifying the dimension of an ellipsoid
rd The radius of a boundary sphere for the drone
�d The square-root of the maximum eigen value of the estimation covariance matrix of the position
Jca Cost function for collision avoidance between agent obstacles
dmoa The euclidean distance between drone m and the agent oa
rotha Threshold value for the distance between the agent m and the agent oa for the cost function
Qcoa Weighting parameter for the agents collision avoidance cost function for each agent
�oa Parameter that determines the smoothness of the agents collision avoidance cost function for each agent
NOa Number of detected agent obstacles
sfcost Safety factor for calculating the threshold rotha
romina

Threshold value for the distance between the agent m and the agent oa in the constraints
sfcon Safety factor for calculating the threshold romina

�oa Agent oa constraint
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Aagent State matrix to predict the agents’ states in the model predictive controller
abw driving stochastic process for the accelerometer biases estimation
Jco Cost function for collision avoidance between an agent and a non-agent ellipsoidal obstacle
rxthoe

Threshold value for the x-axis of the ellipsoidal obstacle for the cost function

rythoe
Threshold value for the y-axis of the ellipsoidal obstacle for the cost function

rzthoe
Threshold value for the z-axis of the ellipsoidal obstacle for the cost function

Qce Weighting parameter for the non-agents collision avoidance cost function for each agent
�oe Parameter that determines the smoothness of the non-agents collision avoidance cost function for each agent
NOe Number of detected non-agent obstacles
rxminoe

Threshold values for the x-axis of the ellipsoidal obstacle for the constraint

ryminoe
Threshold value for the y-axis of the ellipsoidal obstacle for the constraint

rzminoe
Threshold values for the z � axis of the ellipsoidal obstacle for the constraint

 oe Non-agent ellipsoidal obstacle constraint
n̂o Normal vector of a plane obstacle
�op Non-agent plane obstacle constraint
s� Slack variables for agent obstacle constraints
s Slack variables for non-agent ellipsoidal obstacle constraints
s� Slack variables for non-agent planer obstacle constraints

Acronyms and Abbreviations

AAU Aalborg University
FFA Federal Aviation Administration
UAS Unmanned Aircraft System
UTM UAS Traffic Management
UOMS Unmanned Air Systems Operation Management Syste
DC Direct Current
LPV Linear Parameter Varying Systems
SMC Sliding Mode Controller
IMU Inertial Measurement Unit
EKF Extended Kalman Filter
UKF Unscented Kalman Filter
ESEKF Error-State Extended Kalman Filter
MPC Model Predictive Controller
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Introduction 1
1.1 The Rise of Commercial Drones

Drones used to be associated with military operations only. However, compact and small
versions of drones today are rising rapidly in the commercial and civilian sector. The
Federal Aviation Administration (FFA) in the United States of America predicts that the
number of recreational used drones will triple in 2020 [11]. Moreover, the drones' market
volume is expected to reach 4.7 million units by 2020 worldwide [26]. In addition, the
expected number of drones in Amazon's �eet per 1000 persons is 1.21 by 2020 [28]. It is
clear from these few studies and facts that the commercial use of drones is rising and our
reliance on drones for civilian use will increase signi�cantly in the future. Therefore, it is
interesting to investigate the possibility to improve the performance of commercial drones,
consider �nding new applications to them, and to establish a system which organizes and
manages drones in a city. Indeed, several nations have already addressed the need for a
management system for drones in a city. Some of the major projects are the Unmanned
Aircraft System (UAS) Tra�c Management (UTM) by the National Aeronautics and
Space Adminstration (NASA), the European Union's U-Space project, and China's Civil
Unmanned Air Systems Operation Management System (UOMS) [7]. The main goal for
these management systems is to provide a safe environment for low-attitude drone �ights
and to apply automated and autonomous techniques to improve e�ciency and adaptivity
of the drones to dynamic and crowded environments.

1
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1.2 Drones' Commercial Applications

Just like any other robots, drones are typically used for dull, dirty, or dangerous work.
They can also be used to achieve tasks that are impossible to accomplish by humans due
to them having the ability to be fast and small. The following �gure shows the top 5
industrial markets for drones:

Figure 1.1: Top 5 Drones' Markets by Industry [11]. Industrial inspection applications
includes monitoring and surveying bridges, towers, and water dams. Agriculture
applications include surveying and analyzing crops. Insurance applications include damage
determination, and risk assessments. Government uses include border surveillance,
surveying �res and hazards, and law enforcement.

Drones can be used to monitor and assist crops, search and rescue missions, report
tra�c patterns, help with covering news stories, survey wildlife, patrol pipelines, survey
oil spills, enforce environmental law, constructing maps for buildings and roads, and
aerial photography. Delivery drones are also being developed and used for transporting
medicines, vaccines, and medical samples into and out of remote or inaccessible regions.
For example, the Rwandan government partnered with the company Zipline International
Inc. in 2016 uses drones operating from a distribution center near the town of Muhanga
to distribute medicine and medical samples between 21 di�erent facilities in the region
[29]. Another example is in Switzerland where the Swiss Post started collaborating with
the company Matternet in 2017 to launch the �rst medical drone delivery network in
Switzerland [2]. More civilian applications are being considered for the drones as the
industry is growing faster.

1.3 U-Space Project

Discussing the European Union's U-Space project will help in the formulation of the
problem and the focus for this thesis. The U-Space project is a set of regulations and
services that are made to ensure safe, e�cient, and secure �ights in an area within large
number of drones. The services relies on a high level of automation. The automated
services are implemented and provided for both the drone itself and for ground stations.

2
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There are four layers of automation for the U-Space project that summarize its goals and
mission.

ˆ U1: This layer provides automated identi�cation and registration for the drones. It
also provides geofencing services which is basically the areas where the drones are
not allowed to �y within.

ˆ U2: Handle and support management of drones' operations by approving and
planning �ights, providing airspace dynamic information, and providing interfaces
with air tra�c control.

ˆ U3: This layer is similar to the second layer but is more adapted for complex
operations within dense spaces with con�ict evaluation and planning.

ˆ U4: Focuses more on the high level of connectivity within all the layers and with
manned aerial vehicles and tra�c systems. This layer includes a higher level of
automation and interfacing strategies.

Consider, as an example to clarify more how U-Space is supposed to work, a case where a
user wants to send a package to a location in the city. There are four main stages:

ˆ Preparation stage: In this stage, the user chooses a drone that is suitable for
the mission and selects a drone supervisor who will not pilot the drone, but will
rather be supported by automated services from U-Space allowing them to monitor
other drones �ying at the same time. the drone operator can use navigation and
communication coverage services, services that helps with the �ight planning, and
information about the expected density of drones with their routes and �ight plans.
Moreover, because of the fact that drones are registered in the system, the U-Space
system can link the characteristics of the drone provided in the drone's own registry
with elements of the �ight request. Knowing the type of the drone with the package
it is carrying will help better in the �ight planning and with minimizing the risk of
failure.

ˆ Submission of a �ight request and receipt of an acknowledgement: The operator will
now submit a request to the system with the details of the �ight and the desired
�ight time. The system will check the availability of the airspace that the drone
is supposed to �y within and with other drones' �ights with di�erent priorities. In
the case the system declines a request because of no availability of the airspace, it
will suggest another longer path for the operator or a delay for the �ight time. The
operator can then chooses what they desire to do.

ˆ Execution of the �ight: The drone is provided with a local path planner that modi�es
the path when it is necessary due to emergent or unexpected situations. For example,
a �ock of birds is in the path of the drone, unregistered drones �ying, abrupt changes
in the mission and tasks of the drone itself or other drones, or a car accident that
makes the police enforce a temporary restricted airspace (geofence) for their own
drones to operate within. The drone should also handle di�erent disturbances and
uncertainties while it is �ying to follow the designated path correctly.

ˆ Mission is completed: The drone arrives to the destination with the package
successfully and it is now ready for the next mission. reports of the mission statues
and conditions are saved in the system so it can be used later in the future.

1.4 Problem Formulation

This thesis will focus on the third level of the air tra�c management system. Mainly,
achieving autonomous robust �ights with local path planning. The ability to have a

3
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robust controller for commercial drones that can handle a wide variety of disturbances
and uncertainties is important. Delivery drones, for example, are required to carry and
deliver di�erent packages with di�erent sizes and masses to di�erent places as fast as
possible. Moreover, the delivery drones must sometimes deliver packages or goods to a very
speci�c area with high precision and accuracy in the delivery destination. In addition, the
drones might also be required to �y within small airspace areas between a large number
of obstacles while trying to insure quick service which will require the drone to be able
to achieve fast maneuvers while �ying. Hence, it is necessary for these drones to have a
robust control algorithm that can handle the varying mass of the packages, can handle
measurements biases , and can also allow the drone to be able to preform fast maneuvers
while �ying. Another important problem that should be addressed is an algorithm which
achieves local path planning to avoid collision with other drones in the city and other abrupt
obstacles in the drone's path. There are many di�erent approaches for designing a local
path planner. In [32], a Rapidly-exploring Random Tree (RRT*) algorithm combined with
a Model Predictive Control (MPC) technique is designed. On the other hands, The works
in [3] and [20] involved the development of a local path planning algorithms using nonlinear
MPC only. None of these works considered robustness against parameter uncertainties and
disturbances. Moreover, these approaches are still computationally heavy for a wide range
of drones. The contribution in this thesis is to develop robust strategies that can work
together with the local path planner to achieve more robust �ights. Moreover, it is desired
for the strategies to not be computational heavy for the drones so they can work for a
wide variety of di�erent kinds of drones. The idea is to design a local path planner that
computes desired trajectories for a robust controller which relies on unit quaternions for
attitude representation rather than Euler angles to allow the drones to perform maneuvers
without singularity problems. The following summarizes the main goals for this thesis:

ˆ Design a robust controller that can handle maneuvers and uncertain parameters for
the drones.

ˆ Design an estimator to obtain estimates of the drone's states while compensating for
the biases in the gyroscope's measurements.

ˆ Implement a robust controller on the Crazy�ie 2.0.
ˆ Design a local path planner algorithm that can modify a trajectory provided by a

global planner to avoid collisions with obstacles and other drones while satisfying
necessary constraints.

4



Mathematical Modelling 2
In this chapter, a mathematical model for the Crazy�ie 2.0 rigid body dynamics is
developed with the use of unit quaternion to represent attitude. Moreover, a simple model
for the rotors is developed to be used in simulations.

2.1 Frames de�nitions

Two frames are considered for the modelling of the quadcopter, a �xed global frame, and
a body frame with an origin �xed at the quadcopter's center of mass. The body frame
can be de�ned in two di�erent con�gurations: (x)-con�guration and (+)-con�guration as
shown in the following �gure:

Figure 2.1: The global frame (Green), The body frame with the (x)-con�guration (Blue),
and the body frame with the (+)-con�guration (Red). ẑ� B and ẑ+ B are alligned in the
same direction. The positive direction of the rotors' angular velocities in the body frame
with the corresponding thrusts are also showen in the �gure.

The sub-indices�G, �B will be used to denote vectors de�ned in the global and the body
frames respectively. Rotations from the global frame to the body frame will be indicated by
the sub-index �BG and rotations from the body frame to the global frame will be indicated
by the sub-index �GB. All the rotations belongs to the special orthogonal groupSO(3).
The position of the center of mass of the quadcopter in the global frame is denoted asPG

and is written as following:

PG =

2

4
xG

yG

zG

3

5 (2.1)

5
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In addition, The transnational velocity of the center of mass for the quadcopter is written
as:

VG =

2

4
vxG

vyG

vzG

3

5 (2.2)

2.2 Quaternions to represent SO(3)

In order to be able to model the quadcopter, it is neccesary to �nd a compact and robust
method to represent rotations from the body frame to the global frame and vice versa.
There are mainly three methods to express rotations inSO(3):

ˆ Rotation Matrices
ˆ Euler-Angles
ˆ Quaternions

Rotation matrices are the general method to describe rotations inSO(3). Moreover,
Euler-Angles and quaternions can always be written as rotation matrices. Nevertheless,
The problem with using a general rotation matrix is that it uses nine elements with six
constraints to describe rotation of a three dimensional rigid body. Therefore, it is less
intuitive to describe rotations and can be di�cult to be dealt with in the process of
designing a controller or an estimator. Another way is to use Euler-Angles. Euler-Angles
parameterize the rotations in three rotational angles. Therefore, it is more intuitive and
easy to be dealt with. However, this method su�ers from a singularity problem which
is discussed in Appendix A. Finally, unit quaternions can represent rotations with three
numbers and one constraints without any singularity problems. Therefore, in this project,
quaternions are chosen to model the quadcopter and describe rotations. De�nitions and
properties for quaternions can be found in Appendix B. In addition, De�nitions for SO(3)
with quaternions and rotation matrices are found in Appendix C.

2.3 Rotor's Thrust and Torques

The generated thrust forcef i from each rotor in the body frame can be approximated to
be proportional to the rotor's angular velocity 
 i [6] :

f i B = kl i 

2
i ; 8i 2 f 1; 2; 3; 4g (2.3)

The lift constant kl i can be assumed to be the same for all the rotorskl i = kl 2 R� 0; 8i 2
f 1; 2; 3; 4g and it is approximated experimentally for the Crazy�ie 2.0 quadcopter to have
the value k � 2:2 � 10� 8[N=rpm2] in [15]. The total thrust vector in the body frame TB

can then be calculated as:

TB =

2

6
6
4

0
0

4P

i =1
k
 2

i

3

7
7
5 =

2

4
0
0

Tth

3

5 (2.4)

Similarly, the torque produced by the rotors around each of their axis of rotation can be
approximated as [9]:

� r i = ( � 1)i bi 
 2
i + I r i

_
 i ; 8i 2 f 1; 2; 3; 4g (2.5)

6
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Where bi is the drag coe�cient and it is assumed to be the same for all the rotors:
bi = b 2 R� 0; 8i 2 f 1; 2; 3; 4g, I r i is the mass moment of inertia for thei th rotor. The e�ect
of _
 i is considered to be small and thus it can be neglected. Similarly to the left constant
kl , the value of the drag constant was found experimentally to beb = 10 � 9[N � m=rpm2]
in [15]. The resulting torques acting on the quadcopter when the body frame is aligned
with the (x)-con�guration as in Fig. 2.1 are written as following:

� x
B =

2

4
� x

� y

� z

3

5 =

2

6
6
6
4

k l lp
2
(� 
 2

1 � 
 2
2 + 
 2

3 + 
 2
4)

k l lp
2
(� 
 2

1 + 
 2
2 + 
 2

3 � 
 2
4)

4P

i =1
� r i

3

7
7
7
5

(2.6)

Where l = 0 :046 [m] is the distance between the center of each rotor to the center of mass
for the quadcopter. If the (+)-con�guration is considered, the torques will be written as:

� +
B =

2

4
� x

� y

� z

3

5 =

2

6
6
4

kl (� 
 2
2 + 
 2

4)
kl (� 
 2

1 + 
 2
3)

i =4P

i =1
� r i

3

7
7
5 (2.7)

The (x)-con�guration will be used in this project since the sensors' frames are de�ned in
the (x)-con�guration, and hence, it will be easier to deal with them. Consequently, the
torques for the (x)-con�guration � x will be written from now on as � for ease of notation.
A linear map from the rotors angular velocities squared to the torques and the thrust can
be found as:

�
TB

� x
B

�
= M 
 2 (2.8a)


 2 = M � 1
�
TB

� x
B

�
(2.8b)

Where 
 2 = [
 2
1 
 2

2 
 2
3 
 2

4]T , and the matrix M with its inverse are found as:

M =

2

6
6
6
4

kl kl kl kl

� k l lp
2

� k l lp
2

k l lp
2

k l lp
2

� k l lp
2

k l lp
2

k l lp
2

� k l lp
2

� b b � b b

3

7
7
7
5

(2.9a)

M � 1 =

2

6
6
6
6
4

1
4k l

�
p

2
4k l l

�
p

2
4k l l

� 1
4b

1
4k l

�
p

2
4k l l

p
2

4k l l
1
4b

1
4k l

p
2

4k l l

p
2

4k l l
1
4b

1
4k l

p
2

4k l l
�

p
2

4k l l
1
4b

3

7
7
7
7
5

(2.9b)

Note that detf M g = � 8bk3
l l2 6= 0 if l; b; kl 6= 0 . Therefore, it is always invertible.

2.4 Dynamical Model

Before deriving the dynamics of the Crazy�ie 2.0 quadcopter, it is important �rst to de�ne
the mass moment of inertia tensor in the body frameI B . The quadcopter is symmetrical
about the chosen body frame's axes. Therefore, the body frame's axes can be approximated

7
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to be the principle axes of the quadcopter and the inertia tensor in the body frame can be
written as:

I B =

2

4
I xx 0 0
0 I yy 0
0 0 I zz

3

5 (2.10)

Where I xx ; I yy ; I zz are the the moment of inertia around the body frame'sx; y; and z
axes respectively. The values for the inertia tensor is found approximately in [15] as:

I B =

2

4
1:395� 10� 5[Kg � m2] 0 0

0 1:436� 10� 5[Kg � m2] 0
0 0 2:173� 10� 5[Kg � m2]

3

5 (2.11)

Finally, air resistance can be included and approximated to be proportional to transitional
velocities as viscous friction as in the work of [25].
A symmetrical drag constant in the body frame can be de�ned as:

D B =

2

4
D11 0 0

0 D22 0
0 0 D33

3

5 (2.12)

Where D11; D22; and D33 can be approximated to be equalD11 = D22 = D33 = dair

due to symmetry. The value of the constant coe�cient dair that relates air drag force to
the velocities in the body frame is determined to be approximately0:019 [N� s=m] in [15].
The drag force in the global frameFdG can be found as:

FdG = R GBD BR BGVG = dair R GBR BGVG = D BVG (2.13)

Meaning that the drag matrix in the global frame is equal to that in the body frame
D G = D B = D .

Now for the dynamical model of the quadcopter, consider �rst the transnational dynamics
of the quadcopter. Using Newton's second law of motion, the translational dynamics of
the quadcopter in the global frame can be written as:

_VG =
1
m

Im
�

qGB 

�

0
T B

�

 q�

GB

�
� gẑG �

1
m

D VG (2.14)

Where g is the acceleration of gravity constant, andẑG is the base vector of thez-axis for
the global frame. The translational dynamics can also be written as:

_VG =
1
m

R GB f qGBgT B � gẑG �
1
m

D VG (2.15)

WhereR GB f qGBg is the rotation matrix corresponding to the quaternion qGB and is de�ned
at (C.23). The transnational dynamics can be modi�ed to have the lift coe�cient kl visible
in the equation by using

T B = kl T Bm (2.16)

to be:

_V G =
kl

m
R GB f qGBgT Bm � gẑB �

1
m

DV G (2.17)

As for the attitude dynamics, they can be written using Newton�Euler equations in the
body frame as following:

_! B = I � 1
B (� B � ! B � I B ! B) (2.18)

8
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The rotational dynamics can be modi�ed to have the drag coe�cient b visible in the
equation by using:

� B = B� Bm (2.19)

Where B =

2

4
kl l 0 0
0 kl l 0
0 0 b

3

5 to be:

_! B = I � 1
B (B� Bm � ! B � I B ! B) (2.20)

Finally, the rotation kinematics for the unit quaternion is:

_qGB =
1
2

qGB 

�

0
! B

�
(2.21)

And the full model of the quadcopter can be written now as:

_X =

2

6
6
6
6
4

1
2qGB 


�
0

! B

�

I � 1
B (B� Bm � ! B � I B ! B)

VG
k l
m R GB f qGBgT Bm � gẑG � 1

m D VG

3

7
7
7
7
5

(2.22)

Where X =

2

6
6
4

qGB

! B

PG

VG

3

7
7
5.

2.5 Augmenting Uncertain Parameters and Disturbances

In this section, the mathematical model in (2.22) will be extended to include uncertainties
in the mass m, inertia tensor I B , lift coe�cient kl , drag coe�cient b, and air drag force
coe�cient d. Assume that the uncertainties of these parameters are bounded as following:

mmin � m � mmax (2.23a)

I xx min � I xx � I xx max (2.23b)

I yymin � I yy � I yymax (2.23c)

I zzmin � I zz � mzzmax (2.23d)

klmin � kl � klmax (2.23e)

bmin � b � bmax (2.23f)

dmin � d � dmax (2.23g)

The distance between the center of one of the rotors to the center of the quadcopterl is
assumed to be certain and constant. The transnational model can �rst be re-parametrized
to decrease the number of parameters to be:

_VG = � 1R GB f qGBgT Bm � gẑG + 
 1VG (2.24)

Where � 1 = k l
m , and 
 1 = � d

m . The bounds for the new parameters can be easily found
from (2.23). Assume also that a disturbance forceU f (t) is acting on the center of gravity

9
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for the quadcopter and that the second norm of this force is boundedkU f (t)k2 � Uf bound .
The transnational dynamics can be written with the uncertainties and disturbances as:

_VG = �� 1R GB f qGBgT Bm � gẑG + �
 1VG + � P (VG; qGB; T Bm ; U f ) (2.25)

Where � P is written as:

� P (VG; qGB; T Bm ; U f ) = ( � 1 � �� 1)R GB f qGBgT Bm + ( 
 1 � �
 1)VG + U f (t) (2.26)

As for the attitude dynamics, the model in (2.18) can be written in details for the three
axes of the body frame with re-parametrization to reduce the number of parameters as:

_! x = � 2� xm + 
 2! y ! z (2.27a)

_! y = � 3� ym + 
 3! x ! z (2.27b)

_! z = � 4� zm + 
 4! x ! y (2.27c)

(2.27d)

Where � 2 = k l l
I xx

, � 3 = k l l
I yy

, � 4 = b
I zz

, 
 2 = I yy � I zz
I xx

, 
 2 = I zz � I xx
I yy

, and 
 2 = I xx � I yy
I zz

. The
bounds for the new parameter can also be easily found from (2.23). The model with the
uncertain parameters can now be written as:

_! x = �� 2� xm + �
 2! y ! z + � ! x (! y ; ! z; � xm ) (2.28a)

_! y = �� 3� ym + �
 3! x ! z + � ! y (! x ; ! z; � ym ) (2.28b)

_! z = �� 4� zm + �
 4! x ! y + � ! z (! x ; ! y ; � zm ) (2.28c)

(2.28d)

Where:

� ! x (! y ; ! z; � xm ) = ( � 2 � �� 2)� xm + ( 
 2 � �
 2)! y ! z (2.29a)

� ! y (! x ; ! z; � ym ) = ( � 3 � �� 3)� ym + ( 
 3 � �
 3)! x ! z (2.29b)

� ! z (! x ; ! y ; � zm ) = ( � 4 � �� 4)� zm + ( 
 4 � �
 4)! x ! y (2.29c)

(2.29d)

Which can be written in a more compact form as:

_! B = ��� Bm + �
 g(! B) + � ! (! B ; � Bm ) (2.30)

Where:

�� :=

2

4
�� 2 0 0
0 �� 3 0
0 0 �� 4

3

5 > 0; � :=

2

4
� 2 0 0
0 � 3 0
0 0 � 4

3

5 > 0 (2.31a)

�
 :=

2

4
�
 2 0 0
0 �
 3 0
0 0 �
 4

3

5 > 0; 
 :=

2

4

 2 0 0
0 
 3 0
0 0 
 4

3

5 > 0 (2.31b)

g(! B) :=

2

4
! y ! z

! x ! z

! x ! y

3

5 (2.31c)

� ! (! B ; � Bm ) =( � � �� )� Bm + ( 
 � �
 )g(! B) (2.31d)
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2.6 Rotor Dynamics

The Crazy�ie 2.0 uses brushed DC motors as rotors. The DC motors are driven by an
open loop Pulse Width Modulation (PWM) signal for speed control. The PWM signal has
an amplitude of U 2 [0; 3:7] [V] depending on the battery charge with a carrier frequency
of 300 Hz. In addition, The Crazy�ie 2.0 do not have the necessary electronic circuits that
allow it to reverse the polarity of the voltage applied across the motors' terminals. This
means that the Crazy�ie 2.0 can rotate the rotors only in one direction, and therefore, it
cannot apply negative thrust. The reason for developing the model in this thesis is to use
it in the Crazy�ie simulations. The model that is developed in this project for the DC
motors will be the simple DC motor dynamic model that is obtained using Newton-Euler
and Kirchho�'s voltage laws. The back ElectroMotive Force (EMF) of the DC motor is
assumed to be proportional to the rotational speed of the rotor
 by a constant K E and the
e�ective torque of the motor � m is assumed to be proportional to the armature current of
the motor i a by a constant K I . Assuming that the rotors have a viscous friction coe�cient
of bm , then using Newton-Euler's equation:

I r _
 = K I i a � bm 
 (2.32)

For the electrical part of the model, Kirchho�'s voltage law can be applied to the following
circuit:

+

�

BeUm

i a
L m Rm

�
+K E 


Figure 2.2: Electrical part for the DC motor

To obtain the following:

L m _i a = � Rm i a � K E 
 + BeUm (2.33)

Where L m is the motor's inductance, Rm is the motor's resistance,Be 2 [0; 3:7] [V] is
the available voltage in the battery, and Um 2 [0; 1] is an input that represent how much
of the full battery voltage is applied by the PWM signal. In [14], the parameters for the
DC motor of the Crazy�ie 2.0 are estimated. Moreover, it is found that the motors have
nonlinear e�ect that can be translated into two di�erent values for the motor's inertia:

I r =

(
I +

r ; 
 _
 � 0

I �
r ; 
 _
 < 0

(2.34)
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The following table shows the values for these parameters:

Parameters Value
Rm [W] 2.3
L m [H] 0.12

K E [V � s=rad] 0.0011
K I [N � m=A] 580
I +

r [Kg � m2] 0.031
I �

r [Kg � m2] 0.13
bm [N � m � s=rad] 0.1

Table 2.1: Parameters for the Crazy�ie's 2.0 DC motor

The model for the DC motor can now be written as a Linear Parameter Varying (LPV)
system as following:

_X DC =

"
� bm

I �
r

K I

I �
r

� K E
L m

� Rm
L m

#

| {z }
A DC (I r )

X DC +
�

0
B e
L m

�

| {z }
B DC (B e)

Um (2.35)

Where X DC = [
 i a]T .
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Control Algorithm 3
In this chapter, a general control strategy of two cascaded controllers is �rst discussed.
Afterwards, a quaternion based robust controller is designed for the attitude of the
quadcopter and tested in simulation. Similarly for the attitude, a robust controller for
the position of quadcopter is also designed and tested in simulation. Finally, simulations
when two of the controller are connected in a cascaded fashion are carried out.

3.1 Position Control Strategy for The Quadcopter

In this section, the general position control strategy of the quadcopter is discussed. The
quadcopter is an underactuated system. It has four motors which corresponds to four
inputs with six degrees of freedom, the position coordinates and the orientation of the
quadcopter. Therefore, it is impossible to control all the six degrees of freedom of the
quadcopter individually. The attitude of the quadcopter can be controlled fully since it
can apply three di�erent torques around each axis of its body frame. However, this can
not be done for the position of the quadcopter since it has only one thrust force that it
can apply. If one is interested in the position of the quadcopter in the global frame only,
then it is possible to design a controller that outputs a three component thrust vector in
the global frame and a desired attitude to rotate the thrust vector of the quadcopter in
the body frame to the global frame. This desired attitude can then be fed to the attitude
controller of the quadcopter. The attitude controller in this case should be faster than the
position controller.

Consider the position mathematical model (2.25). The thrust vector in the global frame
can be found as:

TGm = R f qGBgTBm (3.1)

The position mathematical model (2.25) can then be written as:

_X p =
�
03� 3 I 3� 3

03� 3 �
 1I 3� 3

�
X p +

�
03� 3

�� 1I 3� 3

�
TGm �

�
03� 3

gẑG

�
+

�
03� 3

I 3� 3

�
� P (VG; T Bm ; U f ) (3.2)

Where X p =
�
PG

VG

�
.

The model is a�ne in this case and can be written as:

_X p = A pX p + B pTGm �
�
03� 3

gẑG

�
+ E p� P (VG; T Bm ; U f ) (3.3)

With:

A p =
�
03� 3 I 3� 3

03� 3 �
 1I 3� 3

�
; B p =

�
03� 3

�� 1I 3� 3

�

E p =
�
03� 3

I 3� 3

�
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The thrust vector in the body frame can now represent three inputsTGm = [ Tx Ty Tz]T ,
that are constrained by kTGm k = kTBm k = Tth . It is possible now to design a controller
for the global position of the quadcopter that gives the desiredTGm which can be used to
�nd a desired quaternion qGB for the attitude controller that can rotate TBm to TGm .

3.1.1 Finding The Desired Quaternion

After �nding the desired thrust vector in the global frame, the problem reduces now to
�nd a desired attitude characterized by a quaternion qGB which rotates a vectorTBm to a
vector TGm . The problem has di�erent approaches for the following two di�erent cases:

ˆ TGm 6= � TBm

ˆ TGm = � TBm

For the �rst case, a vector aligned with the desired rotation axis � can be calculated as:

� = TBm � TGm (3.4)

The dot product also gives:

T T
Bm

TGm = kTBm k2kTGm k2 cos(�) = T2
th cos(�) (3.5)

Where � is the angle of rotation between the vectorsTBm and TGm around the vector � .
Moreover, the norm of the vector� can be found as:

k� k2 = kTBm k2kTGm k2 sin � = T2
th sin � (3.6)

A straight forward method can now be used to �ned a desired quaternion by applying the
Euler formula for the quternions directly by normalizing the vector � and calculating � to
�nd cos

� �
2

�
and sin

� �
2

�
. However, it is desired to �nd a more e�cient method with less

steps and calculations to �nd a desired quaternion. First thing to notice is that the cosine
and sine of the half of the angle can directly be calculated using the following trigonometric
identities:

cos
�

�
2

�
=

r
1
2

+
1
2

cos(�) (3.7a)

sin
�

�
2

�
=

r
1
2

�
1
2

cos(�) (3.7b)

Note also that the norm of the vector � can be written as:

k� k2 = 2T2
th sin

�
�
2

�
cos

�
�
2

�
(3.8)

using the identity sin(�) = 2 sin
� �

2

�
cos

� �
2

�
. The desired quaternion can now be found as:

q =

"
cos

� �
2

�

1
2T 2

th cos( �
2 ) �

#

(3.9)

Where cos
� �

2

�
=

r
1
2 +

T T
B m

TGm

2T 2
th

. Normalizing quaternions can be very fast depending on

the platforms in which this method is implemented. This fact can be used to simplify the
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quaternion computation even further. Multiplying the quaternion in (3.9) by 2T2
th cos

� �
2

�
:

qs =
�
T2

th + T T
Bm

TGm

�

�

q =
1

kqsk
qs

(3.10)

This method to determine a desired quaternion can work for allTGm 6= TBm . This is
because at the case in whichTGm = � TBm , the cross product� = TBm � TGm = 0. This
case will never be required for the quadcopter to achieve if position control is considered
and the drone can apply negative thrust. This is because the quadcopter can just choose a
negative value for the thrust forceTth while keeping its body frame orientation matching
the global frame orientation. However, the Crazy�ie 2.0 can not apply negative thrust
commands since it lacks the necessary circuit that reverse the polarity on the motors.
Nevertheless, it is not desired for a quadcopter to have big discontinues jumps for its
actuators even if it can apply negative thrust. Check Appendix Sec. D For a discussion on
�nding the desired quaternion for the second case.

3.2 Error Models

It is bene�cial for the design of some controllers to obtain the error dynamics if trajectory
tracking is desired. This is an easy task for systems with states that belong to euclidean
spaces because a simple coordinate transformation as:x e := x � x d for a state vector x
is enough to obtain the error model. However, obtaining the model for unit quaternion
errors cannot be done with a simple additive coordinate transformations since they live on
a 3-sphereS3 and hence, they do not form a closed group with addition. In this section,
the error-kinematics quaterion is obtained and the overall quadcopter model's tracking
error is then found.

3.2.1 Quaternion Error Kinematics

Given a desired unit quaternion that represents a desired body frameBd of the quadcopter
in the global frame qGBd with the desired kinematics:

_qGBd =
1
2

qGBd 

�

0
! Bd

�
(3.11)

Where ! Bd is the desired angular velocity of the quadcopter in the desired body frame.
Then, an error quaternion qe := qBd B can be de�ned as the orientation of the actual body
frame in the desired body frame which can be written as:

qe = qBd B = qBd G 
 qGB = q�
GBd


 qGB (3.12)

Taking the time derivative of the error quaternion:

_qe = _q�
GBd


 qGB + q�
GBd


 _qGB (3.13)

The kinematics of the conjugate quaternion _q�
GBd

can be obtained using the fact that

qGBd 
 q�
GBd

= [1 0 0 0]T and taking the time derivative of it to obtain:

_qGBd 
 q�
GBd

+ qGBd 
 _q�
GBd

= 0 (3.14)
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Now, by substituting the kinematics of the desired quaternion (3.11) and isolating _q�
GBd

,
the following is obtained:

_q�
GBd

= �
1
2

�
0

! Bd

�

 q�

GBd
(3.15)

And by substituting (3.15):

_qe =
1
2

qe 

�

0
! B

�
�

1
2

�
0

! Bd

�

 qe (3.16)

Using the quaternion matrix multiplication rules in B.6, (3.17) can be written as:

_qe =
1
2

�
0 � ! T

B
! B � [! B ]�

�
qGBe +

1
2

�
0 ! T

Bd

� ! Bd [! Bd ]�

�
qGBe

=
1
2

�
0 � (! B � ! Bd )T

(! B � ! Bd ) � [(! B � ! Bd )] �

�
qe

(3.17)

By letting ! Be := ( ! B � ! Bd ), the time-derivative of the error quaternion can be written
as:

_qe =
1
2

qe 

�

0
! Be

�
(3.18)

3.2.2 Position and Attitude Error Dynamics

Given a desired position vector in the global framePGd with desired transnational velocity
VGd and desired acceleration_VGd , The error dynamics can be obtained by introducing the
transformation PGe := PG � PGd to the model in (2.25). The dynamics of the position
error can then be obtained as:

_X pe = A pX pe + B pTGm �
�
03� 3

gẑG

�
+

�
03� 3

I 3� 3

� �
�
 1VGd � _VGd

�

+ E p� P (VGe ; VGd ; qe; qGBd ; TBm ; U f ) (3.19)

Where:

TGm = R f qe 
 qGBd gT Bm (3.20)

� P (VGe ; VGd ; qe; qGBd ; TBm ; U f ) = ( � 1 � �� 1)TGm + ( 
 1 � �
 1)(VGe + VGd ) + U f (3.21)

Similarly for the attitude dynamics in (2.30), with a given desired angular velocity in the
body frame ! Bd and a given desired angular acceleration_! Bd , the error dynamics can be
obtained by introducing the transformation ! e := ( ! B � ! Bd ) to be:

_! Be = �A� Bm + �� g(! Be + ! Bd ) � _! Bd + � ! (! Be ; ! Bd ; � Bm ) (3.22a)

Where:

� ! (! Be ; ! Bd ; � Bm ) = ( A � �A )� Bm + ( � � �� )g(! Be + ! Bd ) (3.23)
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3.3 Attitude Control

There are many options to consider for designing a robust controller for the attitude
of the Crazy�ie 2.0. The controller also need to be nonlinear as one of the goals is to
make the drone able to perform fast maneuvers and linearizing the model around an
equilibrium point, for example the hover state, prevents that. One of the straight forward
option is Sliding Mode Control (SMC). The dynamics for the error in the attitude model
in (3.18) for the quaternion error and (3.22) for the angular velocity error shows that
the input torques, disturbances, and uncertainties have direct relation with the angular
velocity error but not for the quaternion error. This form of dynamical models is called the
regular form. The uncertainties and disturbances are also called matched uncertainties and
disturbances since they are matched with the inputs. SMC can be used to have a robust
controller with respect to matched uncertainties and disturbances. Another option is to
consider nonlinearH 1 control. The H 1 control is not limited by matched disturbances and
uncertainties. However, as shown in the error attitude dynamical model, the uncertainties
and disturbances are matched. Furthermore, tuning the SMC to handle wider variety
of uncertainties and disturbances is easier when compared toH 1 control. Moreover, a
derivation for a suboptimal nonlinear H 1 controller for the attitude has been made in
Appendix E.1.1 and it is shown that further work is needed to insure that the controller
can handle the same type of uncertainties and disturbances that is considered for the
attitude model in this thesis. Therefore, the sliding mode controller is chosen as the
nonlinear robust controller for the attitude control of the drone for this project.

3.3.1 Sliding Mode Control

The SMC design process consists of two main steps:

ˆ Designing a sliding manifold.
ˆ Designing an input that brings the trajectory of the system to the sliding manifold.

The sliding manifold is designed in such a way, for the state variableX q = [ qT
GBe

! T
Be

]T ,
if the trajectory of the system is on a certain manifold, then the trajectory will stay on
the manifold and asymptotically converge to a desired equilibrium point. For the attitude
error model in (3.18) and (3.22) when the disturbance and uncertainty terms are removed.
The attitude dynamics have two equilibrium points:

�
qeq1 ! Beq1

� T = [1 0 0 0 0 0 0]T (3.24a)
�
qeq2 ! Beq2

� T = [ � 1 0 0 0 0 0 0]T (3.24b)

The equilibrium points represent the same attitude. But it is desired to stabilize the drone
at one of them. The equilibrium point for the attitude control is chosen to be the �rst
equilibrium point: X q0 =

�
1 0 0 0 0 0 0

� T
, which in turn means that the actual

states will converge to the desired ones. consider a sliding variables 2 R3� 1 de�ned as
following:

sq := ! Be + � qqGBev
; � q 2 S3� 3

> 0 (3.25)

A sliding manifold that makes the system given by (3.18) and (3.22) converges
asymptotically to the equilibrium point X q0 is the subspace of the state space that makes
the sliding variable de�ned in (3.25) equal to zero:

Sq = f qGBev
; ! Be : sq = 0g (3.26)
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To prove that this is true, consider the Lyapunov function candidate:

Vq = qT
GBev

qGBev
+(1 � qGBe0

)2 = 2(1 � qGBe0
) > 0 (sinceqT

GBev
qGBev

+ q2
GBe0

= 1) (3.27)

Taking the time derivative of the Lyapunov function along the trajectories:

_Vq = qT
GBev

! Be (3.28)

And using the sliding manifold de�ned in (3.26) (sq = 0 ) ! Be = � � qqGBev
):

_Vq = � qT
GBev

� qqGBev
< 0 (3.29)

Therefore, the equilibrium point X q0 is asymptotically stable if the system's trajectories are

on the sliding manifold (3.26). The other equilibrium point X
0

q0
=

�
� 1 0 0 0 0 0 0

� T

is unstable even though it represents the same attitude. The next step now is to �nd the
control commands for the torques� Bm to bring and keep the trajectories on the sliding
manifold. Assume for now that the disturbances and uncertainties term� ! (! B ; � Bm ) = 0 .
Taking the time derivative of the sliding variable de�ned in (3.25), the following is obtained:

_sq = _! Be + � q _qev = _! B � _! Bd + � q _qev

= ��� Bm + �
 g(! B) + _! Bd + � q _qev

(3.30)

De�ne now the control law:

� Bm := �� � 1 [� �
 g(! B) + _! Bd � � q _qev + u q] (3.31)

With u q 2 R3� 1 being an input that will be determined later.

Substituting now the torques inputs from (3.31) in (3.30):

_sq = u q (3.32)

De�ne the following now for each of the input commands componentsu q = [ uq1 uq2 uq3 ]T :

uqi = � � qi sgn(sqi ) � qi 2 R> 0; 8i 2 f 1; 2; 3g (3.33)

with sq = [ sq1 sq2 sq3 ]T , and sgn : R ! f� 1; 0; 1g is the sign function de�ned as following
for a variable s 2 R :

sgn(s) =

8
><

>:

1; s > 0

0; s = 0

� 1; s < 0

(3.34)

Consider now the Lyapunov functions candidates for each element of the vectorsq de�ned
as following:

Vsi :=
1
2

s2
qi

; 8i 2 f 1; 2; 3g (3.35)

The time derivatives of the Lyapunov functions along their trajectories can then be found
as:

_Vsi = sqi _sqi = sqi uqi = � � qi jsqi j < 0; 8i 2 f 1; 2; 3g (3.36)

Therefore, if no disturbances and uncertainties are present in the system, the trajectories
will always go to the manifold and stay there if they did not start there. Once on the
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manifold, the trajectory will asymptotically converge to the equilibrium point. However,
the control law now have discontinues termssgn(sqi ); 8i 2 f 1; 2; 3g. These terms cause
problems in practice due to the fact that the rotors of the quadcopter still have their own
dynamics and there might also be some delays in the microcontoller. As a result to these
imperfections, ideal switching can not be implemented and chattering will occur. One
way to reduce the chattering e�ect is to approximate the discontinues sign function as a
saturation function:

uqi = � � qi sat
�

sqi

� qi

�
; 8i 2 f 1; 2; 3g (3.37)

Where � qi 2 R> 0 is a tuning parameter such that lim
� qi ! 0

sat( sqi
� qi

) = sgn(sqi ); 8i 2 f 1; 2; 3g.

The saturation function sat : R ! [� 1; 1] is de�ned for a variable s 2 R as:

sat
� s

�

�
=

(
s
� ; jsj � �

sgn(s); jsj > �
(3.38)

Figure 3.1: The Signum function on the left with the saturation function on the right as
its approximation.

The derivatives of the Lyapunov functions in (3.39) in the case of using the saturation
function as an approximation to the sign function will be written as:

_Vsi = sqi _sqi = sqi uqi = �
� qi

� qi

s2
qi

< 0; 8i 2 f 1; 2; 3g (3.39)

Therefore, if the trajectories start outside the manifold, they will asymptotically converge
to the sliding manifold which will make them asymptotically converges to the equilibrium
point. Consider now the case with the disturbances and uncertainties term not equal
to zero. If the torques commands in (3.31) are applied, then the disturbances and
uncertainties are written as:

� ! (! B ; � Bm ) = ( � �� � 1� I 3� 3)( _! Bd � � q _qev )+( 
 � � �� � 1 �
 )g(! B)+( � �� � 1� I 3� 3)u q (3.40)

It is now desired to be able to bound these disturbances and uncertainties with some
function. The (� �� � 1 � I 3� 3) matrix is diagonal and can be written as(� �� � 1 � I 3� 3) =
diag(a1; a2; a3). The same is also for(
 � � �� � 1 �
 ) = diag(r1; r2; r3). The elements
ai ; 8i 2 f 1; 2; 3g can be such that 0 < a i < 1 depending on the choice of the
nominal values of the quadcopter parameters. Letai max := max( jai j); 8i 2 f 1; 2; 3g,
r i max := max( jr i j); 8i 2 f 1; 2; 3g, and auqi

:= max( ai ); 8i 2 f 1; 2; 3g. In addition,
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let _! Bd � � q _qev := [ e1 e2 e3]T and g(! B) := [ g1 g2 g3]T . Then the elements of
� ! (! B ; � Bm ) = [ � ! 1 � ! 2 � ! 3 ]T can now be bounded as following:

j� ! i j � � qi (ei ; gi ) + auqi
ju qi j; 8i 2 f 1; 2; 3g (3.41)

Where � qi (ei ; gi ) = ai max jei j + r i max jgi j; 8i 2 f 1; 2; 3g.
The derivatives of the Lyapunov functions in (3.39) for this case are found as:

_Vsi = sqi _sqi = sqi uqi + s� ! i � sqi uqi + jsqi j� qi (ei ; gi )+ jsqi jauqi
uqi ; 8i 2 f 1; 2; 3g (3.42)

Consider now the same control input in (3.33) with the sign function but with � qi de�ned
as following:

� qi �
� qi (ei ; gi )
1 � ai max

+ � 0qi
(3.43)

Where � 0qi
2 R> 0; 8i 2 f 1; 2; 3g. Substituting (3.33) in (3.44):

_Vsqi
�

�
� (1 � ai max )

� qi (ei ; gi )
1 � ai max

+ � qi (ei ; gi ) � (1 � ai max )� 0i

�
jsqi j

= � (1 � ai max )� 0i jsqi j < 0 (3.44)

Therefore, all trajectories starting away from the sliding manifold will converge to it and
stay on it once they are there. This switching controller can handle large uncertainties
and is only limited by the practical constraint of the rotors' angular velocities. Once
the trajectories are on the manifold, the trajectories will be governed by the dynamics in
sq = 0 which do not include any uncertain terms. Nevertheless, the control law now have
discontinues termssgn(sqi ); 8i 2 f 1; 2; 3g.

To analyze the behaviour of the system when the saturation function is used, consider
the same Lyapunov functions candidates for the sliding variablessqi ; 8i 2 f 1; 2; 3g de�ned
in (3.35). The time derivatives of these functions along the trajectories will satisfy (3.44)
as long asjsqi j � � qi ; 8i 2 f 1; 2; 3g. Therefore, 8i 2 f 1; 2; 3g; sqi (0) > � qi , jsqi j will
strictly decrease until it reaches the setfj sqi j � � qi ; 8i 2 f 1; 2; 3gg and will remain there
afterwards. Consider now the Lyapunov function for the quaternion error in (3.27). The
time derivative of this Lyapunov function candidate in the set fj sqi j � � qi ; 8i 2 f 1; 2; 3gg
is found as:

_Vq = � qT
ev

� qqev + qT
ev

sq � � qT
ev

� qqev + jqe1 j� q1 + jqe2 j� q2 + jqe3 j� q3 (3.45)

The time derivative along the trajectories can then be bounded as:

_Vq � � qT
ev

(I 3� 3 � � q)� qqev < 0 8jqei j �
� qi

� qi � qi

; 8i 2 f 1; 2; 3g (3.46)

Where � q = diag(� q1 ; � q2 ; � q3 ) with � qi 2 (0; 1); 8i 2 f 1; 2; 3g, and � q = diag(� 1; � 2; � 3).
Therefore, inside the setfj sqi j � � qi ; 8i 2 f 1; 2; 3gg, the trajectories of the system will keep

decreasing until they reach the time-invariant set 
 � q =
�

jqei j � � qi
� qi � qi

; jsqi j � � qi ; 8i 2

f 1; 2; 3g
�

. With this, it can be said that the control law with (3.31) and the saturation

function in (3.37) achieves ultimate boundness with an ultimate bound that can be lowered
by decreasing the value of� qi ; 8i 2 f 1; 2; 3g.
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3.3.1.1 Simulation Results

The simulations of the attitude controller with the model are done in Matlab using an
explicit Runge-Kutta method of order 5 [5]. This method is chosen since it is faster than
the ode45 in Matlab, which is based on the Dormand-Prince method, and the di�erence
between the solution obtained with ode45 and the one from Runge-Kutta method of order
5 is small.
The attitude controller is simulated �rst with a constant desired quaternion reference
found from a desired roll of �

3 , pitch of �
4 , and yaw of �

4 , and with an initial condition of a
quaternion identity. The parameters of the attitude sliding mode controller are tuned to
be:

� q =

2

4
100 0 0
0 100 0
0 0 80

3

5 (3.47a)

� q0 =

2

4
350 0 0
0 350 0
0 0 350

3

5 (3.47b)

� q =

2

4
10� 1 0 0

0 10� 1 0
0 0 10� 1

3

5 (3.47c)

Where � q := diag(� q1 ; � q2 ; � q3 ). Note that the values of � qi ; 8i 2 f 1; 2; 3g are tuned to
be big enough to avoid chattering in the inputs and small enough to make the controller
more robust to uncertainties and disturbances. The following simulations present di�erent
scenarios for the attitude SMC.

Nominal Case Without Uncertainties The following results shows the case when the
sliding mode controller is simulated in the ideal case with no uncertainties and disturbances.
The simulations are done with a simulation time step ofTs = 10 � 5 [s]. The following are
the results of the simulation:

Figure 3.2: Sliding Mode Control of q0 for the nominal model with no disturbances and
step size ofTs = 10 � 5 [s]
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Figure 3.3: Sliding Mode Control of q1 for the nominal model with no disturbances and
step size ofTs = 10 � 5 [s]

Figure 3.4: Sliding Mode Control of q2 for the nominal model with no disturbances and
step size ofTs = 10 � 5 [s]
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Figure 3.5: Sliding Mode Control of q3 for the nominal model with no disturbances and
step size ofTs = 10 � 5 [s]

The results show that the attitude is asymptotically stable as expected. Check Appendix
G.1 for plots of the torques computed by the controller for this case.

Sample Time E�ect It is desired now to test the sliding mode controller of the attitude
against smaller sampling rate to see how the sample rate a�ect the performance of the
controller. This is especially needed since the controller is designed with the assumption of
continuous measurements and calculations of control commands while in reality it is not.
The following �gures show the cases for di�erent sampling rates:

Figure 3.6: Sliding Mode Control of q0 for the nominal model with no disturbances and
di�erent step sizes of Ts = 10 � 5 [s], Ts = 10 � 3 [s], and Ts = 10 � 2 [s]
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Figure 3.7: Sliding Mode Control of q1 for the nominal model with no disturbances and
di�erent step sizes of Ts = 10 � 5 [s], Ts = 10 � 3 [s], and Ts = 10 � 2 [s]

Figure 3.8: Sliding Mode Control of q2 for the nominal model with no disturbances and
di�erent step sizes of Ts = 10 � 5 [s], Ts = 10 � 3 [s], and Ts = 10 � 2 [s]
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Figure 3.9: Sliding Mode Control of q3 for the nominal model with no disturbances and
di�erent step sizes of Ts = 10 � 5 [s], Ts = 10 � 3 [s], and Ts = 10 � 2 [s]

It is noticed here that having sampled computations of the control commands instead of
continuous computations introduces steady-state errors in the states. Furthermore, the
lower the sampling rate is the higher are the steady-state errors. Moreover, oscillations
will occur if the sample rate is decreased enough. This can be explained by the fact that
between each samples of applying the control commands, the trajectories might drift away
from the sliding manifold by the control command that was applied in the previous time
step until the next time step in which the control command can be larger to compensate
to the deviation of the trajectories from the sliding manifold during the time between the
two time steps. This e�ect can lead to instability if the correction of the control command
is larger than the control command in the previous step which will cause the trajectories
to drift away from the sliding manifold even farther from the previous time step. In the
case for attitude control of the Crazy�ie 2.0, the simulation became unstable when the
sample time is chosen to be bigger thanTs = 10 � 1 [s]. Check Appendix G.2 for plots of
the sliding variables and the computed torques for this case.

Uncertainty Case Taking the case ofTs = 10 � 3 [s], the sliding mode controller is tested
against uncertainties in the inertia. A simulation is done with a case of50%increase in the
diagonal elements of the inertia matrix in the body frame, and another simulation is done
with a case of200%increase. The200%is extreme and highly unlikely to happen in real
life. However, it is chosen to show the robust capabilities of the sliding mode algorithm.
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The results are compared together with the nominal model as following:

Figure 3.10: Sliding Mode Control ofq0 for di�erent uncertainties cases. A nominal model
case, a50% increase in the inertia case, and an extreme200%increase in the inertia case.
The sample time isTs = 10 � 3 [s]

Figure 3.11: Sliding Mode Control ofq1 for di�erent uncertainties cases. A nominal model
case, a50% increase in the inertia case, and an extreme200%increase in the inertia case.
The sample time isTs = 10 � 3 [s]
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Figure 3.12: Sliding Mode Control ofq2 for di�erent uncertainties cases. A nominal model
case, a50% increase in the inertia case, and an extreme200%increase in the inertia case.
The sample time isTs = 10 � 3 [s]

Figure 3.13: Sliding Mode Control ofq3 for di�erent uncertainties cases. A nominal model
case, a50% increase in the inertia case, and an extreme200%increase in the inertia case.
The sample time isTs = 10 � 3 [s]

The results con�rm that the attitude model achieves asymptotically stability with the
designed sliding mode control under the chosen inertia uncertainties.
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The torque commands for the uncertainties case are shown below:

Figure 3.14: Sliding Mode Control torque input � x for di�erent uncertainties cases. A
nominal model case, a50% increase in the inertia case, and an extreme200%increase in
the inertia case. The sample time isTs = 10 � 3 [s]

Figure 3.15: Sliding Mode Control torque input � y for di�erent uncertainties cases. A
nominal model case, a50% increase in the inertia case, and an extreme200%increase in
the inertia case. The sample time isTs = 10 � 3 [s]
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Figure 3.16: Sliding Mode Control torque input � z for di�erent uncertainties cases. A
nominal model case, a50% increase in the inertia case, and an extreme200%increase in
the inertia case. The sample time isTs = 10 � 3 [s]

It is seen from the �gures that the torque commands do not su�er from high rate of changes.
In addition to constant reference, the attitude sliding mode controller is tested for a time
varying reference. This is important to see since the attitude will receive references from
the position controller which they will mostly be time varying. The time varying reference
in which the attitude sliding mode controller was tested with is found from time varying
desired roll � 0:1�

4 sin 2t, pitch �
4 sin 2t, and yaw �

4 sin 2t which were converted to desired
quaternion with its kinematics. Moreover, a disturbance torque of0:1 cos 2t [N � m] is
applied on all the axes in the body frame during simulation.
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The following are the results:

Figure 3.17: Sliding Mode Control ofq0 with disturbance of 0:1 cos 2t for di�erent cases of
model uncertainties and a time varying reference

Figure 3.18: Sliding Mode Control ofq1 with disturbance of 0:1 cos 2t for di�erent cases of
model uncertainties and a time varying reference
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Figure 3.19: Sliding Mode Control ofq2 with disturbance of 0:1 cos 2t for di�erent cases of
model uncertainties and a time varying reference

Figure 3.20: Sliding Mode Control ofq3 with disturbance of 0:1 cos 2t for di�erent cases of
model uncertainties and a time varying reference

It is apparent that for the case of 200% increase in inertia, the performance degrades
dramatically. Otherwise, the controller manages to follow the desired references. Check
Appendix H for further analysis on the a�ect of sample time on the control performance
and for more cases of simulations.
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3.4 Position Control

Similar to the attitude control, one can design a sliding mode controller for the position.
Especially since the disturbances and uncertainties are also matched for the position model.
The sliding mode controller for position is also easier to tune to handle a wide variety of
disturbances and uncertainties when compared to anH 1 controller. Therefore, similar to
the attitude dynamics, the position controller is chosen to be a sliding mode controller for
this project.

3.4.1 Sliding Mode Control

The position SMC consists of two stages: de�ning the sliding manifold, and designing
the control input that brings the trajectory to the manifold. Since the output control
commands from the SMC are going to be input commands for the attitude controller, it
is necessary to decrease chattering in them as much as possible. This can be done similar
to the attitude controller by using an approximated saturation function with tunable
parameters. However, this method degrades the performance of the controller. One way to
reduce chattering more without degrading the performance too much is to use an integral
term for the position error in the controller:

_PGI = PGe (3.48)

Consider the following sliding variable for the position SMC:

sp := VGe + � pPGe + � I PGI ; � p; � I 2 S3
> 0 (3.49)

The manifold is de�ned as:

Sp = f PGI ; PGe ; VGe : sp = 0g (3.50)

The trajectory of the error on this manifold will converge asymptotically to the origin.
This can be proven by checking the dynamics when the trajectory is on the manifold.
When the trajectory is on the sliding manifold sp = 0 ) VGe = � � pPGe � � I PGI , then
the position error dynamics with its integral states will be:

� _PGe

_PGI

�
=

�
03� 3 I 3� 3

� � p � � I

�

| {z }
A �

�
PGe

PGI

�
(3.51)

Which has an exponentially stable equilibrium point at the origin since the matrix A � is
Hurwitz.

After this, it is desired to design a control law that brings the system's trajectory to the
manifold de�ned at (3.50). Assume for now that the disturbances and uncertainties term
� P (VG; T Bm ; U f ) is equal to zero, then by taking the time derivative of the sliding variable
sp:

_sp = _VGe + � p _VGe + � I _PGI = _VG � _VGd + � pVGe + � I PGe (3.52)

Substituting the dynamics from (3.2):

_sp = �� 1TGm � gẑG + �
 1VG � _VGd + � pVGe + � I PGe (3.53)
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The thrust vector can then be chosen as the following:

TGm :=
1
�� 1

�
gẑG � �
 1VG + _VGd � � pVGe + � I PGe + u p

�
(3.54)

Where u p 2 R3� 1 is an input control command vector that will be determined later.
Substituting the thrust command back in (3.53):

_sp = u p (3.55)

Choose the inputu p = [ up1 up2 up3 ]T now as following:

upi = � � pi sgn(spi ) � pi 2 R> 0; 8i 2 f 1; 2; 3g (3.56)

Consider now the Lyapunov functions for each of the component of the sliding variable
sp = [ sp1 sp2 sp3 ]T :

Vsi =
1
2

s2
pi

; 8i 2 f 1; 2; 3g (3.57)

The time derivatives of these Lyapunov functions along their trajectories can then be found
as:

_Vsi = spi _spi = spi upi = � � pi jspi j < 0; 8i 2 f 1; 2; 3g (3.58)

Therefore, if the trajectories do not start on the manifold when the disturbances and
uncertainties are not present, then they will converge and reach the manifold. Once they
are on the manifold, the trajectories will converge to the origin. However, similar to the
attitude SMC, the control law is discontinues. Meaning that it can not be implemented
in reality. Instead, it will produce a lot of chattering when a person tries to implement
it. This is a problem especially for the position controller since its input commands are
desired values for the attitude controller. Therefore, the sign function can be approximated
by the saturation function as following:

upi = � � pi sat
� spi

� pi

�
(3.59)

With � pi 2 R> 0.
In this case, the derivatives of the Lyapunov functions will become:

_Vsi = spi _spi = spi upi = � � pi

s2
pi

� pi

< 0; 8i 2 f 1; 2; 3g (3.60)

Hence, if the disturbances and uncertainties are not present and the trajectories start away
from the manifold, the trajectories will asymptotically converge to the manifold which will
make them asymptotically converge to the origin.

Consider now the case with the uncertainties and disturbances. If the thrust vector is
chosen to be as in (3.54), then the disturbances and uncertainties term is written as:

� P (VGe ;; _VGd ; U f ) =
� 1 � �� 1

�� 1

�
gẑG + _VGd � � pVGe � � I PGe

�

+
�� 1
 1 � � 1�
 1

�� 1
VG + U f (t) +

� 1 � �� 1

�� 1
u p (3.61)
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Let apmax := max
� �

�
� � 1 � �� 1

�� 1

�
�
�
�

, rpmax := max
� �

�
� �� 1 
 1 � � 1 �
 1

�� 1

�
�
�
�

; and aup := max
�

� 1 � �� 1
�� 1

�
, then

the disturbance and uncertainties term can be bounded as:

j� P j � � p(VGe ; VG; _VGd ) + aup u p (3.62)

Where:

� p(VGe ; VG; _VGd ) = apmax

�
�
�ẑBg + _VGd � � pVGe � � I PGI

�
�
�
abs

+ rpmax jVGjabs+ Uf bound (3.63)

Where for a vector a = [ a1 a2 � � � an ]T 2 Rn� 1, jajabs = [ ja1j ja2j � � � j an j]T . Consider
now the same Lyapunov functions for each of the component of the sliding variable
sp = [ sp1 sp2 sp3 ]T in (3.60). Taking the time derivative now will give the following:

_Vsi = spi � pi + spi upi � j spi j� pi + spi upi ; i 2 f 1; 2; 3g (3.64)

With � pi ; and � pi being the i th elements of the vectors � P (VG; T Bm ; U f ); and
� p(VGe ; VG; _VGd ) respectively.
Now if the same discontinues input in (3.56) is used with� pi chosen as following:

� pi �
� pi

1 � aup

+ � 0pi
; 8i 2 f 1; 2; 3g (3.65)

Where � 0pi
2 R> 0; 8i 2 f 1; 2; 3g, then each of the time derivatives of Lyapunov functions

in (3.64) will become:

_Vsi �
�
(1 � aup )

� � pi

1 � aup

+ � pi � (1 � aup )� 0pi

�
jspi j = � (1� aup )� 0pi

jspi j < 0; 8i 2 f 1; 2; 3g

(3.66)

Therefore, with the thrust input de�ned at (3.62) and (3.56), the origin for the position
error dynamics is asymptotically stable. However, the control command is discontinues. If
the sign function in (3.56) is approximated by the saturation function, then the trajectory
of the position error dynamics will approach the sliding manifold de�ned in (3.50) for
all jspi (0)j � � pi ; 8i 2 f 1; 2; 3g. This will continue to happen until the sliding variables
spi ; 8i 2 f 1; 2; 3g reach the setfj spi j � � pi ; 8i 2 f 1; 2; 3gg in which they will remain there
afterwards. To analyze what happens within the setfj spi j � � pi ; 8i 2 f 1; 2; 3gg in the
presence of the uncertainties and disturbances, consider the error dynamics while applying
the control law with the saturation function:

_PGI = PGe (3.67a)
_PGe = VGe (3.67b)
_VGe = �

�
� p + � p� � 1

p

�
VGe �

�
� I + � p� � 1

p

�
PGe � � p� � 1

p PGI + � p (3.67c)

The system has the following equilibrium:

2

4
�PGI
�PGe
�VGe

3

5 =

2

6
4

K � 1
I

�
� 1 � �� 1

�� 1

�
gẑG + _VGd

�
+ �� 1 
 1 � � 1 �
 1

�� 1
VGd + U f

�

03� 1

03� 1

3

7
5 (3.68)

Where:

K I = � p� � 1
p � I

�
I 3� 3 +

� 1 � �� 1

�� 1

�
(3.69)
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To prove that the system will exponentially converge to the equilibrium point (3.69), The
following coordinate transformation is applied:

 p1 = PGI � �PGI (3.70a)

 p2 = PGe (3.70b)

 p3 = VGe (3.70c)

To get the following dynamics:

2

4
_ p1
_ p2
_ p3

3

5 =

2

4
03� 3 I 3� 3 03� 3

03� 3 03� 3 I 3� 3

A  1 A  2 A  3

3

5

2

4
 p1

 p2

 p3

3

5 (3.71)

With:

A  1 = � � p� � 1
p � I (3.72a)

A  2 = �
�

� I +
� 1 � �� 1

�� 1
� I + � p� � 1

p � p

�
(3.72b)

A  3 = �
�

� p +
� 1 � �� 1

�� 1
� p + � p� � 1

p +
�� 1
 1 � � 1�
 1

�� 1

�
(3.72c)

The state matrix is Hurwitz. Therefore, the equilibrium point de�ned in (3.68) is
exponentially stable. Notice that the introduction of the integral state made the
equilibrium point for the position error to be always zero.

3.4.1.1 Simulation Results

Similar to the attitude sliding mode controller, The position sliding mode controller is
simulated using an explicit Runge-Kutta method of order 5. The simulation is done with
a constant position reference in global frame chosen asPGd = [0 :01 0:01 0:5]T [m]. The
parameter of the controller are chosen as following:

� p =

2

4
8 0 0
0 8 0
0 0 50

3

5 (3.73a)

� I =

2

4
0:035 0 0

0 0:035 0
0 0 10� 4

3

5 (3.73b)

� p0 =

2

4
20 0 0
0 20 0
0 0 80

3

5 (3.73c)

� p =

2

4
0:1 0 0
0 0:1 0
0 0 0:1

3

5 (3.73d)

Where � p = diag(� p1 ; � p2 ; � p3 ). Note that the values of the� pi ; 8i 2 f 1; 2; 3g are tuned to be
big enough to avoid chattering in the inputs and small enough to make the controller more
robust to uncertainties and disturbances. The following are di�erent cases of simulation
to analyze the performance of the position SMC.
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Nominal Case Without Uncertainties and Disturbances The simulations are
made under no uncertainties and disturbances with a step size ofTs = 10 � 6 [s]. The
following are the results:

Figure 3.21: Sliding Mode Control ofx for the nominal model with no disturbances and
step size ofTs = 10 � 6 [s]

Figure 3.22: Sliding Mode Control ofy for the nominal model with no disturbances and
step size ofTs = 10 � 6 [s]
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Figure 3.23: Sliding Mode Control ofz for the nominal model with no disturbances and
step size ofTs = 10 � 6 [s]

The simulation results show that the SMC of the position of the quadcopter in the global
frame achieves asymptotic stability. Check Appendix H.1 for plots of the computed thrust
vector by the controller.

Sample Time E�ect It is desired to test the sliding mode algorithm under di�erent
values of sample time. The following �gures shows the simulations for the cases of a sample
time of Ts = 10 � 6 [s], Ts = 10 � 3 [s], and Ts = 10 � 2 [s]:

Figure 3.24: Sliding Mode Control ofx for the nominal model with no disturbances and
di�erent step sizes of Ts = 10 � 6 [s],Ts = 10 � 3 [s], and Ts = 10 � 2 [s]
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Figure 3.25: Sliding Mode Control ofy for the nominal model with no disturbances and
di�erent step sizes of Ts = 10 � 6 [s],Ts = 10 � 3 [s], and Ts = 10 � 2 [s]

Figure 3.26: Sliding Mode Control ofz for the nominal model with no disturbances and
di�erent step sizes of Ts = 10 � 6 [s],Ts = 10 � 3 [s], and Ts = 10 � 2 [s]

The results in the �gures above show that for the sample time values ofTs = 10 � 3 [s],
and Ts = 10 � 6 [s], the responses are almost identical and the sliding mode controller
stabilizes the system for both of the cases. However, the case when the sample time is
Ts = 10 � 2 [s], the response exhibits noticeable oscillatory behavior in thez� axis with a
noticeable steady-state error for all the axes. Decreasing the sample time further made the
system with the controller unstable. These results can be explained in a similar fashion
to the case of the attitude sliding mode controller and are expected. Check Appendix H.2
for more results regarding the sample time e�ect.

Uncertainties and Disturbances Case It is desired now to test the controller against
uncertainties and disturbances. The simulation results are done for three di�erent cases:
a case of50% increase of the mass of the quadcopter, a case of300%increase of the mass
of the quadcopter, and the case of the nominal model. All these cases are done with a
disturbance force of0:1 cos 2t [N] for all the axes. The 300% increase of mass is unrealistic
but it is done to test the robustness of the controller. The following are the results:
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Figure 3.27: Sliding Mode Control ofx with disturbance force of 0:1 cos 2t [N] for all the
axes for di�erent cases of model uncertainties

Figure 3.28: Sliding Mode Control ofy with disturbance force of 0:1 cos 2t [N] for all the
axes for di�erent cases of model uncertainties
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Figure 3.29: Sliding Mode Control ofz with disturbance force of 0:1 cos 2t [N] for all the
axes for di�erent cases of model uncertainties

The results shows that the controller managed to stabilize the system with di�erent degrees
of uncertainties under disturbance.
The input forces are shown in the �gures below:

Figure 3.30: Sliding Mode Control input forceTGx with disturbance force of 0:1 cos 2t [N]
for all the axes for di�erent cases of model uncertainties
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Figure 3.31: Sliding Mode Control input forceTGy with disturbance force of 0:1 cos 2t [N]
for all the axes for di�erent cases of model uncertainties

Figure 3.32: Sliding Mode Control input forceTGz with disturbance force of 0:1 cos 2t [N]
for all the axes for di�erent cases of model uncertainties

The force commands do not su�er from excessive chattering which is good for the attitude
controller. Notice however, the large spikes the drone exhibits in the case of the nominal
and 50% increase in mass. These spikes could be due to the use of the sample time.
The trajectories under uncertainties and disturbances between two di�erent consecutive
instants of time might diverge away from the sliding manifold which will produce a violent
control command at the next sample of time. Having a 300% increase in mass made the
system slower, and therefore, the system did not su�er from these large spikes. However,
the simulation had a saturation on the input for the maximum thrust which prevented
the drone from actually applying the command. Moreover, the attitude controller with
the attitude dynamics will help to �lter out these large spikes. This will be shown later
in the next section when both of the controller are combined by observing that the drone
managed to stay stable and follow the trajectories under uncertainties regardless of the
spikes that the position controller produced. Check Appendix H for further analysis on
the a�ect of sample time on the controller performance and more cases of simulations.
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3.5 Simulation Results For The Cascade Controller

As has been discussed in Sec. 3.1, the control strategy is to connect the position and the
attitude controller in a cascaded fashion. Connecting them in general a�ect the control
performance, especially for the position controller. Therefore, further tuning is done when
both of the system are connected. The following table shows the tuned parameters:

Parameters Position Controller Attitude Controller

� p;q

2

4
5 0 0
0 5 0
0 0 10

3

5

2

4
50 0 0
0 50 0
0 0 10

3

5

� I

2

4
7:5 � 10� 7 0 0

0 7:5 � 10� 7 0
0 0 0:0025

3

5

� 0p;q

2

4
6 0 0
0 6 0
0 0 20

3

5

2

4
350 0 0
0 350 0
0 0 400

3

5

� p;q I 0:1I

Table 3.1: Parameters for Cascade Control

The drone in the simulation is subjected to an80% increase in mass and a5% increase in
the diagonal element of the inertia matrix in the body-frame. In addition to parameters
uncertainty, the drone is assumed to be subjected to a disturbance force of0:1 cos(3t) [N ]
acting on the all the axes in the global frame. Finally, the dynamics of the rotors are also
considered in the simulations. However, The battery is assumed to have a constant voltage
of 3:7 V.

3.5.1 Constant Reference

The following are the results for a constant reference ofX Gd =
h
P T

Gd
V T

Gd
_V T
Gd

i T
=

[0:2 0:2 0:5 06� 1]T :
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Figure 3.33: Position control for x [m] with a constant reference point with two cascaded
sliding mode controllers

Figure 3.34: Position control for y [m] with a constant reference point with two cascaded
sliding mode controllers
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Figure 3.35: Position control for z [m] with a constant reference point with two cascaded
sliding mode controllers

Figure 3.36: Position control with a constant reference point with two cascaded sliding
mode controllers

It can be seen from the �gures that the control strategy managed to bring the states to
the desired reference. However, notice the oscillations on thex and y axes. This could be
due to the sample time or the disturbances.

3.5.2 Helical Reference

A helical reference in the global frame with a radius of0:2 [m] and a frequency off = 0 :2Hz
at a changing altitude of zG = 0 :1t [m] is chosen. The following are the results of the
simulation:
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Figure 3.37: Position control for x [m] with a circular reference with two cascaded sliding
mode controllers

Figure 3.38: Position control for y [m] with a circular reference with two cascaded sliding
mode controllers
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Figure 3.39: Position control for z [m] with a circular reference with two cascaded sliding
mode controllers

Figure 3.40: Position control with a circular reference point with two cascaded sliding
mode controllers

It can be seen from the results that the algorithm manages to bring the quadcopter to a
helical trajectory. However, it is noticed that there is a small error in the radius of the
helical path. This could be due to the error in the quaternion control because of the sample
time and uncertainty since the attitude control does not have an integral action to remove
them.
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The control algorithms that are discussed in the previous chapter require full state
knowledge in order to work. Therefore, it is necessary to design an estimator that can
estimate the states of the quadcopter while it is �ying to a certain degree of accuracy that is
suitable for the controller. In this project, only model based algorithms for state estimation
will be considered. An Error-State Extended Kalman Filter (ESEKF) is desinged in this
chapter and simulated with the SMC.

4.1 Quadcopter Measurements

The Crazy�ie 2.0 will use its Inertial Measurement Unit (IMU) for the measurement
of its acceleration, angular velocities, and earth's magnetic �eld intensity in the body
frame. The quadcopter will also use a local/global positioning system for thex, y, and z
position measurements in the global frame. The positioning system is the Optitrack. The
quadcopter can also use a barometer as an extra measurement for the globalz position.
Check appendices K and M for more details regarding Crazy�ie's measurements and the
Optitrack system respectively.

4.1.1 IMU measurements

The IMU consists of three measurement devices: the accelerometer for the acceleration
in the body frame, the gyroscope for the angular velocities in the body frame, and
the magnetometer for the magnetic �eld intensity in the body frame. The acceleromter
measurement can be modelled in discrete time with time constantTs and a step in time
k 2 Z as following:

am (k) = a tB (k) + ab(k) + aw(k); k 2 Z (4.1)

Where ab(k) is a systematic error in the accelerometer measurements,a tB (k) = _VB is
the true acceleration of the quadcopter in the body-frame at timekTs, and aw being the
measurement noise that can be approximated as a white Gaussian noise according to the
central limit theorem [27] aw � N (0; Ts� aw ). The covariance matrix � aw can be found
from the datasheet of the IMU or by experiments as shown in Appendix K.2.
As for the gyroscope, the discrete model can be written as:

! m (k) = ! B(k) + ! b(k) + ! w(k) (4.2)

Where ! b(k) is a systematic error in the gyroscope measurements, and! w(k) is a
measurement noise that can be approximated as a white Gaussian noise according to
central limit theorem ! w � N (0; Ts� ! w ). The covariance matrix � ! w can be found from
the datasheet of the IMU or by experiments as shown in Appendix K.3.
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The biases of the gyroscope and the accelerometer cannot be eliminated by just calibrating
them before �ight since they change with time due to changes of the physical properties
of the these sensor over time. Hence, it is necessary to estimate and compensate these
biases. This is due to the fact that the orientation and the position are obtained mainly
by integrating the gyroscope and the accelerometer readings which in turn will result in a
drift within the estimations of the attiude and the position. There are many techniques
nowadays to try to estimate these biases and compensate for them. A sensor fusion method
using a Kalamn �lter will be presented in Sec. 4.3.
The magnetometer in the IMU measures the magnetic �eld intensity of the environment
in the body frame of the quadcopter. The measured magnetic �eld intensity in the
environment can be approximated to be the earth's magnetic �eld intensity if other sources
of magnetic �elds in the environment surrounding the quadcopter can be neglected when
compared with the earth's magnetic �eld intensity. Using this, the orientation of the
quadcopter can be estimated if the magnetic �eld intensity of the earth in the global frame
is known. However, using the magnetometer for orientation estimation alone is usually not
reliable due to the assumption that other sources of magnetic �elds in the environment are
negligible when compared with the earth magnetic �eld intensity which cannot hold for
most of the cases in real life. Instead, the magnetometer measurement can be fused with
other sensors' readings to help with the estimation of the biases. The output equation of
the magnetometer can be modelled in discrete time as:

ym (k) = Im
�

q�
GB(k) 


�
0

B gG + B gw (k)

�

 qGB(k)

�
= R f qGB(k)g

�
B gG + B gw (k)

�

(4.3)

Where R (qGB(k)) is the rotation matrix associated with qGB(k), B gG 2 R3� 1 is the earth's
magnetic �eld intensity which depends on the geographic location of the quadcopter, and
B gw is the measurement noise and disturbances. The measurement noise hereB gw (k) can
be di�cult to model since it depends on the magnetic �eld disturbances in the environment.
In general, if the constant sources of magnetic �eld of the environment are estimated and
compensated �rst, the measurement noise can be approximated as white Gaussian noise
using the central limit theorem such that B gw (k) � N (0; � m ). The covariance matrix � m

can be obtained by experimentation or tunning. Check Appendix K.4 for approximately
calculating the covariance matrix of the magnetometer's noise for the Crazy�ie 2.0.

4.1.2 Position Measurements

The position of the Crazy�ie 2.0 can be measured if a local/global positioning system is
used. The measurements in that case can be modelled in discrete time as following:

yp(k) = PG(k) + Pw(k) (4.4)

Where Pw(k) are measurement noises which can be modelled as white Gaussian noise
using the central limit theorem such that Pw(k) � N (0; Ts� p) with the covariance matrix
� p obtained from the positioning system datasheet or from experiments. Appendix M.3
shows the calculation of the covariance matrix in the case of using Optitrack system as a
positioning system for the Crazy�ie 2.0.
Finally, the barometer on the quadcopter can be also used to estimate the altitude of the
quadcopter z in the global frame. It can be modelled like the positioning system for the
global z� axis as:

ybar (k) = zG(k) + zw(k) (4.5)
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With zw(k) is a measurement noise which can be modelled as a white Gaussain noise using
the central limit theorem such that zw(k) � N (0; Ts� 2

bar ) in which the variance � 2
bar can be

obtained from the datasheet of the sensor or by experiments as shown in Appendix K.5.

4.2 IMU Driven Model

An IMU driven model is a discrete time model that uses the gyroscope and accelerometer
readings as inputs to a kinematic model. For the case of the quadcopter, the discrete
position kinematics model can be obtained using forward Euler method [5] for the velocity
to have:

PG(k + 1) = PG(k) + TsVG(k) +
T2

s

2
a tG (k) (4.6a)

VG(k + 1) = VG(k) + Tsa tG (k) (4.6b)

Where:

a tG (k) = R (qGB(k)) ( am (k) � aw(k)) (4.7)

Note that it is possible to de�ne another noise term a �
w(k) := � aw(k) and replace it in

the model since it has the same stochastic characteristics and properties.
As for the unit quaternions, the unit quaternion at time step k+1 can be approximated
as the quaternion at time stepk rotated by a quaternion with an angle Tsk! B(k)k around
an axis 1

k! B (k)k ! B(k). This approximation assumes that the angular velocity between two
time samples is constant. For the IMU driven model, the angular velocity in the discrete
model will be the gyroscope reading and the discrete kinematics model for the quaternions
will then be written as:

qGB(k + 1) = qGB(k) 
 exp(Ts [! m (k) � ! b(k) � ! w(k)]) (4.8)

The biases in the gyroscope and the accelerometer can be modelled, if it is desired to
estimate them in an observer, as random walks processes:

! b(k + 1) = ! b(k) + ! bw (k) (4.9a)

ab(k + 1) = ab(k) + abw (k) (4.9b)

Where the terms ! bw (k) and abw (k) represent the uncertainty in how the biases are
changing with time. This model assumes that the biases are constant and will change by
some random disturbance. The random disturbance can be modelled as white Gaussian
noise such that ! bw (k) � N (0; Ts� b! ), and abw (k) � N (0; Ts� ba ). The covariance
matrices � b! and � ba can be tuned according to how fast and aggressive the changes
of the biases are over time.
The IMU driven model has the advantage that it does not depend on the parameters of
the model which can be uncertain. In addition, if the accelerometer is desired to be used
as a measurement among the outputs of the quadcopter rather than an input, it will be
necessary to obtain a higher order model (jerk model) for the quadcopter which can be
more complicated to obtain and will increase the number of estimated states which will
increase the computation time for an estimation algorithem. Moreover, using the gyroscope
readings as inputs to the model will remove the dynamic equations of the angular velocities
of the quadcopter which will reduce the number of estimated states. The full IMU driven
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model can be written as:

X IMU (k + 1) =

2

6
6
6
6
4

qGB(k) 
 exp(Ts [! m (k) � ! b(k) � ! w(k)])

PG(k) + TsVG(k) + T 2
s
2 R f qGB(k)g(am (k) � ab(k) � aw(k))

VG(k) + TsR f qGB(k)g(am (k) � ab(k) � aw(k))
! b(k) + ! bw (k)
ab(k) + abw (k)

3

7
7
7
7
5

(4.10)

Where X IMU (k) =

2

6
6
6
6
4

qGB(k)
PG(k)
VG(k)
! b(k)
ab(k)

3

7
7
7
7
5

.

The model can be written in the following form:

X IMU (k + 1) = f IMU (X IMU (k); u (k); w (k)) (4.11)

Where u(k) =
�
! m (k)
am (k)

�
, and w(k) =

2

6
6
4

! w(k)
aw(k)
! bw (k)
abw (k)

3

7
7
5 � N (0; Ts� IMU ) with:

� IMU =

2

6
6
4

� ! w 0 0 0
0 � aw 0 0
0 0 � b! 0
0 0 0 � ba

3

7
7
5 (4.12)

The output equation for this model with the measurements discussed in Sec. 4.1 can be
written as:

y (k) = h (X IMU (k); wmeas(k)) (4.13)

Where wmeas(k) =

2

4
Pw(k)
zw(k)

B gw (k)

3

5 � N (0; Ts� meas) with:

� meas =

2

4
� p 0 0
0 � 2

bar 0
0 0 � m

3

5 (4.14)

and the function h (X IMU (k); wmeas(k)) de�ned as:

h (X IMU (k); wmeas(k)) :=

2

4
yp(k)

ybar (k)
ym (k)

3

5 (4.15)

4.3 Error-State Extended Kalman Filter

A Kalman �lter in general is a recursive linear minimum mean square error estimator for
linear systems and it is the optimal estimator for linear systems. It is basically a linear
observer with a changing observer gain that is calculated at each time step to minimize
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the mean square error of the estimations. For nonlinear systems, there exist a number of
di�erent modi�cations for the Kalman �lter such as the Extended Kalman Filter (EKF)
and the Unscented Kalmand Filter (UKF) which have good performance depending on
the problem. However, these estimators are not optimal. The EKF or the UKF cannot
be applied directly for the estimation of the attitude when unit quaternions are involved.
The covariance matrix for the quaternion estimation error will become singular after a few
updates in the Kalman �lter due to the unit constraint of the quaternion. The general
n � n covariance matrix that the Kalman �lter is built on for a variable v 2 Rn� 1 with
mean v̂ is found as:

C = E
�
(v � v̂ )T (v � v̂ )

�
(4.16)

For the case of unit quaternions, the estimation error cannot be found simply by addition
as in (v � v̂ ) due to the fact that unit quaternion form a closed group under the quaternion
multiplication and not addition. Meaning that if one calculates the error between two unit
quaternions then the result is not necessary a unit quaternion. One way to deal with
this problem of unit quaternions and the Kalman �lter is to use the Error-State Extended
Kalman Filter (ESEKF). There are also other methods that involve the use of the UKF
such as the one in [22]. However, the UKF can be computationaly heavy for the quadcopter
than the EKF, and therefore, the ESEKF is chosen for this project.
The ESEKF works by estimating deviations (errors) from nominal states to the true values
of these states. Hence the name Error-State Extended Kalman �lter. To avoid confusion
with estimation error within this project, the error states will be called the deviation
states. The nominal states are typically large signals being integrable in a nonlinear fashion
without taking into account disturbances, noises, and perturbations. On the other hand,
the deviation states are small signals that are integrable in a linear fashion and represent
the disturbances, noises, and perturbations. At each iterationk+1 of the sample time,
the nominal state is set to be the true state from the previous iterationk. Therefore, the
deviation state for the step k is zero. Afterwards, ESEKF predicts the covarince matrix
of the error states at time step k+1 with linear functions (due to it being small signal)
that depends on the nominal state. After that, the ESEKF will correct the error states
and its covariance by using the measurement information. Finally, the error state will be
injected to the nominal state at time k+1 to represent the true estimate of the states and
the error state will be reset to zero again for the next iteration. The following two tables
summarize the variables that are going to be used in the ESEKF:

States True Nominal Deviation Composition

Full state X IMU t X IMU n X IMU @ X IMU t = X IMU n � X IMU @

Position PGt PGn PG@ PGt = PGn + PG@

Velocity VGt VGn VG@ VGt = VGn + VG@

Quaternion qGBt qGBn qGB@ qGBt = qGBn 
 qGB@

Rotation Matrix R GBt R GBn R GB@ R GBt = R GBn R GB@

Angle vector � @
qGB@ = e

� @
2

R GB@ = e[� @]�

Gyroscope bias ! bt ! bn ! b@ ! bt = ! bn + ! b@

Accelerometer bias abt abn ab@ abt = abn + ab@

Table 4.1: State variables for ESEKF
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Inputs True Measured Composition

Gyroscope ! B ! m ! B = ! m � ! bt

Accelerometer aG am aG = am � abt

Table 4.2: Input variables for ESEKF

Where the symbol � indicates a generic composition. The angle vector� @ 2 R3� 1

represents a rotation of an anglek� @k around the axis 1
k� @k � @. Note that the covariance

matrix of the estimation error for the attitude deviation can be made for the angle vector
deviation instead of a quaternion estimation error. This matrix is a 3 � 3 matrix which
coincides with the length of the angle vector and it will not su�er from singularity problems
since there are no constraints on the angle vector. The quaternion estimate can be
recovered easily from the angle vectors by its composition.
The model for the nominal states can then be found by removing the noise terms in (4.10)
to be:

X IMU n (k + 1) =

2

6
6
6
6
4

qGBn (k) 
 exp(Ts [! m (k) � ! bn (k)])

PGn (k) + TsVGn (k) + T 2
s
2 R GBn (k) (am (k) � abn (k))

VGn (k) + TsR GBn (k) (am (k) � abn (k))
! bn (k)
abn (k)

3

7
7
7
7
5

(4.17)

While the deviation state model can be obtained by neglecting the second order terms with
Taylor series approximation, which is valid since the deviation states are small signals, as
the following:

X IMU @(k + 1) :=

2

6
6
6
6
4

PG@(k + 1)
VG@(k + 1)
� @(k + 1)
ab@(k + 1)
! b@(k + 1)

3

7
7
7
7
5

= F IMU @X IMU @(k) + E IMU @w(k) (4.18)

Where:

F IMU @ =

2

6
6
6
6
4

I 3� 3 TsI 3� 3 03� 3 03� 3 03� 3

03� 3 I 3� 3 � TsR GBn (k)
�
am (k) � abn (k)

�
�

� TsR GBn (k) 03� 3

03� 3 03� 3 R f (! m (k) � ! bn (k)) Tsg 03� 3 TsI 3� 3

03� 3 03� 3 03� 3 I 3� 3 03� 3

03� 3 03� 3 03� 3 03� 3 I 3� 3

3

7
7
7
7
5

(4.19a)

E IMU @ =

2

6
6
6
6
4

03� 3 03� 3 03� 3 03� 3

I 3� 3 03� 3 03� 3 03� 3

03� 3 I 3� 3 03� 3 03� 3

03� 3 03� 3 I 3� 3 03� 3

03� 3 03� 3 03� 3 I 3� 3

3

7
7
7
7
5

(4.19b)

The derivation of the deviation state model is found at Appendix I. Note that this model
is linear with a state matrix that depends on the nominal states, and with additive noise
terms which is another advantage that comes from using ESEKF.
Consider an initial value for the nominal state X IMU n (0) = � 0 with an initial deviation
state X IMU @(0) � N (0; P (0)) which represents the uncertainty of the true state being
at � 0. The best estimate for the deviation state is found asX̂ IMU @(0j0) = 0 with the
notation X̂ IMU @(km jkn ) denoting the estimation at time step km � kn 2 Z given the
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measurements up to time stepkn . The goal of the ESEKF is to estimate the deviation
state with the given measurement and then injecting it to the nominal state to obtain an
estimate of the true state for each time step. It also obtains the mean square error of
the deviation state C(km jkn ) := cov

�
X IMU @(km ) � X̂ IMU @(km jkn )

�
. Having the nominal

state X̂ IMU n (kjk) with a deviation state X̂ IMU @(kjk) = 0 and a covariance matrixC(kjk),
the ESEKF will �rst use the linear model in (4.18) to predict for the time step k+1 as
following:

X̂ IMU @(k + 1 jk) = F IMU @X̂ IMU @(kjk) = 0 (4.20a)

C(k + 1 jk) = F IMU @C(kjk)F T
IMU @

+ E IMU @� IMU E T
IMU @

(4.20b)

Note that the prediction for the estimate of the deviation state will always be zero as
in (4.20a) since there is no measurement update yet. The covariance matrix, however,
will grow. For the measurement update, the measurement function in (4.15) is nonlinear.
Therefore, it is necessary to use a nonlinear version of the Kalman �lter here. The EKF
is used here and the jacobains for the measurement function can be found as following:

H @:=
@h IMU

@X IMU @

�
�
�
�
X̂ IMU n (kjk)

=
@h IMU

@X IMU t

�
�
�
�
X̂ IMU n (kjk)

@X IMU t

@X IMU @

�
�
�
�
X̂ IMU n (kjk)

(4.21a)

G@:=
@h IMU

@wmeas

�
�
�
�
X̂ IMU n (kjk)

(4.21b)

The jacobians are evaluated atX IMU n (kjk) sinceX̂ IMU @(k + 1 jk) = 0. The measurement
update step needs the measurement residual which is found as:

~y (k + 1 jk) = y (k + 1) � h
�

X̂ IMU n (kjk); 0
�

(4.22)

and the covariance of the residual:

S(k + 1 jk) = H @C(k + 1 jk)H T
@ + G@Ts� measGT

@ (4.23)

The Kalman gain for the update step can then be calculated as:

K g = H T
@C(k + 1 jk)S � 1(k + 1 jk) (4.24)

And the update step for the estimate of the deviation step is:

X̂ IMU @(k + 1 jk + 1) = K g ~y(k + 1 jk) (4.25)

As for the covariance matrix, it can be updated as following:

C(k + 1 jk + 1) = ( I 15� 15 � K gH @) C(k + 1 jk) ( I 15� 15 � K gH @)T

+ K gG@Ts� measGT
@K T

g (4.26)

The nominal state can now be updated with the compositions de�ned in Tab. 4.1:

X̂ IMU n (k + 1 jk + 1) = X̂ IMU n (kjk + 1) � X̂ IMU @(k + 1 jk + 1) (4.27)

and the deviation state can then be reset to zero:

X̂ IMU @(k + 1 jk + 1) = 0 (4.28)

With this, the nominal state will represent the estimation of the states of the quadcopter
at time k+1 while the covariance of the deviation state will represent the uncertainty of
that estimation.
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The algorithm for the ESEKF can be summarized as following:

Algorithm 1: IMU Driven Error-State Extended Kalman Filter
INPUT: y (k), X IMU n (0) = � 0; X IMU @ � N (0; C0), am (k); ! m (k)
OUTPUT: X̂ IMU n , and C during the operation of the quadcopter with a sample
time of Ts

-Set X̂ IMU @(0j0) = � 0

-Set C(0j0) = C0

-Set k = 0
while Operation do

-X̂ IMU @(k + 1 jk) = 0
-C(k + 1 jk) = F IMU @C(kjk)F T

IMU @
+ E IMU @� IMU E T

IMU @

-~y (k + 1 jk) = y (k + 1) � h
�

X̂ IMU n (kjk); 0
�

-H @= @h IMU
@X IMU t

�
�
�
�
X̂ IMU n (kjk)

@X IMU t
@X IMU @

�
�
�
�
X̂ IMU n (kjk)

-G@= @h IMU
@w meas

�
�
�
�
X̂ IMU n (kjk)

-S(k + 1 jk) = H @C(k + 1 jk)H T
@ + G@Ts� measGT

@
-K g = H T

@C(k + 1 jk)S � 1(k + 1 jk)
-X̂ IMU @(k + 1 jk + 1) = K g ~y(k + 1 jk)
-C(k + 1 jk + 1) =
(I 15� 15 � K gH @) C(k + 1 jk) ( I 15� 15 � K gH @)T + K gG@Ts� measGT

@K T
g

-X̂ IMU n (k + 1 jk + 1) = X̂ IMU n (kjk + 1) � X̂ IMU @(k + 1 jk + 1)
-X̂ IMU @(k + 1 jk + 1) = 0
-k = k + 1

end

4.4 Simulation Results

The ESEKF is simulated with the position and attitude sliding mode controllers for the
same helical trajectory and model uncertainties in Sec. 3.5.2. The covariance matrices
for the Crazy�ie's measurements are chosen as determined in Appendix K. As for the
covariance matrix of the position measurements, it is chosen to be the covariance matrix
determined in Appendix M.3. To test the Kalman �lter in the simulation, the biases are
chosen to be changing as following:

! b (k) = diag(1; 1:5; 2) sin (0:01kTs) (4.29a)

ab (k) = diag(1; 1:5; 2) cos (0:01kTs) (4.29b)

This choice is arbitrary and it is only for testing purposes. The covariance matrices for
the biases are chosen as following:

� ba = 0 :001I 3� 3 (4.30a)

� b! = 0 :001I 3� 3 (4.30b)

The values for the covariance matrices are chosen to be small to match the slowly changed
biases. The following �gure shows the results for the estimation of the quaternion:
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Figure 4.1: Error-State Extended Kalman Filter for Quaternion Estimation

The �gure shows how the Kalman �lter managed to estimate the quaternions su�ciently
enough for the controller.
As for the position, the following �gure shows the results:

Figure 4.2: Error-State Extended Kalman Filter for Postion Estimation

The results shows that the Kalman �lter estimations for the position are su�cient enough
for the sliding mode controller to work properly.
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Implementation 5
In this chapter, the position sliding mode controller is implemented on the Crazy�ie 2.0.
The drone will use its own PID controller for the attitude control and its own Kalman �lter
for the attitude estimation. The attitude controller with the ESEKF are not considered
for implementation due to time limitations in the project.

5.1 Experiment Setup

The Crazy�ie 2.0 is going to be used for this project. The code for the position SMC
with a Kalman �lter for position estimation will be implemented in Matlab. Matlab
is communicating using ZeroMQ with a python server that is communicating with the
Crazy�ie 2.0 using the Crazyradio which is a radio USB dongle. The Crazyradio can
provide 2Mbps, 1Mbps, and 250Kps communication data-rate and sends and receives data
packets of up to 32 bytes. The rate at which the Python server communicates with the
Crazy�ie through the Crazyradio is 100Hz. The following is a picture of the Crazy�ie 2.0
drone with the Crazyradio dongle:

Figure 5.1: A picture of the Crazy�ie 2.0 with the Crazyradio

Check Appendix L for a set of functions that are developed in this project for
communicating with the Crazy�ie from Matlab. As for the position measurements,
Matlab will communicate with the Optitrack system that provides position and attitude
measurements of the drone. Details on the Optitrack system and how to connect it with
Matlab are provided in Appendix M. The following chart summarizes the experiment setup:
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Figure 5.2: A chart summarizing the experiment setup

The drone can accept desired roll, pitch, yaw, and thrust commands. The attitude PID
controller in the drone takes care for the desired roll, pitch, and yaw angles. As for the
thrust, the drone accept values from 0 to 60000 which can be thought of as the duty cycle
for the PWM signal from the battery voltage. Therefore, when a user sends for example
60000 desired thrust, the drone will apply3:7 V if the battery is fully charged and will
apply 2:5 V if the battery's voltage is 2:5 V. This will give di�erent values for the thrust.
The SMC should be robust to these changes as they can be translated into di�erent values
of lift coe�cient.
The following �gure shows a relationship obtained by [1] between the thrust in grams and
the duty cycle of the PWM signal (0 to 255 bits):

Figure 5.3: Thrust [g] Vs. The duty cycle in the PWM from 0-255 bits [1]

The �tted polynomial is given as following:

Tth = 0 :409� 10� 4PWM 2 � 140:5 � 10� 3PWM � 0:099: (5.1)

The controller calculates the thrust in newtons. The thrust value is then expressed in
grams and substituted in (5.1) in order to solve it for a PWM value between 0 and 255
bits. Afterwards, the value is multiplied by a factor of 60000

255 to map it between 0 and 60000
and send it to the Crazy�ie.
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5.2 Estimation

A Kalman �lter for position and velocity estimations from the Optitrack measurement is
developed. The Kalman �lter also tries to estimate the biases in the Gyroscope's readings
depending on the position measurement to try to compensate for them. Having biases in
the gyroscope's readings will introduce drift in the attitude estimation from the Crazy�ie's
Kalman �lter. These drifts can be dealt with by the integral action of the sliding mode
controller. However, this will produce a steady state error. Therefore, it is desired to try to
at least minimize this e�ect while �ying the drone. The model that is used for the Kalman
�lter for position estimation for the experiment is an Euler-angles based linearized model.
The reason for chosing a simple linearized model is because the aim of this chapter is to
test the position sliding mode controller only, and therefore, it is better to consider simple
algorithms with the sliding mode to avoid confusing problems from other algorithms with
the sliding mode position controller. For a small yaw � 0, the model for the Crazy�ie
2.0 can be written as:

x G(k + 1) = x G(k) + TsvxG (k) +
T2

s

2
g(� r (k) + � b(k))

yG(k + 1) = yG(k) + TsvyG (k) +
T2

s

2
g(� r (k) + � b(k))

zG(k + 1) = zG(k) + TsvzG (k) +
T2

s g
2m

Tth �
T2

s

2
g

vxG (k + 1) = vxG (k) + Tsg(� r (k) + � b(k)) + wx (k)

vyG (k + 1) = vyG (k) + Tsg(� r (k) + � b(k)) + wy(k)

vzG (k + 1) = vzG (k) +
Ts

2m
Tth (k) � Tsg + wz(k)

� b(k + 1) = � b(k) + Ts! xb(k)

� b(k + 1) = � b(k) + Ts! yb(k)

 b(k + 1) =  b(k) + Ts! zb(k)

! xb(k + 1) = ! xb(k) + w! bx
(k)

! yb(k + 1) = ! yb(k) + w! by
(k)

! zb(k + 1) = ! zb(k) + w! bz
(k)

(5.2)

Where � r ; � r ; and  r are the desired roll, pitch, and yaw commands respectively,
� b; � b; and  b are the drift values in the roll, pitch, and yaw respectively, ! xb ; ! yb ; and ! zb

are the biases in the gyroscope's measurements,w! x ; w! y ; and w! z are white Gaussian
processes as process noise for the position estimation, andw! x ; w! y ; and w! z are white
Gaussian processes as process noise for the biases estimation just like the ones in Sec. 4.3.
The model can be written as:

X kf (k + 1) = A kf X kf (k) + B kf u kf (k) + E kf wkf (k) (5.3)

Where X kf =
h
X T

pG
� b � b  b ! xb ! yb ! zb

i T
, u kf = [ � r � r Tth g]T , and wkf =

�
w! x w! y w! z ! xb ! yb ! zb

� T � N (0; � kf ).
The measurement equation is written as following:

ykf (k) = Ckf X kf (k) + � (k) =
�
P T

G (k)  b(k)
� T

+ � (k) (5.4)

Where � (k) � N (0; R kf ) is the measurement noise. The bias in the yaw can be measured
from the Optitrack since the desired yaw is zero. The algorithm for the typical Kalman
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�lter is summarized as following:

Algorithm 2: Kalman Filter Algorithm for Position, Velocity, and Biases estimations
INPUT: ykf (k), X kf (0) � N (� kf 0 ; Ckf 0 )
OUTPUT: X̂ kf during the operation of the quadcopter with a sample timeTs

-Set X̂ kf (0j0) = � es0

-Set Ckf (0j0) = C0kf

-Set k = 0
while Operation do

-X̂ kf (k + 1 jk) = A kf X kf (k) + B kf u kf (k)
-Ces(k + 1 jk) = A kf Ckf (kjk)A T

kf + E kf � kf E T
kf

-~ykf (k + 1 jk) = ykf (k + 1) � H kf X kf (k + 1 jk)
-Skf (k + 1 jk) = H kf Ckf (k + 1 jk)H T

kf + R kf

-K gain = H T
kf Ckf (k + 1 jk)S � 1

kf (k + 1 jk)
-Ckf (k + 1 jk + 1) =
(I 12� 12 � K gain H kf ) Ckf (k + 1 jk) ( I 12� 12 � K gain H kf )T + K gain R kf K T

gain
-k = k + 1

end

Where � es0 is an initial mean for the estimations, Ckf 0 is an initial uncertainty in the
estimation, and Ckf (kjk) is the covariance matrix of the estimation error at time stepk
based on the measurements up to timek.

5.3 Test Results

The position SMC is tested for a constant desired value ofPG = [0 0 0:3]T [m] in the global
frame. The controller's parameters are tuned to be:

� p =

2

4
0:1 0 0
0 0:1 0
0 0 0:2

3

5 (5.5a)

� I =

2

4
0:6 0 0
0 0:6 0
0 0 10� 5

3

5 (5.5b)

� p0 =

2

4
10 0 0
0 10 0
0 0 30

3

5 (5.5c)

� p =

2

4
0:01 0 0

0 0:01 0
0 0 1

3

5 (5.5d)
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The following are the results when the Kalman �lter described in Sec. 5.2 is implemented:

Figure 5.4: z� axis control using the position sliding mode controller with the a Kalman
�lter that compensates for the drift in the drone's attitude estimation

The controller manages to stabilize the altitude of the drone. However, the controller
have a stead-state error although integral sliding mode is used here. This could be due to
imperfections in the model, the way the thrust command is converted to PWM duty cycles,
inaccuracy of the applied desired thrust from the drone due to inaccuracies in the rotors,
problems with the propellers, or how the battery voltage a�ect the applied thrust. As the
for the motion of the drone in the xy� plane, the controller did not manage to stabilize
the drone. The following �gures shows the test results for both thex and y components
of the drone's position:

Figure 5.5: x� axis control using the position sliding mode controller with the a Kalman
�lter that compensates for the drift in the drone's attitude estimation
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Figure 5.6: y� axis control using the position sliding mode controller with the a Kalman
�lter that compensates for the drift in the drone's attitude estimation

The drone drifts in the xy� plane. This could be a problem from the sliding mode controller,
or a problem from the Kalman �lter algorithm. If the Kalman �lter is not estimating the
the biases in the gyroscope correctly, then one expect the drone to only have a steady-state
error and not to drift to in�nity since the sliding mode controller has an integral action.
Nevertheless, this could be causing the drone to drift in someway. To check whether the
problem is from the SMC or not, an integral LQR controller has been designed and tested
on the drone. Check Appendix F.1 for details on the design of LQR controllers. The
following are the test results:

Figure 5.7: z� axis control using the position integral LQR controller with the a Kalman
�lter that compensates for the drift in the drone's attitude estimation
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Figure 5.8: x� axis control using the position integral LQR controller with the a Kalman
�lter that compensates for the drift in the drone's attitude estimation

Figure 5.9: y� axis control using the position integral LQR controller with the a Kalman
�lter that compensates for the drift in the drone's attitude estimation

The LQR managed to stabilize thez axis but failed for the x and y axes. Therefore, the
problem could be caused by something else other than the controller. Another test was
also carried out when direct quaternion measurements of the drone are obtained from the
Optitrack and used to compensate for the drift in the roll, pitch, and yaw. Still with this
method, the drone is drifting on the x and y axis as the following results shows:
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Figure 5.10: z� axis control using the position sliding mode controller with the use of the
Optitrack's attitude measurements directly to compensate for the drift in the drone's roll,
pitch, and yaw

Figure 5.11: x� axis control using the position sliding mode controller with the use of the
Optitrack's attitude measurements directly to compensate for the drift in the drone's roll,
pitch, and yaw
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Figure 5.12: y� axis control using the position sliding mode controller with the use of the
Optitrack's attitude measurements directly to compensate for the drift in the drone's roll,
pitch, and yaw

Moreover, di�erent Crazy�ies were tried and they all had the same problem. This
problem could still be due to the control algorithm, inaccurate compensation in the
drift of the drone's attitude, problems with the Kalman �lter, problems with the drones'
hardware, or problems with the way the drone is being controlled and communicated with.
Unfortunately, due to time limitation, further investigation could not be carried out to
solve the problem. However, it is de�nitely a top priority to �nd the problem and solve it
in future work.

5.4 Robustness Analysis

A simple robustness test has been carried out on the drone to test the robustness of the
position sliding mode controller and the LQR controller. The test is to attach a weight of 3
grams to the drone, �y it with a low battery level of 2:5 [V], and then compare the results
with the case of no attached weights and almost fully charged battery. The robustness will
be judged on how close the results are to each other without retuning the controller. Only
the z� axis results will be shown and discussed here since the position in thexy plane of
the drone is drifting. The following are the results for the SMC and LQR controllers:
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(a) Position Sliding Mode Controller

(b) LQR Controller

Figure 5.13: Robustness analysis for the SMC and the LQR controller. A case of a 4 grams
weight is attached with the drone with a low battery level of 2:5 [V] is compared with a
case in which the weight was not attached and the battery is almost fully charged. The
results are obtained without retuning the controllers. The SMC shows more robustness
against weight changes and low battery levels

It can be seen from the �gures that the sliding mode controller is more robust against
weight changes and battery levels. The following table shows the error between the time
response characteristics for both controllers:

Di�erences Overshoot Rise time Steady-state error
SMC 6% 0.34 [s] 0.01 [m]
LQR 56% 6.14 [s] 0.03 [m]

Table 5.1: Comparison between the di�erences between di�erent time response
characteristics for the SMC and the LQR controller

The di�erences between the time response characteristics of the added weight low battery
level case and the the nominal case with the SMC are small when compared with the LQR
controller.
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Path Planning 6
Drones �ying in a city for various reasons should avoid collisions with any obstacle in the
city including other drones while preforming their tasks. given a goal for the drone and a
map of the city, the drone can �nd an optimal path using di�erent types of path planning
algorithms such as A* or RRT* [21]. However, the environment around the drone in a
city is dynamic, meaning that objects with di�erent sizes and dimensions might appear
or disappear along the path that is generated by the RRT* or A* algorithm. In addition,
the drone must avoid collision with other drones that are moving through the city to their
own goals. Moreover, drones collaborating together to achieve a single task might need
to change their local goals multiple times during operation while satisfying constraints
and avoiding collision. This can be solved by augmenting a Model Predictive Controller
(MPC) problem with an RRT* as the one done in [32]. Or developing a nonlinear MPC
that takes the trajectory that was generated before �ight by a global planner algorithm to
compute control commands that account for obstacles and constraints [3] [20]. The problem
with the �rst approach is that it is computationally heavy. Moreover, both approaches
do not consider robustness against parameter uncertainties. In this project, the problem
of path planning is decomposed hierarchically to a global planner, a local planner as
a linear MPC, and a sliding mode position controller. The linear MPC local planner
takes a desired trajectory from the global planner algorithm that computes it before �ight
depending on a goal and a start point. The linear MPC then computes desired velocity and
position commands to the position sliding mode controller that was developed in Sec. 3.4
during �ight to account for varying obstacles and constraints. In this way, the algorithm
can handle parameter uncertainties while having less computation time than the other
mentioned methods. The following �owchart summarizes the control structure:

Figure 6.1: Summary of the path planning control structure
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This approach is also more suitable for multi-agent cooperative drones since the drones in
cooperation scenarios might change their local goals more frequently, and therefore, they
require local planning. Although combining the local planner with the position controller
gives better performance and more accurate results, separating the MPC local planner
from the position controller allows the MPC to use a basic linear model which makes it
computationally faster. More importantly, the sliding mode controller can take care of
the model uncertainties and disturbances which makes the overall algorithm more robust.
Nonlinear robust MPC solutions exist but they can be complicated and require much more
computational power [33]. The focus in this chapter is on the MPC local planner.

6.1 MPC Path Planning

Model predictive control can be used as a local planner with the trajectories that are
provided from the global planner. The MPC will generate position and velocity commands
to the sliding mode position controller to try to follow the global desired trajectory while
satisfying constraints and avoiding obstacles. The main bene�t of this method is that the
MPC calculates the optimal path at each speci�c time step. Therefore, it is suitable for a
dynamic environment where obstacles and goals change since the MPC update the planned
path at each time step depending on the environment and the drone.
Since the MPC's goal is to sepcify desired velocity and position commands to the sliding
mode position controller, it is possible to consider a simple linear model for the MPC
written as folloiwng:

_X p =
�
03� 3 I 3� 3

03� 3 � � c

�
X p +

�
03� 3

� c

�
u (6.1)

Where � c 2 S3
� 0 are parameters that represent the reciprocal of time constants to

approximately model the dynamics of the sliding mode controllers. An initial guess for
these parameter can be chosen from the response of the quadcopter with the sliding mode
controllers under nominal conditions in simulation. After that, these parameters can be
estimated online which is discussed in Sec. 6.1.1. The suggested simpli�ed model is linear
which avoids the use of nonlinear MPC that is computationally heavy and di�cult to solve.
The linear model can be discretized with a sample timeTs using zero order hold to have:

X p(k + 1) = A dX p(k) + B du(k) (6.2)

Where:

A d =
�

I 3� 3 � � 1
c (I 3� 3 � e� � cTs )

03� 3 e� � cTs

�
(6.3a)

B d =
�
� � 1

c (e� � cTs + Ts� c � I 3� 3)
I 3� 3 � e� � cTs

�
(6.3b)

This model can also be written such that � u (k) = u(k) � u (k � 1) is an input to the
model by augmentingu(k � 1) with the other state X p to have:

�
X p(k + 1)

u (k)

�
= X pa (k + 1) = A da X pa (k) + B da � u (k) (6.4)

Where:

A da =
�

A d B d

06� 6 I 3� 3

�
(6.5a)

B da =
�

B d

I 3� 3

�
(6.5b)
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The MPC now will give desired acceleration commands which counts as an integration
e�ect on the velocity commands. This makes the system more robust against constant
disturbances and provide paths that ensure more smooth movement of the drone.

Consider now a desired trajectory for the drone to follow de�ned as a function of time
� d : R� 0 ! D � R6.
For the case of no obstacles, the MPC will solve the following optimization problem at
each time stepTs:

min
� U

J (� U)

subject to

X pa (k + i jk) = A da X pa (k + i � 1jk) + B da � u (k + j � 1jk)

� u min � � u (k + j jk) � � u max

u min � u (k + j jk) � u max

Vmin � Vmin (k + i jk) � Vmax

(6.6)

Where i 2 f 0; 1; � � � ; Hpg; j 2 f 0; 1; � � � ; Hu � 1g, Qs 2 S9� 9
> 0 is a weighting matrix for

following the desired trajectory, R � 2 S3� 3
� 0 is a weighting matrix for the acceleration

commands,� U = [ � u (kjk); � u (k + 1 jk); � � � ; � u (k + Hu � 1jk)], and the cost function
is de�ned as:

J (� U) =
H pX

i =0

��
� d(k + i jk)

03� 1

�
� X pa (k + i jk)

� T

Qs

��
� d(k + i jk)

03� 1

�
� X pa (k + i jk)

�

+
H u � 1X

i =0

� u T (k + i jk)R � � u (k + i jk)

(6.7)

This is a quadratic programming problem (QP) and it has a global minimum.

6.1.1 Estimating the Time Constants

The time constant parameters in the model in (6.4) can be estimated using a variety of
online estimation algorithms. A simple way to estimate these parameters at each sample
time is to use a simple Kalman �lter algorithm. The parameters � cv = [ � x ; � y ; � z] in
� c = diag(� x ; � y ; � z) are the reciprocal of the time constants and can be assumed to
change according to the following random walk model:

� cv (k + 1) = � cv (k) + w � (k); w � (k) � N (0; Ts� � ) (6.8)

The covariance matrix � � represents how much the parameters are changing with time.
With this, an Extended Kalman �lter algorithm can be used by augmenting the model in

(6.4) with the assumed model of the parameters in (6.8)
�
X p(k)
� c(k)

�
:= X es(k) to have:

X es(k + 1) =
�
A d(� cv ) 03� 3

03� 3 I 3� 3

�
X es(k) +

�
B d(� cv )

03� 3

�
u (k) +

�
B d(� cv ) 03� 3

03� 6 I 3� 3

�
wes(k)

(6.9a)

yes(k) = H esX es(k) + wmes (k) (6.9b)

Where wes(k) � N (0; � es) with:

� es =
�
� pe 0
0 � �

�
(6.10)
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In which � pe is a covariance matrix for the process noises that are considered as uncertainty
and disturbances in the applied acceleration. As for the measurement matrixH es and
the measurement noisewmes (k) in this model, two choices can be taken. One can use
the estimations from the IMU driven Kalman �lter such as the one described in 4.3 as
measurement to this model with the measurement noise being the uncertainty of the
estimations, i.e. R es is equal to the covarience matrix of the estimation error for the
IMU driven Kalman Filter and the measurement matrix H es will be de�ned as:

H es =
�

I 6� 6

03� 3

�
(6.11)

Another option is to directly use the actual relevant measurements the drone have, such
as position measurement. In either of the cases, the estimates obtained for the position
and velocities from this Kalman �lter with the model (6.9a) are not going to be better
than the estimates obtained from the IMU driven Kalman �lter since the latter has a more
accurate model and uses more measurements. Only the estimates of the time constants
will be used in the MPC.
Writing the model in (6.9a) as X es(k + 1) = f es(X es(k); u (k); wes(k)) , the algorithm
for the EKF to estimate the time constant parameters is summarized as following:

Algorithm 3: EKF for time constants estimations
INPUT: yes(k), X es(0) � N (� es0 ; Ces0 )
OUTPUT: X̂ es during the operation of the quadcopter with a sample timeTs

-Set X̂ es(0j0) = � es0

-Set Ces(0j0) = C0es

-Set k = 0
while Operation do

-X̂ es(k + 1 jk) = f es

�
X̂ es(kjk); u (k); 0

�

-Fes = @f es
@X es

�
�
�
�
X̂ es (k+1 jk);u (k)

-E es = @f es
@w es

�
�
�
�
X̂ es (k+1 jk);u (k)

-Ces(k + 1 jk) = FesCes(kjk)F T
es + E esTs� esE T

es
-~yes(k + 1 jk) = yes(k + 1) � H esX es(k + 1 jk)
-Ses(k + 1 jk) = H esCes(k + 1 jk)H T

es + R es

-K gain = H T
esCes(k + 1 jk)S � 1

es (k + 1 jk)
-Ces(k + 1 jk + 1) =
(I 9� 9 � K gain H es) Ces(k + 1 jk) ( I 9� 9 � K gain H es)

T + K gain R esK T
gain

-k = k + 1
end

Where � es0 is the initial guess of the states and the time constant parameters,Ces0 repre-

sents the initial uncertainty in the guess, andCes(km jkn ) := cov
�

X es(km ) � X̂ es(km jkn )
�

.

6.1.2 Including Obstacle Avoidance

Obstacles for the drone can be characterized into two main types. The �rst type of obstacles
is an agent obstacle. Obstacles from this type can share their state estimations together
with the uncertainties in these estimations with each other. On the other hand, Non-
agent obstacles do not share information with the drone. Still, the drone can estimate
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their position and dimensions with some uncertainty. Each type of obstacles can be dealt
with di�erently than the other. In general, all obstacles can be modelled as ellipsoids.
This is bene�cial for multiple reasons. First and foremost, describing complex shapes
with polyhedrals often requires a lot of planar faces and edges compared to a center and
lengths of three principle axes of a minimum-volume enclosing ellipsoid to the object
which can be found for convex objects or for the convex hull of a speci�c set of points
(Check appendix J for an overview of a simple algorithm). Moreover, the state information
about the obstacles and the drone itself are estimations with uncertainties approximated as
Gaussian distributions. This can be taken into account by having the position estimates as
the center of the ellipsoids and the eigenvalues of the covariance matrix as the axes' lengths
for these ellipsoids. Therefore, if the estimate for the position of an obstacle have high
uncertainty, then the dimensions of the ellipsoid enclosing the object will be dominated by
the covariance matrix more than the actual dimensions of the object. In addition, checking
if a point lies outside an ellipsoid can easily be done by checking the following:

(P � Po)T M G(P � Po) � 1 � 0 (6.12)

Where Po is the position of the ellipsoid's center in the global frame and the matrixM G is
the matrix M O = diag(r � 2

x ; r � 2
y ; r � 2

z ) specifying the dimensions of the ellipsoid with half
of principle axes lengthsr � 2

x ; r � 2
y ; and r � 2

z rotated to the global frame as:

M G = R T
GOM OR GO (6.13)

It is easier, however, for each drone to model itself by a sphere with a center represented
by its own position estimate and a radius determined by the following equation:

rd(k) = ( l + 3 � d(k)) (6.14)

Where � d(k) is the square-root of maximum eigenvalue of the estimation covariance matrix
for the position at time step k. The reason for this is that checking the intersection between
a sphere and an ellipsoid can easily be modi�ed to be as checking if a point lies outside or
inside an ellipsoid as in (6.25) by just summing uprd(t) to the half lengths of the ellipsoid's
principle axes. On the other hand, checking the intersection between two ellipsoids cannot
be reduced to a condition like the one in (6.25).

6.1.2.1 Agent Obstacles

As mentioned previously, agent obstacles exchange position and velocity estimates with
their uncertainties between each other. Therefore, it will be best for the MPC algorithm
to use these information as much as it can. To help avoid collision between the agents, the
following cost Jc� can be added to the original cost function in (6.7) for thei th agent as:

Jca (D moa
(k)) =

H pX

i =0

NO aX

oa =1

Qcoa

1 + exp
�

� oa

�
dmoa

(k + i jk) � roth
a

(k + i jk)
�� (6.15)

Where NOa is the total number of agents communicating with the drone,dmoa
(k + i jk) =

kPm (k + i jk) � Poa (k + i jk)k2 is the euclidean distance between agentm and agentoa at
time step k + i , D moa

(k) =
�
dmoa

(kjk); � � � ; dmoa
(k + Hpjk)

�
, Qcoa

is a tuning weight, � oa

is a parameter that determines the smoothness of the cost function, androth
a

is a threshold
distance for each agent de�ned as following:

roth
a

(k + i jk) = sf cost (loa + 3 � oa (k + i jk) + rd(k + i jk)) (6.16)
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Where sf cost is a safety factor andloa is the maximum length of the agent from its center
of mass. For the crazy�ies, this is half of the arm length. The cost function for collision
avoidance is a potential �eld. The following �gure shows the potential �eld for di�erent
values of smoothness parameter� :

Figure 6.2: Collision avoidance cost function for agents with di�erent values of smoothness
parameter �

Moreover, the agents can be also included as constraints in the optimization problem as
following:

d2
moa

(k + i jk) � r 2
omin

a
(k + i jk) > 0; 8oa = f 1; � � � ; NOa g; 8i 2 f 1; � � � ; Hpg (6.17)

Where romin
a

is de�ned as:

romin
a

(k + i jk) = sf con (loa + 3 � oa (k + i jk) + rd(k + i jk)) (6.18)

With sf con < s f cost being a safety factor. These constraints are quadratic constraints in
the position states and can be rewritten as:

� oa (Pm (k); Poa (k)) = ( Pm (k) � Poa )T r � 2
omin

a
I 3� 3 (Pm (k) � Poa ) � 1 > 0 (6.19)

Note that romin
a

(k + i jk) < r oth
a

(k + i jk). This is to ensure that these constraints will only
be activated when the cost functionJc cannot keep the distance between the agents above
romin

a
which is strictly lower than roth

a
.
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The following �gure shows the concept:

Figure 6.3: The concept of collision avoidance between agents. The cost function has a
threshold distance that is greater than the minimum distance for the constraint. These
distances evolve with time according to the uncertainties of the agents' estimates.

The reason for having both a cost function and constraints for collision avoidance is
that this will ensure more smooth collision avoidance and reduce the times in which the
constraints are active in the MPC optimization problem.
Finally, in order to use the collision avoidance function in (6.15) and the collision avoidance
constraints between the agents in (6.19) for the entire prediction horizon, the states of the
agents and their uncertainty has to be predicted. Moreover, the uncertainty of the drone
itself should also be propagated through the prediction horizon. The position states for
the other agents are propagated with a simple model that assumes the agents will have
constant velocity equal to the one they communicated before solving the MPC problem.
The simple model will be then:

X poa
(k+ i jk) =

�
I 3� 3 TsI 3� 3

03� 3 I 3� 3

�

| {z }
A agent

X poa
(kjk); 8oa 2 f 1; ��� ; NOa g; 8i 2 f 1; ��� ; Hpg (6.20)

The covariance matrix of the estimation error will also be predicted using the following:

Coa (k + i jk) = A agentCoa (kjk)A T
agent ; 8oa 2 f 1; � � � ; NOa g; 8i 2 f 1; � � � ; Hpg (6.21)

As for the self-uncertainty for each agent, it will be predicted using the jacobian matrix
Fes that was de�ned in 3 as:

Ces(k + i jk) = FesCes(kjk)F T
es; 8i 2 f 1; � � � ; Hpg (6.22)

Note that modelling the agents as spheres simpli�ed the MPC problem and avoided
the inclusion of nonlinear equations. This is because if the agents are to be modelled
as ellipsoids, it is necessary that they communicate between each other the orientation
information as quaternions or rotation matrices with their uncertainty. However, this will
require nonlinear prediction equations for the quaternions or the rotation matrices.
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6.1.2.2 Non-Agent Obstacles

As mentioned before, these obstacles do not share information with the drone. If the drone
is able to estimate their position and velocity if they are moving with some uncertainty,
then these obstacles can be treated as agents. However, if the drone can only estimate the
position of these obstacles with some uncertainty or if these obstacles are not moving, then
it is possible to model these obstacles as ellipsoids since the position with the orientation of
the obstacle will remain constant with their uncertainty throughout the prediction horizon,
and therefore, there is no need for nonlinear prediction equations for the orientation.
Nevertheless, if the obstacle is non-stationary but the drone cannot estimate its velocity,
then the MPC assumption for the obstacle of having zero velocity during prediction will
cause problems if the obstacles are moving really fast compared to the sampling rate of
the MPC. Still, it is rare in a city to �nd objects that move with extremely high velocities
compared to the sampling rate of the drone's MPC.
For the case of ellipsoidal obstacles, the collision avoidance cost function can be de�ned
as:

Jco (P m (k)) =
H pX

i =0

NO eX

oe=1

Qcoe

1 + exp
�

� oe

�
(Pm (k + i jk) � Poe )T M Gth

oe
(Pm (k + i jk) � Poe ) � 1

��

(6.23)

Where Noe is the total number of non-agent ellipsoidal obstacles detected by the drone,
the matrix M Goe

is the matrix M O th
oe

= diag(r � 2
x th

oe
; r � 2

yth
oe

; r � 2
zth

oe
) expressed in the global frame,

P m (k) = [ Pm (kjk); � � � ; Pm (k + Hpjk)], Qcoe
is a tuning parameter, and� oe is a parameter

that determines the smoothness of the cost function. The diagonal elements of the matrix
M Ooe

are found as following:

r x th
oe

(k + i jk) = sf cost (rd(k + i jk) + r xo + 3 � oe
x (k + i jk)) (6.24a)

r yth
oe

(k + i jk) = sf cost

�
rd(k + i jk) + r yo + 3 � oe

y (k + i jk)
�

(6.24b)

r zth
oe

(k + i jk) = sf cost (rd(k + i jk) + r zo + 3 � oe
z (k + i jk)) (6.24c)

Where r xo ; r yo and, r zo are the half lengths of the ellipsoid's axes, and� oe
x ; � oe

y , and � oe
z

are the eigenvalues of the covariance matrix for the estimation of the obstacle's center.
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The following �gure shows the cost function for a planner case (an ellipse) with a value of
� = 6 :

Figure 6.4: Collision avoidance cost function for a planner case with a threshold ellipse.

Moreover, the non-agent ellipsoidal obstacles are also included as constraints in the
optimization problem as:

 oe (Pm (k)) = ( Pm (k) � Poe )T M Gmin
oe

(Pm (k) � Poe ) � 1 > 0; 8oe 2 f 1; � � � ; NOe g (6.25)

Where M Gmin
oe

is the matrix M Omin
oe

= diag(r � 2
xmin

oe
; r � 2

ymin
oe

; r � 2
zmin

oe
) expressed in the global

frame. The diagonal elements of the matrixM Omin
oe

are found as following:

r xmin
oe

= sf cons (rd(k) + r xo + 3 � oe
x ) (6.26a)

r ymin
oe

= sf cons

�
rd(k) + r yo + 3 � oe

y

�
(6.26b)

r zmin
oe

= sf cons (rd(k) + r zo + 3 � oe
z ) (6.26c)

Where sf cons < s f cost is a safety margin. These constraints will be activated only when the
potential �eld in (6.23) fails to keep the drone away from the minimum distances.
In addition to ellipsoidal obstacles, planar obstacles such as the ground, a limit on the
height the drone can �y, or a limited region that the drone cannot �y within can be
included as planar constraints as following:

� op (Pm (k)) = n̂ o(Pm (k) � Pop ) � 1 > 0; op 2 f 1; � � � ; Nop g (6.27)

Where Nop is the number of detected planar obstacles,̂n o is the normal vector of the plane
obstacle, andPop is a point on it.
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6.1.2.3 De�ning the Optimization Problem

Consider now that the drone detects and/or knows the position and dimensions ofNOe

stationary ellipsoidal obstacles, NOp planar obstacles, and with NOa agents then the
optimization problem in (6.6) becomes:

min
� U

Jt (� U) = J (� U) + Jca (D moa (k)) + Jco (P m (k))

subject to

X pa (k + i jk) = A da X pa (k + i � 1jk) + B da � u (k + j � 1jk)

� u min � � u (k + j jk) � � u max

u min � u (k + j jk) � u max

Vmin � V (k + i jk) � Vmax

� oa (Pm (k + i jk); Poa (k + i jk)) � 1 � 0

 oe (Pm (k + i jk)) � 1 � 0

� op (Pm (k + i jk)) � 1 � 0

(6.28)

With oe 2 f 1; � � � ; NOe g, op 2 f 1; � � � ; NOp g, oa 2 f 1; �; �; �; NOa g, i 2 f 1; �; �; �; Hpg, and
j 2 f 1; �; �; �; Hug.
One problem with the MPC method described in this section is when the MPC predictions
"skips" the obstacles as in Fig. 6.5. This problem happens when prediction points in the
MPC path do not lie within the obstacle' constraint due to the distance between each
successive two points being large enough that it can skip the constraint. This will lead to
solutions that are mathematically feasible but practically infeasible. Lowering the sampling
time to a very small value such that the distance between each two successive points on
the MPC path is lower than the minimum characteristic length of the obstacles is di�cult
because the drone has computation power limitation and a speci�c sampling frequency for
the information that it takes from the environment surrounding it. One way to deal with
this problem is to solve the MPC problem at the original, and usually relatively large,
sample time while using a model with a smaller sampling time to predict between each
successive points on the path and use these predictions only for the obstacle constraints.

Original discretization
Interpolated discretization
Infeasible solutions

Figure 6.5: MPC predictions with interpolated predictions

This way, it is possible to avoid smaller obstacles without having to increase the sampling
rate for the MPC itself.
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6.1.3 Dealing with Infeasible Solutions

A drone �ying through a dynamic environment can sometimes run into situations where
colliding with an obstacle is inevitable. Similar to how even human driven vehicles can
run into the same situation. In that case, the optimization algorithm will be infeasible.
One way to deal with this problem is to soften the constraints of the collision avoidance in
the original problem to have at least a less damaging collision. To soften the constraints,
slack variabless� , s� , and s� can be de�ned for the agents, non-agents, and the planar
constraints respectively. The constraints will be de�ned as following:

� oa (Pm (k + i jk); Poa (k + i jk)) + s� (k + i jk) � 1 � 0 (6.29a)

 oe (Pm (k + i jk)) + s (k + i jk) � 1 � 0 (6.29b)

� op (Pm (k + i jk)) + s� (k + i jk) � 1 � 0 (6.29c)

With the cost function modi�ed as:

Jts (� U; S  ; S � ; ) = Jt (� U)+
H pX

i =0

Q� s2
� (k + i jk)+

H pX

i =0

Q s2
 (k + i jk)+

H pX

i =0

Q� s2
� (k + i jk)

(6.30)

Where S � (k) = [ s� (kjk); � � � ; s� (k + Hpjk)]T ,S  (k) = [ s (kjk); � � � ; s (k + Hpjk)]T ,
S � (k) = [ s� (kjk); ��� ; s� (k+ Hpjk)]T , Q� is the penalty for violating the agents' constraints,
Q is the penalty for violating non-agent ellipsoidal constraints, andQ� is the penalty for
violating non-agent planar constraints. Note that the original hard constrained problem
is obtained back again ifQ� , Q ; and Q� have in�nite values. On the other hand, the
constraints are completely removed ifQ� , Q ; and Q� have zero values.
Also note that all agents' constraints share the same slack variable at time momentk and
the same is for the non-agent and boundary constraints. This is to reduce the number of
optimization variables in order to reduce the computation time.

6.1.4 Summery of The MPC Path Planning Algorithm

The following summarizes the MPC path planning algorithm:

Algorithm 4: MPC for Path Planning

INPUT: X̂ p(kjk), Ces (kjk)
OUTPUT: u(k)

-Set k = 0
while Operation do

-Estimate � c using Algorithm 3.
-Predict using Ts for Hp and build J t (� U).
-Predict using Tsc < T s to build the obstacle constraints in (6.28).
-Solve: � U = argmin

� U
Jt (� U) subject to the constraints in (6.28).

if Infeasible then
-Solve: � U = argmin

� U
Jts (� U; S  ; S � ) subject to the constraints in (6.28).

end
-Take the �rst input: � u (k) = � U(1 : 3; 1).
-u (k) = u(k � 1) + � u (k).
-k = k + 1

end
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Where � U(1 : j; i ) corresponds to the rows from 1 toj for the i th column.

6.1.5 Simulation Results

In this section, the MPC algorithm for local path planning is tested for a case of a stationary
obstacle forst and later for the case of four drones �ying together with a stationary
ellipsoidal obstacle in the environment. First, it is necessary to de�ne constraints for
the acceleration and velocity of the Crazy�ie 2.0.

6.1.5.1 Choosing Parameters

The maximum acceleration on each axis is chosen to be third of the maximum thrust the
drone can have:

� u max = Tth max (6.31a)

� u min = � Tth max (6.31b)

The drone can of course have more acceleration on one of the axes if the acceleration on
the other axes are small enough. However, putting a more conservative constraints on the
acceleration ensures more safe �ights especially in the face of uncertainties and fast moving
obstacles. Moreover, having large values of accelerations will drain the battery faster. The
same argument can be made for the velocity. The user can specify how fast the drone can
get. In this simulation, the bounds on the velocity are chosen as following:

Vmax = 5 [m=s] (6.32a)

Vmin = � 5 [m=s] (6.32b)

The actual model of the drone have the following parameters to approximate the dynamic
response of the actual drone:

� cactual =

2

4
0:5 0 0
0 0:5 0
0 0 0:5

3

5 (6.33)

The MPC model initially have the following parameters for the model:

� cMP C =

2

4
1 0 0
0 1 0
0 0 1

3

5 (6.34)

The kalman �lter will try to estimate the true parameters. The covariance matrix for the
process noise in the Kalman �lter is chosen to be:

� es = diag(0:001; 0:001; 0:001; 0; 0; 0) (6.35)

With an initial uncertainty matrix:

P 0es = diag(0:01; 0:01; 0:01; 0:01; 0:01; 0:01; 2; 2; 2) (6.36)

The covariance matrix of the process noises for the parameters estimationswp(k) is
chosen to be the zero matrix since the parameters here are assumed to be constant. The
parameters will converge to the true or best constant values for the parameters only with
the uncertainty in their initial values. The Kalman �lter in the simulation also used
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measurement data, for example GPS data, for the position of the drone in the global
frame with the following covariance of the measurement noises:

R es = diag(0:1; 0:1; 0:1) (6.37)

These diagonal elements of the measurement covariance matrix are larger than the ones
from the Optitrack. This decision has been made for the simulation case to show a more
realistic case of measurement noises for a drone �ying outside in real life.
The weights for the MPC are chosen as following:

Qs =
�
3I 6� 6 0

0 5I 3� 3

�
(6.38a)

R � = 5 I 3� 3 (6.38b)

Note that the weights for the input u and the change of input � u are relatively large
when compared to the weights on the error between the states and the references. This
is desirable in order to consume less power and to ensure a smoother path. As for the
prediction and control horizons, they are chosen to beHp = 20 and Hu = 10. Having
a low control horizon reduces the number of optimized variables which in turns reduces
the computation time for the algorithm. The weight for the collision avoidance function is
chosen to be the same for all obstaclesQoe = Qoa = 2 . The smoothness coe�cient for the
collision avoidance cost function is also chosen to be the same for all of the obstacles to be
� oe = � oa = 6 . Finally, the safety factor for the collision cost function are chosen to be the
same for all the obstacles with the valuesf cost = 1 :8 and for the constraints sf const = 1 :6.

6.1.5.2 Stationary Obstacle

Consider now a case in which the drone is desired to go from the origin of the global
frame to a reference point of� d = [3 3 3 0 0 0]T [m] in the global frame. An ellipsoidal
obstacle is located atPo = [2 2 2]T [m] in the global frame with dimensions de�ned
with the matrix M o = diag( 1

(8l )2 ; 1
(8l )2 ; 1

(10l )2 ) with l being the arm length of the drone.
The following �gure shows the results with the use of parameter estimation and without
compared to the nominal case in which the MPC is using the correct or the best parameters
to approximate the drone:

Figure 6.6: MPC Path planning with a stationary obstacle
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