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Danish Abstract

I dette kandidatspeciale har vi beskeeftiget os med nogle resultater fra semiklassisk
analyse. I den forbindelse har vi fundet frem til anti-Wick kvantificeringen af psudod-
ifferential operatorer, og udvidet dette til semiklassiske psudodifferential operatorer.
Dette har vi udnyttet til at bevise Gardings ulighed.

Derefter har vi set pa hvordan man udleder en formel for fouriertransformationen
af €®™ hvor m er lige, og det viser sig at for m > 2 bliver det en linear kombination
af generaliserede hypergeometriske funktioner.

Afrundingsvis har vi set pa oscillerende integraler, iseer deres opforsel nar h gar
mod 0. I den forbindelse er vi kommet ind pa asymptotisk opfgrsel af stationser
fase under forskellige betingelser, hvor vi bl.a. har forsggt at bruge den fernaevnte
fouriertransformation. I forbindelse med at undersgge den asymptotiske opforsel af
stationger fase i hgjere dimensioner har vi haft brug for at vise Morse Lemma.
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Preface

The following Master’s thesis is written as part of the master’s programme in ap-
plied mathematical analysis at the Department of Mathematical Sciences at Aalborg
University. It is expected of the reader to have extensive knowledge of mathematical
analysis, especially in the areas of operator theory and Fourier analysis. The thesis
is meant to be as self-contained as possible, though some of the minor result can be
found in the appendix, mostly either with proof or a reference to one.

We would like to give a special thanks to our supervisor Professor Horia Cornean
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1. Anti-Wick

In the this chapter we study some result about the anti-Wick quantization. These
results will be used to show Garding’s inequality. The following chapter is based on
[Bouclet, 2015b].

1.1 Quantization

In this section we aim to deduce the anti-Wick quantization.
For p,q € R" the operator U(q,p): .#(R") — .7 (R?") is given by

[U(g,p)(9)] (z) = €™ Pip(x — q),

where ¢ € Z(R"). Let n € #(R") such that ||n|/;2 =1 and define

ngp = [U(g,p)] (n). (1.1)

Lemma 1.1.1 The function T(p) is given by

[T()] (4,p) = (¢, ngp) 12 € S (R*™),

for any p € L (R™). Furthermore, the linear map T is continuous.

PROOF. We start by showing that T(y) is a .(R?"). Let a,3 € N" then by
integration by parts, we have

508 (1) (a:p)) = 0505 /R pl@)e (e — q) do

= (=)=l [ 2Po(@)e P (0°n) (e — ) dx. (1.2)
Rn
We need to check if this is bounded when we multiply by polynomials in both p and
g. Let § € N™ be a multiindex, then we can rewrite ¢° to be

¢ =—araf = L0 )@ -0

6'<é

Hence letting u € N™ and multiplying (1.2) by ptq® we use integration by parts to
look at the boundedness

a0} (17(0)) (a,p))| =

e [ afe@e o) @ - q) da

> (3)6‘”'?(—1)'5’xﬁ+5—5’so<x><x — )" (0°7)(x — q) da
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Now we use Leibniz’ rule to obtain

a8 (1T(2)] (a.)) |

<2 (s) ()

W <p

. '/ ) e_m'pﬁﬁ/ <x6+6—6’¢(w))a§;—u’ ((x _ q)y(aaﬁ)(x _ q))d:L'

=2 () 2 ()

W<p

Sz

W<

By Lemma A.1.3 and Leibniz rule the estimate on the integral, I, becomes
1< 2ty [ 108 @ ()]

/ 5 ! !
< 218119 mas (61, jo ) Z(M ) € +(§ +5,) .1 /n!( Fro=0 =gl =" p(z)| da

y<p!
v<B+6-6

< 208119 e (5] jort ey 2 (B + N Con 140 a1+ 81+t ]

where we in the last inequality have used Lemma A.1.2 and Lemma A.1.4. Returning
to the original estimate (1.3)

p"a° 3508 ([T()] (49))] < Cu2 W18 + 8))2 [l 11 ot
[l max (|8+6]+n+1, 1))
< Ca,.6,unll®llmax (18+8|+n+1,ul)-

Given ¢ € .(R"™) this shows that T(p) € .(R*"), because all the seminorms of
T(¢) are bounded. If {¢;} is a sequence in .(R"™) and we let ¢; — 0, we have that
T(pj) — 0, and thereby T is continuous, this follows from Theorem A.1.5. [

We would like to have an adjoint 7%: . (R?") — . (R"), but to start with we
are only able to consider a formal adjoint T*: ./ (R?*") — .#/(R") by

(T(p), V) L2ren) = (0, T7(V)) 2Ry
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where U € .7/(R?™), ¢ € .#(R") and the L?-inner products are taken in the dis-
tributional sence. If instead of ¥ € .#/(R?") we consider ¢ € .(R?") the inner
product becomes

(T(@),¢) L2m2ny = //R2 0)¥(q, p) dq dp

"/YLml(/"n ) g p (2 )dx)wOLp)dqdp
/// )M p(T () (q, p) dx dq dp

z) (//R% N.p(2)¥ () dg dp) dz,

by Fubini’s Theorem, hence we are able to define T*: . (R*") — ./ (R") as

= / /R% 1g.p(2)¥(q,p) dq dp. (1.4)

The next lemma tells us that T is as well-behaved as T'.

Lemma 1.1.2 The adjoint T* given by (1.4) is a continuous map from . (R*") to
L (R™).

Proor. We look at the derivatives of 7, 4
ﬁ R A Y
Ogngp(z) = ) (5, iI71pf e PP (e — g).
B'<B

Now, by similar argument as those in the proof of Lemma 1.1.1, we get

@@ =[], w<q,p>nq,p<x>dqdp\

N ( ) //R2n Q)a_alaﬁ”q,p(x)dqdp‘
/<a

e

p<p
'[L%¢%ﬂ¢@mkmﬁx—@“ﬂﬁ&WMw—wwﬁﬂ

< 2081 Co,, 19| maslad. 18D 19 ot 81 +-2m 11

which finishes the proof. |

The following theorem presents a nice property for the operator T'.

Theorem 1.1.3 The identity T* (T(p)) = (27)"p, holds for every p € ./ (R"™)
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PRrROOF. By using Fubini’s Theorem and the definition of the Fourier transform we
get

(T @)@ = |7 [ e@e - g )| 0

R3n
://2 ezyp/ e P (x)n(x — q)dadpn(y — p)dg

R=n Rn
= Jre 82 L, e [Fele@ie — )] (p)dpnly = a)dg

hence the proof is finished. |

The following corollary is a nice consequence of Theorem 1.1.3

Corollary 1.1.4 For all ¢,9) € /(R"),

(p,9) = (2 )”<T(<p T(y))
o / /R (¢, Nap) (¥, ngp)dadp,

especially

lieliza = @m) ™ [ | 16 ) Pdadp.

For a function a € L*°(R?"), we can define bilinear form B, by

Bau(p, ) = (2m)~ / / a(q, p) (@, 1g.p) (¥, 1g.p)dadp.

Corollary 1.1.4 and Cauchy-Schwarz inequality give that

[Ba(0; )] < llal| oo (rem |l L2y 19| L2 (o) -

This and the fact that B, is a sesquilinear form on .(R") x ./(R") make us able
to Riesz’ Representation Theorem, since it can be shown by elementary calculations
that is 7 an operator on L?. Thus we can conclude, that there exists a unique
bounded operator A on L?(R") such that

Bao(p,¥) = (Ap, ),
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for all ¢, € Z(R™). To be able to use this operator we want an explicit formula,
thus we some formal calculations

(Ap, 1) = Ba(ep,
(2m)” / / )@ s 1g.p) (¥, 1g,p)dgdlp
(2m)” /// {2 s Mg p) 0 (@) 1g,p () drdgdp
B Rn (2m)” // (s Ng.p)Ng.p () dgdpy) (x) da

by Fubini’s Theorem, hence we are able to define the operator A by

AW = n) " [[ | a0 o) map(a)dadp.

Definition 1.1.5 The operator A is the anti- Wick quantization of a and is denoted
by

A =0p*V(a).
By straightforward calculations, Definition 1.1.5 gives the following results:
() 1107 @) < llall o= (-
(i) Op™W (1) = 1,
(iti) Op*™(a)* = Op™V (@) and
v)

a>0= 0p*WV(a) > 0.

(i

The notation Opaw(a) is reminiscent of that of a pseudodifferential operator,
Op(a), from Definition A.1.7. In fact, we will later look at the relation between the
anti-Wick quantization of some .7 (R?")-function and the pseudodifferential oper-
ator of the same .7 (R>?")-function. To do this we have to introduce the following
definition.

Definition 1.1.6 For fixed p, 1 € . (R"™), the Wigner function associated to ¢ and
P, W,y is given by

W (&) = (2m) " p(E) (). (1.5)

Given a real and even function n € “(R"), such that ||n||;2 = 1, we define the

Wigner function, W, to be
W =Wy, (1.6)

which is also even.
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1.2 Semiclassical scaling

We are now able to begin the investigation of semiclassical theory. We start by
defining the semiclassical quantization of a pseudodifferential operator, with a €
Z(R?") as a symbol.

Definition 1.2.1 Let h €]0,1] and a € .(R?"), then

Omn(@)()l(z) = @m) ™" [ e ala, h)(E) de.
is called a semiclassical pseudodifferential operator.

By denoting ap(z,€) = a(z,hf), we see that by Definition A.1.7 we have that
Opp(a) = Op(ap). We also want a semiclassically scaled Wigner function, hence
we define a scaled 7:

_n T
mn(x) =h"4n <1> : (1.7)
and thus we get a Wigner function from (1.5)

W = (2m) 7" S0 ()r(w) = (2m) " 4q(h!2em(h ™ 2).  (1.8)

If we define a new W), as a scaling of W from (1.6)
1 1
W), == h "W (h_ix, h‘5§> ,
we can formulate following lemma.

Lemma 1.2.2 For every a € . (R"™) and every h €]0, 1]
(ah * Wmm) (x,€&) = (a * Wh) (x, hE).
PRrOOF. The left hand side is given by
(00 + W)@, = @) [[ | alw-+ a. (e + p)e P n(—h30)i(~hEp)dadp,
Now we want to see if the right hand side is equal to the left
(@ s W), h§) = [ ale+ a.h+ p)Wi(=g, ~p)dadp
=h" // a(x + g, h& + p)W (=h~2g, —h™ p)dgdyp
= (2m)""h" // L a(z+q,h¢ +p)e 1 p(—h~2q)A(—h" % p)dgdp
(2m)~ // a(w + g, h(€ + p))e " *Pn(~h~2 g)ii(~h? p)dgdp,

in the last equality we have use the change of variable p — hp, hence the proof is
done. |
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It follows easily from (1.7) that 7, has L?-norm equal to 1 and thus we can define
Op;" (a) by

[0 (@(@)] @) = m) " [ ala.p) a0 m)ap(@)dad,

for a € (R*) and h €]0, 1], where (1)), is given by replacing n with 7, in (1.1).
As teased in the previous section we are now able to state the connection between the
anti-Wick quantization and a pseudodifferential operator, in a semiclassical sence.

Lemma 1.2.3 For all a € (R*") and all h €10, 1]
OpiY (an) = Opp(ax Wp). (1.9)

PRrROOF. From Lemma 1.2.2 we know that the symbol of the operator on the right
hand side can be expressed as

(0 + Wy )@,€) = (20" [ anla + 0,6 +p)e I P nn (—q)in(~p)dadp

(2m) // (z + q,& + p)e P (q)in (p)dgdp,

where we have used (1.8). Thus by Definition 1.2.1 we get
[Op(ah*th,nh)SD] (z)
—em [ @ g, 5 pm @i (p)F(Edadpds. (110

Elementary calculations give that

(@, (Mm)gp) = (2m)~"

Looking at the left hand side of (1.9)
[0piw<ah>s0 n) " [ (@)@ o) n)ap(x)dadp
(2m)~" ///R3 n (@, p)e T EPIL(E = p)P(&)e T np(x — q)dédgdp
(27)~2n ///m w(q+ 2, p+ O PG, (_p)a(€)e PO, (—g)dgdpde

= em) 2 [[[ e a4 p+ €ma)n(p)2(€) dadps (111)

where in third line we change the variables from p to p+ £ and from ¢ to g + x, then
from equations (1.10) and (1.11) the proof is finished. [ |
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1.3 Garding’s inequality

In order to prove Garding’s inequality for Schwartz functions, we first introduce
two result. The first of these is a semiclassical variant of the Calderon-Vaillancourt
Theorem.

Theorem 1.3.1 For o, € N", there exists C’,N > 0 such that for every a €
S (R*M), we get

10pr(a)elz2 < C| szx 020 all LIl 2,
a+f

every ¢ € L (R™) and every h € ]0,1].

The proof is omitted but can be found in [Bouclet, 2015a] and the interested reader
can look at the original result [Calderon and Vaillancourt, 1971].

In the second result we will need a special case of the seminorms on the space of
Schwartz functions, found in Appendix A, which is given by

| fllacm = sup sup [(z)>"D P f(x),
d<|B|<m zeR™

for f € S(R™).
Lemma 1.3.2 There exists some C' > 0 such that

la* Wy — alle < Chllall2<s,
for every a € /(R®™) and every h € ]0,1].

ProOF. First we look at the left hand side and apply Taylor’s Formula A.2.3 to get
(@ TWh—a) @0 = | / a( + 4.6+ P)Wa(~q, —p)dadp — a(z,€)|
’// a(z, )Wi(—q, —p)dgdp — a(z,€)
L X @ @rofa) @ Wil —p)dadp

la+B|=1

+// 2 a,/;,q P’ / (1= )(DF05 a) (& + tq, & + tp)dtWi(—g, —p)dqdp|

la+B|=2

| X 2] @i - etsta e+ tag + i

|o+B|=2
- (2m) "R (—h 2 q)i(—h " 2p)
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where the last equality follows from the fact that W}, is even and integrates to 1. By
integration by parts and Leibniz’ rule we get

’(G*Wh - a)(fﬂ 5)’
N oIl / //R e RPN [(1 — 1)(3R D5 a) (x + tq, & + tp)

| +,B\ 2
- (2m) " h (k2 q)i(h™ 2 p)]dqdpdt|

SO DY (M/ JLerm s (8) s (h)a-0

lat-81=2 o/ <a p<h

a o o / _p _1 a—a’ ~
(9705 a) (@ + tq, € + tp)H IO ) (R 2 g) (07 )
. (h_%p)hwdqdpddt‘

Then by the changes of variables ¢ — h%q and p — h3 p, both with Jacobian deter-
minant h%, we obtain

(o1 - a> )
—en| 5 5 e 2 () S (5o
(G705 a) (a + tgh' 2, 6 4 tph ) @07 ) (g)

2+|a’+4/]

: (0‘”‘_0" A)(p)h

<ot Y Z( )2(5,)hua\2g4

lot+B]=2 B'<B

///R% |(0°7"1)(q)|dq|(0°~7'n) (p)| dpdt

< (2m)” ‘%l'gll@ﬂnllu maXllaﬂnllLl(%) 2°hl|all2<4

= Chllall2<4,

dqdpddt‘

hence the proof is done. |

‘We now formulate the main result of this section.

Theorem 1.3.3 (Garding’s inequality) There exists C, N > 0 such that for ev-
ery non-negative a € . (R*") we have

Re((Opn(a)p, ¢)) = =Chllal|n el L2,

for every ¢ € Z(R"™) and every h € ]0,1].
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PROOF. Form the linearity of the operators we get

Opp(a) = Opp(a — ax Wh) + Opp(a x W)
= Opp(a — ax Wp,) + 0p2¥WV(ay),

which follows by (1.9). Since a > 0 we have that OpiW(ay,) is a positive operator,
thus we check Opp(a) and observe that by Theorem 1.3.1 we have

10pn(a = ax Wi)plr2 < C| max 1050¢ (a — ax Wi) | <l 2

=C max _[(0297a— (9207a) « Wy)l| || 2
la+B8|<N

< ChHaH2§]\7+4”90HL27 (1.12)

where the last inequality follows from Lemma 1.3.2. Hence we can conclude that

Re((Opr(a)p ., ¢)) = Re(((Opn(a — ax Wy) + OpiY (an))e, @)
= Re((Opn(a — axWy)p, @) + Re((OpE" (an)p . ¢))
> Re((Opp(a—a*xWp)p, ¢))
>

—Chllally< 5 1allllZ2,

where the last inequality follows from (1.12) and Cauchy-Schwarz inequality, which
finishes the proof. |



[ ] ) m
2. Fourier Transform of e‘“*

In this chapter we will show a formula for the Fourier transform of e***" | where ¢ is a

reel constant and m € N is even. These results become important when we consider
oscillatory integrals.

2.1 Preliminary results

In this section we present some results used in the proof for the Fourier transform of
ef®™ the first is an integral identity.

Lemma 2.1.1 Let me N, -1 < ¢ €Q, b€ N and c € R\ {0}, then

* a icx™ _ 1 * a —zm
/0 xrbve dx_(_zc)(a-i-b)/(ﬂlb)/o zbve dZ, (21)

where (—ic) 1s the principal m’th root of —ic, same for the b’th root.
For b=1 we have

* a icx™ _ 1 ° a —z™m
/0 re dr = Hc)(a“!‘l)/m)/o ze dz. (22)

The idea behind the proof of this lemma is based on techniques used in [Evans
and Zworski, 2003, p. 26-27].

1/m

PROOF. Let €, M > 0 then from the left hand side of (2.1) we have

e [ a2y
= ic)l(“+b) o i OM(g —ic)m ((5 — ic)%x)a/be(ic—s)xm i
= ic)l(ﬁb)/mb Jim a Lalb,—2" 1 (2.3)
T (e— Z‘C)l(a—f—b)/mb A}ﬂnw {/OM(CQJFEQW% salbe=2" g, 1 ﬁQ Za/be—zmdz} 7

where vi(z) = (¢ — ic)/™x, for x € [0,M]. We have that (M) = M(c* +
52)1/(2m)ei*"i/m, where the plus sign is used if ¢ < 0, and the minus if ¢ > 0. In
this manor we get that 0 < ¢ < Z, and thus define v5(t) :== M (c* + g2)1/2meEti for
t € [0, £]. Making a norm estimate of the contour integral over v, we get

a _.m
]{zbe T dz
72

» u .
/m ’[:M(C2 + 82)ﬁ6:|:ti (M(62 + 52)ﬁeiti)3 6_(M(62+62)2,1meit1)mdt’
0

11
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™ a+b _ m(,.2 2 i mti
< — (P + ¥z MY max  |em(MT(HE) 2z
2m te[0,/m)

Since ¢ < § and 0 < Re(e™") < 1 there exist positive constants, ci, co, such that

_.m
j{ 2/be=2™ gy
Yo

Letting M go to infinity in (2.3) we get

< clM“/bHe_C?Mm

) ] m 1 (%) m
a/b (ic—e)z™ __ a/b, —zx
/0 z%’e = e i) mm /0 2% dz.
Taking the limit of & going to 0, finishes the proof. |

The formula for the Fourier transform of €?®™ use the generalized hypergeometric

function therefore we state a definition which is based upon [Andrews et al., 1999,
p. 61-62].

Definition 2.1.2 Given p,q € Ny then for sequences {a}q, {b}; C R\ ({0} UZ™)
the generalized hypergeometric function is given by

> (a1)ky ey (ap)g @F
Fy(at,...,ap;b1,...,bg; ) = Rt LUARA R L
pFalan - apibr,. .o by @) kz:%(bl)k,...,(bq)k k!

for x € C, where (a)y =a(a+1)---(a+k—1) and (a)y = 1.

It is worth noting that convergence of the generalized hypergeometric functions is
determined by the relation between p and gq.

Theorem 2.1.3 The function ,F, (ai,...,ap;b1,...,by;x) converges absolutely for
allz € Cifp<qand for|z|<1lifp=q+1.
It diverges for all non-zero x € C if p > q+ 1.

For a proof see [Andrews et al., 1999, p. 62].

2.2 Fourier Transform

With the definition of the generalized hypergeometric functions in mind we state the
main result of this chapter.

Theorem 2.2.1 Let 2 < m € N be even and ¢ # 0 be a real constant, then given
the set E ={0,2,...,m — 2} the Fourier transform of '™ is given by

F(d=")(©) = 3 ang® oFns (;Mmk; §m> : (2.4)

ym+3
fr c(i)m+3mm
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for every £ € R, where M, = {% € Q| Vse{2,3,...,m} such that s # m — k}
and

2 kE+1
— (_n\k
ag = ( ’L) m(k‘)(_zc)(k-‘rl)/mF( m )’
with (—ic)/™ as the principal m’th root of —ic.
PRrROOF. We define f(&) by the right hand side (2.4) as
1© = F(e)©) = [ e da,
R

for £ € R. Now to find an appropriate differential equation we take the (m — 1)’th
derivative

f(mfl)(g) — / agn—l(efimf)eicmmdx _ (_i)mfl/ efixfxmfleicxmdx.
R R

To ensure that we can use integration by parts we rewrite the integrand

(_i)mfl lim e*'ixﬁxmflei(chis)xm dr
e—=01T JR
1 . N m

— (™1 / —era i(ctie)x d

(=9 0t i(c+ie)m Re ””(e ) t
_ (_z)m lim _g/ e—ixﬁei(c—o—ie)xm do

e=0t i(c+ie)m Jr
— _(_i)m—i-li e—ixﬁez’cmm d.%',
cm Jr
which gives that

m— (_i)m—H

F(E) = = (). (25)

To solve this differential equation (2.5) we use the initial value conditions fU)(0) = b;,
for every j € {0,1,...,m — 1}, where

F9(0) = (=) /R P . (2.6)

Thus we observe that the integrand of (2.6) is even when j is even, and odd when
J is odd, hence b; = 0 for odd j. To find the initial values of b; for j even, we
rewrite (2.6) by applying Lemma 2.1.1

N s N 2 © . m
(—Z)‘]/]RCL'JG * dl’: (_,L)J(_Zc)(]"!‘l)/ﬂ'b/o Z‘je z dZ

N 1 2 [ (1) m—1 —t
:(_1)](—ic)(j+1)/mm/o G /m=1—t gy
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N 2 i1
— (_—_3\]
_( 2) m(ic)(jJrl)/mF( m >

To solve the differential equation we write f(£) as a Taylor series at 0
o0
f(f) = Z ak§k7
k=0

taking the (m — 1)’th derivative of this, we get

[e's) k

f(m—l)(g): Z agph—mt1 H I
k=m—1 l=n—m+2
k+m

= i ak+m§k+1 H .

k=-1 l=n+2

Since f(m_l)(O) = 0 it follows that a,,—1 = 0 which implies ag;,—1 = 0 for all d € N.
Furthermore, if we use the this Taylor series in the differential equation (2.5) we get

o0 \m—+3
For g = 30 g g,
= om
Combining these two result for f™~1(¢) we observe that

(=i)™+3(k + 1)

ay
k+m ’
em [TZ5

Qk4+m =

for every 0 < k < m — 2. Thus the Taylor series can be rewritten as

f&) = Wf a, (i((i)m+3>dk!(nf1 m(l—1) + k + 1)£k+dm>‘

= = cm (k 4+ dm)!

Comparing this to our initial value conditions for (2.5) we get that a; = b;/(j!) and
thus defining a set E := {0,2,...,m — 2} our function is given by

oo d d N
10 = ¥t (X )’“Hl:l(m“ 1”’““)50“") = 3 argu(©).

= =\ (@)™ t3em (k + dm)! =
Looking at g we get that
(1 VRO =)+ kD) g,
9(8) = dzjo((i)””:}cm) (k +dm)! ¢
& e N\ R - 1) + R+ 1) 5 1
- [lz:%((i)m%c) m RITTL  (m(l— 1) + k + 1) 132 [T (m(l = 1) + k +s)
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= I, (B4 1)
S(e Y1

= = (i)m+3cmm | i (k+s
- stm—k " /d

gm
= o0Fm—2 <; M —k; Mn> )

where M,,_; = {% €Q|Vse{23,..,m} such that s #m — kz}, hence the proof
is done. |

In the next chapter we study the behaviour of oscillatory integrals in multiple di-
mensions, thus we need the following result for the Fourier transform when m = 2.

Lemma 2.2.2 Suppose A € R™™ "™ is symmetric and non-singular, then

) n/2 ;
(4] 0 = g T O
(5]

In one dimension the signature of A is the same as the sign function, hence we denote
it by sgn A.

Proor. Calculating the Fourier transform we get

[F(ex)] (9 = [ estaine g

= [ es(An)a—izé+3((AT1)E—(ATIO€) g
R

- o3 (A@=AT18)) (2= A1)~ 5 (A71E) € g,

_ e—g(A*ﬁ)f/ negmy)-y dy.

where last equality follows from the change of variable y = (z — A71¢). Now us-
ing that A is reel and symmetric we see that A has eigenvalues (A1, ..., \,), where
A1, ..., A are the positive eigenvalues and A,41,..., A, are the negative eigenvalues
and let p1,...,p, denote the corresponding eigenvector Then by spectral decompo-
sition we get

/ 54NV gy — / D DR TSN
11 2/0 ICWI A

1
1 2
2(_5)\]{:)1/2/0 (& dZ

B
Il

I
s

B
Il

1
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where the third equality follows from Lemma 2.1.1, and from this lemma we also
know that we have to take the principal square root, which gives

IT gon A
(=M% = (it ) e 2 = S
k
Hence the Fourier transform becomes
i n QWQ%Sgn)"“ i A—1 (QW)n/Qe%SgnA iq—1
~(Ax)-x _ —=2(A72 )€ _ —5(ATHE)€
7 (299 © = (11 AR Jemstaos = e 1o

k=1

which finishes the proof. |



3. Oscillatory Integrals

The aim of this chapter is to get an understanding of how oscillatory integral behave
when h goes to 0. The following chapter is based on [Evans and Zworski, 2003].

A motivating factor to study the behaviour of oscillatory integral is that the
semiclassical pseudodifferential operators from Chapter 1 which are given by Defini-
tion 1.2.1 can be rewritten by the change of variable  — £/h

Opn(a)e] (z) = (%)_n/ewsa(%hg)@(g) d¢ = (27rh)—n/e%a:~ga(x,§)@ (i) dg,

where we see that the integral kernel looks to be an inverse semiclassical Fourier
transform of the symbol with respect to the second variable.

Definition 3.0.1 The semiclassical Fourier transform is given for h > 0 by

@] ©) = [ e M) da, (31)

n

for ¢ € /(R"), and the inverse by

n

7)) @ = @nny [ )] ©) de,
for p € S (R™).

The semiclassical Fourier transform has properties similar to the ones of the classical
Fourier transform.

Theorem 3.0.2 Let ¢ € ./ (R") and o € N, then we get

(=ihde)® [Fu()] (§) = [Fu((=2)*@)] (£);
[Fr((=ihd)*@)] (§) = &% [Fa(#)] (£),
2mh) "1 Fu(@)ll72 = llZe,

for every h > 0.

The proof is omitted since it follows from Definition 3.0.1 by straightforward calcu-
lation.

3.1 Rapid decay

In order to understand behaviour of oscillatory integral, like the semiclassical Fourier
transform from (3.1), when h goes to 0, we start our study of such integrals in the
one dimensional case.

17
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Definition 3.1.1 Let h > 0 be a real parameter, then the oscillatory integral is
defined by

In(a, o) = / @) /() d, (3.2)
for a € C°(R) and ¢ € C*(R).

When a and ¢ are given we will denote (3.2) by I, if there is no chance of confusion.
If there for every positive integer IV, exists a constant Cy > 0 such that

|In] < CnAY, (3.3)
for all h € ]0, 1], this property denotes as I, = O (h>°) when h goes to 0.

Lemma 3.1.2 Assume a € C(R), ¢ € C°(R) and let K :=suppa. If ¢'(x) # 0
for every x € K, then
I =0 (h™),

as h goes to 0.

PROOF. The aim of the proof is to obtain (3.3), by way of integration by parts. We
define an operator L given by

_ha()(@)

LOM) = 577

)

and this operator clearly acts as the identity on e?(®/" We can define the formal
adjoint of L, by using integration by parts

w9 = [ 32 g00) do

= x)i 9 z) dx
- [ t@mo.( %) @
= (f,L*(9)),

where f € C*°(R) and g € C°(R), hence

[L*()](x) = (—ih)&:( ) (). (3-4)

(%)
Thus by using the operator L multiple times in (3.2) and taking the absolute value,
we get

|1| = ‘/K [LN (ei“"(')/h)} (z)a(z) dx

= ’/K eiw(x)/hm(x) aa.
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for every N € N. Hence by the triangle inequality and applying Lemma A.3.1 to L*,
we obtain

I < /K
N
a(k)x AN,k(33)
I;) ( )(

DML N@) ()| da

dx

N
<w a ()N

< AN(N + 1)u(K) ohax (sg}g
—=J = xT

An,j(z)
(¢! (2))?N =

N
) >~ supla® (2)| (3.5)
< hNCy,

where we note that Agg =1, Ay, = 0 when m < 0 or when m > N, and Ay () =
AN—1m-1(2) + @' (2) AN _y (@) + (m = 2N — 1)¢" () An—1,m (). u

Remark 3.1.3 As a consequence of (3.5) from the proof of Lemma 3.1.2, we see
that the constant from (3.3) can be expressed as

N
Cn =Cy Y supla®(2)|.
k=0 zeR

The Definition 3.1.1 of one dimensional oscillatory integrals easily extends to
higher dimensional spaces.

Definition 3.1.4 Let h > 0 be a real parameter, then the oscillatory integral is
defined by

In(a,p) ::/ /Mg (2 da,
for a € C°(R™) and ¢ € C°(R").

Now we see that results of Lemma 3.1.2 and Remark 3.1.3, also extends nicely to
higher dimensions.

Lemma 3.1.5 Let a € C(R™) and ¢ € C®°(R"™). If Vo(x) # 0 for every x €
supp(a), then

In(a, ¢) = O(h™),
as h = 0. Moreover, for each N € N

In(a, )| < Cnh™ D~ sup |(8%a) (z)],
la|<N zeR™

where C does only depend on supp(a), N and the derivatives of .

This result follows by similar reasoning as in the proof of Lemma 3.1.2.



20 Chapter 3. Oscillatory Integrals

3.2 Stationary Phase

In the previous section we results where the first derivative of ¢ was non-zero, but
in stationary phase asymptotics we study ¢ that has a non-degenerate critical point.

Theorem 3.2.1 Let a € C(R), ¢ € C°(R), h > 0 and K = supp(a). Assume
xg € K such that

¢ (z0) =0, ¢"(x0) #0.

Furthermore, assume that ¢’ does not vanish on K \ {zo}.
Then there exists differential operators Asi(z, D), of order less than or equal to
2k, for k € {0,1,...}, such that for every N € N

N-1 2N +2
h—(medmmﬂmﬁMwmscmNW?ngwW@L
Jj=0 m=0 T

Consequently, we see that
Ag = (2m) 2] (o) [~ /265 s (z0)
and thence
Ty = (2mh) Y20 ()|~ /26T 5809 (@0) gi0(w0) /g () 4 O(R2)
when h goes to 0.

ProOOF. By Taylor’s Formula A.2.3 we get

o) = 9(a0) + 6/ o) 20) + (&~ 20)” [ (1= 009" (w0 +1(z — 20))

and if we define .
b(z) = 2/ (1 —t)¢" (zo + t(x — z0)) dt,
0

then we can rewrite ¢ as
1 2
p(2) = p(z0) + 5 ®(2)(2 — 20)". (3.6)
An easy consequence of this is that ¢”(xg) = @ ().
We choose a characteristic function xy € C*°(R) such that x(z) € [0,1] for every

z € R, x =1 in a small neighbourhood of x(, and sgn ¢”(z) = sgn¢”(zg) # 0 on
supp(x). Hence, we can rewrite the oscillatory integral

I, :/ e P@/ha (1) da
R
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= / @/ (2)a(x) da +/ @/ (1 — y(x))a(z) dx
R

R
R ICN /R ei(fb(w)(w—ro)2)/2hx($)a(x) dz + O(h™),

when h goes to 0, by using (3.6) in the first integral and applying Lemma 3.1.2 to
the second integral. For x € supp(x) close to zyp we make the change of variable

y(@) = |® ()| (@ — ),

such that I becomes

I, = eiso(xo)/h/ ei(<1>(:c)(a:—mo)Q)/%X(x)a(m) dz + O(h>)
R

. sgn(o” (0)) d
= et [ (ay) ol ()| | dy + OU),

as h goes to 0. Now by defining u(y) = x(z(y))a(z(y))|z'(y)| and noting that by
the Inverse Function Theorem A.2.5 u € C*°(R), we are able to apply Plancherel’s
formula and get

I, = (gﬂ)l/Zeiw(xo)/h/
R

(=) | ©a) g+ o)

1/2 sgn(p”
_ <h>/ pie(@0)/h i T sgn(e (x0)) / IS G ) ge 1+ O(h),
27 R

when h goes to 0, which follows from Lemma 2.2.2. Defining a function J by

sgn(e” ()
Ty = [ e HEEE G e

our aim is to make a Taylor expansion of J and use it to make a norm estimate.
Thus we look at the derivatives of J with respect to h and get the following identity

O T (h, ) = / izl 2 (‘isgn(g//(x()))52 (g)) d¢ = J(h, Pu),
R

where P(-) :== w;—;(-). Hence the Taylor expansion becomes

N—
huzz

and the remainder is given by Ry (h,u) = Nfo (1 — t)N=1J(th, PNu) dt. Now re-
turning to I and subtracting the non-remainder terms from both sides we get

N-1 /T sgn(¢” (20))
Z €4 k k+1/2 | Jip(zo)/h

k=0

!k . h
(0. Pru) 5 Ry (h, ),

io(x0)/h e T sen(e” (x0))

(27()1/2]\/!

= pN+1/28 Ry (h,u) + O(h™).
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Since we want a norm estimate of this we start by estimation of the remainder term
|\ R (hyu)| = ’N/Ol(l —N-1(th, PNu)dt’
<N/01 Nl/’ F(PNu) ‘dﬁdt
= éNHF(P )l

< Cy Z Sup’@k {(PNU)(SC)}

_og%€R

)

where the last inequality follows from Lemma A.2.4. Hence, combining this estimate
with Remark 3.1.3 we obtain

N-1 7 sgn(¢” (20))
€4 k k+1/2 \ io(zo)/h
Ih_ <Z ((27T)1/2]<7'J(0’P u)) h / ) 6“0( 0)/

k=0

<1 O (sl [P

0 T€ER

2N+2

+ N2 Con s Y sup|9F(a)(2)]
k=0 zeR

2N+2
<1+ hN+3/2)hN+1/26’N Z sup|8k(a)(ac)\
k=0 IER

2N+2

< hNHRCN ST sup|9(a)(2)],
k=0 zeR

since hV+3/2 < h <1, for h €]0,1] and N € N, and thus the proof is finished. W

Thus far we have looked at stationary phase asymptotics where m = 2 was the
smallest natural number such that (™ (zq) # 0, but if we want to look further we
need to study what happens for m > 2.

Theorem 3.2.2 Let a € C*(R), ¢ € C*°(R), m > 2, h > 0 and K = supp(a).
Assume xg € K such that

e (x9) =0, "™ (x0) # 0,

for every i € {0,1,...,m — 1} Furthermore, assume that go(i) does mot vanish on
K\ {x0}, for every i € {0,1,...,m — 1}. Then there exists differential operators
Ag(x, D), of order less than or equal to k, for k € {0,1,...}, such that for every
N € N, it holds

N-1
Z [Aga] (20)hFFV/m| < Cyp(VHY) /stup\a (x)].
k=0 j=07ER
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In particular, Ay is

A 1 1 62 (wO)é Te i(=1)m e )(wO)E J
0= E/O 51 1/m 3
i(m—1)! ( o™ (@) (—1ym £ (@)
et m 4+ (=1)"e ml 3.7
e (-1) (37)
. - ei )E:co)g n ( 1) o i(—1)m (M) (mo)é
—|—<m—1>/1 g2-1/m d¢
and Ai is given by
o™ (@) ¢ )(To)
20 +1(0) 1 [le™=m =1 3
A 0) = (d'(0) —a(0 7/ d
@) = (a0 —a0) ozt D) = ¢
z(m —_ 1)! ( (M) (20) 1 i(—1ym (M) (z0)
el + (1) e m! 3.8
a0 (-1) (33)

oM () m ol (zo)
00 St 2§ _1\ym+l1 Z( 1) 3
(2, e +(~1) ANy
m 1 62—2/771

PrROOF. We assume that xg = 0 then by repeated use of the Fundamental Theorem
of Calculus and Integration by Parts we get that

1 — 5 m—1
o(z) = m/ol ¢ (sx) ds = xm/o (l(m_)l)!w(m)(s:n) ds.

From this we define

._ ! ™ (sz) |\
y(x) ._x<m/0 (1—3) ISO(T)(O) ds) .

Note that 3/(0) =1 # 0, thus from the Inverse Function Theorem A.2.5 we get that
there exist some & € C*°([—0, d]), for small enough ¢ > 0 such that y(z(z)) = = and
by the chain rule #'(0) = 1.

By introducing a characteristic function y which is supported in the interval
[Z(—9),Z(d)], with similar properties as the characteristic function from the proof
of Theorem 3.2.1, then utilizing Lemma 3.1.2, as in Theorem 3.2.1, the oscillatory
integral becomes

I = /R Ve O mihg () dy 4+ O(h™), (3.9)

when h goes to 0, where g(y) = x(Z(y))a(Z(y))Z' (y) € C*(R) with supp(g) C
[—0,0]. We see that the integral can be rewritten as

[ Oty ay — [ e Oming(y) gy

n /0 Dy O) fmih gy g
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Letting K, = ™ (0)/m!, K == (=1)™™(0)/m! and §(y) = g(—y) we define a
functions

F(h) = [~ e hg(y) dy, (3.10)
and
F(h) = / eV /G y) dy. (3.11)

First we look at F'(h) by making a change of variable £ = % in (3.10) and get
_ pt/m ooeingg(fl/mhl/m)

F(h) m Jo &1—1/m dg
_ hl/m 1 €ingg(gl/mhl/m) hl/m 00 67;ngg(gl/mhl/m) d€
m 0 flfl/m m 1 glfl/m

=: F1(h) + Fa(h).
We observe that Fj(h) makes sense for all m when h goes to 0, thus to ensure that
the limit F'(h) exists when h goes to 0 we write the integrand as
1/mpl/m
i plikm—ele9(E /mpl/m)
e—0+ 51_1/7”
and observe that for any fixed e this is L!([0, 00]). Hence we get
1 1/mp1/m 00 1/mpl/m
m _ ingg(f hm) - [iKmfs}fg(E him)
hl/mF(h) = /0 € (l-1/m dé + g_%ﬂ L€ £l-1/m dg.
To find a limit function that is L'([1,c0]) rewrite the exponential function of the

second integral and then apply Integration by Parts

m 00 %(e[iKm—a}ﬁ) g(gl/mhl/m)

hl/mF2(h) = 61_i>%1+ 1 iK,, —¢ é‘l—l/m
-1 . o0 eliKm—el§ g g(gl/mhl/m)
— 1 K —e 1/m _/ ( >:|
50+ [sz L A G e v
i T
— Ki [eszg(hl/m)
0o | pl/m g/(é-l/mhl/m) 1 g(gl/mhl/m)
iKmé _ _ > 0 7
+/1 e ( — 2/m + ( 1) =y ) df].

Now it is possible to take the limit because both 2 — 1/m and 2 — 2/m are greater
than 1 since m > 2, and thus the limit function is L!([1, o0]) and we have

1 . 1/mypl/m . )
m F(h):/ eszﬁg(g h )d§+Lekag(h1/m)
0

hl/m gl—l/m K,,
; 0o | 1/m J(ecl/mypl/m 1/mpl/m
4 / esz§<h g(&mh )+(1_1) g ™h ))dg.
K, 1 m 62—2/771 m EQ—l/m

(3.12)
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We want to find differential operators By, for each & € Ny thus we start the limit
of h to 0 in (3.12) and obtain By:

1 .
. m o iKmé 9(0) v K,
hlg&r (hl/mF(h)) = /0 e £1-1/m d¢ + e mg(0)

T K / ettt (m 1) 529—(?/)771 d
m[Bo(9)](0).

To find the general By we define

g]) gl/mhl/m) hl/m J
Z ev—+5)(m) m ) G

where C, ; is defined as

y—5—1

Ji—
1
H ( —Ppt —xp> for j <v—1

C’YL]‘ T E’Y] pP=
1 for j=~v—-1,

—_

and the set B, ; = {(z1,...,24—j_1) €EZ7 7|0 <21 <...<2y_j_1 <7} Wedo
this to write Fy(h) as

m

Bl = [ e ) de

in order to ease calculations. Observing that

. —7\4 .
esz§ = <I(Z> 85(6”("15)’
m

we apply integration by parts ¢ times to obtain

|7 (7)o de
=y () enam] s e () [T o ontem ag

y=1
> () ]+ (=) [ e reamien de.

where the last equality follows from Lemma A.3.2. By multiplying both sides of F'(h)
in (3.12) with A'/™m=1 we see that

m

() [T et st m de)
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1/m 1 1/mpl/m
— h {/0 elegg(é- h )df

m glfl/m
) q i ~Y—1 hl/m J )
+ettr Y [(K) Z@J( — | gVt
=1 m7sj=0
PN e W\ g0 ((n)V/m)
" (m) /1 ‘ ;)Cq““( m ) gari-(ti)/m df}'

Choosing (N + 1)/m < g < N then by Taylor’s Formula A.2.3 for every derivative
of g of at most degree N — 1 we get

pim (pr o SN %ﬂg(w)(o)
R e
. N
B () e )
v=1j= O w=
i 1< = 1 sz£ w w/m
+ (Kn) z(:) Cyr1,j Z( / §q+1 wi1)/ dfg )( 0)h / )
J
N/th/m
+/ 1Kmé N i—l ]_/m / (I—S)N_lg(N)(Sfl/mhl/m) dS df
0
Y N — 9
’LK J
m C . -
72—1]20 ( ) TN =)
1 :
. (/ (1 o S)N—]—lg(N)(shl/m) ds)hN/m
0
i \I< 1 N—j
“(x) 2w

sz§

/ / (1—s)N 771y ((§h)1/m)mdsdf hN/m}.

From this we define By to be given by

[ ' m/ él k+1)/m k!

iK I Cyj (k)
e ;(KW) (% G gm0
= J=

. min(k,q) o iK€
i\ Cyt1 m ®)
+<m> (; (k:—])unﬂ+1>/1 Wd@ (0)-

Note that for ¢ = 1 the operator [By(g)](0) given by these formulas is the same as

the one derived earlier.
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To see that these operators has the desired properties we make a norm estimate
of F(h) where we subtract a sum of these operators

N-1
‘F(h) > [Bk( )](O)h(k+1)/m‘ < hHD/mey Supfz ") ()],
k=0 2€R o

which follows from the fact that g is compactly supported. By similar arguments for
F(h) from (3.11) we can find differential operators By given by

oiKmé (k)
= 29(0)
= i ¥ ,min(k,y—1) C. . *
iKm o L
+e Z (f(/m> ( ]Z% (k _j)ymjﬂ)g (0)
i q ,min(k,q) q+1] ifN{mf ®
(K ) < 2:: k—j) 1my+1>/ gat1-(1Fk)/ w459 ()}
hence we have
N_ ~
—ZBMWWMW‘WWWCZWM(N
k=0 k=0 7€R

Since B and Ek are all linear operators we define Ay := By + Ek, looking at the
estimate of the difference between the oscillatory integral I, and an N-term sum of
Ay by use of the two previous estimates and Remark 3.1.3

N-1
1= 3 [Ax(9)) (0)h*+ D/
k=0
N—

= [F(h) + F(h) + O(h) Z (IBL@)(0) + [B(@)(0)) b=+
N1 . B N-1

<|F(h) = 3 [Br@IORED™] 4 [F(h) = > [Bi(@)] (0)n*+D/™|
k=0 k=0

+10(h>)|

< ((Cl + él)h(NH)/m + CnhN ) Z Sugla(’“
k— OJJE

< (Cy 4+ Cy + Cn)h (N“)/mzsup\a (z)],
k OIGR

since for h € 10, 1] then N < A(N+D/™ and hence the proof is done. ]
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The idea behind this proof is different from the proof of Theorem 3.2.1. If in-
stead we had used this approach from (3.9) onward for m even, we could utilize
Theorem 2.2.1 to get

= [ ey (y) dy £ O(h)

hem

1 m—2
. h(k+1)/m/ kF(-M_-
o I;)ak Rg 0L'm—2 | s Mm—k, Km(z)m+3mm

+0(n™),

) 7 (ot (€ de

where M,,_ = {% € Q| Vse{23,..,m} such that s #m — k:} and

2 k—+1
_ (_ Nk
ak—( Z) m(k')(—’LKm)(kJrl)/mF( m >
By defining

hem

Ji(h, g) = /Rfk 0Fm—2 <;Mm—k; m

) 7 (o) (€) de

we want to use Taylor’s Formula A.2.3 for h at 0 then for each k we get

N—-1 j

Iihg) = Y- (550R)0.0) ) + 1 Ruthi),

Jj=0 ’
where Ry (h,g) = [y (1 — t)N=20N (Ji)(th, g) dt and & (J}) is given by

ag(kah,g):/I{(Mn)j( I <kn+18>])

s=2
s#Em—k

Fos (M, T
©0'm—2 | ; m—k+],W

LEMTTEE (g(y)) (€) dé.

We observe that 8] (J;)(0, g) simplifies to

-1

-1

00 = () (1 (520) ) e

5=2
s#Em—k

() (1L (£5)) o0,

5=2
s#Em—k

This gives that Ay and A; are given by ao(?,{(Jo)(O,g)/j! and alaf;(Jl)(O,g)/j! re-
spectively, for j = 0 since m > 2. First of we see that A7 = 0 because a7 = 0, which
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agrees with the formula for A; from (3.8), when m is even. To see that Ay agrees
with (3.7) we use Lemma 2.1.1 to get

or (i

m

7 9(0)

a0(0)(0,9) = = J7m
2

[ee]
m(—iKn, )1/m/0 ¢ a(0)

2 oo Zng

= dga(0),

m Jo 51 c1-1/m

where the last integral is the exact integral from (3.10) that via integration by parts
gave us By. By noting that By = By for all even m > 2, and that Ay = By + By, we
know that this Ay agrees with (3.7).

But the reason why we can not utilize this technique is that we are unable to find
bounds for any of the remainder terms.

3.2.1 Higher dimensions

In order to study the higher dimensional case we have introduce Morse Lemma, which
will be useful later.

Theorem 3.2.3 (Morse Lemma) Suppose that ¢ € C*°(R"™) has a critical point
at xo, where det Hy(xo) # 0. Then there exist neighborhoods U and V' of 0 and xq
respectively, and a diffeomorphism x: V — U such that.

(pont)(2) = (Zx —2; 7).

where 1 is the number of positive eigenvalues of det Hy(zo).
PROOF. After a linear change of variables B and a translation 7_,, we can define

W) = p(T—a (B(2))) = ¢(x0) (3.13)

and then obtain

(Zx - Z 22) +O(ja).

i=r+1

By Taylor’s Formula it follows that

_ /1 0,(h(tx)) dt
0

_ /01(1 )02 (h(tx)) dt
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= /01(1 —t)al Hy (tx)z dt

where Q(z) = 2 [ (1 — t)Hy(tz) dt and

Q() = [{) . IO] .

Let ¢ > 0 and W C R"™ be an open neighborhood of 0 then we will search for a
smooth function A: R"™ — S™*™ such that A(0) = I and satisfies

k(z) = A(x)x. (3.14)
To find this A it suffices to show that
Q(z) = AT (2)Q(0)A(x), (3.15)

hence we suppose F' : S"*" — §"*" given by F(A) = ATQ(0)A, is C'. We want to
apply the the Inverse Function Theorem A.2.5 to find an inverse GG such that

FoG=1.
Thus to apply the theorem we need to find a mapping C' € B(S™*", S"*™) such that
OF(IC =1,

near Q(0). Note that each element of F(A) can be written as

n n n
[F(A)] ;=D ariGestsj = Y Mkak. ik,
s=1t=1

k=1
1 ifk<r . o .
where n, = . Thus looking at the derivatives element-wise we get
-1 fk>r+1
0 ifl Ajandl #1i
9[F(A)] nkak; Hl=i#]

darg OE®lanen =\, 1o jp

2npar; fl=1=j.
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Taking B € S"*", we get

[OF(A)B); ;= > > [OF(A) i j) k) Oid
=1 1=1
=3 [OF (A)] i 5y, (ki) bresi + Z [OF(A)) (i gy, (k) Ord
k=1 k=1
= Z Nk (ak’,jbk i+ ag zbk,])
=1

Thus if we let A = I we obtain
[OF(I)B]; ; = n;bji + mibi
Furthermore, we have that

[BTQ( L Z b a4l = Ugbg i

7] k 1
n

B]m = Z ¢iibij = nibi;
k=1

we can conclude that OF(I)B = BTQ(0) + Q(0)B. Defining

for S € S"*" we get

1

OF(1)C(S) = 5 (@1 (0)9)7Q(V) + Q)@ (0)8)) = 5.

Thence we have satisfied the conditions for the Inverse Function Theorem A.2.5, such
that there exists a G € C*°(S"*",S"*™) such that

F(G) = id,

in an open neighborhood of Q(0), denoted as Qg. We can find an € > 0 such that
for every x € B.(0), Q(x) belongs to 2g. Thus we can define

for every x € B-(0), which gives that
F(A(z)) = F(G(Q(x))) = Q(x),

but from the definition of F' we that F(A(z)) = AT (2)Q(0)A(x) and thus we have
(3.15), note that because @ € C*(B: ( ), Q) and G € C>®(Qqg,G(Qq)) we get that
A e C>®(B:(0),G(Q2q)), and A(0) =
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Lastly, to show the existence of the diffeomorphism x we start by showing that &,
which defined by (3.14), has a smooth inverse. We have to know that it is invertible
at 0, thus we differentiate the component functions of &

= (X 0uari(@))z) + ars(),
i=1
hence evaluation at 0 gives that
Dk(0) = A(0) =1,

thus it is invertible at 0. From the Inverse Function Theorem A.2.5 we now know
that there exist open sets U and V in R" such that V C W and

EL UV
is in C*°. Recalling (3.13) we have

P(T—ao (B(R™(2)))) = ¢(z0) = h(F™ (2)) = %@ ,Q(0)z)

which implies that
Py (B(R™(2)))) =

Choosing U == U and V := 7_,(B(&~'(V))) we can now define a smooth function
k~1: U — V given by

(z,Q(0)x) + p(x0).

K (@) = T (B(RT (2))).

Since it is defined by the invertible functions B, 7., and #~! we are able to define
its inverse K as

k(@) = R(B™ (7uo (@),
hence the proof is done. |

Having proven Morse Lemma we can go on to the higher dimensional case of sta-
tionary phase asymptotics, but we return to the case m = 2.

Theorem 3.2.4 Suppose that a € C(R™), ¢ € C*(R"), h 0 and let K :
supp(a). Assume that there exists xo € K such that Vp(xo) = 0, Hy(zo) # 0, and
V(z) #0 forz e K\ {zo}.

Then for each k € Ny there exists differential operators Asg(x, D) of at most
order 2k, such that for every N:

< COyhNtn/2 Z sup [0%(z)].

N-1
I, — (Z [Agja] (zo hj+n/2) ip(zo)/h
=0 la|<2N-+n+1TER"

Moreover,

Ay = (27r)"/2|det Hw(ﬂfo)|_1/2€iWSgn(H‘p(IO))/4.
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Proor. Without loss of generality we may assume that ¢(z¢) = 0. Let x € C°(R")
such that x(z) = 1 when |z| < 1, x(z) = 0 when |z] > 2, and 0 < x(x) < 1 for
|x| €]1,2]. Writing the oscillatory integral, Ij, := I (a, ¢), we have by Lemma 3.1.5

I, :/ @/ (1) da :/ @)/ (z)a(z)dx + O(h™),

as h goes to 0. By applying the change of variable z ++ x~!(z), then by Theorem 3.2.3
(Morse Lemma) we get

I, = / @7 2) 2k () dx + O(h™),

h goes to 0, where Q = di f boffksr h
as h goes to 0, where Q = diag(n1,m2,...,1n), for N = ks ral where 7
is the number of positive eigenvalues of H (),
and u(z) == x(kH(z))a(k™(z))|det (Dx~1)(x)|, hence u € C(R™). Thus by not-
ing that sgn @ = sgn H,(xp) and that |det Q| = 1 we can apply Lemma 2.2.2 and
Plancherel’s Formula to obtain

n/2 L
=) e [ @M@ derO),  (310)

as h goes to 0. Defining
Tw) = [ eMOTEO () de,
then by integration by parts we have
O (hy ) = /R 0y (MO )

= [ emarean (Ll o) ) de

= J(h, P(u)),
where P(-) = —$(Q7'D,, D,(*)). Thus by using Taylor’s Formula A.2.3 for h near
0:
J(h,u) = ;0 7770, Pru) + < B (b, w),
and the remainder is given by Ry (h,u) := N fol(l —t)N=1J(th, PNu) dt. We want a

norm estimate of this we start by norm estimating the remainder term

1
Ry (hy )] = 'N /0 (1 — N1 (th, PNu)dt
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SN/Ol(l—t)N_l/n

= O |l F(PYu)| s

[F(PVw)] (€)|deat

<Oy Y suw
|a|§n+1 zeR"

)

o [(PNu)(@)]

where the last inequality follows from Lemma A.2.4. By subtracting the non-
remainder terms from both sides of (3.16) and making a norm estimate we get

N=1 /5 san(H(x0))
_ e+~ k k+n/2
Iy (Z ( @2 J(0,P u)) h >

k=0

1 _
<pNenp__ 1 & sup |02 [(PNu) (@)
(27r)”/2N' a|<zn+1 zeR™ [ } ‘

+ h2N+n+102N+n+1 Z sup |6a(a) (.7})|
la|<2N+n+1*ER"

< (14 pNFTOEDENERR G N sup [0%(a) (x))
la|<2N+n+12ER"
<pNtr2oy N sup [0%(a)(z)|,
la|<2N+n+1 ER"

hence the proof is done. |
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A. Apendix

In this Appendix we will state results that doesn’t have to directly link up with the
themes of the report, but are needed. Most of these will either be with proofs or
references to where a proof can be found.
A.1 Schwartz functions
Definition A.1.1 A function f € C*° is called Schwartz if

|2%0° f ()] < Cap
for all a, 5 € Nfj, we say that f € .7 (R")

For the Schwartz space, .¥(R™) we use two equivalent seminorms

1fllm = sup sup [(2)*" 07 f(x)| and | fllas = sup [¢0" f(2)].
|B|<m xeR™ zeR"

Note that for n > m we have || f||, > || f||m. For the reader that is interested in a more
detailed look at the seminorm topology on the Schwartz space we recommend [Grubb,

2009] or [Rudin, 1991].

Lemma A.1.2 Let o € N” then

The proof is trivial and hence left out.

Lemma A.1.3 Let f € S (R") then
0" (2°0" f()) < 2| f [ max(jal ju+80)
for all o, B, u € Ny.

PROOF.

00 f(@) = 2 () e 0 )

IN

S (1) )1t @l o7 )

W<p
< 2| £l maslal. D) - u

37
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Lemma A.1.4 Let f € (R"), then
[12°9° £ @)z < 1 F el 115 Crn

for all a, B, u € Np.

PROOF.
J12°97 f(@)lda = [1@) 720D (@204 2097 f(2) da

< ||f”max(|a\+n+17|5‘) /|<x>_2(n+1)|dl‘

= ||f”max(|oc\+n+1,|ﬂ\)0n-

Theorem A.1.5 Assume that X,Y are topological vector spaces, that X is metriz-
able and that the map T: X — Y is linear. Furthermore, let {x,} be a sequence in

X. Then the following properties are equivalent:
(i) T is continuous.

(ii) T is bounded.
(iii) If xp 22220, then T, is bounded for every n € N.

n— o0

() If z, “=°% 0, then Tz, =% 0.

For a proof see [Rudin, 1991, p. 24-25].
The following definition is from [Hérmander, 1983, p. 236].

Definition A.1.6 Let r € R, 6,p € [0,1] and let S} (R x R) be the space of all

a € C*°(R?") which satisfy that
0807 a(z,€)] < Cayp(1+ [J€]) Ao,

for all z,£ € R™. Then a is called a symbol of order r.
Definition A.1.7 Let r € R and a € 5] ;(R x R). The operator Op(a): /' (R") —

< (R™) given by
Op(@)) () = 2)" [

for ¢ € Z(R") is called a pseudodifferential operator of order r.

e a(z, £)P(€) de,

Remark A.1.8 Any f € .(R?") is a symbol of order 0, since
19£ 05 1(2,6)] < ()™ (€)™ Cap < Cu,

for every a, 8, u, v € N™.
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A.2 Classical Analysis

Definition A.2.1 Let M), and T}, denote the modulation, and translation operators,
such that

Myp(z) = e Pp(z) and  Typ(x) = p(z — q).
Theorem A.2.2 Let ¢ € L'(R™) and p € R", then
F(Mpp) =TpyFe and F(Ipp) = M_pFo.

Theorem A.2.3 (Multivariate Taylor’s formula) Let f € C/(R"), for j € N.
Then it follows that
ya 1 1 ya
fa+y) = 3 0@l i [ -0 S 0wty L,
jal < S =i '
for every o € N"™.

For a proof see [Hérmander, 1983, p. 12-13]

Lemma A.2.4 Assume f € L2(R™). Then there exists a constant C, such that

[fllzr < C sup [[0%f]|L.
|a|<n+1

For a proof see [Evans and Zworski, 2003, p. 23-24]

Theorem A.2.5 (Inverse Function Theorem) Let QO C R" be open and a € Q.

Assume f: Q — R" is C*, V f(a) is invertible and b = f(a). Then there exist open

sets in R™, U and V', such that a € U, b €V, f is injective on U and f(U) =V.
If g: V — U is the inverse of f given by

9(f(z)) = =,
for x € U, then g is CF.

For a proof see [Rudin, 1976, p. 221-223].

A.3 Various results

Recall that L* from (3.4) is given by

L*(f) = (=ih)d (f(f'“") ) .
¢’ (x)
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Lemma A.3.1 Ifa € C*(R) and ¢ € C*(R), then

AN m(x)
PN’

N
(L) () = )N Y (@)
m=0
where
An-i-l,m(‘T) = An,m—l(x) + a(ﬁ)A;,m(x) + (m —2n — 1)W(x)An,m(x)
given that Ago(x) =1 and Ag (x) =0 if L >k or 1 <O.

PRrOOF. We will prove this by induction, for n = 0 we have f(z) = [(L*)O (f)} (x) =

f(o)(ac)%m()? since Ago(x) = 1. Let’s assume that the lemma holds for N = n, we

get that

(L™ ()] (@) = [ ()] (=)

,\
J
=

3
il
2
&
|

3
Il
[e=)
A

:—ih@( 13 _Anm(@) _ )

/(x)2n—m+1

Since Ay, —1(x) = Apnyi1(z) =0, we get

(@™ ()] (@)

S1\n jasy m An,mf 1‘+7/$A;me+m—2n—17xz4n7m:v
= (~ih) +1<mzof< )y A1 (2) + () ;dgx;(nin_m )@ (@) <>>

n+1

= (—ih) +1n§0f( )(x)W—nHm,

hence the proof is done. |

Lemma A.3.2 LetimeN, m>2,gc C>*R), h >0 and

=1 _())(el/mpl/m 1/m J
gy (& h h
Jl(§7h’) :Z ( — 1t ) ( m ) Clvj’

Jj=0
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l 1

i

1
( —pt —:L',,) forj<l—1
p=1

forj=1-1,

where C ; =

2.
EIJ
1

where E; = {(v1,...,31-j-1) € Z7971 1 0 < 21 < ... < m_j_1 < 1}, then
aEJl(ga h) = Jl-i-l(fah)‘

PrOOF. By straightforward calculations we have that

-1 l/m 1/m 1/m J
g\ (et/mp, h
O Ji(€, 1) 5&2 pr )< - ) Clj

-1 gJ+1)(£1/mh1/m) pl/m J+l

gh1- T m

J=0

=1 _(5) 1/mh1/m hl/m J 1 ;
Py g )( ) ( H—l)CM

4112
=0 £ m m
1

I=1 () (el/mpl/m 1/m\J -
gy (&™mh™) [h 1+

=1

0 @) (eV/mpt/my [ p1/m\T /14
+Zg (€ )( > ( +J_Z>Cl0

§l+1f% m m

J=0

! ) (gH/mpt/m 1/m\ 7
gD (g/mnt/m) (h
+Z l+1 J+1 Cl,j—l
=1

m

-1 g])(fl/mhl/m) pl/m J
= Cry1,j

g1 m

0 (0)(¢l/mpl/m 1/m\7
g (EmR™) (R
+Z pTEEnS -~ Cit1,
J=0

L (G)(el/mp1/m 1/m\J
gV (&™) [(h
j=l m

= Jl-‘rl (Ea h)a

because we have that Cj;—1 = Cjyq1; = 1, (% - 0)Cp = (— —1) p 1(— —p) =
é 1(——p) Cit1,0- To see the last equality we look at the set B} ; = {(x1,...,21—5) €
Z | 0<m <... < x_j_1 < l,z_; =1}, then we have

() s 2 I (o )

El] 1P= 1
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