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Danish Abstract
I dette kandidatspeciale har vi beskæftiget os med nogle resultater fra semiklassisk
analyse. I den forbindelse har vi fundet frem til anti-Wick kvantificeringen af psudod-
ifferential operatorer, og udvidet dette til semiklassiske psudodifferential operatorer.
Dette har vi udnyttet til at bevise Gårdings ulighed.

Derefter har vi set på hvordan man udleder en formel for fouriertransformationen
af eicxm hvor m er lige, og det viser sig at for m > 2 bliver det en linear kombination
af generaliserede hypergeometriske funktioner.

Afrundingsvis har vi set på oscillerende integraler, især deres opførsel når h går
mod 0. I den forbindelse er vi kommet ind på asymptotisk opførsel af stationær
fase under forskellige betingelser, hvor vi bl.a. har forsøgt at bruge den førnævnte
fouriertransformation. I forbindelse med at undersøge den asymptotiske opførsel af
stationær fase i højere dimensioner har vi haft brug for at vise Morse Lemma.

v
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1. Anti-Wick
In the this chapter we study some result about the anti-Wick quantization. These
results will be used to show Gårding’s inequality. The following chapter is based on
[Bouclet, 2015b].

1.1 Quantization
In this section we aim to deduce the anti-Wick quantization.

For p, q ∈ Rn the operator U(q, p) : S (Rn)→ S (R2n) is given by

[U(q, p)(ϕ)] (x) = eix·pϕ(x− q),

where ϕ ∈ S (Rn). Let η ∈ S (Rn) such that ‖η‖L2 = 1 and define

ηq,p := [U(q, p)] (η). (1.1)

Lemma 1.1.1 The function T (ϕ) is given by

[T (ϕ)] (q, p) := 〈ϕ , ηq,p〉L2 ∈ S (R2n),

for any ϕ ∈ S (Rn). Furthermore, the linear map T is continuous.

Proof. We start by showing that T (ϕ) is a S (R2n). Let α, β ∈ Nn then by
integration by parts, we have

∂βp ∂
α
q

(
[T (ϕ)] (q, p)

)
= ∂βp ∂

α
q

∫
Rn

ϕ(x)e−ix·pη(x− q) dx

= (−i)|β|(−1)|α|
∫

Rn
xβϕ(x)e−ix·p(∂αη)(x− q) dx. (1.2)

We need to check if this is bounded when we multiply by polynomials in both p and
q. Let δ ∈ Nn be a multiindex, then we can rewrite qδ to be

qδ = (q − x+ x)δ =
∑
δ′≤δ

(−1)|δ′|
(
δ

δ′

)
(x− q)δ′xδ−δ′ .

Hence letting µ ∈ Nn and multiplying (1.2) by pµqδ we use integration by parts to
look at the boundedness∣∣∣pµqδ∂βp ∂αq ( [T (ϕ)] (q, p)

)∣∣∣ =
∣∣∣∣pµqδ ∫

Rn
xβϕ(x)e−ix·p(∂αη)(x− q) dx

∣∣∣∣
=
∣∣∣∣pµ ∫

Rn

∑
δ′≤δ

(
δ

δ′

)
e−ix·p(−1)|δ′|xβ+δ−δ′ϕ(x)(x− q)δ′(∂αη)(x− q) dx

∣∣∣∣
1
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=
∣∣∣∣∫

Rn

∑
δ′≤δ

(
δ

δ′

)
∂µx (e−ix·p)(i)|µ|(−1)|δ′|xβ+δ−δ′ϕ(x)(x− q)δ′(∂αη)(x− q) dx

∣∣∣∣
≤
∑
δ′≤δ

(
δ

δ′

)∣∣∣∣∫
Rn

e−ix·p∂µx

(
xβ+δ−δ′ϕ(x)(x− q)δ′(∂αη)(x− q)

)
dx

∣∣∣∣.
Now we use Leibniz’ rule to obtain∣∣∣pµqδ∂βp ∂αq ( [T (ϕ)] (q, p)

)∣∣∣
≤
∑
δ′≤δ

(
δ

δ′

) ∑
µ′≤µ

(
µ

µ′

)

·
∣∣∣∣∫

Rn
e−ix·p∂µ

′
x

(
xβ+δ−δ′ϕ(x)

)
∂µ−µ

′
x

(
(x− q)δ′(∂αη)(x− q)

)
dx

∣∣∣∣
≤
∑
δ′≤δ

(
δ

δ′

) ∑
µ′≤µ

(
µ

µ′

)

·
∫

Rn

∣∣∣∣∂µ′x (xβ+δ−δ′ϕ(x)
)
∂µ−µ

′
x

(
(x− q)δ′(∂αη)(x− q)

)∣∣∣∣ dx
=:
∑
δ′≤δ

(
δ

δ′

) ∑
µ′≤µ

(
µ

µ′

)
I1. (1.3)

By Lemma A.1.3 and Leibniz rule the estimate on the integral, I1, becomes

I1 ≤ 2|µ|δ!‖η‖max (|δ|,|α+µ|)

∫
Rn
|∂µ′x (xβ+δ−δ′ϕ(x))| dx

≤ 2|µ|δ!‖η‖max (|δ|,|α+µ|)
∑
γ≤µ′

γ≤β+δ−δ′

(
µ′

γ

) (β + δ)!
(β + δ − δ′ − γ)!

∫
Rn
|(xβ+δ−δ′−γ∂µ

′−γ
x )ϕ(x)| dx

≤ 2|µ|δ!‖η‖max (|δ|,|α+µ|)2|µ|(β + δ)!Cn‖ϕ‖max(|β+δ|+n+1,|µ|),

where we in the last inequality have used Lemma A.1.2 and Lemma A.1.4. Returning
to the original estimate (1.3)∣∣∣pµqδ∂βp ∂αq ( [T (ϕ)] (q, p)

)∣∣∣ ≤ Cn2|δ|+3|µ|((β + δ)!)2‖η‖max (|δ|,|α+µ|)

· ‖ϕ‖max (|β+δ|+n+1,|µ|)

≤ Cα,β,δ,µ,n‖ϕ‖max (|β+δ|+n+1,|µ|).

Given ϕ ∈ S (Rn) this shows that T (ϕ) ∈ S (R2n), because all the seminorms of
T (ϕ) are bounded. If {ϕj} is a sequence in S (Rn) and we let ϕj → 0, we have that
T (ϕj)→ 0, and thereby T is continuous, this follows from Theorem A.1.5. �

We would like to have an adjoint T ∗ : S (R2n) → S (Rn), but to start with we
are only able to consider a formal adjoint T ∗ : S ′(R2n)→ S ′(Rn) by

〈T (ϕ) ,Ψ〉L2(R2n) = 〈ϕ , T ∗(Ψ)〉L2(Rn),
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where Ψ ∈ S ′(R2n), ϕ ∈ S (Rn) and the L2-inner products are taken in the dis-
tributional sence. If instead of Ψ ∈ S ′(R2n) we consider ψ ∈ S (R2n) the inner
product becomes

〈T (ϕ) , ψ〉L2(R2n) =
∫∫

R2n
[T (ϕ)] (p, q)ψ(q, p) dq dp

=
∫∫

R2n

(∫
Rn

ϕ(x)ηq,p(x) dx
)
ψ(q, p) dq dp

=
∫∫∫

R3n
ϕ(x)ηq,p(x)ψ(q, p) dx dq dp

=
∫

Rn
ϕ(x)

(∫∫
R2n

ηq,p(x)ψ(q, p) dq dp
)
dx,

by Fubini’s Theorem, hence we are able to define T ∗ : S (R2n)→ S (Rn) as

[T ∗(ψ)] (x) :=
∫∫

R2n
ηq,p(x)ψ(q, p) dq dp. (1.4)

The next lemma tells us that T ∗ is as well-behaved as T .

Lemma 1.1.2 The adjoint T ∗ given by (1.4) is a continuous map from S (R2n) to
S (Rn).

Proof. We look at the derivatives of ηp,q

∂βηq,p(x) =
∑
β′≤β

(
β

β′

)
i|β
′|pβ

′
eix·p∂β−β

′
η(x− q).

Now, by similar argument as those in the proof of Lemma 1.1.1, we get

|[T ∗(ψ)] (x)| =
∣∣∣∫∫

R2n
ψ(q, p)ηq,p(x)dqdp

∣∣∣
=
∣∣∣ ∑
α′≤α

(
α

α′

)∫∫
R2n

qα
′
ψ(q, p)(x− q)α−α′∂βηq,p(x)dqdp

∣∣∣
=
∣∣∣ ∑
α′≤α

(
α

α′

) ∑
β′≤β

(
β

β′

)
i|β
′|

·
∫∫

R2n
qα
′
pβ
′
ψ(q, p)eix·p(x− q)α−α′∂β−β′η(x− q)dqdp

∣∣∣
≤ 2|α+β|C2n‖η‖max(|α|,|β|)‖ψ‖|α+β|+2n+1,

which finishes the proof. �

The following theorem presents a nice property for the operator T .

Theorem 1.1.3 The identity T ∗ (T (ϕ)) = (2π)nϕ, holds for every ϕ ∈ S (Rn)
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Proof. By using Fubini’s Theorem and the definition of the Fourier transform we
get[
T ∗
(
[T (ϕ))] (q, p)

)]
(y) =

[
T ∗
(∫

Rn
ϕ(x)e−ix·pη(x− q)dx

)]
(y)

=
∫∫∫

R3n
ϕ(x)e−ix·pη(x− q)dx eiy·pη(y − q)dqdp

=
∫∫

R2n
eiy·p

∫
Rn

e−ix·pϕ(x)η(x− q)dxdp η(y − p)dq

=
∫

Rn

(2π)n

(2π)n
∫

Rn
eiy·p [Fx(ϕ(x)η(x− q))] (p)dp η(y − q)dq

= (2π)n
∫

Rn

[
F−1
p [Fx(ϕ(x)η(x− q))] (p)

]
(y)η(y − q)dq

= (2π)n
∫

Rn
ϕ(y)η(y − q)η(y − q)dq

= (2π)nϕ(y)
∫

Rn
|η(y − q)|2dq

= (2π)nϕ(y),

hence the proof is finished. �

The following corollary is a nice consequence of Theorem 1.1.3

Corollary 1.1.4 For all ϕ,ψ ∈ S (Rn),

〈ϕ ,ψ〉 = (2π)−n〈T (ϕ) , T (ψ)〉

= (2π)−n
∫∫

R2n
〈ϕ , ηq,p〉〈ψ , ηq,p〉dqdp,

especially

‖ϕ‖2L2 = (2π)−n
∫∫

R2n
|〈ϕ , ηq,p〉|2dqdp.

For a function a ∈ L∞(R2n), we can define bilinear form Ba by

Ba(ϕ,ψ) := (2π)−n
∫∫

R2n
a(q, p)〈ϕ , ηq,p〉〈ψ , ηq,p〉dqdp.

Corollary 1.1.4 and Cauchy-Schwarz inequality give that

|Ba(ϕ,ψ)| ≤ ‖a‖L∞(R2n)‖ϕ‖L2(Rn)‖ψ‖L2(Rn).

This and the fact that Ba is a sesquilinear form on S (Rn) ×S (Rn) make us able
to Riesz’ Representation Theorem, since it can be shown by elementary calculations
that is T an operator on L2. Thus we can conclude, that there exists a unique
bounded operator A on L2(Rn) such that

Ba(ϕ,ψ) = 〈Aϕ ,ψ〉,
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for all ϕ,ψ ∈ S (Rn). To be able to use this operator we want an explicit formula,
thus we some formal calculations

〈Aϕ ,ψ〉 = Ba(ϕ,ψ)

= (2π)−n
∫∫

R2n
a(q, p)〈ϕ , ηq,p〉〈ψ , ηq,p〉dqdp

= (2π)−n
∫∫∫

R3n
a(q, p)〈ϕ , ηq,p〉ψ(x)ηq,p(x)dxdqdp

=
∫

Rn
(2π)−n

∫∫
R2n

a(q, p)〈ϕ , ηq,p〉ηq,p(x)dqdpψ(x)dx,

by Fubini’s Theorem, hence we are able to define the operator A by

[A(ϕ)](x) := (2π)−n
∫∫

R2n
a(q, p)〈ϕ , ηq,p〉ηq,p(x)dqdp.

Definition 1.1.5 The operator A is the anti-Wick quantization of a and is denoted
by

A = OpaW(a).

By straightforward calculations, Definition 1.1.5 gives the following results:

(i) ‖OpaW(a)‖B ≤ ‖a‖L∞(Rn),

(ii) OpaW(1) = I,

(iii) OpaW(a)∗ = OpaW(a) and

(iv) a ≥ 0⇒ OpaW(a) ≥ 0.

The notation OpaW(a) is reminiscent of that of a pseudodifferential operator,
Op(a), from Definition A.1.7. In fact, we will later look at the relation between the
anti-Wick quantization of some S (R2n)-function and the pseudodifferential oper-
ator of the same S (R2n)-function. To do this we have to introduce the following
definition.

Definition 1.1.6 For fixed ϕ,ψ ∈ S (Rn), the Wigner function associated to ϕ and
ψ, Wϕ,ψ is given by

Wϕ,ψ(x, ξ) = (2π)−neix·ξϕ̂(ξ)ψ(x). (1.5)

Given a real and even function η ∈ S (Rn), such that ‖η‖L2 = 1, we define the
Wigner function, W , to be

W := Wη,η, (1.6)

which is also even.
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1.2 Semiclassical scaling
We are now able to begin the investigation of semiclassical theory. We start by
defining the semiclassical quantization of a pseudodifferential operator, with a ∈
S (R2n) as a symbol.

Definition 1.2.1 Let h ∈]0, 1] and a ∈ S (R2n), then

[Oph(a)(ϕ)](x) = (2π)−n
∫
eix·ξa(x, hξ)ϕ̂(ξ) dξ,

is called a semiclassical pseudodifferential operator.

By denoting ah(x, ξ) := a(x, hξ), we see that by Definition A.1.7 we have that
Oph(a) = Op(ah). We also want a semiclassically scaled Wigner function, hence
we define a scaled η:

ηh(x) := h−
n
4 η

(
x

h
1
2

)
, (1.7)

and thus we get a Wigner function from (1.5)

Wηh,ηh = (2π)−neix·ξη̂h(ξ)ηh(x) = (2π)−neix·ξη̂(h1/2ξ)η(h−1/2x). (1.8)

If we define a new Wh as a scaling of W from (1.6)

Wh := h−nW
(
h−

1
2x, h−

1
2 ξ
)
,

we can formulate following lemma.

Lemma 1.2.2 For every a ∈ S (Rn) and every h ∈]0, 1](
ah ∗W ηh,ηh

)
(x, ξ) =

(
a ∗W h

)
(x, hξ).

Proof. The left hand side is given by

(ah ∗W ηh,ηh)(x, ξ) = (2π)−n
∫∫

R2n
a(x+ q, h(ξ + p))e−iq·pη(−h−

1
2 q)η̂(−h

1
2 p)dqdp.

Now we want to see if the right hand side is equal to the left

(a ∗W h)(x, hξ) =
∫∫

R2n
a(x+ q, hξ + p)W h(−q,−p)dqdp

= h−n
∫∫

R2n
a(x+ q, hξ + p)W (−h−

1
2 q,−h−

1
2 p)dqdp

= (2π)−nh−n
∫∫

R2n
a(x+ q, hξ + p)e

−iq·p
h η(−h−

1
2 q)η̂(−h−

1
2 p)dqdp

= (2π)−n
∫∫

R2n
a(x+ q, h(ξ + p))e−iq·pη(−h−

1
2 q)η̂(−h

1
2 p)dqdp,

in the last equality we have use the change of variable p 7→ hp, hence the proof is
done. �



1.2. Semiclassical scaling 7

It follows easily from (1.7) that ηh has L2-norm equal to 1 and thus we can define
OpaW

h (a) by[
OpaW

h (a)(ϕ)
]

(x) := (2π)−n
∫∫

R2
a(q, p)〈(ηh)q,p , ϕ〉(ηh)q,p(x)dqdp,

for a ∈ S (R2n) and h ∈]0, 1], where (ηh)q,p is given by replacing η with ηh in (1.1).
As teased in the previous section we are now able to state the connection between the
anti-Wick quantization and a pseudodifferential operator, in a semiclassical sence.

Lemma 1.2.3 For all a ∈ S (R2n) and all h ∈ ]0, 1]

OpaW
h (ah) = Oph(a ∗W h). (1.9)

Proof. From Lemma 1.2.2 we know that the symbol of the operator on the right
hand side can be expressed as

(ah ∗W ηh,ηh)(x, ξ) = (2π)−n
∫∫

R2
ah(x+ q, ξ + p)ei(−q)·(−p)ηh(−q)η̂h(−p)dqdp

= (2π)−n
∫∫

R2n
ah(x+ q, ξ + p)e−iq·pηh(q)η̂h(p)dqdp,

where we have used (1.8). Thus by Definition 1.2.1 we get[
Op(ah∗W ηh,ηh)ϕ

]
(x)

= (2π)−2n
∫∫∫

R3n
eix·ξ−iq·pah(x+ q, ξ + p)ηh(q)η̂h(p)ϕ̂(ξ)dqdpdξ. (1.10)

Elementary calculations give that

〈ϕ , (ηh)q,p〉 = (2π)−n〈ϕ̂ ,F(MpTqηh)〉
= (2π)−n〈ϕ̂ , TpM−qη̂h〉

= (2π)−n
∫

Rn
ϕ̂(ξ)e−iq·(ξ−p)η̂h(ξ − p)dξ

= (2π)−n
∫

Rn
eiq·(ξ−p)η̂h(ξ − p)ϕ̂(ξ)dξ.

Looking at the left hand side of (1.9)[
OpaW

h (ah)ϕ
]
(x) = (2π)−n

∫∫
R2n

ah(q, p)〈ϕ , (ηh)q,p〉(ηh)q,p(x)dqdp

= (2π)−2n
∫∫∫

R3n
ah(q, p)eiq·(ξ−p)η̂h(ξ − p)ϕ̂(ξ)eip·xηh(x− q)dξdqdp

= (2π)−2n
∫∫∫

R3n
ah(q + x, p+ ξ)ei(q+x)·(−p)η̂h(−p)ϕ̂(ξ)ei(p+ξ)·xηh(−q)dqdpdξ

= (2π)−2n
∫∫∫

R3n
eix·ξ−iq·pah(q + x, p+ ξ)ηh(q)η̂h(p)ϕ̂(ξ)dqdpdξ (1.11)

where in third line we change the variables from p to p+ ξ and from q to q+ x, then
from equations (1.10) and (1.11) the proof is finished. �
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1.3 Gårding’s inequality
In order to prove Gårding’s inequality for Schwartz functions, we first introduce
two result. The first of these is a semiclassical variant of the Calderon-Vaillancourt
Theorem.

Theorem 1.3.1 For α, β ∈ Nn, there exists C, Ñ ≥ 0 such that for every a ∈
S (R2n), we get

‖Oph(a)ϕ‖L2 ≤ C max
|α+β|≤Ñ

‖∂αx ∂
β
ξ a‖L∞‖ϕ‖L2 ,

every ϕ ∈ S (Rn) and every h ∈ ]0, 1].

The proof is omitted but can be found in [Bouclet, 2015a] and the interested reader
can look at the original result [Calderon and Vaillancourt, 1971].

In the second result we will need a special case of the seminorms on the space of
Schwartz functions, found in Appendix A, which is given by

‖f‖d≤m := sup
d≤|β|≤m

sup
x∈Rn

|〈x〉2(m−d) ∂βf(x)|,

for f ∈ S (Rn).

Lemma 1.3.2 There exists some C > 0 such that

‖a ∗W h − a‖L∞ ≤ Ch‖a‖2≤4,

for every a ∈ S (R2n) and every h ∈ ]0, 1].

Proof. First we look at the left hand side and apply Taylor’s Formula A.2.3 to get∣∣∣(a ∗W h − a
)
(x, ξ)

∣∣∣ =
∣∣∣∫∫

R2
a(x+ q, ξ + p)W h(−q,−p)dqdp− a(x, ξ)

∣∣∣
=
∣∣∣ ∫∫

R2n
a(x, ξ)Wh(−q,−p)dqdp− a(x, ξ)

+
∫∫

R2n

∑
|α+β|=1

qαpβ(∂α1 ∂
β
2 a)(x, ξ)Wh(−q,−p)dqdp

+
∫∫

R2n

∑
|α+β|=2

2!
α!β!q

αpβ
∫ 1

0
(1− t)(∂α1 ∂

β
2 a)(x+ tq, ξ + tp)dtWh(−q,−p)dqdp

∣∣∣
=
∣∣∣ ∑
|α+β|=2

2!
α!β!

∫ 1

0

∫∫
R2n

(qαpβe−
i
h
q·p)(1− t)(∂α1 ∂

β
2 a)(x+ tq, ξ + tp)

· (2π)−nh−nη(−h−
1
2 q)η̂(−h−

1
2 p)dqdpdt

∣∣∣,
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where the last equality follows from the fact that Wh is even and integrates to 1. By
integration by parts and Leibniz’ rule we get∣∣∣(a ∗W h − a

)
(x, ξ)

∣∣∣
=
∣∣∣ ∑
|α+β|=2

2!
α!β!

∫ 1

0

∫∫
R2n
−h2e−

i
h
q·p∂βq ∂

α
p

[
(1− t)(∂α1 ∂

β
2 a)(x+ tq, ξ + tp)

· (2π)−nh−nη(h−
1
2 q)η̂(h−

1
2 p)
]
dqdpdt

∣∣∣
= (2π)−n

∣∣∣h2−n ∑
|α+β|=2

2!
α!β!

∫ 1

0

∫∫
R2n

e−
i
h
q·p ∑

α′≤α

(
α

α′

) ∑
β′≤β

(
β

β′

)
(1− t)

·
(
∂α+β′

1 ∂β+α′
2 a

)
(x+ tq, ξ + tp)t|α′+β′|(∂β−β′η)(h−

1
2 q)(∂α−α′ η̂)

· (h−
1
2 p)h

−2+|α′+β′|
2 dqdpddt

∣∣∣.
Then by the changes of variables q 7→ h

1
2 q and p 7→ h

1
2 p, both with Jacobian deter-

minant h
n
2 , we obtain∣∣∣(a∗W h − a

)
(x, ξ)

∣∣∣
= (2π)−n

∣∣∣ ∑
|α+β|=2

2!
α!β!

∫ 1

0

∫∫
R2n

e−iq·p
∑
α′≤α

(
α

α′

) ∑
β′≤β

(
β

β′

)
(1− t)

·
(
∂α+β′

1 ∂β+α′
2 a

)
(x+ tqh1/2, ξ + tph1/2)t|α′+β′|(∂β−β′η)(q)

· (∂α−α′ η̂)(p)h
2+|α′+β′|

2 dqdpddt
∣∣∣

≤ (2π)−n
∑

|α+β|=2

2!
α!β!

∑
α′≤α

(
α

α′

) ∑
β′≤β

(
β

β′

)
h‖a‖2≤4

·
∫ 1

0

∫∫
R2n
|(∂α−α′ η̂)(q)|dq|(∂β−β′η)(p)|dpdt

≤ (2π)−n max
|β|≤2
‖∂β η̂‖L1 max

|β|≤2
‖∂βη‖L1(2n)225h‖a‖2≤4

= Ch‖a‖2≤4,

hence the proof is done. �

We now formulate the main result of this section.

Theorem 1.3.3 (Gårding’s inequality) There exists C,N ≥ 0 such that for ev-
ery non-negative a ∈ S (R2n) we have

Re
(
〈Oph(a)ϕ ,ϕ〉

)
≥ −Ch‖a‖N‖ϕ‖L2 ,

for every ϕ ∈ S (Rn) and every h ∈ ]0, 1].
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Proof. Form the linearity of the operators we get

Oph(a) = Oph(a− a ∗Wh) +Oph(a ∗Wh)
= Oph(a− a ∗Wh) +OpaW

h (ah),

which follows by (1.9). Since a ≥ 0 we have that OpaW
h (ah) is a positive operator,

thus we check Oph(a) and observe that by Theorem 1.3.1 we have

‖Oph(a− a ∗Wh)ϕ‖L2 ≤ C max
|α+β|≤Ñ

‖∂αx ∂
β
ξ (a− a ∗Wh)‖L∞‖ϕ‖L2

= C max
|α+β|≤Ñ

‖(∂αx ∂
β
ξ a− (∂αx ∂

β
ξ a) ∗Wh)‖L∞‖ϕ‖L2

≤ Ch‖a‖2≤Ñ+4‖ϕ‖L2 , (1.12)

where the last inequality follows from Lemma 1.3.2. Hence we can conclude that

Re
(
〈Oph(a)ϕ ,ϕ〉

)
= Re

(
〈(Oph(a− a ∗Wh) +OpaW

h (ah))ϕ ,ϕ〉
)

= Re
(
〈Oph(a− a ∗Wh)ϕ ,ϕ〉

)
+ Re

(
〈OpaW

h (ah)ϕ ,ϕ〉
)

≥ Re
(
〈Oph(a− a ∗Wh)ϕ ,ϕ〉

)
≥ −Ch‖a‖2≤Ñ+4‖ϕ‖

2
L2 ,

where the last inequality follows from (1.12) and Cauchy-Schwarz inequality, which
finishes the proof. �



2. Fourier Transform of eicxm

In this chapter we will show a formula for the Fourier transform of eicxm , where c is a
reel constant and m ∈ N is even. These results become important when we consider
oscillatory integrals.

2.1 Preliminary results
In this section we present some results used in the proof for the Fourier transform of
eicx

m , the first is an integral identity.

Lemma 2.1.1 Let m ∈ N, −1 < a
b ∈ Q, b ∈ N and c ∈ R \ {0}, then∫ ∞

0
x
a
b eicx

m
dx = 1

(−ic)(a+b)/(mb)

∫ ∞
0

z
a
b e−z

m
dz, (2.1)

where (−ic)1/m is the principal m’th root of −ic, same for the b’th root.
For b = 1 we have∫ ∞

0
xaeicx

m
dx = 1

(−ic)(a+1)/(m)

∫ ∞
0

zae−z
m
dz. (2.2)

The idea behind the proof of this lemma is based on techniques used in [Evans
and Zworski, 2003, p. 26-27].

Proof. Let ε,M > 0 then from the left hand side of (2.1) we have

(ε− ic)1/m+a/(bm)

(ε− ic)(a+b)/mb lim
M→∞

∫ M

0
xa/be(ic−ε)xmdx

= 1
(ε− ic)(a+b)/mb lim

M→∞

∫ M

0
(ε− ic)

1
m

(
(ε− ic)

1
mx
)a/b

e(ic−ε)xmdx

= 1
(ε− ic)(a+b)/mb lim

M→∞

∮
γ1
za/be−z

m
dz (2.3)

= 1
(ε− ic)(a+b)/mb lim

M→∞

{∫ M(c2+ε2)1/2m

0
za/be−z

m
dz +

∮
γ2
za/be−z

m
dz

}
,

where γ1(x) = (ε − ic)1/mx, for x ∈ [0,M ]. We have that γ1(M) = M(c2 +
ε2)1/(2m)e±ϕi/m, where the plus sign is used if c < 0, and the minus if c > 0. In
this manor we get that 0 < ϕ < π

2 , and thus define γ2(t) := M(c2 + ε2)1/2me±ti, for
t ∈ [0, ϕm ]. Making a norm estimate of the contour integral over γ2 we get∣∣∣∣∮
γ2
z
a
b e−x

m
dz

∣∣∣∣ =
∣∣∣∣∣
∫ ϕ

m

0
iM(c2 + ε2)

1
2m e±ti

(
M(c2 + ε2)

1
2m e±ti

)a
b e−(M(c2+ε2)

1
2m e±ti)mdt

∣∣∣∣∣
11
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≤ π

2m(c2 + ε2)
a+b
2mbMa/b+1 max

t∈[0,ϕ/m]

∣∣∣∣e−(Mm(c2+ε2)
1
2 emti

∣∣∣∣ .
Since ϕ < π

2 and 0 < Re(emti) ≤ 1 there exist positive constants, c1, c2, such that∣∣∣∣∮
γ2
za/be−x

m
dz

∣∣∣∣ < c1M
a/b+1e−c2Mm

.

Letting M go to infinity in (2.3) we get∫ ∞
0

xa/be(ic−ε)xm = 1
(ε− ic)(a+b)/(bm)

∫ ∞
0

za/be−zx
m
dz.

Taking the limit of ε going to 0, finishes the proof. �

The formula for the Fourier transform of eicxm use the generalized hypergeometric
function therefore we state a definition which is based upon [Andrews et al., 1999,
p. 61-62].

Definition 2.1.2 Given p, q ∈ N0 then for sequences {a}q, {b}q ⊂ R \ ({0} ∪ Z−)
the generalized hypergeometric function is given by

pFq (a1, . . . , ap; b1, . . . , bq;x) :=
∞∑
k=0

(a1)k, ..., (ap)k
(b1)k, ..., (bq)k

xk

k! ,

for x ∈ C, where (a)k = a(a+ 1) · · · (a+ k − 1) and (a)0 = 1.

It is worth noting that convergence of the generalized hypergeometric functions is
determined by the relation between p and q.

Theorem 2.1.3 The function pFq (a1, . . . , ap; b1, . . . , bq;x) converges absolutely for
all x ∈ C if p ≤ q and for |x| < 1 if p = q + 1.

It diverges for all non-zero x ∈ C if p > q + 1.

For a proof see [Andrews et al., 1999, p. 62].

2.2 Fourier Transform
With the definition of the generalized hypergeometric functions in mind we state the
main result of this chapter.

Theorem 2.2.1 Let 2 ≤ m ∈ N be even and c 6= 0 be a real constant, then given
the set E = {0, 2, . . . ,m− 2} the Fourier transform of eicxm is given by

F
(
eicx

m
)
(ξ) =

∑
k∈E

akξ
k

0Fm−2

(
;Mm−k;

ξm

c(i)m+3mm

)
, (2.4)
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for every ξ ∈ R, where Mm−k =
{
k+s
m ∈ Q | ∀s ∈ {2, 3, ..,m} such that s 6= m− k

}
and

ak = (−i)k 2
m(k!)(−ic)(k+1)/mΓ

(
k + 1
m

)
,

with (−ic)1/m as the principal m’th root of −ic.

Proof. We define f(ξ) by the right hand side (2.4) as

f(ξ) := F
(
eicx

m
)
(ξ) =

∫
R
e−ixξeicx

m
dx,

for ξ ∈ R. Now to find an appropriate differential equation we take the (m − 1)’th
derivative

f (m−1)(ξ) =
∫

R
∂m−1
ξ

(
e−ixξ

)
eicx

m
dx = (−i)m−1

∫
R
e−ixξxm−1eicx

m
dx.

To ensure that we can use integration by parts we rewrite the integrand

(−i)m−1 lim
ε→0+

∫
R
e−ixξxm−1ei(c+iε)x

m
dx

= (−i)m−1 lim
ε→0+

1
i(c+ iε)m

∫
R
e−ixξ∂x

(
ei(c+iε)x

m
)
dx

= (−i)m lim
ε→0+

−ξ
i(c+ iε)m

∫
R
e−ixξei(c+iε)x

m
dx

= −(−i)m+1 ξ

cm

∫
R
e−ixξeicx

m
dx,

which gives that

f (m−1)(ξ) = −(−i)m+1

cm
ξf(ξ). (2.5)

To solve this differential equation (2.5) we use the initial value conditions f (j)(0) = bj ,
for every j ∈ {0, 1, . . . ,m− 1}, where

f (j)(0) = (−i)j
∫

R
xjeicx

m
dx. (2.6)

Thus we observe that the integrand of (2.6) is even when j is even, and odd when
j is odd, hence bj = 0 for odd j. To find the initial values of bj for j even, we
rewrite (2.6) by applying Lemma 2.1.1

(−i)j
∫

R
xjeicx

m
dx = (−i)j 2

(−ic)(j+1)/m

∫ ∞
0

zje−z
m
dz

= (−i)j 1
(−ic)(j+1)/m

2
m

∫ ∞
0

t(j+1)/m−1e−t dt
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= (−i)j 2
m(−ic)(j+1)/mΓ

(
j + 1
m

)
.

To solve the differential equation we write f(ξ) as a Taylor series at 0

f(ξ) =
∞∑
k=0

akξ
k,

taking the (m− 1)’th derivative of this, we get

f (m−1)(ξ) =
∞∑

k=m−1
akξ

k−m+1
k∏

l=n−m+2
l

=
∞∑

k=−1
ak+mξ

k+1
k+m∏
l=n+2

l.

Since f (m−1)(0) = 0 it follows that am−1 = 0 which implies adm−1 = 0 for all d ∈ N.
Furthermore, if we use the this Taylor series in the differential equation (2.5) we get

f (m−1)(ξ) =
∞∑
k=0

(−i)m+3

cm
akξ

k+1.

Combining these two result for fm−1(ξ) we observe that

ak+m = (−i)m+3(k + 1)
cm

∏k+m
l=k+1 l

ak,

for every 0 ≤ k ≤ m− 2. Thus the Taylor series can be rewritten as

f(ξ) =
m−2∑
k=0

ak

( ∞∑
d=0

((−i)m+3

cm

)dk!(
∏d
l=1m(l − 1) + k + 1)

(k + dm)! ξk+dm
)
.

Comparing this to our initial value conditions for (2.5) we get that aj = bj/(j!) and
thus defining a set E := {0, 2, . . . ,m− 2} our function is given by

f(ξ) =
∑
k∈E

akξ
k
( ∞∑
d=0

( 1
(i)m+3cm

)dk!
∏d
l=1(m(l − 1) + k + 1)

(k + dm)! ξdm
)

=:
∑
k∈E

akξ
kgk(ξ).

Looking at gk we get that

gk(ξ) =
∞∑
d=0

( 1
(i)m+3cm

)dk!
∏d
l=1(m(l − 1) + k + 1)

(k + dm)! ξdm

=
∞∑
d=0

(
ξm

(i)m+3c

)d 1
md

k!
∏d
l=1(m(l − 1) + k + 1)

k!
∏d
l=1(m(l − 1) + k + 1)

m∏
s=2

1∏d
l=1(m(l − 1) + k + s)
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=
∞∑
d=0

(
ξm

(i)m+3c

)d 1
md

m∏
s=2

1
md

∏d
l=1

(
k+s
m + l − 1

)
=
∞∑
d=0

(
ξm

(i)m+3cmm

)d 1
d!

m∏
s=2

s 6=m−k

1(
k+s
m

)
d

= 0Fm−2

(
;Mm−k;

ξm

c(i)m+3mm

)
,

where Mm−k =
{
k+s
m ∈ Q | ∀s ∈ {2, 3, ..,m} such that s 6= m− k

}
, hence the proof

is done. �

In the next chapter we study the behaviour of oscillatory integrals in multiple di-
mensions, thus we need the following result for the Fourier transform when m = 2.

Lemma 2.2.2 Suppose A ∈ Rn×n is symmetric and non-singular, then

[
F
(
e
i
2 (Ax)·x

)]
(ξ) = (2π)n/2

|detA|1/2
e
iπ
4 sgnAe−

i
2 (A−1(ξ))·ξ.

In one dimension the signature of A is the same as the sign function, hence we denote
it by sgnA.

Proof. Calculating the Fourier transform we get[
F
(
e
i
2 (Ax)·x

)]
(ξ) =

∫
Rn

e
i
2 (Ax)·x−ix·ξ dx

=
∫

Rn
e
i
2 (Ax)·x−ix·ξ+ i

2 ((A−1ξ)·ξ−(A−1ξ)·ξ) dx

=
∫

Rn
e
i
2 (A(x−A−1ξ))·(x−A−1ξ))− i

2 (A−1ξ)·ξ dx

= e−
i
2 (A−1ξ)·ξ

∫
Rn

e
i
2 (Ay)·y dy,

where last equality follows from the change of variable y := (x − A−1ξ). Now us-
ing that A is reel and symmetric we see that A has eigenvalues (λ1, . . . , λn), where
λ1, . . . , λr are the positive eigenvalues and λr+1, . . . , λn are the negative eigenvalues
and let p1, . . . , pn denote the corresponding eigenvector Then by spectral decompo-
sition we get ∫

Rn
e
i
2 (Ay)·y dy =

∫
Rn

e
∑n

k=1
1
2 (iλk)‖pk‖2

dp

=
n∏
k=1

2
∫ ∞

0
e

1
2 (iλk)‖pk‖2

dpk

=
n∏
k=1

2 1
(− i

2λk)1/2

∫ ∞
0

e−z
2
dz
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=
n∏
k=1

√
2π

(−iλk)1/2 ,

where the third equality follows from Lemma 2.1.1, and from this lemma we also
know that we have to take the principal square root, which gives

(−iλk)1/2 = (−i(sgnλk))1/2|λk|1/2 = e
iπ
4 sgnλk

|λk|1/2
.

Hence the Fourier transform becomes

[
F
(
e
i
2 (Ax)·x

)]
(ξ) =

( n∏
k=1

√
2πe

iπ
4 sgnλk

|λk|1/2

)
e−

i
2 (A−1ξ)·ξ = (2π)n/2e

iπ
4 sgnA

|detA|1/2
e−

i
2 (A−1ξ)·ξ,

which finishes the proof. �



3. Oscillatory Integrals
The aim of this chapter is to get an understanding of how oscillatory integral behave
when h goes to 0. The following chapter is based on [Evans and Zworski, 2003].

A motivating factor to study the behaviour of oscillatory integral is that the
semiclassical pseudodifferential operators from Chapter 1 which are given by Defini-
tion 1.2.1 can be rewritten by the change of variable ξ 7→ ξ/h

[Oph(a)ϕ] (x) = (2π)−n
∫
eix·ξa(x, hξ)ϕ̂(ξ) dξ = (2πh)−n

∫
e
i
h
x·ξa(x, ξ)ϕ̂

(
ξ

h

)
dξ,

where we see that the integral kernel looks to be an inverse semiclassical Fourier
transform of the symbol with respect to the second variable.

Definition 3.0.1 The semiclassical Fourier transform is given for h > 0 by

[Fh(ϕ)] (ξ) :=
∫

Rn
e−(i/h)x·ξϕ(x) dx, (3.1)

for ϕ ∈ S (Rn), and the inverse by[
F−1
h (ϕ)

]
(x) := (2πh)−n

∫
Rn

e(i/h)x·ξ [Fh(ϕ)] (ξ) dξ,

for ϕ ∈ S (Rn).

The semiclassical Fourier transform has properties similar to the ones of the classical
Fourier transform.

Theorem 3.0.2 Let ϕ ∈ S (Rn) and α ∈ Nn, then we get

(−ih∂ξ)α [Fh(ϕ)] (ξ) = [Fh((−x)αϕ)] (ξ),
[Fh((−ih∂x)αϕ)] (ξ) = ξα [Fh(ϕ)] (ξ),
(2πh)−n‖Fh(ϕ)‖2L2 = ‖ϕ‖2L2 ,

for every h > 0.

The proof is omitted since it follows from Definition 3.0.1 by straightforward calcu-
lation.

3.1 Rapid decay
In order to understand behaviour of oscillatory integral, like the semiclassical Fourier
transform from (3.1), when h goes to 0, we start our study of such integrals in the
one dimensional case.

17
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Definition 3.1.1 Let h > 0 be a real parameter, then the oscillatory integral is
defined by

Ih(a, ϕ) :=
∫ ∞
−∞

eiϕ(x)/ha(x) dx, (3.2)

for a ∈ C∞c (R) and ϕ ∈ C∞(R).

When a and ϕ are given we will denote (3.2) by Ih, if there is no chance of confusion.
If there for every positive integer N , exists a constant CN > 0 such that

|Ih| ≤ CNhN , (3.3)

for all h ∈ ]0, 1], this property denotes as Ih = O (h∞) when h goes to 0.

Lemma 3.1.2 Assume a ∈ C∞c (R), ϕ ∈ C∞(R) and let K := supp a. If ϕ′(x) 6= 0
for every x ∈ K, then

Ih = O (h∞) ,

as h goes to 0.

Proof. The aim of the proof is to obtain (3.3), by way of integration by parts. We
define an operator L given by

[L(·)](x) := h

i

∂x(·)(x)
ϕ′(x) ,

and this operator clearly acts as the identity on eiϕ(x)/h. We can define the formal
adjoint of L, by using integration by parts

〈L(f) , g〉 =
∫

R

h

i

∂x(f)(x)
ϕ′(x) g(x) dx

=
∫

R
f(x)ih∂x

(
g

ϕ′

)
(x) dx

=: 〈f , L∗(g)〉,

where f ∈ C∞(R) and g ∈ C∞c (R), hence

[L∗(·)](x) = (−ih)∂x

 ·(
ϕ′
)
 (x). (3.4)

Thus by using the operator L multiple times in (3.2) and taking the absolute value,
we get

|Ih| =
∣∣∣∣∫
K

[
LN
(
eiϕ(·)/h

)]
(x)a(x) dx

∣∣∣∣ =
∣∣∣∣∫
K
eiϕ(x)/h[(L∗)N(a)](x) dx

∣∣∣∣,
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for every N ∈ N. Hence by the triangle inequality and applying Lemma A.3.1 to L∗,
we obtain

|Ih| ≤
∫
K

∣∣∣eiϕ(x)/h[(L∗)N(a)](x)
∣∣∣ dx

≤ hN
∫
K

∣∣∣∣ N∑
k=0

a(k)(x) AN,k(x)
(ϕ′(x))2N−j

∣∣∣∣ dx
≤ hN (N + 1)µ(K) max

0≤j≤N

(
sup
x∈K

∣∣∣∣ AN,j(x)
(ϕ′(x))2N−j

∣∣∣∣
)

N∑
k=0

sup
x∈R
|a(k)(x)| (3.5)

≤ hNCN ,

where we note that A0,0 ≡ 1, AN,m ≡ 0 when m < 0 or when m > N , and AN,m(x) =
AN−1,m−1(x) + ϕ′(x)A′N−1,m(x) + (m− 2N − 1)ϕ′′(x)AN−1,m(x). �

Remark 3.1.3 As a consequence of (3.5) from the proof of Lemma 3.1.2, we see
that the constant from (3.3) can be expressed as

CN = C̄N

N∑
k=0

sup
x∈R
|a(k)(x)|.

The Definition 3.1.1 of one dimensional oscillatory integrals easily extends to
higher dimensional spaces.

Definition 3.1.4 Let h > 0 be a real parameter, then the oscillatory integral is
defined by

Ih(a, ϕ) :=
∫

Rn
eiϕ(x)/ha(x) dx,

for a ∈ C∞c (Rn) and ϕ ∈ C∞(Rn).

Now we see that results of Lemma 3.1.2 and Remark 3.1.3, also extends nicely to
higher dimensions.

Lemma 3.1.5 Let a ∈ C∞c (Rn) and ϕ ∈ C∞(Rn). If ∇ϕ(x) 6= 0 for every x ∈
supp(a), then

Ih(a, ϕ) = O(h∞),

as h→ 0. Moreover, for each N ∈ N

|Ih(a, ϕ)| ≤ C̄NhN
∑
|α|≤N

sup
x∈Rn

|(∂αa) (x)|,

where C̄N does only depend on supp(a), N and the derivatives of ϕ.

This result follows by similar reasoning as in the proof of Lemma 3.1.2.
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3.2 Stationary Phase
In the previous section we results where the first derivative of ϕ was non-zero, but
in stationary phase asymptotics we study ϕ that has a non-degenerate critical point.

Theorem 3.2.1 Let a ∈ C∞c (R), ϕ ∈ C∞(R), h > 0 and K := supp(a). Assume
x0 ∈ K such that

ϕ′(x0) = 0, ϕ′′(x0) 6= 0.

Furthermore, assume that ϕ′ does not vanish on K \ {x0}.
Then there exists differential operators A2k(x,D), of order less than or equal to

2k, for k ∈ {0, 1, . . . }, such that for every N ∈ N

∣∣∣∣Ih − (N−1∑
j=0

[A2ja] (x0)hj+1/2
)
eiϕ(x0)/h

∣∣∣∣ ≤ CNhN+1/2
2N+2∑
m=0

sup
x∈R
|a(m)(x)|.

Consequently, we see that

A0 = (2π)1/2|ϕ′′(x0)|−1/2ei
π
4 sgnϕ′′(x0)

and thence

Ih = (2πh)1/2|ϕ′′(x0)|−1/2ei
π
4 sgnϕ′′(x0)eiϕ(x0)/ha(x0) +O(h3/2)

when h goes to 0.

Proof. By Taylor’s Formula A.2.3 we get

ϕ(x) = ϕ(x0) + ϕ′(x0)(x− x0) + (x− x0)2
∫ 1

0
(1− t)ϕ′′

(
x0 + t(x− x0)

)
dt,

and if we define
Φ(x) := 2

∫ 1

0
(1− t)ϕ′′

(
x0 + t(x− x0)

)
dt,

then we can rewrite ϕ as

ϕ(x) = ϕ(x0) + 1
2Φ(x)(x− x0)2. (3.6)

An easy consequence of this is that ϕ′′(x0) = Φ(x0).
We choose a characteristic function χ ∈ C∞(R) such that χ(x) ∈ [0, 1] for every

x ∈ R, χ ≡ 1 in a small neighbourhood of x0, and sgnϕ′′(x) = sgnϕ′′(x0) 6= 0 on
supp(χ). Hence, we can rewrite the oscillatory integral

Ih =
∫

R
eiϕ(x)/ha(x) dx
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=
∫

R
eiϕ(x)/hχ(x)a(x) dx+

∫
R
eiϕ(x)/h(1− χ(x))a(x) dx

= eiϕ(x0)/h
∫

R
ei(Φ(x)(x−x0)2)/2hχ(x)a(x) dx+O(h∞),

when h goes to 0, by using (3.6) in the first integral and applying Lemma 3.1.2 to
the second integral. For x ∈ supp(χ) close to x0 we make the change of variable

y(x) := |Φ(x)|1/2(x− x0),

such that Ih becomes

Ih = eiϕ(x0)/h
∫

R
ei(Φ(x)(x−x0)2)/2hχ(x)a(x) dx+O(h∞)

= eiϕ(x0)/h
∫

R
ei

sgn(ϕ′′(x0))
2h y2

χ(x(y))a(x(y))
∣∣∣dx
dy

∣∣∣ dy +O(h∞),

as h goes to 0. Now by defining u(y) := χ(x(y))a(x(y))
∣∣x′(y)

∣∣ and noting that by
the Inverse Function Theorem A.2.5 u ∈ C∞(R), we are able to apply Plancherel’s
formula and get

Ih = (2π)1/2eiϕ(x0)/h
∫

R

[
F
(
ei

sgn(ϕ′′(x0))
2h y2

)]
(ξ)û(ξ) dξ +O(h∞)

=
(
h

2π

)1/2
eiϕ(x0)/hei

π
4 sgn(ϕ′′(x0))

∫
R
e−i

sgn(ϕ′′(x0))h
2 ξ2

û(ξ) dξ +O(h∞),

when h goes to 0, which follows from Lemma 2.2.2. Defining a function J by

J(h, u) :=
∫

R
e−i

sgn(ϕ′′(x0))h
2 ξ2

û(ξ) dξ,

our aim is to make a Taylor expansion of J and use it to make a norm estimate.
Thus we look at the derivatives of J with respect to h and get the following identity

∂hJ(h, u) =
∫

R
e−i

sgn(ϕ′′(x0))h
2 ξ2

(
−i sgn(ϕ′′(x0))ξ2

2 û(ξ)
)
dξ = J(h, Pu),

where P (·) := −i sgn(ϕ′′(x0))
2

d2

dy2 (·). Hence the Taylor expansion becomes

J(h, u) =
N−1∑
k=0

hk

k! J(0, P ku) + h

N !RN (h, u),

and the remainder is given by RN (h, u) := N
∫ 1

0 (1 − t)N−1J(th, PNu) dt. Now re-
turning to Ih and subtracting the non-remainder terms from both sides we get

Ih−
(
N−1∑
k=0

(
e
iπ
4 sgn(ϕ′′(x0))

(2π)1/2k!
J(0, P ku)

)
hk+1/2

)
eiϕ(x0)/h

= hN+1/2 e
iϕ(x0)/he

iπ
4 sgn(ϕ′′(x0))

(2π)1/2N !
RN (h, u) +O(h∞).
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Since we want a norm estimate of this we start by estimation of the remainder term

|RN (h, u)| =
∣∣∣∣N ∫ 1

0
(1− t)N−1J(th, PNu)dt

∣∣∣∣
≤ N

∫ 1

0
(1− t)N−1

∫
R

∣∣∣[F(PNu)
]

(ξ)
∣∣∣dξdt

= C̃N‖F(PNu)‖L1

≤ C̃N
2∑

k=0
sup
x∈R

∣∣∣∂k [(PNu)(x)
]∣∣∣,

where the last inequality follows from Lemma A.2.4. Hence, combining this estimate
with Remark 3.1.3 we obtain∣∣∣∣Ih−

(
N−1∑
k=0

(
e
iπ
4 sgn(ϕ′′(x0))

(2π)1/2k!
J(0, P ku)

)
hk+1/2

)
eiϕ(x0)/h

∣∣∣∣
≤ hN+1/2 1

(2π)1/2N !
C̃N

( 2∑
k=0

sup
x∈R

∣∣∣∂k [(PNu)(x)
]∣∣∣)

+ h2N+2C̄2N+2

2N+2∑
k=0

sup
x∈R
|∂k(a)(x)|

≤ (1 + hN+3/2)hN+1/2ĈN

2N+2∑
k=0

sup
x∈R
|∂k(a)(x)|

≤ hN+1/2CN

2N+2∑
k=0

sup
x∈R
|∂k(a)(x)|,

since hN+3/2 ≤ h ≤ 1, for h ∈ ]0, 1] and N ∈ N, and thus the proof is finished. �

Thus far we have looked at stationary phase asymptotics where m = 2 was the
smallest natural number such that ϕ(m)(x0) 6= 0, but if we want to look further we
need to study what happens for m > 2.

Theorem 3.2.2 Let a ∈ C∞c (R), ϕ ∈ C∞(R), m > 2, h > 0 and K := supp(a).
Assume x0 ∈ K such that

ϕ(i)(x0) = 0, ϕ(m)(x0) 6= 0,

for every i ∈ {0, 1, . . . ,m − 1} Furthermore, assume that ϕ(i) does not vanish on
K \ {x0}, for every i ∈ {0, 1, . . . ,m − 1}. Then there exists differential operators
Ak(x,D), of order less than or equal to k, for k ∈ {0, 1, . . . }, such that for every
N ∈ N, it holds∣∣∣∣Ih − N−1∑

k=0
[Aka] (x0)h(k+1)/m

∣∣∣∣ ≤ CNh(N+1)/m
N∑
j=0

sup
x∈R
|a(j)(x)|.
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In particular, A0 is

A0 = 1
m

∫ 1

0

ei
ϕ(m)(x0)

m! ξ + ei(−1)mϕ(m)(x0)
m! ξ

ξ1−1/m dξ

+ i(m− 1)!
ϕm(0)

(
ei
ϕ(m)(x0)

m! + (−1)mei(−1)mϕ(m)(x0)
m! (3.7)

+
( 1
m
− 1

)∫ ∞
1

ei
ϕ(m)(x0)

m! ξ + (−1)mei(−1)mϕ(m)(x0)
m! ξ

ξ2−1/m dξ

)
and A1 is given by

[A1(a)](0) =
(
a′(0)− a(0) 2ϕm+1(0)

(m2 +m)ϕm(0)

){ 1
m

∫ 1

0

ei
ϕ(m)(x0)

m! ξ − ei(−1)mϕ(m)(x0)
m! ξ

ξ1−2/m dξ

+ i(m− 1)!
ϕm(0)

(
ei
ϕ(m)(x0)

m! + (−1)m+1ei(−1)mϕ(m)(x0)
m! (3.8)

+
( 2
m
− 1

)∫ ∞
1

ei
ϕ(m)(x0)

m! ξ + (−1)m+1ei(−1)mϕ(m)(x0)
m! ξ

ξ2−2/m dξ

)}
.

Proof. We assume that x0 = 0 then by repeated use of the Fundamental Theorem
of Calculus and Integration by Parts we get that

ϕ(x) = x

∫ 1

0
ϕ′(sx) ds = xm

∫ 1

0

(1− s)m−1

(m− 1)! ϕ(m)(sx) ds.

From this we define

y(x) := x

(
m

∫ 1

0
(1− s)m−1ϕ

(m)(sx)
ϕ(m)(0)

ds

)1/m

.

Note that y′(0) = 1 6= 0, thus from the Inverse Function Theorem A.2.5 we get that
there exist some x̃ ∈ C∞([−δ, δ]), for small enough δ > 0 such that y(x̃(x)) = x and
by the chain rule x̃′(0) = 1.

By introducing a characteristic function χ which is supported in the interval
[x̃(−δ), x̃(δ)], with similar properties as the characteristic function from the proof
of Theorem 3.2.1, then utilizing Lemma 3.1.2, as in Theorem 3.2.1, the oscillatory
integral becomes

Ih =
∫

R
eiy

mϕ(m)(0)/m!hg(y) dy +O(h∞), (3.9)

when h goes to 0, where g(y) := χ(x̃(y))a(x̃(y))x̃′(y) ∈ C∞c (R) with supp(g) ⊂
[−δ, δ]. We see that the integral can be rewritten as∫

R
eiy

mϕ(m)(0)/m!hg(y) dy =
∫ ∞

0
eiy

mϕ(m)(0)/m!hg(y) dy

+
∫ ∞

0
ei(−1)mymϕ(m)(0)/m!hg(−y) dy.
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Letting Km := ϕ(m)(0)/m!, K̃m := (−1)mϕ(m)(0)/m! and g̃(y) := g(−y) we define a
functions

F (h) :=
∫ ∞

0
eiy

mKm/hg(y) dy, (3.10)

and

F̃ (h) :=
∫ ∞

0
eiy

mK̃m/hg̃(y) dy. (3.11)

First we look at F (h) by making a change of variable ξ = ym

h in (3.10) and get

F (h) = h1/m

m

∫ ∞
0

eiKmξ
g(ξ1/mh1/m)
ξ1−1/m dξ

= h1/m

m

∫ 1

0
eiKmξ

g(ξ1/mh1/m)
ξ1−1/m dξ + h1/m

m

∫ ∞
1

eiKmξ
g(ξ1/mh1/m)
ξ1−1/m dξ

=: F1(h) + F2(h).

We observe that F1(h) makes sense for all m when h goes to 0, thus to ensure that
the limit F (h) exists when h goes to 0 we write the integrand as

lim
ε→0+

e[iKm−ε]ξ g(ξ1/mh1/m)
ξ1−1/m

and observe that for any fixed ε this is L1([0,∞]). Hence we get

m

h1/mF (h) =
∫ 1

0
eiKmξ

g(ξ1/mh1/m)
ξ1−1/m dξ + lim

ε→0+

∫ ∞
1

e[iKm−ε]ξ g(ξ1/mh1/m)
ξ1−1/m dξ.

To find a limit function that is L1([1,∞]) rewrite the exponential function of the
second integral and then apply Integration by Parts

m

h1/mF2(h) = lim
ε→0+

∫ ∞
1

d
dξ

(
e[iKm−ε]ξ)
iKm − ε

g(ξ1/mh1/m)
ξ1−1/m dξ

= lim
ε→0+

[ −1
iKm − ε

eiKm−εg(h1/m)−
∫ ∞

1

e[iKm−ε]ξ

iKm − ε
d

dξ

(
g(ξ1/mh1/m)
ξ1−1/m dξ

)]
= i

Km

[
eiKmg(h1/m)

+
∫ ∞

1
eiKmξ

(
h1/m

m

g′(ξ1/mh1/m)
ξ2−2/m +

( 1
m
− 1

)
g(ξ1/mh1/m)
ξ2−1/m

)
dξ

]
.

Now it is possible to take the limit because both 2 − 1/m and 2 − 2/m are greater
than 1 since m > 2, and thus the limit function is L1([1,∞]) and we have

m

h1/mF (h) =
∫ 1

0
eiKmξ

g(ξ1/mh1/m)
ξ1−1/m dξ + i

Km
eikmg(h1/m)

+ i

Km

∫ ∞
1

eiKmξ
(
h1/m

m

g′(ξ1/mh1/m)
ξ2−2/m +

( 1
m
− 1

)
g(ξ1/mh1/m)
ξ2−1/m

)
dξ.

(3.12)
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We want to find differential operators Bk for each k ∈ N0 thus we start the limit
of h to 0 in (3.12) and obtain B0:

lim
h→0+

(
m

h1/mF (h)
)

=
∫ 1

0
eiKmξ

g(0)
ξ1−1/m dξ + i

Km
eiKmg(0)

+ i

Km

∫ ∞
1

eiKmξ
( 1
m
− 1

)
g(0)
ξ2−1/m dξ

=: m[B0(g)](0).

To find the general Bk we define

Jγ(ξ, h) :=
γ−1∑
j=0

g(j)(ξ1/mh1/m)
ξγ−(1+j)(m)

(
h1/m

m

)j
Cγ,j ,

where Cγ,j is defined as

Cγ,j :=


∑
Eγ,j

γ−j−1∏
p=1

(
xp − p+ 1

m
− xp

)
for j < γ − 1

1 for j = γ − 1,

and the set Eγ,j = {(x1, . . . , xγ−j−1) ∈ Zγ−j−1 | 0 < x1 < . . . < xγ−j−1 < γ}. We do
this to write F2(h) as

m

h1/mF2(h) =
∫ ∞

1
eiKmξJ1(ξ, h) dξ,

in order to ease calculations. Observing that

eiKmξ =
( −i
Km

)q
∂qξ (e

iKmξ),

we apply integration by parts q times to obtain∫ ∞
1

( −i
Km

)q
∂qξ (e

iKmξ)J1(ξ, h) dξ

= eiKm
q∑

γ=1

[(
i

Km

)γ
∂γ−1
ξ (J1(1, h))

]
+ (−1)q

( −i
Km

)q ∫ ∞
1

eiKmξ∂qξ (J1(ξ, h)) dξ

= eiKm
q∑

γ=1

[(
i

Km

)γ
(Jγ(1, h))

]
+
(

i

Km

)q ∫ ∞
1

eiKmξJq+1(ξ, h) dξ,

where the last equality follows from Lemma A.3.2. By multiplying both sides of F (h)
in (3.12) with h1/mm−1 we see that

F (h) = h1/m

m

{∫ 1

0
eiKmξ

g(ξ1/mh1/m)
ξ1−1/m dξ + eiKm

q∑
γ=1

[(
i

Km

)γ
(Jγ(1, h))

]

+
(

i

Km

)q ∫ ∞
1

eiKmξJq+1(ξ, h) dξ
}
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= h1/m

m

{∫ 1

0
eiKmξ

g(ξ1/mh1/m)
ξ1−1/m dξ

+ eiKm
q∑

γ=1

( i

Km

)γ γ−1∑
j=0

Cγ,j

(
h1/m

m

)j
g(j)(h1/m)


+
(

i

Km

)q ∫ ∞
1

eiKmξ
q∑
j=0

Cq+1,j

(
h1/m

m

)j
g(j)((ξh)1/m)
ξq+1−(1+j)/m dξ

}
.

Choosing (N + 1)/m < q ≤ N then by Taylor’s Formula A.2.3 for every derivative
of g of at most degree N − 1 we get

F (h) = h1/m

m

{∫ 1

0
eiKmξ

∑N−1
w=0

ξw/mhw/m

w! g(w)(0)
ξ1−1/m dξ

+ eiKm
q∑

γ=1

γ−1∑
j=0

1
mj

(
i

Km

)γ
Cγ,j

(N−1∑
w=j

1
(w − j)!g

(w)(0)hw/m
)

+
(

i

Km

)q q∑
j=0

1
mj

Cq+1,j

N−1∑
w=j

( 1
(w − j)!

∫ ∞
1

eiKmξ

ξq+1−(w+1)/m dξg(w)(0)hw/m
)

+
∫ 1

0
eiKmξ

N
N !ξ

N/mhN/m

ξ1−1/m

∫ 1

0
(1− s)N−1g(N)(sξ1/mh1/m) ds dξ

+ eiKm
q∑

γ=1

γ−1∑
j=0

1
mj

(
i

Km

)γ
Cγ,j

N − j
(N − j)!

·
(∫ 1

0
(1− s)N−j−1g(N)(sh1/m) ds

)
hN/m

+
(

i

Km

)q q∑
j=0

1
mj

Cq+1,j
N − j

(N − j)!

·
∫ ∞

1

∫ 1

0
(1− s)N−j−1g(N)(s(ξh)1/m) eiKmξ

ξq+1−(N+1)/m ds dξ hN/m
}
.

From this we define Bk to be given by

[Bk(g)](0) := 1
m

∫ 1

0

eiKmξ

ξ1−(k+1)/m dξ
g(k)(0)
k!

+ eiKm
q∑

γ=1

(
i

Km

)γ (min(k,γ−1)∑
j=0

Cγ,j
(k − j)!mj+1

)
g(k)(0)

+
(

i

Km

)q (min(k,q)∑
j=0

Cq+1,j
(k − j)!mj+1

)∫ ∞
1

eiKmξ

ξq+1−(1+k)/m dξg(k)(0).

Note that for q = 1 the operator [B0(g)](0) given by these formulas is the same as
the one derived earlier.
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To see that these operators has the desired properties we make a norm estimate
of F (h) where we subtract a sum of these operators

∣∣∣∣F (h)−
N−1∑
k=0

[Bk(g)](0)h(k+1)/m
∣∣∣∣ ≤ h(N+1)/mC1 sup

x∈R
|
N∑
k=0

a(k)(x)|,

which follows from the fact that g is compactly supported. By similar arguments for
F̃ (h) from (3.11) we can find differential operators B̃k given by

[
B̃k(g̃)

]
(0) :=(−1)k

{ 1
m

∫ 1

0

eiK̃mξ

ξ1−(k+1)/m dξ
g(k)(0)
k!

+ eiK̃m
q∑

γ=1

(
i

K̃m

)γ (min(k,γ−1)∑
j=0

Cγ,j
(k − j)!mj+1

)
g(k)(0)

+
(

i

K̃m

)q (min(k,q)∑
j=0

Cq+1,j
(k − j)!mj+1

)∫ ∞
1

eiK̃mξ

ξq+1−(1+k)/m dξg(k)(0)
}
,

hence we have∣∣∣∣F̃ (h)−
N−1∑
k=0

[B̃k(g̃)](0)h(k+1)/m
∣∣∣∣ ≤ h(N+1)/mC̃1

N∑
k=0

sup
x∈R
|a(k)(x)|.

Since Bk and B̃k are all linear operators we define Ak := Bk + B̃k, looking at the
estimate of the difference between the oscillatory integral Ih and an N -term sum of
Ak by use of the two previous estimates and Remark 3.1.3

∣∣∣Ih−N−1∑
k=0

[Ak(g)](0)h(k+1)/m
∣∣∣

=
∣∣∣F (h) + F̃ (h) +O(h∞)−

N−1∑
k=0

(
[Bk(g)](0) + [B̃k(g̃)](0)

)
h(k+1)/m

∣∣∣
≤
∣∣∣F (h)−

N−1∑
k=0

[Bk(g)](0)h(k+1)/m
∣∣∣+ ∣∣∣F̃ (h)−

N−1∑
k=0

[B̃k(g̃)](0)h(k+1)/m
∣∣∣

+ |O(h∞)|

≤
(
(C1 + C̃1)h(N+1)/m + C̄Nh

N
) N∑
k=0

sup
x∈R
|a(k)(x)|

≤ (C1 + C̃1 + C̄N )h(N+1)/m
N∑
k=0

sup
x∈R
|a(k)(x)|,

since for h ∈ ]0, 1] then hN ≤ h(N+1)/m, and hence the proof is done. �
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The idea behind this proof is different from the proof of Theorem 3.2.1. If in-
stead we had used this approach from (3.9) onward for m even, we could utilize
Theorem 2.2.1 to get

Ih =
∫

R
eiy

mϕ(m)(0)/m!hg(y) dy +O(h∞)

= 1
2π

m−2∑
k=0

akh
(k+1)/m

∫
R
ξk 0Fm−2

(
;Mm−k;

hξm

Km(i)m+3mm

)
F (g(y)) (ξ) dξ

+O(h∞),

where Mm−k =
{
k+s
m ∈ Q | ∀s ∈ {2, 3, ..,m} such that s 6= m− k

}
and

ak = (−i)k 2
m(k!)(−iKm)(k+1)/mΓ

(
k + 1
m

)
.

By defining

Jk(h, g) :=
∫

R
ξk 0Fm−2

(
;Mm−k;

hξm

Km(i)m+3mm

)
F (g(y)) (ξ) dξ

we want to use Taylor’s Formula A.2.3 for h at 0 then for each k we get

Jk(h, g) =
N−1∑
j=0

(
hj

j! ∂
j
h(Jk)(0, g)

)
+ N

N !h
NRk(h, g),

where Rk(h, g) =
∫ 1
0 (1− t)N−1∂Nh (Jk)(th, g) dt and ∂jh(Jk) is given by

∂jh(Jk)(h, g) =
∫

R

( 1
im+3mmKm

)j ( m∏
s=2

s 6=m−k

(
k + s

m

)
j

)−1

· 0Fm−2

(
;Mm−k + j; hξm

Km(i)m+3mm

)
· ξmj+kF (g(y)) (ξ) dξ.

We observe that ∂jh(Jk)(0, g) simplifies to

∂jh(Jk)(0, g) =
( 1
im+3mmKm

)j ( m∏
s=2

s 6=m−k

(
k + s

m

)
j

)−1 ∫
R
ξmj+kF (g(y)) (ξ) dξ

= 2π
( 1
im+3mmKm

)j ( m∏
s=2

s 6=m−k

(
k + s

m

)
j

)−1
Dmj+k (g) (0).

This gives that A0 and A1 are given by a0∂
j
h(J0)(0, g)/j! and a1∂

j
h(J1)(0, g)/j! re-

spectively, for j = 0 since m > 2. First of we see that A1 = 0 because a1 = 0, which
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agrees with the formula for A1 from (3.8), when m is even. To see that A0 agrees
with (3.7) we use Lemma 2.1.1 to get

a0(J0)(0, g) =
2Γ
(

1
m

)
m(−iKm)1/m g(0)

= 2
m(−iKm)1/m

∫ ∞
0

t1/m−1e−t dt a(0)

= 2
m

∫ ∞
0

eiKmξ

ξ1−1/m dξa(0),

where the last integral is the exact integral from (3.10) that via integration by parts
gave us B0. By noting that B̃0 = B0 for all even m > 2, and that A0 = B0 + B̃0, we
know that this A0 agrees with (3.7).

But the reason why we can not utilize this technique is that we are unable to find
bounds for any of the remainder terms.

3.2.1 Higher dimensions

In order to study the higher dimensional case we have introduce Morse Lemma, which
will be useful later.

Theorem 3.2.3 (Morse Lemma) Suppose that ϕ ∈ C∞(Rn) has a critical point
at x0, where detHϕ(x0) 6= 0. Then there exist neighborhoods U and V of 0 and x0
respectively, and a diffeomorphism κ : V → U such that.

(
ϕ ◦ κ−1

)
(x) = ϕ(x0) + 1

2
( r∑
i=1

x2
i −

n∑
i=r+1

x2
i

)
,

where r is the number of positive eigenvalues of detHϕ(x0).

Proof. After a linear change of variables B and a translation τ−x0 we can define

h(x) := ϕ(τ−x0(B(x)))− ϕ(x0) (3.13)

and then obtain

h(x) = 1
2
( r∑
i=1

x2
i −

n∑
i=r+1

x2
i

)
+O(|x|3).

By Taylor’s Formula it follows that

h(x) =
∫ 1

0
∂t(h(tx)) dt

=
∫ 1

0
(1− t)∂2

t (h(tx)) dt
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=
∫ 1

0
(1− t)xTHh(tx)x dt

= 1
2〈x ,Q(x)x〉,

where Q(x) = 2
∫ 1

0 (1− t)Hh(tx) dt and

Q(0) =
[
Ir 0
0 −In−r

]
.

Let ε > 0 and W ⊂ Rn be an open neighborhood of 0 then we will search for a
smooth function A : Rn → Sn×n such that A(0) = I and satisfies

〈x ,Q(x)x〉 = 〈A(x)x ,Q(0)A(x)x〉,

for every x ∈W and then define a smooth function

κ̃(x) = A(x)x. (3.14)

To find this A it suffices to show that

Q(x) = AT (x)Q(0)A(x), (3.15)

hence we suppose F : Sn×n → Sn×n, given by F (A) = ATQ(0)A, is C1. We want to
apply the the Inverse Function Theorem A.2.5 to find an inverse G such that

F ◦G = I.

Thus to apply the theorem we need to find a mapping C ∈ B(Sn×n,Sn×n) such that

∂F (I)C = I,

near Q(0). Note that each element of F (A) can be written as

[F (A)]i,j =
n∑
s=1

n∑
t=1

at,iqt,sas,j =
n∑
k=1

ηkak,iak,j ,

where ηk =
{

1 if k ≤ r
−1 if k ≥ r + 1

. Thus looking at the derivatives element-wise we get

∂ [F (A)]i,j
∂ak,l

= [∂F (A)](i,j),(k,l) =


0 if l 6= j and l 6= i

ηkak,j if l = i 6= j

ηkak,i if l = j 6= i

2ηkak,i if l = i = j.



3.2. Stationary Phase 31

Taking B ∈ Sn×n, we get

[∂F (A)B]i,j =
n∑
k=1

n∑
l=1

[∂F (A)](i,j),(k,l) bk,l

=
n∑
k=1

[∂F (A)](i,j),(k,i) bk,i +
n∑
k=1

[∂F (A)](i,j),(k,j) bk,j

=
n∑
k=1

ηk(ak,jbk,i + ak,ibk,j).

Thus if we let A = I we obtain

[∂F (I)B]i,j = ηjbj,i + ηibi,j

Furthermore, we have that
[
BTQ(0)

]
i,j

=
n∑
k=1

bl,iql,j = ηjbj,i

[Q(0)B]i,j =
n∑
k=1

qi,lbl,j = ηibi,j

we can conclude that ∂F (I)B = BTQ(0) +Q(0)B. Defining

C(S) := 1
2Q
−1(0)S,

for S ∈ Sn×n, we get

∂F (I)C(S) = 1
2
(
(Q−1(0)S)TQ(0) +Q(0)(Q−1(0)S)

)
= S.

Thence we have satisfied the conditions for the Inverse Function Theorem A.2.5, such
that there exists a G ∈ C∞(Sn×n,Sn×n) such that

F (G) = id,

in an open neighborhood of Q(0), denoted as ΩQ. We can find an ε > 0 such that
for every x ∈ Bε(0), Q(x) belongs to ΩQ. Thus we can define

A(x) := G(Q(x)),

for every x ∈ Bε(0), which gives that

F (A(x)) = F (G(Q(x))) = Q(x),

but from the definition of F we that F (A(x)) = AT (x)Q(0)A(x) and thus we have
(3.15), note that because Q ∈ C∞(Bε(0),ΩQ) and G ∈ C∞(ΩQ, G(ΩQ)) we get that
A ∈ C∞(Bε(0), G(ΩQ)), and A(0) = I.
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Lastly, to show the existence of the diffeomorphism κ we start by showing that κ̃,
which defined by (3.14), has a smooth inverse. We have to know that it is invertible
at 0, thus we differentiate the component functions of κ̃

[Dκ̃(x)]t,s =
( n∑
i=1

∂s(at,i(x))xi
)

+ at,s(x),

hence evaluation at 0 gives that

Dκ̃(0) = A(0) = I,

thus it is invertible at 0. From the Inverse Function Theorem A.2.5 we now know
that there exist open sets Ũ and Ṽ in Rn such that Ṽ ⊂W and

κ̃−1 : Ũ → Ṽ

is in C∞. Recalling (3.13) we have

ϕ(τ−x0(B(κ̃−1(x))))− ϕ(x0) = h(κ̃−1(x)) = 1
2〈x ,Q(0)x〉

which implies that

ϕ(τ−x0(B(κ̃−1(x)))) = 1
2〈x ,Q(0)x〉+ ϕ(x0).

Choosing U := Ũ and V := τ−x0(B(κ̃−1(Ṽ ))) we can now define a smooth function
κ−1 : U → V given by

κ−1(x) := τ−x0(B(κ̃−1(x))).

Since it is defined by the invertible functions B, τx0 and κ̃−1 we are able to define
its inverse κ as

κ(x) := κ̃(B−1(τx0(x))),

hence the proof is done. �

Having proven Morse Lemma we can go on to the higher dimensional case of sta-
tionary phase asymptotics, but we return to the case m = 2.

Theorem 3.2.4 Suppose that a ∈ C∞c (Rn), ϕ ∈ C∞(Rn), h > 0 and let K :=
supp(a). Assume that there exists x0 ∈ K such that ∇ϕ(x0) = 0, Hϕ(x0) 6= 0, and
∇ϕ(x) 6= 0 for x ∈ K \ {x0}.

Then for each k ∈ N0 there exists differential operators A2k(x,D) of at most
order 2k, such that for every N :∣∣∣∣Ih − (N−1∑

j=0
[A2ja] (x0)hj+n/2

)
eiϕ(x0)/h

∣∣∣∣ ≤ CNhN+n/2 ∑
|α|≤2N+n+1

sup
x∈Rn

|∂αa(x)|.

Moreover,

A0 = (2π)n/2|detHϕ(x0)|−1/2eiπ sgn(Hϕ(x0))/4.



3.2. Stationary Phase 33

Proof. Without loss of generality we may assume that ϕ(x0) = 0. Let χ ∈ C∞c (Rn)
such that χ(x) = 1 when |x| ≤ 1, χ(x) = 0 when |x| > 2, and 0 < χ(x) ≤ 1 for
|x| ∈]1, 2]. Writing the oscillatory integral, Ih := Ih(a, ϕ), we have by Lemma 3.1.5

Ih =
∫

Rn
eiϕ(x)/ha(x)dx =

∫
Rn

eiϕ(x)/hχ(x)a(x)dx+O(h∞),

as h goes to 0. By applying the change of variable x 7→ κ−1(x), then by Theorem 3.2.3
(Morse Lemma) we get

Ih =
∫

Rn
ei〈Qx ,x〉/2hu(x)dx+O(h∞),

as h goes to 0, where Q := diag(η1, η2, . . . , ηn), for ηk =
{

1 if k ≤ r
−1 if k ≥ r + 1

, where r

is the number of positive eigenvalues of Hϕ(x0),
and u(x) := χ(κ−1(x))a(κ−1(x))|det (Dκ−1)(x)|, hence u ∈ C∞c (Rn). Thus by not-
ing that sgnQ = sgnHϕ(x0) and that |detQ| = 1 we can apply Lemma 2.2.2 and
Plancherel’s Formula to obtain

Ih =
(
h

2π

)n/2
eiπ sgnQ/4

∫
Rn

eih〈Q
−1ξ ,ξ〉/2û(ξ) dξ +O(h∞), (3.16)

as h goes to 0. Defining

J(h, u) :=
∫

Rn
eih〈Q

−1ξ ,ξ〉/2û(ξ) dξ,

then by integration by parts we have

∂hJ(h, u) =
∫

Rn
∂h
(
eih〈Q

−1ξ ,ξ〉/2
)
û(ξ) dξ

=
∫

Rn
eih〈Q

−1ξ ,ξ〉/2
(
− i2〈Q

−1ξ , ξ〉û(ξ)
)
dξ

= J(h, P (u)),

where P (·) = − i
2〈Q

−1Dx , Dx(·)〉. Thus by using Taylor’s Formula A.2.3 for h near
0:

J(h, u) =
N−1∑
k=0

hk

k! J(0, P ku) + h

N !RN (h, u),

and the remainder is given by RN (h, u) := N
∫ 1

0 (1− t)N−1J(th, PNu) dt. We want a
norm estimate of this we start by norm estimating the remainder term

|RN (h, u)| =
∣∣∣∣N ∫ 1

0
(1− t)N−1J(th, PNu)dt

∣∣∣∣
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≤ N
∫ 1

0
(1− t)N−1

∫
Rn

∣∣∣[F(PNu)
]

(ξ)
∣∣∣dξdt

= C̃N‖F(PNu)‖L1

≤ C̃N
∑

|α|≤n+1
sup
x∈Rn

∣∣∣∂α [(PNu)(x)
]∣∣∣,

where the last inequality follows from Lemma A.2.4. By subtracting the non-
remainder terms from both sides of (3.16) and making a norm estimate we get

∣∣∣∣Ih−
(
N−1∑
k=0

(
e
iπ
4 sgn(Hϕ(x0))

(2π)n/2k!
J(0, P ku)

)
hk+n/2

)∣∣∣∣
≤ hN+n/2 1

(2π)n/2N !
C̃N

 ∑
|α|≤n+1

sup
x∈Rn

∣∣∣∂α [(PNu)(x)
]∣∣∣


+ h2N+n+1C̄2N+n+1
∑

|α|≤2N+n+1
sup
x∈Rn

|∂α(a)(x)|

≤ (1 + hN+(n+2)/2)hN+n/2ĈN
∑

|α|≤2N+n+1
sup
x∈Rn

|∂α(a)(x)|

≤ hN+n/2CN
∑

|α|≤2N+n+1
sup
x∈Rn

|∂α(a)(x)|,

hence the proof is done. �
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A. Apendix
In this Appendix we will state results that doesn’t have to directly link up with the
themes of the report, but are needed. Most of these will either be with proofs or
references to where a proof can be found.

A.1 Schwartz functions
Definition A.1.1 A function f ∈ C∞ is called Schwartz if

|xα∂βf(x)| ≤ Cα,β

for all α, β ∈ Nn
0 , we say that f ∈ S (Rn)

For the Schwartz space, S (Rn) we use two equivalent seminorms

‖f‖m = sup
|β|≤m

sup
x∈Rn

|〈x〉2m ∂βf(x)| and ‖f‖α,β = sup
x∈Rn

|xα∂βf(x)|.

Note that for n > m we have ‖f‖n ≥ ‖f‖m. For the reader that is interested in a more
detailed look at the seminorm topology on the Schwartz space we recommend [Grubb,
2009] or [Rudin, 1991].

Lemma A.1.2 Let α ∈ Nn then ∑
α′≤α

(
α

α′

)
= 2|α|.

The proof is trivial and hence left out.

Lemma A.1.3 Let f ∈ S (Rn) then

∂µ(xα∂βf(x)) ≤ 2|µ|α!‖f‖max(|α|,|µ+β|),

for all α, β, µ ∈ N0.

Proof.

∂µ(xα∂βf(x)) =
∑
µ′≤µ
µ′≤α

(
µ

µ′

)
α

(α− µ′)!x
α−µ′∂β+µ−µ′f(x)

≤
∑
µ′≤µ

(
µ

µ′

)
|α! 〈x〉2|α| ∂β+µ−µ′f(x)|

≤ 2|µ|α!‖f‖max(|α|,|β+µ|). �

37
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Lemma A.1.4 Let f ∈ S (Rn), then∫
|xα∂βf(x)|dx ≤ ‖f‖max(|α|+n+1,|β|)Cn,

for all α, β, µ ∈ N0.

Proof. ∫
|xα∂βf(x)|dx =

∫
|〈x〉−2(n+1) 〈x〉2(n+1) xα∂βf(x)|dx

≤ ‖f‖max(|α|+n+1,|β|)

∫
|〈x〉−2(n+1)|dx

= ‖f‖max(|α|+n+1,|β|)Cn. �

Theorem A.1.5 Assume that X,Y are topological vector spaces, that X is metriz-
able and that the map T : X → Y is linear. Furthermore, let {xn} be a sequence in
X. Then the following properties are equivalent:

(i) T is continuous.

(ii) T is bounded.

(iii) If xn
n→∞−−−→ 0, then Txn is bounded for every n ∈ N.

(iv) If xn
n→∞−−−→ 0, then Txn

n→∞−−−→ 0.

For a proof see [Rudin, 1991, p. 24-25].
The following definition is from [Hörmander, 1983, p. 236].

Definition A.1.6 Let r ∈ R, δ, ρ ∈ [0, 1] and let Srρ,δ(R × R) be the space of all
a ∈ C∞(R2n) which satisfy that

|∂αξ ∂βxa(x, ξ)| ≤ Cα,β(1 + ‖ξ‖)r−ρ|α|+δ|β|,

for all x, ξ ∈ Rn. Then a is called a symbol of order r.

Definition A.1.7 Let r ∈ R and a ∈ Srρ,δ(R×R). The operator Op(a) : S (Rn)→
S (Rn) given by

(Op(a)ϕ) (x) = (2π)−n
∫

Rn
eix·ξa(x, ξ)ϕ̂(ξ) dξ,

for ϕ ∈ S (Rn) is called a pseudodifferential operator of order r.

Remark A.1.8 Any f ∈ S (R2n) is a symbol of order 0, since

|∂βξ ∂
α
x f(x, ξ)| ≤ 〈x〉−2|µ| 〈ξ〉−2|ν|Cα,β ≤ Cα,β,

for every α, β, µ, ν ∈ Nn.
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A.2 Classical Analysis
Definition A.2.1 LetMp and Tq denote the modulation, and translation operators,
such that

Mpϕ(x) = eix·pϕ(x) and Tqϕ(x) = ϕ(x− q).

Theorem A.2.2 Let ϕ ∈ L1(Rn) and p ∈ Rn, then

F(Mpϕ) = TpFϕ and F(Tpϕ) = M−pFϕ.

Theorem A.2.3 (Multivariate Taylor’s formula) Let f ∈ Cj(Rn), for j ∈ N.
Then it follows that

f(x+ y) =
∑
|α|<j

∂αf(x)y
α

α! + j

∫ 1

0
(1− t)j−1 ∑

|α|=j
∂αf(x+ ty)y

α

α! dt,

for every α ∈ Nn.

For a proof see [Hörmander, 1983, p. 12-13]

Lemma A.2.4 Assume f ∈ L2(Rn). Then there exists a constant C, such that

‖f̂‖L1 ≤ C sup
|α|≤n+1

‖∂αf‖L1 .

For a proof see [Evans and Zworski, 2003, p. 23-24]

Theorem A.2.5 (Inverse Function Theorem) Let Ω ⊂ Rn be open and a ∈ Ω.
Assume f : Ω→ Rn is Ck, ∇f(a) is invertible and b = f(a). Then there exist open
sets in Rn, U and V , such that a ∈ U , b ∈ V , f is injective on U and f(U) = V .

If g : V → U is the inverse of f given by

g(f(x)) = x,

for x ∈ U , then g is Ck.

For a proof see [Rudin, 1976, p. 221-223].

A.3 Various results

Recall that L∗ from (3.4) is given by

L∗(f) = (−ih)∂
(
f(x)
ϕ′(x)

)
.
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Lemma A.3.1 If a ∈ C∞c (R) and ϕ ∈ C∞(R), then

(
L∗N

)
(f) = (ih)N

N∑
m=0

f (m)(x) AN,m(x)
ϕ′(x)2N−m ,

where

An+1,m(x) = An,m−1(x) + ϕ′(x)A′n,m(x) + (m− 2n− 1)ϕ′′(x)An,m(x)

given that A0,0(x) = 1 and Ak,l(x) = 0 if l > k or l < 0.

Proof. We will prove this by induction, for n = 0 we have f(x) =
[
(L∗)0 (f)

]
(x) =

f (0)(x)A0,0(x)
ϕ′(x)0 since A0,0(x) = 1. Let’s assume that the lemma holds for N = n, we

get that[
(L∗)n+1 (f)

]
(x) = [L∗(L∗n(f))] (x)

= L∗
(

(−ih)n
n∑

m=0
f (m)(x) An,m(x)

ϕ′(x)2n−m

)

= −ih∂
(

(−ih)n
n∑

m=0
f (m)(x) An,m(x)

ϕ′(x)2n−m+1

)

= (−ih)n+1
(
n+1∑
m=1

f (m)(x) An,m−1(x)
ϕ′(x)2n−m+2

+
n∑

m=0
f (m)(x)

ϕ′(x)A′n,m(x)
ϕ′(x)2n−m+2

+
n∑

m=0
f (m)(x)(m− 2n− 1)ϕ′′(x)An,m(x)

ϕ′(x)2n−m+2

)
.

Since An,−1(x) = An,n+1(x) = 0, we get[
(L∗)n+1 (f)

]
(x)

= (−ih)n+1
(
n+1∑
m=0

f (m)(x)
An,m−1(x) + ϕ′(x)A′n,m(x) + (m− 2n− 1)ϕ′′(x)An,m(x)

ϕ′(x)2(n+1)−m

)

= (−ih)n+1
n+1∑
m=0

f (m)(x) An+1,m(x)
ϕ′(x)2(n+1)−m ,

hence the proof is done. �

Lemma A.3.2 Let l,m ∈ N, m ≥ 2 , g ∈ C∞c (R), h > 0 and

Jl(ξ, h) =
l−1∑
j=0

g(j)(ξ1/mh1/m)
ξl−

1+j
m

(
h1/m

m

)j
Cl,j ,
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where Cl,j =


∑
El,j

l−j−1∏
p=1

(
xp − p+ 1

m
− xp

)
for j < l − 1

1 for j = l − 1,

where El,j = {(x1, . . . , xl−j−1) ∈ Zl−j−1 | 0 < x1 < . . . < xl−j−1 < l}, then
∂ξJl(ξ, h) = Jl+1(ξ, h).

Proof. By straightforward calculations we have that

∂ξJl(ξ, h) = ∂ξ

l−1∑
j=0

g(j)(ξ1/mh1/m)
ξl−

1+j
m

(
h1/m

m

)j
Cl,j

=
l−1∑
j=0

g(j+1)(ξ1/mh1/m)
ξl+1− 1+j+1

m

(
h1/m

m

)j+1

Cl,j

+
l−1∑
j=0

g(j)(ξ1/mh1/m)
ξl+1− 1+j

m

(
h1/m

m

)j (1 + j

m
− l
)
Cl,j

=
l−1∑
j=1

g(j)(ξ1/mh1/m)
ξl+1− 1+j

m

(
h1/m

m

)j [(1 + j

m
− l
)
Cl,j + Cl,j−1

]

+
0∑
j=0

g(j)(ξ1/mh1/m)
ξl+1− 1

m

(
h1/m

m

)j (1 + j

m
− l
)
Cl,0

+
l∑
j=l

g(j)(ξ1/mh1/m)
ξl+1− j+1

m

(
h1/m

m

)j
Cl,j−1

=
l−1∑
j=1

g(j)(ξ1/mh1/m)
ξl+1− 1+j

m

(
h1/m

m

)j
Cl+1,j

+
0∑
j=0

g(0)(ξ1/mh1/m)
ξl+1− 1

m

(
h1/m

m

)j
Cl+1,j

+
l∑
j=l

g(j)(ξ1/mh1/m)
ξl+1− j+1

m

(
h1/m

m

)j
Cl+1,j

= Jl+1(ξ, h),

because we have that Cl,l−1 = Cl+1,l = 1, ( 1
m − l)Cl,0 = ( 1

m − l)
∏l−1
p=1( 1

m − p) =∏l
p=1( 1

m−p) = Cl+1,0. To see the last equality we look at the set E∗l,j = {(x1, . . . , xl−j) ∈
Zl−j | 0 < x1 < . . . < xl−j−1 < l, xl−j = l}, then we have(1 + j

m
− l
)
Cl,j + Cl,j−1

=
∑
El,j

(1 + j

m
− l
) l−j−1∏

p=1

(
xp − p+ 1

m
− xp

)
+

∑
El,j−1

l−j∏
p=1

(
xp − p+ 1

m
− xp

)
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=
∑

E∗
l,j
∪El,j−1

l−j∏
p=1

(
xp − p+ 1

m
− xp

)
=Cl+1,j . �
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