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Abstract:
Non-invasive methods for estimating the fetal electrocar-
diogram (FECG) by using ECG recordings from the ab-
domen of the mother are of great interest in order to carry
out less complicated and safer fetal monitoring compared
to the invasive methods. In this thesis, independent com-
ponent analysis (ICA) is used to extract morphologically
accurate fetal ECG, by estimating the maximally indepen-
dent sources from the observed mixture.
A constrained ICA (cICA) algorithm is derived, which is
based on constraining the ICA optimization problem such
that the estimated sources must be correlated with some
reference signals.
Different reference signals are generated, ranging from
pulse signals at the QRS locations to templates generated
from e.g. maternal ECGs. A hyper-parameter search is
conducted, where different step-sizes, correlations thresh-
olds and combinations of maternal and fetal reference sig-
nals are tested. Using the parameters giving the best re-
sults, the cICA algorithm is tested on a synthetic dataset,
where its performance is compared to other extraction al-
gorithms such as template subtraction PCA as well as
other ICA methods such as FastICA and Infomax. From
this test, it is clear that cICA can do accurate extraction
if the true FECGs are used as reference, but performs
less well if other references are used, and is comparable to
classical ICA methods in these cases. None of the tested
algorithms were able to extract morphologic features (QT-
interval and T/QRS ratio) from real ECG mixtures. It
was found that cICA converges very fast, but to a local
minimum, which is due to the non-convex nature of the
problem. It can therefore be concluded that constrained
ICA will not provide morphologically accurate FECG if
the true FECGs are not provided.

The content of this report is freely available, but publication (with reference) may only be pursued due to agreement
with the author.



Nomenclature
α Step-size/learning rate

Λ Diagonal matrix of eigenvalues

ε Correlation threshold

εf Fetal correlation threshold

εm Maternal correlation threshold

εW Convergence threshold for cICA

η Momentum factor

γ A penalty parameter

A The mixing matrix, A ∈ RM×K

B The de-mixing matrix, B ∈ RK×M

I Identity matrix

P The permutation matrix, P ∈ RK×K

R Covariance matrix

U Matrix of stacked eigenvectors

V Whitening matrix, V ∈ RM×M

W The de-mixing matrix applied to whitened data, W ∈ RK×M

X Observation matrix, X ∈ RM×N

∇x The gradient w.r.t. x

ŝ Estimated source signal vector, ŝ ∈ RK×1

ŝ[n] Estimated source signal sequence, ŝ ∈ RK×N

b A single row of the de-mixing matrix B

λ A vector of Lagrange multipliers for equality constraints

µ A vector of Lagrange multipliers for inequality constraints

r Reference signal vector as a random variable, r ∈ RK×1

s Source signal vector as a random variable, s ∈ RK×1

s[n] Source signal sequence, ŝ ∈ RK×N

υ A vector of slack-variables

w A noise vector, w ∈ RM×1

w A single row of the de-mixing matrix W
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x Observed signal vector as a random variable, x ∈ RM×1

x[n] Observed signal sequence, x ∈ RM×N

z Whitened signal vector as a random variable, z ∈ RM×1

K Number of signals/sources

k Source index

M Number of sensors

m Observation index

N Number of samples

n Time sample index

p Indexes fetal and maternal sources, p ∈ m, f

cICA Constrained ICA

ECG Electrocardiogram

EKF Extended Kalman Filter

FECG Fetal electrocardiogram

FQRS Fetal QRS complex

HPF High-pass Filter

ICA Independent Component Analysis

KF Kalman Filter

LPF Low-pass Filter

MECG Maternal electrocardiogram

MQRS Maternal QRS complex

PCA Principal Component Analysis

PF Particle Filter

QRS The QRS-complex of the ECG

SNR Signal to noise ratio

TS Template-subtraction

VCG Vector-cardiogram
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Chapter 1: Introduction

1 | Introduction

1.1 Background and Motivation
The fetal electrocardiogram (FECG) provides information about the wellbeing of the fetal heart, and
thus the fetus in general. This is especially useful during birth, where monitoring the fetal heart rate is
used as a tool to evaluate fetal oxygenation: If the oxygen levels are too low, medical intervention such
as performing a caesarean section might be necessary. [Freeman et al., 2012, p. 8]
The ability to extract and analyze the FECG is thus of great interest as it is a highly valuable tool for
monitoring the fetal wellbeing, and therefore also in ensuring a higher infant survival rate.
The death of a child is probably the most traumatic event any parent can experience, and every single
child saved due to fetal monitoring is of great importance for the family having the baby.

However, from a higher, more social perspective, it is in fact also of great interest to increase the infant
survival rate: The world population is growing in an exponential way: 200 years ago there were less
than one billion humans living on earth. Today, there are over 7 billion humans on earth [Roser and
Ortiz-Ospina, 2018]. Although not entirely accepted, overpopulation is thought to be ”a main threat to
the planet” according to some experts [Connor, 2006; Moody, 2017]. On the contrary, it can be argued
that overpopulation will not become a problem, as theories such as Demographic Transition1 predict that
the population growth will decrease and eventually reverse at a certain point [Deonandan, 2017]. And
in fact, the growth rate has decreased in recent years [Roser and Ortiz-Ospina, 2018], which raises the
question of why this decrease has been occurring. One of the reasons is reduced child mortality:
In 2016, 2.6 million newborns died globally according to [UN, 2017, p. 1], equivalent to 7000 every day.
Neonatal2 deaths accounted for 46% of all deaths of children under the age of five years [UN, 2017, p.
1]. One may initially think that decreasing child mortality will increase the population, but in fact, the
opposite is true:

”A very cynical view is that a decrease in child mortality is bad for the world since it would contribute
to the overpopulation of the planet (...): When more infants survive, fertility goes down and the

temporary population growth comes to an end. If we want to ensure that the world’s population increase
comes to an end soon we must work to increase child survival.” [Roser, 2018]

More precisely, countries with an infant mortality rate (IMR)3 of less than 20 have an average total
fetility rate (TFR)4 of 1.7 children. Countries with an IMR of over 100 have an average TFR of 6.2
children [Sachs and WHO, 2001, p. 36]. The ability to monitor the fetus and intervene if necessary, may
be one of the reasons the global child mortality fell from 18.2% in 1960 to 4.3% in 2015 [Roser, 2018].
In fact, ”children face the highest risk of dying in their first month of life, at a rate of 19 deaths per 1,000
live births” [UN, 2017, p. 1], so monitoring the fetuses to ensure a birth with a positive clinical outcome
is of great importance.

1The demographic transition model describes how populations and societies in general change over time, due
to changes in birth rates and death rates [Bongaarts, 2009].

2Neonatal death is defined as death during the first month of life [Pathirana et al., 2016]
3According to [Sachs and WHO, 2001, p. 118], IMR is the number of deaths under age 1 per 1000 live births
4The TFR is, roughly, the average number of children per women during her reproductive lifetime [Sachs and

WHO, 2001, p. 118]

1



Chapter 1: Introduction

1.2 Aim of Thesis
While techniques such as a scalp electrode are able to obtain the FECG in an invasive matter, non-
invasive methods are of great interest as they are both less risky and less complicated, compared to
invasive methods [Freeman et al., 2012, p. 3-6]. Non-invasive methods build on the idea of recording
the electric activity on the abdomen of the mother, which means both the mother’s (maternal) and fetal
ECGs are obtained simultaneously, see Figure 1.1. The difficulty with non-invasive methods is however
that since both the maternal and FECGs are recorded, the FECG must somehow be extracted from the
abdominal mixture. This is not a straight-forward task as the maternal ECG is much more powerful
than the FECG, which is why the topic of non-invasive fetal ECG (NI-FECG) estimation is a hot signal
processing research field. This work aims at developing a new method for non-invasive FECG, which is
able to extract morphologically accurate FECG, as opposed to the current methods, which focus more
on obtaining a good estimate of the fetal heart rate. The question which this thesis aims to solve is
therefore:

How can a morphologically accurate fetal ECG be extracted non-invasively from a set of abdominal ECG
recordings?

Emphasis will be on describing the theoretical, mathematical foundation behind the algorithms, instead
of using more heuristic methods which may not be mathematically well-founded. The considerations
going into choosing which extraction methods to use will also be described, in order to make this work
helpful for anyone who might have an interest in designing a system to perform morphologically accurate
fetal ECG.
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Figure 1.1: A single (simulated) abdominal ECG recording, from which the maternal and fetal QRS complexes
are marked with black and red crosses, respectively. For now, the QRS complex can be considered as the biggest
peak of the ECG.
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Chapter 2: Clinical Background

2 | Clinical Background
This chapter provides the clinical background on the topic of fetal electrocardiogram (FECG) monitoring.
This includes an overview of the physiology of the adult and fetal heart, and a description of the ECG.
Finally information on the topic of FECGmonitoring is provided, together with a motivation for electronic
fetal heart rate monitoring.

2.1 Cardiac Physiology
An overview of the cardiac physiology is provided in this section, with a focus on the electric part of the
heart.

2.1.1 The anatomy of the heart

The heart consists of four chambers: The right and left atria and the right and left ventricle. The right
side of the heart collects oxygen-poor blood from the body from the superior and inferior vena cava,
leading it into the right atrium. From here, it is flows through into the right ventricle, and then into the
lungs through the pulmonary artery. The left side of the heart handles the oxygen-rich blood - the left
atrium collects oxygenated blood from the lungs, from which it flows into left ventricle and then into the
aorta, supplying blood to the body [VanPutte et al., 2016, p. 323]. The chambers of the heart can be
seen in Figure 2.1.

2.1.2 The cardiac cells

The cells that make up the heart are called cardiac cells, which are a sub-group of muscle cells. A key
property is thus their ability to contract and to conduct electric signals, signifying that other cells should
contract. Cardiac cells are polarized in their resting state, meaning that their outsides are positively
charged relative to the inside, by around 90 mV. In the heart, electrical signals are propagated through
a process called depolarization, which is a process in which the cell loses the charge differential between
its outside and inside. This depolarization can propagate from cell to cell, as a depolarization of a cell
will trigger a depolarization of its neighboring cell, thus producing a wave of depolarization propagating
through the heart. After depolarization, the reverse process occurs, called repolarization, in which the
cardiac cells restore their charge differential. [Thaler, 2007, p. 10-16]

From an electrical perspective, the heart consists of three different types of cells [Thaler, 2007, p. 10-16]:

• Pacemaker cells: These cells depolarize (spontaneously) by themselves after a certain timespan,
and act as the source of the depolarization wave.

• Electrical conducting cells: These cells are good (i.e. fast) at depolarizing meaning they are good
electrical conductors

• Myocardial cells: These cells contract when depolarized, and constitute the largest part of the heart
tissue.

3



Chapter 2: Clinical Background

2.1.3 The cardiac conduction system

A diagram showing the electric conduction system of the heart can be seen on Figure 2.1, and will be
described in the following. The "pacemaker" of the heart, i.e. the part that triggers the contraction of
the heart, is the sinoatrial node (also called SA node), and is located at the junction of the superior vena
cava and the right atrium [Fuster et al., 2007, p. 92]. Consisting primarily of pacemaker cells, the SA
node fires at a typical1 rate of 60-100 times per minute, resulting in a pulse of 60-100 bpm. [Thaler, 2007,
p. 14]

From the SA node, the depolarization wave propagates to the myocardial cells of the right atrium, and
through Bachman’s bundle to left atria, making both atria contract. The wave propagates through the
atrial conducting system to the atrioventricular node (AV node), located in the posterior wall of the right
atrium [Hall, 2016, p. 125]. The AV node serves the purpose of delaying the electric signal by about 130
ms, such that the atria have time to contract before the electric signal propagates to the ventricles [Hall,
2016, p. 125].

From the AV node, the depolarization wave propagates into the ventricular conducting system, by first
entering the bundle of His which then splits up into the left and right bundle branches. The bundle
branches terminate in the Purkinje fibers located around the ventricles, which deliver the electric signal
to the myocardial fibers of the ventricles, making them contract. [Hall, 2016, p. 126]

Figure 2.1: A diagram of the cardiac conduction system. [Anatomybodysystem, 2017]
1The rate varies depending on the activity of the autonomic nervous system, as e.g. adrenaline increases the

heart rate.
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Chapter 2: Clinical Background

2.2 Fetal Circulation
The fetal circulation can be seen in Figure 2.2, and is slightly different than that of adults, as the fetus
cannot use the lungs to oxygenate the blood. Instead, it receives oxygenated blood from the placenta,
which, through the umbilical vein and ductus venosus, transports oxygenated blood to the liver and via
the inferior vena cava to the right atrium [Fuster et al., 2007, p. 1856]. The foramen ovale is an opening
between the right and left atria, which makes it possible for some the oxygenated blood to pass into
the left atrium, from which it flows into the left ventricle and into the aorta. Approx. 63% of the total
ventricular output comes from the right ventricle, of which 90% goes through the ductus arteriosis and
into the aorta. That way, the lungs have been bypassed, and oxygenated blood is delivered to the fetal
body. To complete the circulation, part of the deoxygenated blood is returned to the placenta through
the umbilical arteries. [Fuster et al., 2007, p. 1856]

Figure 2.2: The fetal circulation system. Red indicates high oxygen content blood, purple is medium and blue
is low oxygen concentration. [Sepulveda W, 2013]
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Chapter 2: Clinical Background

2.2.1 Correlation between mother and fetus

An key factor to consider in the topic of FECG is the relation between the fetus and the mother. As
described in Section 2.4.2, the fetal heart rate (FHR) is around 40% higher than the maternal, meaning
they are not identical to each other. Some correlation is however present, at least in the extreme cases: If
the mother dies, so does the fetus, unless intervention is done in order to save the fetus. Stress responses
are also transmitted from mother to fetus, affecting the fetal heart rate as shown by [Monk et al.,
2000]. Likewise, it was found by [DiPietro et al., 2003] that "there is no evidence of a protective effect
of diminished maternal sensitivity to stress on the fetus". One can therefore not assume the maternal
and FECGs independent, however their correlation changes over time, depending on the maternal stress
response. The power of the FECG signal is about 15-30 dB lower than the maternal one, as can also
be seen from Figure 2.3, while the signal to noise ration (SNR) between FECG and the noise is -5 to
-15 dB [Martens et al., 2007, p. 385]. From around week 28-32 the vernix caseosa forms, a fatty layer
surrounding the fetus, which dissolves again around week 37-38. This makes the amplitude of the FECG
dramatically reduce, making it almost immeasurable around week 30 [Stinstra, 2001, p. 85]. This is due
to the insulating effects of the layer, making it hard for the electric currents to reach the abdomen for
recording.
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Figure 2.3: A 3-second ECG recording from the abdomen of the mother, showing both fetal and maternal ECG.
Fetal QRS complexes are marked with red. Data obtained from [Physionet, 2017]

With the fetal circulation described, it is now possible to investigate why fetal monitoring is needed, as
this relates to the fetal circulation.

2.3 The Electrocardiogram
The electrocardiogram (ECG) is "the most commonly used laboratory procedure for the diagnosis of heart
disease" [Fuster et al., 2007, p. 295]. Understanding how the ECG is obtained, and what it measures,
is therefore crucial. The purpose of this section is to provide an explanation of the components of the
normal ECG, followed by a description of how ECGs are recorded.
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Chapter 2: Clinical Background

2.3.1 The components of the ECG

The normal ECG consists of a three main components, namely a P-wave, a QRS complex and a T wave,
as can be seen in Figure 2.4. The components are briefly described in the following [Hall, 2016, p. 131]:

• P-wave: The P-wave comes from the depolarization of the atria. It thus signifies atrial contraction.
The first part of the P-wave is related to the right atrium (as this is where the SA node is located),
while the second part relates to the left atrium [Thaler, 2007, p. 20]

• QRS-complex: In most cases, the QRS complex consists of three separate waves, namely the Q-
wave, R-wave and S-wave. The QRS complex is caused by the depolarization of the ventricles
before they contract. If the first deflection is downwards, it is called the Q wave, while the upward
deflection is called the R.wave. The QRS complex has a duration ranging from 6-100 ms [Thaler,
2007, p. 55], while the QRS complex of the fetal ECG has a typical duration is 20-50 ms, depending
on where in the literature one looks [Allan et al., 2001, p.18-20].

• T-wave: The T-wave originates from the repolarization of the ventricles, and is therefore also
known as the repolarization wave.

Note that a repolarization wave of the atria also occurs, but since this happens during ventricular de-
polarization, the wave coming from it is hidden by the QRS complex. As repolarization (the T-wave)
occurs in the opposite direction of depolarization, but with a reversed electrical sign, the repolarization
wave will also appear as a positive deflection on the ECG.

The flat lines between waves are called segments, and signify electric silence. One such segment is the
ST segment, which is the line between the S-wave and the T-wave. This measures the time interval from
the end of ventricular depolarization to the start of ventricular repolarization. [Thaler, 2007, p. 29]

Intervals denote the time between events, and include at least one wave and the connecting straight
line/segment. The PR interval measures the time from the start of atrial depolarization to the start of
ventricular depolarization, and has a duration of about 160 ms [Hall, 2016, p. 125]. The QT interval is
the time interval between the onset of the QRS complex and the offset of the T-wave, and measures the
time from beginning of ventricular depolarization to the end of ventricular repolarization [Thaler, 2007,
p. 29]. It has a normal duration of 350 ms. [Hall, 2016, p. 126]

7
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P

Q

R

S

T
ST

SegmentPR
Segment

PR Interval

QT Interval

QRS
 Complex

Figure 2.4: The normal sinus rhythm for the human heart [Atkielski, 2007; Fuster et al., 2007]

In Appendix A, a description of the electrocardiographic leads can be found, which are the standard way
of obtaining an ECG. With the normal ECG of an adult described, the fetal ECG can now be described,
which is done in the following section.

2.4 Fetal ECG Monitoring
The fetal electrocardiogram can be used as a tool to evaluate the well-being of the fetus. In this section,
a brief overview of the diseases related to fetal distress (and which might be prevented using fetal ECG
monitoring) is given, together with a description of the two classical types of fetal ECG monitoring,
namely the fetal heart rate (and its variability) and the morphology of the ECG.

2.4.1 Motivation for non-invasive fetal monitoring

As mentioned in Section 2.2, the fetus gets its supply of oxygen from the mother, through the placenta.
During labour, strong uterine contractions may stop the flow of oxygen from the placenta, thus reducing
the oxygen flow to the fetus [Neilson, 2015]. A reduction of oxygen flow can lead to hypoxia, which is
the medical term for a lack of oxygenation at the tissue level [Samuel and Franklin, 2008]. The umbilical
cord may also be compressed during labour, which may stress the fetus [Neilson, 2015].

According to [Freeman et al., 2012, p. 28-31], fetal hypoxia may lead to a wide variety of diseases: Cerebral
Palsy (CP)2, mental retardation, learning disorders, respiratory distress syndrome, kidney damage and
damage to the digestive system.
Having a method to monitor the fetus in order to detect fetal hypoxia is therefore of great interest, such
that medical staff can intervene and improve the clinical outcome.

2CP is a neurological disorder caused by brain malformation during the development of the child’s brain, or
a low level of oxygen (hypoxia) in the brain during its development. CP primarily affects body movement and
muscle coordination [MedlinePlus, 2017]
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Around the 1840’s it was proposed that fetal heart rates (FHR) might be an indicator of the wellbeing
of the fetus [Freeman et al., 2012, p. 1]. However, it was later found that the term "fetal distress" was
an inappropriate term to describe FHR patterns, and FHR patterns thought to be associated with fetal
hypoxia were actually found not to lead to newborns with signs of fetal hypoxia. [Freeman et al., 2012,
p. 2]

One reason for this might be the uncertainty related to obtaining the FHR: A simple experiment in which
15 obstetricians were to count the FHR of an artificial fetus showed a wide range of counts between the
obstetricians, with error rates up to 30% [Jenkins, 1989, p. 210].
Based on this, Hon [1958] suggested in 1958 that the use of electronic techniques for the continuous
evaluation of FHR in labour would permit a more accurate indication of fetal distress than clinical
methods (of more sporadic nature).
Building on this, the fetal scalp electrode was invented in 1963, making direct ECG monitoring of the
fetus possible, but at the expense of having to insert the electrode into the vagina and cervix against the
fetus’ scalp, thus being more risky and complicated than non-invasive methods [Freeman et al., 2012, p.
3-6]. Another problem with the scalp electrode is that it can only be used during labour, as it requires a
rupture of membranes (i.e. a punctured amniotic sac).

For these reasons, it would be advantageous to have non-invasive monitoring methods. The two most
popular types of monitoring are described in the following, namely monitoring of the fetal heart rate and
fetal morphology.

2.4.2 Fetal heart rate (FHR) & FHR variability

By analyzing 1.5 billion individual fetal heart rate (FHR) measurements from 78852 CTG3 tracings,
[Pildner von Steinburg et al., 2013] found that the normal4 FHR range is 120 to 160 bpm. This fits
well with the baseline FHR mentioned in [Macones et al., 2008, p. 663]: "Abnormal baseline is termed
bradycardia when the baseline FHR is 110 bpm; it is termed tachycardia when the baseline FHR is 160
bpm."

Baseline FHR variability is defined as "fluctuations in the baseline FHR that are irregular in amplitude
and frequency" [Macones et al., 2008, p. 663], and is an important measure of the well-being of the fetus.

As described in Section 2.4.1, fetal hypoxia and hypoxemia are critical diagnoses which can greatly affect
the life of the newborn. For this reason, it is of great interest to monitor the fetal heart rate (FHR), as
fetal hypoxia is related to the FHR variability: "Moderate FHR variability reliably predicts the absence
of fetal metabolic acidemia5 at the time it is observed" [Macones et al., 2008, p. 663].

If the FHR variability is absent and the FHR is bradycardia, the FHR tracing is called abnormal, calling
for immediate action, such as providing the mother with excess oxygen [Macones et al., 2008, p. 664].

3Cardiotocography is described in greater detail in Section 2.4.4
4Normality is here used in a statistical sense, defined as the 5th to 95th percentile
5Acidemia and acidosis means there is a high hydrogen ion concentration in the tissues, i.e. the body is making

too much acid or cannot get rid of it. In fetuses, hypoxia may lead to acidosis. [Bobrow and Soothill, 1999]
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Figure 2.5: A normal ST segment as well as an elevated and depressed ST segment. Figure modified from
[OPENPediatrics Staff, 2015].

2.4.3 ECG morphology

Looking at the shape of the ECG (morphology) is also a useful diagnosis tool for fetal hypoxia: "During
severe intrapartum6 hypoxia and metabolic acidosis, there is a significant shortening of the QT interval.
The intrapartum QT interval may therefore provide additional information on the condition of the fetus"
[Oudijk et al., 2004]. Another interesting finding by [Oudijk et al., 2004] is that the QT interval is not
dependent on the FHR or the general stress of the fetus. This might make it a better indicator of fetal
acidosis than the FHR: "Fetuses without metabolic acidosis did not show a QT shortening despite fetal
heart rate changes indicative of such events."

It was shown by [Pardi et al., 1971] that ST segment depression (found by averaging multiple ST segments)
is related to fetal hypoxia, although it has not been possible to develop the technique enough to make it
clinically applicable [Freeman et al., 2012, p. 2]. An example of ST depression (and elevation) can be seen
in Figure 2.5. From the literature, it is not fully clear how useful ST elevation monitoring is for ensuring
the well-being of the fetus: "In comparison to continuous electronic fetal heart rate monitoring alone, the
use of adjunctive ST waveform analysis made no obvious difference to primary outcomes" [Neilson, 2015].
However, experiments on fetal sheep show that hypoxia is linked to ST elevation [Sameni and Clifford,
2010, p. 7], indicating that the morphology of the fetal ST analysis may be of interest.

Apart from the QT-interval and the ST-segment, the PR and RR intervals are also of interest: "Shortening
of the PR interval, and an inversion of the normal positive relationship between the PR and RR intervals,
have been found to be early indicators of fetal stress, with ST segment and T-wave changes being later
indications of fetal suffocation" [Jenkins, 1989, p. 213].
It can thus be concluded that by obtaining a full fetal ECG is of great interest, as it is a helpful diagnosis
tool. It is now interesting to a have a brief look at Cardiotocography, one of the most commonly used
methods for fetal monitoring.

6Intrapartum means during birth
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2.4.4 Cardiotocography (CTG)

Cardiotocography is a method to monitor the fetal heart rate using ultrasound, together with the uterine
contractions by measuring the tension of the abdominal wall [Debdas, 2013, p. 1, 14]. CTG is a commonly
used method for monitoring: 85% of births in the US get monitored by CTG [Debdas, 2013, p. 1].

Figure 2.6: An example of a CTG trace, showing fetal heart rate in the top (in BPM) and the uterine contractions
in the bottom. [Byrom, 2012; Fraser and Cooper, 2012]

In a review by [Grivell et al., 2012], no difference in outcome could be found when looking at potential
improvements through the use of CTG monitoring. However, when the interpretation of CTG traces was
computerized (i.e. made automatic) "the findings looked promising” [Grivell et al., 2012; Pildner von
Steinburg et al., 2013]. This suggests that the CTG traces are open for interpretation by the medical
staff, and that standardization of their interpretation might help improve the fetal outcome [Pildner von
Steinburg et al., 2013].

Monitoring the fetal heart rate using CTG during birth showed a "reduction of perinatal mortality by
50%, but an increase of operative intervention by factor 2.5" [Pildner von Steinburg et al., 2013]. It
was found by [Neilson, 2015] that monitoring the baby using ECG and CTG resulted in less surgical
assistance with the birth, than with CTG alone. However, there was no difference in the number of
caesarean deliveries and little to suggest that babies were in better condition at birth.

Performing some kind of monitoring of the fetal heart rate is thus advantageous, however the effect of
using ECG and CTG is rather limited. One reason for this might be "because clinicians have been unable
to interpret recordings in an unbiased fashion" [Jenkins, 1989, p. 213]. According to [Jenkins, 1989], more
advanced methods might provide better result and improved outcomes are possible by using methods with
less room for interpretation than CTG. This serves as a motivator for developing new, more accurate
methods for (non-invasive) fetal monitoring. As mentioned, a popular method for fetal monitoring is
estimating the fetal heart rate, which is described in the following section.
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3 | Non-Invasive Fetal Heart Rate
Estimation

As it could be seen from the end of the previous chapter, especially Section 2.4.1, a lot of research has
been done on the topic of fetal ECG monitoring. The purpose of this chapter is to describe the methods
which have previously been used for doing non-invasive fetal heart rate monitoring. This is relevant
to investigate even though this thesis is on the topic of morphologically accurate fetal ECG and not
FHR estimation. The reason for this is that both the extraction methods and datasets are similar, and
observations made about the current extraction methods can therefore also be used when dealing with
morphology studies.
In the first part of this chapter, the datasets available for this topic are described. Then, a description
of the PhysioNet/Computing in Cardiology Challenge 2013 follows, which is an important milestone in
the topic of non-invasive fetal ECG from recent years. Finally, the actual methods used in the literature
are described, together with their pros and cons.

3.1 Databases of Fetal ECG Recordings
An important part of developing algorithms is having data available for testing the performance of the
algorithm. Two overall types of data can be used: Measured (clinical) data and simulated data, which is
also true in the topic of fetal ECG. Below is a brief overview of key databases for fetal ECG monitoring
presented.

3.1.1 Clinical data

Testing the developed algorithm on measured data is of great importance, as the algorithm will eventually
be applied to real measurements. This type of data thus gives the most realistic performance measure.
In order to really use the measurements, having the ground truth (by means of separate fetal recordings
or annotated data) is crucial, which is often challenging.

Abdominal and Direct Fetal Electrocardiogram Database (ADFECGDB)
The ADFECGDB [Jezewski et al., 2012; Goldberger et al., 2000] contains four channels of maternal
abdominal ECG recordings from 5 women. In addition, each recording also contains an ECG measured
directly from the fetal scalp (scalp electrode). This allows for directly comparing the extracted fetal
ECG from the abdomen recordings with the ground truth fetal ECG from the scalp. The recordings are
sampled at a sample rate of 1 kHz, with a 16 bit resolution.

Non-Invasive Fetal Electrocardiogram Database (NIFECGDB)
The NIFECGDB [Physionet, 2016; Goldberger et al., 2000] contains 55 multichannel recordings from a
single woman between 21 to 40 weeks of pregnancy. Each recording contains 4 abdominal signals and
two thoracic1 signals. The recordings are sampled at a sample rate of 1 kHz, with a 16 bit resolution.

1Recorded at the thorax, i.e. in the chest region.
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The advantage of this database is the fact that it contains thoracic recordings. These are placed far away
from the fetus, and should therefore not contain any fetal ECG, or only fetal ECG of very small amplitude.
This will allow testing methods such as adaptive filters, which require knowledge of the original signal.

3.1.2 Simulated data

By using simulated data, one can control exactly how the signals are generated, which is often a big
advantage. This also means that the maternal and fetal ECG are known separately, and comparing the
output of the algorithm to a ground truth is thus possible. This makes it possible to better evaluate the
performance of the algorithm.

A simulation framework called FECGSYN has been presented in [Behar et al., 2014b], which makes it
possible to simulate mixtures of fetal and maternal ECG. A wide variety of simulation parameters can be
set for both the mother and fetus, such as heart rates, respiration and the heart position. Various noise
types can also be included such as baseline wander and electrode movement. The simulator models the
hearts as punctual dipoles, which can be moved and rotated.

Fetal ECG Synthetic Database (FECGSYNDB)
Developed by [Andreotti et al., 2016; Goldberger et al., 2000], the FECGSYNDB uses the simulation
framework from [Behar et al., 2014b], to generate a total of 1750 synthetic signals, totaling 145.8 hours
of multichannel data, with 1.1 million fetal peaks. Each simulation has a duration of 5 minutes, and is
sampled at 250 Hz with a 16-bit resolution.
Ten different pregnancies were simulated when generating the dataset, and for each simulated pregnant
subject, seven different physiological events were simulated, see Table 3.1.

Case Description

Baseline Abdominal mixture (no noise or events)

0 Baseline (no events) + noise

1 Fetal movement + noise

2 MHR /FHR acceleration / decelerations + noise

3 Uterine contraction + noise

4 Out-of-place (ectopic) beats (for both fetus and mother) + noise

5 Additional NI-FECG (twin pregnancy) + noise

Table 3.1: The seven different simulation settings provided by the FECGSYNDB.

For each pregnancy and each case, 5 different levels of additive noise were applied, and 5 repetitions
were made for each combination, yielding the total of 1750 recordings. Three different types of noise can
be added [Behar et al., 2014b, p. 1542]: Motion artifact, electrode motion (EM) and baseline wander
(BW). In the database, only motion artifact noise is added, which has been generated by fitting a 12’th
order auto-regressive (AR) model to a recording of the motion artifact noise. This is a commonly used
method to accurately model physiologic and measurement noise, as is done by e.g. [Sæderup et al., 2018].
The poles of the model are allowed to wander a bit, in order to incorporate some variability between
recordings.

14



Chapter 3: Non-Invasive Fetal Heart Rate Estimation

As can be seen from Table 3.1, it is possible to test the ECG algorithms on very different types of data,
varying from a simple mixture of maternal and fetal ECG in ideal conditions, to extreme conditions such
as twin pregnancies. This makes it possible to stress-test the algorithm on known signals, making it
possible to test its performance in both ideal and non-ideal conditions.

3.1.3 PhysioNet/Computing in cardiology challenge 2013

The PhysioNet/Computing in Cardiology Challenge 2013 (or just the Challenge) dealt with the topic
of noninvasive fetal ECG (NI-FECG). The key questions of the Challenge were: "1) Can accurate FHR
measurements be performed using a set of non-invasive abdominal ECG electrodes? and 2) Can an
accurate fetal QT measure be performed in an automated way using the extracted signal?" [Clifford
et al., 2014, p. 1525]. Two key problems existed in the topic of NI-FECG, namely a lack of data with a
ground truth and expert annotations, and a lack of a methodology for assessing the algorithms, both of
which the Challenge sought to overcome.

Dataset construction
The data used in the Challenge consists of 447 one-minute recordings sampled at 1 kHz, each consisting of
4 abdominal channels. Some of recordings in the database originate from the databases described above,
while others have been donated to the Challenge. This means both measured and simulated data are
part of the dataset. The data has been annotated using either reference annotations from the dataset,
or by crowdsourcing, thus obtaining properly annotated data. The 447 recordings are split up into three
sets: [Clifford et al., 2014, p. 1526]

• Set A: 75 recordings. Both records and expert annotations publicly available.

• Set B: 100 recordings: Only the recordings are publicly available.

• Set C: 272 recordings: Both recordings and annotations are private.

The Challenge consisted of five events, each with their own purpose and with either public or private test
sets as summarized in Table 3.2.

Event E1 E2 E3 E4 E5

Fetal Heart Rate x x

RR interval x x

QT interval x

Hidden test set (set C)? x x x

Table 3.2: Overview of the Challenge events, showing their purpose and if they were scored/tested on a publicly
available test set. [Clifford et al., 2014, p. 1526-1527]

The PhysioNet 2013 challenge is thus a combination of the above databases, and is a good benchmark
database, as it is possible to compare algorithm performance to those that participated in the Challenge.
A wide variety of algorithms were submitted to the Challenge, with the purpose of extracting the fetal
heart rate, with some of the submitted algorithms being available as open-source code, so they can be
used as a benchmark. An overview of the general approach of these methods is given in the following.
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3.2 Overview of Current Methods
Based on the techniques presented in the Challenge, the authors have summarized that the submitted
fetal HR estimation algorithms in general consisted of 5 steps, as shown in Figure 3.1 [Clifford et al.,
2014, p. 1528].
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Figure 3.1: The five steps used in the current methods for FHR estimation.

These will be described in further details in the following sections, followed by a description of the
single-channel methods that can also be applied to obtain NI-FECG.

3.2.1 Pre-processing

The purpose of this step is to remove noise, baseline wander and noise from power lines (i.e. 50 Hz noise).
Some have created augmented channels (as is done with the normal 12-lead ECG, see Appendix A) by
subtracting some of the four abdominal channels from others.
From [Clifford et al., 2014, p. 1521] it was concluded that generally, the fetal ECG extraction methods
employed later are highly dependent on the pre-processing methods.

To remove the baseline wander, [Lipponen and Tarvainen, 2013] used a 6th order Butterworth high-pass
filter (cut-off at 2 Hz). [Varanini et al., 2013] have used a more advanced method, using multiple median
filters, and a 50 Hz notch filter, including 2nd and 3rd harmonics.
From [Behar et al., 2014d] it was found that selection of a high cut-off frequency for the high-pass filtering,
such as 10 Hz, led to an improved result in detection, possibly due to the removal of the large maternal
P and T wave components. A low-pass filter with a cutoff of 99 Hz was applied by [Behar et al., 2014d,
p. 15].

Some have removed power line noise by removing the 50 Hz Fourier coefficient, while other have applied
a 50 Hz notch filter [Clifford et al., 2014]. Others have made a filter automatically removing either the
50 Hz or 60 Hz component, as some of the recordings in the Challenge dataset are from Europe while
others are from the US [Behar et al., 2014d, p. 5].

The signal is typically also normalized - this is usually done by simply scaling the amplitude to the
range [−1; 1]. An interesting normalization procedure is presented by [Behar et al., 2014d, p. 5], who
use the the hyperbolic tangent in order to keep the signal in a controlled range. This should make the
FQRS detection more accurate by shrinking the high amplitude artifacts in the ECG signal range, as the
hyperbolic tangent "squeezes" the signal into [−1; 1].
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3.2.2 Estimation of maternal component

As the biggest problem in detecting the fetal ECG is the presence of the maternal ECG which may have
20 dB larger magnitude than the fetal ECG, see Section 2.2.1, removing the maternal component must
be handled. This is typically done by first estimating the maternal part, which can be done using either
subspace methods or template methods.

Subspace methods
One of the most popular methods from the Challenge for extracting the fetal ECG, were subspace
methods. In particular Independent Component Analysis (ICA), Principal Component Analysis (PCA)
and Singular Value Decomposition (SVD) were used, which are methods for doing blind source separation
(BSS)2. The overall idea of BSS is to decompose the signals (i.e. the four channels) into a series of
subspaces in such a way that the components of the mixture are put in separate subspaces - ideally, one
would like to get the maternal ECG into one subspace, the fetal ECG into another, and the noise into a
third.

One might argue that BSS is not a subspace method but a statistical method as one often use statistical
measures when doing BSS. But as the sources are separated from each other, they can be interpreted as
being in different subspaces. Purely subspace methods such as PCA are often applied as a preprocessing
step for BSS, and they are therefore collectively described as subspace methods in this thesis.

The overall difference between PCA and ICA is that PCA uses second-order statistics (i.e. the covariance
matrix) and attempts to transform the data into a set of uncorrelated components by using the eigenvalue
decomposition (EVD), thus forming an orthogonal basis for the covariance. ICA on the other hand
attempts to transform the signals into independent components - a much stronger requirement than the
signals being uncorrelated - which requires the use of higher-order statistics such as kurtosis [Hyvärinen
et al., 2004, p. 7-9]. The SVD is simply a variant of PCA, as we know the SVD and EVD are linked in
such a way that the singular values σk of the data matrix X are the square roots of the eigenvalues λi of
the (covariance) matrix XTX [Petersen and Pedersen, 2012, p. 32].

Having separated the mixed signal into subspaces, it is then possible to perform e.g. QRS detection on
the maternal ECG subspace alone.
A problem with these subspace decompositions is that the algorithms using them may make the following
implicit assumptions [Clifford et al., 2014, p. 1529-1530]:

• The number of signal sources are fixed, discrete, and less than or equal to the number of recorded
channels

• The subspace representation is stationary

• The sources are uncorrelated

• The maternal signal has a high signal-to-noise ratio and spans one or more of the dominant spaces

2Blind source separation is the task of separating a mixture of signals into the original sources with only weak
a-priori information about them such as independence [Comon and Jutten, 2010, p. xxi]
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This is problematic as the fetal signal, interference and noise may not be linearly separable [Sameni, 2008,
p. 10]. Results from [Behar et al., 2014d, p. 17] do however show a rather good performance in practice
when using them, see Section 3.3.2.

Another interesting subspace method is Periodic Component Analysis (πCA), which exploits the peri-
odicity that exists in the ECG signal. The idea is to extract "the most periodic" linear components of
the observed mixture, which gives better performance than classical source separation algorithms such
as ICA and PCA. In πCA, the components are ranked based on their synchronization with the R-peaks,
whereas the order of components in regular ICA is random [Sameni et al., 2008]. This is interesting in
ECG applications, as the components mostly synchronized with the R-peaks, must be the components
making up the maternal ECG.

Template methods
Another typically used method is templates subtraction (TS). The idea is to make a template of the
maternal ECG (MECG) waveform, by averaging the maternal QRS across time and/or channels. This
requires detection of the maternal ECG, which is typically done using Pan-Tompkins algorithm [Pan and
Tompkins, 1985]. The templates are typically modified over time, in order to adapt to the non-stationary
nature of ECG [Behar et al., 2014c]. In order to use templates, one must assume the maternal and fetal
components are uncorrelated, and that the morphology of the heart beats are either constant or slowly
changing. One can also use (Extended) Kalman filtering designed to track the MECG, which can then be
subtracted from the recording, leaving the FECG. This makes it similar to a TS approach [Behar et al.,
2014d, p. 13].
The subspace and template methods can also be combined, by e.g. using ICA to decompose the signal
to get a "maternal ECG"-channel, from which the maternal QRS complexes (and thus the heart rate) is
found, after which templates of the maternal signal can be made [Clifford et al., 2014, p. 1521].

3.2.3 Removal of maternal component

After having found the maternal component of the mixture, it must be removed in order to be left with
the fetal ECG. For the subspace methods (PCA, ICA), this is done simply by setting the components of
non-fetal subspaces to zero [Clifford et al., 2014, p. 1529]. This does however require that one determines
which of the components belong to the maternal ECG, which can be challenging.
For the template methods, the QRS template is subtracted from the recording, at the places of the
maternal QRS. One may do this adaptively, such that the changes of the ECG are tracked, using e.g.
Kalman filtering [Clifford et al., 2014, p. 1529].

3.2.4 Estimation of FHR and RR time series

The fetal QRS complexes are typically estimated by either making a simple R-peak amplitude thresh-
olding, or looking at the RS slope. Another option is to use modified versions the QRS estimation
algorithms used for adult ECG. The methods can also be combined using a voting system [Clifford et al.,
2014, p. 1529]. Others have treated detection as an optimization problem, in which FECG morphology
and beat-to-beat interval consistency were considered in the cost function [Clifford et al., 2014, p. 1530].
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3.2.5 Post-processing

The post-processing step deals with correcting the estimated FHR estimates, by using the a-priori knowl-
edge about the FHR. One such method is to remove beats with an interval outside the range of 70 to 300
ms, as these are not physiologically realistic heart rates [Clifford et al., 2014, p. 1530]. Moving average
filters can also be used in order to smoothen the FHR, again due to the physiological constraints to the
heart rate variability. However, smoothing only gave a 1% performance improvement [Behar et al., 2014d,
p. 15].

3.2.6 Single channel methods

As opposed to the subspace methods used in the Challenge mentioned above, the methods presented
in this section are using temporal filtering techniques. These methods do not need the recording of
multiple channels as (most of) the subspace methods do, but can instead work using just a single recorded
abdominal channel. They do however also require a reference signal, such as a chest signal from the
mother.

The channel model considered for an adaptive filter is of the additive type:

y[n] = s[n] + v[n] (3.1)

where:
y[n] is the observed signal

s[n] is the signal of interest

v[n] is the undesired signal (noise and interference)

Here, the adaptive filter aims at learning a model with input u[n] and output v̂[n], such that the mean
squared error between y[n] and the estimate of the undesired signal v̂[n] is minimized, as illustrated in
Figure 3.2. In the case of fetal ECG, the input u[n] is the chest signal, y[n] is the abdominal signal and
v̂[n] is the estimated noise + maternal ECG.
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Figure 3.2: Adaptive noise cancelling with a single reference input u(n). v̂(n) is estimated noise, e(n) is
estimation error and ŝ(n) is the estimate of the fetal ECG signal s(n). Figure adapted from [Behar et al., 2014c,
fig. 2]

Different classical methods exists for doing this, such as the least mean square (LMS) filter and recursive
least square (RLS), which will not be described in further details here.
A more recent method for adaptive filtering is by using recurrent neural networks (RNNs), which are
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neural networks capable of non-linear modeling of dynamical systems [Behar et al., 2014c, p. 1343]. In
the comparison of these methods made by [Behar et al., 2014c], a variant of RNNs called Echo State
Networks (ESN)3 is used, as this outperformed classical RNNs in many tasks [Lukoševičius and Jaeger,
2009].

The results they obtained are mentioned in the following section, together with a comparison between
the other methods for extraction of FECG.

3.3 Comparison of Current Methods
The purpose of this section is to compare the above-mentioned methods from both an empirical and
theoretical perspective. In order to compare the algorithms, the measures by which the comparison will
be done must be established, which is done in the following section.

3.3.1 Evaluation methods

In the Challenge, three factors were of interest in order to evaluate the performance of the algorithms:
The beat-to-beat fetal heart rate, the time interval between two RR-peaks and the average QT interval
per recording.
When calculating the classification error of heart beats, a matching window is normally used. This is
done in order to define whether or not an estimated R-peak is close enough to the annotated one, i.e.
if it has been correctly or incorrectly classified. In normal adult ECG this window has a length of 150
ms [AAMI, 2012], but to account for the higher FHR, a matching window of 50 ms can be used instead
[Behar et al., 2014d, p. 4].

As pointed out by [Behar et al., 2014d, p. 15-16], an inherent problem with the Challenge scoring being
based on RMS values (for the RR peaks) is that it encourages estimating the FHR closer to the average
FHR, while small variations in the HR, which are often the most interesting, are not rewarded in the
scoring. The problem is thus that neither of the scores take the absolute location of the FQRS into
account: An algorithm will thus get a good score if it just estimates the average FHR, even though it
hasn’t estimated the location of a single FQRS correctly, see Table 3.4.

In order to solve this, the two measures, sensitivity (Se) and positive prediction value (PPV), are in-
troduced as suggested in the guidelines by [AAMI, 2012]. They are defined as [Behar et al., 2014c, p.
1345]:

Se = TP

TP + FN
PPV = TP

TP + FP
(3.2)

where:
TP are true positives

FN are false negatives

FP are false positives

These provide ways of detecting if the fetal heart beat have been correctly classified.
3ESNs remove the need for back-propagation, as it uses a static, randomly generated RNN called the reservoir.

Input signals are applied driving nonlinear activations from each neuron, from which the output signal is generated
as a trainable linear combination of these neuron responses. [Lukoševičius and Jaeger, 2009, p. 128]
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A single measure of the performance of the algorithm is the F1-score, which calculates the harmonic mean
between the PPV and Se [Behar et al., 2014c, p. 1346]:

F1 = 2 · PPV · Se
PPV + Se

= 2 · TP
2 · TP + FN + FP

, (3.3)

from which it can be seen that FN and FP are equally penalizing the measure, which is desired.

Another measure as introduced by [Andreotti et al., 2016, p. 634] is the mean absolute error (MAE),
which is defined as:

MAE = 1
TP

TP∑
i=1
|di − d̂i| (3.4)

where:
MAE is the mean absolute error [ms]

TP is the number of true positive QRS detections

di is the time of the reference annotation [ms]

d̂i is the time of the detected annotation [ms]

The advantage of the MAE is that it is able to describe the distance between estimated and true anno-
tations, i.e. quantify any jitter in the estimated annotations, instead of a simple classification measure.

3.3.2 Overall performance

With the performance measures described in the previous section, the results can now be compared.
This is done by first doing an overall comparison, and then looking into their quantifiable performance
measures using the aforementioned scores.

In Table 3.3, a comparison of the most popular methods is listed. The table is sorted into single- and
multichannel methods. Single channel methods include those mentioned above, e.g. adaptive filtering and
Bayesian filtering such as the Kalman filter. Multichannel methods are the subspace methods mentioned
above, i.e. PCA, ICA, πCA and a method not mentioned here, called deflation4.

4Deflation is an algorithm which iteratively performs subspace decomposition, then noise reduction (in the
subspaces), and then performs recomposition to get back to the original domain [Sameni, 2008, p. 92].
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Table 10.1: Comparison of the di↵erent methods and their applications

Method Overall
Performance

SNR
improvement

Computational
Cost

Realtime⇤
Implementation
Complexity

Operator
interaction

Applications/Comments

S
in

g
le

-C
h
a
n
n
e
l FIR/IIR Filtering Low Low Low Yes Simple Not required Simple frequency domain denoising

Wiener Filtering Medium Medium Medium Possible Medium Not required

Denoising using morphologic or spec-
tral priors; realtime implementation is
only possible for the causal Wiener fil-
ter

Wavelet Denoising Medium Medium Low Yes Medium Not required
More robust denoising for signal-noise
mixtures having di↵erent scales

Adaptive Filtering Medium Medium Median Yes Medium
Sometimes
required

Low quality maternal ECG cancella-
tion or fetal ECG enhancement for fetal
HRV analysis or average morphologic
studies; extendable to multichannels

Nonlinear Filtering Medium Medium/High High No Complex Required

Maternal ECG cancellation or fetal
ECG enhancement in single channel
recordings or degenerate multichannel
mixtures

Bayesian Filtering High High Median Yes Complex
Sometimes
required

ECG denoising, maternal ECG removal
or fetal ECG enhancement having the
R-peaks of the signal and with rather
consistent morphologic shape; extend-
able to multichannels

M
u
lt
ic

h
a
n
n
e
l⇤

⇤ PCA/SVD/
Factor Analysis

Low Low Low No Simple Not required Dimension reduction for high-
dimensional data and noise removal

ICA Medium Medium Medium/High No Medium/Complex Required

Blind or semi-blind decomposition of
multichannel maternal-fetal mixtures
without considerable a priori informa-
tion and in relatively high SNRs
SNR improvement not guaranteed

⇡CA Medium High Low No Simple Not required

Decomposition of multichannel ECG
mixtures having the R-peaks of the sig-
nal; dimension reduction with minimal
ECG information loss

Deflation High High Medium/High No Complex
Sometimes
required

Decomposition of (possibly) degenerate
multichannel mixtures of desired and
undesired subspaces having a priori in-
formation about the signal-noise struc-
tures

⇤ Here we have not considered the possibility of block delayed realtime analysis.
⇤⇤ The indicated performances and complexities of multichannel methods are generally higher than single-channel methods; the qualitative descriptions should only be compared
within each group separately.

Table 3.3: Comparison of the different methods and their applications. Source: [Sameni, 2008, Table 10.1]

What can be concluded from Table 3.3 is that the Bayesian filtering approach gives quite good perfor-
mance compared to e.g. adaptive filters. Looking at the subspace methods, PCA performs poorly, and
ICA slightly better. πCA performs rather well, as does deflation.

With this overview of their performances, a more quantifiable comparison can be made, by evaluating
the performance measures mentioned above for each algorithm.

3.3.3 Empirical comparison

In the work by [Andreotti et al., 2016], it was investigated how the F1 score changed as a function of the
number of abdominal channels. They found that as soon as at least 8 channels were used, performance
increase was negligible, but when using as few as four channels, very good F1 scores were obtained, as
can be seen in Figure 3.3. For this reason, 8 channels were used throughout the tests by [Andreotti et al.,
2016].
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The issue of determining the number of optimal underlying sources, referred to as model order 
selection problem, is well documented in the literature (Penny et al 2000, James and Hesse 
2005). In order to partially overcome this difficulty, a PCA dimension reduction step was applied. 
The PCA step was designed to only keep principal components featuring 99.9% of the data 
variance, thus disregarding components with small eigenvalues. For instance, by including the 
dimension reduction step and using =N 16ch  average ICA, F1 increased from 95.3% to 97.3%.  
In this example the number of final components ranged between three and eight depending on 
the dataset and simulated case.

Figure 3 shows the F1 results of BSSpca and various BSSica algorithms with respect to 
the number of available abdominal channels. Best average results using eight channels were 
BSSpca (97.40%), BSSica with FAST-ICA (97.22%—both deflationary and symmetric) and 
BSSica with JADE (97.46%). For this reason, JADE was selected to represent BSSica tech-
niques in experiments 2 and 3. Since for ⩾N 8ch , little increase in F1 was achieved, further 
experiments only used the 8 channels electrode configuration.

3.2. Results for experiment 2: Benchmarking of various extraction methods

A case-by-case overview on the performance of each method is shown in table 3. The highest 
median F1 for each category of methods was achieved by BSSica (99.9%), AMesn (97.9%) and 
TSpca (96.0%). MAE results for most methods were similar, except for TSek f, which obtained 
the best median results with 3.8 ms. Figure 4 provides detailed view considering both metrics 
(F1 and MAE) for each technique, cases and SNR levels. Using a Kruskal–Wallis test, we 
found a significant effect of the SNR for most of the methods (see figure 4). Furthermore, by 
using a two-tailed Friedman test we evaluated the effect of the different cases and methods 
considering each SNR level separately. Regarding F1, low SNRs (i.e. {0, 3} dB) exhibited 
extremely significant ( p  <  0.001) differences between cases; highly significant ( p  <  0.01) 
for intermediate SNRs ({6, 9} dB); whereas for a high SNR (12 dB) no significant difference 
was found ( p  >  0.05). Regarding MAE, extremely significant differences were found in most 
SNR levels ({0, 6, 9, 12} dB) aside from for =SNR 3 dB, where it was highly significant. 

Figure 3. BSSpca and BSSica performance with respect to the number of abdominal 
channels. ICA’s performance was assessed using two different algoritmic implementations 
(JADE and FAST-ICA). Two variants of FAST-ICA, namely symmetric or deflationary, 
were evaluated, median results were very similar for these variants. A PCA dimension 
reduction step was used before the usage of BSSica, as specified in section 2.4.1.
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Figure 3.3: BSS performance with respect to the number of abdominal channels, using PCA and ICA. ICA’s
performance was assessed using two different algorithmic implementations (JADE and FAST-ICA). Figure taken
from [Andreotti et al., 2016, fig. 3]

Results on Challenge dataset
In the paper by [Behar et al., 2014d], many of the multichannel methods were implemented and compared
using the Challenge dataset. The results of a selection of the algorithms tested can be seen in Table 3.4.

Se (%) PPV (%) F1 (%) F1† (%)

TS 81.8 81.7 81.6 81.2

TSP CA 88.1 84.5 86.1 83.6

ICA 69.1 60.0 63.7 61.7

PCA 57.4 47.9 51.6 52.6

TSP CA-ICA 93.8 92.2 93.0 92.4

ICA-TSP CA 90.1 88.8 89.2 89.4

ICA-TSP CA-ICA 92.6 92.2 92.4 91.1

FUSE 95.6 94.3 95.0 94.2

FUSE-SMOOTH 95.9 96.9 96.9 95.2

Table 3.4: Performance of the different algorithms on the training set, A. HRE: Score for the heart rate Challenge
event, RRE: score for the RR Challenge event, N/A: not applicable. F1-score given for fc = 10 Hz, and fc = 2Hz
indicated by the † symbol. Lower HRE and RRE scores are better. Results from [Behar et al., 2014d, table 3]

Template subtraction (TS) and TS applied on the PCA-components (TSPCA) were tested along with
ICA and PCA. Combinations of them are also implemented. TS-C simply adapts the template to each
beat using a scalar gain and was used during the Challenge by [Podziemski and Gieraltowski, 2013]
and [Behar et al., 2014d]. The second, TS-PCA, stacks MECG cycles, selects some of the principal
components after which a back-propagation step takes place on a beat-to-beat basis, thus producing
MECG estimates every cycle [Andreotti et al., 2016, p. 632]. From Table 3.4 it can be concluded that
ICA and PCA applied directly on the abdominal channels gives bad performance, while ICA combined
with TS performs rather well, with small differences between the order of which they are applied. The
best performance was obtained using the authors own FUSE algorithm, which simply picks the one of the
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other subspace methods which gives the "best"5 FQRS series. FUSE SMOOTH is the FUSE algorithm
onto which a smoothing block is applied, as described in Section 3.2.5. From Table 3.4 it is clear how a
higher cutoff frequency of 10 Hz of the baseline removal filter gives a better F1-score than a 2 Hz cutoff.

Results on FECGSYNDB dataset
Using the FECGSYNDB, [Andreotti et al., 2016] compared various non-invasive fetal heart rate extraction
methods in different scenarios/cases, see Table 3.1, by looking at the F1-score and mean average error
(MAE) between true and estimated QRS locations. This comparison is very similar to that of the
Challenge, with many of the same algorithms used, except simulated data is used instead of clinical. A
table summarizing the results can be seen in Table 3.5, where AM is short for adaptive methods such as
RLS and LSM filters, as described in Section 3.2.6.

642

Table 3. Case-by-case results for experiment 2, shown as median (interquartile range).

(a) F1 (%)

Method Baseline Case 0 Case 1 Case 2 Case 3 Case 4 Case 5 Overall

BSSica 100.0 (0.1) 100.0 (0.1) 99.7 (3.9) 100.0 (0.1) 89.4 (23.2) 87.1 (6.6) 99.9 (1.9) 99.9 (6.4)
BSSpca 100.0 (0.3) 99.9 (1.1) 99.3 (4.8) 99.8 (1.4) 94.5 (7.2) 86.4 (7.7) 97.2 (11.3) 98.7 (7.9)
TSc 100.0 (0.2) 97.7 (13.3) 99.0 (8.5) 98.5 (9.6) 77.4 (11.1) 87.8 (11.0) 94.1 (23.6) 95.0 (18.8)
TSpca 100.0 (0.0) 98.3 (11.8) 99.2 (7.6) 98.7 (9.3) 77.5 (10.2) 88.4 (10.8) 94.9 (23.2) 96.0 (18.5)
TSek f 100.0 (0.2) 98.1 (9.9) 98.8 (8.2) 98.2 (9.6) 77.8 (10.0) 83.4 (7.3) 94.5 (24.8) 94.5 (19.8)
AMlms 100.0 (0.4) 99.1 (6.9) 99.5 (4.9) 99.5 (3.7) 80.2 (10.6) 87.1 (9.8) 96.0 (19.2) 97.1 (15.0)
AMrls 99.9 (0.4) 99.2 (6.0) 99.6 (4.2) 99.6 (3.4) 80.6 (11.1) 87.6 (9.4) 96.3 (17.4) 97.3 (14.6)
AMesn 99.7 (1.1) 99.6 (2.9) 99.7 (2.7) 99.6 (2.0) 82.5 (8.8) 87.4 (8.3) 97.0 (14.6) 97.9 (12.5)

(b) MAE (ms)

Method Baseline Case 0 Case 1 Case 2 Case 3 Case 4 Case 5 Overall

BSSica 4.0 (1.1) 4.0 (1.1) 4.2 (1.9) 4.0 (0.1) 5.2 (2.4) 5.2 (3.2) 4.0 (0.8) 4.1 (1.9)
BSSpca 4.0 (1.8) 4.2 (1.6) 4.7 (2.0) 4.0 (1.0) 4.6 (2.2) 5.2 (1.4) 4.3 (1.9) 4.4 (1.7)
TSc 4.0 (1.8) 4.2 (2.0) 4.1 (0.6) 4.1 (0.7) 4.7 (1.1) 5.6 (0.9) 4.3 (1.8) 4.4 (1.5)
TSpca 4.0 (2.0) 4.2 (2.1) 4.2 (0.6) 4.1 (0.8) 4.7 (1.1) 5.6 (0.8) 4.3 (1.8) 4.4 (1.6)
TSek f 4.5 (6.3) 3.8 (4.4) 3.1 (0.9) 3.1 (1.1) 3.9 (1.6) 4.8 (1.4) 3.5 (3.7) 3.8 (2.7)
AMlms 3.9 (1.8) 4.0 (1.8) 3.9 (0.7) 3.9 (0.6) 5.0 (1.5) 5.3 (1.1) 4.1 (1.5) 4.2 (1.5)
AMrls 3.9 (2.2) 4.0 (1.8) 3.9 (0.8) 3.9 (0.8) 4.9 (1.4) 5.3 (1.2) 4.2 (1.6) 4.2 (1.6)
AMesn 3.8 (1.9) 3.8 (1.5) 3.8 (0.6) 3.7 (0.6) 4.6 (1.1) 5.2 (1.1) 3.9 (1.1) 4.0 (1.5)

Note: cases’ description available in table 1, the best performing method for each case is highlighted.
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Table 3.5: F1-score and MAE for FHR extraction methods on synthetic signals in various cases. Results
are shown as median (interquartile range), and best performance in each case highlighted in bold. Table from
[Andreotti et al., 2016, table 3]

3.3.4 Theoretical differences

Having looked at the statistical comparison of the algorithms, a more heuristic and theoretical comparison
can be made.

Starting with the single channel methods, it was concluded that the ESN performed marginally better
than the LMS and RLS filters in most of the cases. A problem with the adaptive filters is that they
require a reference signal, of which it is assumed that the noise present in the abdominal recording is
also present in the reference. This may not be entirely true as e.g. fetal movement will not be seen in
the chest signal, however the main noise source, the MECG, is present in both reference and abdominal
recording. [Behar et al., 2014c, p. 1350]
As compared to the BSS methods requiring "many" channels (8-16) [Sameni, 2008, p. 68], the adaptive

5The authors selected the output with the smoothest detected FQRS time series as the best output [Behar
et al., 2014d, p. 19]
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filtering methods only require one reference and one abdominal channel. This is both a strength and a
weakness, as it requires less computation having fewer channels, although it is also impractical to need
reference signals. An advantage of the adaptive filtering methods is that they do not require info about
the maternal QRS peaks, which template subtraction and Kalman filtering does [Behar et al., 2014c, p.
1350-1351].

An important difference between the ESN (and neural network approaches in general) is that they allow
for non-linear maps between chest and abdominal signals, whereas the adaptive filter only allows for
linear maps. The relatively good performance of the adaptive filters could indicate that the mapping
is mostly linear, meaning a big, computationally heavy neural network might not be needed for this
problem. [Behar et al., 2014c, p. 1351]

Looking at the multichannel source separation methods, one should attempt to exploit the prior infor-
mation of the signals, as "semi-blind source separation methods based on a priori information, are more
effective than totally ‘blind’ methods" [Sameni, 2008, p. 115]. This would mean that e.g. πCA should
perform better than normal ICA, as it utilizes the periodicity of the ECG signal. Finding a comparison
between πCA and other methods has however not been possible.

Comparing ICA and PCA, ICA gave over 10% better performance than PCA [Behar et al., 2014d, p.
19]. This might be because ICA assumes the signals to be independent, while PCA is that it assumes the
MECG and FECG to be in orthogonal subspaces - however there is no reason to make this assumption
[Behar et al., 2014d, p. 14]. Both methods used assumed linear mixing, however using nonlinear ICA or
Kernel PCA6 could be attempted, in order to handle nonlinear mixings [Behar et al., 2014d, p. 19], to see
if a better performance could be achieved. Applying PCA/ICA to the preprocessed abdominal recordings
gave poor results, which may be due to having only 4 channels, as opposed to the 8-16 recommended
channels. For this reason, ICA was performed in conjunction with template subtraction, as TS reduces
the dimensionality of the problem, making the components more separable. [Behar et al., 2014d, p. 19]

A key concluding point is that in addition to the selected source separation algorithm, the choice of FQRS
detector, channel selection and smoothing algorithm made an important difference. This is "likely to be
the main element discriminating between the top 10-15 Challenge participants" [Behar et al., 2014d, p.
19].
Finally, it should be noted that "it is not reasonable (nor possible) to present a one-for-all universal
filtering solution" [Sameni, 2008, p. 115], meaning different algorithms should be applied for different
purposes, as they all have their own pros and cons.

6Kernel PCA works by first transforming the problem into a higher-dimensional space using a non-linear map,
in which the original data might be easier to linearly decompose using PCA
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4 | Non-Invasive Fetal ECG Mor-
phology Estimation

As can be seen from section 3.2, a wide variety of methods for extraction of fetal heart rate have been
developed, with many of them showing very good performance. Looking at the morphology of the fetal
ECG could also be of interest, as this is a diagnostics tool used on adult ECGs.

4.1 The Challenges of Fetal ECG Morphology
The topic of FECG morphology as not been studied a lot, and "robust and accurate fetal morphology
extraction systems have not been properly evaluated" according to [Sameni and Clifford, 2010, p. 16]
The reason for this may be that there a range of challenges related to extracting fetal morphology [Sameni
and Clifford, 2010, p. 14-15]:

• Low amplitude fetal ECG in the abdomen recordings

• Possible movements of the fetus

• High interference of maternal ECG

Apart from the technical challenges, the fetal ECG morphology might not have been considered due to a
"limited clinical knowledge on how fetal cardiac function and development map to changes in the FECG"
[Behar et al., 2014c, p. 1341] and an uncertainty in the clinical significance of fetal ECG morphology
[Sameni and Clifford, 2010, p. 7].

In relation to this, it could be interesting to study the correlation between the QT length and the fetal
heart rate, which has not yet been studied [Behar et al., 2016, p. 1394].
Another problem is that in the data provided for the Challenge, no arrhythmias, ST elevations, QT
prolongations, or contractions were present [Behar et al., 2014d, p. 20]. This makes it hard to test
whether an algorithm is able to spot abnormal ECG morphologies. However, by using simulated data as
mentioned in Section 3.1.2 these abnormalities can be generated, although annotated clinical data is of
course preferable.

4.1.1 Considerations of extracting fetal ECG

When extracting the fetal ECG, one must consider the method for doing it, in order to obtain a correc-
t/representative ECG. Two of the problems to consider are those of temporal averaging and distortion.

Averaging
It can be discussed whether it is advantageous or not to average the heart beats for morphology studies:
By doing running averaging, a more accurate fetal QT annotation can be obtained [Behar et al., 2016, p.
1399]. In fact, "the distributions for scalp and abdominal annotations only matched (i.e. were not signif-
icantly different) when using the averaged cycles of the NI-FECG and fetal scalp electrode" [Behar et al.,
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2016, p. 1397]. However, for some pathologic cases such as premature ventricular contractions, where
the ECG/MCG morphology are not consistent, there can be considerable morphologic variations from
beat-to-beat [Sameni, 2008, p. 116]. This implies that using averaging is not helpful in the diagnostics
of such diseases, also making πCA less effective due to its periodicity assumptions.

Distortion
Another key issue is how to prevent distortion of the waveform when extracting the FECG. As the Chal-
lenge participants were primarily interested in obtaining the FQRS to be used for heart rate estimation:
Getting an undistorted FECG has therefore not been a priority, and one can therefore not assume the
resulting morphology to be accurate.
The morphology might have been distorted already in the preprocessing, as the high cutoff frequency (10
Hz) used for baseline removal should not be used for FECG morphology analysis, as the waveform will
be highly distorted [Behar et al., 2014d, p. 18]. One way to solve this is to use the high cutoff to get a
better FHR estimate and then use these estimated R-peaks in a second run with a lower cutoff frequency
to get a less distorted FECG [Behar et al., 2014d, p. 18].

However, in the study by [Behar et al., 2016, p. 1399] where the MindChild [Mindchild Medical, 2018]
fetal monitoring system was used for obtaining NI-FECG, the authors looked at the RMSE of the fetal
QT interval estimate, and found it comparable with the RMSE of adult QT interval estimates (17.9ms vs
17.07 ms) [Behar et al., 2016, p. 1399-1400]. The authors concluded that there was "not any significant
reason to believe the signal processing of our FECG would lead to significant distortions". This extraction
process is not described in the paper, although the authors claim to have shown that the low frequency
components of the FECG are not distorted by the extraction process, as described in [Clifford et al.,
2011].
In this study, the ST elevation of the fetus was considered, by comparing results from a scalp electrode
with those estimated from abdominal recordings using a Kalman filter as described in [Sameni et al.,
2007b]. It was found that the fetal HR and ST change from the abdomen was "highly accurate and on
average clinically indistinguishable from FHR and ST change calculated using fetal scalp electrode data".
The RMS error between the ST change calculated by both methods averaged over all processed segments
was 3.2%, showing how a well-functioning estimator can provide good results.

As pointed out in [Andreotti et al., 2016, p. 634], a direct comparison of the morphology between a
scalp electrode and that from abdominal leads is not representative, as the scalp electrode sees a different
projection of the cardiac electric activity than the abdominal leads, meaning the ECG waveform will look
different.
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4.2 Overview of Current Methods
The study of FECG morphology has not yet been explored greatly, and few methods are currently in
use. An overview of the relatively newly-developed non-invasive methods is given in this section.

4.2.1 Commercial methods

The most well-known device for FECG morphology studies currently in use is the STAN device [Medical,
2015]. STAN combines traditional CTG monitoring with ST-segment analysis of the fetal ECG, obtained
from a scalp electrode. The STAN method is thus invasive, calling for new, non-invasive methods for
looking at FECG morphology. STAN works by finding the ratio between the amplitude of the fetal T-
wave and the fetal QRS-complex (T/QRS ratio), and the presence and absence of a biphasic ST segment
[J, 2012, p. 133], as this is a proxy (i.e. approximate) measure of the ST segment.

4.2.2 Methods used in Physionet challenge

As part of the Challenge, QT intervals were to be extracted in one of the events, although only one official
submission was made to this event. This was made by [Podziemski and Gieraltowski, 2013], who made a
relative simple QT interval estimator: The Q position was found as the first maximum before the R wave
and the T position was defined to be at the minimal value between 100 ms and 400 ms from the position
of the Q wave [Podziemski and Gieraltowski, 2013, p. 336]. The other submission, although unofficial,
was made by [Behar et al., 2013], who estimated the QT interval by fitting Gaussians onto the ECG, as
proposed by [Clifford and Villarroel, 2006]. Note that in neither papers, accuracies of the QT estimates
were mentioned - the only comparison is thus their abstract test scores on the hidden test set C.

4.2.3 Framework for stress-testing ECG extraction algorithms

Using the FECGSYNDB data, see Section 3.1.2, [Andreotti et al., 2016] did a comparison of various ECG
extraction algorithm, with an emphasis on their ability to estimate the QT interval and the T/QRS ratio
(used as an ST-elevation proxy in the STAN device), resulting in the following performance measures,
which are illustrated in Figure 4.1:

eFQT = |FQTest − FQTref| (4.1)

eFTQRS =
∣∣∣∣∣∣∣∣ FTh, est

FQRSest

∣∣∣∣− ∣∣∣∣ FTref

FQRSref

∣∣∣∣∣∣∣∣ (4.2)

where:
eFQT is the fetal QT-interval error [ms]

FQTest,
FQTref

is the estimated and reference fetal QT-
interval

[ms]

eFTQRS is the T/QRS-ratio error

FQRSest,
FQRSref

is the estimated and reference fetal T/QRS-
ratio

[ms]
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2.3.2. Morphological analysis. Several studies and commercial NI-FECG equipment claim 
to obtain accurate FHR tracings (Behar et al 2016). However, beat-to-beat FQRS detection 
is only part of the potential benefits of NI-FECG over CTG. In adult electrocardiography, 
changes in the QT-interval are associated with myocardial ischemia (Murabayashi et al 2002) 
and sudden cardiac death (Piccirillo et al 2007). Early works on extracting morphological 
information from NI-FECG recordings have been published by Behar et al (2014d), Clif-
ford et al (2011) and Reinhard et al (2014). These recent advances are very exciting, but the 
studies are still limited in number, population size and (patho) physiological conditions. To 
date, the STAN monitor (Neoventa Medical, Mölndal, Sweden) is the only commercial equip-
ment performing morphological analysis of the foetal ECG in clinical environments (Clifford 
et al 2014). STAN provides FHR readings, a proxy measure for the ST segment deviation  
(the T/QRS amplitude ratio) and evaluates whether biphasic ST segments are present or not 
(Wolfberg 2012). However, for NI-FECG recordings, it is unclear how robust these mea-
sures are, particularly when accompanied by: (i) noise/artefacts; (ii) foetal movements;  
(iii)  different electrode configurations; (iv) undesired distortions caused by extraction algo-
rithms. Moreover, even when using the STAN as silver standard, it is not possible to assess 
how well the morphology of the foetal signal is preserved. This because the reference (inva-
sive FECG) is based on a different lead, therefore, representing another projection of the 
cardiac electrical activity.

In this contribution, a standard analysis of morphology extraction techniques using simu-
lated data is presented. The proposed standard enables research groups to directly compare 
their methodologies. For this purpose, two morphological parameters (see figure  2) were 
assessed: foetal QT (FQT) interval, i.e. the distance between Q-onset and T-offset, and the  
T/QRS ratio (FTQRS), which is the height of the T-peak compared to the isoelectric line over 

Figure 2. Experiment 3 schematics showing: (a) exemplary template beat with QT 
interval, foetal T-wave amplitude (FTh), FQRS amplitude and the defined isoelectric line 
(starting 185 ms after R-peak); (b) signal processing steps for morphological analysis.
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Figure 4.1: A template beat showing the fetal T-wave amplitude FTh, FQRS amplitude and the isoelectric line,
starting 185 ms after the R-peak. Figure taken from [Andreotti et al., 2016, fig. 2]

Looking at these performance measures, it is of interest to know what the average fetal QT-interval and
T/QRS ratio is. However, it has interestingly enough not been possible to find any literature on what
the average fetal QT interval is, but the T/QRS ratio was found to be less that 0.3 in lamb fetuses [Allan
et al., 2001, p. 104]

In order to simplify the comparison, only two cases were considered by [Andreotti et al., 2016], namely
the baseline case (no noise) and case 0 with additive noise at different SNRs. The authors also decided
to use the reference fetal QRS annotations in order to make the morphology study independent from the
accuracy of the FQRS estimation methods [Andreotti et al., 2016, p. 627].

Algorithm steps
The algorithm used by [Andreotti et al., 2016, p. 635-636] is available online from [Behar et al., 2017],
and is summarized in Figure 4.2, and described in further details in the following.
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Figure 4.2: The algorithms steps used for evaluating the morphology performance of FECG extraction methods.

1. Bandpass-filter recording using a 13th-order1 LPF with a cutoff at 100 Hz and an eight-order HPF
with a cutoff at 0.5 Hz (both are zero-phase Butterworth filters with 20 dB attenuation at the
stop-band). These choices are based on the recommendations from [Kligfield et al., 2007], although
a LPF cutoff of at least 150 Hz is recommended by [Kligfield et al., 2007]. Implicit downsampling
to 250 Hz is assumed, as the FECGSYNDB data is sampled at this rate.

2. Extract the fetal ECG using one of the extraction methods from Section 3.2
1When running the code, at 13th order filter is applied, even though the paper states that at 7th order filter

is used.
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3. Fetal ECG templates are constructed on a minute basis using the QRS reference annotations. As
each recording is 5 minutes long, 5 templates are made for each channel of the recording. The
segment is discarded if a template can not be built for either test or reference signal. Templates
are generated using the following steps [Oster et al., 2015]:

(a) Wrap each ECG cycle to the interval [−π;π], with the R peak located at −π/3, as to allow
the T-wave to be fully included.

(b) Templates are resampled such that each template is 250 samples long.

(c) Beats are clustered by comparing each beat to the mean heart cycle of each pre-existing
cluster, using cross correlation. If the correlation coefficient is above a certain threshold, the
beat is added to the dominant cluster. If it does not match any of the clusters, it is added
to a new cluster. This is repeated while decreasing the correlation threshold (starting at 0.9
and decreasing in steps of 0.1 to 0.6) until all beats are clustered, or until the correlation
threshold falls below 0.6.

(d) The cluster with the highest number of members is selected.

(e) Beats within this cluster are averaged, resulting in a template.

4. Upsample to 500 Hz and normalize amplitude to 2 mV as this is the input expected by the seg-
mentation algorithm, ecgpuwave2.

5. Segment each template using ecgpuwave, thus finding the Q-onset, T-offset and T-peak.

6. Remove segmentation outputs that are either missing (i.e. template could not be segmented) or
are physiologically impossible (FQT < 100 ms or FQT > 500 ms)

7. Calculate performance measures eFQT, eFTQRS from segmentation outputs

With the ECG extraction algorithm explained, the results obtained from it can be described.

2Based on the algorithm by [Jane et al., 1997], ecgpuwave is freely available in the WFDB toolbox [Goldberger
et al., 2000].
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4.3 Comparison of Current Methods
In the paper by [Andreotti et al., 2016], a comparison between the current methods for extracting fetal
ECG morphology has been conducted. In the paper, only two cases were considered for morphology
studies: The baseline case with no noise, and case 0 see Table 3.1, i.e. with different noise levels (12, 9,
6, 3 and 0 dB SNR).

4.3.1 FQT and FTQRS estimation accuracy

In Figure 4.3, plots of the estimated and true FQT and FTQRS can be seen, using three different
extraction methods, namely independent component analysis (ICA), template subtraction (TS) and echo
state network (ESN).

640

4. Discussion

4.1. Experiment’s results

In experiment 1, BSSica showed superior F1 results for a small number of channels than BSSpca 
(see figure 3). Similar findings using real data were obtained by Behar et al (2014a), where 
ICA outperformed PCA’s FQRS detection accuracy by 10%. Moreover, JADE produced 
slightly better results than FAST-ICA. However, as the number of channels increases, part-
icularly for ⩾N 16ch , PCA’s average accuracy steadily increased, indicating a decrease in 
the number of outliers. This consistent increase on average performance by PCA might be 
due to the energy threshold chosen for the dimension reduction step, i.e. a fixed threshold at 
99.9% of the data’s variance might provide adequate performances for eight channels but not 
for ⩾N 8ch . The results for all BSS methods drastically improved by using >N 2ch . This out-
come suggests that by increasing Nch, one increases the chances to find a FECG component. 
An important consideration was the dimensionality reduction step. This step substantially 
improved the convergence of the FAST-ICA algorithm and promoted an increase ICA’s per-
formance for >N 8ch  (instead of a sharp decrease as preliminary tests have shown). Therefore, 
this highlights the fact that applications using BSS techniques in clinical data should carefully 
consider the model order selection problem. Another aspect to be considered is that the longer 
the evaluated segment (in our case 1 min), the weaker the assumption of stationarity becomes. 
In instances where an algorithm is applied on a long segment, BSS techniques are expected to 
underperform. Meanwhile, if this segment is too short, it may not contain sufficient statistical 

Figure 7. Differences in measured FQT interval (first row) and FTQRS (second row) 
between extracted channels/components (FQT/FTQRS test) and reference propagated 
FECG signal (FQT/FTQRS reference). Extraction methods with highest coefficient of 
determination (r2) for each category are shown: (a) BSSica, (b) TSc and (c) AMesn. 
Results are shown for the baseline (lighter colors, solid lines) and case 0 with =SNR 0 dB  
(darker colors, dashed lines). A few outliers occurred in (a—FTQRS), where 

≫FTQRS FTQRStest ref, which are not shown for visualisation purposes.
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Figure 4.3: Measured/estimated FQT interval (top) and FTQRS (bottom) vs and FQT/FTQRS reference from
original FECG signal. Extraction methods with highest coefficient of determination (r2) for each category are
shown: (a) BSS-ICA, (b) TS and (c) AM-ESN. Results are shown for the baseline (lighter colors, solid lines) and
case 0 with SNR 0 = dB (darker colors, dashed lines). Figure from [Andreotti et al., 2016, fig. 7]

From Figure 4.3, it is clear that there is a great uncertainty in these estimates, as the r2 value is very
low (< 0.2) for the BSS-ICA case, and never grows above 0.92 for any of the methods. It should however
be noted that this performance is also dependent on the segmentation of the ECG, and not just on the
extraction.
A comparison of the accuracy of the FQT and FTQRS estimates can be seen in Figure 4.4, where all
the tested methods are compared at different SNRs as described above. From the figure, it is clear that
BSS techniques do not provide good FQT or FTQRS measures. Meanwhile, TS and AM produced pretty
good FTQRS estimates, even in the presence of noise, but their FQT estimates are less robust to noise
[Andreotti et al., 2016, p. 643]. The reason for the poor performance using BSS might be because source
domain methods are adaptive, meaning the content of the the output channels change over time, thus
also changing the morphology [Andreotti et al., 2016, p. 643]. From these results, it is not recommended
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information to represent MECG/FECG’s features (e.g. non-Gaussianity), therefore preventing 
a satisfactory source separation.

The second experiment dealt with a general comparison between eight open-source algo-
rithms’ performance. In this test, BSS (especially BSSica) outperformed all other techniques (see  
figure 4 and table 3). Meanwhile, TSpca and AMesn obtained the best results in their respective 
categories (similar findings for the AM category using real data were presented in Behar et al 
(2014b) and Ma et al (2016)). MAE results were very similar for all methods, notwithstand-
ing, temporal techniques consistently obtained the best results (see table 3). Such results were 
only possible, since the MAE was used as distance measure and disregarded FP and FN detec-
tions (regarded by F1 measure). In further works, the results presented in tables 3(a) and (b) 
should always come in pairs to account for both accuracy and precision of FQRS detections, 
therefore avoiding incomplete benchmarks. It is important to mention that MAE was calcu-
lated using an FQRS reference, which was not aligned to each individual channel, therefore, a 
slight systematic error is expected for all methods as the R-peak location varies slightly from 
channel to channel. These results, however, have to be taken with caution since key algorith-
mic steps of BSS that can cause accuracy to decrease, were not accounted for. Particularly, 
the comp onent selection, representing the foetal signal, is a problematic and decisive step for 
its performance. In this work, the component with highest F1 was selected, disregarding the 
component selection step. Figure 4 shows that BSSica can better extract the foetal component 
than AM/TS techniques in the presence of strong uterine contractions (case 2) and multiple 
foetuses (case 5). On the other hand, in cases with high non-stationarity of the sources such 
as foetal movement (case 1) and ectopic beats (case 4) BSSica is outperformed by temporal 
techniques. These results for cases 1 and 4 are due to the violation of the ICA stationarity 

Figure 8. Results for experiment 3 showing accuracy of FQT and FTQRS extraction 
for the different methods and when considering different SNR levels (increasing from 
left to right, i.e. baseline case furthest to the right). A Kruskal–Wallis test was performed 
to evaluate significant differences across different SNR levels. As mentioned, as the 
SNR level increases, more template beats could be evaluated. Outliers were omitted for 
visualisation purposes.
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Figure 4.4: Accuracy of FQT and FTQRS estimates for the different extraction methods with different SNRs
(increasing from left to right, i.e. baseline case furthest to the right). A Kruskal–Wallis test was performed to
show statistically significant differences across SNR levels (p < 0.001), indicated by ∗ ∗ ∗. Figure from [Andreotti
et al., 2016, fig. 8]

by [Andreotti et al., 2016, p. 643] to use BSS methods for morphology analysis, and it was thus concluded
by the authors that less adaptive methods (such as TS) provide fewer distortions in the output FECG
estimate.

4.3.2 Template comparison

These distortions are also illustrated by comparing the templates obtained from the original FECG,
compared to those extracted from the abdominal mixture, see Figure 4.5. In the FECGSYNDB code,
32 abdominal channels are generated, of which 4 or 8 of them are selected as the "recorded" channels.
However, in the implementation of the FECGSYNDB code, the channel used for generating the reference
template might not be one of these "recorded" channels, hence it is not expected to get a perfect match
between between extracted and original template, as can also be seen in Figure 4.5. It is clear that
while template subtraction methods perform rather well, the subspace methods such as ICA perform
very poorly.
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Figure 4.5: A comparison of the templates extracted when doing morphology studies, as compared to a template
made from the original FECG.

Another interesting finding not clear from the figures is the fact that the percentage of excluded beats
increased with the noise level, ranging from 8 to 78% for template subtraction (TS) methods and 19 to
48% for adaptive methods (AM). However, it was relatively constant for blind source separation (BSS)
methods (14–20%) [Andreotti et al., 2016, p. 639].

The authors conclude the following from the results of the comparison: "Considerable efforts need to be
made in improving currently available techniques, so that clinical relevant information can be obtained
from the FECG morphology. The expressive number of excluded beats were either due to problems in the
template generation, segmentation or due to the applied methods themselves, therefore further studies
should focus on improving these individual steps" [Andreotti et al., 2016, p. 643].
Based on this discussion, it is clear that it would be of great interest to explore methods for accurately
extracting fetal morphology. Considerations regarding this is described in the following chapter.
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5 | Extraction Methods Considera-
tions

The purpose of this chapter is to get a brief overview of potential extraction methods of maternal and fetal
ECGs. While the previous two chapters have mostly focused on the extraction algorithms’ performance
on e.g. the Challenge or the FECGSYN dataset, this chapter will instead focus more on general methods
that can be relevant to apply to the problem, but which have either not been developed, or have not
yet been applied to fetal ECG extraction. A few potential methods will be investigated throughout the
chapter, after which a single method is chosen for full implementation.

5.1 Problems with Existing Methods
The first part in identifying which methods to use, is to first study which problems can be identified
with the currently used methods, as described in Section 3.2 and 4.3, and why better methods must be
identified.

5.1.1 Template Subtraction (TS)

Template subtraction (TS) models the maternal ECG, and generates a template ECG waveform, which
is subtracted from the recorded ECG waveform. By subtracting the maternal ECG, only the fetal ECG
should (ideally) be left. The performance of the TS method depends on the accuracy of the template -
the more it resembles the actual maternal beat, the less distorted the residual FECG will be. One of the
places where template subtraction falls short, is when the maternal and fetal QRS complexes overlap, as
the MECG model must here be very accurate as to not distort the fetal QRS.
To ensure this, many maternal heart beats are rejected when constructing the template, in order to only
use those that have a "typical" characteristic. This means TS is not very adaptive (meaning it does
not handle it does not handle beat-to-beat variations well), as any large variations of the waveform are
ignored when constructing the template. This also requires the averaging of many beats, in order to build
a satisfyingly "average" template.

5.1.2 Extended Kalman Filter (EKF)

The classical Kalman Filter (KF) uses a dynamic (state-space) model of the maternal ECG, to predict
what the waveform will look like in the next sample. By comparing this predicted value with the observed
sample, an updated estimate of the true value is generated, by using both the model and the observation.
This is done recursively, i.e. on a sample-by-sample basis, where noise covariance matrices are also
updated for each sample. An extended Kalman filter (EKF) behaves just like a KF, but while a KF
assumes a linear model, the EKF can handle non-linear models. The non-linear model is adapted to the
KF by linearizing the model in the operating point, determined by the current sample. The dynamic
model used in EKF in the Challenge [Behar et al., 2014d], is a model proposed by [McSharry et al., 2003],
which is commonly used for modeling ECGs. As seen in [Sameni et al., 2007a, fig. 7], the model is able
to accurately model the ECG, which might be a reason for its popularity. The reason for this accuracy is
that the model can be seen as a sum of Gaussians (a Gaussian mixture) [Sameni et al., 2007a, p. 3]: Due
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to the universal approximation property of Gaussian mixtures, any signal can be modeled to arbitrary
precision, assuming a sufficient number of Gaussians are used [Ben-Arie and Rao, 1995].

The KF and EKF assumes the noise to be white, in which case it is optimal in a minimum mean-square
(MMSE) sense [Matisko and Havlena, 2012, p. 1523], however the (E)KF does also work in other noise
conditions, although it might be suboptimal.
The measurement residual or prediction error is called Innovation and is a white, zero-mean Gaussian
process if the assumptions posed by the KF are fulfilled, and can thus be used as an optimality check
[Matisko and Havlena, 2012, p. 1524]. These assumptions are however not fulfilled in the case of fetal
ECG: When the maternal ECG has been subtracted, the fetal ECG remain which is of course not a white
Gaussian process. The basic assumptions of the (E)KF are therefore not fulfilled, which will reduce
performance.

5.1.3 Independent Component Analysis (ICA)

Independent Component Analysis (ICA) is a method to perform blind source separation (BSS). The
standard formulation of the ICA problem is that K independent, non-Gaussian, unobserved sources
s(t) = [s1(t), s2(t), . . . , sK(t)] are linearly combined by the (unknown) mixing matrix A ∈ RM×K , to
form M observed mixed signals x(t) = [x1(t), x2(t), . . . , xM (t)] [Hesse and James, 2006]:

x(t) = As(t) (5.1)

ICA aims at finding the K×M de-mixing matrix B, which can be interpreted as the inverse of the mixing
matrix A if A is non-singular, thus making it possible to estimate the source signals s(t):

ŝ(t) = Bx(t) (5.2)

The actual ICA algorithm estimating B is not described in this section. Normally, linear mixing is
assumed in ICA, although non-linear variants exists, where A is replaced by a function f : RK → RM ,
such that x(t) = f(s(t)). However, infinitely many solutions exist for f in the unconstrained case of
nonlinear ICA [Hyvärinen et al., 2004, p. 317], hence linear ICA is preferred. The problem with this
linearity assumption is that the maternal and fetal ECGs are not simple linear combinations: As one of
the key purposes of ECG is to observe the heart from different directions as described in Appendix A,
the ECG observed at different leads are not simple linear transformations of a single source signal.

While the classical 12-lead ECG observes projections of the cardiac electric activity which are somewhat
arbitrarily chosen (from a mathematical but not clinical) viewpoint, a possible interpretation of the
different independent components extracted from multichannel ECG is that they can be considered as
projections of the heart activity (in a K-dimensional hyperspace) onto the directions of ‘significant’
importance [Sameni, 2008, p. 61].

As ICA has no physical knowledge about the signals, there is no guarantee that the extracted components
bear any physical meaning. For instance, the maternal QRS complex may be split up into a positive and
negative part, and any other "bumps" of the signal might be considered separate components [Sameni,
2008, fig. 6.13], as these are considered (mathematically) ’significant’ due to their independence. Picking
the number of ICs is therefore not a straight-forward procedure, especially as it also depends on the
number of available channels, which determines if the problem is under- or overdetermined. Usually, one
assumes A to be square, i.e. M = K, meaning there are as many mixtures as sources.

36



Chapter 5: Extraction Methods Considerations

5.2 Potential Extraction Methods
The purpose of this section is to introduce some extraction methods which may help reduce the problems
posed in the previous sections. Note that this is only a brief introduction done in order to be able to
compare the methods, and choose a method to implement, which will then be described in further details
and using a greater mathematical foundation.

5.2.1 Constrained Independent Component Analysis (cICA)

While classical ICA does not pose any constraints to the A-matrix, it is possible to introduce constraints,
reflecting any prior knowledge about A or the source signals s(t).

Signal propagation constraint
One such prior is the assumption that the signal amplitude decreases proportional to the inverse square
of the distance from the source. This means the value of the matrix element Amk, is dependent on two
parameters, namely the distance between the m’th detector and the k’th source and the amplitude ak of
the source signal [Knuth, 2002, p. 286]:

Amk = ak
4π|rmk|2

(5.3)

where:
Amk is the m, k’th element of the mixing matrix’

ak is the amplitude of the k’th source

rmk is the position vector between the k’th source
and the m’th detector

By exploiting this prior knowledge as a constraint, it might be possible to obtain ICs which better
represent the actual signals, and not just arbitrarily (in a physical sense) chosen signal components. This
does however not solve the problem with the mixing matrix assuming linear mixing of components, and
there is therefore still no guarantee that physically meaningful ICs are returned.

Temporal constraint
Another way to constrain ICA is by utilizing prior information on the source signal s(t). One such prior
is that the extracted signals should be "close" to some reference signal. One such measure of closeness
is for instance correlation, meaning the constrained ICA problem aims at finding the sources that are
statistically independent and are correlated with some reference signals. Another measure could be the
MSE between estimated source and reference. [Lu and Rajapakse, 2006]
This way, one can "help" the ICA finding the sources that have a structure and periodicity similar to the
fetal and maternal ECG.

The idea of temporally constrained ICA has not yet been applied to ECG signals, but has been applied
to electroencephalographic (EEG) signals, showing good results [James and Gibson, 2003].
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5.2.2 Vectorcardiogram Independent Component Analysis (VCA-ICA)

This method is based on the idea of the vectorcardiogram, VCG. The VCG is an alternative to the ECG,
but does in fact represent the same information. The VGG has 3 leads - one in each of the (orthogonal)
x- y- and z-axes of the body, thus giving a 3D vector of the cardiac activity, see Figure 5.1.

Figure 5.1: A vectorcardiogram with the different parts of the electric cardiac activity highlighted. Source:
[Yang et al., 2012]

As suggested by [Sameni et al., 2007a, p. 3], each of the x-, y-, z- directions can be modeled as sum
of Gaussians. In this model, all model parameters for each axis are separate, meaning the axes are
independent.

Assuming this is an accurate model of the heart, the independence assumptions made by ICA are now
fulfilled, assuming the ICs to be found are the three orthogonal VCG axes. From the VCG, the different
ECG leads can be derived using a simple projection matrix [Edenbrandt and Pahlm, 1988], which means
all components are linearly separable and the ICA assumption of linear mixing is thus also true. It
should therefore be possible to apply ICA and obtain the VCG leads. The ICA method applied can be
the constrained ICA mentioned above, in order to incorporate more prior knowledge.

However, it might still be necessary to apply an EKF to filter the estimated VCG channels. After filtering,
the cleaned VCG can be back-projected to obtain the original (but filtered and separated) ECG leads.
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5.2.3 Tensor decomposition

Tensor1 decomposition is a method to perform blind source separation where prior knowledge about
the fact that ECGs are quasi-periodic is exploited. The key idea of tensor decomposition "consists in
constructing a tensor by synchronizing on the symbol rate of a certain source, and decomposing the tensor
using the Canonical Polyadic (CP) decomposition to extract the characteristics of the source" [Niknazar
et al., 2014, p. 53].

This means that a tensor is formed, where all ECGs are segmented and aligned across the third dimension
of the tensor, with the other two dimensions being time and space, i.e. the individual channels, see
Figure 5.2.
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Figure 5.2: Illustration of a tensor with event-synchronized windows. Figure based on [Niknazar et al., 2014,
fig. 1]

Two problems arise when using tensor decomposition: The first is, that it requires accurate determination
of both maternal and fetal R-peaks. Finding maternal is rather easy, using e.g. the Pan-Tompkins
algorithm, however fetal R-peaks require having a somewhat functioning FECG extraction algorithm
already. The second problem is that the temporal structure of the sources are ignored, meaning all
time-variations between periods (heart beats) are ignored. If one wishes to recover these dynamics, a
Kalman filter can be applied on the separated channels, as the mixing matrix is estimated when using
tensor decomposition.
Note that it is not necessary to derive a dynamic model for the Kalman filter applied - one can simply
use the temporal structure estimated when performing the decomposition.

1A tensor is a multidimensional array of numbers. While numbers are combined to form a vector, which can
be combined to form a matrix, matrices can be combined to form tensors. Note that a tensor is general term
for any tensor having a so-called tensor rank higher than two, where the tensor rank describes the number of
independent dimensions of the underlying space. For instance, a vector has a tensor rank of 1 and a matrix a
tensor rank of 2.
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5.2.4 Bayesian filtering

Bayesian filters allows for either for filtering, predicting or smoothing some observed data to obtain an
estimate of an underlying, hidden, set of states/variables. This is done by using a statistical model of
the system, from which Bayesian inference can be performed. Many different types of Bayesian filtering
exists, but in this case, two variants of the Kalman filter are of interest, together with the particle filter.

Parallel extended Kalman filter
As described in section 5.1, the EKF approach assumes the residual as white, which is not a true as-
sumption since this residual includes the fetal ECG, as only the maternal ECG is modeled with the EKF.
One could also model the fetal ECG using an EKF and use a deflation/sequential approach, where the
maternal ECG is first removed, after which the fetal ECG can be filtered using a secondary EKF. Using
this approach, the problem white the fetal ECG being assumed white is however still present. To solve
this, [Niknazar et al., 2013] proposed a so-called parallel-EKF (par-EKF), as opposed to the so-called
sequential approach (seq-EKF) just mentioned. The par-EKF models the sum of maternal and fetal
ECG in the Kalman Filter, which means the residual should just be noise, which can be assumed white,
meaning the par-EKF should perform better than the seq-EKF.

By using the par-EKF approach, the case where the fetal and maternal QRS occur simultaneously can
be handled better than the seq-EKF, as shown in [Niknazar et al., 2013, fig. 5]. Due to the overlap, the
seq-EKF sees the fetal QRS as part of the maternal, meaning the remaining fetal ECG is distorted. This
is not the case (or at least to a much lesser extent) the case of par-EKF, as both signals are modeled.
Par-EKF has also shown good performance at the extraction of fetal ECG in the case of multiple fetuses,
i.e. twins, triplets etc. The method has however not been applied to any of the datasets mentioned above,
meaning its performance compared to the other, more common, methods is not well-known.

Multichannel extended Kalman filter
The multichannel EKF builds on an observation made by [Niknazar et al., 2013], namely that both
par- and seq-EKF are only applied to a single ECG recording: Multichannel methods, where the EKF
is applied to multiple ECG channels has not been attempted, and could therefore prove an interesting
extraction method.

A multichannel EKF would however require a multidimensional model of the heart vector, in order to
make a model, which able to describe the signals received at different sensors as projections of this 3D
heart vector.
A dynamic 3D dipole model as proposed by [Sameni et al., 2007a] could be used for this purpose, which is
based upon the model by [McSharry et al., 2003]. A description of the propagation from heart to sensor
must also be made part of the model.

Particle filter
A particle filter (PF) is a method to perform statistical inference, i.e. solving the filtering problem
consisting of estimating a set of hidden states, based on a set of observations. This is the same problem
solved by the (Extended) Kalman Filter, but while the KF assumes linear models in white noise, the PF
can handle any function and any kind of noise distribution [Arulampalam et al., 2002].
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The PF is a so-called sequential Monte Carlo method, meaning the estimate of the posterior distribution of
interest (of the hidden states) is updated sequentially, as new samples of the (observed) prior distribution
are observed. A PF is thus using Bayes theorem to perform statistical inference, but uses sample-
distributions instead of closed-form pdfs [Arulampalam et al., 2002].

The ability to handle non-linearities would remove the need to linearize the dynamic model used for the
EKF, and the fetal ECG can be kept as a part of the residual, as the PF does not assume the noise as
white.

Only a single example of the PF being applied to ECGs has been found [Lin et al., 2011], however no
applications to fetal ECG has been found. In the paper by [Lin et al., 2011], a noisy ECG was to be
filtered using EKF and PF, and in the worst-case scenario with input SNR of - 5 dB, the PF showed a
10 dB greater SNR improvement of the output SNR than the EKF.

Being a Monte Carlo method, the computational cost is higher than e.g. the EKF, as particles must be
sampled, which can be computationally heavy, depending on the number of particles needed - 500-3000
were used by [Lin et al., 2011]. This shows that the PF typically performs better than an EKF, but at a
higher computational cost.

5.2.5 Beamforming methods

Beamforming is a signal processing technique often used in wireless communications such as cellular
communication and radar systems. Beamforming methods can be interpreted as a filtering technique,
but instead of filtering in the frequency domain, filtering is performed in the spatial domain. This often
includes estimating the direction of arrival (DoA) of the signal of interest, after which a (spatial) filter
can be designed, such that the interfering signals can be attenuated.

In order to perform beamforming, multiple sensors, i.e. a a sensor array, is needed, as the beamforming
techniques exploit the (phase) delay between array elements. In the case of fetal ECG, the signal of
interest is the fetal ECG, and the maternal ECG is the interfering signal. By performing beamforming,
the fact that the maternal and fetal heart have different locations in the mother is exploited, such that
the maternal ECG is attenuated.

Beamforming methods has not yet been applied to fetal ECG signals, and will therefore be interesting to
explore in greater details. This is done in Appendix B.

5.2.6 Overview

Having described some possible methods to improve the performance of the extraction, they can now be
summarized.

The previously used methods can be grouped based on the type of information they exploit:

• Multichannel methods, e.g. ICA and beamforming

• Source model methods, e.g. Bayesian filtering
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A basic but intuitive assumption for the separation problem at hand is that the more information is
exploited, the better an estimate of the FECG can be obtained. For this reason, it is of interest to use
methods that can both use all the channels available, and use the prior information on the source signals
(e.g. a source model).

It is therefore of interest that the chosen method uses all available channels, and utilizes prior information,
such as a propagation model or a source model.
Another point to consider is that it is of interest to use novel approaches that has not yet been applied
to the topic of non-invasive fetal ECG. Based on these criteria, a direct comparison of the mentioned
methods is possible, as is shown in Table 5.1.

Extraction method vs.

properties
Constained ICA

VCG-ICA

+ EKF

Tensor

decomposition

Bayesian

Filtering

Beamforming

Methods

Multichannel x x x x (multichannel EKF) x

Propagation model x x x (multichannel EKF) x

Source model x x x (periodicity) x

Novel to NI-FECG x x x (multichannel EKF) x

Table 5.1: An overview of the properties of the extraction methods considered throughout this section.

From Table 5.1, it is clear that e.g. tensor decomposition does not exploit much information - only
the periodicity of the ECG is exploited. Of the Bayesian filters, only the multichannel EKF uses use
multichannel information and a propagation model. The multichannel EKF requires estimates of the
propagation between sources and receivers, which can be done using a-priori knowledge on the propaga-
tion, or as part of the EKF updates. However, estimating the propagation matrix is somewhat equivalent
to estimating the (constrained) mixing matrix as presented under the VCG-ICA-method. This means
that if the EKF is applied to the channels extracted from the VCG-ICA method, (or the propagation
matrix in the EKF is found using ICA) the multichannel EKF and VCG-ICA methods actually become
one. This is the reason why these methods have the same properties as shown in Table 5.1. Bayesian
filtering techniques have already been applied to NI-FECG, although he multichannel EKF has not yet
been developed. The other methods are also novel approaches, except for the tensor decomposition.

Generally, the more fields checked off in Table 5.1, the more desirable the method is, as more information
should yield better estimates. For this reasons, the methods to be investigated further is the constrained
ICA and the VCG-ICA + EKF/ multichannel EKF. The EKF used can also be replaced by a particle
filter, however this will increase the computational cost.

From this analysis, three methods are investigated further: VCG-ICA + EKF, beamforming and con-
strained ICA. Beamforming is investiagted in Appendix B, while VCG-ICA + EKF and constrained ICA
are described in the following sections.
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5.3 VCG-ICA + EKF
The purpose of this section is to describe the vector-cardiogram (VCG) independent component analysis
(ICA) method, which can be combined with the extended Kalman filter (EKF).

The intuition behind this approach comes from the way ECG signals are simulated, as described in [Behar
et al., 2014b], which is explained in the following.

5.3.1 Generating artificial ECG signals

The simulation framework presented in [Behar et al., 2014b] models the vector-cardiogram as a sum of
N = 7 Gaussians for each of the x, y, z-axes. This is done for both the maternal and fetal VCGs, indexed
by k ∈ m, f .

The dynamic model for the VCG signal is given as [Behar et al., 2014b]2:
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∆θji = (θ − ξji ) mod 2π, j ∈ {x, y, z}

θ̇ = ω

ω = 2πf

, p ∈ m, f (5.4)

where:
aji is the peak amplitude of the i’th kernel of the

j’th axis

bji is the width of the i’th kernel of the j’th axis’

ξji is the center location of the i’th kernel of the
j’th axis

[s]

ω is the velocity of the VCG model [rad/s]

f is the beat-to-beat heart rate [Hz]

k denotes either fetal or maternal VCG

Using this model, 3D vector-cardiograms of both the maternal and fetal hearts are generated. The VCGs
are hereafter rotated in 3D using a (time-varying) rotation matrix Rp[n], after which they are projected
onto the abdomen, using a projection matrix Hp[n]. Finally, noise is added to the abdominal signal, such
that the whole simulation chain can be written as can be seen in Equation 5.5, which is also shown in
Figure 5.3.

x[n] =
∑
p∈m,f

Hp[n] ·Rp[n] ·VCGp[n] + w[n] (5.5)

2In the expression for ẏ, in [Behar et al., 2014b], the term (∆xθy
i ) is assumed to contain a typo, and should

actually read (∆θy
i ). The reason for this is that there is no apparent reason why the y-direction should be

dependent on the x-direction, especially as the paper itself states the VCG leads are (theoretically) uncorrelated
[Behar et al., 2014b, p. 1536].
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Figure 5.3: The processing chain for generating artificial MECG + FECG signals, as described by [Behar et al.,
2014b, p. 1537].

By combining the maternal and fetal components into one, the notation can be simplified. In this case,
the source signal is modeled as a 6 dimensional time series, s[n] ∈ R6×1, for n = 0, 1, . . . N − 1:

s[n] =
[
VCGm[n] VCGf [n]

]T
(5.6)

=
[
xm[n] ym[n] zm[n] xf [n] yf [n] zf [n]

]T
(5.7)

The rotation and projection matrices are also combined in the following way, where the time index n is
omitted for simplicity.

R =

Rm 0

0 Rf

 , H =

Hm

Hf

 (5.8)

Hereby, the channel model becomes:
x = H ·R · s + w (5.9)

5.3.2 Separation of MECG and FECG as a BSS problem

The approach presented in this section assumes that the problem at hand can be handled as a blind
source separation problem. However, it is not immediately clear why this is the case, which is therefore
briefly described in the following.

• MECG and FECG are independent sources, and the signals are therefore also statistically inde-
pendent. This is described in Section 2.2.1 and is supported by [Jafari and Chambers, 2005, p.
393].

• The propagation of signals from the heart to the abdomen can be considered linear as well as
instantaneous [Jafari and Chambers, 2005, p. 393], as the propagation delays are negligible, which
is investigated further in Appendix B.

• Looking at Equation 5.4, the parameters describing the ECG cycles in each of the x, y, z-axes
of s are independent variables, meaning the axes are mutually independent. This is a necessary
condition for ICA, which, as the name implies, assumes components as being independent.
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5.3.3 The VCG-ICA algorithm

The overall idea of VCG-ICA is to perform operations in Equation 5.9 in the reverse order.

By defining, A = H ·R, the problem can now be identified as a BSS problem:

x = As + w (5.10)

Where one is to estimate B ≈ A−1 and s given x, and where the noise vector w can be omitted if
the noise is assumed white Gaussian, for reasons explained in Section 6.2. This is done by applying
independent component analysis.

When s has been estimated, an (extended) Kalman Filter can be applied, in order to remove any noise
artifacts. The Kalman filter would use a model based on the Gaussian mixture moddel of the ECGs.
In case one is not interested in the VCGs but the original measured leads, the filtered ECGs can be
reprojected onto the abdomen using the B-matrix, from which A can be estimated. Note that as H and
s is simply the maternal and fetal projection matrix/VCGs stacked, it is possible to discard the maternal
part, and reproject only the fetal ECG.

The VCG-ICA algorithm is briefly summarized in the following:

1. Estimate B ≈ A−1 using ICA.

2. Estimate VCG: ˆVCG = B · x.

3. Filter VCGs using extended Kalman filter.

4. Reproject fetal VCG onto abdomen: x̂f = Âf · ˆVCGf , Â = B̂f
−1

.

5.3.4 Problems with VCG-ICA

A series of difficulties are related to the presented approach, which are briefly stated here.

The noise term w is for ICA assumed Gaussian, as ICA is not affected by additive Gaussian noise, see
Section 6.2.3. This is not an entirely true assumption, as the noise modelled in [Behar et al., 2014b] is
not white, but instead represents muscle movement. However, preprocessing should remove much of the
noise, as to make its contribution smaller. This is also why an EKF can be applied to the estimated
VCGs, in order to remove any noise.

The main problem with VCG-ICA is the following: The mixing matrix A ∈ R6×6 is typically assumed
square in ICA, as is also the case here. The reason for this is that the system becomes underdetermined
if A does not have full rank. This means some of its rows are free variables, which has the implication
that the estimated source signals provided by those rows are by no means guaranteed to be the desired
VCG components. It is therefore crucial that the matrix has full rank, meaning at least 6 sensors are
needed. This can be obtained when using simulated signals, but as most of the signals in the databases
are recoded using 4 channels, this requirement cannot be fulfilled. Using VCG-ICA on recorded signals
is therefore not expected to result in the desired VCG signals. In other words, one cannot expect ICA to
estimate 6 VCG channels from only 4 recorded channels, unless a lot of prior knowledge is applied, such
as A being sparse. This has also been demonstrated by [Mohammad-Djafari, 2001] where a Bayesian
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approach to BSS is taken, but it is still clear that three sources cannot be successfully estimated using
only two sensors [Mohammad-Djafari, 2001, fig. 7].

To summarize: VCG-ICA can be seen as an "optimal" method in the theoretical case, as it simply applies
the inverse operations as those used for generating artificials ECG recordings. However, its performance
on real signals is expected to be less optimal, as 6 abdominal channels is rarely available. This is also the
case for the signals available in Physionet databases (e.g. the Challenge dataset or the ADFECGDB set),
meaning it will not be possible to compare VCG-ICA with other methods on these widely used datasets.
Finally, there is no guarantee that the extracted components are indeed the VCG components. For these
reasons, the VCG-ICA method is not an ideal choice as an extraction method.

5.4 Constrained ICA
Constrained ICA is based on the idea of independent component analysis, i.e. finding the components of
a received signal which have the properties of being as independent as possible.

The problem ICA aims at solving is for convenience stated again (ignoring noise):

x[n] = As[n] (5.11)

where:
x[n] are the received, mixed signal, x ∈ RM×N

A is the mixing matrix, A ∈ RM×K

s[n] are the (independent) source signals, s ∈
RK×N

Here, ICA aims at finding B = A−1 (assuming A is invertible), such that the estimated sources ŝ[n] =
Bx[n] are as independent as possible. ICA can be formulated as an optimization problem (where the
time index n is omitted, and sequences are treated as random variables):

ŝ = arg max
B

f(Bx) (5.12)

where:
f(x) is some independency measure

Constrained ICA builds upon this optimization problem, but adds constraints to the problem. One such
constraint could be a temporal constraint, stating that the extracted signals must be similar to some
pre-defined reference signals r[n] [Lu and Rajapakse, 2006].

ŝ = arg max
B

f(Bx)

s.t. g(Bx, r) ≤ 0
(5.13)

where:
f(x) is some independency measure

g(x, y) is some similarity measure

r is a reference signal
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Another possible constraint is the one stated in Equation 5.3, where prior knowledge on the mixing matrix
elements is exploited. However, this constraint cannot easily be included, as it requires formulating prior
pdfs for the amplitudes of the sources, ak, and the distances between sources and sensors, rmk [Knuth,
2002]. These are hard to form, and cannot easily be combined with other constraints, as they are based
on a Bayesian approach forming a prior probability of the mixing matrix elements, whereas the temporal
constraint is incorporated as a constraint function to the optimization problem, and not as a statistical
prior. For this reason, the square mixing constraint is not considered in the following.

5.4.1 Constrained ICA in non-invasive fetal ECG estimation

The idea of temporally constrained ICA (cICA) was proposed by [Lu and Rajapakse, 2006], but has been
shown to be useful for EEG and MEG signals in the paper by [James and Gibson, 2003].

Only a few examples of applying cICA to fetal ECGs can be found, for instance the paper by [Lee et al.,
2005], who used square signals at MQRS locations as a reference signal. However, the method was only
tested on a small dataset (with 4 channels), and results are therefore hard to compare to other methods,
although they look promising.
Another example is the paper by [Lin et al., 2007], who used 8 abdominal recordings of 10 s duration.
Here, a seemingly good performance is also obtained using cICA, but it is not directly comparable to
other methods.

Ideally, the more prior knowledge is included, the better the expected performance of cICA. It would
therefore be preferable to have both maternal and fetal reference signals as constraints to ICA. After
performing ICA, some kind of channel selection should be applied, as to select the best fetal channel.
Finally, some post-filtering may be included to smoothen the extracted ECG, e.g. an extended Kalman
smoother.
An overview of this constrained ICA processing chain can be seen in Figure 5.4.

31/05/2018 cICA.xml

1/1

P&T MQRS 
Detector 

Maternal 
Reference 

FQRS 
Estimator 

Fetal 
Reference 

Constrained ICA Channel
Selection

FECGAbdominal
Channels Pre-processing

Figure 5.4: A schematic drawing of constrained ICA applied to non-invasive fetal ECG extraction.
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In Figure 5.4, the maternal QRS annotations are found using the Pan-Tompkins algorithm [Pan and
Tompkins, 1985], which, in a modified version, might also be able to estimate the fetal QRS complexes,
although other methods such as adaptive thresholding can also be used. Reference signals can be gen-
erated in a variety of different ways - from very simple square signals at the QRS locations, to more
physiologically correct ways, by building up templates of the actual ECG signal and inserting them at
the QRS locations. The fetal reference signal could be generated from e.g. a scalp electrode from other
recordings (assuming the ECG waveform is similar), or from the ECG model presented in Section 5.3.1.

The steps of the cICA algorithm can therefore summarized as follows:

1. Apply Pan-Tompkins to find maternal QRS locations

2. Generate maternal ECG reference signal using QRS locations

3. Estimate fetal QRS locations using e.g. modified Pan-Tompkins

4. Generate fetal ECG reference signal using e.g. scalp electrode or Gaussian ECG model

5. Perform constrained ICA (cICA)

6. Identify optimal fetal channel (channel selection)

7. Optional: Apply EKF to extracted fetal channel

8. Generate templates

9. Segment templates

10. Estimate performance measures (FT/QRS and FQT)

Here, the last three steps are included for being able to measure the performance of the cICA algorithm.

5.4.2 Problems with constrained ICA

The main problem with cICA, is the choice and generation of reference signals. Generating maternal
references is rather easy as the maternal signal is very strong compared to the fetal ECG. However,
generating fetal references either requires having pre-determined FQRS annotations, or some algorithm
able to extract the FQRS location accurately. This algorithm could be an ICA algorithm, and it just
seems contradictory to apply ICA before being able to apply cICA. However, as is clear from Table 3.4,
the FQRSs can be estimated rather accurately using pre-existing extraction methods. As the purpose of
this thesis is to extract morphologically accurate FECG and not do accurate FQRS estimation, it would
be acceptable to assume the FQRS locations as known. This is also the assumption made by [Andreotti
et al., 2016], and it would therefore still be a fair comparison to the methods tested on this dataset.

As cICA seems to show promising results [Lin et al., 2007] and the problems related to using cICA appear
surmountable, cICA is chosen as the method of extraction. In the following section, the pre-processing
performed on the abdominal recordings is described, as this must be applied before performing cICA.
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5.5 Preprocessing
Most signal processing algorithms include some kind of preprocessing, intended to increase the quality of
the signal, thus preparing the signal for the main part of the algorithm, such that it will perform better
than if no preprocessing was applied.

The purpose of preprocessing as described in Section 3.2, is to 1) remove high-frequency noise, 2) remove
power line (50 Hz) noise and 3) remove baseline wander from e.g. muscle movement. Each of these
three steps are described in the following, and can be summarized in Figure 5.5. Two types of data are
considered when choosing the preprocessing methods: The simulated data from FECGSYNDB and the
measured channels from ADFECGDB, as it is important that the preprocessing fulfills its purpose in
both synthetic and measured data.

17/03/2018 Preprocessing

1/1

Low-pass  

Filter
   M 

50 Hz Notch 

Filter 

High-pass 

Filter 

Figure 5.5: A block diagram of the preprocessing chain.

5.5.1 Downsampling

The first thing to consider regarding preprocessing, is which sample rate to use. Both the recorded
and synthetic data is sampled at fs = 1 kHz, however in the benchmark algorithm, the templates are
downsampled to 250 Hz, see Section 4.2.3. In order to investigate the effects of this downsampling, a
single fetal ECG waveform is downsampled, using a downsampling factor of M = 1, 2, 4. The results of
this can be seen in Figure 5.6.
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Figure 5.6: A single simulated ECG waveform sampled at different rates (i.e. using downsampling factors
M = 1, 2, 4).
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From Figure 5.6, it is clear that no significant difference between the different sample rates, except from
a slightly smaller R-peak, meaning downsampling to 250 Hz gives errors that are deemed acceptable
with respect to the fetal waveform. This claim is also supported by looking at the power spectra of
the recorded and artificial signals, as shown in Figure 5.7. Here, the power spectrum is estimated using
Welch’s method, and the input signal is a full-length abdominal recording in the ADFECDB case and
a full-length fetal ECG signal in the synthetic case. Note that the ADFECDB signals available from
Physionet has already been preprocessed, as a 50 Hz notch filter and 150 Hz LPF has been applied as is
also clear from Figure 5.7a.
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(a) Power spectrum of a recorded ECG signal. Data is first abdominal channel from the
ADFECDB-dataset. Note that a 50 Hz notch filter and a 150 Hz LPF has been applied.
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(b) Power spectrum of a simulated fetal ECG signal using the simulator from [Behar et al.,
2017].

Figure 5.7: Power spectral density (PSD) estimates of recorded and simulated ECG signals using the Welch’s
method.

By down-sampling to 250 Hz, one would remove all frequency content above the Nyquist frequency, i.e.
125 Hz. As a 150 Hz LPF has been applied to the recorded signals from ADFECDB, one must assume
the information present above this frequency is not critical to keep.
Looking at the spectrum of the simulated signal in Figure 5.7b, it is clear that only noise is present above
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250 Hz, and an exponential decrease of the signal power from about 125 to 250 Hz is clear, which again
emphasizes that the frequency content about 125 Hz is negligible.

Based on this discussion, downsampling to fs = 250 Hz is therefore deemed acceptable, without critical
loss of information.

5.5.2 Low-pass filtering

The purpose of the low-pass filter is to remove any high-frequency noise component which are not part
of the ECG and not needed for morphology studies.

As a downsampling to 250 Hz is performed, a low pass (anti-aliasing) filter must be applied, such that
the frequency content above the Nyquist rate is negligible.
This is done implicitly in Matlab’s decimate-function, where an 8th order Chebyshev Type I lowpass
anti-aliasing filter with cutoff frequency at 100 Hz is applied before downsampling. A 10’th order 100 Hz
Butterworth was applied by [Behar et al., 2014d, p. 5, p. 15], showing that a 100 Hz cutoff is common
in the litterature. Another commonly used filter method is a linear phase FIR filter which, like the other
filters can be implemented as either non-causal zero-phase filters or as causal filters. These filters are
applied onto a single FECG waveform, in order to investigate how they perform, see Figure 5.8.
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Figure 5.8: A single fetal ECG cycle with different low pass filters applied. For all filters, fc = 100 Hz.

As can be seen from Figure 5.8, the Chebyshev filter introduces an undesired group delay, while the FIR
filter distorts the waveform. The zero-phase Chebyshev and Butterworth filters both perform well and
have almost identical frequency responses, but due to its zero passband ripple, the zero-phase Butterworth
filter is chosen as the anti-aliasing filter applied before downsampling.
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5.5.3 50 Hz notch filter

A 50 Hz comb filter has already been applied to the signals from ADFECDB, and no 50 Hz noise is
present on the simulated signals. A 50 Hz notch filter is therefore only necessary in case other recordings
are used. The filter can be implemented in different ways, as described in Section 3.2. The 50 Hz filter
is however not described in further details here, as it is not needed for the testing methods used.

5.5.4 Baseline wander removal (HPF)

The baseline wander removal filter is a high pass filter which serves the purpose of removing any low
frequency components arising from e.g. movement of the subject or the electrodes.
The cutoff frequency of the baseline filter must be very low as to not distort the ECG: [Lipponen and
Tarvainen, 2013] used a 6th order Butterworth high-pass filter (cut-off at 2 Hz), while [Andreotti et al.,
2016] suggest an 8th order Butterworth filter with a cutoff frequency of 0.5 Hz as to prevent undesired
distortion of the FECG.
These two filter types are implemented and applied to a single simulated fetal ECG signal using both
normal and zero-phase implementation, see Figure 5.9. From the figure, it is clear that as with the LPF
from Figure 5.8, the zero-phase implementation of the HPF is crucial as to not distort the waveform.
However, it is also clear that the difference between the 0.5 Hz and 2 Hz cutoff frequencies is rather small.
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Figure 5.9: A single simulated fetal ECG cycle, with different high pass filters (HPF) applied.

In order to see how well the filters can remove baseline wander, they are applied to a segment of a
ADFECDB recording, as seen in Figure 5.10. Also applied is a traditional linear-phase FIR filter. From
Figure 5.10, it can be concluded three filters remove the baseline in a satisfying manner, although the
FIR filter distort the waveform (see e.g. near 200 ms on the figure).
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Figure 5.10: A 250 ms segment of an abdominal recording from ADFECDB before and after applying high pass
filtering/baseline removal.

Based on this investigation and the argument from [Andreotti et al., 2016] regarding keeping the distortion
of the waveform to a minimum, the 8th order filter with a 0.5 Hz cutoff is chosen. Another reason to
choose this filter is that it allows for a fair comparison with the benchmark methods, as the same HPF
is applied.

5.5.5 Full preprocessing chain

The LPF, downsampling and HPF can be applied in succession, forming the full preprocessing chain.
Figure 5.11 shows an abdominal signal before and after preprocessing.
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Figure 5.11: A 250 ms segment of an abdominal recording from ADFECDB before and after applying the
preprocessing.
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Chapter 6: Independent Component Analysis

6 | Independent Component Analy-
sis

The purpose of this chapter is to introduce the concept of independent component analysis (ICA). First,
some of the preliminary theory needed is presented, and hereafter some of the most popular ICA algo-
rithms (fastICA, InfoMax) are introduced. An example of ICA being applied to a random signal is also
presented.

6.1 General ICA Concepts
Before introducing ICA, some preliminary theory must be described. This theory is in the field of
probability theory, information theory and optimization. In this section, the theory which a reader is not
expected to know about is presented, namely higher-order statistics and information theory.

6.1.1 First and second-order moments

Statistics is a measure of properties of the random variable, and are calculated byb applying a function
to the samples of that variable. The power of which the function raises the sample to, is called the
order of the statistics. The most commonly used statistics are first and second order statistics, which
are mentioned here as to have introduced the notation and concepts for when the higher-order statistics
presented later.
Assume a random vector x ∈ RN×1, with a probability density function (pdf) given as px(x). The first
moment is the mean of x and can be found as:

mx = E[x] =
∫ ∞
−∞

xpx(x) dx (6.1)

The second moment of x is the correlation between elements of x, xi, xj , and forms the N×N correlation
matrix R, with elements rij :

Rx = E[xxT ] (6.2)

rij = E[xixj ] =
∫ ∞
−∞

xixjpx(x) dx (6.3)

Typically, one uses the central moments, which are found just as the usual moments, except the means of
the random variables are subtracted before calculating the expectation. The second order central moment
is the covariance, and is found as:

Cx = E[(x−mx)(x−mx)T ] (6.4)
cij = E[(xi −mi)(xj −mj)T ] (6.5)

The elements of x are said to be uncorrelated, if cij = 0, ∀i, j, i 6= j, i.e. Cx is a diagonal matrix. x is a
white random vector if Cx = I.
Two random vectors x and y are uncorrelated if their cross-covariance matrix Cxy is a zero matrix:

Cxy = E[(x−mx)(y−my)T ] = 0 (6.6)
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6.1.2 Higher order moments

For moments above two, one usually refers to them as higher order moments. However, moments higher
than four are rarely used, and will therefore not be described in the following.

The j’th moment αj of x is defined as [Hyvärinen et al., 2004, p. 41]:

αj = E[xj ] =
∫ ∞
−∞

xjpx(x) dx, j = 1, 2, . . . (6.7)

and the j’th central moment is defined as

µj = E[(x− α1)j ] =
∫ ∞
−∞

(x−mx)jpx(x) dx, j = 1, 2, . . . (6.8)

The third central moment is called skewness and can be used as a measure of asymmetry of the pdf.

The fourth order central moment measures the tailed-ness of the distribution, and is defined as

µ4 = E[(x−mx)4] (6.9)

One often uses a normalized fourth order moment, where the fourth order moment is divided by the
second moment squared. This statistical measure is called kurtosis:

Kurt[x] = E[(x−mx)4]
E[(x−mx)2]2 (6.10)

Typically, one uses the statistics called excess kurtosis, which is defined as [Hyvärinen et al., 2004, p. 38]

κ̄(x) = E[(x−mx)4]
E[(x−mx)2]2 − 3 (6.11)

An important feature of excess kurtosis is that it can be used as a simple statistical measure of non-
Gaussianity. It can be shown that the excess kurtosis of a Gaussian variable is equal to 0 [Hyvärinen
et al., 2004, p. 38]. This is one reason why excess kurtosis is commonly used over kurtosis or the fourth
central moment, as it is "normalized" so it is zero for Gaussian variables. As the fourth moment measures
tailed-ness, a pdf can be categorized based on its tailedness, relative to a Gaussian [Hyvärinen et al.,
2004, p. 38-39]:

• Gaussian/Mesokurtic (κ̄(x) = 0): : Has the same tailedness as Gaussian.

• Sub-Gaussian/platykurtic (κ̄(x) < 0): Has less tails than a Gaussian. Sub-Gaussians tends to be
flatter than Gaussians or multimodal. A uniform pdf is subGaussian.

• Super-Gaussian/leptokurtic (κ̄(x) > 0): Has longer tails and sharper peak than a Gaussian. A
Laplacian distribution is super-Gaussian.

Examples of sub- and super-Gaussian pdfs can be seen in Figure 6.1. Note how the super-Gaussian has
longer tails and a higher spike than the Gaussian, while the opposite is true for the sub-Gaussian.
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Figure 6.1: Three different probability densities. One is sub-Gaussian (the uniform pdf), one is Gaussian, and
one is super-Gaussuan (the laplacian pdf). All three have zero mean and unit variance.

The reason why excess kurtosis is often used, is because it is zero for Gaussian variables, and has
some other practical properties. These properties come from the fact that excess kurtosis is in fact
a (normalized) fourth order cumulant, which will be explained in the following section.

6.1.3 Cumulants

The moment-generating function ψ(ω) is defined as the continuous Fourier transform of the pdf px(x)
[Hyvärinen et al., 2004, p. 41]:

ψ(ω) =
∫ ∞
−∞

( ∞∑
k=0

xk(jω)k

k!

)
px(x) dx =

∞∑
k=0

E[xk] (jω)k

k! (6.12)

where the expression has been expanded by use of the Taylor series. By taking the natural log of ψ(ω),
the cumulant generating function φ(ω) is obtained [Hyvärinen et al., 2004, p. 41]:

φ(ω) = ln(ψ(ω)) = ln(E[exp(jωx)]) (6.13)

By writing the Taylor expansion of Equation 6.13, the k′th cumulant κk becomes part of the expression:

φ(ω) =
n∑
k=0

κk
(jω)k

k! (6.14)

From which the k’th cumulant is found as the derivative:

κk = (−j)k dkφ(ω)
dωk

∣∣∣∣
ω=0

(6.15)

For a zero-mean random variable x, the first four cumulants are given as:

κ1 = 0, κ2 = E[x2], κ3 = E[x3], κ4 = E[x4]− 3E[x2]2 (6.16)

57



Chapter 6: Independent Component Analysis

As can be seen, the cumulants are very similar to the moments, but are slightly different for higher-order
statistics. The cumulants are preferred over the moments, as the cumulants have to following properties
[Hyvärinen et al., 2004, p. 42]:

• For statistically independent random vectors of the same dimension, x and y, the cumulants of
their sum z = x + y is equal to the sum of their cumulants.

• If a random process x is a multivariate Gaussian, all its cumulants of order three and higher are
all zero.

By dividing κ4 with E[x2]2 (in the zero-mean case), the expression for excess kurtosis, κ̄, is obtained as
mentioned in Equation 6.11. In the following, we will simply refer to excess kurtosis as kurtosis, as "raw"
kurtosis is rarely used, and this is the notation used by [Hyvärinen et al., 2004].

6.1.4 Independency

Two random variables x, y are independent, if and only if their joint pdf is the product of their marginal
pdfs [Hyvärinen et al., 2004, p. 27]:

px,y(x, y) = px(x)py(y) (6.17)

One can also formulate this using expectations, and any two absolutely integratable1 functions g(x) and
h(y) [Hyvärinen et al., 2004, p. 27]:

E[g(x)h(y)] = E[g(x)]E(h(y)) (6.18)

Note that this is a much stronger criterion than uncorrelatedness, which only states that the second order
moments are factorizable:

rxy = E[xy] = E[x]E[y] (6.19)

For two variables to be independent, all their moments must be factorizable, as one can choose g(x) =
xn, n = 1, 2, . . . and likewise for h(y), and Equation 6.18 must hold for all of them.

With the fundamentals of these statistical measures explained, the topic of principal component analysis
can be described, which makes use of second-order statistics.

6.1.5 Principal Component Analysis (PCA) and whitening

Principal component analysis (PCA) as a commonly used method for feature extraction and data com-
pression. In PCA, the principal components of a dataset x are extracted by using second-order statistics:
The aim is to find a transformation y = Wx of the data such that the transformed data becomes
uncorrelated, i.e. E[yyT ] = D, where D is a diagonal matrix [Hyvärinen et al., 2004, p. 126].

By doing this, the variances, i.e. the di’s are also maximized. This means the first principal component
(i.e. the first dimension of y) corresponds to the biggest variance, the next dimension has the largest
variance in a direction orthogonal to the first one, etc. [Hyvärinen et al., 2004, p. 126]. Different methods
exists for performing PCA, although a commonly used method is through eigenvalue decomposition.

1Absolute integratable means the integral of the absolute value over the whole domain is finite.
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Building upon the PCA idea, one can also perform whitening. Here the idea is to find a transformation
of the data z = Vx such that

E[zzT ] = I (6.20)

i.e. that the elements of z become uncorrelated and have unit variance. In the following, a whitening
matrix V will be presented.

Whitening matrix
The first step in performing whitening is to center the data by removing the mean:

x← x− E[x] (6.21)

The covariance matrix of x is then

Cx = E[xxT ], Cx ∈ RN×N (6.22)

The eigenvalue decomposition of Cx is:
Cx = EDET , (6.23)

where:
E is a square N ×N matrix of normalized eigen-

vectors E = [e1 e2 . . . eN ]

D is an N × N diagonal matrix of eigenvalues
d1, d2, . . . , dN

As Cx is a real, symmetric matrix (in fact, it is positive semidefinite), the eigenvalue decomposition
exists, and the eigenvalues di are real. The eigenvectors can be chosen as orthogonal, and for this reason,
E is an orthogonal matrix, i.e. ET = E−1.
Given this decomposition, a linear whitening transform is given by [Hyvärinen et al., 2004, p. 140]:

V = D−1/2ET (6.24)

This can easily be shown as being a whitening transform:

E[zzT ] = E[Vx(Vx)T ] (6.25)
= VE[xxT ]VT (6.26)
= VCxVT (6.27)
= D−1/2ET EDET ED−1/2 (6.28)
= D−1/2DD−1/2 (6.29)
= I (6.30)

where we have used the fact that ETE = I, as E is orthogonal.

6.1.6 Information theory

In this section, the basic concepts of information theory are introduced. The basic quantity in information
theory is entropy, and other variations of it will also be presented. These will prove useful when deriving
the ICA algorithms.
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Entropy
The entropy H of a discrete-value random variable X is defined as [Hyvärinen et al., 2004, p. 105]

H(X) = −
∑
i

P (X = xi) log (P (X = xi)) (6.31)

where P (X = xi) is the pmf of X. One can use different logarithms for calculating entropy - if the base
2 logarithm is used, the entropy is measured in bits. The logarithm only affects the output unit, so the
choice is not important - in the following the natural log is used.

By defining a function f(p) [Hyvärinen et al., 2004, p. 106]:

f(p) = −p ln(p), for 0 ≤ p ≤ 1 (6.32)

the entropy can be found as
H(X) =

∑
i

f(P (X = xi)) (6.33)

A plot of f(p) can be seen in Figure 6.2, from which it is clear that the entropy is low when the probabilities
P (X = xi) are close to 0 or 1, and large in between.
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Figure 6.2: The function f(p) plotted in the interval [0, 1].

The entropy somehow describes the "randomness" of the random variable: By having P(X = xi) small
for all xi except one (as the probabilities must sum to one), there is little randomness in X, as it almost
always takes the same value. However, when probabilities are of equal size, it is not easy to predict which
value X will take, and its entropy is therefore high.

The concept of entropy can be extended to continuous variables, in which case it is called differential
entropy, being defined as [Hyvärinen et al., 2004, p. 108]:

H(x) = −
∫
i

px(x) log (px(x)) dx =
∫
f(px(x)) dx (6.34)

An interesting property of Gaussians is that a standard normal Gaussian variable has the largest entropy
among all random variables of unit variance [Hyvärinen et al., 2004, p. 112].
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Mutual information
Mutual information is a measure of how much members of a set of random variables have in common
with the other members of the set. The mutual information I between N random variables x1, x2, . . . , xN
is defined as [Hyvärinen et al., 2004, p. 110]

I(x1, x2, . . . , xN ) =
N∑
i=1

H(xi)−H(x), (6.35)

where:
x is the vector containing all the xi’s

H(p) is the entropy of p

Mutual information can also be defined using Kullback-Leibler (KL) divergence, which is a way to compare
two pdfs, p1 and p2 [Hyvärinen et al., 2004, p. 110]:

δ(p1, p2) =
∫
p1(x) log

(
p1(x)
p2(x)

)
dx (6.36)

KL divergence is a popular performance measure in deep learning methods, as one typically estimates
probabilities when doing classification, and KL divergence is a good method for comparing probabilities.

Negentropy
The fact that a Gaussian variable has the largest entropy of all pdfs (assuming they have the same
variance) makes entropy a useful measure of non-Gaussianity. By using the differential entropy defined
above, one can define negentropy J(x) as [Hyvärinen et al., 2004, p. 112]:

J(x) = H(xGauss)−H(x) (6.37)

where xGauss is a Gaussian random variable with the same covariance matrix Σ as x. Negentropy has
the useful properties of being non-negative, and being 0 if and only if x is Gaussian.

Similarly, negentropy is invariant to invertible linear transformations, i.e. that for a non-singular matrix
M, J(Mx) = J(x) [Hyvärinen et al., 2004, p. 113].

6.1.7 Optimization preliminaries

In this section, the concepts of update rules and Lagrangians are briefly explained.

First- and second order update rules
The first-order Taylor-expansion JT (xn + ∆x) of the cost function J(x) around a point xn is:

JT (xn + ∆x) ≈ J(xn) +∇J(xn) ·∆x (6.38)

In optimization, we are looking for stationary points, i.e. points where the derivative of the function is
equal to zero. Using the first-order Taylor expansion, we simply get that the optimum are the points
where the gradient of the cost function J(x) is equal to zero:

0 = d
dxJT (xn) = ∇J(x) (6.39)
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This fact leads to the classical first-order minimization approach, known as gradient descent. Gradient
descent exploits the fact that we will converge towards to minimum of the cost function by moving in
the direction of the negative gradient, i.e.

∆x ∝ −∇J(x) (6.40)

This is also called the steepest-descent method.

One may also use a second-order Taylor expansion, which includes the Hessian H(xn):

JT2(xn + ∆x) ≈ J(xn) +∇J(xn) ·∆x + ∆x ·H(xn) ·∆xT (6.41)

Taking the derivative of this equation also leads to the stationary points (optima):

0 = d
dxJT2(xn) = ∇J(xn) + H(xn) ·∆xT (6.42)

Rearranging and assuming H to be non-singular leads to the following second-order update rule, which
is also known as Newton’s method:

∆x ∝ −H−1(x) · ∇J(x) (6.43)

By using a second-order approximation, the curvature of the optimization landscape is taken into con-
sideration, which leads to faster convergence.

The proportionality factor used in these update rules is called the step-size learning rate, α. It is an
important hyper-parameter which must be tuned based on the application.

The Lagrangian of an optimization problem
Considering a general constrained optimization problem

max
x

J(x), x ∈ RN

s.t. g(x) = 0,
(6.44)

The Lagrangian of this problem is formed by introducing a Lagrange multiplier λ and combining the cost
function and the constraints in the following way:

L(x) = J(x)− λg(x) (6.45)

The Karush-Kuhn-Tucker (KKT) conditions state that a local minima of a constrained optimization
problem must satisfy that the gradient of the Lagrangian is zero:

0 = ∇L(x) (6.46)

Having laid the foundations for ICA, the working principle of ICA can now be explained, as is done in
the following section.

6.2 ICA by Maximization of Non-Gaussianity
The purpose of this section is to describe the overall working principle of independent component analysis
(ICA), namely to maximize the non-Gaussianity of the estimated components.
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This basic idea of ICA builds on the central limit theorem, which is a well-known theorem in probability
theory. It states that the sum of independent, identically distributed random variables will approach a
Gaussian distribution as the number of samples goes to infinity [Hyvärinen et al., 2004, p. 166]. Loosely
speaking, it means that the sum of two independent random variables will usually be more Gaussian than
the original two variables.

Looking at the traditional ICA problem, but with the source and received signals treated as random
vectors s and x instead of time series, the mixing model becomes:

x = As (6.47)

where:
x are the received, mixed signal, x ∈ RM×1

A is the mixing matrix, A ∈ RM×K

s are the (independent) source signals, s ∈
RK×1

From which we want to estimate the demixing matrix B, such that we obtain the estimated source signal
ŝ, which should, ideally, be equal to s. The de-mixing matrix fulfills the following:

ŝ = Bx (6.48)

As the si’s are independent random variables and xi is a linear combination (i.e. a scaled sum of the
sources si), the central limit theorem states that the distribution of x is more Gaussian than that of s.
The underlying idea of ICA is built on the following intuition: By using the central limit theorem in
reverse, one would expect the independent sources to be those sources that are the least Gaussian.

An argument for why this must hold is that if there are two sources which are less Gaussian than the
original ones, the observed (mixed) variables would also be less Gaussian.
This can also be seen by looking at a single estimated source signal ŝi and defining q = bTA, where bT

is a single row of B. We can now write ŝi as:

ŝi = bTx = bTAs = qT s (6.49)

From the central limit theorem, ŝi is usually more Gaussian than any of the si’s, and will become least
Gaussian when it is indeed one of the original sources, si. Choosing qT to have more than one non-zero
element, means ŝi will be a linear combination (weighted sum) of more than one of the original si’s, which
will make it more Gaussian, due to the central limit theorem. This is however only strictly true if the
original sources are identically distributed, as is assumed here, as required by the central limit theorem.

In the following, a slightly more in-depth reasoning behind this logic is presented. Although not a proof, it
should convince the reader that by maximizing (the absolute value of) kurtosis, and thus non-Gaussianity,
the independent sources are obtained.

6.2.1 Kurtosis as an independency measure

Looking at a simple 2D-case, the ICA channel model becomes:x1

x2

 =

a11 a12

a21 a22

s1

s2

 (6.50)
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Using the additive property of kurtosis from Section 6.1.1, the kurtosis of the first mixed signal x1 can
be written as

Kurt[x1] = Kurt[a11s1 + a12s2] (6.51)
= Kurt[a11s1] + Kurt[a12s2] (6.52)
= a4

11Kurt[s1] + a4
12Kurt[s2] (6.53)

As kurtosis has the property that for any scalar β, Kurt[βx] = β4 ·Kurt[x]. We now observe x1, and can
therefore estimate the (sample) kurtosis Kurt[x1]. We now have two cases:
Case 1: The sources s1, s2 are the most non-Gaussian sources which can be extracted from x1. This
means that for any pair of hypothesized sources s′1, s′2, the following must hold:

|Kurt[s1]| > |Kurt[s′1]| ∧ |Kurt[s2]| > |Kurt[s′2]|, ∀s′1, s′2

The reason for why the absolute value is used is because a bigger absolute value means less Gaussian,
since kurtosis can be negative, and a kurtosis of 0 implies Gaussianity. In this case, ICA works as desired,
as the independent, estimated sources are also the sources with the smallest kurtosis among all possible
sources.

Case 2: The sources s1, s2 are not the most non-Gaussian sources. That means there exists some s′1, s′2
where at least one of them has a smaller (absolute) kurtosis than the true sources, i.e. |Kurt[s′1]| ≥
|Kurt[s1]|, |Kurt[s′2]| ≥ |Kurt[s2]|.

Having these new variables s′1, s′2 implies we would obtain a new sample kurtosis of the variable x′1:

Kurt[x′1] = a4
11Kurt[s′1] + a4

12Kurt[s′2] (6.54)

But as the true mixing matrix A is constant, the coefficients a11, a12 are also constant. This implies that
there is an observed variable x′1 such that

|Kurt[x′1]| ≥ |Kurt[x1]|

However, as we have observed x1 and want to find the sources of it, we know that x1 = x′1, and thus also
that Kurt[x′1] = Kurt[x1].

This in turn implies equality for the estimated sources, i.e. that Kurt[s′1] = Kurt[s1] and Kurt[s′2] =
Kurt[s2].

The only choice for s′1 6= s1, s
′
2 6= s2 would therefore be some distributions s′1, s′2 having exactly the same

kurtosis as s1, s2, and which still satisfy the relation s′ = Bx for some B. This is highly unlikely, as that
would require the two distributions to have the same first, second and fourth order moments, but the
distributions would still have to be different. With this intuition in mind, it is clear how kurtosis can be
used a measure of independency, by applying the central limit theorem in reverse.

6.2.2 Mutual information and non-Gaussianity

An interesting connection exists between mutual information and negentropy: For zero mean, uncorre-
lated, unit variance random variables yi, the following relation holds [Hyvärinen et al., 2004, p. 223]:
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I(y1, y2, . . . , yN ) = k −
∑
i

J(yi) (6.55)

where:
I(yi) is the mutual information between yi’s

k is some constant

J(yi) is the negentropy of yi

This shows that "ICA estimation by minimization of mutual information is equivalent to maximizing the
sum of non-Gaussianities of the estimates of the independent components" [Hyvärinen et al., 2004, p.
223].

A small difference is however that by using negentropy, the estimates of the ICs are forced to be uncor-
related, which is not necessary when using mutual information [Hyvärinen et al., 2004, p. 223]. Also,
using negentropy allows a deflationary approach, where ICs are extracted one-by-one, while the mutual
information approach requires estimation of all ICs simultaneously [Hyvärinen et al., 2004, p. 223].
This thus shows that ICA can be interpreted from an information theoretical or from a stochastic per-
spective, but that they fortunately lead to equivalent optimization problems.

6.2.3 Limitations of ICA

Having described the overall concept behind ICA, some of the limitations of ICA must now be mentioned.

Gaussian sources
As ICA works by maximizing non-Gaussianity, one might ask how ICA performs if the sources have a
Gaussian distribution. Unfortunately, ICA does not work on Gaussian sources. This can easily be seen by
considering two (zero-mean, unit variance) independent Gaussian sources, s1, s2, with a joint pdf given
by [Hyvärinen et al., 2004, p. 161]:

p(s1, s2) = 1
2π exp

(
−s

2
1 + s2

2
2

)
= 1

2π exp
(
−||s||

2

2

)
(6.56)

For simplicity, we now assume the mixing matrix A to be orthogonal, implying that A−1 = AT . This
assumption is true if the data is pre-whitened, and all that remains to be estimated is a rotation matrix,
as will be described in greater detail in Section 6.3.1. One can then show the joint density of the mixtures
x1, x2 to be given as [Hyvärinen et al., 2004, p. 162]:

p(x1, x2) = 1
2π exp

(
−||A

Tx||2

2

)
|detAT | (6.57)

Due to the orthogonality of A, we have that ||ATx||2 = ||x||2, and |detAT | = 1. This yields

p(x1, x2) = 1
2π exp

(
−||x||

2

2

)
(6.58)

From this, it is clear that A has not changed the pdf, as it is not a part of the it. This means it is not
possible to perform inference about A from the mixtures. This comes from the fact that for Gaussian
variables, uncorrelatedness does imply independence, as all moments higher than 2 are zero for Gaussians.
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Performing ICA on Gaussians does therefore not do more than performing whitening - the final rotation
matrix (the orthogonal A-matrix from above) cannot be estimated.

If there are any Gaussian sources in the mixture, it is possible to estimate all non-Gaussian sources, but
all the Gaussian sources cannot be separated. This can in fact prove useful, as many noise sources are
assumed Gaussian. The fact that ICA can extract non-Gaussian ICs in the presence of Gaussians ICs
means that ICA can actually be useful as a method of de-noising, as all Gaussian noise sources will be
separated into one single Gaussian source.

Variances of independent components
In ICA, the variances/amplitudes of the independent components cannot be estimated. This is because
any scalar αi multiplied onto the sources can be cancelled by an inverse scalar multiplied onto the mixing
matrix A:

x =
N∑
i=1

(
α−1
i ai

)
(siαi) (6.59)

For this reason, it is possible to constrain the rows B to have unit norm, as to simplify the problem.

Sign ambiguity
Note that as αi might be negative, ICA cannot determine the sign of the components either. This means
the estimated sources might be inverted. Typically, this is not a problem.

Order of independent components
As both s and A are unknown, one can freely choose the order of the components of the corresponding
rows of s and columns of A and still get the same x. In some cases, the ordering is not needed, but if it
is, some prior knowledge must be applied to perform ordering of the estimated sources.

Square mixing
Another limitation posed by ICA is that square mixing is often assumed, meaning that we have an equal
amount of sources and sensors, meaning A is square. This can be circumvented, but it simplifies things
greatly.

6.3 FastICA
FastICA is a commonly used method for performing independent component analysis, and was proposed
by [Hyvarinen, 1999].

As described in the previous section, mutual information can be used as a measure of non-Gaussianity.
But, as described in Section 6.2.2, minimizing mutual information is equivalent to maximixing negentropy,
under the constraint of the each of the estimated sources ŝi = bTi x must be uncorrelated, i.e. that
E [̂sj ŝTk ] = δjk.

Note that here, the sources are estimated one by one, i.e. the de-mixing matrix B is found by stacking
the individual de-mixing vectors, bi, i.e. B = [bi b2 . . . bN ]T .
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By using negentropy as the Gaussianity-measure, the optimization problem which FastICA tries to solve
is [Hyvarinen, 1999, p. 627]:

b̃i = arg max
bi

J(bTx), i = 1, 2, . . . , N

s.t. E[(bTk x)(bTj x)T ] = δjk

(6.60)

where:
bi is the i’th row of the de-mixing matrix B

J(y) is the negentropy of y

x is the observed mixture

δjk is the Kronecker delta function

Before describing how to solve this problem, we first consider the case of which the data is whitened, as
this turns out to simplify the problem.

6.3.1 Whitening as preprocessing

By applying a whitening matrix V to the mixed signals, the mixing matrix A is transformed into another,
Ã [Hyvärinen et al., 2004, p. 160]:

z = Vx = VAs = Ãs (6.61)

We now apply an orthogonal transformation U to z:

y = Uz (6.62)

From the orthogonality of U, we have that

E[yyT ] = E[UzzTUT ] = UE[zzT ]UT = UIUT = I, (6.63)

implying that y is white as well. This means that by applying whitening alone, we cannot see if z or
y are the independent components. This means that PCA gives the independent components up to an
orthogonal transformation [Hyvärinen et al., 2004, p. 160]. However, applying whitening before ICA as
a preprocessing step is highly useful: The new mixing matrix Ã = VA is orthogonal:

E[zzT ] = E[ÃssT ÃT ] = ÃE[ssT ]ÃT = ÃÃT = I, (6.64)

as we know that both the sources s and the whitened variables z are uncorrelated.

This means that after whitening, instead of estimating the arbitrary mixing matrix A, we can limit the
search space to estimating an orthogonal matrix Ã, corresponding to a rotation or reflection.

6.3.2 FastICA on whitened data

By using whitened input data z = Vx, the ICA problem is simplified.

We now introduce a new de-mixing matrix W, which operates on the whitened data z. This de-mixing
matrix satisfies the following relation:

ŝ = Bx = Wz = WVx (6.65)
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from which it is clear that B = WV. As described in Section 6.3.1, by first applying whitening V, the
de-mixing matrix W is an orthogonal matrix.
Looking at the uncorrelatedness-constraint from Equation 6.60, we see the same:

I = E[(Bx)(Bx)T ] (6.66)
= E[(Wz)(Wz)T ] (6.67)
= WE[zzT ]WT (6.68)
= WIWT (6.69)
= WWT (6.70)

which we know holds, as for an orthogonal matrix, M−1 = MT . Thus, constraining W to be orthogonal
will ensure that the correlation constraint is satisfied. This means the optimization problem can be
formulated as:

w̃i = arg min
wi

J(wT
i z), i = 1, 2, . . . , N

s.t. z = Vx
wkwT

j = δjk, ∀k, j

(6.71)

where:
wi is the i’th row of the de-mixing matrix W

V is a whitening matrix

Having established which problem ICA aims to solve, we can now attempt to solve it.

6.3.3 Approximating negentropy

The negentropy is in some sense an optimal estimator of non-Gaussianity with regards to statistical
performance [Hyvärinen et al., 2004, p. 183], but also has some practical problems. In order to calculate
negentropy, sample estimates of the pdf are required, which is very difficult to obtain in an accurate way.
For this reason, it is of interest to find methods to approximate negentropy.

One can show that negentropy can be approximated using higher-order cumulants [Hyvärinen et al., 2004,
p. 115]:

J(y) ≈ 1
12E[y3]2 + 1

48Kurt[y]2 (6.72)

where y is a random variable with zero mean and unit variance.

Notice how this reduces to maximizing the absolute value of the kurtosis, as the first term (the skewness)
can often be ignored as we in many cases deal with symmetric densities, and maximizing the squared
kurtosis is similar to maximizing the absolute value [Hyvärinen et al., 2004, p. 183].

This cumulant-based approach can be generalized to use general non-quadratic functions or "non-
polynomial moments" [Hyvärinen et al., 2004, p. 183]. These methods also turn out to be more accurate
than using cumulants [Hyvarinen, 1999]. Negentropy can more generally be approximated as [Hyvarinen,
1999, p. 627]
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J(yi) ≈ c (E[F (yi)]− E[F (v)])2 (6.73)

where:
c is an (irrelevant) constant

F (yi) is some non-quadratic function

v is a standard normal variable

If one for instance chooses F (y) = y4, one obtains the estimate of the kurtosis, since the fourth order
moment contains an E[y4]-term [Hyvarinen, 1999, p. 627]. Other possible contrast functions F (y) are:

F1(y) = a−1
1 log cosh a1y, (6.74)

F2(y) = − exp(−y2/2), (6.75)
F3(y) = y4 (6.76)

where 1 ≤ a1 ≤ 2 is some suitable constant, often just chosen to be one for simplicity.

It is now possible to derive the fastICA algorithm, which is done in the following section.

6.3.4 Derivation of FastICA

We now look at the ICA optimization problem in Equation 6.71, which we for now simplify by only
considering a single w, i.e. a single independent component is extracted. Doing this, the orthogonality
constraint reduces to w having unit norm:

w̃ = arg min
w

J(wT z) . . . , N

s.t. ||w||22 = wTw = 1
(6.77)

The Lagrangian can now be formed:

L(w) = J(wT z)− λ(wTw− 1) (6.78)

=
(
E[F (wT z)]− E[F (v)]

)2 − λ(wTw− 1) (6.79)
= E[F (wT z)]2 + E[F (v)]2 − 2E[F (wT z)]E[F (v)]− λ(wTw− 1) (6.80)

Taking the gradient (w.r.t. x) of the Lagrangian gives [Hyvarinen, 1999, p. 630]:

0 = ∇L(w) = E[zf(wT z)]− λw, (6.81)

Where the expectation E[F (v)] has been removed as it is a constant w.r.t w since v is i.i.d, and other
constants have been ignored as they do not change the optimizer. Also note the function f(y) = F ′(y)
has been introduced. For this relation to be zero, the Lagrange multiplier can be found by re-arranging
the expression [Hyvarinen, 1999, p. 630]:

λ = E[wT
0 zf(wT

0 z)] (6.82)

where:
w0 is the value of w at the optimum.
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Denoting the gradient of the Lagrangian as L, the Hessian is found by taking the gradient of L, such that
an outer product is formed (the Hessian is an N ×N matrix) [Hyvarinen, 1999, p. 630]:

H(x) = ∇(L)T = ∇(∇L(w))T = E[zzT f ′(wT
0 z)]− λI (6.83)

To simplify the inversion of H(x), the first term of Equation 6.83 is approximated. Since z is whitened,
i.e. E[zzT ] = I, a reasonable approximation is [Hyvarinen, 1999, p. 630]:

E[zzT f ′(wT
0 z)] ≈ E[zzT ]E[f ′(wT

0 z)] = E[f ′(wT z)]I (6.84)

Which means the Hessian is now a diagonal matrix, which can easily be inverted. By approximating λ
using the current value of w instead of w0, the Newton step becomes [Hyvarinen, 1999, p. 630]:

w← w− E[zf(wT z)]− λw
E[f ′(wT z)]− λ (6.85)

Multiplying both sides by E[f ′(wT z)]− λ and simplifying yields the following FastICA update rule
[Hyvarinen, 1999, p. 630]:

w← E[zf(wT z)]− E[f ′(wT z)]w (6.86)
w← w/||w|| (6.87)

Where the normalization step is introduced to constrain w to have unit norm.

For the contrast functions in Equation 6.74, the functions f(y), f ′(y) become:

f1(y) = tanh(a1y) f ′1(y) = a1(1− tanh2(a1y)) (6.88)
f2(y) = y exp(−y2/2) f ′2(y) = (1− y2) exp(−y2/2) (6.89)
f3(y) = y3 f ′3(y) = 3y2 (6.90)

FastICA is summarized in Algorithm 1:

Algorithm 1 FastICA
1: Subtract mean from data: x← x− E[x]
2: Apply whitening: z = Vx
3: Choose an initial (e.g. random) w of unit norm
4: w← E[zf(wT z)]− E[f ′(wT z)]w
5: w← w/||w||
6: If not converged, go back to step 4

With FastICA explained, we can now present a small example of FastICA being applied to a simple case
of two independent signals being mixed.
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6.4 An Example of ICA
The purpose of this section is to show an example of how ICA works on a very simple case of only two
sources, inspired by the example used by [Hyvärinen et al., 2004]. The sources s in this example consists
of two independent uniform random variables s = [s1 s2]T , both having zero mean and unit variance.
500 realizations of each source is used throughout this example. The mixing matrix to be used in this
example is defined as:

A =

 5 10

10 2


A scatter plot of the sources s and the mixed signals x = As can be seen in Figure 6.3.
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(a) 500 realizations of a 2-dimensional uniform dis-
tribution with zero mean and unit variance. This is
the source signal s ∈ R2×500
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(b) The mixed signal x ∈ R2×500, i.e. s after multi-
plication with the mixing matrix A.

Figure 6.3: A 2D uniform source signal s and the mixed signals x = As.

As ICA looks at the Gaussianity of the sources and mixtures, it is interesting to look at a histogram of s
and x, to get an idea of their distributions. This is done in Figure 6.4, where it is clear that the shape of
the histogram of s approaches the shape of the uniform pdf, as s is a multivariate uniform distribution.
It is also clear that x is much more Gaussian in its shape than the uniform distributions of s, due to the
central limit theorem.
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(a) A histogram of s1 (blue) and s2 (orange).
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(b) A histogram of x1 (blue) and x2 (orange).

Figure 6.4: Histograms of sources s and the mixed signals x = As.

The first step in most ICA algorithms is to apply whitening/PCA, as this corresponds to making the
sources uncorrelated. The result of doing this can be seen in Figure 6.5. This removes the scaling caused
by A, such that the rhombic shape of the mixture seen in Figure 6.3b is removed, and the original square
shape from Figure 6.3a is obtained. But whitening cannot estimate the rotation of the pdf, hence ICA
must be applied.
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Figure 6.5: The mixed signal after performing whitening/PCA. Notice how the rhombic shape of x has been
removed, but that the overall shape is still rotated relative to s.

In order to remove the rotation still present in Figure 6.5, ICA must be applied. In this case, FastICA
is applied, as described in Section 6.3. After applying ICA, it is clear that the rotation of the mixture is
removed, such that the estimated sources ŝ in Figure 6.6 are very similar to the original distribution in
Figure 6.3a.
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Figure 6.6: The estimated sources ŝ after performing fastICA. Notice how the shape and rotation of the original
s has been estimated.

An interesting thing to notice by comparing Figure 6.6 and Figure 6.3a is how hard it is to see if ŝ
should be rotated by 90, 180 or 270 degrees, or if it should be flipped, either horizontally or vertically, as
either will still result in the same square shape of the pdf. These ambiguities correspond exactly to the
ambiguities present in ICA: Rotating and flipping the scatter plot ŝ corresponds to swapping ŝ1 and ŝ2,
and/or changing their signs, and all are equally good estimates of the original uniform distributions.

From this small example it is clear how ICA works, why ICA is better than whitening/PCA, as well as
the limitations of ICA.

6.5 Infomax
Infomax is another classical algorithm for doing ICA, which is also known as the Bell-Sejnowski algorithm
[Bell and Sejnowski, 1995]. Infomax gets its name from the fact that it can be seen as "maximizing the
output entropy, or information flow, of a neural network with nonlinear outputs" [Hyvärinen et al., 2004,
p. 211].

Infomax can be seen as an optimal estimator of B, in a maximum likelihood (ML) sense, assuming the
densities pi of the original sources si are known. In the following, infomax will be derived using an ML
approach. However, as it turns out, the ML approach and information flow approach lead to the same
result, and both methods are thus equally valid [Hyvärinen et al., 2004, p. 213].

Infomax assumes the standard mixing and de-mixing equations as with the other ICA algorithms:

x = As (6.91)
ŝ = Bx (6.92)

Where we are interesting in estimating the de-mixing matrix B.
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Assuming a linear transformation from one random variable s ∈ RK to another x = As,x ∈ RM , then
the densities of s and x share the following relation [Hyvärinen et al., 2004, p. 36]:

px(x) = 1
|det(A)|ps(s) (6.93)

As we want to find B such that BA = I, we must have that 1 = det(BA) = det(A)det(B). This implies
that the expression can be re-written as:

px(x) = |det(B)|ps(s) (6.94)

= |det(B)|
K∏
k=1

pk(sk) (6.95)

Where we have used the fact that the sources sk are mutually independent, meaning their joint pdf is
the product of their marginal pdfs.
We can now use the fact that ŝk = bTk x and substitute the true sk with this estimate, such that we
obtain an expression for the likelihood of x, which is a function of bk and x:

px(x|B) = |det(B)|
K∏
k=1

pk(bTk x) (6.96)

We can now form the likelihood-function l(x|B), by taking the product over N observations of the
likelihood px(x|B). This means the random variables x is now replaced by an observation matrix,
X = [x1,x2, . . . ,xN ], X ∈ RK×N .

l(X|B) =
N∏
n=1

K∏
k=1

pk(bTk xn)|det(B)| (6.97)

Taking the logarithm of the likelihood function gives us the log-likelihood:

L(X|B) = log l(X|B) =
N∑
n=1

K∑
k=1

log(pk(bTk xn)) +N log (|det(B)| ) (6.98)

Dividing both sides by the number of observations N means the sum over N on the right hand side can
be expressed as an expectation, and we can thus re-introduce x as a random variable:

1
N
L(x|B) = E

[
K∑
k=1

log(pk(bTk x))
]

+ log (|det(B)|) (6.99)

In order to find the ML estimate of B, we must take the derivative of L(B) w.r.t. B and set it equal to
zero, as to find the maximum:

0 = 1
N

∂ log(L)
∂B = (B−1)T + E[g(Bx)xT ] (6.100)

We have here used the fact that [Bell and Sejnowski, 1995, p. 31]

∂

∂B log |det(B)| = B−T (6.101)

and introduced the function gk which is defined as:

gk(sk) = ∂

∂B log(pk(sk)) = (log(pk))′ = p′k(sk)
pk(sk) (6.102)
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From Equation 6.100 follows the update-rule for infomax, also known as the Bell-Sejnowski-algorithm
[Bell and Sejnowski, 1995]:

∆B ∝ (B−1)T + E[g(Bx)xT ] (6.103)

In order to avoid inverting B, the whole expression is multiplied by BTB - this rescales the gradient and
removes the need for an inversion - this is referred to as the "natural" gradient descent algorithm [Amari
et al., 1996, p. 761]

∆B ∝ B + E[g(Bx)xTBT ]B (6.104)
∝ (I + E[g(Bx)̂s]) B, (6.105)

and is also known as the infomax update rule.

As shown in the derivations, by using ∆B as the update step of an iterative solver, one can obtain the
ML estimate of B, assuming that gk(sk) = (log(pk))′ = p′k(sk)/pk(sk), where pk is the pdf of the k’th
source sk. However, the pdfs of the sources is often unknown in practice. Fortunately, one can show that
the algorithm is stable and that estimation is possible, if one simply chooses gk(sk) such that it has the
correct sign, based on whether pk is sub- or super-Gaussian [Hyvärinen et al., 2004, p. 206-207]. This
is because the non-polynomial function gk(sk) measures the shape of the density, much like kurtosis - in
fact, by using gk = −s3

k we would actually obtain kurtosis [Hyvärinen et al., 2004, p. 207]. This is also
why the choice of gk coincides very much with the functions measuring non-Gaussianity as mentioned in
Equation 6.88.

This means that for super-Gaussian sources, one can simply choose

g+
k (sk) = −2 tanh(sk) (6.106)

which is the nonlinearity used in the Bell-Sejnowski-algorithm [Bell and Sejnowski, 1995; Lee et al., 1999].

The infomax algorithm can now be summarized, see Algorithm 2. Here, a step-size α has been introduced
and the de-mixing matrix W is used which operates on the whitened data z:

Algorithm 2 Infomax
1: Subtract mean from data: x← x− E[x]
2: Apply whitening: z = Vx
3: Choose an initial (e.g. random) W where each row is of unit norm
4: ŝ = Wz {Estimate sources}
5: W← α (I + E[g(Wz)̂s]) W
6: wi ← wi/||wi||, ∀i {Normalize rows}
7: If not converged, go back to step 4
8: B = WV

Having derived the infomax algorithm, we can now look into a slight modification of it, called Extended
infomax.
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6.5.1 Extended Infomax

While infomax provides a general framework for estimating B when the sub- and super-Gaussianity of
the sources are known, extended infomax aims a making "a simple update rule with a fixed nonlinearity
that can separate sources with a variety of distributions" [Lee et al., 1999, p. 422]. This is done by first
constructing a symmetric pdf which is strictly sub-Gaussian [Lee et al., 1999, p. 422]:

pŝk
(ŝk) = 1

2

(
1√

2πσ2
exp

(
(ŝk − µ)2

2σ2

)
+ 1√

2πσ2
exp

(
(ŝk + µ)2

2σ2

))
. (6.107)

The pdf pŝk
(ŝk) is thus a sum of two Gaussians with means of ±µ. For µ = 0 the distribution is Gaussian,

and for bigger values of µ, pŝk
(ŝk) becomes more bimodal (i.e. more sub-Gaussian). This is especially

clear from looking at a plot of pŝk
(ŝk) for different values of µ, which can be seen in Figure 6.7.
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Figure 6.7: The sub-Gaussian density used for deriving the extended infomax learning rule, for different values
of µ.

We now want to find an expression for gk(ŝk) for the pdf in Equation 6.107 [Lee et al., 1999, p. 422]:

gk(ŝk) = p′k(ŝk)
pk(ŝk) (6.108)

= − ŝk
σ2 + a

(
exp(aŝk)− exp(−aŝk)
exp(aŝk) + exp(−aŝk)

)
(6.109)

where
a = µ

σ2 .

Using the definition of the hyperbolic tangent, we can simplify this expression:

gk(ŝk) = − ŝk
σ2 + µ

σ2 tanh
( µ
σ2 ŝk

)
, (6.110)

which can be further simplified by setting µ = σ2 = 1 and generalizing the expression to the vector case
of ŝ:

g(̂s) = −ŝ + tanh(̂s) (6.111)
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Inserting this into Equation 6.105 and using the fact that ŝ = Bx yields [Lee et al., 1999, p. 423]:

∆B ∝
(
I + g(Bx)̂sT

)
B (6.112)

∝
(
I + (tanh(̂s)− ŝ)̂sT

)
B (6.113)

∝
(
I + tanh(̂s)̂sT − ŝŝT

)
B, (6.114)

where the expectation from Equation 6.105 has been omitted to allow for online processing (i.e. using a
stochastic gradient approach), although sample means can also be used.

One can do a similar proof for a super-Gaussian source, which results in the following update rule [Lee
et al., 1999, p. 423]:

∆B ∝
(
I− tanh(̂s)̂sT − ŝŝT ]

)
B (6.115)

Combining Equation 6.114 and 6.115, the extended infomax update rule then becomes:

∆B ∝
(
I−K tanh(̂s)̂sT − ŝŝT

)
B (6.116)

where ki is defined as:

ki =
{

1 if ŝi is super-Gaussian
−1 if ŝi is sub-Gaussian

(6.117)

6.5.2 Estimating sub- and super-Gaussianity

A crucial part of extended infomax is knowing the sign of the kurtosis, i.e. if the signal is sub- or super-
Gaussian. The sign ki of the kurtosis of the i’th estimated source ŝi can be found as [Lee et al., 1999, p.
425]:

ki = sign(E[sech2(ŝ2
i )]E[ŝi]− E[tanh(ŝi)]ŝi) (6.118)

The extended infomax algorithm can now be summarized, see Algorithm 3, where a step-size α has also
been introduced and the matrix W is used instead of B as the input data is pre-whitened:

Algorithm 3 Extended Infomax
1: Subtract mean from data: x← x− E[x]
2: Apply whitening: z = Vx
3: Choose an initial (e.g. random) W where each row is of unit norm
4: ŝ = Wz {Estimate sources}
5: for i = 0; i ≤ N ; i = i+ 1 do
6: ki = sign(E[sech2(ŝ2

i )]E[ŝi]− E[tanh(ŝi)]ŝi) {Estimate sub/super-Gaussianity}
7: end for
8: W← α

(
I−K tanh(̂s)̂sT − ŝŝT

)
W

9: wi ← wi/||wi||, ∀i {Normalize rows}
10: If not converged, go back to step 4
11: B = WV

With the classical ICA methods explained, the constrained ICA algorithm can now be derived, which is
done in the following section.
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7 | ICA with Reference
ICA with reference (also referred to as constrained ICA, cICA) is a method for performing independent
component analysis, but where some prior information about the sources to be estimated is exploited, as
proposed by [Lu and Rajapakse, 2006]. The purpose of this is to "help" the ICA algorithm to extract the
desired ICs, as there may be many ways to solve the ICA problem in addition to the true/desired one.
In this chapter, cICA is derived, and different methods for creating reference signals are presented.

7.1 Deriving the cICA Algorithm
As with the other ICA methods, we want to estimate the de-mixing matrix B = [bT1 ,bT2 , . . . ,bTN ]T which
satisfies that

ŝ = Bx (7.1)

ICA with reference builds upon the optimization problem which FastICA tries to solve, as presented in
Equation 6.60, which is re-stated in the following:

b̃i = arg min
bi

− J(bTi x), i = 1, 2, . . . , N

s.t. h(Bx) = 0
(7.2)

where:
bi is the i’th row of the de-mixing matrix B

J(y) is the negentropy of y

x is the observed mixture

h(y) is an equality constraint

Here, an equality constraint function h(y) is introduced, which constrains the estimated sources as being
uncorrelated and having unit norm, i.e. the orthogonality assumption posed in Section 6.2.3:

h(y) = (E[yyT ]− I)2 = 0, (7.3)

where the square has been included to follow the notation used in [Lu and Rajapakse, 2006].

What constrained ICA does, is to introduce a similarity/closeness-measure g(̂s, r), between estimated
sources ŝ and some reference signals r. The closeness-measure is included in the optimization problem as
an inequality constraint, meaning that the estimated sources must be similar to the reference signals:

b̃i = arg min
bi

− J(bTx), i = 1, 2, . . . , N

s.t. g(̂s, r) ≤ 0
h(̂s) = 0

(7.4)

In order to solve this constrained ICA problem, a fixed-point1 algorithm is derived in the following, using
the gradient descent-approach. The first step in doing this, is to convert the inequality constraint to an

1A fixed-point algorithm is a method for computing fixed-points (e.g. maxima and minima) of a cost function
J(x), by iteratively evaluating a function xn+1 = f(xn), such that the function outputs xn converge to the fixed
point.
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equality constraint, by introducing slack-variables υ = [υ1, υ2, . . . , υN ], which satisfies that:

ĝi(ŝi, ri) = gi(ŝi, ri) + υ2
i = 0 (7.5)

from which we can write up the augmented Lagrangian [Lu and Rajapakse, 2006, p. 2247]:

L(B,µ,λ,υ) = −J (̂s) + µT ĝ(̂s) + 1
2γ||ĝ(̂s)||22

+ λTh(̂s) + 1
2γ||h(̂s)||22,

(7.6)

where the quadratic regularization term 1
2γ|| · ||

2
2 ensures local convexity by punishing large values of B,

and γ > 0 is a penalty parameter.

We are here interested in minimizing this Lagrangian w.r.t. all the variables, that is B,µ,λ,υ. The
minimization w.r.t. υ can be done for fixed B:

υ̃i = arg min
υi

L(B,µ,λ,υ), ∀i = 1, 2, . . . , N

= arg min
υ2

i
≥0

µi(g(ŝi) + υi) + 1
2γ||g(ŝi) + υ2

i ||22,
(7.7)

where all terms in L(B,µ,λ,υ) not involving υ have been ignored, as they do not change the maximizer.

At the minimum, ∇υi
L = 0 and υ2

i ≥ 0. Setting ∇υi
L = 0 and solving for υ2

i gives

υ̃2
i = max

(
0,−

(
µi
γ

+ gi(yi)
))

, (7.8)

where the second term comes from direct isolation of υ2
i and the first term comes from the fact that υ2

i

must be non-negative. Substituting υ̃2
i into Equation 7.6 gives the following Lagrangian (where the slack

variable υ has been removed) [Lu and Rajapakse, 2006, p. 2247]:

L(B,µ,λ) = −J (̂s) + G (̂s,µ) +H(̂s,λ), (7.9)

Where the function Gi(ŝi, µi) is defined as

Gi(ŝi, µi) = 1
2γ
(
max(0, µi + γg(ŝi))2 − µ2

i

)
(7.10)

=
{
µig(ŝi) + 1

2γ ||g(ŝi)||22 if µi + γgi(ŝi) ≥ 0
−µ2

i /2γ otherwise
(7.11)

and H(̂s,λ) is:
H(̂s,λ) = λTh(̂s) + 1

2γ||h(̂s)||22 (7.12)

7.1.1 Update rule for B-matrix

Having formed an augmented Lagrangian with the slack-variables accounted for, we can now take the
gradient w.r.t. B [Lu and Rajapakse, 2006, p. 2248]:

∇BL(B,µ,λ) = E[(−∇ŝJ (̂s))xT ] + E[(∇ŝG (̂s,µ))xT ] + (2∇ΣŝH(̂s,λ))E [̂sxT ], (7.13)
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where the expectations originate from the definitions of J (̂s), g(̂s, r) and h(̂s). Calculating the gradients
yield the following [Lu and Rajapakse, 2006, p. 2248]:

−∇ŝi
J(ŝi) = −ρ̂ · f ′ŝi

(ŝi) (7.14)
= 2(E[fi(ŝi)]− E[fi(v)]) · f ′ŝi

(ŝi) (7.15)

∇ŝiG(ŝi, ri) = µi · g′ŝi
(ŝi) (7.16)

∇Σŝi,ŝj
H(ŝi) = 2λij · (E[(ŝi)(ŝj)]− δij) (7.17)

where:
δij is the Kronecker delta function

f ′ŝi
(ŝi) is the derivative of the contrast function, see

Equation 6.88

g′ŝi
(ŝi) is the derivative of the constraint function

gi(ŝi)

The actual function rules for f, f ′, g and g′ will be described in Section 7.1.3 and 7.1.4, where it is
investigated which contrast function and closeness measure to use.

The update rule used by [Lu and Rajapakse, 2006] is the well-known method of multipliers [Boyd et al.,
2011, p. 11]:

Bn+1 = arg min
B

L(B,µn,λn) (7.18)

µn+1 = µn + arg min
µ

L(Bn+1,µ,λn) (7.19)

λn+1 = λn + arg min
λ

L(Bn+1,µn,λ) (7.20)

By first looking at the update rule for B, we can use the steepest descent algorithm:

Bn+1 = Bn − α ·∆B (7.21)

where:
α is the step-size/learning rate

The update step ∆B is simply found as:

∆B = ∇BL(B,µ,λ) (7.22)

Having described the update rule for B by means of the gradient of the Lagrangian, the Lagrange
multipliers must also be updated. This is done in the following.

7.1.2 Update rule for Lagrange multipliers

Building upon the method of multipliers-rule, we here aim to find an update rule for the two Lagrange
multipliers µ,λ.
This is done by taking the derivative of L(B,µ,λ) w.r.t. µ and λ.
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For µ, all terms but G (̂s, r) are constants w.r.t. µ, and we thus need to only consider this term. The
update rule for vµ thus becomes:

∆µ = ∇µL(B,µ,λ) (7.23)
= ∇µG (̂s,µ) (7.24)

= ∇µ

(
1

2γ
(
max(0,µ+ γg(̂s))2 − µ2)) (7.25)

= max(−µ, γg(̂s)), (7.26)

where max is the element-wise maximum function, and where the end-result has been multiplied by γ as
is also done by [Lu and Rajapakse, 2006].

For λ, we only need to consider H(̂s), as all other terms of L are constants w.r.t λ. The update rule for
λ thus becomes:

∆λ = ∇λL(B,µ,λ) (7.27)
= ∇λH(̂s,λ) (7.28)

= ∇λ

(
λTh(̂s) + 1

2γ||h(̂s)||22
)

(7.29)

= γ · h(̂s), (7.30)

where the end-result has been multiplied by γ as is also done by [Lu and Rajapakse, 2006].

We have now specified the update rules for both B,µ and λ. We can new describe how to choose the
contrast function f (̂s).

7.1.3 Choice of contrast function

As with FastICA, the functions used to approximate the negentropy depend on the sign of the kurtosis
of the (estimated) sources. The following super- and sub-Gaussian contrast functions are proposed by
[Lu and Rajapakse, 2006, p. 2249]:

fsup(y) = 1
a

log cosh(ay)− a

2y
2 (7.31)

fsub(y) = b

4y
4 (7.32)

where:
a, b are some positive constants

And their derivatives are found as

f ′sup(y) = tanh(ay)− ay (7.33)
f ′sub(y) = by3 (7.34)

Which are, interestingly enough, the same contrast functions proposed for FastICA (see Equation 6.74
and 6.88) and extended infomax (see Equation 6.111).

For determining which contrast function to use, the sign of the Kurtosis can be estimated using the same
equation as in Extended Infomax, see Equation 6.118.
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7.1.4 Choice of closeness measure

The final step in deriving the constrained ICA algorithm is to look into which closeness-measure to use.

The measure is a function of the type

gi(yi, ri) = ξi(yi, ri)− εi ≤ 0 (7.35)

where:
ξ(yi, ri) is a closeness measure between yi and ri

εi is a threshold parameter

Two obvious candidates of closeness measures are

• Mean-squared error (MSE): ξi(yi, ri) = E[(yi − ri)2]

• (Squared) correlation: ξi(yi, ri) = E[yiri]2

In this case, the correlation measure is chosen: Partly as correlation is more robust towards (white) noise
(as it is uncorrelated with all signals), and partly because the correlation measure is used by [Lu and
Rajapakse, 2006]. By squaring the correlation, the constraint becomes non-negative, and simultaneously
makes it invariant to the sign of the estimated sources. This is an advantage, as the sign of the sources
may not be known.

However, the correlation is inverted by [Lu and Rajapakse, 2006], such that

ξi(yi, ri) = 1/(E[yiri]2) (7.36)

This is partly to satisfy that g(yi, ri) ≤ 0 (and not ≥ 0), but the inversion also ensures that (too) small
correlations are punished hard, due to the reciprocal. Note also that the correlation is normalized, such
that the autocorrelations of yi and ri equal one:

R(yi, ri) = E[yiri]√
E[y2

i ] · E[r2
i ]

(7.37)

The correlation constraint then becomes:

g(yi, ri) = 1
R(yi, ri)2 −

1
ε2i

(7.38)

And the derivative of g(yi, ri) is (ignoring normalizations) [Lu and Rajapakse, 2006, p. 2249]:

g′(yi, ri) = −2 E[ri]
(E[yiri])3 (7.39)

As the threshold parameter εi is also inverted and squared, we can interpret 0 ≤ εi ≤ 1 as being the
desired (minimum) correlation between yi and ri.
Choosing εi is however not straight-forward. If one for instance chooses εi = 0.9, this will most likely not
result in a feasible solution. The reason is that the initial guess for an optimization problem should be
feasible, and should thus fulfill that g(yi, ri) = 1

R(yiri)2 − 1
0.92 ≤ 0. In order to ensure the initial guess

is feasible, one should start the algorithm by setting εi very low (e.g. 0), and then slowly increase εi
for each iteration, towards the desired threshold. This will ensure the estimated sources always remain
feasible.
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7.1.5 Momentum

In steepest descent, the following update rule of the decision variable θ (i.e. the variable we are optimizing
over) is used:

∆θn = α · ∇J(θn) (7.40)
θn+1 = θn −∆θn (7.41)

where:
θ is the decision variable

α is the step size/learning rate

∇J(θ) is the gradient of the cost function J(θ)

In steepest descent, a step is taken in the direction of the negative gradient, after which the gradient is
evaluated again, and a new step is taken. There is therefore no "memory" is this approach, as the next
update step only takes the current gradient into account.

The intuition behind using momentum is to image a ball rolling on a field or a hill (the cost function
landscape), down towards the minimum. As there might be many local minima (bumps on the hill), it
might sometimes be necessary to go over small hill, in order to be able to continue further down towards
the global minimum.
The name momentum comes from the analogy of the momentum this ball rolling on the hill has: Once
it gets rolling (down hill) in a certain direction, it will mostly continue rolling in that direction, and not
change direction all the time as with steepest descent - despite any small bumps in the way [Qian, 1999,
p. 146]. This means the algorithm will converge faster, and is less likely to get stuck in a local minimum.

The update rule for momentum becomes [Qian, 1999, p. 145]:

∆θn = η ·∆θn−1 + α · ∇J(θn) (7.42)
θn+1 = θn −∆θn (7.43)

where:
η is the momentum term

Typically, one chooses η = 0.9 or a similar value [Qian, 1999, p. 149], but depends on how many variables
the gradient is taken over, i.e. the sample variance of the data for the current application. Varieties of
momentum exists, such as Nesterov accelerated momentum, but here, the basic version is used.

7.2 Summary of cICA Algorithm
The cICA has now been derived, and the various functions to be used have also been described. A few
modifications are however made between what is described above, and the final algorithm:
It is decided to pre-whiten the input, z = Vx as proposed by [Lin et al., 2007]. even though [Lu and
Rajapakse, 2006] state that it is not necessary. Applying pre-whitening does not change the separation
performance, but makes convergence twice as fast [Lin et al., 2007, p. 1274].
Pre-whitening has the implication that the de-mixing matrix W is estimated instead of B, where W
satisfies that ŝ = Wz.
It also means the equality constraint H(̂s) can been omitted, and instead replaced by a normalization of
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the rows of W. This also removes the need for calculating the gradient of H(̂s), thus making calculations
faster.
A while-loop in the algorithm ensures that it does not run more that MAX_ITER = 5000 iterations. It
is however needed to check for each iteration if the algorithm has converged - this is the case if:

||Wn −Wn−2||∞ < εW (7.44)

where:
Wn is the de-mixing matrix at the n’th iteration

εW is the convergence threshold

A secondary criterion for convergence is of course also that g(̂s) ≤ 0, i.e. the algorithm converged to a
feasible solution. It is thus possible to write up the full cICA algorithm, as summarized in Algorithm 4.

Algorithm 4 cICA
1: x← x− E[x] {Subtract mean from data}
2: r← (r− E[r])/σr {Subtract mean from references and scale to unit variance}
3: z = Vx {Apply whitening}
4: Choose an initial (e.g. random) w of unit norm
5: while n < MAX_ITER do
6: ŝ = Wnz
7: ∆µ = max(−µ, γg(̂s))
8: µ← µ+ ∆µ {Update Lagrange multiplier}
9: Increase εi towards desired εi
10: for i = 0; i ≤ N ; i = i+ 1 do
11: ki = sign(E[sech2(ŝ2

i )]E[ŝi]− E[tanh(ŝi)]ŝi) {Estimate sub/super-Gaussianity}
12: if ki > 0 then
13: −∇ŝiJ = 2(E[fi,sup(ŝi)]− E[fi,sup(v)]) · f ′i,supŝi(ŝi) {Super-Gaussian}
14: else
15: −∇ŝiJ = 2(E[fi,sub(ŝi)]− E[fi,sub(v)]) · f ′i,subŝi(ŝi) {Sub-Gaussian}
16: end if
17: end for
18: ∇ŝG (̂s,µ) = µ · g′ŝ(̂s) {Constraint-gradient}
19: ∇WL(B,µ) = −∇ŝJ(B) +∇ŝG (̂s,µ) {Full gradient of augmented Lagrangian}
20: ∆W← η∆W + α∇WL(B,µ) {Step-direction}
21: Wn = Wn−1 −∆W {Momentum update}
22: wi ← wi/||wi||22, ∀i = 1, 2, . . . , N {Normalize the rows of W}
23: n = n+ 1
24: if ||Wn −Wn−2||∞ < εW and g(̂s) ≤ 0 then
25: break {Converged at a feasible solution}
26: end if
27: end while
28: ŝ = WVx

With the constrained ICA algorithm described, the next step is to consider which reference signals to
use, as this is of great importance for how the algorithm will perform. This is therefore described in the
following section.
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7.3 Generating Reference Signals
An important part of the constrained ICA algorithm which has not yet been considered, is choosing the
fetal and maternal reference signals. This will therefore be described in the following.

Three different reference types are described in this section:

• Square and biphasic signals

• Maternal ECG template

• Fetal ECG template from scalp electrode data

In the original cICA paper, pulse signals are used as references, which have the same periodicity as the
signals(s) of interest [Lu and Rajapakse, 2006, p. 2250]. In the case of non-invasive fetal ECG, the
periodicity of the signals are given by the maternal and fetal heart rates. In order to estimate these,
MQRS and FQRS locations must be estimated.
Estimating FQRS locations is not a straight-forward procedure: This is obvious from the fact that it was
a part of the Challenge, see Section 3.1.3. As described in Section 3.3.2, different algorithms exists, which
are able to estimate FQRS locations rather well. Implementing and tuning these algorithms is however
beyond the scope of this project, and the FQRS locations will therefore be assumed known, as is also
described in section 5.4.
A method for estimating maternal QRS locations is however needed. The de-facto standard algorithm for
QRS estimation is the Pan-Tompkins algorithm [Pan and Tompkins, 1985], which is therefore also used
here. With the maternal and fetal QRS locations known, or at least accurately estimated, the reference
signals can be generated.

Examples of reference signals generated based on a recorded abdominal signal can be seen in Figure 7.3.

7.3.1 Square & biphasic signals

The simplest reference signal is a series of unit-amplitude pulses, located at the QRS locations. The
only parameter to choose here is the pulse-width, as it should be similar to the QRS complex width.
Experiments show a width of 16 ms for both the maternal and fetal references gives good results, in
agreement with the (maternal) QRS duration ranging from 6-100 ms, see section 2.3.
The fetal QRS has a typical duration of 20-50 ms, see Section 2.3. Having a slightly narrower reference
signal thus allows for some uncertainty in the exact location of where the QRS is located.

Another option is to use a biphasic signal, which is more representative of the biphasic nature of the QRS
complex (depending on which ECG lead is used), see Figure 7.1.
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Figure 7.1: A biphasic reference signal, centered around 30 ms.

Including a T-wave
In order to make the (fetal) reference signal more accurate, a T-wave can be included, which is modeled
as having a Gaussian shape. From Figure 4.3, the mean QT interval is approx. 200 ms, which should
also be the case for the reference signal.

It is decided to make the T-wave have an amplitude of 0.25, based on the fact that the T/QRS ratio is
less than 0.3, see Section 4.2.3. The duration of the T-wave must also be determined: As no literature is
available on the subject, the duration is found by visual inspection of scalp electrode data and simulated
FECGs, from which a duration of 100 ms is chosen. An example of a biphasic signal with T-wave can be
seen in Figure 7.3c.

7.3.2 Maternal ECG template

Generating MECG reference signals from templates, is based on the template subtraction (TS) algorithm,
used for estimating FECG, see Section 3.3.3.

Unweighted template
The (unweighted) template generation method uses the QRS annotations of the MECG to extract MECG
cycles. These cycles are aligned and stacked, after which a template is generated as the mean of the stacked
cycles.
In order to account for the morphological change of the ECG over time, the templates are continuously
updated for each beat, i.e. the template becomes a running median of the last K MECG cycles. The
code implemented this algorithm is taken from [Behar et al., 2014d].

Weighted template
The weighted template subtraction method builds upon the paper by [Martens et al., 2007]. Here, a
template is generated separately for the P-wave, QRS and T-wave (all templates are updated over time)
in an approach similar to the unweighted template. However, each sub-template is then scaled/weighted
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individually [Behar et al., 2014d, p. 1569]. Assuming a template T:

T =


tP 0 0

0 tQRS 0

0 0 tT

 , (7.45)

we want to find the scaling vector a ∈ R3 which minimizes the MSE between the template and the
maternal ECG cycle m:

||aT−m||22 (7.46)

Where we know the solution is provided by the pseudo-inverse of T:

a = (TTT)−1TTm (7.47)

Template from PCA
As described in Section 3.3.3, TS-PCA stacks MECG cycles, then selects some of the principal components
after which a back-propagation step takes place on a beat-to-beat basis, thus producing MECG estimates
every cycle [Andreotti et al., 2016, p. 632]. This approach also updates the templates over time. The
implementation of TS-PCA is taken from [Behar et al., 2014d].

7.3.3 Fetal ECG template from scalp electrode

The template methods mentioned above require that clear ECG cycles available, and are therefore not
applicable for generating FECG templates.

For this reason, another approach must be taken: As the scalp electrode is the golden standard in FECG
morphology analysis, one could generate a template using the scalp data.

This is done using the data from the ADFECGDB data set, where the FQRS notations have been
annotated. Using these annotations, all FECG cycles for all 5 subject are extracted and stacked. A cycle
is taken as being from 200 ms before the QRS location, to 300 ms after, i.e. the cycles have a length
L = 500 samples as fs = 1 kHz.

From this stack of cycles, templates are generated using three approaches:

• Taking the mean of all cycles

• Taking the median of all cycles

• Taking the first principal component (PC) of all cycles, and then taking the mean of these simplified
cycles.

The PCA approximation is found by first performing an EVD of the sample covariance matrix of the
stacked cycles, X ∈ RN×L:

UΛUT = 1
N − 1

N∑
i=1

(xi − x̄)(xi − x̄)T (7.48)
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where:
U is the matrix of (sorted) normalized eigenvec-

tors corresponding to Λ

Λ is a diagonal matrix of sorted eigenvalues .

xi is the i’th row of the N×L observation matrix
X

and where x̄ is the mean observation, i.e. the mean of all rows of X:

x̄ = 1
N

N∑
i=1

xn (7.49)

The D’th order PCA approximation of the n’th ECG cycle can be found as [Bishop, 2006, p. 566]:

x̃n = x̄ +
D∑
i=1

(
xTnui − x̄ui

)
ui (7.50)

where:
ui is the i’th eigenvector

The template x̃ is then found as the average of the approximated cycles:

x̃ = 1
N

N∑
i=1

x̃n (7.51)

We here choose D = 1, as this provides satisfactory results. The resulting FECG templates can be seen
in Figure 7.2.
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Figure 7.2: The generated scalp electrode template, using either the mean of all FECG cycles, the median of
all cycles or the first principal component.

As there is no significant difference between the three template types, the PCA approach is selected.
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Having described different methods for generating reference signals, both maternal and fetal, the different
methods can now be compared to a recorded abdominal signal. This is done in Figure 7.3.

(a) Recorded signal. Black is MQRS, red is FQRS. (b) Biphasic fetal reference.

(c) Biphasic + T-wave fetal reference. (d) Fetal scalp electrode reference.

(e) Maternal square wave reference. (f) Maternal unweighted template reference.

(g) Maternal weighted template reference. (h) Maternal PCA template reference.
Figure 7.3: Original signal (a) and corresponding fetal references (c-d) and maternal references (e-h). Duration
of all signals is 5 sec, and amplitudes are not included for visualization purposes
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7.3.4 Using references as an initial guess for B

Previously, a random initialization of the de-mixing matrix B has been used. However, other initial
guesses have been proposed in the literature, two of which are presented here:

B-initialization using pseudo-inverse
The de-mixing matrix B satisfies that:

Ŝ = BX (7.52)

where:
Ŝ is the K ×N matrix of estimated sources

X is the M ×N observation matrix

B is the K ×M de-mixing matrix

Assuming we know the true signals Ŝ, we may use these as reference signals, i.e. R = Ŝ. Doing this
allows us to find the de-mixing matrix by using the Moore-Penrose (pseudo)-inverse of the observation
matrix X† [Sun and Shang, 2010, p. 1014]:

B = ŜX† (7.53)

As we known the pseudo-inverse is the solution to the least-squares problem

min
B

∥∥∥Ŝ−BX
∥∥∥2

2
(7.54)

Having shown that the pseudo-inverse can be used for finding the true de-mixing matrix B, we can use
the same approach for finding an initial guess B0 using the reference signals r which are not necessarily
the true signals [Sun and Shang, 2010, p. 1014]:

B0 = arg min
B

‖r−BX‖22 = rX† (7.55)

B-initialization using correlation
Another approach for finding an initial guess for B is to choose a B which maximizes the correlation
between sources and references [Mi and Gui, 2010, 158]. Looking at the initial guess of a single row of
B, bT0 , we are interested in solving [Mi and Gui, 2010, 158]:

b0 = arg min
b

E[bTx · r]

s.t. ‖b‖22 = bTb = 1
(7.56)

We write up the Lagrangian as:

L(b, λ) = E[bTx · r] + λ(bTb− 1) (7.57)

Solving this, we know that at the minimum

0 = ∂

∂bL(b, λ) = E[x · r]− 2λb (7.58)
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Solving for b yields:
b = E[x · r]

2λ (7.59)

As the Lagrange multiplier should ensure that the constraint is satisfied, i.e. that b has unit norm, we
can simply write this as [Mi and Gui, 2010, 158]:

b = E[x · r]
‖E[x · r]‖2

(7.60)

Tests show that the pseudo-inverse provides better results than the correlation-approach, and this initial-
ization is therefore used in the following. Having presented two methods for initialization of B, all parts
of the constrained ICA algorithm has now been described, and the algorithm can be implemented. In the
following section, the test results of the cICA algorithm are presented and compared to other extraction
algorithms.
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8 | Test and Performance Results
In this chapter, the test results of the developed algorithm are presented. First, the test-measures are
presented, followed by an overview over which tests are to be performed. Finally, the actual results are
shown - both results on non-ECG signals, on simulated ECGs and on real ECGs.

8.1 Test Measures
Two types of performance measures are used: ICA performance measures and morphology performance
measures (e.g. QT-interval and T/QRS ratio).

In order to determine how well the sources have been separated, i.e. how well ICA works from a purely
mathematical perspective, some performance measures must be defined, which can compare the estimated
sources with the true ones. Two such performance measures are used in this case: The performance index
(PI) and the signal to noise ratio (SNR). Note that in addition to these, the morphological performance
measures described previously, i.e. the QT interval and T/QRS ratio are also used, however they are
more contextual performance measures, and not directly describing how well the ICA algorithm performs.
For this reason, the PI and SNR measures are needed. These are introduced in the following, after which
the morphology performance measures are described as well.

8.1.1 Performance Index (PI)

The performance index measures how well the de-mixing matrix has been found. In the following, square
mixing is assumed, i.e. A ∈ RM×K ,M = K, but the concepts can be generalized for M 6= K.

Ideally, one would like B = A−1, (or, for singular A, BA = I) which would imply perfect separation.
However, due to ambiguity in ICA, the extracted sources in ICA may be scaled, inverted and permuted
relative to the original sources.
This can be described by introducing B0, which is an ICA-equivalent to B, meaning they are, from an
ICA perspective, equally good solutions [Nordhausen et al., 2011, p. 486]:

B0 = (QDL)B (8.1)

where:
Q is an K ×K permutation matrix, obtained by

permuting the rows of an identity matrix

D is an K ×K scaling matrix, (diagonal matrix
with positive diagonal elements)

L is an K ×K sign-change matrix, (diagonal el-
ements are ±1)

Assuming there exists a B ∈ RM×K such that BA = I, this does not imply that B0A = I. It is therefore
not possible to simply consider how close B0A is to identity, by using some p-norm as a measure of
similarity:

PI = |B0A− I|p (8.2)
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Instead, a permutation matrix P = BA, where the i, j’th element of P is denoted as pij , is introduced.
The performance index of the de-mixing matrix B can be found as [Amari et al., 1996, p. 762]:

rPIi =
n∑
j=1

|pij |
maxk |pik|

− 1 (8.3)

cPIj =
n∑
i=1

|pij |
maxk |pkj |

− 1 (8.4)

PI =
n∑
i=1

rPIi +
n∑
j=1

cPIj (8.5)

The term rPIi can be interpreted as a row-wise normalization of P, and describes the error of the
separation between the output ŝi and the sources. The term cPIj is a column-wise normalization of
P, and measures the degree of which the desired IC sj appears multiple times at the output [Lu and
Rajapakse, 2006, p. 2250]. The PI is non-negative, and is zero when the ICs are perfectly separated.
By using this PI, it is invariant to permutations and sign matrices Q,L, but not necessarily invariant to
scalings, D [Nordhausen et al., 2011, p. 487]. It is nevertheless still a very popular performance index
used throughout the literature.

8.1.2 Signal to noise ratio (SNR)

The signal to noise ratio is a typically used performance measure, but is here slightly adapted to the
topic of ICA.

SNR for ICA
The SNR is for ICA applications defined as the ratio between the variance of the k’th source signal and
the mean-squared error (MSE) between the true and estimated k’th source [Lu and Rajapakse, 2006, p.
2250]. This means the SNR in dB for the k’th source is defined as [Lu and Rajapakse, 2006, p. 2250]:

SNRk = 10 log10

(
σ2

sk

1
N

∑N−1
n=0 (sk[n]− ŝk[n])2

)
(8.6)

where:
σ2

sk
is the variance of sk

N is the number of observations

Although being widely used in the literature, there are a couple problems with the SNR as a performance
measures, namely it’s lack of invariance to the permutation, scaling and sign-changing matrices Q,D,L:
By changing the sign of ŝ, the MSE becomes very big. This can be seen by assuming ideal (but inverted)
de-mixing, such that ŝ[n] = − s[n]. This yields an MSE of 1

N

∑N−1
n=0 (2sk[n])2 = 4 ·

∑N−1
n=0 (sk[n])2.

By scaling the estimated source, the MSE will also grow, and by permuting the estimated sources,
incorrect waveforms are compared when calculating the SNR. This means a very low SNR will result, as
the signals are assumed independent, and a wrong source will therefore appear noise-like.

In order to overcome these problems, the SNR must be calculated in a different way.
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Adapted SNR calculation
The first step in making the SNR calculation a useful measure, is to normalize the signals to unit variance.
By doing this, the SNR will not depend on scaling of this signals, but purely on how well-separated they
are.

In order to overcome the problem with permutations, the SNR is calculated for all possible combinations
of sources and estimated sources. This also includes negated versions of the sources, as to overcome the
problem with sign-changes. The calculations done in order to find the "optimal" SNR (i.e. the estimated
source maximizing the SNR for each true source) are shown in the following.

First, the source vectors are repeated M times, creating a vector s′:

s′ = s[n]⊗ 1M×1 =



[s1[n]T s1[n]T · · · s1[n]T︸ ︷︷ ︸
M times

]T

[s2[n]T s2[n]T · · · s2[n]T︸ ︷︷ ︸
M times

]T

...

[sK [n]T sK [n]T · · · sK [n]T︸ ︷︷ ︸
M times

]T


(8.7)

This vector is then concatenated with a negated version of it self, forming a big matrix S ∈ R2KM×N :

S = [(s′)T − (s′)T ]T (8.8)

The estimated sources are repeated 2K times, obtaining a matrix Ŝ ∈ R2KM×N :

Ŝ =

ŝ[n]T ŝ[n]T · · · ŝ[n]T︸ ︷︷ ︸
2K times

T (8.9)

It is now possible to calculate the mean squared error for each element of these matrices, thus obtaining
the MSE between each pair of sources and estimated sources, as well as the negated sources.

MSEi =
N∑
j=1

(Sij − Ŝij)2, ∀i = 1, 2, . . . , 2KM (8.10)

Note that due to the formulation of MSE, it is not important if it’s s or ŝ that is negated - the results
are the same.

Having the MSE, the SNR can now be calculated as usual, see Equation 8.11. Note that the variance σi
is not explicitly stated in the formula, as we normalized the signals such that σi = 1, as this reduces the
problem of scale invariance.

SNRi = −10 log10(MSEi) (8.11)
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We now have a long vector SNR ∈ R2KM×1, which is reshaped to the following matrix, SNR ∈ R2M×K :

SNR =



SNRŝ1,s1 · · · SNRŝ1,sk
· · · SNRŝ1,sK

...
. . .

...
...

SNRŝm,s1 · · · SNRŝm,sk
· · · SNRŝm,sK

...
. . .

...
...

SNRŝM ,s1 · · · SNRŝM ,sk
· · · SNRŝM ,sK

SNR−ŝ1,s1 · · · SNR−ŝ1,sk
· · · SNR−ŝ1,sK

...
. . .

...
...

SNR−ŝm,s1 · · · SNR−ŝm,sk
· · · SNR−ŝm,sK

...
. . .

...
...

SNR−ŝM ,s1 · · · SNR−ŝM ,sk
· · · SNR−ŝM ,sK



(8.12)

Finally, the optimal SNR and sources can be found. This is done by finding the estimated source (both
positive and negative) that maximizes the SNR for each true source, k. The argument (modulo M) gives
which estimated source is the optimal, denoted ĩk.

˜SNRk = max
i

SNRi,k (8.13)

ĩk =
(
arg max

i
SNRi,k

)
mod M (8.14)

where:
˜SNRk is optimal SNR of the k’th source

ĩk is the optimal estimated source for the k’th
source

If the argument of the optimal source is greater than M + 1, the source is in the lower half of the
SNR-matrix, meaning the sign is changed. The optimal sign can therefore be found by subtracting the
argument of the optimization from M + 1 and taking the sign, i.e.:

γi = sign
(

(M + 1)−
(
arg max

i
SNRi,k

))
(8.15)

where:
γi is the sign of optimal source signal

By doing this, meaningful SNRs can be found, even though the estimated sources may be be permuted,
scaled and inverted.

8.1.3 Channel selection

Despite having made different performance measures, it is still of interest to determine which channel is
the "best" (by some criterion which is to be determined) so that channel can be used for segmentation
for calculating QT-intervals etc. There is no interest in calculating this for the maternal channels and
"poor" fetal channels, so an optimal fetal channel must be selected.
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There are multiple ways of doing this: In the paper by [Behar et al., 2014d], a smoothing indicator is used,
which looks at the heart rate variability and a beat comparison between estimated FQRS and MQRS.
Others, such as the Challenge benchmarking, use signal quality measures, as proposed by [Andreotti et al.,
2017]. Here, a signal quality index (SQI) is computed based on different categories of measures, such
as time (e.g. variance, skewness, kurtosis), frequency (e.g. power of FQRS), detection-based measures
(e.g. percentage of correctly detected beats) and FECG-specific measures (e.g. spectral properties of the
FECG). Doing these calculations are however rather complicated, and a simpler approach is desired.

A straight-forward idea is to simply pick the channel with the highest SNR, however this will most likely
lead to maternal channel being chosen, as the maternal SNR will inherently be higher than that of fetal
channels. Another option is to utilize the fact that the maternal and fetal QRS locations are assumed
know (or accurately estimated). One could therefore compare the extracted channel with these reference,
using e.g. correlation:

m̃ = arg min
m

ρ(̂sm,MQRS)− ρ(̂sm,FQRS), m = 1, 2, . . . ,M (8.16)

where:
m̃ is the optimal channel

ŝm is the m’th estimated channel

ρ(x, y) is the (normalized) correlation between x and
y

MQRS is a reference signal with peaks at maternal
QRS locations

FQRS is a reference signal with peaks at fetal QRS
locations

By minimizing the positive correlation to MQRS and the negative correlation to the FQRS, we are finding
whichever channel is least correlated to the maternal signals and most correlated to the fetal signals.

However, it is assumed that a better estimate can be obtained by using mutual information instead of
correlation. This is because correlation only uses second-order statistics, whereas mutual information
(MI) considers the whole pdf, i.e. all moments. The use of mutual information for channel selection is
used by [Vrins et al., 2004], who use it as a pre-processing technique, i.e. choosing which channels to use
for ICA. Here, we use it as a post-processing method, and the algorithm proposed in [Vrins et al., 2004]
is therefore also modified.

The developed channel selection algorithm is instead inspired by [Sameni et al., 2006b], who use an
approach similar to the one in Equation 8.16, where the MI between signal and mother is minimized,
while that between signal and fetus is maximized. It is however done as two separate stages in [Sameni
et al., 2006b], as opposed to the joint optimization presented in this work:

m̃ = arg min
m

I (̂sm,MQRS)− I (̂sm,FQRS), m = 1, 2, . . . ,M (8.17)

where:
I(x, y) is the mutual information between x and y
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The mutual information between two random variables X,Y is defined as [Sameni et al., 2006b, eq. 1]:

I(X,Y ) =
∫ ∫

pX,Y (x, y) · log
(
pX,Y (x, y)
pX(x)pY (y)

)
dx dy (8.18)

With the test measures defined and a channel selection algorithm presented, it is now possible to test the
developed ICA algorithm.

8.1.4 Morphological test measures

In order to compare the quality of the extracted ECGs from a more clinical perspective, some performance
measures must be introduced. In Equation 4.1, the QT interval and T/QRS ratio were introduced as
performance measures, and these will also be used in this comparison. A problem is however that
these measures require the use of a segmentation algorithm, meaning it is both the performance of the
extraction- and segmentation algorithm that is tested. This is problematic, as the segmentation algorithm
often does not return the relevant features (T-peak, T-end), meaning a high number of templates are
rejected [Andreotti et al., 2016, p. 645].
For this reason, a direct comparison of the true and estimated templates is suggested: By calculating
the root mean squared error (RMSE) between the two templates, a similarity measure of the two is
obtained. A desired property of this measure is that by minimizing the RMSE between the true and
estimated templates, the errors in QT and T/QRS must also be minimized, as these implicitly depend
on the difference between the waveforms. However, as mentioned in [Behar et al., 2014a, p. 56], the
RMSE measure is "weighted towards large amplitude features (like the QRS complex) but can provides
little insight into subtle but clinically significant changes". This means that despite the RSME being an
objective measure not relying on correct segmentation of the ECG, it may not accurately capture the
small morphological differences that are of interest.
A table of the three morphology performance measures used can be seen in Table 8.1.

Name and Definition Description Unit

eFQT = |FQTest − FQTref| Absolute error of the QT interval estimate ms

eFTQRS =
∣∣∣∣∣∣ FTh, est

FQRSest

∣∣∣− ∣∣∣ FTref
FQRSref

∣∣∣∣∣∣ Difference between estimated and true T/QRS ratio ·

RMSE =
√

1
N

∑N−1
n=0 (xest[n]− xref [n])2 RMS error between true and extracted FECG template ms

Table 8.1: The performance measures used to compare the different extraction methods.

8.2 Test Plan
The purpose of this section is to give an overview of which tests are to be performed and why.
Two overall test cases are performed, each with two sub-tests:

1. Tests of the ICA algorithm using the ICA test measures described in section 8.1.

A) ICA test on non-ECG signals

B) ICA test on ECG signals
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2. Tests of the constrained ICA algorithm on ECG mixtures using the ECG morphology test measures
described in Section 8.1.4

A) Morphology test on FECGSYNDB

B) Morphology test on ADFECGDB

One could also test the algorithm’s ability to estimate fetal heart rate. But as the algorithm assumes
the fetal QRS locations as known, it does not make sense to see how well it can estimate these locations.
Also, as the purpose of this thesis is to provide morphologically more accurate fetal ECG, it is not needed
to evaluate the ability to estimate fetal heart rate.

An overview of the tests to be performed can be seen in Figure 8.1 and will be each be described in
further details in the following sections.06/06/2018 projectPlan3.xml

1/1
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Figure 8.1: A visualization of the tests to be conducted.

8.2.1 Test case 1: ICA test measures

There are two sub-tests for this ICA test:

A) ICA test on non-ECG signals

B) ICA test on ECG signals

The reason for the test on non-ECG signals is that before performing tests on ECG signals, it is of interest
to test the cICA algorithm on well-known, "simple" signals, and compare its performance with other ICA
algorithms. Hereafter, the algorithms can be applied to artificial ECGs with known mixing matrices.
The performance measures used for this test case are the performance index (PI) and the signal to noise
ratio (SNR) between true and estimated sources, as described in section 8.1.
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The four algorithms tested are:

1. FastICA

2. InfoMax

3. Extended InfoMax

4. cICA: Temporally constrained ICA (ICA with reference)

Test 1A): ICA test on non-ECG signals
For test 1A), 5 artificial source signals are generated:

• Sinusoid

• Triangle

• Amplitude-modulated sine

• Pulse-signals of varying width

• Uniform noise

These signals are scaled in different ways, from a peak amplitude of 2 to an amplitude of 0.005, in order
to make the separation harder, and to emulate the amplitude ranges seen in the ECG mixtures between
fetal and maternal ECGs. A random mixing matrix A is generated, after which the ICA algorithms are
applied. The test includes a no-noise case, and a case with white Gaussian noise added, at an SNR of 12
dB. For the cICA case, the reference signals used are the true signals, in order to test the algorithms in
an ideal case before moving on to more realistic cases, which is done in test 1B.

Test 1B): ICA test on ECG signals
In this test, the FECGSYN-toolbox, see Section 3.1.2, is used to generate 5 artificial ECG mixtures,
i.e. from 5 different subjects, with six sensors used to record the abdominal mixture. The signals are
generated in two cases: Without noise and with a signal (maternal ECG) to noise ratio (SNR) of 6 dB.
In this test, the original signals and the mixing matrix are well-known, and the PI and SNR can therefore
be evaluated to allow comparison of the results.

This test features two sub-parts:

1. Comparison between ICA algorithms

2. Hyper-parameter search for cICA

1): Comparison between ICA algorithms
In this test, the four ICA algorithms mentioned in Section 8.2.1 are tested with and without a reference
signal. For simplicity and to give an ideal foundation for the algorithms, the reference signals used are
the true ECG signals.
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In the cases of FastICA and InfoMax, the reference is used as initialization for the estimated de-mixing
matrix B. For the constrained ICA case, the reference is used as the reference signal for the algorithm.

The step-size used for the cICA algorithm is 0.1, and 0.0001 for the InfoMax methods. No momentum is
used.
The performance measures used are the performance index (PI) of the permutation matrix P = BA and
the signal to noise ratio (SNR) between true and estimated sources.

2): Hyper-parameter search for cICA
The purpose of this test is to investigate which hyper-parameters deliver the best performance of the
constrained ICA method.

The parameters to be determined are:

• Step-size/learning rate, α

• Correlation-threshold, ε

• Momentum-factor, γ

• Maternal reference type

• Fetal reference type

A grid search of different values for these parameters is done on all five subjects, for all combinations
of maternal and fetal reference types. Tests are performed in noise-free and in noisy (6 dB SNR) cases.
Another parameter investigated is the execution time.

The results of this test are of interest for when the cICA algorithm must be applied to other ECG signals,
as is done in test case 2.

8.2.2 Test case 2: ECG morphology test measures

Having tested the ICA algorithms in test case 1, the cICA algorithm can now be tested using the
contextual performance measures as described in Section 8.1.4, namely the QT-interval, T/QRS ratio
and RMSE. This test is of great importance as it is these results that are of interest for the end user.
The tests are conducted on two data sets:

A) The FECGSYNDB data set (synthetic data)

B) The ADFECGDB data set (measured data)

By applying the algorithm to both synthetic and measured data, it can be seen how well the algorithm
performs in both cases.

Case 2A): FECGSYNDB
The purpose of this test is to compare the developed algorithm with the currently existing methods.
The basis for this comparison, i.e. the benchmarking algorithms, are those available in [Behar et al.,
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2017]. This test case is identical to the testing framework presented in [Andreotti et al., 2016], as
described in Section 4.2.3. The code has been modified slightly in order to make it executable, however
no performance-altering modifications to the algorithms themselves have been made, except that only
four sensors are used instead of the eight sensors used by [Andreotti et al., 2016]. This is done in order to
make the results more realistic, as most FECG databases only have four sensors available. The algorithms
are thus not re-implemented, but just re-run on a similar dataset.

Data is generated artificially as part of the code, however the data is generated in the same way as
that in the FECGSYNDB, see Section 3.1.2, which was used as the code for the results presented in
section 4.3. This means the results are comparable, as the data used is just different realizations with
the same parameters, meaning they are statistically identical.

Case 2B): ADFECGDB
The purpose of this test is to see how the algorithm performs on real, measured data from the ADFECGDB
data set. Being real data, there is no knowledge of the original ECG source signals or the mixing matrix.
There is however scalp electrode recordings, which can be used as a reference for the morphology, as
the scalp electrode is the golden standard in fetal ECG morphology. Since the scalp electrode sees a
different projection of the cardiac potentials than the abdominal recordings, the morphology might be
different, but a scalp electrode is the best one can do on real recordings. The data is also annotated, so
the fetal QRS locations are known in advance. An RMSE measure between extracted FECG the scalp
electrode ECG is also included, to compare the accuracy of the estimated ECG. However, the RMSE is
not expected to be zero for an ideal extraction method, as the cardiac electric potentials at the scalp and
abdominal are not the same.

Note that it is not directly possible to test the template-subtraction methods on the real signals as they
require an (accurate) maternal reference signal which is not trivial to generate. Only subspace methods
(ICA, PCA) are therefore tested on these signals.

Having described the test cases that are performed, the results can now be presented, as is done in the
following section.

8.3 Test Results 1A - ICA on Non-ECG Signals
In this section, the test results for the ICA test on non-ECG signals are presented.

Five signals are generated as described in Section 8.2.1, and are mixed using a random mixing matrix.
In Figure 8.2, the sources and mixed signals can be seen, together with the estimated sources. The
sources are here estimated using constrained ICA with true signals as references, and with a correlation
threshold of 0.1. From the figure, it is clear that cICA performs quite good when good reference signals
are available.
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Figure 8.2: The original, mixed and estimated source signals for the non-ECG signals. The ICA method used
is contrained ICA with true references.

If a different ICA algorithm is used, the estimated sources might not be extracted as well, as is clear from
Figure 8.3 where FastICA is used for extraction.
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Figure 8.3: The original and estimated source signals for the non-ECG signals. The ICA method used is FastICA
with true references.

A comparison of the PI and SNRs of the different extraction algorithms can be seen in Table 8.2. The
algorithms are run both with and without reference signals used for B-matrix initialization. Different
correlation thresholds are set for the cICA method, which also has its B-matrix initialization set either
randomly or using the references.
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No noise 12 dB SNR

ICA method PI Mean SNR PI Mean SNR

FastICA 0.68 25.8 2.17 1.36

FastICA w. ref 0.68 25.8 2.17 1.36

InfoMax 2.40 1.81 2.98 -0.67

InfoMax w. ref. 2.96 0.66 4.48 -0.97

Ext. InfoMax 1.07 17.2 3.36 1.15

Ext. InfoMax w. ref 0.63 25.3 2.63 1.43

cICA 2.89 0.98 4.74 -1.20

cICA w. ref, ε = 0.1 0.37 73.2 2.49 2.00

cICA w. ref, ε = 0.9 0.37 73.2 2.49 2.00

cICA w. ref, rand. init, ε = 0.1 2.89 0.98 4.02 -1.01

cICA w. ref, rand. init, ε = 0.9 2.89 0.98 4.02 -1.01

Table 8.2: A comparison between ICA methods on non-ECG signals. Results are found by taking the mean
over 50 random starting values of the de-mixing matrix B. No noise has been to the observations.

In Appendix D, the SNRs can be seen for all 5 test signals, in both noisy and noise-free settings.

From Table 8.2, it is clear that FastICA performs best of the classical ICA algorithms. Also, cICA
performs well when the true signals are used as reference and the reference is used as an initial guess for
the de-mixing matrix. If a random initialization is used, the results of cICA are poor.

8.4 Test Results 1B - ICA on ECG signals
The purpose of this section is to compare various ICA methods on a small set of artificial ECG signals.
There are two purposes of this test: The first is to compare different ICA methods, and see how the
proposed constrained ICA method compares to other ICA algorithms. The other is to do a hyper-
parameter search for constrained ICA, in order to find out which parameters deliver the best performance.

8.4.1 Comparison between ICA methods

The purpose of this test is to compare different ICA methods to see which perform better, as described
in Section 8.2.1.

No noise
In this section, the results for the no-noise test case are presented. Results are thus based on averages of 5
artificially generated ECG mixtures, with no additional noise. The raw results for this test are presented
in tables in Appendix E, but are summarized in the following figures. In Figure 8.4, the performance index
for the ICA algorithms tested can be seen. It is clear that cICA with reference has superior performance
over the other methods.
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Figure 8.4: A comparison of the performance index (PI) for different ICA algorithms on 5 different simulated
ECG recordings. Lower numbers are better.

In Figure 8.5, the SNR for the ICA algorithms tested can be seen. Here, it is clear that the SNR for
cICA with reference is much higher than for any of the other methods, showing that cICA outperforms
the other methods.
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Figure 8.5: A comparison of the signal to noise ratio (SNR) of extracted ECG channels, for different ICA
algorithms on 5 different simulated ECG recordings with an SNR of 6 dB (fetus to noise). Higher numbers are
better.
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6 dB SNR
In this section, noise has been added the artificial signals which the tests are performed on, such that
the signal to noise ratio between maternal signal and the noise floor is 6 dB. The performance index for
the different ICA algorithms is shown in Figure 8.6, while the SNR between true and estimated sources
is shown in Figure 8.7.
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Figure 8.6: A comparison of the performance index (PI) for different ICA algorithms on 5 different simulated
ECG recordings. Lower numbers are better.
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Figure 8.7: A comparison of the signal to noise ratio (SNR) of extracted ECG channels, for different ICA
algorithms on 5 different simulated ECG recordings with an SNR of 6 dB (fetus to noise). Higher numbers are
better.

Another interesting comparison to make, is the execution time between algorithms. This can be seen in
Table 8.3.
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ICA method No noise 6 dB SNR

FastICA 0.18 0.13

FastICA w. ref 0.16 0.14

InfoMax 4.06 4.00

InfoMax w. ref. 7.78 8.18

Ext. InfoMax 22.6 22.0

Ext. InfoMax w. ref 1.26 1.63

cICA 0.09 0.08

cICA w. ref 0.09 0.08

Table 8.3: Execution times (in seconds) for different ICA methods. Shown values are averages over 5 subjects
in no noise.

A general observation is that most ICA methods converged within 5000 iterations, which was defined
as the maximum number of allowed iterations. However, Infomax w. reference and extended Infomax
without reference, did not manage to converge within 5000 iterations for any of the five subjects. This
explains their relatively long execution time.

Finally, looking at the feasibility of the algorithms, it is clear that all the algorithms converge in all cases,
except for subject no. 2 for some unknown reason.

With the ICA algorithms compared, a more in-depth testing of constrained ICA will be performed.

8.4.2 Constrained ICA hyper-parameter search

In this section, a comparison of constrained ICA with different reference signals will be performed. A
comparison of other hyper-parameters such as the step-size (learning rate) and the correlation threshold
are also investigated.

Six different types of maternal references are tested:

• No reference

• True signal

• Square signal from maternal QRS locations

• Weighted maternal ECG template

• Unweighted maternal ECG template

• Maternal template from principal component analysis (PCA)
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Similarly, six different types of fetal references are tested:

• No reference

• True signal

• Square signal from fetal QRS locations

• Biphasic signal from fetal QRS locations

• Biphasic signal from fetal QRS locations and a T-wave

• Template generated from scalp electrode

Just as with the different ICA methods, tests are carried out on 5 aritifical ECG mixtured, either with
no noise applied or with a (maternal) signal to noise ratio of 6 dB. For these tests, the following test
parameters are used:

• Step-size: α = 0.1

• Maternal correlation threshold εm = 0.3

• Fetal correlation threshold εf = 0.1

• Momentum: η = 0

Reference types - no noise
In Table 8.4, the performance index for the different fetal and maternal references can be seen. Results
are obtained by taking the mean over all five test subjects.

Mat. vs fet. ref. type No reference True signal Square from QRS Biphasic from QRS Biphasic + T-wave Template from scalp

No reference 3.37 3.66 3.66 3.74 3.74 3.66

True signal 4.16 0.04 1.55 1.52 1.50 1.36

Square from QRS 4.03 2.03 3.65 3.63 3.56 3.46

Weighted template 4.14 1.59 3.22 3.21 3.25 2.93

Unweighted template 4.15 1.54 3.17 3.16 3.12 2.87

Template from PCA 3.79 1.57 2.70 2.68 2.62 2.54

Table 8.4: A comparison of performance index (PI) of ICA, for different types of maternal and fetal references
in no noise conditions.

In Table 8.5, the signal to noise ratio between true and estimated sources for the different fetal and
maternal references can be seen. Results are obtained by taking the mean over all five test subjects, and
by taking the mean SNR over all six ECG channels to be estimated.
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Mat. vs fet. ref. type No reference True signal Square from QRS Biphasic from QRS Biphasic + T-wave Template from scalp

No reference 0.92 1.74 1.74 1.47 1.46 1.74

True signal 2.84 43.42 23.07 21.65 21.61 24.16

Square from QRS 2.07 24.60 4.25 2.83 2.79 5.34

Weighted template 3.19 26.21 5.86 4.44 4.40 6.95

Unweighted template 2.88 26.33 5.99 4.56 4.52 7.07

Template from PCA 4.80 22.43 7.17 6.88 6.84 7.97

Table 8.5: A comparison of the signal to noise ratio (SNR) between sources for different types of maternal and
fetal references in no noise conditions.

Reference types - 6 dB SNR
The different reference types are now compared in more realistic conditions, i.e. when the maternal SNR
is 6 dB. The performance indices can be seen in Table 8.6, while the average SNR between true and
estimated sources can be seen in Table 8.7.

Mat. vs fet. ref. type No reference True signal Square from QRS Biphasic from QRS Biphasic + T-wave Template from scalp

No reference 3.53 4.20 4.20 4.25 4.09 4.20

True signal 4.53 2.14 2.88 3.08 3.12 2.66

Square from QRS 4.53 2.89 3.85 4.01 4.05 3.74

Weighted template 4.49 2.49 3.33 3.57 3.63 2.96

Unweighted template 4.49 2.55 3.46 3.62 3.69 3.02

Template from PCA 3.79 2.38 2.84 3.23 3.18 2.50

Table 8.6: A comparison of performance index (PI) of ICA, for different types of maternal and fetal references,
with recordings having 6 dB (maternal) signal to noise ratio.

Mat. vs fet. ref. type No reference True signal Square from QRS Biphasic from QRS Biphasic + T-wave Template from scalp

No reference 0.82 1.55 1.55 0.44 0.84 1.55

True signal 2.05 12.18 7.49 5.74 5.69 8.08

Square from QRS 2.05 8.95 4.25 2.48 2.43 4.85

Weighted template 2.52 9.88 5.19 3.42 3.37 5.78

Unweighted template 2.61 9.95 5.25 3.49 3.44 5.85

Template from PCA 3.75 8.64 5.11 4.02 4.06 5.51

Table 8.7: A comparison of the signal to noise ratio (SNR) between sources for different types of maternal and
fetal references with signals having a 6 dB (maternal) signal to noise ratio.

Step size and correlation threshold
The purpose of this test is to compare different step sizes and correlation thresholds, and investigate their
influence on the performance of the cICA algorithm. The following test cases are considered:

• Step size: α =0.01, 0.1, 1

• Fetal and maternal correlation threshold: ε = 0.1, 0.3, 0.99

These are tested on all 5 artificial subjects, with and without noise, for all combinations of 6 maternal
and 6 fetal reference types.
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In Table 8.8, a summary of these test results are shown. To generate the table, the maternal/fetal
reference signal combination giving the best performance is selected for each of the different test cases.
Hereafter, mean PI and SNR are calculated over all five subjects. In addition to the overall average SNR,
the average SNR for just the three fetal VCG channels is considered. Finally, the average execution time
over all five subjects is shown.

α, no noise α, 6 dB SNR ε, no noise ε, 6 dB SNR

Value 0.01 0.1 1 0.01 0.1 1 0.1 0.3 0.99 0.1 0.3 0.99

PI 2.55 2.54 2.48 2.45 2.50 2.49 2.51 2.54 2.40 2.44 2.50 2.46

SNR 7.98 7.98 7.92 5.85 5.85 5.85 7.69 7.97 7.67 5.85 5.85 5.80

Fetal SNR 7.15 6.99 6.97 5.20 5.27 5.28 6.90 6.99 7.34 5.00 5.27 4.94

Exec. time [s] 16.8 17.4 16.5 0.20 0.18 0.19 0.18 17.0 57.9 0.11 0.11 36.2

Table 8.8: Hyper-parameter comparison, where optimal performance using different step-sizes and varying
correlation thresholds can be seen, for artificial signals with and without noise.

Momentum
For the momentum test, we set α = 0.1 and ε = 0.1, and test three different momentum values: η = 0,
0.1 and 0.9. The results of this test can be seen in Table 8.9.

Momentum, no noise Momentum, 6 dB SNR

Value 0 0.1 0.9 0 0.1 0.8

PI 2.51 2.51 2.52 2.44 2.44 2.37

SNR 7.69 7.69 7.71 5.85 5.85 5.85

Fetal SNR 6.90 6.90 7.05 5.00 5.00 5.01

Exec. time [s] 0.17 0.18 0.16 0.16 0.16 0.17

Table 8.9: Comparison between optimal results when using different momentum-factors, for artificial signals
with and without noise.

Feasibility
There are two ways in which the ICA methods can deliver infeasible results: Either by the constraints
not being satisfied or by the algorithm not converging within a predefined number of iterations - in this
case 5000.

All reference combinations for all step sizes deliver feasible results, and likewise for the correlation thresh-
old, except from the largest threshold of ε = 0.99. In this case, it was only the test case where the true
references that were used that the algorithm converged.

8.4.3 Summary

Based on this comparison, it is possible to select which hyper-parameters to use for further testing, when
the morphology studies are to be conducted:
It is clear from the comparison of reference types, that the best performance is obtained by using the
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true signals as reference signals. This is of course not possible for real scenarios, and a different reference
type combination must be chosen. The reference types which for the no-noise case result in the lowers
PI and highest average SNR, is the maternal reference using a PCA template and a fetal reference made
from a template from a scalp electrode.
In the 6 dB SNR case it is still the scalp electrode fetal reference that gives better performance, while
both weighted, unweighted and PCA templates give good results - however, as the SNR difference is only
1 dB, the difference is not that significant.
It is therefore chosen to use the maternal reference using PCA, and the fetal reference using the scalp
electrode template.

For the step-sizes, the performance difference between values is negligible, both for PI and SNR in noisy
and noise-free conditions. The various correlation thresholds also result in practically the same results,
although one should note that the high threshold of ε = 0.99 resulted in infeasible results. For this
reason, a step size in the middle of the testing range is chosen, namely α = 0.1. For the correlation
threshold, a value of ε = 0.1 is chosen as it gives the same PI/SNR performance as the others, but
the algorithm converges much faster. Finally, the momentum factor did not affect performance in any
significant way, and the momentum-factor will therefore be set equal to zero, such that steepest descent
is used for simplicity. The hyper-parameters to be used in the following tests are therefore:

• Step-size α = 0.1

• Correlation threshold ε = 0.1

• Momentum: η = 0

• Maternal reference: PCA template

• Fetal reference: Scalp electrode template

Comparing the results from the classical ICA algorithms in Figure 8.4 and Appendix E with those obtained
using cICA with the selected hyper-parameters, it is clear that FastICA has a comparable performance
to cICA: PI = 2.14 vs 2.51, SNR = 6.16 vs 7.69 dB in the no-noise case.

With the hyper-parameters selected, it is now possible to estimate the morphology of the extracted fetal
ECGs, which is done in the following test.
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8.5 Test Results 2A - Morphology of Artificial Signals
In this section, the test results obtained using the FECGSYNDB dataset are presented. This makes it
possible to compare the developed constrained ICA algorithm with the algorithms used by [Andreotti
et al., 2016].

8.5.1 Comparison with original results

In this section, the results of the benchmarking algorithms are compared with those presented in the
original paper by [Andreotti et al., 2016], which have been shown in section 4.3.
It was decided to run the code using four of the possible extraction methods, namely ICA, PCA, TS-C
and TS-PCA, see Section 3.3.3 for more details. The results of this benchmark can be seen in Figure 8.8.
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(a) QT error for the re-run of the code on generated data.
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(b) T/QRS error for the re-run of the code on generated data.
Figure 8.8: Performance measures for different extraction methods at different SNRs. SNR cases are (from left
to right): No noise, 12 dB, 9 dB, 6 dB, 3 dB and 0 dB.

Comparing Figure 8.8 to the original results as shown in Figure 4.4, some differences are seen and in
general, the results we obtained are not as good as those in Figure 4.4, which is described further in the
discussion, see chapter 9.

8.5.2 Comparison with constrained ICA

In this section, the constrained ICA (cICA) algorithm is compared to other extraction methods as men-
tioned above (ICA, PCA, TS-C and TS-PCA). This is done by three performance measures: QT-interval,
T/QRS ratio and RMSE. In Appendix F, tables showing the mean values of the three performance mea-
sures for each extraction method for each SNR.
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QT interval
The QT interval error can be seen in Figure 8.9, for different SNR levels.
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Figure 8.9: QT-interval error error for different extraction methods at different SNR levels. From left to right:
No noise, 12 dB, 9 dB, 6 dB, 3 dB and 0 dB.

T/QRS ratio
In Figure 8.10, a boxplot of the T/QRS error is shown for different extraction methods.
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Figure 8.10: T/QRS ratio error for different extraction methods at different SNR levels. From left to right: No
noise, 12 dB, 9 dB, 6 dB, 3 dB and 0 dB.
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Root-mean squared error
Finally, the (normalized) RMSE between true and estimated fetal ECG templates are shown, for different
extraction algorithms and SNR levels.
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Figure 8.11: Root-mean square error between true and estimated template for different extraction methods at
different SNR levels. From left to right: No noise, 12 dB, 9 dB, 6 dB, 3 dB and 0 dB.

From this test, it is clear that TS-methods deliver the best performance in regards to the T/QRS ratio
and the template RMSE. For the QT-ratio, ICA and PCA both perform well. The developed cICA
algorithm is slightly better than ICA at estimating T/QRS, but the RMSE and QT-error are higher for
cICA than any of the other tested methods.

8.6 Test Results 2B - Morphology of Real Signals
In this test, the developed constrained ICA algorithm is applied to abdominal mixtures recorded on real
subjects, originating from the ADFECGDB database. There is no "true" unmixed signals, although a
scalp electrode recording is used as the ground truth signal in this test. The ecgpuwave-algorithm is used
for segmenting the extracted fetal ECG, and estimate the desired morphological performance measures.
An RMSE estimate between extracted FECG and scalp electrode is also provided as a performance
measure.

The results from this test are summarized in Table 8.10.

FQT [ms] FT/QRS RMSE

Subj. No. 1 4 7 8 10 1 4 7 8 10 1 4 7 8 10

ICA 100 N/A N/A N/A N/A 216 N/A N/A N/A N/A 0.32 0.38 0.57 0.47 0.57

PCA N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A 0.37 0.36 0.36 0.26 0.36

cICA N/A NA N/A N/A N/A N/A N/A N/A N/A N/A 0.36 0.46 0.58 0.40 0.36

Table 8.10: Morphology test results on the signals from the ADFECGDB. N/A means segmentation did not
return valid results.
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From this table, it is clear that either the extraction methods do not return useful FECGs, or the
segmentation algorithm is struggling to find valid QT and T/QRS ratios, as it was only possible to
segment a single single recording and only by using the classical ICA method.

Looking at the RMSE values in Table 8.10, it appears that PCA performs the best, while cICA is slightly
better than classical ICA. However, due to the poor ability to segment the data and the low number of
subjects, one should be careful drawing conclusions based on these results.

To compare the estimated QT-interval and T/QRS ratio with those from the scalp electrode, a graphical
user interface (GUI) has been developed, which is used for annotating the QT and T/QRS of the scalp
ECG. Due to the poor performance of the extraction and segmentation algorithms, the scalp data is not
annotated. The GUI is however still presented, and can be seen in Appendix C.

116



Chapter 9: Discussion

9 | Discussion
In this section, the methods used and obtained results are discussed. First, some general comments are
presented, after which the reproduction of the results found in literature are discussed. Finally, possible
explanations for the poor performance of constrained ICA are mentioned.

General comments
Looking at the results, it is clear that the proposed method does not beat the current methods in the
ability to extract morphologically accuracy FECG. It is observed that QT-interval errors appear bigger
for cICA than any other method, and the RMSE is also higher. For the T/QRS ratio, cICA performs
better than ICA, but poorer than the other methods. Comparing cICA to other ICA methods, FastICA
seems to perform very well, and is only beaten by cICA if the true references are used. The TS-methods
do however consistently deliver the best morphology results. The reasons why these rather poor results
are seen, is explained in the later in this chapter.

The RMSE measure used to compare the accuracy of the extracted ECGs might not be a meaningful
performance measure in some cases, as the true signals used for the RMSE comparison are the VCGs.
However, the algorithm is not estimating the VCG components, which means the ECGs are not expected
to have a similar waveform to the VCGs (although the morphology measure might be similar). Similarly
for the real signals where the scalp electrode is used as the true signal, we do not expect the extracted
FECG to have the same waveform as the scalp electrode data. This is the reason why the more general-
izable measures of QT and T/QRS are more meaningful, as they should be somewhat identical for both
VCG, ECG and scalp.

It turns out that the segmentation algorithm rejects a lot of signals, i.e. it fails at providing physiologically
possible morphology estimates. This is partly due to poorly extracted MECGs, but as the algorithm also
fails at extracting morphology features from the true sources, it shows that the segmentation algorithm
could be improved. The high number of rejected signals explain why a lot of N/A’s were seen in the test
on the true recorded ECGs.
This might also be a reason for why the variance of the results between runs is quite high: If a high
number of signals are rejected, a smaller batch size is used for calculating the performance, and the
sample variance will be higher. An observation related to this, is the fact that the results from the
FECGSYN framework could not be reproduced, as described in the following.

In some cases, it is however obvious why the segmentation algorithm fails: Looking at a median of 10
ECG cycles from the scalp electrode, it is observed that there is no clear T-wave present in (some of)
the signals, see Figure 9.1. This obviously makes it near-impossible for the algorithm to estimate the
QT-interval and T/QRS ratio, meaning it fails. The reason why no T-wave is seen in some scalp electrode
data is not known, and require more knowledge on FECGs than what has been covered in this thesis.
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Figure 9.1: The median of 10 ECG cycles of the scalp electrode data from recording r01 from the ADFECGDB
dataset. Note the lack of a clear T-wave.

Reproducing FECGSYN results
As described in Section 8.5.1, the results obtained by running the benchmarking algorithms as shown in
Figure 8.8 are not identical to the results presented in Figure 4.4 i.e. the original results from [Andreotti
et al., 2016]. The reasons for this are discussed in the following.

Firstly, it is noted that the quantile bars in the boxplot of Figure 8.8 are larger in the re-run than in
the original one. The exact reason for this is unknown, but one reason might be the fact that only four
abdominal sensors have been used to generate the results in this thesis, as opposed to the eight sensors of
the original paper. This is based on Figure 3.3, where a slight performance increase is seen between using
4 vs 8 sensors, and the intuition that by using 8 sensors, we better capture the true nature of the ECGs,
by having more projections/more data. Another option is that many runs have been performed in the
paper by [Andreotti et al., 2016] in order to obtain a realization yielding a low error, but a more likely
explanation is due to the high rejection ratio of the algorithm: As described in Section 4.3, a very high
number of templates could not be generated or segmented, yielding rejection ratios as high as 90 % for the
re-run. This will obviously affect the performance, as the data not rejected might not be representative
for the statistics of all the data.

Secondly, the outliers are omitted in the results from [Andreotti et al., 2016]. This makes it hard to
compare the two, as the outliers are only such in a statistical sense - the algorithm it self has not detected
them as outliers, and they are therefore valid results - just very poor ones. From the re-run of the tests,
the amount of outliers might be as high as 10 % of the total number of samples per case - this is quite
high, which again emphasizes that they should not be removed.

Most outliers are present in the no-noise case, which, when excluded, is the category performing the best,
as would also be expected. However, when the outliers are not excluded, there is no clear performance
difference between the SNRs, or the methods. This is quite different than the results seen in Figure 4.4.
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Despite it not being able to reproduce the results obtained by [Andreotti et al., 2016], the re-run is still
a valid benchmark tool, as the developed algorithm is tested on the same data (i.e. simulated data using
FECGSYN), meaning a direct comparison is fair.

Possible reasons for poor performance of cICA
As mentioned when describing the VCG-ICA approach, we know the underlying electrical activity of the
heart has three components, namely the x, y and z-directions - this is true for both the maternal and fetal
hearts, meaning the mixture is described by a 6-dimensional source space. Having ICA to take something
described in 6 dimensions and reduce it to just four (assuming four sensors are available), one cannot
assume that nicely separated, morphologically accurate ECGs will result, as the information in the six
dimensions must somehow be incorporated in the projection onto the four-dimensional space. This is
suspected to be a key reason why cICA does not work well on this problems, as all tests are done using
only four recorded channels.

An interesting observation is that the cICA algorithm has very fast convergence (2-3 iterations) when the
references are used to generate the initial guess for the de-mixing matrix by using the pseudo-inverse. The
reason for this is that the initial guess is located close to a local minimum, which cICA then converges to.
The fact that local minima’s are present, is clear from the fact that the solution obtained from a random
guess is not the same as that obtained when using the pseudo-inverse, which again is not the same as
the true solution. As this is seen for both the ECG- and non-ECG-test, this clearly demonstrates how
the highly non-convex nature of the problem. This could be because there are some linear combinations
of the sources which appear independent, (i.e. are very non-Gaussian by having a high negentropy), but
there is some other linear combination (the true one) which has an even higher negentropy. Another
reason for the non-convexity might be that the ECG signals have similar statistics, meaning it is difficult
to distinguish them - mixing them in various ways may therefore not alter the cost significantly.

A method which might help prevent converging to a local minima, is to add noise to the references to
make them less "accurate", thereby forcing cICA to search for a better solution, which should hopefully
lead to a different solution than that found by just using the pseudo-inverse as initial guess.
Another possible solution is to use a grid search of random guesses, thereby trying many different initial-
izations of the de-mixing matrix spanning the entire search-space, thus increasing the chance of finding
the global minimum.

Convergence of cICA is tested by evaluating the norm of the difference between the current de-mixing
matrix and the one from the second-newest - if it is below a certain threshold, the algorithm has converged.
Setting this convergence threshold it lower, cICA is forced to run for longer periods of time, which affects
the end result. In the tests, the threshold was set rather high, in order to ensure that the algorithm
did converge, as it was observed that lowering value would mean cICA did not converge, especially if it
was strongly constrained. A small test of tuning this parameter showed that a lower threshold produced
better results on cICA without reference, but not with the reference, as it made it hard for the algorithm
to converge within the maximum allowed number of iterations.

From the hyper-parameter search, it was seen that more realistic reference signals lead to better results.
This is because a the pseudo-inverse used for the initial guess was then closer to the true inverse of the
mixing matrix. The fast convergence also explains why the choice of step-size, momentum and correlation
threshold did not change the performance significantly.
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10 | Conclusion
In this thesis, the topic of non-invasive fetal electrocardiogram (NI-FECG) estimation has been studied.
First, the necessary clinical background in terms of the components of the ECG, ECG morphology and
the motivation for doing electronic fetal ECG monitoring have been described.

A literature review was conducted, from which the current methods for estimating both fetal heart rate
(FHR) and FECG morphology were described in overall terms and compared. The methods currently in
use are template subtraction methods, subspace methods (such as principal component analysis (PCA)),
source separation methods (such as independent component analysis (ICA)) and adaptive methods such
as least-means-square (LMS) filters.

Using the FECGSYN framework, which makes use of the fetal ECG synthetic database (FECGSYNDB),
was is possible to compare fetal morphology estimation methods, using the morphological performance
measures QT-interval and T/QRS ratio.

Based on tests of the different extraction methods (using the FECGSYN framework), some of the prob-
lems with the current methods are identified. Based on this analysis, three potential new extraction
methods are presented: Beamforming, vectorcardiogram independent component analysis (VCG-ICA)
and constrained ICA. Of these, the constrained ICA method is investigated further as it proves the most
useful from both a theoretical and practical perspective.

Classical ICA algorithms aim at finding the (statistically) maximally independent components/sources
of an observed mixture. This is done using some independency measure such as mutual information
or negentropy which is based on kurtosis, a fourth-order statistics which can be interpreted as a non-
Gaussianity measure. Two such algorithms are the widely known algorithms FastICA and Infomax, which
have both been derived.

In constrained ICA (cICA)/ICA with reference, the independency of extracted components is still maxi-
mized, but a correlation constraint between the estimated sources and a set of reference sources is included
in the optimization problem. The cICA algorithm is derived as a solution to this constrained optimization
problem. Different reference signals were tested, ranging from simple pulse signals at the QRS locations,
to maternal ECG templates using PCA and fetal ECG templates using scalp electrode data.

The performance index (PI) and signal-to-noise-ratio between true and estimated sources were used for
testing the constrained ICA algorithm against FastICA and Infomax, on both non-ECG signals and
synthetic ECGs. From this test, it was clear that cICA provides excellent results if the true signals were
used as references, and if the references were used to generate an initial guess for the de-mixing matrix
instead of a random guess. Generally though, FastICA provides an acceptable estimate which is hard to
outperform unless very good reference signals are provided to cICA.

A hyper-parameter search was performed, in order to find out which reference signals, step-size, and
correlation threshold give the best performance. With the parameters selected, the cICA algorithm was
tested using the FECGSYN framework and compared to other methods such as "classical" ICA, PCA
and template subtraction.
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Results indicate that cICA does not perform better than the other methods when looking at the QT-
interval, but does perform slightly better than ICA when estimating the T/QRS ratio. The quality of the
test results is however debatable as the algorithm used to segment the estimated FECGs often fails, and
the results reported in the literature could not be reproduced. Developing a more robust segmentation
algorithm is therefore of great interest.

From these tests, it is observed that the algorithm quickly converges to a local minimum close to the initial
guess, which is based on the reference signals. Due to the this non-convex nature of the optimization
problem, the performance of cICA comes down to the accuracy of the reference signals.

Finally, the extraction methods are tested on real recordings, however none of the performance measures
could be estimated for any extraction method, thus proving that the topic of NI-FECG estimation is very
difficult in practice.

In conclusion, a constrained ICA algorithm has been derived, which makes use of reference signals to
obtain more accurate FECGs. The algorithm does not outperform other FECG extraction algorithms,
(neither ICA- nor non-ICA-methods), thus demonstrating that ICA methods, and in particular con-
strained ICA, is not as good as template subtraction methods for extracting morphologically accurate
fetal ECG.
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11 | Future Work
In the current implementation of cICA, a gradient-descent solver is used, instead of the Newton-like
update rule proposed by [Lu and Rajapakse, 2006]. This was done in order to simplify the algorithm.
One could include the Hessian to obtain a Newton-like update rule which should converge faster as the
curvature of the optimization landscape is also taken into account. But, being a second-order method,
Newton’s method may converge to a saddle point or maximum when being applied to higher-dimensional
systems instead of a minimum. A small test in which the Hessian was included in the cICA update step
did show a slightly faster convergence, but no obvious changes to the quality of the solution. One could
do more experiments with using Newton’s method in order to obtain faster convergence.

An interesting point is brought up by [Sameni et al., 2006a, p. 657]: "The ECG and VCG signals are
not symmetric around their mean values, and the isoelectric point of the heart slightly differs from the
mean values of the data". What this means in practice is that while ICA assumes the data as symmetric
(since the sign cannot be determined and the mean is subtracted), this may not be a correct assumption
when dealing with ECG signals, as is demonstrated in Figure 11.1. This means the extracted ICs do
not correspond to the expected dimensions of the VCG space. This can be overcome by "mirroring"
the signal, i.e. by stacking the observation vector with an inverted version of itself, thus making the
observations symmetric around zero as ICA expects. Small tests indicate that this does not change the
result significantly, but combined with the other improvements it might give rise to better results.

Figure 11.1: The effect of pdf asymmetry on the extracted ICs. (a) asymmetric pdf (b) pdf made by stacking
with inverted observations. The mixing vectors extracted by ICA are plotted in each case. Figure taken from
[Sameni et al., 2006a, fig. 1]

It is observed that none of the subspace and source separation methods methods work on real signals.
It would be interesting to generate accurate maternal references, so the TS-methods could be applied to
real signals, to see if these methods would be able to provide morphologically accurate estimates of real
ECG data. Getting accurate ECGs on real data is however still difficult due to unexpected morphology
(i.e. missing T-wave) of the scalp ECGs.

An important improvement would be to develop a better segmentation algorithm, to reduce the number of
ECG cycles being rejected. This is however not straight forward as the ecgpuwave segmentation algorithm
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currently used in the FECGSYN framework is one of the best open-source algorithms available. It could
also be interesting to apply the developed algorithms to eight abdominal channels using the FECGSYN
framework, to get results that are directly comparable with those from [Behar et al., 2014d].

Another thing to consider is the ability to do real-time implementations of the extraction algorithm, as
this might be preferred in clinical situations, over having a delay of several minutes due to processing.
For this reason, simpler algorithms than ICA might be of interest, as they will have a lower execution
time.

In conclusion, the results obtained point towards ICA not being the best method for extracting mor-
phologically accurate FECG. For this reason, one could consider using a completely different method -
one such could be by using neural networks (NNs), which have proven highly useful in a wide range of
applications from speech processing and image recognition to playing chess. The literature on NNs being
applied to the problem of NI-FECG is rather limited, and no literature describing a deep neural network
(DNN) being applied to the problem has been found. It therefore seems like a very promising method to
apply such a network.

A challenge which must be handled when applying a NN on this problem is that the input and output
variables are time-series, and not just a series of random samples. This mean that the commonly used NN
structure of multilayer perceptrons (MLPs) is not suitable, as the number of variables becomes very large:
A 500 element input and a single hidden layer with e.g. 1000 units will result in 500·1000+1000 = 501000
parameters.
It also means that as correlations are be present over time, due to the periodicity of the ECGs, the
NN must be able to handle having large correlations between samples far from each other. This rules
out the use of convolutional neural networks (CNN), typically used for images, as these assume local
coherence/correlation, exactly the assumption which we need to overcome. Instead, one might use re-
current neural networks (RNNs) or long short-term memory networks (LSTMs), which are designed for
modeling sequences such as time-series. One might also be able to reformulate the problem, such that
the time-series need not be considered, and an MPL might then be used.

Implementing the proposed improvements may lead to better extractions, but many things also point
towards the conclusion that ICA might not be the method to use for extracting morphologically accurate
fetal ECG, and that other approaches such as a neural network should be attempted instead.
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Appendices

A Electrocardiographic Leads
A normal ECG consists of 12 leads, which can be split up into two categories: The 6 limb lead (also called
extremity leads), and the 6 chest leads (also called precordial leads) [Hall, 2016, p. 134-136]. These two
types will be described in the following.

Limb leads
The extremity leads be split up into two types: Three standard leads and three augmented leads. All six
limb leads are obtained by placing three electrodes on the body: On the right arm (RA), the left arm
(LA) and left leg (LL). These three electrodes form an equilateral triangle called Einthoven’s triangle,
as can be seen in Figure A.1. The idea of this triangle is that the distances between the cardiac electric
vectors and extremities is great enough to be assumed infinity, which means the heart can be represented
by a single electric dipole [Fuster et al., 2007, p. 295].

The standard leads are also called bipolar limb leads, as they measure the potential difference between
two of the electrodes as described in Table A.1. The augmented leads are formed by connecting two of the
electrodes through a resistance (thus taking their average) to the negative terminal, forming a common
ground and using the remaining electrode as the positive, see Figure A.1 and Table A.1 [Hall, 2016, p.
136].

Each lead measures the electrical activity from a certain angle, called the angle of orientation, and can
most easily be found looking at Einthoven’s triangle in Figure A.1. These angles are also shown in
Table A.1.
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Figure A.1: Einthoven’s triangle and the six limb leads [Cables and Sensors, LLC, 2018].

An interesting relation can be derived from Kirchoff’s voltage law, which states that the sum of voltages
around a closed network is zero. This means that the sum of the potentials recorded by lead I and II
equal the potential recorded by lead III. This is also known as Einthoven’s law [Hall, 2016, p. 135].

Electrode choice/

Lead number
Negative Positive Angle

Lead I RA LA 0°

Lead II RA LL 60°

Lead III LA LL 120°

Lead aVF 0.5 (RA+LA) LL 90°

Lead aVL 0.5 (RA+LL) LA −30°

Lead aVR 0.5 (LA+LL) RA −150°

Table A.1: The relationship between limb leads and electrodes, as well as the angle of orientation. [Thaler,
2007, p. 40]

Chest leads
Chest leads are often called unipolar leads, as they consist of a single electrode for each lead. This is of
course not true, as one always must measure a voltage relative to some ground potential. This ground
potential is in ECG terminology called Wilson’s Central Terminal (WCT), and is formed by taking the
average of the LA, RA and LL electrodes, by connecting them together through 5000Ω resistors. The
sum potentials of these electrodes is approximately1 equal to zero throughout the heart cycle with respect

1As the LA, RA and LL are not exactly equidistant from each other and the heart, the potential of the WCT
is approx. 0.3 mV on average [Fuster et al., 2007, p. 296]
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to any point on the body surface, making it a good grounding point [Fuster et al., 2007, p. 295].

The six chest leads thus measure the electric potential between the electrodes and the WCT. The six
electrodes are placed in the front and left part of the chest, meaning they measure in the horizontal plane
of the chest. The measurement directions obtained by chest leads is shown in Figure A.2, together with
the directions of the six limb leads.

Figure A.2: The different measurement angles obtained by a 12-lead ECG. Notice how the extremity leads
measure in the vertical plane, while the chest leads measure in the horizontal plane. [Cables and Sensors, LLC,
2018].

12-lead ECG
Combining these 12 leads provides a wide range of information about the electric activity of the heart,
with each lead giving information in a angle of orientation. For instance, "leads II, III, and AVF are called
the inferior leads because they most effectively view the inferior surface of the heart." [Thaler, 2007, p.
42].
The orientation of the leads determine how the ECG looks: For instance, the P-wave comes from the
depolarization from the right atrium to the SA node, i.e. moving in a downwards direction to the left.
As lead II measures in this direction, the P-wave will on lead II be positive. However, the aVR lead
measures in the opposite direction, meaning the P-wave will be negative on this lead. [Thaler, 2007, p.
47].

The electrical axis is defined as a vector originating at the WCT, and shows the direction of the electrical
activation process of the heart projected onto the vertical plane given by the limb leads [Fuster et al.,
2007, p. 295]. The normal electrical axis of the ventricles is 59° [Hall, 2016, p. 145], and for this reason
one sometimes chooses to find the rhythm (heart rate) by looking only at lead II, as lead II will give a
very strong QRS complex, making it easy to find RR-interval.
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B Beamforming Methods
Beamforming is a method used to perform spatial filtering, by forming a directional sensor from multiple
sensors placed in an array configuration. By spatial domain is meant that instead of sampling over time,
samples are spread over different locations in space [Van Trees, 2004, p. 17]. As part of this, it is often
necessary to estimate the direction of arrival (DoA) of the signal. This can be done by doing spatial
spectral analysis, which can be interpreted as the spatial equivalent of applying the Fourier transform to
a temporal signal.

This means that when the DoA has been found, a spatial filter can be applied though beamforming, such
that signals not coming from the desired DoA, i.e. noise sources, are attenuated, just as a FIR filter
is used to remove undesired frequency components of a temporal signal. A beamformer is therefore an
option for attenuating the maternal ECG, by exploiting the different DoAs of the maternal and fetal ECG
signals. The purpose of this section is to explore the opportunities and limitations related to applying a
beamformer to FECG extraction.

In Figure B.3, M sensors are placed in a Uniform Linear Array (ULA) separated by a distance d, onto
which an wave with wavelength λ is coming from the DoA θ0. At every time instance n, each sensor
produces an output xm[n].

23/03/2018 BeamForming

1/1

Figure B.3: A wave with wavelength λ hitting anM -element uniform linear array at a direction of arrival (DoA)
of θ0.

B.1 Relation Between Spatial and Temporal Sampling

The similarity between spatial spectral analysis and the discrete-time Fourier Transform (DTFT) is
obvious when comparing their definitions - note however that this direct comparison is only valid for
ULA’s [Van Trees, 2004, p. 38]:

X(θ, n) =
∞∑

m=−∞
xm[n] · exp (2πj · d ·m · (ξ cos(θ))) (B.1)

X(f) =
∞∑

n=−∞
x[n] · exp (2πj · Ts · n · f) (B.2)

As is clear from Equation B.1 and B.2 is that both are transforms on the same form, but with different
summing indices and variable names in the exponential. In Table B.2, a direct comparison of these
variables in the temporal and spatial domain can be seen.
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Frequency Period Number of samples Sampling rate

Spatial ξ · cos(θk) λ M d

Temporal f T N Ts

Table B.2: An overview of the similarities between temporal and spatial domains.

While the Fourier domain describes the frequency content of the signal for a temporal signal, the Fourier
domain for a spatial signal describes the DoA, ranging from 0 to 2π (or −π to π), relative to the broadside
of the array, as can be seen in Figure B.4.

25/03/2018 spatialFreq

1/2

Figure B.4: Two planar waves with the same wavelength λ hitting a sensor array. The red wave represents a
spatial frequency of ξ = λ−1, while the green wave represents a spatial frequency of 0, as the wavefront hits all
sensors simultaneously.

The intuition behind the term spatial frequency is, just as with temporal frequency, the frequency/phase
difference between consecutive samples: The closer the wave is to coming from an angle of 0 or π radians
(relative to the array axis), the bigger the phase difference between each sample, and thus the higher the
frequency. Conversely, when the wavefront is normal to the array, the phase difference between samples
is 0, corresponding to DC. This is the reason why the spatial frequency in Equation B.1 and Table B.2
contains a cosine-term, as this encodes the DoA information into the expression. In order to avoid spatial
aliasing, the sensors must have a spacing of d < λ/2.

B.2 Propagation Speed and Sampling Resolution

As is clear from the concept of spatial frequency, beamforming relies on using the phase information
present in the received signal and deriving the direction of arrival (DoA) from this phase difference
between array elements. It is therefore critical that there is a significant phase difference between array
elements.

To investigate the size of this problem, the maximum phase difference between two array elements is
calculated. In order to do this, the velocity of the electromagnetic wave of the ECG in the human body
must be found. At low frequencies (< 100 kHz), it is primarily the extracellular fluid which conducts the
electric signal through the body. For this calculation, this fluid is assumed being water, having a relative
permittivity of εr = 85 [IT’IS Foundation, 2016] and a relative permeability of µr ≈ 1. The frequency
of the signal is also needed - in this case we will asssume a best-case frequency of 100 Hz, which is the
cutoff frequency of the low-pass filter described in Section 5.5.2. Using these values, the wavelength of
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the electric signal in the human body can be found as:

λ = v

f
= c

f
√
εrµr

= 3 · 108

100 ·
√

85 · 1
= 325 · 103 m (B.3)

The wavenumber k is defined as [Van Trees, 2004, p. 30]:

k = dθ
dx = 2π

λ
(B.4)

where:
θ is the phase [rad]

x is the position [m]

λ is the wavelength [m]

Using this definition and substituting the differential with simple differences, we can find the phase
difference between two points on the wave, separated by ∆x. In this case, we are interested in the phase
difference between two electrodes on the maternal stomach, so we set ∆x = 0.2 m, as this is a realistic
yet optimistic electrode distance:

∆θ = 2π∆x
λ

= 2 π · 0.2
325 · 103 = 3.86 · 10−63 (B.5)

Converting this number to decibel gives -108 dB, meaning that the SNR must be at least 108 dB in order
for the phase difference not to be overshadowed by the noise. Also, by converting the inverse of this
number to base 2 gives the number of bits needed to represent this number, i.e. the bit-resolution needed
to sample the signal with the precision:

Nbits = dlog2((∆θ)−1)e = 18 (B.6)

where:
Nbits is the necessary bit-resolution

Thus, an ADC with a a bit resolution of at least 18 is needed. All these factors prove that it is highly
impractical, even in the best case, to be able to sample the signal such that it can be used for beamforming.

B.3 Beamformer gain

The purpose of this section is to investigate which performance increase can be obtained by using beam-
forming methods on ECG signals.

A uniform, linear array (ULA) configuration is assumed, as this eases the calculations significantly. It
is assumed there are M = 4 sensors, while K = 180 describes the number of directions of arrival that
is swept through, which can be interpreted as the number of bins in the Fourier Transform due to the
similarity between spatial and temporal domains as described above. A single array output vector x[n]
at sampling time n is called a snapshot and is modeled as:

x[n] = A(θ)s[n] + v[n] (B.7)

where:
θ is a K × 1-vector of the DoAs [rad]
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A(θ) is an M ×K matrix of steering vectors

s[n] is a K-vector of signal waveforms

v[n] is a M × 1 noise vector

In the following the noise is ignored, and we just consider the performance of the beamformer in ideal
settings. The columns a(θk) (steering vectors) of the steering matrix are for a ULA given as:

a(θk) = [1, exp(2πjξd cos(θ2)), . . . , exp(2πj(M − 1)ξd cos(θK))]T (B.8)

where:
d is the element spacing [m]

ξ = λ−1 is the spatial frequency
[
m−1]

Notice that this steering matrix is simply a matrix equivalent of the spatial DTFT as described in
Equation B.1. Assuming the simple case of the transmitted signal being a sinusoid, the signal received
by the the m’th array element at time n can be found as:

sm[n] = cos(2πξnm · d · cos(θ0)) (B.9)

In this case, we choose to only consider a single snapshot, i.e. the case of n = 0. Setting d = ∆x = 0.2
m and using the wavelength λ = 325 · 103 m−1 as found above, the array output x[n] = A(θ)s[n] can
be calculated. Converting the output to dB yields the plot seen in Figure B.5. In order to show that
beamforming is a useful tool in biomedical applications, the same array is re-used, but is instead applied
to phonocardiographic (PCG) signals, i.e. audio recordings of the heart. Sounds moves at a speed of
v = 1540 m/s in human tissue [Curry et al., 1990, p. 325], and for visualization purposes, an abnormal
high frequency of f = 5 kHz is chosen. The beamforming pattern emerging from these assumptions can
also be seen in Figure B.5, from which it is clear that a much higher array gain is obtained.
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Figure B.5: The array gain in dB as a function of the angle θ, for both the ECG signal considered and a PCG
signal for reference. In both cases, the DoA is θ0 =135°.
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The reason for the near-zero array gain on the ECG signal, is due to the fact that d << λ. If one were to
think of this in the time domain instead of the spacial domain, this would be equivalent to the frequency
of the incoming signal being much smaller than the sampling frequency, which yelds a poor resoultion in
the Fourier domain:
The resolution of each DFT bin is ∆f = 1/(M · d), which for M = 4 and d = 0.2 m yields 1.25 m−1.
However, due to the high velocity of the ECG, the spatial frequency is ξ = λ−1 = 3.1 · 10−6. This is
much smaller than the resolution of a single DFT bin, meaning that no matter the DoA, all samples will
fall in the first DFT-bin, making it impossible to estimate the DoA. It would thus require a lower signal
velocity (as demonstrated with the PCG signal) or more sensors or a bigger distance between them to
get a higher DoA accuracy.

B.4 Anisotropic nature of the heart

A typical assumption in beamforming applications is that the source is of isotropic nature, i.e it is a
point-source which radiate with equal power in all directions. Far-field is also a typical assumption made,
meaning the source is located so far away that the arrays observe a plane way. [Johnson and Dudgeon,
1993, p. 20]
This is however not a valid assumption to pose for the human heart: As described in Appendix A, the
heart can be modeled as a dipole, which does not have isotropic transmission. Likewise, far-field cannot
be assumed: In fact, the whole purpose of ECG is to utilize the non-isotropic and near-field properties of
the heart, such that different projection of the electric activity of the heart is observed at different leads.

This causes the problem (in a beamforming sense) that different signals are received at different array
elements, due to the near-field anisotropic nature of the heart. This means the signals received are not
just simple delayed versions of the original signal, even if the propagation medium was ideal (free-field),
making the beamforming more difficult. The assumptions on the propagation medium is described in
greater detail in the following.

B.5 Inhomogeneous propagation medium

Typically, the medium through which the signal propagates is assumed homogeneous, i.e. having the
same properties at every point in space. Inhomogeneous media "lead to refraction, which changes the
direction of propagation throughout space" [Johnson and Dudgeon, 1993, p. 39], and must be taken into
account by the array processing algorithm.
The human body cannot be considered homogeneous, as it consists of various types of tissue, both muscle,
fat and skin. These tissues have different relative permittivities, which alter their conductive properties
[Miklavčič et al., 2006, table 1]. As there are many changes in transmission medium (from heart to
layers of muscle and fat and finally to the skin), the propagation medium becomes quite complicated
to describe. This becomes even more complicated by the fact that the medium is different for different
directions - the layering of muscle and fat is not the same in all directions from the heart, meaning a
different propagation channels are seen by different array elements.
A final complicating factor is the inter-subject variations in the propagation medium: All humans are
different, and the propagation channel will therefore depend on the amount of fat and muscle tissue in
each subject, in addition to the position and movement of the fetus. Modeling the propagation medium
will therefore become almost impossible, which excludes beamforming as a suitable method for extracting
the fetal ECG.

140



Appendix C. Annotation GUI

C Annotation GUI
In this appendix, the graphical user interface (GUI) which has been designed for annotating fetal ECG
is presented, and can be seen in Figure C.6.

The purpose of having such a user interface is to allow annotators an fast, easy way to annotate the
morphology of ECG signals. If the annotations are performed on reference signals, they can be used as
a baseline for comparing the quality of the morphology from estimated fetal ECGs. One can also use
the GUI for annotating the extracted signals, to allow for direct comparison with true fetal ECGs, thus
avoiding the need for a segmentation algorithm.
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Cannot Annotate Cycle

Figure C.6: A screenshot of the GUI developed for annotating the morphology of (fetal) ECG. The QT interval
has been annotated on this ECG cycle.

The GUI has a button for choosing which file to load, but so far only .edf files are supported, as the GUI
is intended for annotating the scalp electrode data from the ADFECGDB data set, which is saved in this
format. After loading a file, an optional bandpassfilter (bandwidth 1-100 Hz) can be applied. The GUI
automatically presents segments of the ECG, using pre-annotated QRS locations. In order to make the
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ECGs less noisy, the GUI takes the median of 10 ECG cycles - this also reduces the number of ECGs
which must be annotated by a factor of 10.

As the selected performance measures are the QT-interval and the T/QRS ratio, the GUI must allow for
annotating these quantities. This is done by simply clicking the designated buttons, after which one can
click the start/stop or top/bottom values of the intervals to be annotated. In Figure C.6, the QT interval
has been annotated using this approach.
When a new, un-annotated ECG cycle is presented, the GUI automatically suggests the annotations from
the previous cycle as suggested annotations and marks the annotations as only being suggestions. The
annotator can then discard the suggestion my manually annotating the cycle, or accept them by simply
moving on to the next cycle.

The annotations are automatically saved every time a new ECG cycle is chosen, but there is also an
option for manually saving the annotations.
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D Results of ICA on Non-ECG Signals
In this appendix, the results from the comparison of the different ICA algorithms on artificial non-ECG
signals are shown in a series of tables.
Tests are performed in two cases: No noise and in 12 dB SNR. The tests are conducted on 5 synthetic
signals, and are repeated 50 times using different random initializations of the de-mixing matrix B, for
those cases where the reference signals are not used as initialization of B.

D.1 No noise

ICA method Sig. 1 Sig. 2 Sig. 3 Sig. 4 Sig. 5

FastICA 17.27 32.64 36.00 15.72 27.27

FastICA w. ref 17.27 32.64 36.00 15.72 27.27

InfoMax 1.74 1.27 1.38 3.17 1.47

InfoMax w. ref 0.58 0.22 0.91 0.90 0.70

Ext. InfoMax 24.49 22.22 -2.83 44.75 -2.64

Ext. InfoMax w. ref 17.95 29.61 36.27 15.03 27.63

cICA 1.60 1.65 2.78 -1.49 0.39

cICA w. ref, ε = 0.1 41.91 41.98 48.95 182.36 50.68

cICA w. ref, ε = 0.9 41.91 41.98 48.95 182.36 50.68

cICA w. ref, rand. init, ε = 0.1 1.60 1.65 2.78 -1.49 0.39

cICA w. ref, rand. init, ε = 0.9 1.60 1.65 2.78 -1.49 0.39

Table D.3: The SNR for all 5 non-ECG signals, for different ICA methods. Results are the found by taking the
mean over 50 random starting values of the de-mixing matrix B. No noise has been added to the observations.
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D.2 12 dB SNR

ICA method Sig. 1 Sig. 2 Sig. 3 Sig. 4 Sig. 5

FastICA -2.79 4.81 7.88 -2.77 -0.31

FastICA w. ref -2.79 4.81 7.88 -2.77 -0.31

InfoMax -2.85 0.30 1.62 -2.72 0.29

InfoMax w. ref -2.79 0.39 0.57 -2.78 -0.22

Ext. InfoMax -2.78 3.96 8.42 -2.86 -1.00

Ext. InfoMax w. ref -2.82 4.90 8.39 -2.78 -0.55

cICA -2.94 0.14 0.42 -2.72 -0.92

cICA w. ref, ε = 0.1 -2.70 5.06 8.45 -2.67 1.90

cICA w. ref, ε = 0.9 -2.70 5.06 8.45 -2.67 1.90

cICA w. ref, rand. init, ε = 0.1 -2.83 -0.72 1.13 -2.78 0.12

cICA w. ref, rand. init, ε = 0.9 -2.83 -0.72 1.13 -2.78 0.12

Table D.4: The SNR for all 5 non-ECG signals, for different ICA methods. Results are the found by taking the
mean over 50 random starting values of the de-mixing matrix B. White Gaussian noise has been added to the
observations at an SNR of 12 dB.
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E Results of ICA Comparison on ECG Signals
In this appendix, the results from the comparison of the different ICA algorithms is shown in a series of
tables.

Tests are performed in two cases: No noise and in 6 dB SNR. The tests are conducted on 5 synthetically
generated recordings i.e. on 5 different subjects. The step-size used for the cICA algorithm is 0.1 and
0.0001 for the InfoMax methods. No momentum is used.

The four algorithms tested are:

1. FastICA

2. InfoMax

3. Extended InfoMax

4. Temporally constrained ICA (ICA with reference)

All algorithms are tested with and without a reference signal - for testing purposes, the reference signals
used are the true ECG signals. In the cases of FastICA and InfoMax, the reference is used as initialization
for the estimated de-mixing matrix B. For the constrained ICA case, the reference is used as the reference
signal for the algorithm.

E.1 No noise conditions

FastICA FastICA w. ref InfoMax InfoMax w. ref Ext.InfoMax Ext. InfoMax w. ref cICA cICA w. ref

Rec. 1 2.49 2.49 2.96 2.91 3.07 2.49 2.96 0.05

Rec. 2 2.28 2.28 3.15 3.24 2.77 2.28 3.36 0.03

Rec. 3 1.60 1.60 2.53 2.68 2.52 1.60 3.58 0.03

Rec. 4 2.03 2.03 2.97 3.10 2.91 2.03 3.49 0.06

Rec. 5 2.29 2.29 2.59 2.93 3.53 2.29 3.46 0.04

Mean 2.14 2.14 2.84 2.97 2.96 2.14 3.37 0.04

Table E.5: A comparison of the performance index (PI) of a selection of ICA methods in zero noise, with and
without the true sources as a reference for B-matrix initialization. Lower numbers are better.

FastICA FastICA w. ref InfoMax InfoMax w. ref Ext.InfoMax Ext. InfoMax w. ref cICA cICA w. ref

Rec. 1 3.60 3.60 1.93 3.81 2.39 3.60 0.19 41.93

Rec. 2 7.75 7.75 2.10 4.50 3.33 7.75 0.71 45.62

Rec. 3 8.20 8.20 6.32 6.50 6.68 8.20 1.04 44.61

Rec. 4 6.10 6.10 3.96 5.42 2.57 6.10 0.69 39.77

Rec. 5 5.14 5.14 2.41 4.32 1.85 5.14 1.97 45.14

Mean 6.16 6.16 3.34 4.91 3.37 6.16 0.92 43.42

Table E.6: A comparison of the signal to noise ratio (SNR) between sources for different ICA methods in zero
noise, with and without the true sources as a reference for B-matrix initialization. Higher numbers are better.
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E.2 6 dB SNR

FastICA FastICA w. ref InfoMax InfoMax w. ref Ext.InfoMax Ext. InfoMax w. ref cICA cICA w. ref

Rec. 1 2.55 2.55 3.06 3.46 2.81 2.55 2.94 2.56

Rec. 2 2.19 2.19 3.31 3.35 3.22 2.19 3.59 1.86

Rec. 3 2.61 2.61 3.71 3.14 2.61 2.61 3.96 2.68

Rec. 4 2.24 2.24 3.49 3.36 2.73 2.24 3.80 2.26

Rec. 5 2.69 2.69 2.86 3.14 2.54 2.69 3.37 1.31

Mean 2.46 2.46 3.28 3.29 2.78 2.46 3.53 2.14

Table E.7: A comparison of the performance index (PI) between sources for different ICA methods. Noise is
added to the recordings, resulting in an SNR for the fetal ECG of 6 dB. Higher numbers are better.

FastICA FastICA w. ref InfoMax InfoMax w. ref Ext.InfoMax Ext. InfoMax w. ref cICA cICA w. ref

Rec. 1 4.56 4.56 2.33 2.96 3.12 4.56 -0.15 16.83

Rec. 2 5.98 5.98 1.67 3.16 1.22 5.98 0.13 9.37

Rec. 3 5.91 5.91 4.14 5.47 3.91 5.91 2.27 10.51

Rec. 4 6.03 6.03 2.94 5.67 2.06 6.03 0.73 10.44

Rec. 5 5.89 5.89 3.53 3.96 1.16 5.89 1.13 13.76

Mean 5.67 5.67 2.92 4.24 2.29 5.67 0.82 12.18

Table E.8: A comparison of the signal to noise ratio (SNR) between sources for different ICA methods. Noise
is added to the recordings, resulting in an SNR for the fetal ECG of 6 dB. Higher numbers are better.
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F Morphology Test Results on Artificial Signals
In this appendix, the mean value of the three morphology test measures (QT-interval, T/QRS ratio and
RMSE) is presented for each extraction method at each SNR level (infinite, 12 dB, 9 dB, 6 dB, 3 dB and
0 dB).

The QT interval error can be seen in Table F.9, T/QRS error in Table F.10 and RMSE in Table F.11.

F.1 QT-interval error

Method/SNR No noise 12 dB 9 dB 6 dB 3 dB 0 dB

JADEICA 11.50 3.00 11.00 6.50 9.00 10.00

PCA 8.00 8.00 8.00 6.50 13.00 6.00

TS-C 2.00 4.00 10.50 18.00 12.00 10.00

TS-PCA 2.00 6.00 10.00 14.00 21.00 30.00

cICA 16.00 26.50 26.00 18.50 23.00 12.50

Table F.9: Comparison of mean QT-interval error of different extraction methods at varying SNR levels.

F.2 T/QRS-ratio error

Method/SNR No noise 12 dB 9 dB 6 dB 3 dB 0 dB

JADEICA 21.88 6.78 21.03 19.61 12.57 5.95

PCA 6.85 6.94 7.67 5.29 6.27 4.95

TS-C 1.82 1.79 2.42 2.78 3.78 8.30

TS-PCA 0.89 0.81 1.18 3.16 1.38 8.05

cICA 9.46 8.19 9.22 4.84 10.49 5.41

Table F.10: Comparison of mean T/QRS ratio error of different extraction methods at varying SNR levels.

F.3 RMSE

Method/SNR No noise 12 dB 9 dB 6 dB 3 dB 0 dB

JADEICA 0.25 0.23 0.23 0.23 0.21 0.22

PCA 0.22 0.22 0.22 0.18 0.23 0.19

TS-C 0.04 0.05 0.06 0.09 0.12 0.21

TS-PCA 0.03 0.04 0.05 0.08 0.11 0.19

cICA 0.27 0.29 0.27 0.24 0.29 0.34

Table F.11: Comparison of mean RMSE of different extraction methods at varying SNR levels.
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