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Preface

This report has been prepared as the master’s thesis of Kasper Halbak Christensen for
the 4th semester of the master’s program in applied mathematics, at the Department of
Mathematical Sciences at Aalborg University. The thesis is written in the period from
February 1st 2017 to July 6th 2017.

The main topic of the report is algebraic function fields. In this respect, the report
describes methods for describing and investigating function fields by reducing to the
theory of Grobner bases.

Throughout the project, the reader is expected to have some familiarity with the topics
of algebraic function fields, algebraic geometry and abstract algebra.

I would like to thank my supervisor Olav Geil for his excellent guidance throughout
the development of this thesis.

Reading guide

Generally, for a ring R we denote by R[Xji, Xs,...,X;] the set of polynomials in
X1, Xo, ..., X, with coefficients in R, and similarly R(X1, X»,..., X;) as the set of rational
functions. We will usually use X as a variable in this project. Additionally, we will
throughout the project denote a field by K. In chapter 2 the fields K are assumed to be

finite.
Furthermore, if A is a ring, and a1, ag, ..., a, € A, we denote by (a1, as, ..., a,) the set
of all A-linear combinations of a1, as, ..., a,. This structure is an ideal.

Definitions, theorems, propositions, lemmata, corollaries, and examples share indexing
and are referenced on the form C.S.I, where the numbers C.S specify the section, and
I indicates the index number within the section. Equations are referenced on the form
(C.1), where C specifies the chapter, and I is the index. Tables are continuously indexed
throughout the project by a single index number.

The end of a proof is marked by the symbol B, while the end of an example is marked
by the symbol «.

In chapter 3, the programming language singular is used to perform certain operations.
When using this, we will reference an Appendix where the code may be found.
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Danish Abstract

Det overordnede tema for dette projekt er algebraiske funktionslegemer. Mere specifikt er
der lagt fokus pa at udlede en metode til at kategorisere funktionslegemer ved hjelp af
Grébner baser med visse egenskaber.

Indledningsvist gennemgas noget generelt teori omkring kommutativ algebra,
algebraiske funktionslegemer og Grobner baser, som der anvendes i projektet. Efter
dette introduceres begreberne ordens- og veegtfunktioner og velfungerende baser pa en
algebra over et legeme. Det vises, at eksistensen ordensfunktioner og velfungerende
baser medferer eksistensen af hinanden. Dette bruges si til at stille ngdvendige og
tilstreekkelige betingelser for eksistensen af en vaegt funktion ved hjalp af Grobner baser
med specielle egenskaber. Det vises derefter, at eksistensen af en ikke-triviel veegtfunktion
pa en algebra medforer, at brgklegemet for algebraen er et funktionslegeme, og omvendt.
Yderligere, gaelder der i dette tilfaelde, at vaegtfunktionen kan udvides til en valuation og
at algebraen er en speciel type delalgebra af funktionslegemet. Dette betyder altsa, at
ethvert funktionslegeme kan beskrives ved hjelp af Grébner baser. Det vises, hvordan
disse Grobner baser kan konstrueres, og der gives en made at telle antallet af rationelle
places af et funktionslegeme, hvis Grobner basis konstruktionen er givet.

I sidste kapitel udfgres eksperimenter som ggr brug af teorien der er vist i projektet.
Resultaterne bruges blandt andet til at lede efter funktionslegmer som der har sd mangle
rationelle places som muligt, givet forskellige parametre for funktionslegemet. For at
vurdere dataen bruges Geil-Matsumoto grensen, Hasse-Weil graensen og Serre graensen.
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Introduction

In coding theory, a very large class of codes, encapsulating the Reed-Solomon codes,
BCH codes and others, are algebraic geometry codes. Algebraic geometry codes uses the
same idea of evaluation used for Reed-Solomon codes, but instead within the context of
function fields. Polynomials are instead given as elements of a function field, and rational
places instead of evaluation points. In many fields, such as error-correction, secret sharing
and multiparty computation, it is of great interest to find codes with a particular set of
parameters. Thus, it is in many cases desirable to discover codes with a large length, but
this usually have the trade-off of requiring a large field. In the case of algebraic geometry
codes of some algebraic function field, the length is determined by the number of rational
places in the given function field. Thus, it is interesting to look for function fields over
certain sizes of fields with the largest possible amount of rational places. To this end, this
thesis describes a method for searching through different function fields for ones with
many rational places.

The thesis will start by summarizing some needed results on commutative algebra,
algebraic function fields, and Grobner bases are covered. The notions of order/weight
functions and well-behaving bases on algebras over a field are defined and studied, and it
is shown that the existence of an order function implies the existence of a well-behaving
basis and vice-versa. This result are then used along with the theory of Grobner bases
to derive necessary and sufficient conditions for the existence of weight functions. After
this, it is shown that the quotient field of algebras on which there exists a weight function
are in fact function fields, and the algebras themselves are certain subalgebras of the
corresponding function fields. Finally, it is shown how to construct Grébner bases with the
desired properties, and how to compute the number of rational places of the function field
using this new representation.

In the final chapter the method described are used in practice to gather data on the
maximal number of rational places for function fields with certain parameters. In order to
assess the results the Geil-Matsumoto bound, Lewitte’s bound, the Hasse-Weil bound and
the Serre bound are recalled. These experiments are the first of their kind, so a lot of new
data is presented.

The main source of the thesis is various papers. These papers tend to be very sparse on
details, so an effort is made to fill in the details. The specific litterature used is referenced
before the result or at the beginning of the corresponding section.




1.1

1.1.1

1.1.2

Preliminaries

In this chapter we will summarize some definitions and results that will be needed in this
project.

Commutative Algebra

Most results in this section are based on [Eisenbud, 1995] We will need some theory from
commutative algebra. Most of the proofs for the results in this section will require theory
that deviate too much from the focus of this project, so these results will be stated without
proof.

We first introduce the notion of an algebra over a field. This definition is a simplification
of the definition given in [Lang, 2005].

Definition:
Let R be a commutative ring and let K be a field that is a subring of R. Assume that K is the
largest field contained in R. Then we say that R is a K-algebra.

We say that R is finitely generated as an algebra if there exist z1, zo, ..., 2z, € R such that
R=Klz1,22,...,2n)

A K-algebra R over a field K is a vector space over K since R is a ring and it contains
K.

The following proposition gives some additional structure for algebras that are also
integral domains.

Proposition:
Let R be a finitely generated algebra over some field K, thatis R = K|z1, 22, .. ., z,| for some
21,29, ...,2n € R. Assume that R is an integral domain. Then there exists a polynomial ring

K[X1, Xo,...,X,] and a prime ideal I of the polynomial ring such that

R=K[X1,Xs,...,X]/I.




1.1.3

1.1.4

1.1.5

1. Preliminaries

Proof:
Since R is finitely generated as an algebra there exist elements 21, 2o, .. ., 2, € R satisfying
R = K|z1, 22, . .., zp]. This implies that the map

0 K[Xl,XQ,...,Xn] — R
. mi1,i vM2,i M4 mi,q M2 Mni
DXy Xy X = Y agzy ay ez

is a surjective ring homomorphism. Thus, the Isomorphism Theorem for rings ensures that
R=K[X1,Xo,...,X,]/kerp.

Since ker ¢ is an ideal of K[X1, Xo,...,X,] we can set I = ker ¢, and it only remains to
show that I is prime. To this end, take y;,y> € R satisfying y;y2 € I. This implies that

0= @(y1y2) = e(y1)e(y2),
and since R is an integral domain we have either y; € I or y» € I. [ |
Next, we introduce the Krull dimension of a ring, as a way to measure the size of a
ring.

Definition:
Let R be a ring. The Krull dimension dim R of R is the maximal chain length among all
chains of nongero prime ideals of R. If {0} is the only prime ideal of R we set dim R = 0.

A first very important result using Krull dimension is the following, which establishes
a relationship between the notions of Krull dimension and transcendence degree.

Theorem:
Let R be a finitely generated K-algebra for some field K, and assume that R is an integral
domain. Set R’ = Quot (R). Then

dim R = tr.deg R'.

Proof:
See [Eisenbud, 1995; Chapter 13, Theorem A]. [ ]
We will also need the following result.

Proposition:
Let R be a finitely generated K-algebra for some field K. Assume that R is an integral domain.
Furthermore, let z € R\ {0} be an element that is not a unit. Then

dim R = dim R/(z) + 1.

Proof:
See [Eisenbud, 1995; Corollary 13.11]. [ ]




1.1.6

1.1.7

1.2

1.2.1

1.2.2

1.2. Function Fields

We now introduce the notions of integral elements and integral closure. We will only
need one result on this in a general setting, but later also consider integral closures in the
setting of function fields.

Definition:
Let R be a ring, and R a subring of R'.
(i) An element z € R’ is said to be integral over R if there exists a monic polynomial
f € R[X] satisfying f(z) =0
(ii) The integral closure of R in R’ is defined by

icg/(R) = {2z € R' | 2 is integral over R}

(iii) Let F' = Quot (R). Then R is said to be integrally closed if icp(R) = R

We will need the following result on integral closures of finitely generated algebras
over a field.

Proposition:
Let R be a finitely generated K-algebra for some field K. Assume that R is an integral domain.
Denote by R' = Quot (R). Then icg/ (R) is finitely generated as an R-module.

Proof:
This result is a special case of [Eisenbud, 1995; Corollary 13.13]. [

Function Fields

This section is based on [Stichtenoth, 2009].
We will now consider some theory needed on function fields. Most proofs and details
will be omitted, but can be found in [Stichtenoth, 2009].

Definition (Function field):
Let F'/K be an extension field. Then F/K is said to be a function field if F'/K (z) is a finite
algebraic field extension for some x € F' that is transcendental over K.

The field K in the above definition is called the constant field of F'. In this project we will
always assume

K = {z € F'| z is algebraic over K}.
With the definition of function fields, we can now define the notion of places.

Definition (Valuation ring and place):
Let F/K be a function field, and O C F aring. If K C O C F and for any z € F we either
have z € O or z~! € O, then O is a valuation ring.

Furthermore, the unique maximal ideal P = O \ O* of O is called a place of F/K. We
denote by Pr the set of all places of F// K.
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1.2.3

1.2.4

1.2.5

1. Preliminaries

There is a one-to-one correspondence between valuation rings and their corresponding
places, so we will usually denote the valuation rings by Op.

It can be shown that any place P € P is a principal ideal, and all elements z € F'\ {0}
has a unique representation z = t"u, where n € Z, u € O}, and t € F is a generator for
P. With this notation we define the discrete valuation of P, often simply referred to as
the valuation of P, as the map vp: F' — Z U {o0}, where vp(z) = n and vp(0) = co. The
following proposition summarizes some oft-used properties of the valuation map.

Proposition:
Let F'/K be a function field and v: F — Z U {oco} a map. Then v = vp is a discrete valuation
for some place P € Pr if and only if it satisfies the following properties.
(i) vp(z) =0 ifandonly if z =0

(ii) vp(yz) =vp(y) +vp(z) forally,z € F

(iii) vp(y + z) > min{vp(y),vp(z)} with equality when vp(y) # vp(z)

(iv) There exists a z € F such that vp(z) =1

) vp(A)=0forall A € K\ {0}

Proof:
See [Stichtenoth, 2009; Theorem 1.1.13] [ |

We denote by Fip = Op/P the residue class field of P € Pr. When z € Op we define
z(P) € Fp as the residue class of z modulo P, and z(P) = oo when z ¢ Op. In this way
we can regard the elements z € F as functions, the places P € Pp as evaluation points,
and the residue classes z(P) € Fp as evaluations of z at P. Analogous to rational functions
we say that a place P is a zero of z if z(P) = 0, which occurs exactly when z € P, and
thus when vp(z) > 0. On the other hand, we say that a place P is a pole of z if z(P) = occ.
By definition this is true if and only if z ¢ Op, and thus when vp(z) < 0.

The map z — z(P) from Op to Fp induces an embedding of K in Fp, and we can thus
consider Fp as a vector space over K. Using this, the following definition makes sense.

Definition (Degree of a place):
Let F'/K be a function field, and P € Pr a place of F. Then deg P = dimg Fp is called the
degree of P. When deg P = 1 we say that P is a rational place or a place of degree one.

Next we consider the notion of a divisor.

Definition (Divisors):
Let F/K be a function field. The formal sum

D= Z npP,
PePr
with np € Z is called a divisor of F if np # 0 for finitely many P € Pp.
We denote by D the set of all divisors of F. Given a divisor D =} p.p, npP € D define
vp(D) = np. The support of a divisor D € D is the set supp(D) = {P € Pr | vp(D) # 0}.

5



1.2.6

1.2.7

1.2.8

1.2. Function Fields

The set Dy is shown to be a group by defining the zero divisor and coefficient-wise addition of
divisors in the obvious manner. For two divisors D1, Dy € D we write D1 < D if and only
if vp(Dy) <wvp(D2) for all P € Pp.
Finally, we denote by
deg D = Z vp(D)deg P
PePp
the degree of D.

We will need particular types of divisors containing information on the zeros and poles
of a function. These divisors are introduced in the following definition.

Definition:
Let F'/K be a function field, and z € F' a nongzero element. Denote by Z and N the zeros and
poles of z in Pp, respectively. Then we say that

()= 3" vp(2)P.

pPeZ

(=)o = Y (~vp(2))P,

PeEN
(2) = (2)o = (2)oo

are the zero divisor, pole divisor, and principal divisor of z, respectively.

It is shown in [Stichtenoth, 2009; Corollary 1.3.4] that any z € F has only finitely many
zeros and poles, so the divisors defined in the above definition are indeed divisors.
Using the principal divisors we can introduce the following definition.

Definition:
Let F/K be a function field, and D € Dp a divisor of F. Then the Riemann-Roch space
associated to D is defined by

L(D)={z€ F|(z)>—D} U {0}

The Riemann-Roch spaces can be shown to be finite-dimensional vector spaces over K. We
will denote the dimension of the Riemann-Roch space associated to some divisor D € Dp,
simply called the dimension of D, by (D) = dimg £(D). In order to describe ¢(D) we
need the following important invariant of the function field.

Definition:
Let F//K be a function field. Then the genus of F'is defined by
g =max{degD —¢(D)+1|D € Dp}.
It is proven in [Stichtenoth, 2009; Proposition 1.4.14], that deg D — ¢(D) is finite for all

divisors D € Dp. Thus, the genus is a finite integer. Furthermore, since the zero-divisor
satisfies deg(0) — £(0) + 1 = 0 we have that the genus is non-negative.

6



1.2.9

1.2.10

1.2.11

1.2.12

1. Preliminaries

The following definition describes the dimension /(D).

Theorem:
Let F//K be a function field and D € D a divisor. Then

(D) >degD+1—g,

with equality when deg D > 2g — 1.

Proof:
See [Stichtenoth, 2009; Theorem 1.4.17 and Theorem 1.5.17]. [ |

We will in particular be interested in Riemann-Roch spaces on the form L£(nP), where
n € Nand P € Py is rational. In order to describe the relation between these spaces we
introduce the notion of pole and gap numbers.

Definition:
Let F'/K be a function field, P € P a rational place, and n € N a non-negative integer. Then
n is said to be a pole number if {(nP) > {((n —1)P). Otherwise, n is said to be a gap number.

Equivalently we may say that n is a pole number if and only if there exists a function z € F’
with pole divisor (z)», = nP. The set of pole numbers for some rational place P € Pg
forms a sub-semigroup of N, denoted by Ip, which is called the Weierstrass semigroup.
The following theorem yields some insight in the structure of Ip.

Theorem:
Let F//K be a function field of genus g > 1, and let P € P be a place of degree one. Then

{(nP)=4((n—1)P)+1,
if n € N is a pole number. Furthermore,
IN\ Ip| =9, min(N\Ip)=1, and max(N\Ip)<2g—1.

Proof:
See [Stichtenoth, 2009; Theorem 1.6.8]. [ ]

Next we show a result that is useful in many proofs, which is a strengthening of
the Weak Approximation Theorem, [Stichtenoth, 2009; Theorem 1.3.1], that ensures
independence of valuations of different places of a function field. In order to prove this
result we will need the notion of an adele, which we summarize in the following.

Definition:
Let F/K be a function field. Then an adele of F//K is a map

]P)F — F
o
P +— ap




1.2.13

1.2.14

1.2. Function Fields

where ap ¢ Op for at most finitely many P € Pp. The vector space of adeles
Ar = {a | ais an adele of F/K}

is called the adele space of F. Furthermore, we write vp(a)) = vp(ap) for an adele o € Ap.
Finally, for a divisor D € Dr we define the adele space associated to D as

AF(D) = {Oé € Ar | Up(Oé) > —’UP(D)fOF all P € ]P)F}

An important result for adeles are the following. We will use the notation

Ap(D)+ F={a+z|a€ Ap(D) and =z € F}.

Theorem:
Let F'/K be a function field and let D € Dr be a divisor. Then

(D) —degD + g —1=dimg(Ap/(Ar(D) + F)).

Proof:
See [Stichtenoth, 2009; Theorem 1.5.4] [ ]

We are now ready to prove the Strong Approximation Theorem.

Theorem (Strong Approximation Theorem):

Let F/K be a function field, S C Pr a proper subset of Pp, and let Py, P5,...,P. € S.
Furthermore, take elements z1, 22, ..., 2. € I and integers ny,ns,...,n, € Z. Then there
exists a z € F satisfying

vp(z—2z)=mn; for 1=1,2,...,r, and

vp(z) >0 forall Pe S\{P,P,...,P}.

Proof:
Consider the adele o € Af defined by

z; when P = P, for some i € {1,2,...,r}
(87 =
r 0 otherwise

This is clearly an adele, since 0 € Op for any P € Pp, and there are only finitely many P;.
Now, take a place Q € Pr \ S. Then, for large enough m € Z,

Ar = Ar <mQ = (ni+ 1)Pl-) +F.

i=1
This follows since deg (m@ — > ;_,(n; + 1)P;) > 2g — 1 for large enough m. In this case
we have

¢ (mQ - Zr:(m + 1)P¢> = deg <mQ - i(ni + 1)P¢> +1—g,

i=1 =1




1.2.15

1. Preliminaries

by Theorem 1.2.9, and thus

dim (.AF/ (.AF (mQ — zr:(n, + 1)P,‘> + F)) =0,

by Theorem 1.2.13, which shows the claim. Now, this means that there exists an element
w e Fsuchthatw —a € Ap (mQ —Y_;_,(n; + 1)F;). Thus,

vp(w—a)=vp(w—2)>n; for i=1,2,...,r, and

vp(w—a)=vp(w) >0 for PeS\{P,P,,...,P}.

Now, since every discrete valuation is a surjective map, we can find elements
Yi,Y2,...,Yr € F satisfying vp,(y;) = n; for i = 1,2,...,r. We can then construct an
adele g € Ap satisfying

y; when P = P, for some i € {1,2,...,r}

Bp = .
0 otherwise

In the same manner as above we can find an element y € F' satisfying

vp,(y— B) =vp(y—vy;) >n; for i=1,2,...,r, and
vp(y—ﬁ):vp(y)zO for PES\{Pl,PQ,...,PT}.

Then we have
op,(y) = vp,((y — vi) +vi) =
fori =1,2,...,r by part (iii) of Proposition 1.2.3. Setting z = y + w we obtain
vp(z—2z)=vp(y+ (w—2)) =n; for i=1,2,...,r, and

vp(z) =vp(y +w) > min{vp(y),vp(w)} >0 for Pe S\{P,P,...,P}. [

For the next topic of this section we describe the integral closure of a subring of a
function field. By a subring of a function field, we mean a ring R such that K C R C F,
but R is not itself a field. Immediate examples of subrings of a function field are the
valuation rings of the function field. In order to describe the integral closure of general
subrings of F' we introduce the notion of holomorphy rings.

Definition:
Let F//K be a function field, and S C Pr a nonempty set of places. Then the set

Os={z¢€ F|vp(z) >0foral P e S}

is called a holomorphy ring of F/K.

Note that a holomorphy ring for some set of places S C Pr can be written as

Os = () Op.
PesS




1.2.16

1.2. Function Fields

This implies that a holomorphy ring is indeed a ring. Furthermore, we may take a place
Q@ € S and apply the Strong Approximation Theorem, 1.2.14, to obtain a nonzero element
z € F satisfying

vo(2) >0 and wp(z) >0 forall PeS.

This implies that z € Og, and since vg(271) = —vg(z) < 0 we have 27! ¢ Og, and thus
Og is not a field. This means that it is a subring of F'.
Next, we show some properties of holomorphy rings.

Proposition:

Let F'/ K be a function field, and let Og be a holomorphy ring of F. Then
(1) Quot (Og) =F
(i) Og is integrally closed

Proof:

We first prove part (i). Note that Quot (Og) C F, since Og C F and F is a field. Hence,
we only need to prove the other inclusion, so take a nonzero element z € F, and let
P, P, ..., P, € S be all the poles of z in S. Then the Strong Approximation Theorem,
1.2.14, ensures the existence of an element y € F' satisfying

vp,(y) =vp (') fori=1,2,...,n, and

vp(y) > max{0,vp(z~1)} forall P € S.
This implies that y € Og, and since vp, (y) is finite we must have that y is nonzero,
which implies that 3! € Quot (Og). Now, setting w = zy we have w € Og, because
vp(w) = vp(2) +vp(y) > vp(z) —vp(z) = 0 forall P € S. Thus, z = wy~! € Quot (Og)
and F' C Quot (Og).

For part (ii) we need to show that any element of F' that is integral over Og is contained

in Og. Thus, take a z € F that is integral over Og. Then we need to show z € Og, which

is true if and only if vp(z) > 0 for all P € S. Assume for contradiction that this is not true,
so vg(z) < 0 for some @) € S. Now, since z is integral over Og we can write

2 ap 12 et ayz+ag =0,
where a; € Og fori =1,2,...,n — 1. The fact that a; € Og implies that vg(a;) > 0, so
vg(z") = nug(2) < ivg(2) < ivg(2) +volai) = vo(aiz')
fori=1,2,...,n — 1. Thus, we obtain
v(2" + an_12" "+ a1z + ag) = vg(2") < 0 < oo,

by property (iii) of Proposition 1.2.3, which is a contradiction. [ |

We are now in a position to describe the integral closure in F' of subrings of a function
field.

10



1. Preliminaries

1.2.17 Theorem:
Let F/K be a function field, R be a subring of F, and let

S(R)Z{PGPF’RQOP}.

Then
(i) 0#S(R) C Pp

Proof:
We first prove part (i). Since R is a ring that is not a field we can find a proper nonzero
ideal I C R. We can then apply [Stichtenoth, 2009; Theorem 1.1.19], which states that
a proper nonzero ideal of a subring of a function field is contained in a place, and the
subring in question is contained in the corresponding valuation ring. Thus, there exists
a place P € Pp satisfying I C P and R C Op, which implies that P € S(R), and thus
S(R) # (. To prove S(R) C Pr consider an element z € R that is transcendental over K.
It is possible to find such an element since K is a proper subset of R. Thus, we can find a
place @ € Pp such that @ is a pole of z. This means that z ¢ Og, which implies R Z Og,
and thus @ ¢ S(R).

Next we prove part (ii). First note that R C Og(g) by the definition of S(R), and
icr (Os(r)) = Og(r) by Proposition 1.2.16. Thus, we must have icx(R) C Og(g). For the
reverse inclusion, consider a nonzero element z € Og(p). We claim that

(71) = Rlz71],

where (z1) is an ideal of R[z~!]. Thus, assume for contradiction that (') is a proper
ideal. Clearly, it is nonzero, so we can again apply [Stichtenoth, 2009; Theorem 1.1.19]
to find a place € Py satisfying (') C Q and R[z~!] C O. Since

RCR[z'C0Og

we must have Q) € S(R), whereas (z~!) C @ implies that z~! € Q, and therefore z ¢ Og.
This is a contradiction with our assumption that z € Og(g). Thus, the claim is true, which
implies that 1 € (z~!). Hence, we can write

1= z_l(an(z_l)” + an,l(z_l)"_l 44 al(z_l) + ap)
=a2 " a2 Farz gt

where a1, as, . ..,a, € R. Multiplying this equality by 2"*! we obtain

n+1 1

z —apZt — a2V - —ap_1z2—a, =0,

which implies that z is integral over R, and thus Og(g) C icp(R). [ |

The last task of this section is to describe the maximal ideals of a holomorphy ring. To
do this we need the following lemma.
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1.2. Function Fields

Lemma:
Let F/K be a function field, P € Pr a place, and () # S C Pr a proper nonempty set of
places. Then

OsCOp<—PeSs.

Proof:
The fact that P € S implies Og C Op follows by the definition of holomorphy rings.

The other direction we prove by the contrapositive. Thus, assume that P ¢ S. We want
to show the existence of an element z € F satisfying

vp(z) <0 and wg(z) >0 forall Qe S. (1.1)

In the case where S U { P} # Pr the claim follows by the Strong Approximation Theorem,
1.2.14. If SU{P} = Pp. We can again by the Strong Approximation Theorem find an
element z € Og that has at least one zero. Hence, this element must satisfy vp(z) < 0
and it has the desired properties. If an element z satisfies equation 1.1 then z € Og but
z ¢ Op, which means that Og ¢ Op. [

Proposition:
Let F'/K be a function field, and Og a holomorphy ring of F. In addition, for any place
P € S define

Mp =PnNO0Og.

Then there is a one-to-one correspondence between S and the set of maximal ideals of Og
given by

P+— Mp,

for P € S.
Furthermore, the map

) OS/MP — Fp
' z+Mp +— z4+P

is an isomorphism.

Proof:
Take some place P € S and consider the map

) OS — Fp
P 2 — z+P

Clearly, p is a ring homomorphism. We want to show that it is surjective. To this end, take
an element z € Op and consider z + P € Fp. By the Strong Approximation Theorem,
1.2.14, there exists an element y € F satisfying

vp(y—2)>0 and wvg(y) >0 forall Qe S\ {P}.

12



1.3

1.3.1

1.3.2

1. Preliminaries

This means that y — z € Op, and thus also y € Op, which implies y € Og. Furthermore,
we have y — z € P, which means that y + P = z + P. Hence, we have found a y € Og
satisfying p(y) = z + P, which proves the surjectivity of p. Now, the kernel of p is the ideal
Mp = PN Og. Since p is surjective, we have by the Isomorphism Theorem that the map

. Os/Mp — FP
| 2+ Mp — 4P

is an isomorphism. Since Fp is a field we must also have that Og/Mp is a field, which
means that Mp is maximal.

Now, consider two places P, P’ € Pr. By the Strong Approximation Theorem we can
find an element y € F' satisfying

vp(y) =0, vp(y) >0 and wg(y) >0 forall Qe S\{P,P'}.

This means that y € Og and y € P/, but y ¢ P. Hence, we have found an element that is
in Mp/ but is not in Mp, so Mp # Mp:,. We can thus tie a distinct maximal ideal to each
place P € S, and it only remains to prove that every maximal ideal in Og can be written
as P N Og for some place P € Og. To this end we consider a maximal ideal M of Og. By
[Stichtenoth, 2009; Theorem 1.1.19] we can find a place P € P satisfying

MCP and Og C Op.

Then we have by Lemma 1.2.18 that P € S. Observe that P N Og is an ideal in Og. Since
M C PN Og and M is a maximal ideal in Og we have M = P N Og. [ ]

Grobner bases

This section is based on [Cox et al., 2007] and [Adams et al., 1994].
Now, a brief summary of the theory of Grobner bases is given. For this we first introduce
the notion of monomial orders and a division algorithm.

Definition:
Let K[X1, Xo,...,X,] the corresponding polynomial ring in n variables. A monomial order
< is a total order on the set of monomials in K[X1, Xo, ..., X,] satisfying

() If X* < XA and X7 is a monomial, then X*X" < XPX"Y

(ii) Any nonempty set of monomials in K[X;, Xo, ..., X,] has a smallest element under <

A simple but important example of a monomial order is the lexicographic order.

Definition:

Let K[X1, X5, ..., X,] be a polynomial ring, and let X and X? be different monomials. The
lexicographic order <., is defined by: X% <, X7 if the leftmost nonzero entryin o — 3 is
negative.

We will need some notation using monomial orders.

13
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Definition:
Let K[X1,Xs,...,X,] be a polynomial ring, and let f =) AaX* € K[X1,Xo,...,X,].
The support of f is defined as supp(f) = {X* | Ao # 0}. Now, let < be a monomial order
on K[X1,Xs,...,X,], assume that f is nonzero, and let X8 denote the maximal element of
supp(f) with respect to <. Then we define
(i) The leading term of f as lt<(f) = \gX”
(ii) The leading coefficient of f as lc<(f) = Ag
(iii) The leading monomial of f as Im_(f) = XP

With this notation we can introduce a division algorithm on K[X1, Xo, ..., X,].
Proposition:
Let K[X1,Xs,...,X,] be a polynomial ring, and let < be a monomial order on

K[Xy,Xo,...,X,]. Furthermore, let F' = (f1,f2,...,fs) be an ordered s-tuple of
polynomials in K[X1, X2, ..., X,). Then every element f € K[X1, Xo, ..., X,] can be written
as

f:>\1f1+)\2f2+"‘+)\sfs+ra

where N\, € K[X;,Xo,...,X,] for all i, either \;f; = 0 or lt<(\ifi) =< lt<(f), and
either r = 0 or r is a linear combination of monomials that are not divisible by any of
< (f1),1t<(f2), ..., 1t<(fs). Here, r is called the remainder of f under division by F.

Proof:
See [Cox et al., 2007; Chapter 2, §3, Theorem 3] [ ]

The proper algorithmic form of the division algorithm performs a number of reductions on
f in order to obtain the representation in the proposition above. What we mean by such a
reduction is specified in the following definition.

Definition:

Let K[X1, Xa,...,X,] beapolynomial ring, let < be a monomial order on K[X1, Xo, ..., X,],
and let F C K[X;, Xo,...,X,] be a finite set of polynomials. Furthermore, take polynomi-
als f,g € K[X1,Xs,...,X,]. Then f is said to reduce to g with respect to F, denoted
by f —<F g, if there exists X* € supp(f) with coefficient A\, and h € F' satisfying
It (h) = uXP, XP < X2, and

A
g=f—2xX*Pp,
2¢;
Moreover, we write f —* . g if there exist gi,g2,...,9x € K[X1,Xz,...,X;] satisfying
g1 :f: g = 9, Clndgz* — < F gi+1fori: 1,...,k— 1

Using this notation together with the division algorithm we obtain f —°* . r for any
polynomial f € K[X1, Xo,...,X,]. Now let I = (F) be an ideal, using the notation in
the definition above. If a polynomial f € K[X;, Xo,...,X,] satisfies f =% r 0, then f

14
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must have remainder 0 under division by some ordering of the set F'. Hence, f € I. The
converse of this result does not hold in general, however. If f € I we must have that the
remainder is also contained in I by the division algorithm, but the leading term of the
remainder may not be divisible by the leading term of an element in F'. This motivates the
definition of the Grobner basis of an ideal.

Definition (Grobner basis):

Let K[X1, X, ..., X,] be apolynomial ring, let < be a monomial order on K[X;, Xo, ..., X,],
and let I C K[Xy, X2,...,Xy,] be an ideal. Furthermore, let G = {g1,92,...,9s} C I. Then
G is said to be a Grébner basis if, for every nonzero polynomial f € I, 1t<(f) is divisible by
1t<(g;) for some 1.

It can be shown that a Grobner basis indeed is a basis for I, and that any ideal has a
Grobner basis.
A direct consequence of Grobner bases are the property discussed above the definition.

Proposition:

Let K[X1, Xo,...,X,] be a polynomial ring for a field K, and let I C K[X;, X2,...,X},]
be an ideal with Grobner basis G with respect to some monomial order <. Moreover;, let
feK[X1,Xs,...,X,]. Then f =% s O0ifand only if f € I.

Proof:
See [Adams et al., 1994; Theorem 1.6.2]. [ ]

Another property of Grobner bases are the fact that the remainder is unique, regardless of
the order of reductions.

Finally, we will introduce the notion of a footprint of a Grobner basis. For this definition
we denote by M the set of monomials in K[X7, X»,..., X,], and given an ideal I and a
monomial order < we denote by Im~(I) = {Im<(f) | f € I}.

Definition:
Let K[X4, Xo,...,X,] be a polynomial ring, and let I C K[Xy, Xo, ..., X,,] be an ideal with
Grébner basis G with respect to some monomial order <. Then the footprint of B is defined by

AG) =M\ {lms(b) - m|beG,me M} =M\ (Im<(])).

The following proposition is an important property of the footprint.

Proposition:

Let K[X4, Xo, ..., X,] be a polynomial ring, and let I C K[X;, Xo, ..., X,] be an ideal with
Grobner basis G with respect to some monomial order <. Then the footprint A(G) form a
basis as a K-vector space of a space that is isomorphic to K[X1, Xo, ..., X,]/1.

Proof:
See [Cox et al., 2007; Chapter 5, §3, Proposition 4]. [ ]
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2.1.1

2.1.2

Grobner Bases and Function Fields

The goal of this chapter and the project in general is to derive a method for systematically
searching for function fields over a finite field with a large amount of rational places, given
a sub-semigroup of N. This method relies heavily on Grébner bases and footprints. In
the experiments chapter we will then be able to apply this new method to examine the
number of rational places of various function fields.

For the rest of the project K will denote a finite field.

Order functions and well-behaving sequences

This section is based on [Pellikaan, 2001].
We first introduce well-behaving sequences.

Definition (Well-behaving sequences):

Let R be a K-algebra, and assume that R has a basis over K on the form (z; | i € Z4).
Letting R(¢) = spang{z1, 22, ...,2¢} we can for all z € R find a positive integer ¢ € N such
that z € R({). Define ((i,j) as the smallest positive integer ¢ satisfying z;z; € R({). The
sequence (z; | i € Z) is then called well-behaving if ¢(i, j) is strictly increasing in both i and
J.

Well-behaving sequences are closely related to order- and weight functions, which we
describe next.

Definition (Order- and weight functions):
Let R be a K-algebra, and consider a function

p: R — NU{—o0}.

Then p is said to be an order function if it satisfies the following conditions.
(i) p(z) = —ccifand only if z =0
(i) p(Az) = p(z) forall X € K\ {0}
(i) p(y + z) < max{p(y), p(z)} with equality when p(y) # p(z)
(iv) If p(y) < p(z) and 0 # w € R, then p(yw) < p(zw)
) If p(y) = p(z), then there exists a A € K \ {0} such that p(y — A\z) < p(z)
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Furthermore, p is said to be a weight function if it is an order function and satisfies the
following.
Vi) p(yz) = p(y) + p(z) forally,z € R

The following example demonstrates the idea of weight functions and well-behaving
sequences, and sketches a relation between the two notions.

Example:

We will consider the Hermitian function field, in which we can find a sub-algebra and
construct a weight function and a well-behaving sequence. The Hermitian function field
H/F 2 is defined as the extension [ 2(x,y)/F,2, where y is a root of

f(T)=T94+T — 27,

It is shown in [Stichtenoth, 2009; Lemma 6.4.4], that there exists a unique common pole
of x and y of degree one, which we will denote by ().. Now define

L(00Qx) = U L(rQx),

reN

which consists of all the elements in H that only have a pole in Q.. We want to show that
L(00Q) is in fact an algebra. First note that

Fge = L(0Qo0) € L(00Qu0),

so we only need to prove that £(co()w) is a ring. To this end, take elements z,w €
L(00Qx). Now,

vp(z + w) > min(vp(z),vp(w)) >0

for all P € Py where P # Q, since the only pole of z and w are Q. This implies that
the only possible pole of z + w is Q, 50 2 + w € L(00Q~ ). Next, we have that

vp(zw) = vp(2) + vp(w) >0

for P € Py, P # (Q, SO by the same reasoning as above we have that £(coQ) is closed
under multiplication. Since vp(—z) = vp(z) for all z € L(c0Q~ ), we have that every
element in the set have an additive inverse. Finally,

1eFpC L(00Q0),

and thus £(0oQ) is a subring of H, and therefore also an algebra over F 2.
Now consider the mapping

) { £(00Qu) — NU{-00} |

z = —vg.(2)

It is easily seen from the properties of the discrete valuation that p satisfies conditions (i)-
(iv) along with (vi) of definition 2.1.2. Thus, we only need to show that condition (v) holds.

17
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Hence, consider two elements z,w € L(c0Q) satisfying p(z) = p(w) = n. This means
that both z and w have pole divisor nQ) ., so n is a pole number. By Theorem 1.2.11 we see
that £(nQw) = £((n — 1)Q) + 1, and thus there exists a basis B = {21, 22, . . ., Zyn..)} Of
L(nQs) such that B\ {2y(nq..)} is a basis for L((n — 1)Q ). Hence, we can write

z = )\12’1 =+ AQZQ + -+ /\Z(nQoo)zf(nQoo) and
w = U121 —+ U222 + -+ MZ(nQoo)Zf(nQoo)7

for some \;,p; € Fgp2, where Ao,y # 0 and pyng.) # 0. Since Fp is a field
there exists a nonzero A € F» satlsfymg A(nQoo) P(nQos) = /\M(an)zg(an), and hence
z—dw € L((n—1)Qu)- Th1s means that p(z — Aw) <n —1 < n = p(w), and p is indeed
a weight function.

We will now construct a well-behaving sequence from the weight function p. First we
show that im(p) = I . Take an n € im(p), which implies the existence of z € £(c0Q )
satisfying —vg__ (2) = n. But this means that (2),, = nQ~, and thus n is a pole number.
Next consider an n € Ig_ . Since n is a pole number of () it is shown in [Stichtenoth,
2009; Secton 8.3] that there exists 7,5 € N satisfying 0 < 4, 0 < j < ¢ — 1, and
iqg + j(q¢ + 1) = n. Now, the element 2y’ € H is contained in £(0coQs) since Q is
the only pole of both = and y, and hence also of x'y’. Since

—vg. (') =ig+ jlg+ 1) =n

we have that n € im(p), and the claim is proven. The fact that im(p) = Iy, now ensures
the existence of an element z; € £(c0Q ) satisfying p(z¢) = py for every ¢ € Z,, where p,
denotes the ¢’th element of I;_ in increasing order. Then the sequence (2, | £ € Z) is a
basis of £(c0()~ ). To show this, first assume for contradiction that it is linearly dependent.
This means that there exist indices i1, s, ...,4; € Z in increasing order such that

CirZiy t CigZiy + -+ ¢z, =0,
where ¢;; € Fp2 for j = 1,2,...,t. Considering the valuation on both sides we have
VQoo (Cilzh + CigZip + - Citzit) = min{_pila “Pigy s _pit} = —Pip <00 =1VQ (0)3

which is a contradiction. Now, take an element y € £(c0Q~). Then there exists a z;
such that p(y) = p(z;), and we obtain by property (v) of Definition 2.1.2 that there exists
A\; € [ 2 satisfying

p(y — Xizi) < p(y).

Now, since N U {—oc} is a well-order we can repeat this argument and eventually get
=) " Xiz) < p(0)
i

and thus we must have

y= Z&‘Zi
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by property (i) of Definition 2.1.2. This shows that (z; | £ € Z. ) is indeed a basis.
In order to show that this basis is well-behaving, we only need to show that ¢(i, j) is
strictly increasing in both 7 and j. But this follows, since

pecig) = P(7i%5) = p(zi) + plz5) = pi + pj

and the fact that (p; | ¢ € Z4) is a strictly increasing sequence. <

In the example above we ensured the existence of a well-behaving sequence of the K-
algebra £(co()~ ) using an order function on the algebra. We will next show that this fact
holds in general. In order to do this we first need a lemma showing some properties of
order functions.

Lemma:
Let R be a K-algebra, and assume that there exists an order function p on R. Then the
following holds.

@ If p(y) = p(2), then p(yw) = p(zw) for all w € R
(ii) All nonzero elements z € R satisfies p(1) < p(z)

(iii) K ={z€ R|p(z) <p(1)}
@iv) If p(y) = p(z), then there exists a unique A\ € K \ {0} such that p(y — A\z) < p(z)

Proof:

First, we prove part (i), so take y, z € R such that p(y) = p(z). Property (v) of definition
2.1.2 then implies the existence of A\ € K \ {0} such that p(y — A\z) < p(z), and thus
plyw — Azw) < p(zw) by property (iv). We can write yw = (yw — Azw) + A\zw, so

plyw) = max{p(yw — Azw), p(Azw)} = max{p(yw — Azw), p(zw)} = p(zw)

by properties (iii) and (ii).

Next we prove part (ii). Assume for contradiction that there exists a nonzero z € R
such that p(z) < p(1). Applying property (iv) of definition 2.1.2 repeatedly we obtain a
strictly decreasing sequence

p(1) > p(z) > p(*) > p(z°) > -+,

which contradicts the fact that NU {—oo} is a well-order.

For part (iii) the right inclusion follows since p(0) = —oc < p(1) by property (i) of
definition 2.1.2, and p(\) = p(1) for any A\ € K by property (ii). For the left inclusion
notice that if z € R is nonzero and p(z) < p(1), then p(z) = p(1) by part (ii). Then by
property (v) there exists a A € K such that p(z — \) < p(1), but this is only possible if
z — A = 0, which implies that z € K.

Finally we prove part (iv). The existence of the desired \ € K is ensured by property
(v) of definition 2.1.2, so we only need to show uniqueness. For this purpose, assume
that there exist nonzero A, i that satisfies p(y — Az) < p(z) and p(y — pz) < p(z). Letting
u=y— Az and v = y — puz we can write (u — A\)y = pu — Av. Thus, we have

p((p = A)y) < max{p(pu), p(Av)} = max{p(u), p(v)} < p(z) = p(y)
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by properties (iii) and (ii). If © # A we must have that y — A € K \ {0}, and thus
p((w — N)y) = p(y), which is a contradiction and concludes the proof. [

We are now in a position to show that the existence of an order function on an algebra
implies the existence of a well-behaving sequence on the algebra as well.

Proposition:
Let R be a K-algebra, and assume that there exists an order function p on R. Then there
exists a well-behaving sequence (f; | i € Z+) of R.

Proof:

Consider the set {p(f) | f € R\ {0}}. Since sets contain no duplicates, and all elements of
the set is a subset of the well-order N, we can order the elements and obtain a sequence
(pi | i € Zy), where p; < p;4q for all i € Z,.. By definition, for any p; there exists a z; € R
such that p(z;) = p; for all i € Z,. Thus, p(z;) < p(zi41) for all i € Z,, and for every
z € R there exists an ¢ € Z such that p(z) = p(z).

We claim that the sequence (z; | i € Z) is a well-behaving sequence. Thus, we need
to show that B = {z; | i € Z} is a basis of R. To do this, we first show that every element
of R can be written as a linear combination of elements in B, and clearly this is possible
for 0. We prove the remaining cases by induction on i € Z . For the basis step i = 1 take
an element z € R such that p(z) = p(z1). Then property (v) of definition 2.1.2 ensures the
existence of a nonzero element \ € K satisfying

p(z = Az1) < p(z1) = p1,

which implies that z = Az by the definition of the sequence {p(z) | z € R\ {0}}. For the
induction step ¢ = n assume that every z € R with p(z) < p(z,) can be written as a linear
combination of elements in {y € B | p(y) < p(z)}. Now take an element z € R satisfying
p(z) = p(zn+1). Then we can again use property (v) to guarantee a nonzero element
Ant1 € K satisfying p(z — Apt12n+1) < p(2n+1). This means that p(z — Apt12n41) < p(2n),
so we can by the induction hypothesis write

2= (2 = AMg12n41) + Ant12n+1 = A121 + A2z + - + A1 2041,

for some Ay, Ao, ..., N\, € K.

Next we need to show that every finite subset of B is linearly independent. Thus, pick
a finite subset {z;,, zi,, ..., 2, } € Bwith i} < iy < --- < i,, and assume for contradiction
that

)\121‘1 -+ /\222'2 + -+ )\nzi" =0

for some A1, Ao, ..., A\, € K that are not all zero. Without loss of generality we can assume
An # 0. Now notice that p();z;;) < p(Axz;, ) whenever j < k, so we can write

p(Mzip + A2zip + -+ + Anzi, ) = max{p(Mzi,), p(A2ziy), - - -5 P(An2i, ) }
= p(Zin) 7& —00 = p(0>7

20



2.1.6

2. Grobner Bases and Function Fields

which is a contradiction.
Finally, we need to show that the function £(3, j) is strictly increasing in both arguments.
This follows since

Peti) = P(zi25) < p(Zi112)) = Pa(i+1)

by property (iv) of definition 2.1.2. The fact that ¢(i, j) is strictly increasing in j follows
by symmetry. u

In fact, the converse of this proposition holds as well. That is, the existence of a well-
behaving sequence implies the existence of an order function, and in some cases even a
weight function.

Proposition:
Let R be a K-algebra, and assume that R has a well-behaving basis (z; | i € Z4.). Furthermore,
let (p; | © € Z4) be a strictly increasing sequence of nonnegative integers. For a nonzero z € R

define p(0) = —oo, and p(z) = p,(z), where 1(z) is the smallest positive integer such that
z € L(1(z)). Then p is an order function on R. Furthermore, if py(; ;) = pi + pj, then pis a
weight function.

Proof:

We need to show that p satisfies the properties in definition 2.1.2. Property (i) is clearly
satisfied by definition. Property (ii) is satisfied since L(¥) is a vector space for any ¢ € Z...
For property (iii) consider nonzero elements y, z € R with ¢(y) < ¢(z). We can write

y= Z Aiz;, and z = Z ViZi,

i<u(y) i<u(z)

with A, v; € K, A,() # 0, and v,y # 0. Thus, y + 2 € L((2)) but y + 2 & L((2) — 1), so

p(y + Z) = Pu(y+z) = Puz)-

When «(y) = ¢(z) we may have \,()2,(,) = —V,(2)2,(2), SO

p(y + Z) = Pu(y+=2) < Pu(z)-

Now, for property (iv) take two nonzero elements y, z € R. Then

Y= Z Niziy, Z= Z viz;, and yz = Z L2k,

i<u(y) i<u(y k<u(yz)

where Aj, v, pi € K, A,y # 0, v,y # 0, and p1, () # 0. Furthermore, for all 4, j € Z we
can write

Zizj = E HijizL,

1<e(i,j)
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for some yu;5; € K and ju;(; jy 7 0. Now consider yz as the product of the representations
of y and z above. Then we have

Yz = Aivjzizj = Z Z AiVj 121

i<u(y) i<u(y) 1<L(i,7)
j<u(z) i<u(z)

Comparing with our initial representation of yz we can write
pe= > Al
i<u(y)
j<u(2)

£ig) =k
Now notice that ¢(i,j) < ¢(u(y),e(2)) if i < «(y) and j < u(z), since £(i, ) is strictly
increasing in both arguments. Thus, denoting i = «(y) and j = ¢(z) we obtain

(i) = Aivjtijegi,g) 7 0-
Hence, we must have ¢(¢(y),t(z)) = ¢(yz) and
P(YZ) = Pu(yz) = Pe(u(y)u(=))-
Now, considering any nonzero w € R and assuming p(y) < p(z), which implies ¢(y) < ¢(2)
we obtain
PYW) = Po(u(y) u(w)) < Pe(z)u(w)) = PZW).

Finally, to show property (v) consider two nonzero elements y, z € R with p(y) = p(2).
This implies that «(y) = «(z), so we can write y and z as above and find a A € K such that
M) Zuly) = AVy(2)%(z) Since K is a field. Thus, p(y — Az) < p(2).

Now assume that py
2.1.2 follows by

ij) = pi + pj for all i, j € Z,. Then property (vi) of Definition
P(Y2) = Pu(yz) = Peuy) (=) = Puly) T Puz) = P(Y) + p(2),

and p is a weight function. [ |

Existence of weight functions

This section is based on [Pellikaan] Our next aim is to show a connection between the
theory of Grobner bases and existence of weight functions on an algebra related to the
ideal generated by the particular Grobner basis. For this we introduce a new monomial
order.

Definition (Weighted ordering):

Let K[X1, Xo,...,X,] be a polynomial ring. Furthermore, let w = (w1, ws, ..., wy) € Z%
be an n-tuple of weights, and let X* be a monomial, where o = (a1, o, . .., ) € N™. Then
the weighted degree of X and « is given by

wdeg(X?) = wdeg(a) = Z w;io,
i=1
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and the weighted degree of a nonzero polynomial F' € K|[X1, Xs,..., X,] is

wdeg(F') = max{wdeg(X%) | X* € supp(F)}.
The weighted graded lexicographic order <, on the set of monomials in K[X1, Xo, ..., X,]
is defined by X® < XP if and only if wdeg(X®) < wdeg(X?) or wdeg(X%) = wdeg(X?)
and X® <., XPB. Similarly, the weighted graded lexicographic order <, on the set of n-
tuples of nonnegative integers N" is defined by o« <y, B if and only if wdeg(a) < wdeg(3) or
wdeg(a) = wdeg(3) and o <jes B

We show the following lemma, which ensures some nice properties of the division
algorithm when dividing by a set of polynomials satisfying certain properties.

Lemma:
Let K[X;,Xo,...,X,] be a polynomial ring, w an n-tuple of weights. Furthermore, let
fig € K[X1,Xs,...,X,] be polynomials, where f has exactly one monomial of maximal

weighted degree in its support. Furthermore, let B C K[X1,Xs,...,X,] be a set of
polynomials such that every element of B has exactly two monomials of maximal weighted
degree in its support. If F' —p G, then wdeg(F) = wdeg(G) and G has exactly one
monomial of maximal weighted degree in its support.

Proof:

We only need to prove the lemma for the case f —p -, g, since the lemma then
follows inductively. In this case we can write g = f — uXPh, for a h € B, a monomial
XP € K[X1,Xo,...,X,), and a p € K such that it is satisfied that 1t (4X”h) is a nonzero
term of f. Thus, we have wdeg(X?Ph) < wdeg(f). Furthermore, since f has exactly one
monomial of maximal weighted degree in its support we can write f = f' + A\ X%, where
wdeg(f") < wdeg(f) and It (f) = Ao X.

Now we consider two cases; the first is wdeg(X?h) < wdeg(f). Then we have that
wdeg(g) = wdeg(f), since g = f — pXPh. We can write g = (f — uXPh) + Ao X%, where
wdeg(f' — pXPh) < wdeg(f) = wdeg(g), so X¢ is the unique monomial of maximal
weighted degree in the support of g.

The second case is wdeg(X?h) = wdeg(f). Since each element h € B has exactly
two elements of maximal weighted degree in its support we can find a polynomial
' e K[Xy,Xs,...,X,], monomials XP1 XP2 ¢ K[X1,Xs,...,X,] and nonzero elements
p1, o € K such that b = B + 3 XP1 + 11pXP2, wdeg(h') < wdeg(XP1) = wdeg(XP2),
and XP1 <, XP2. Since f has exactly one monomial in its support of weighted degree
wdeg(X*”h) we must have that

It (MXﬁh) — s XBXB2 — )\, X
Thus, we can write
9= (f' = uXPh) + XaX*
= (f' = pXPH — iy XPXPL — iy XPXP2) 4 1y, XPX P
= (f' = nXP1) = pn XPXP1,
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and since
wdeg(f' — uXPh') < wdeg(f) = wdeg(XPh) = wdeg(XPXP1)

we must have wdeg(g) = wdeg(XPXP1) = wdeg(f), and 1 XPXP1 is the only monomial
in the support of ¢ with maximal weighted degree. [ |

Now we are in a position to show the relation between Grobner bases and the existence
of weight functions on a related algebra.

Theorem:

Let K[ X1, X2,...,X,] be apolynomial ring, and let <, be the weighted graded lexicographic
order with weight tuple w € 7. Furthermore, let I C K[Xi,X>,...,X,] be an ideal
with Grébner basis B. Assume that wdeg(XP1) # wdeg(X?P2) for any distinct monomials
XP1,XP2 ¢ A(B), and that every element of B has exactly two monomials of maximal
weighted degree in its support. Then there exists a weight function p on K[ X1, Xo,..., X,]/1
satisfying p(z) = wdeg(f mod I), where z = f + I, for dll f € K[X1, Xo,..., X,

Proof:

Since the monomials of the footprint each have distinct weighted degrees, and wdeg
maps to the well order N we can order the elements of the footprint as f1, fo,. .., where
wdeg(fi) < wdeg(fi+1) for all i. Let z; = f; + I and p; = wdeg(f;). The set {z; | i € Z,}
is then a basis for K[X;, X»,...,X,]/I by Proposition 1.3.9, and p; < p;+; foralli € Z,..
We want to show that (z; | i € Z;) is a well-behaving sequence. Thus, we consider the
product z;z; for any i and j. By the definition of ¢(¢, j) we can write

2izj = E AkZks

k<t(i,)

where )\ € K for all k, and )\y(; ;) # 0. This implies that

fifi— > Mfrel,
k<e(i,5)
so by Proposition 1.3.7 we have
fifi =B<. Z e fr

k<t(i,5)

Since f; f; is a monomial, and thus only has one monomial of maximal weighted degree
in its support, we can apply Lemma 2.2.2 to obtain that >, _,; ;) Ax.fi only contains one
monomial of maximal weighted degree in its support, namely f,; ;, of weighted degree
wdeg(fif;). Thus, we have

pi + p; = wdeg(fif;) = wdeg(fuiz) = peiij)s

so {(i, j) is strictly increasing in both arguments. Thus, Proposition 2.1.6 guarantees a
weight function with the desired property. [ |
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Description of function fields

This section is based on [Matsumoto, 1999].

The aim of this section will be to show that the quotient field of any algebra over
a field, on which there exists a weight function whose image is not finite, is in fact an
algebraic function field. This result will be a cornerstone in examining function fields,
since constructing ideals with Grobner bases satisfying the properties of Theorem 2.2.3
will then imply the existence of a function field.

The quotient field of a ring, however, only makes sense if the ring is an integral domain.
Thus, we first show that any algebra with an order function is an integral domain.

Proposition:
Let R be a K-algebra for some field K. If there exists an order function on R, then R is an
integral domain.

Proof:
Denote by p an order function on R. Assume for contradiction that fg = 0 for
some nonzero f,g € R. Then p(1) < p(g) by property (ii) of Lemma 2.1.4. Now,

property (i) of Lemma 2.1.4 together with property (iv) of Definition 2.1.2 implies that
p(f) < p(fg) = —oco. This means that f = 0, which is a contradiction. [ |

Now we can start working towards describing the quotient field of R. In order to do
this, we first need to investigate nonzero submonoids of N.

Proposition:

Let A be a nonzero monoid contained in N. Then there exists a finite generating set
{A1, A2, ..., As} of A, that is, the set satisfies that every element A € A can be written
as

A =11 1 +ngdo + -+ N
for some ny,no,...,ns € N.

Proof:

Let s be the minimal element in A \ {0}. Now, set S = A. Clearly, S is a generating set for
A, and we will prove the lemma by systematically removing elements of S in order to get
a finite generating set. Thus, consider two elements A, \' € A satisfying A = N'( mod s)
and A < ). Then we can write \' = ks + \ for some k € Z. . Thus, we can remove )\’ from
S and still have a generating set, since s € S. By repeated application of this argument,
we can remove all but one element from the intersections of A and the equivalence classes
modulo s. More precisely, the set

(J{min(A 0 {i+sn | n € N})}

i=1

yields the desired generating set. [ |
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The following proposition furthers the understanding acquired in the above
proposition.

Proposition:
Let A be a monoid contained in N. Then the set N\ H is finite if and only if gcd(H) = 1.

Proof:
First assume that N \ A is finite. Let d = gcd(A). Since N\ A is finite there must exists
A € A such that A + 1 € A, which implies that d|\ and d|\ + 1. This is only possible if
d=1.

For the converse assume that gcd(A) = 1. Hence, there exist integers z1, 2o, ...,2, € Z
and elements A1, Ao, ..., A\, € A such that 21\ + 299+ - -+ 2, A, = 1. We can find indices
i1,12,...,9% € {1,2,...,n} and j1, j2,...,j¢ € {1,2,...,n} such that \;_z;, is positive and
\j,z;, is negative for s = 1,2,..., kand r = 1,2,..., ¢, respectively, and k + ¢ = n. Now
consider

Zil)‘il + Ziz)\’i2 —+ e+ Zik)‘ik =1- Zj1>‘j1 — sz)‘jz — e = Zjekjé.

Since A is a monoid we have found A € A such that A + 1 is in A as well. Now take a
positive integer n € Z satisfying n > (A—1)A+ (A —1). We can find integers ¢, r € Z such
thatn =g\ +rand 0 <r <gq. Sincen > (A—1)A+ (A —1) wemusthaveg > A —1>r,
so ¢ — r is nonnegative. Thus, we can write

n=g\+r=>0A+7r)+(q@—r)A=r(A+1)+(g—71)A €A,

so every positive integer greater than (A — 1)A + (A —1) isin A, and N\ A must be finite.m

Now notice that w(R \ {0}) is a nonzero monoid contained in N. This follows, since
we have by properties (ii) and (vi) of definition 2.1.2, that w(\) = 0 for all A € K\ {0}.
Furthermore, a + b € w(R \ {0}) for any two elements a,b € w(R \ {0}) by property (v).
Finally, we have by definition that w(R \ {0}) C N. Next, let d = gcd(Hp,). It follows
easily from the definition of a weight function, Definition 2.1.2, that w’ = % is again a
weight function. It now follows by Proposition 2.3.3 that N\ w(R \ {0}) is finite. These
results inspires the following definition.

Definition:
Let R be a K-algebra for some field K. Assume that there exists a weight function w on R
and an element y € R satisfying w(y) > 0. Then we call

Apw = w(R\{0}) = {w(z) |0 # 2 € R}

the monoid associated to R and w.

Let w' = %. Then we write

AR = AR
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The next proposition is the first step towards showing that the quotient field of R is a
function field.

Proposition:

Let R be a K-algebra, assume that R has a weight function w, and assume that there exists
an element y € R satisfying w(y) > 0. Let {\1, Ao, ..., \:} be a generating set for A, w and
pick elements z1,z9, ...,z € R such that w(z;) = \; for i = 1,2,...,t. Then R is finitely

generated as a K-algebra. In particular, R = K|z1, 22, . . ., 2.

Proof:

Clearly K|z,z22,...,2] C R. For the other inclusion, take an element z € R. Since
w(z1),w(z2),...,w(z) generates Hp, there exists ny,na,...,n; € N satisfying

w(z) = nw(z1) + now(z2) + - + mpw(z) = w(zy" 252 - 2").

We will denote this element by z" = 2] 252 - - - 2}, where n is a ¢-tuple with ny,ng, ..., n;

as entries. Now, property (iv) implies the existence of A € K such that
w(z — Az") < w(z).

Repeating this argument eventually yields an element z — ) . \,,z™ of weight —oo. This
implies that

z— Z An;z™ =0
by property (i), and thus R C K|z1, 22, . .., 2] [ ]

The above proposition tells implies that ' = Quot (R) = K(z1, 22,..., 2s), so the
quotient field of R is finitely generated as a field extension F'/K. Thus, it only remains
to show that F'/ K has transcendence degree 1 for F' to be an algebraic function field. In
order to show this we first prove the following lemma.

Lemma:
Let R be a K-algebra. If there exists an order function p on R, then R* = K \ {0}.

Proof:

Clearly, K \ {0} C R*. For the reverse inclusion let z € R* be a unit in R. Since z # 0
we have by property (ii) of Lemma 2.1.4 that p(1) < p(z), which by property (i) of the
same lemma, and property (iv) of Definition 2.1.2, implies that p(z~1) < p(zz7!) = p(1).
Property (iii) now shows that z~! € K \ {0}, and since K is a field we also have
z € K\ {0}. [

With this lemma we can now prove the promised result of this section.
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Theorem:

Let R be a K-algebra, and assume there exists a weight function w on R, and a y € R
satisfying w(y) > 0. Moreover, denote F' = Quot (R). Then F is an algebraic function field
over K.

Proof:

By the discussion below Proposition 2.3.5 we only need to prove that F/K has
transcendence degree 1. In order to show this we consider the Krull dimension of R.
First note that w(1) = 0, since otherwise we would have

w(l) =w(l-1)=w(l)+w(l) > w(l),

which is a contradiction. We claim that there exists an element z € R that is irreducible.
Thus, assume for contradiction that there are no irreducible elements in R, which implies
that R is a field. Let y € R be an element with w(y) > 0. Since w(y) > 0 = w(1) we must
have y ¢ K by property (iii) of Lemma 2.1.4. Lemma 2.3.6 then implies that y is not a
unit, so R cannot be a field, which is a contradiction. Thus, there exists an element z € R
that is irreducible. Hence, the principal ideal (z) is maximal. This implies that R/(z) is a
field, and thus its Krull dimension is 0, since the only prime ideal of a field is {0}. Now,
since z is not a unit we can apply Proposition 1.1.5 to obtain that the Krull dimension of R
is 1. We have by Proposition 2.3.1 that R is an integral domain, so we can apply Theorem
1.1.4 and we have that the transcendence degree of F//K equals the Krull dimension of R.
Thus, F'/K is an algebraic function field. [

This theorem inspires the following definition.

Definition:

Let R be a K-algebra on which there exists a weight function w and an element y € R
satisfying w(y) > 0. Furthermore, denote by F' = Quot (R) the quotient field of R. Then we
call F/K the algebraic function field associated to R.

We will often omit the term ’algebraic’ in the definition above.

A weight function on an algebra is a valuation

As the title of this section suggests, the next aim is to show that an algebra R with a weight
function w satisfies that w can be extended to a discrete valuation in the function field
associated to R for some rational place @) € Pp. Furthermore, it will also be shown that R
is a subset of £L(co@). For this we will first need the following lemma.

Lemma:

Let R be a K-algebra on which there exists a weight function w and an element y € R
satisfying w(y) > 0. Let F' be the function field associated to R. Then icy(R)/R is a finite-
dimensional K-vector space.
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Proof:
To simplify notation, let R’ = icp(R). We have by Proposition 1.1.7 that R’ is finitely
generated as an R-module. Thus, there exist elements 21,25 ...,2, € R’ such that any
2z € R can be written as z = a121 + as22 + - - - + apz, for some ay,as,...,a, € R. This
implies that we can write R' = R|[z1, 22,...,2,]. Thus, since R is finitely generated as
a K-algebra we also have that R’ is finitely generated as a K-algebra. By Proposition
1.1.2 there exists a prime ideal I of some polynomial ring K[X;, X», ..., X,| satisfying
R = K[X1,Xa,...,X,)/1I.

Now consider the quotient space R’/R. Then we have the R’/R is a vector space over
K. Let

A={z€R|zr=0forallr € R/R} ={z€ R| 2R C R}.

Clearly, this set is an ideal of R’. We will show that A is nonzero. In order to do this, first
note that the quotient field F' of R is a function field by Theorem 2.4.2. Thus, we can
apply Theorem 1.2.17 and we obtain R’ = Og, where S = {P € Py | Op C R}. Now
consider the set

vp(R) ={vp(2) | z € R}

for some P € S. This set is a nonzero submonoid of N, and is generated by

{vp(z1),vp(22),...,vp(2)}, where z1,z9,..., 2 are the generators of R as a K -algebra.
Now, assume that ged(vp(R)) > 1. Then there exist no coefficients ¢y, ¢, ..., ¢ € Z such
that

IL=c1z1 + cozo + -+ + 2,

so since F' = K (f1, fa,..., fi) there exist no element z in F satisfying vp(z) = 1. Thisis a
contradiction with the definition of a valuation. Thus, gcd(vp(R)) = 1 and by Proposition
2.3.3 there exist ip € N such that A € vp(R) for all A > ip. Now let z € R be an element
satisfying vp(z) > ip for all P € S. Then z € A.

Now, [Cox et al., 2007; Chapter 5, Section 2, Proposition 10] states that the ideals
of a quotient ring K[Y1,Y5,...,Y;]/I are in one-to-one correspondence with the ideals of
K[Y1,Ys,..., Y] containing I. Thus, we can find a unique ideal J of K[X1, Xs,..., X,
containing /, such that A = J/I. Now, we want to show that the number of zeros of .J
in the algebraic closure of K is finite. To see this, first consider R’ = Og. Since R’ is a
subring of F it is not a field, and thus we can apply the same arguments as in the proof of
Theorem 2.4.2 to show that the Krull dimension of R’ is 1. Now, since I C J we must have
that KXy, Xo,...,X;]/J has Krull dimension 0. In [Hartshorne, 1977; Part I, Proposition
1.7] it is shown that the dimension of a variety equals the Krull dimension of its affine
coordinate ring. Thus, the dimension of Vj;(J) must be 0, where K denotes the algebraic
closure of K. Now, it is shown in [Cox et al., 2007; Chapter 9, §4, Proposition 6] that a
variety of dimension O consists of finitely many points, which shows the claim. This means
that we can apply [Adams et al., 1994; Theorem 2.2.7] which shows that the vector space
dimension of K[X1, Xo,...,X,]/J is finite. We can write

RJA = (K[X1,Xa, ..., X)/D)/(J)]) = K[X1, Xa, ..., X0/ J
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by the third Isomorphism Theorem for rings, which implies that R'/A is a finite-
dimensional K-vector space as well. Since A C R, the vector space dimension of R'/R
must be smaller than that of R/A, so the dimension of R'/R is also finite, which finishes
the proof. [ |

We are now ready to prove the last of the promised results.

Theorem:

Let R be a K-algebra on which there exists a weight function w and an element y € R
satisfying w(y) > 0. Let F' = Quot (R) denote the function field associated to R. Then there
exists a unique rational place @ of F such that R C L(coQ)) and there exists a unique positive
integer d € Z, such that w(z) = —dvg(z) for all z € R.

Proof:
Let d be the greatest common divisor of the set w(R\{0}). Define the map v: F' — ZU{o0}
by v(z/y) = 2W=2C) for 2y € R\ {0} and v(0) = oo.

We show that v is a discrete valuation, so we consider each of the conditions of
Proposition 1.2.3. Since w(z) is finite for any z € R\ {0} we have by the definition
of v that v(z) = oo if and only if z = 0, and condition (i) is satisfied. Condition (ii) is
satisfied since

vy y

o (2-2) - He) = wted)

I
+

z 2
() ()

Y Y
for any z,2’,y,y € R, which follows by property (vi) of Definition 2.1.2. Next, see from
property (iii) of the same definition that

z 2 2y + 2y
vl-+5 ) =v| ——
y vy vy

w(yy) —w(zy + 2'y)

d
S w(y) + w(y') — max{w(z) + w(y"), w(z’) + w(y)}
- d
i =012 210)= 1))
d ’ d

() (2)}

for any z,2',y,y’ € R. Thus, condition (iii) is satisfied as well. Now, it was shown in
the proof of Proposition 2.3.5 that Ag , is a nonzero monoid contained in N, and is thus
generated by some finite set {\1, \2,..., \;} € Z by Lemma ??. Since d is the greatest
common divisor of A, it must also be the greatest common divisor of its generating set.
Hence, there exists coefficients ni,no, ..., n; such that

d=n1A1 +nodg + -+ + Ny A,
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which implies that d € Ar,,, and there exists an element z € R satisfying w(z) = d. Thus,
we have

which shows that condition (iv) holds. Finally, since w(1) = 0 we have by property (iii) of
Lemma 2.1.4 that w(\) = 0 for all A € K\ {0}. We can then write

U(A):vG) e,

and condition (v) is proven.

Now, let @ and Og be the place and valuation ring corresponding to v, respectively,
and denote vy = v. It was mentioned before Definition 1.2.4 that the map K — Og/Q
given by A — A+ (@ is injective. In order to show that it is also surjective consider elements
y,% € R satisfying vg (5) > 0. If vg <§> > 0 then § € @ and g + Q = 0+ Q. Hence, it
only remains to consider the case vQ(g) = 0. In this case we must have w(z) = w(y), so
by property (v) of Definition 2.1.2 there exists a A € K such that w(z — Ay) < w(y). Thus,

v <; _A> _ w(y) —@Z(z—ky) >0,

SO 5 — X €@ and § + @ = A+ Q. Hence, K and Og/Q are isomorphic and deg Q = 1.
Next, we show that R C £(coQ), so we consider the set S(R) = {P € Pr | R C Op}.
It was shown in Theorem 1.2.17 that the integral closure of R is given by

we have

ICF(R) = OS(R)'

The claim is proven if we show that S(R) = Pr \ {Q}, since it is then only possible for an
element in R to have a pole at ). It is not possible to have S(R) = P, since this implies
the existence of an element in F' that has zeros but no poles. Furthermore, @) ¢ S(R) since

sy = "= g

for all z € R\ {0}. Thus, we assume for contradiction that S(R) C Pr \ {@}. Now define
W = {z €icp(R) | vg(z) > 0}.

Then W is easily shown to be a vector space over K. We will estimate the vector space
dimension of W in two ways to arrive at a contradiction. To this end, we first consider
icp(R)/R. This is a finite-dimensional vector space over K by Lemma 2.4.1. Now consider
the map

‘ W — icp(R)/R
v z z+R

This map is a vector space homomorphism by the quotient space operations. The kernel of
the map is given by

ker(p) = RNW = {z € R | vg(z) > 0} = {0},
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since any element z € R\ {0} satisfies vg(z) < 0. This means that ¢ is injective, and thus
induces an embedding of W in icp(R)/R. Since dimg (icp(R)/R) is finite we must then
also have that the dimension of W is finite.

Now, since we have assumed S(R) C Pr\{Q} we can find a place T' € Pr\ (S(R)U{Q}).
By the Strong Approximation Theorem, 1.2.14, we can find z; € F such that vg(z;) = ¢
and vp(z;) > 0 for all P € Pp \ {T'} and for every i € Z,. This means that z; € Ogp),
and thus z; € W for all i. Now, since each z; has different valuations at () they must all be
linearly independent. Hence, W must be of infinite dimension, which is a contradiction
with our earlier estimate.

Since
z —w(z)
wte)=v0 () =
we have w(z) = —dvg(z) for all z € R. Thus, it only remains to prove that d and @ are

unique. To do this we consider a positive integer d’ € Z. and a discrete valuation v’ that
satisfies w(z) = —d'v'(z) for all z € R. Clearly d’ divides every element of w(R \ {0}).
Since v’ is a discrete valuation there exists elements z,y € R such that

1= (Z) = (2) — V' (y) = “’(y);,w(z).

Since w(R \ {0}) is a nonzero monoid contained in N we have

d =w(y) —w(z) € w(R\ {0}),

and thus d’ is the greatest common divisor of this set and d’ = d. Finally, let )’ denote
the place corresponding to v’. Then @' € Pr \ S(R) since v'(z) < 0 for all z € R. Thus,

Q' =Q. =

Categorization of function fields

Next we show a converse of what we have proved so far. More precisely, we will show that
for any K-algebra R = K[X, Xo,...,X,]/I on which there exists a weight function, we
can find a Grobner basis of I in which each element has exactly two monomials of maximal
degree, and whose footprint does not contain two distinct monomials of the same weight.
This means that every function field can be described using the theory in the previous
sections. Hence, we can potentially conduct an exhaustive search for function fields with
certain properties, given some universal parameters of the function fields.

First we show the connection between function fields and algebras on which there

exists a weight function.

Proposition:

Let F//K be a function field, and let () € P be a rational place of F. Furthermore, let R # K
be a K-algebra such that R C L(coQ). Then there exists a weight function w on R and an
element y € R satisfying w(y) > 0.
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Proof:
Define

. { R — NU{-}
| oz o— —wglz)

It follows easily that each property of a weight function except for (v) of Definition 2.1.2
is true by the properties of a valuation. Now, property (v) can be shown by a direct
generalization of the proof provided in the Hermitian case in Example 2.1.3. Since R # K
there exists an element y € R\ K. This means that y € £(c0Q) \ K, and thus vg(y) < 0.1

This proposition implies that we only need to show that a K-algebra on which there exists
a weight function implies the existence of a corresponding ideal with a Grobner basis that
satisfies the properties of Theorem 2.2.3. This result we first shown in [Miura, 1997] and
[Miura, 1998], but the proofs provided here are based on [Matsumoto et al., 2000] and
[Geil et al., 2002]. We will prove the result in the cases where an element y € R satisfying
w(y) > 0 exists and where {w(z) | 0 # z € R} = Ag # N.

Proposition 2.3.2 implies that we can find a generating set for Hg, say {a1, o, ..., o }.
We can assume that a; # 0 fori = 1,2, ..., ¢. Then we can consider the weighted ordering
<ap Where arp = (aj,a2,...,q) € Zi. We will use this ordering in the following
definition.
Definition:
Let R be a K-algebra. Assume that there exists a weight function w on R and an elementy € R
such that w(y) > 0. Let <4, denote the weighted order with weights ar = (a1, az, ..., o),
where {a1, ag,...,q.} is a generating set for Hr. Then we define

B(ag) = {n € N' | if m € N’ satisfies wdeg(n) = wdeg(m) then n <4, m}
and

V(ar) = {n € N'\ B(ag) | if m € N*\ B(ag) then 3i € {1,2,...,t} such that m; > n;}.

The set B(ar) is in other words the union of the minimal element of the sets
Sy = {n € N* | wdeg(n) = w}

for w = 1,2,.... On the other hand, the set V(ag) contains the minimal elements of
N\ B(ap) with respect to the natural partial ordering on N'.

By Proposition 2.3.5 and 1.1.2 we can write R = K[X1, Xo,..., X;]/I for some prime
ideal I C K[X;, Xo, ..., X;]. The sets from the definition above will be useful in describing
the Grobner basis of I and its footprint. Before we consider this we will need the following
lemmata.

Lemma:

Let R be a K-algebra. Assume that there exists a weight function w on R and an element
y € R such that w(y) > 0. Furthermore, let ar = {1, a9,...,0.} be a generating set for
Hp. Then V(ag) is finite.
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Proof:
Consider the monomial ideal

(X" [neV(ar)).

Now, Dickson’s Lemma, [Cox et al., 2007; Chapter 2, Theorem 5], states that any monomial
ideal is finitely generated. Thus, there exists a finite set A C V(ar) such that

(X™|me A) = (X" | neViag)).

Assume for contradiction that A C V(ar). Now, [Cox et al., 2007; Chapter 2, §3, Lemma
2] states that any monomial of a monomial ideal can be written as a product of one of the
generators of the ideal and a monomial. Thus, there must exist an n € V(ap) satisfying
n = ¢+ m for some m € A4 and ¢ € N, where ¢ # (0,0,...,0) € N'. This is impossible
since n were assumed to be minimal. Thus, V(ag) is finite. [

Now choose z; € R such that p(z;) = «; for i = 1,2,...,t. In the following, we will use

ni  n2

the notation z® = 2{"'2? - - - 2} for n € N, and similarly for X".

Lemma:

Let R be a K-algebra. Assume that there exists a weight function w on R and an element
y € R such that w(y) > 0. Furthermore, let ar = {a1,q9,...,a.} be a generating set for
Hp. Then {z" | n € B(ag)} forms a basis for R as a K-vector space.

Proof:
By definition of B(ar) we have w(z") # w(z™) for any n,m € B(ap) satisfying n # m.
Thus, the set {z" | n € B(ag)} is linearly independent.

Next, take an element » € R. Then there exists an element n € B(ap) such that
w(h) = w(z"). By property (v) of Definition 2.1.2 there exists a ¢, € K \ {0} satisfying
w(h — cnz™) < w(h). Continuing in this fashion we can write

w(h — Z ann) < 07
nEB(OLR)
which by property (i) means that
h= Z cnz",
neB(agR)

which proves the lemma. [ |

In the following we will consider the ideal I satisfying R = K[X1, X2,..., X;]/I. We first
describe the footprint of 1.

Proposition:

Let R be a K-algebra. Assume that there exists a weight function w on R and an element
y € R such that w(y) > 0. Let I C K[X;,Xo,...,X;] be the prime ideal satisfying
R = K[X4,Xo,...,X4]/I, and let ag = {1, a9,...,a:} be a generating set for Hg. Then
A(I) = {X" | n € B(ag)}.
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Proof:

We first show that A(I) C {X™ | n € B(ag)}. Thus, assume for contradiction that
there exists X" € A(I) \ {X" | n € B(ag)}. Now consider z". By Proposition 2.3.5 this
element must be in R. Thus, we can by Lemma 2.5.4 write z" as a K -linear combination of
elements in {z" | n € B(aR)}, and by the construction of these linear combinations given
in the proof of the lemma, each term must have weight lower than or equal to wdeg(n).
Hence, we can write

z" = g chz?,

hGB(aR)
wdeg(h)<wdeg(n)

where ¢, € K. Now consider the polynomial

X0 Z ChXh.
heB(ag)
wdeg(h)<wdeg(n)

Since I is the kernel of the evaluation mapping evaluating polynomials in ¢ variables at
21, 22, . . ., z this polynomial must be in /. But by the definition of B(ap) its leading term
must be X", which is a contradiction since X" € A(I).

Now assume that there exists an element X" € {X" | n € B(agr)} \ A(I). Since
A(I) is a basis for R by Proposition 1.3.9 we have that z" can be written as a linear
combination of elements in {z™ | z™ € A(l)} C {z™ | m € B(ag)}, and thus by
elements in {z™ | m € B(ag)} \ {z"}. However, this means that {z™ | m € B(ag)}
is linearly dependent, which is a contradiction with the fact that it is a basis by Lemma
2.5.4. ]

Before we prove the promised result, we will first need the following proposition.

Proposition:

Let R be a K-algebra and assume that there exists a weight function w on R, an element
y € R satisfying w(y) > 0 and that gcd(Ar,w) = 1. Then there exists a well-behaving
sequence (z, | @ € A) of R satisfying

w(zazg = Za+p) < w(zat)

forall a, B € Ap.

Proof:

From Proposition 2.1.5 we know that there exists a well-behaving sequence (f, | « € A)
satisfying w(f,) = a. Now, Theorem 2.4.2 shows that there exists a rational place @ of
F = Quot (R) such that w can be extended in a unique way to w’ = —vg: F — Z given
by w'(z/y) = w(z) — w(y). Since vq is a discrete valuation, it is clear that v’ satisfies
properties (i), (ii), (iii), (iv), and (vi) of Definition 2.1.2. To show that it also satisfies
property (v), assume that w'(%) = w'(Z) for some z,y,z,w € R. Then

Z
w

w(zw) = w(z) +w(w) = w(y) + w(z) = wlyz),
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so since w is a weight function there exists a A € K such that w(zw — \yz) < w(zw).
Therefore

X z
I Yol

!
w(y "

) = w(zw — A\yz) —w(yw) < w(zw) — w(yw) = w’(g).

Since w’ is a valuation there must exist an element ¢ € F satisfying w’(¢) = 1. Since w’
is a weight function, we can for each « € A find a unique nonzero a,, € K such that

W' (t% — anzq) < W' (t%)
by Proposition 2.1.4. Define Z, = az, for every a € Ar. Now, we can write

t = anzq + terms with weight < «,
t# = agzg + terms with weight < 5, and

% = 44y 5204 5 + terms with weight < a + f,
for any a, 8 € Ag. Multiplying the first two of the above equations then yields
T = a,24a525 + terms with weight < a + 8.
Combining the two representations for t**# then gives
Qo+ BZat+p = GaZa0pzs + terms with weight < o+ 3,
and by substituting Z,, Zg and %, 3 we have
Zo+8 = ZaZp + terms with weight < o + f.

This means that w'(Z,43 — Za23) < W'(Z4+s), and since Z,, Zg, and Z,. 3 are all contained
in R the same must be satisfied for w. Thus, the well-behaving sequence (2, | « € Ar) has
the desired property. [ |

From now on it will be assumed that z1, 2, ..., z; are picked from a well-behaving
basis with the property of the proposition above.

We are now in a position to describe a Grobner basis of /. First notice that every
two elements of B(apr) have distinct weight, and {wdeg(n) | n € B(ag)} = A. Thus,
for each element n € V(ap) there exists a unique element m € B(ap) satisfying
wdeg(n) = wdeg(m). As in the proof of the proposition above we can write z" as a
K-linear combination of elements in {z" | n € B(ag)}, where each term have weight
lower than or equal to wdeg(n). On top of this, since z™ was chosen uniquely we must
have that ¢, z™ is a term in the linear combination of z® for some c,, € K. Hence, we can
write

z" = cz™ + Z cnz, 2.1

hEB(aR)
wdeg(h)<wdeg(n)

where ¢, € K.
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2.5.7 Theorem:
Let R be a K-algebra for some field K. Assume that there exists a weight function w on R
and an element y € R such that w(y) > 0. Let I C K[X1, Xo,...,X}] be the prime ideal
satisfying R = K[X1, Xo,...,X]/I. Furthermore, let g = {1, a9,...,a.} be a generating
set for Hg. Define

Fo=X" — e X™ — > cpXh
heB(aR)
wdeg(h)<wdeg(n)
foreach n € V(ag). Then Br = {Fn | n € V(ag)} is the Grobner basis for I with respect to
~<ap- Furthermore, ¢y = 1.

Proof:

Since I is the kernel of the evaluation mapping evaluating polynomials in ¢ variables at
21, 22, ...,z we have that F,, € I for each n € V(ag) by the discussion above this theorem.
Now notice that

Im., (I)={X"|neN\B(ag)}

by Proposition 2.5.5. Thus, since the elements in V (ap) are chosen minimally any X",
where h € N*\ B(ag), must be divisible by an element of the set {F},, | n € V(agr)}. Now,
since this set is finite by Lemma 2.5.3 it follows that it is a Grobner basis by the definition
of a Grobner basis.

Now, consider an element n € V(ag) and notice that any element n’ € N’ satisfying
n’ #nand n, <n; fori=1,2,...,¢ must be contained in B(ap). To see this assume that
this is not the case. Then there exists an element n’ € N*\ B(«a ) that is smaller than n with
respect to the natural partial ordering. This is a contradiction with the definition of V (aR).
Thus, we can find n;,ns € B(agr) such that n = n; + ny, or in other words, we can write
any element of S = {X" | n € V(ag)} as a product of two elements of A(J). Now, since
the elements of S are the minimal monomials not contained in A(7), we must have that
each element of S equals the leading term of a polynomial in the reduced Grébner basis G
of I. By the first part of this proof we must have that each element of the reduced Grobner
basis has exactly two monomials of maximal weight in its support, and thus we must have
that the reduction of X™ € S by the corresponding polynomial of the Grébner basis g € G
has weight equal to wdeg(X"). Furthermore, since every monomial in the support of ¢
other than the leading monomial is contained in A(7), we must have that no element of G
divides the reduction of X" by g. Thus, we must have that w(z") = wdeg(m; )+ wdeg(my).
Denote o = wdeg(m; ) and 8 = wdeg(ms). Then f, = z™ and fz = z™?, and the element
in {z" | n € B(ap)} with weight equal to w(z") = w(fofs) iS fo+s, Which must equal
z™ in equation (2.1). Now, since (f, | @ € A) is chosen as a basis with the property in
Proposition 2.5.6 we must have w(fafs — fats) < w(fa+s), and thus ¢y = 1. [

By the construction of F), each element of By has exactly two monomials of maximal
weight in its support. Furthermore, we have shown in Proposition 2.5.5 that A(]) = {X" |
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n € B(apg)}, and by construction every two elements of B(ar) have distinct weight, and
thus the same holds for A(7). Hence, we have, given an algebra R = K[X1, Xo,..., X;|/I
on which there exists a weight function, shown that I holds the same properties as assumed
in Theorem 2.2.3.

2.6 Counting rational places of a function field

2.6.1

In this section we will provide a way to determine the number of rational places of
a constructed function field. Furthermore, this method will be demonstrated on the
Hermitian function field.

Theorem:

Let R be a K-algebra on which there exists a weight function w and a y € R satisfying
w(y) > 0. Denote by F/K the function field associated to R. Let I be the ideal in
K[X1,Xo,...,X] satisfying R = K[X1, Xs,...,Xy|/1. Furthermore, let ) € Pr denote
the place given in Theorem 2.4.2 and assume that R = L(coQ). Then there is a one-to-one
correspondence between S = {P € Pr \ {Q} | deg P = 1} and the affine variety Vi (I).

Proof:
First note that

R=L(oQ)={2€ Flvp(z) >0 forall PePp\{Q}} = Op,\i0}

Thus, we can apply Proposition 1.2.19 to obtain a one-to-one correspondence between
Pr \ {Q} and the set of maximal ideals Mp in R. Furthermore, it yields the isomorphism

) R/Mp — Fp
e z+ Mp +—— 2+ P

Since Mp is a maximal ideal the ring R/Mp is a field. Furthermore, since Mp = RN P and
PN K = {0} we must also have Mp N K = {0}. Thus, the residue class map K — R/Mp
is a ring homomorphism with kernel {0} and is thus injective. This means that we can
consider K as a subset of R/Mp, and (R/Mp)/K is a field extension. We will call the
degree of this extension the degree of the corresponding maximal ideal. Now let P € Pp
be a place such that Mp is of degree 1. The map ¢p then implies that [Fp : K] =1, so P
is rational. By the same argument it follows that a maximal ideal Mp of R has degree 1 if
P is rational. Thus, there is a one-to-one correspondence between the rational places of F'
and the maximal ideals in R of degree 1.

Now it only remains to show a one-to-one correspondence between the set of maximal
ideals in R of degree one and the affine variety V'(I). For this, consider a maximal ideal
M in R = K[X1,Xa,...,X:]/I of degree 1. Using this ideal we can define the elements
a; =y; + M fori=1,2,...,t, where {y1,y2,...,y:} is a generating set for R. Now, since
M 1is of degree 1 we obtain that we can consider each a; as an element of K. Consider
the ideal (y; — a1,y2 — a2,...,y: — ay) in R. Now, [Cox et al., 2007; Chapter 5, §2,
Proposition 10] gives a one-to-one correspondence between ideals in R and ideals in
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K[X1,Xs,...,X;] containing /. The ideal corresponding to (y1 — a1,y2 — az,...,y: — ay)
is (X1 — a1, Xy — ag,..., Xy — a;), which must then contain /. By the ideal-variety
correspondence we have

{(al,ag,...,at)} = V(Xl —al,X2 —ag, ... ,Xt — at) g V(I)

For the reverse implication consider an element (a1, as, ..., a;) € Vi (I). With this consider
the ideal M' = (X1 — a1, X3 —ag, ..., Xy —ar) in K[X3, Xo, ..., X;]. This ideal is maximal
and contains [ since Vix(M') = {(a1,a2,...,a;)} € V(I). Thus, we have by [Cox et al.,
2007; Chapter 5, §2, Proposition 10] that there exists a corresponding maximal ideal M in
R = K[X1, Xo,...,X;]/I, and the proof the the proposition shows that M = M’/I. Now
we have

(K[X1, Xa,..., X¢]/T)/M = (K[Xy, Xo,..., X]/T)/(M'/T)
%K[Xl,XQ,...,Xt]/MI
=K

by the third isomorphism theorem for rings, and thus the degree of M is 1. [ |

This theorem ensures that the number of rational places of F, denoted by N (F'), satisfies
N(F) = |Vg(I)| + 1. (2.2)

Thus, in order to determine the number of rational places of the function field associated
to R, we need to ensure that R = £(co(), and count the zeros of I.

In order to check whether or not R = £(oco()) we consider the case R C £(oco@). Since
we can write L(co®) = Og for S = Pr \ {@Q} and a holomorphy ring for some set of places
requires the set to be proper we must have that R is not a holomorphy ring. This implies
by Proposition 1.2.16 and Theorem 1.2.17 that R is not integrally closed. On the other
hand, if R = £(c0Q) = Og we have by Proposition 1.2.16 that R is integrally closed. Now,
[Shafarevich, 1994; Chapter 2, Section 5.1, Corollary] shows that R is integrally closed
if and only if the affine algebraic curve R defined by I is non-singular. By definition, the
curve defined by I is nonsingular if and only if the variety defined by the partial derivatives
of the polynomials defining I is empty.

Example:

We will demonstrate the theory built thus far by constructing the Hermitian function fields
and counting the number of rational places. Thus, we set K = [F 2> for some prime q > 2
and consider the ideal I = (X9t! — Y7 — Y. Since this ideal is generated by a single
element the set G = {X9*t! — Y79 — Y} is a Grobner basis for I. Consider the weighted
ordering <. on F[X,Y] with ¢ = (¢, ¢ + 1). With this weighted ordering each element
of G has exactly two monomials in its support of maximal weighted degree. Furthermore,
the footprint of I is given by

A ={XY7|0<i<q and 0<j}.
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Thus, the footprint contains only elements of distinct weighted degree. This means that
we can apply Theorem 2.2.3 to obtain a weight function w on R = F2[X, Y]/I satisfying
w(f + I) = wdeg(f) for every f € R. Now, since w(X + I) = ¢ > 0 we have that R is
finitely generated as an I 2-algebra by some elements z,y € R satisfying 2t — gyt —y = 0.
Thus, the function field associated to R is given by H = F2(x, y), which is the Hermitian
function field. Now, it can be shown using the norm and trace functions that the polynomial
X9+ — Y9 — Y has exactly ¢® solutions. This means that the Hermitian function field has
¢ + 1 rational places by equation 2.2, as expected. <

Binomial ideals

This section is based on [Geil, 2000].

Until now, we have shown that, given an ideal with a Grobner basis satisfying the
properties of Theorem 2.2.3, there exists a function field associated to the ideal. It is,
however, still unclear how to build ideals with these properties given generators for
a nonzero submonoid of N. Thus, we introduce binomial ideals related to a nonzero
submonoid of N in the following, and we show that they have the desired properties.
Furthermore, we describe a method for computing the reduced Grobner basis of binomial
ideals.

Definition:

Let {\1,X2,...,\n} € Z4, and let A denote the submonoid of N generated by this set.
Consider the weighted ordering with weights (A1, A2,...,\,) € Z.. Then a polynomial on
the form

X* - XP e K[X1,Xs,...,X,)
is called a binomial. Furthermore, the binomial ideal related to A is given by

I= (X% - XP | wdeg(a) = wdeg(B)) € K[X1, Xa, .., X,].

Next, we will show that any binomial ideal I related to a nonzero submonoid of N satisfies
the properties of Theorem 2.2.3. The first property to consider is the fact that 7 has a
Grobner basis in which any element has exactly two monomials of maximal weight in its
support. This is a consequence of the following proposition. The following proposition is
inspired by [Geil et al., 2017].

Proposition:

Let K be a field. Furthermore, let A = (A1, Ao, ..., \,) be a nonzero submonoid of N, and let
I be the binomial ideal related to A. Consider the lexicographic ordering and the weighted
ordering with weights (A1, X2, ..., \p) € Z'}. Then the reduced Grobner bases of I with respect
to each of these orderings are equal and consists of a finite number of elements on the form
X — XP where wdeg(a) = wdeg(3).

40



2. Grobner Bases and Function Fields

Proof:

First note that the Hilbert Basis Theorem [Cox et al., 2007; Chapter 2, §5, Theorem 4]
implies that I is a finitely generated ideal. Each polynomial in the generating set can
now be written as a finite sum of a polynomial times a binomial X — X” satisfying
wdeg(a) = wdeg(8) since the set of binomials on this form generates I. Thus, choosing
these binomials for each polynomial in the generating set for I we obtain a new generating
set for I. This means that [ is generated as an ideal by a finite number of elements on
the form X< — X” where wdeg(a) = wdeg(3). We start by considering the Grobner basis
of I constructed by Buchberger’s algorithm, [Cox et al., 2007; Chapter 2, §7, Theorem
2], with respect to any monomial ordering. The Groébner basis constructed will consist
of the finite number of generators chosen earlier along with some additional polynomials
constructed from these. The first polynomial added is the remainder of the S-polynomial
of two binomials under division by the set of generating binomials. Thus, we consider the
S-polynomial of two binomials f; = X® — X? and f, = X — XP'. We have

X XY o :
_ 8 B
S(fi, f2) = 3o (X% = X7) — X (X* - X7)
XY g X7
=X - _XP
X X*

where v = (71,72, ...,7n) is the n-tuple satisfying v; = max{«;, o} fori = 1,2,...,n
Now, since wdeg(a) = wdeg(3) and wdeg(a’) = wdeg(3') we have

wdeg <§Xﬁ> = wdeg(vy) — wdeg(a) + wdeg(3)
= wdeg(7)

XY
= wdeg (XO" )

Next, we consider the remainder of a binomial X® — X? under division by a set

so S(f1, f2) is again a binomial.

of binomials F. In order to describe the remainder we first consider a polynomial
g € K[X1,Xa,...,X,] such that f reduces to g. This means that there exists a monomial
X7 and a binomial X® — X# ¢ F satisfying X® = X*X®' and

9(X1, Xo,. .., Xp) = X& — XB _ X7 (Xa’ — Xﬁ’>

= X7XP — XP,
Now, since
wdeg (X”Xﬁ ) = wdeg(vy) + Wdeg(ﬁ )
= wdeg() + wdeg(a)
= wd g(a)

we also have that g is a binomial. Repeating this argument we eventually obtain that the
remainder is a binomial, and thus also the remainder of the S-polynomial of two binomials.
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Thus, the new element added by Buchberger’s algorithm is a binomial, and we can repeat
this argument for each step of the algorithm to obtain a Grobner basis consisting only of
binomials X* — X? where wdeg(a) = wdeg(3).

Now, since each coefficient of the leading terms in the Grobner basis constructed is
1 the reduced Grobner basis must be a subset of the one constructed by Buchberger’s
algorithm, and thus also only consist of binomials. Furthermore, because the leading term
of a binomial is the same with respect to the lexicographic and the weighted ordering, the
reduced Grobner bases with respect to these orderings must be equal. [ |

Thus, this proposition implies that the reduced Grobner basis of a binomial ideal only
contains elements that has exactly two monomials of maximal weight in their support.
Next, we show that the footprint of a binomial ideal has no two elements of equal weight.

Proposition:
Let A = (A1, A2, ..., A\p) be a submonoid of N. Then every two elements of the footprint A(I)
of the binomial ideal I related to A has distinct weight.

Proof:

Define the weighted ordering <., with weights w = (A1, A2,..., ;). Assume for
contradiction that there exists X* € A(I) and X? € A(I) satisfying wdeg(a) = wdeg(3)
and X® # XA, This means that X® — X? ¢ I. Now, assume without loss of generality
that X® >, X?. This means that X* € lm_(I), and thus X® ¢ A(I), which is a
contradiction. [

Thus, Propositions 2.7.2 and 2.7.3 implies that a binomial ideal I satisfies the conditions
of Theorem 2.2.3, and hence K[X;, Xo, ..., X,]/I has a weight function w. Furthermore,
w(f + 1) = wdeg(f) for any f € A(I), so since I is proper there exists an element
g € K[X1,Xa,...,X,] withw(g+ I) > 0. This means that we can apply Theorem 2.4.2 to
obtain a function field associated to K[X;, X»,..., X,]/I.

It only remains to determine a method for calculating finite generating sets of the
binomial ideals. It turns out that this can be done using elimination theory as the following

proposition shows.

Proposition:
Let K be a field. Furthermore, let A = (A1, Ao, ..., \,) be a submonoid of N, and let I be the
binomial ideal related to A. Consider the ideal

I'=(T™M — X,,T" — X5, ..., T™ — X,,) C K[T, X1, Xa, ..., X,].

Then I = I' N K[X1, Xa, ..., X,].

42
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Proof:
Consider the map

| KT, X1, X, .., X — K[T]
| AT X1, Xey e X)) — f(T, TN T2 T

Then we have I = ker(¢) N K[X1, Xo, ..., X,], so we need to show that I’ = ker(y). Thus,
first consider an element f € I’. Then

o(f(T,X1,Xa,..., X)) cp( hi(T,Xng,...,Xn)(TM—Xi))

—1

n
S hi(T, TN, T, T (T’\i _ T&')
=1

0,

for some hy, ho, ..., h, € K[T, X1, X2,...,Xy], s0 f € ker(¢) and I’ C ker(¢p).

For the other inclusion take an element f € ker(y). Then the division algorithm with
respect to the lexicographic ordering where 7' < X,, < --- < X; implies the existence of
g,hi,ha, ... h, € K[T, X1, Xo,...,X,] satisfying

F(T, X0, X, Xn) = (T, X0, Xy, X)) + 30 (T, X, Xy, X) (T = X
=1

and either g = 0 or none of the terms of g are divisible by

{lt (TM - Xl) 1t (TA2 . X2>, Tt (TM - Xn)} .

However, since 1t (7% — X;) = —X; for i = 1,2,...,n we must have g € K [T in either
case, and thus ¢(g) = g. Because f € ker(yp) we must have ¢(f) = 0, which means that

0=o(f(T, X1, Xs,...,Xn))

n
_ <g(T,X1,X2, LX)+ (T, X, X, X) (TAZ- _ X))
=1

n
=y (g(T, X1, Xo, ... 7Xn)) + th <T, T)\1,T)\2’ - ,T)‘n> <T)\i — T>\z>>
i=1

QO(g(T, X17X27 o 7Xn))
= g(T7X17X27 cee 7Xn)

Thus, we have that
T, X0, X, X)) = S0 (T, X0, X, 0, X) (T = X)) €1,

which means that ker(yp) C I. [
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2.7. Binomial ideals

Now, the elimination theorem, [Cox et al., 2007], states that a Grobner basis G’ for I’
with respect to the lexicographic ordering satisfies that G = ¢’ N K[X1, Xo,..., X, ] is a
Grobner basis for I. Thus, by calculating the reduced Grobner basis of I’ with respect to
the lexicographic ordering we can find the reduced Grobner basis of /. Proposition 2.7.2
then ensures that this is also the reduced Grobner basis of I with respect to the weighted
ordering, and it satisfies the conditions of Theorem 2.2.3.
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3.0.1

3.0.2

Experiments

In this chapter we will apply results shown in this report to construct function fields using
Grobner bases and determine the number of rational places of the function field. This is
the first time that the results described in this project have been applied this way, and thus
a lot of the data presented in this chapter is new. The data gathered are computed using
Singular. All singular code used is given as Appendix.

In order to get an overview of the relevance of a given function field it is very useful to
introduce some bounds on the number of rational places, so we first introduce Lewitte’s
bound, the Geil-Matsumoto bound and the Hasse-Weil bound without proof. The proofs
will be based on [Lewittes, 1990] and [Geil et al., 2009].

The first two bounds are based on the Weierstrass-semigroup of the given function field,
so we introduce some notation in the following definition. In this definition we denote the
Weierstrass-semigroup for some rational place P by Ip.

Definition:
Let A be a nonzero submonoid of N. If there exists a function field F'/F, with a rational place
P satisfying Ip = A, we define

Ny(A) = max{N(F) | F/F, is a function field with a rational place P satisfying Ip = A}.
Otherwise, we set Nq(A) = 0.
The number N,(A) is by definition an upper bound on the number of rational places of

any function field that has A as a Weierstrass-semigroup. This number is bounded by the
Geil-Matsumoto bound.

Theorem (Geil-Matsumoto Bound):

Let A = (A1, A2, ..., \) be a nonzero submonoid of N. Then we have
Ny(A) < A\ ghi+ M|+ 1.
i=1
Proof:
See [Geil et al., 2009]. [ ]

A special case of this bound is Lewitte’s bound, which is easier to compute.
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3.0.3

3.0.4

3.0.5

Corollary (Lewitte’s Bound):
Let A = (A1, A2, ..., Am) be a nonzero submonoid of N. Then we have

Nq(A) < gA + 1.

Proof:
See [Lewittes, 1990]. [ |

Next is the Hasse-Weil bound as stated in the following

Theorem (Hasse-Weil Bound):
Let F'/F, be a function field of genus g, and let N denote the number of rational places in F.
Then

1
IN — (¢ —1)] <2gq2.

Proof:
See [Stichtenoth, 2009; Theorem 5.2.3]. [ |

In the cases where ¢ is not a square it is possible to state an improvement on the Hasse-Weil
bound known as the Serre bound.

Theorem (Serre Bound):
Let F'/IF, be a function field of genus g, and let N denote the number of rational places in F.
Then

N = (g+1)| < g|2?].

Proof:
See [Stichtenoth, 2009; Theorem 5.3.1]. [ |

Now, some first easily approachable cases to consider are the function fields who
has a Weierstrass-semigroup generated by only two relatively prime elements elements,
A = (A, \2), where ged(A1, A2) = 1. In this case we consider the weighted ordering with
weights w = (A1, A2) and Y <y X on F[X, Y] for some field F. With this, we consider the
polynomial

g=X"_yM 4 > Ca XY 2,
wdeg(a)=wdeg((a1,a2))<A1X2
for some ¢4 € F. The ideal I = (g) is generated by a single element, so we have that {g}
is a Grobner basis for this ideal. Furthermore, g has exactly two monomials in its support
of weight A \o, namely X*? and Y™, and every other monomial in its support has strictly
lower weight. The footprint of [ is given by

A(I) = {AX'O[IYOC2 ‘ 0<a < A and 0 < 062}.
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3. Experiments

Consider two elements of the footprint X1 Y2 XAY#2 ¢ A(I) of equal weight. This
means that

a1 A1+ a2dg = B1A1 + B2,
which implies
Ao = B1) = A2(B2 — a2).

Clearly, )\, divides the right hand side, and since \; and ), are relatively prime we
must have that )\, divides oy — f;. Since XY XAYy#B ¢ A(I) we must have
—X2 < a3 — 1 < Mg, so the only way for Ay to divide a; — ;1 is if oy = (1, which
also implies ay = 5. Thus, any two distinct elements of A(7) have distinct weight. This
means that we can apply 2.2.3 and 2.4.2 to associate a function field to I. By Theorem
2.6.1 we can compute the number of rational places of this function field by counting the
number of roots of g in F. Now, choosing different coefficients ¢, in g will yield different
Grobner bases and ideals, and thus also different function fields, so by systematically
choosing combinations of coefficients we can search through the function fields with
a given Weierstrass-semigroup generated by two relatively prime elements, to look for
function fields with a desired amount of rational places.

As an example of using the procedure above in practice we consider function fields
over 3> with Weierstrass-semigroup (3,4). The procedure CreatePoly in Appendix A.1
constructs the polynomial

g=X V34 XY?+ V2 + 3 X%Y + caXY +¢5Y + 6 X2 + 7. X2 + g X + co,

whose support consists of X* and Y3, and every monomial of weight lower that 3 x4 = 12.
Now, using the procedure SearchN in Appendix A.1 we can cycle through different
combinations of the 9 constants with elements of [F52 and search through different function
fields. There is a total of 9° ~ 3.87 x 10® combinations, however we relatively quickly
encounter the function field associated to the polynomial

Xt_y3_yvy=o,

which is calculated to have 28 rational places. This is indeed the Hermitian function field
for ¢ = 3. According to Lewitte’s bound the maximal number of rational places for function
fields over F3» with Weierstrass-semigroup (3, 4) is 9x 3+1 = 28, so the Hermitian function
field is indeed maximal. Every other function field over 5> with Weierstrass-semigroup
(3,4) that attains this bound are summarized in table 1.

Using this method we can check the different combinations of field sizes and
Weierstrass-semigroups and we can look for the function fields with the highest number of
rational places. The results are summarized in Table 2.

Looking at the minimal number of rational places of a function field with different
parameters might also be interesting. When looking for interesting cases for this type
of search we can use the Hasse-Weil bound as a lower bound. We can for example see
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Xt-v3-y | X' = Y3 +a8X3 Y +a’X +1
X'-Y3+a3X?—-Y +aX | X' -Y34a*X3 -V +aX +1
X' -Y34+a5X3-Y+a’X | X'-Y3+aX? -V +a3X +1
X'-Y3+aX3-Y+a*’X | X'V -X'-Y-X+1

X -y3 X3 -v-X | Xt -Y34+d' XY +a°X +1
X'-Y34+d'X3-Y +a’X | X'-YV3+a?’X3-YTaSX +1
X' =Y34+a’X?—Y +a5X | XY +d5X3 -V +d'X +1

X'-Y3+aPXP-Y+d'X | X'-YV3I4+X3-YV+X+1
Xt-YV3+X-Y+X | X*-Y3-Y +1
Xt-y3-v-1 | X' -Y34+X3-Y+X-1

X'=Y3+aX?—Y +aX -1 | X' -Y?+a°X? -V +a'X -1

X' -Y34+a5X2 Y +a’X -1 | X' =Y34+a°X3 -V +a5X — 1
X'-Y34+aX?-Y+a3X -1 | X' =YV3+ad"X3-Y +d°X -1
Xt-y3-X-Y-X-1 |

Table 1. Defining polynomials for function fields with 28 rational places over Fg with Weierstrass-
semigroup (3,4). The element a € Fg denotes a primitive element of the field

9\q 21 3| 4 8 9
(2,3),g=1|5|7 1|9 | 13 |16
(2,5),g=2 |57 19|17 |19
2,7.9=315] 7] 9] 17 | 19
(3,4),g=3 |5 |10 | 13 | 21* | 28
2,9,9=4|5] 7] 9| 17 |19
3,5),g=4|5]10] 13| - | -
4,5,9=65]10]17] - | -

Table 2. Maximal number of rational places for a function field with the given parameters. Entries
denoted with an * are cases of searches that aren’t exhaustive

that for a function field over F3, of genus g = 2 the bound implies that the lower bound
on the number of rational places is N > 11. Now, searching through about 20 million
combinations the function fields found with the lowest amount of rational places have
N = 17. An example of such a function field is the function field defined by

X4 vV?2 465X+ aX? 40y =0,

where a denotes a primitive element of F35. A full table of the results gathered on function
field with a minimal amount of places are given in Table 3. An interesting result in this
table is the function fields of genus 1 over Fg. Since (2, 3) is the only Weierstrass semigroup
of genus 1 we have that any function field with these parameters are explored in this case.
Furthermore, the experiment is exhaustive, so we can conclude that any function field over
Fs of genus 1 has at least 5 rational places. Looking at the lower bound provided by the
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3. Experiments

9\q 213|148 |9]16| 27 | 32
2.3,g=1|1|1|1]5 |4]9%|19* ] 25
2,5,9g=2 | 1| 1|11 1|8 |19%]| 17"
B3,4,9=3 1|1 |12 [-] -] - | -

Table 3. Maximal number of rational places for a function field with the given parameters. Entries
denoted with an * are cases of searches that are not exhaustive

Serre bound N must satisfy
N -9l < [2v8] =5,

which means that N > 3.

Another interesting point of the results in the table of minimal number of places is that
the minimal number of places is not increasing with q.

Considering the general case where the generating set for the Weierstrass-semigroup
is given on the form A = {\1, A2, ..., At} we need to consider ideals in F[ X, Xo, ..., X}].
Now, it was shown in Proposition 2.7.3 that the binomial ideal related to A

I=(X*- X8 | wdeg(ar) = wdeg(3)),

where wdeg is the weighted degree with weights (A1, Ao,..., \;), satisfies that no two
distinct elements in its footprint A(I) has equal weight. Furthermore, it was shown in
Proposition 2.7.2 that each element of the monic Grobner basis of I, with respect to
the lexicographic ordering or weighted ordering, has exactly two monomials of maximal
weight in its support. Now, the monic Grébner basis for I can be computed using the
procedure described in and after Proposition 2.7.4. For example, we can consider function
fields over Fyo with Weierstass-semigroup A = (3,5,7). Thus, we need to construct the
binomial ideal in F2[X, Y, Z] with respect to A. Proposition 2.7.4 tells us that a generating
set for this ideal is found by computing the reduced Grobner basis with respect to the
lexicographical ordering of the ideal

I'=(T3+X,T°+Y,T" + 2)
inF,[T, X,Y, Z]. The reduced Groébner basis of I’ is given by

G={Y"+2° XZ+Y:XY®+ 2% X?Y3+ 73 X3y + 72,
X 4 YZTZ+ XY, TY + X2 TX?+Z T?X +Y, T+ X}.

Eliminating 7" we obtain
G={Y"+ 25, XZ+Y? XY’ + 74 X?Y3+ 73, X3Y + Z2°, X  + Y 7},

which is the reduced Grobner basis for I with respect to the weighted ordering with
weights (3,5, 7). Notice that both monomials of each element of G does indeed have equal
weight. Thus, there exists a function field related to I, and we can calculate the number of
rational places in this function field to be 3. Now, in the same way as for semigroups with
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two generators we can add terms to G of lower weight that the leading term to obtain a
basis for a new ideal. If this new basis is a Grobner basis it must still satisfy the conditions.
In practice, however, the Grobner bases seems to be so far between that searching this way

becomes ineffective.
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Experiments

This appendix covers the the singular code used in the experiments chapter.

A.1 Two generators

First listed is the code used to compute function fields with maximal number of places
given a Weierstrass semigroup generated by 2 elements. The code is split into several
procedures. The first procedure computes the number of rational points of a function field
given a list containing the monomials of the defining polynomial, and the corresponding
coefficients. The procedure calls CheckNonsingular to test for nonsingularity of the curve,
to make sure the result is sensible.

1 proc CalcN(list f, list coffs, int q, list ringelements){

2 int i=0; poly g=0; int count=0; int retu = -1;
3 for(i=1;i<=size(coffs);i=i+1){

4 g=gtcoffs[il*f[i];}

5 g=gtflsize (coffs)+1]+f[size(coffs) +2];

6 ideal I = g; list vars = x,y;

7 if (CheckNonsingular (I,ringelements ,vars)==1){
8 ideal I=g,x"q-x,y"q-Y;

9 return (footprint (std(I)),g);

10 }

11 g = 0;

12 return(retu,g) ;

13}

Next up is the test for nonsingularity.

1 proc CheckNonsingular (ideal I, list ringelements, list vars){

2 int chck = 1; int chck2; int i; int j; ideal J; ideal K; 1list evalu; int
pointer;

3 for(i=1;i<=size(vars)+1;i=i+1){

4 evalu = insert (evalu, 1);}

5 for(i=1;i<=size(I);i=i+1){

6 for(j=1;j<=size(vars);j=j+1){

7 J = J+(diff(I[i],vars[jl));}}
8 while (evalu[size (evalu)]l==1){

9 chck2 = 0;

10 K = J;

11 for(j=1;j<=size(vars);j=j+1){



12 K = subst(XK,vars[j],ringelements[evaluljl]);
13 }

14 for(j=1;j<=size(K);j=j+1){

15 if (K[j1'=0){

16 chck2 = 1; break;

17 3

18 3

19 if (chck2 == 0){

20 chck = 0; break;

21 }

22 evalul[l] = evalul[1l] + 1;

23 pointer = 1;

24 while (evalu[pointer]>size(ringelements)){
25 evalu[pointer] = 1;

26 evalu[pointer+1] = evalul[pointer+1]+1;
27 pointer = pointer + 1;

28 3

29 3

30 return (chck) ;

31}

The next procedure computes the number of elements of the footprint of an ideal.

1 proc footprint (ideal G)

2 o

3 int maxi = 0;

4 for (int i=1; i<=size(G); i=i+1)
5 {

6 if (leadexp(G[i]) [1]>maxi)

7 {

8 maxi=leadexp (G[i]) [1];

9 }

10 if (leadexp(G[i]) [2]>maxi)

11 {

12 maxi=leadexp (G[i]) [2];

13 }

14 }

15

16 matrix fpl[maxi+1] [maxi+1];

17 for (int i=1; i<=size(G); i=i+1)
18 {

19 fplleadexp(G[i]) [1]1+1,leadexp (G[i]) [2]+1]=1;
20 }

21

22 int s=1; int t=1; int m=maxi+1l; int count=0;
23 while (fpls,t]!=1)

24 {

25 while (fp[s,t]l!=1 and t!=m)
26 {

27 count = count+1;

28 t = t+1;

29 }

30 m=t ;



t=1;
s = s+1;
}
return (count) ;

}

The following procedure builds the defining polynomial from the chosen weights.

proc CreatePoly(int wil, int w2)

{
list f=x"(w2),-y~(wl);
int i=0; int j=0;
while (j<wl){
i=0;
while (i*wl+j*w2<wl*w2) {
f=insert (f,x~(i)*y~(j));
i=i+1;}
j=i+1;}
return(f) ;
}

The next procedure is the main part of the code that loops through every choice of
coefficients, calls CalcN for each choice, and keeps track of the maximal number of places.

proc MainLoop(list ringelements, list f, int q, int w){
list coffs; list counter; int count; int top; int curpos=1; list
maxpolys; poly g; int iter=0;
for (int i=1;i<=size(f) -2;i=i+1){
coffs=insert (coffs ,0); counter=insert (counter,1) ;}
while (1 !'= 2){
iter = iter+1;
print (iter) ;
count ,g=CalcN(f,coffs,q,ringelements) ;
if (count!=-1){
if (count==top){
maxpolys=insert (maxpolys,g);
}
if (count >top) {
top=count;

maxpolys=g;

}

print (top) ; print (maxpolys) ;

counter [1]=counter [1]+1;

if (counter [1]<=size(ringelements)){

coffs[1]=ringelements [counter [1]];}

while (counter [curpos]==size(ringelements)+1) {
if (counter [size (counter)]==size(ringelements) +1) {

return (top ,maxpolys) ;}

counter [curpos]=1;
coffs[curpos]=ringelements [counter [curpos]];
curpos=curpos+1;
counter [curpos]=counter [curpos]+1;

if (counter [curpos]<=size(ringelements)){



coffs [curpos]=ringelements [counter [curpos]];}
}

curpos=1;

Lastly, the following small procedure ties the procedures together, and is the procedure to
be called when experimenting.

proc SearchN(int q, list w, list ringelements){
list f=CreatePoly(w[1],w[2]);

return(MainLoop(ringelements ,f,q,w[1]));

When looking for minimal number of places, only a small change in MainLoop is required.

proc MainLoop(list ringelements, list f, int q, int w){
list coffs; list counter; int count; int top = 10°9; int curpos=1; list
maxpolys; poly g; int iter=0;
for (int i=1;i<=size(f)-2;i=i+1){
coffs=insert (coffs ,0); counter=insert (counter ,1) ;}
while (1 != 2){
iter = iter+1;
print (iter) ;
count ,g=CalcN (f,coffs,q,ringelements) ;
if (count!=-1){
if (count==top){
maxpolys=insert (maxpolys,g);
}
if (count<top){
top=count;

maxpolys=g;

}
print (top) ;print (maxpolys) ;
counter [1]=counter[1]+1;
if (counter [1]<=size(ringelements)){
coffs[1]=ringelements [counter [1]];}
while (counter [curpos]==size(ringelements)+1) {
if (counter [size (counter)]==size(ringelements)+1){
return (top ,maxpolys) ;}
counter [curpos]=1;
coffs [curpos]=ringelements [counter [curpos]];
curpos=curpos+1;
counter [curpos]=counter [curpos]+1;
if (counter [curpos]<=size(ringelements)){
coffs [curpos]=ringelements [counter [curpos]];}
}

curpos=1;



A.2 General case

]
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The general case uses many of the same ideas as the case above. It is for this, however,

required to manually compute the binomial ideal associated to the Weierstrass semigroup.

First up is CalcWeight, which as the name suggests calculates the weight of a tuple.

proc CalcWeight (list w, list 1){

int wght = 0;

for (int i=1;i<=size(w);i=i+1){
wght = wght + wlil*1[il;

}

return (wght) ;

The following procedure creates the extra monomials added to each binomial, much in

the same way as the corresponding procedure above.

proc CreatePoly(poly f, list w, list x)

{

list g = f£[2], £[1];
list 1; poly y = 1; int pos = 1;
for (int i=1;i<=size(x);i=i+1){
1 = insert(1,0);}
while (1!=2){
y=1;
for(int i=1;i<=size(x);i=i+1){
y = y*x[i1~1[i]l;}
g = insert(g,y);
1[1] = 1[1] + 1;
while (CalcWeight (w,1) >=deg (£[1]1)){
1[pos] = 0;
pos = pos + 1;
l[pos] = 1[pos] + 1;
if (1[size(x)]*wlsize (x)]1>=deg(£[11)){
return(g) ;}
}
pos = 1;

Next is a procedure that pieces together a polynomial when its monomials and coefficients

are given as lists.

proc TransPoly(list f, list coffs){

poly g = 0;

for(int i=1;i<=size(coffs);i=i+1){
g = g + coffs[il*f[il;}

g = g + flsize(coffs)+1];

return(g) ;

The MainLoop procedure in the general case has the same purpose as the case above.

Additionally the procedure now also checks that the basis constructed for each set of



coefficitents is a Grobner basis. The procedure also calls CheckNonsingular given above,
which works in both cases.
1 proc MainLoop(list f, list x, list w, list ringelements){
2 int count = 0; list coffs; list empt; poly tmp; ideal I; ideal J; int
chck; int N; int max; list maxpolys; poly g = 0; int j = 1; int k =
1; poly p = 03

3 for(int i=1;i<=size(f);i=i+1){

4 coffs = insert(coffs, empt);}

5 for (int i=1;i<=size(f);i=i+1){

6 for(int j=1;j<=size(f[i]) -2;j=j+1){

7 coffs[i] = insert(coffs[i],0) ;}}

8 print (coffs); print(f);

9 while (count <= 10-°8){

10 print (count); print (max); print(maxpolys); j = 1; k = 1;
11 while (k<=size (coffs)){

12 coffs[k][j] = ringelements[random(l,size(ringelements))];
13 j =3+ 1;

14 if (j>size (coffs[k])){k=k+1; j=1;}

15 }

16 I = 0; j=1;

17 while (j<=size (coffs)){

18 g = TransPoly(f[jl,coffs[jl);

19 I =1+ g;

20 j=j+1;

21 }

22 J = I; chck = 1; j = 1; k = 2;

23 while (j<size (I)){

24 if (chck == 1){

25 p = spoly(I[j1,I[k1);

26 if (division(p,I) [2][1]1!=0){

27 chck = 0;}}

28 k = k+1;

29 if (k>size(I)){j = j+1; k = j+1;}

30 3

31 if (chck==1 and CheckNonsingular (I,ringelements ,x)==1){
32 count = count + 1;

33 for (int i=1;i<=size(x);i=i+1){

34 I = I+(x[il~(size(ringelements))-x[il]) ;}
35 N = vdim(std(I));;

36 if (N==max) {

37 if (size (maxpolys) <6) {

38 maxpolys = insert (maxpolys,J);}}
39 if (N>max){

40 max = N; maxpolys = J;}

41 }

42 }

43 return(max, maxpolys) ;

44}

Finally, the procedure tying everything together is SearchN.

1 proc SearchN(list w, list ringelements, list f, list x){
2 list g; list h;



for (int i=1;i<=size(f);i=i+1){
h = CreatePoly (f[i],w,x);
g = insert(g,h);}

return(MainLoop(g, x, w, ringelements));
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