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Abstract:

Fix wing Unmanned Aerial Vehicles re-
quire a high degree of operational flex-
ibility. There are numerous applica-
tion that require the UAV to land in
a limited space location. Fix wing UAV
deep stall auto descent landing method
is a way to perform such landing ma-
neuver. However, a sophisticated pre-
cise control algorithm has to be imple-
mented. This can be accomplished by
expressing the maneuver as an Optimal
Control Problem, taking advantage of
the non-linear mathematical model act-
ing on the fix wing UAV during flight.
The Optimal Control Problem is solved
in an open source optimization frame-
work called ACADO Toolkit. Further-
more, the implementation of a nonlin-
ear Model Predictive Control (NMPC)
can drive the UAV running on embed-
ded device. The purpose of this thesis
is to present the process of implement-
ing a real-time NMPC algorithm on an
embedded device.
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Nomenclature

α Angle of attack of the UAV

β Sideslip angle of the UAV

δa Ailerons control signal

δe Elevators control signal

δr Rudder control signal

δt Throttle control signal

γ Flight path angle

α̂ Reference angle of attack

γ̂ Reference flight path angle

φ Roll angle of the UAV

ψ Yaw angle of the UAV

θ Pitch angle of the UAV

CD Drag coefficient

CL Lift coefficient

e Reference east position

fa Aerodynamic forces acting on the UAV

fg Gravitational forces acting on the UAV

fp Propulsive forces acting on the UAV

g Gravity acceleration

h Reference down position

k Instace of current time interval
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l Inertial moment in x axes of the Body Frame

M Mass of the UAV

m Inertial moment in y axes of the Body Frame

N Number of Time intervals

n Inertial moment in z axes of the Body Frame

p Pitch rate of the UAV

pe East position of the UAV

pn North position of the UAV

pw Down position of the UAV

q Roll rate of the UAV

r Yaw rate of the UAV

T Time horizon

tk Time at instance k

u Control vector of the system

u0 Initial control vector values

v1 Forward velocity of the UAV

v2 Sideway velocity of the UAV

v3 Downward velocity of the UAV

x State vector of the system

x0 Initial state vector values



Chapter 1

Introduction

Unmanned Aerial Vehicles (UAV) are becoming more and more popular in wide
variety of applications. There is a growing demand for UAV automated control
applications, which is a relatively new and constantly developing field. The need of
automation is essential when it comes to complicated maneuver for example non-
conventional precision landing [11]. The automation algorithm must be as precise
as possible based on the required needs and should also have real-time execution
capabilities.

1.1 Motivation

Unmanned aerial vehicles (UAVs) are widely used for numerous military or civil
applications such as surveillance, search and rescue, exploration, cinematography etc.
Manual control is usually effective for short drone missions, free of obstacles routes
and conventional landing. However, there are cases when the UAV has to land on a
very limited area surrounded by obstacles or other dangerous surfaces (water, rocks
etc). In order to perform such precision, then conventional landing that requires
long roll-out on the runway (Figure 1.1) is replaced by deep-stall landing maneuver
(Figure 1.3). Deep-stall landing relies on reducing the horizontal velocity of the
aircraft in the air at a position close to the target position. Then the aircraft stalls
and "falls" on the landing area.

The purpose of this thesis is to develop an automated control algorithm that
drives a fixed wing UAV to land safely on a limited space location on a moving
ship while sailing in the sea. The algorithm is based on the airplane’s mathematical
model model described in [11]. The focus of the algorithm is to provide robustness
in terms of the airplane’s position and controls through the landing process, while
having real-time execution capabilities.

1



2 Chapter 1. Introduction

Figure 1.1: Conventional landing [14]

1.1.1 Landing approach

The Deep stall landing is performed during a sudden transition of the aircraft from
cruise(level) flight to stall (Figure 1.3). A point of stall is reached when the aircraft
does not generate enough lift to maintain its altitude. The angle of attack is much
higher from the stall angle and the airplane starts falling, having relatively low hori-
zontal velocity while increasing the downwards velocity due to gravity. During deep
stall landing the airflow is detached from the airplane wings generating turbulence
and becomes unsteady (Figure 1.2). However, any deflection from the control sur-
faces might affect the final landing position and the airplane’s velocity. Such landing
is considered as rather complicated maneuver, that is hard to be executed by manual
control [21].

Figure 1.2: Airflow at [16]
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Figure 1.3: Deep stall landing [21]

1.2 Optimal control problem
In order to achieve the required landing trajectory and hit the target position, we
need to predict what control inputs will ensure this behavior in certain time horizon.
This is achieved by using optimization algorithms that try to dynamically optimize
the control input sequence based on the mathematical model of the aircraft, which
is expressed as a set of differential equation. The solution might be calculated of-
fline, before the runtime of the process resulting in an open loop. Alternatively, the
optimization can be performed online, during the runtime of the process obtaining
feedback from the controller. In both cases the numerical solution of the optimization
problem is the main algorithm step in such automated controllers. Therefore, the
optimization algorithm must be efficient and reliable for performing the automated
control, which usually runs on embedded device [8].

1.2.1 Optimization problem

A mathematical optimization problem has the form

minimize f(x)
subject to fi(x) ≤ bi, i = 1, ...,m.

(1.1)

where the vector x = (x1, ..., xn) is the optimization variable of the problem and n
is the number of elements in the state vector. The function f0 : Rn → Rn is the
objective function, the set of functions fi : Rn → Rn, i = 1, ...,m, are the constraint
functions, and the constants b1, ..., bm are the bounds for the constraints. A solution
x∗ is called optimal if it has the smallest objective value among all vectors that satisfy
the constraints. There are different classes of optimization problems based on the
form of the objective function and the constraint functions. [12]
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Least-Squares Optimization problem

By definition the Least-Squares Optimization problem does not have any constraints
(i.e. m = 0) and the objective function is sum of squares of terms

minimize f(x) = ||Ax− b||22 =
k∑

i=1
(ai

Tx− bi)2. (1.2)

where A ∈ Rk×n (with k ≥ n), aT
i are rows of A, and the vector x ∈ Rn is the

optimization variable. Solving this problem can be reduced to solving a set of linear
equations. There are algorithms that can solve least-squares problem within high
accuracy and with high reliability. This problem can be solved approximately in n2k
time. Furthermore, by exploiting the sparsity of the matrix A the running time can
be reduced significantly. Matrix A is sparse when it has far fewer than kn nonzero
entries [12].

Linear programming

This class of optimization is defined in the form of

minimize cTx

subject to aT
i ≤ bi, i = 1, ...,m.

(1.3)

where c, a1, ..., am ∈ Rn and scalars b1, ..., bm ∈ R are problem parameters, which
specify the objective and constraint functions. This problem is considered more
complex than least-squares. However, there are good algorithms for solving it. The
approximate time complexity of the problem is n2m (assuming m ≥ n) [12].

Convex Optimization problem

Convex Optimization problem is defined in the form

minimize f(x)
subject to fi(x) ≤ bi, i = 1, ...,m.

(1.4)

where the functions f1, ..., fm : Rn → R are convex, i.e satisfy:

fi(αx+ βy) ≤ αfi(x) + βfi(y) (1.5)

for all x, y ∈ Rn and all α, β ∈ R with α+ β = 1, α ≥ 0, β ≥ 0.
Least-Squares and Linear programming are special cases of the Convex Optimization
problem. There is no analytical way of solving the Convex Optimization problem,
however there exists methods for efficiently solving such problems. Using the Interior-
point method the problem can be solved in a number of steps that is always in the
range between 10 and 100. Ignoring the structure of the problem, each step requires

max{n3, n2m,F}
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operations, where F is the cost of evaluating the first and the second derivatives of
the objective and constraint functions f0, ..., fm. Solving the problem with Interior-
point algorithm is reliable and efficient solution for Convex Optimization problems.
Exploiting the data structure of the problem allows increased performance for bigger
number of variables problems [12].

Nonlinear Optimization

Nonlinear optimization describes the class of optimization problems when the ob-
jective or constraint functions are not linear but not known to be convex as well.
The problems from this class are considered as much more complex and difficult to
solve and there is no effective method of solving them. However, there are different
approaches for solving those problems that involve some compromises.

Local Optimization
The compromise in the local optimization is giving up the optimal x that solves the
problem for all feasible points. Instead the solution is a point that is only locally
optimal, minimizing the objective function among points that are near it. Local
optimization methods can be fast and are quietly used in applications where there
is value in finding good point if not the best.
This method requires initial guess for the optimization variables. This initial guess
is critical and has huge impact of the objective value of the local solution obtained.
There is little information about how far from the global optimal solution the local
solution is. Using local optimization methods involves experimenting with the algo-
rithm choice, algorithm parameters, setting good initial values. This methodology is
considered as more art then technology [12]. Some of the techniques used for solving
non-linear non-convex OCPs are Newton-type algorithms, finding the locally optimal
solution based on the Karush-Kuhn-Tucker(KKT) conditions. Two of the most used
Newton-type algorithms are Interior Points and Sequential Quadratic Programming
[15].

Global Optimization
The global optimization finds the true global solution. The compromise here is the
efficiency. The worst case complexity here grows exponentially in respect to the num-
ber of differential variables n and the constraint function m. Global optimization is
used for problems with small number of variables, where the computational time is
not critical, but the value on finding the true global solution is very high [12].

1.2.2 OCP and MPC

Optimal control problem (OCP) is a class of the optimization problem that addresses
the need of finding the best control strategy for given time horizon. The strategy must
achieve certain objective without violating the physical constraints of the system. A
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simple optimal control problem can be defined as

min
x(· ), u(· )

J =
∫ tN

t0
F (tk, x(tk), u(tk))dtk + E(tN , x(tN ))

subject to
x(t0) = x0 Initial Values
xk+1 = f(tk, x(tk), u(tk)) System Dynamics
0 ≥ h(xtk , utk) Stage constraints
0 ≥ r(x(tN )) Terminal constraints

(1.6)
where J is the objective function. F is the stage cost function and E is the terminal
cost function. The objective function is minimized in interval t0, ..., tN . x = x0, ..., xn

denotes the state vector and u = u0, ..., um denotes the control vector of the system.
Solving the problem gives the best sequence of controls uk that delivers the sequence
of states xk, for every time interval k = t0, ..., tN−1, satisfying the stage constraints
0 ≥ h(xtk , utk) and ending up in such xN that satisfies the terminal constraint 0 ≥
r(xtN ) [11].
Model predictive control (MPC) is a dynamic process that solves the OCP defined
in Equation 1.6 at each time instance k = t0, ..., tN−1. Figure 1.4 depicts the idea

Figure 1.4: MPC example [13]

behind the MPC. The solver starts solving the problem at time k using the current
state of the system xk and applying the controls uk. The solver outputs the predicted
trajectory and the respective predicted control sequence. That sequence is fed to the
system and at time k + 1 the solver gets feedback from the actual states of the
system after applying the predicted control uk+1. The solver starts solving the same
problem using the measured output of the system as initial states. The horizon is
shifted to k + 1, .., k + 1 + N delivering the next sequence of predicted states and
inputs. This process repeats providing robust system control, that ensures handling



1.3. Problem Definition 7

dynamic changes and overcoming unforeseen disturbances fast [11].

Numerical methods for non-linear MPC

Non-linear MPC for real-time systems is getting more popular dues to its ability to
handle non-linear dynamics and constraints. The performance of the solver highly
depends on the strategy chosen for solving the optimization problem defined in the
OCP definition. One way of solving non-linear MPC is shown in Figure 1.5. The

Figure 1.5: Overview of SQP-based numerical treatment of NMPC. [18]

OCP is discretized to obtain a structured Nonlinead Program(NLP) in non-convex
form. Then a Newton-approximation based algorithm is used to divide the NLP into
sequence of small convex subproblems Quadratic Programming(QP). The sequence
of those problems can be solved by convex solvers such as FORCES or qpDUNES, or
by using condensing techniques to reduce the size of the QP problems and use linear
algebraic solver such as qpOASES to solve them [18].

1.3 Problem Definition
The purpose of this project is to present an efficient optimization algorithm for
automated deep stall descent for a small UAV landing on a limited area on a moving
ship in the ocean. The algorithm should run on embedded device attached to the
main controller of the UAV. Solving the problem should be feasible process in a real-
time environment. The optimal control problem is be based on the mathematical
model extensively described in [11]. The solution should work for both 3 and 6
degrees of freedom (DOF).

1.3.1 Project scope

The steps taken in solving the problem at hand are as follows:

• Define optimal control problem strategy for solving the problem for both 3 and
6 DOF model of the UAV;

• Solving and analyzing the reliability of the OCP based on the results.
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• Definition of NMPC for embedded device based on the OCP already defined.

• Run experiment tests on the real-time device and analyzing the real-time ca-
pability and the output of the NMPC solver.



Chapter 2

ACADO Toolkit

In this chapter it will be described the ACADO Toolkit open source package. ACADO
toolkit is software environment and a collection of algorithms for automatic control
and dynamic optimization [8][10]. ACADO Toolkit is a general framework that
provides an extensive variety of algorithms for direct control. Additionally, it is im-
plemented as a self-contained C++ code. The object-oriented design not only allows
ACADO toolkit to be easily coupled with existing optimization packages but also
extended it with user written application. It primarily uses direct single or multi-
ple shooting methods and is designed for implementation for online nonlinear Model
Predictive Control MPC and Moving Horizon Estimation MHE code on embedded
hardware.

2.1 Overview of the Software Package
There are numerous specialized optimization software packages which facilitate dif-
ferent optimization algorithms for solving Optimal Control Problems. The most
popular are IPOPT, PROPT, dsoa, MUSCOD-II, OptCon and NEWCON. Each of
them has its own strengths and have been proven for a broad range applications.
However, those are tailored for certain numerical algorithms making them difficult
to implement different algorithmic ideas being used form other packages or extend
them with additional mathematical concepts. Finally, some of them are not either
free or depend on licensed external packages. ACADO Toolkit has been designed to
overcome such issues. Besides efficiency and functionality it follows four key proper-
ties [8].

1. Open-source: The package is freely available and distributed under the GNU
Lesser General Public License (LGPL).

2. User friendly: The syntax for formulating Optimal Control Problems is as
intuitive as possible. It makes intensive use of object-oriented capabilities of
C++ in particular operation overload. So the formulated problems are as close

9



10 Chapter 2. ACADO Toolkit

as possible to the mathematical syntax . Additionally, the software is able
to automatically make consistent default choices for algorithmic settings and
initializations making easier to non-experts to formulate control problems.

3. Extensible code: ACADO Toolkit facilitates object oriented software design
concepts such as abstract base classes and inheritance. In that manner it is easy
for the developers to link existing algorithms while avoiding code duplication.
Almost all the algorithmic parts can be used stand-alone.

4. Self-contained: The usage of external packages is optional, making the toolkit
to run its core features in a stand-alone mode. For example, external packages
such as graphical output are optional.

2.2 Problem Classes

The current version of the software supports solvers four problem classes[10]:

• Optimal Control problems and offline dynamic optimization problems that aim
to solve open loop control inputs, minimizing an objective function with given
constrains.

• Multi-objective optimization and optimal control problems. Those try to si-
multaneous minimization of more than one objective function.

• Parameter and state estimation problems. Given a dynamic system, the al-
gorithm tries to find unknown control inputs or parameters by measuring the
systems output.

• Model predictive control problems and online estimation in which dynamic
optimization problems are being solved repeatedly.

2.3 Symbolic Syntax
One of the biggest requirements of an optimal control framework is that mathematical
functions such as objective functions, differential equations, constraints etc to be
implemented by the user with the correct manner. This is often done by allowing
the user to implement the mathematical functions via an interface. ACADO toolkit
provides this possibility. The whole optimal control problem can be defined and
formulated based on symbolic expressions. The use of operator overload and carefully
designed C++ classes make the syntax very similar to a usual C/C++ code. The
symbolic syntax offers the following benefits [8]:

• Provides a way for automatically detection of structural information for all sym-
bolically specified functions. For example, it can check if a function is convex
or concave. Moreover, the auto-detection routines allow the user to determine
the structure and dimensions of all functions and intermediate values.
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• Provides a user friendly way to formulate optimization problems that resemble
the common mathematical syntax. Additionally, provides name definitions for
variables allowing the user to increase the readability of the code. It also allows
the user to use intermediate variables which can be used multiple times within
the a function definition.

• This symbolic syntax can be used to export these function in an optimized C
code used by the ACADO Code generation class.

2.4 Integration Algorithms
To optimize dynamic systems based on single or multiple shooting discretization
methods it is necessary to simulate ordinary differential (ODE) or differential al-
gebraic equations (DAE). ACADO Toolkit comes with state of the art integration
routines providing several Runge-Kutta methods and a backward differentiation for-
mula (BDF) [5][8]. ACADO Toolkit can be used for solving stiff ODEs or DAEs
defined by the following general form.

∀ t ∈ [t0, t0 + T ] : f(t, ẋ(t), x(t), z(t), u(t), p, T ) = 0 (2.1)

The differentiation is based on internal numerical differentiation on condition that
the right hand side of the differential function have been given in ACADO syntax.
The current integration algorithms implemented in ACADO Toolkit are similar to
existing packages such as SUNDIALS [2] suite or DAESOL-II [3] in terms of not only
in algorithmic strategies but also performance [9].

2.5 Software Design
Figure 2.1 outlines the basic Structure of the ACADO Toolkit. The six most impor-
tant classes starting form the bottom low level to the top higher level provide number
of interfaces. Classes at lower levels serve as members of the high level classes.

• Expression class: All the basic expressions of the symbolic syntax.

• Function class: A function can consist of symbolic expression trees or C code.
The main purpose of this class is that higher lever classes interact with it
regardless of the content of the function. For example, the evaluation or differ-
entiation of a function is independent whether a symbolic expression tree or C
function is evaluated.

• Integrator class: This class provides interfaces for numerical integrators.

• DynamicDiscretization class: Provides interfaces for discretization based on
shooting (single or multiple) or collocation methods.

• NLPsolver class: Provides generic interfaces for solving NLP problems.



12 Chapter 2. ACADO Toolkit

• OptimizationAlgorithm class: Provides interfaces for solving Optimization
Problems.

Figure 2.1: The main algorithms base classes of ACADO Toolkit [8]

The ACADO Toolkit is designed as a collection of algorithms in a manner that is
easily extended by the user. This can be done by either adding functionality to
existing blocks or by linking new packages.

2.6 ACADO Code Generation
The ACADO Code Generation is an external tool impended to the ACADO Toolkit.
The tool generates real time iteration algorithms for nonlinear MPC. The ACADO
Code Generation makes use of the symbolic features of the ACADO Toolkit and
exports highly efficient C-code that is tailor made for MPC formulation problems.
The idea is to automatically generate the source code of optimization problems for
speeding up the computation of numerical solutions.

2.6.1 Overview of generated files

There are four main algorithmic components exported from the code generator as
separated files:

• The acado_common.h - This header file contains all the global variable dec-
larations and forward declarations of the public functions.

• The acado_integrator.c - This file implements the ODE or DAE math-
ematical model and provides a tailor made integration routine in the inte-
grate function. The public functions are documented within the generated
acado_common.h file.
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• The acado_solver.c - Implements an Gauss-Newton real-time algorithm for
solving the OCP.

• The acado_qpoases_interface.hpp and acado_qpoases_interface.cpp
- Provides the interfaces to the qpOASES QP solver. This files is generated
only if the qpOASES is chosen.

• The acado_auxiliary_functions.h and acado_auxiliary_functions.c -
Implement auxiliary functions for time measurements or for printing results.

• The test.c - Provides a main function template to run the generated MPC or
MHE algorith.

The structure of the ACADO code generation is shown in the 2.2 figure.

Figure 2.2: Code Generation Structure [20]
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2.6.2 Symbolic Problem Formulation

The ACADO Code Generation can solve nonlinear MPC problems of the following
form [10]:

min
x(· ), u(· )

N−1∑
k=0
‖h(xk, uk)− ỹk‖2Wk

+ ‖hN (xN )− ỹN‖2WN

s.t. x0 = x̂0

xk+1 = F (xk, uk, zk), for k = 0, ...., N − 1
xlo

k ≤ xk ≤ xup
k , for k = 0, ...., N

ulo
k ≤ uk ≤ uup

k , for k = 0, ...., N − 1
rlo

k ≤ rk(xk, uk) ≤ rup
k , for k = 0, ...., N − 1

rlo
N ≤ rN (xN ) ≤ rup

k

(2.2)

The x ∈ Rnx denotes the differentials states, u ∈ Rnu denotes the control inputs,
z ∈ Rnz the algebraic variables and x̂0 ∈ Rnx denotes the current measured
states. The h ∈ Rny and hN ∈ Rny ,N denotes the reference functions with
Wk ∈ Rny×ny and WN ∈ Rny ,N×ny ,N the weight matrices respectively. The
variables vectors ỹk ∈ Rny and ỹN ∈ Rny ,N denoted the time varying references.
The u ≤ u ∈ Rnx and x ≤ x ∈ Rnu are the low and upper bounds of the
control inputs and states. The rk ∈ Rnr,k and rN ∈ Rnr,N define the path and
point constraints. The right hand side function F define the discretized ODE.

2.6.3 Exporting the code

Once the OCP problem has been formulated, in the ACADO Toolkit environment,
OCPexport class exports the optimal auto-generated code for the NMPC formula-
tion suitable for execution on embedded device. Listing 2.1 illustrates a snap shot
of an automatically generated code in plain C. The snap shot has been taken from
the acado_solver.c file. The generated code has been designed for efficiency and
reliability and cannot be easily read.

1 ...
2 acadoVariables .x[63] += + acadoWorkspace .evGx [342]* acadoWorkspace .x[0] + ...
3 acadoVariables .x[64] += + acadoWorkspace .evGx [348]* acadoWorkspace .x[0] + ...
4 acadoVariables .x[65] += + acadoWorkspace .evGx [354]* acadoWorkspace .x[0] + ...
5 acadoVariables .x[67] += + acadoWorkspace .evGx [366]* acadoWorkspace .x[0] + ...
6 acadoVariables .x[68] += + acadoWorkspace .evGx [372]* acadoWorkspace .x[0] + ...
7 acadoVariables .x[69] += + acadoWorkspace .evGx [378]* acadoWorkspace .x[0] + ...
8 ...

Listing 2.1: Snapshot of automatically generated code
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2.6.4 Advantages

The source code that is generated by the ACADO Code generation tool is fully based
on hard coded dimensions and uses static global memory only. That way there are no
malloc/free or new/delete statements. This ensures that any segmentation faults
and out of memory errors cannot occur while running the algorithm on the embedded
device. Additionally, any loop statements are avoided whenever possible, ensuring
maximum efficiency of the code. Moreover, expect the QP solver (acado_solver.c)
the generated code does not contain any conditional statements. So the code cannot
run into a code that has not been tested before. Finally, the ACADO Code generation
tool can be set to export code using single or double precision arithmetic depending
on the capabilities of the selected embedded platform.





Chapter 3

Mathematical Model

In this chapter will be presented the mathematical model for the 3DOF and 6DOF
used in which the implemented solution is based on [11].

3.1 Longitudinal 3DOF mathematical model
The Longitudinal 3DOF mathematical model is based on the longitudinal projection
of 6DOF mathematical model [11].[

ṗn

ṗd

]
=
[

cos(θ) sin(θ)
− sin(θ) cos(θ)

] [
v1
v3

]
[
v̇1
v̇3

]
=
[
−qv3
qv1

]
+ 1
M

[
fx

fz

]
θ̇ = q

q̇ = 1
Jy
ma

(3.1)

The path [pn, pd] is the position vector containing the forward and vertical position
components of the UAV. The [v1, v3] vector contains the forward and downwards
velocity components in the body reference frame. The [fx, fz] vector contains the
forces acting on the airplane in the body reference frame. The θ is the pitch angle,
q the pitch rate, Jy and ma are the moment of inertia and pitch torque respectively
acting on the airplane alongside the y axis. Finally, M is the mass of the UAV. The
equations for the forces are the summation of the gravitational forces, aerodynamic
forces and propulsion forces acting on the airplane.

f =
[
fx

fz

]
= fg + fa + fp

The values of the aerodynamic forces depend mostly on the angle of attack of the
airplane, which is defined as:

17
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α = tan−1
(v3
v1

)
(3.2)

The equation (3.2) is later used in the 6DOF mathematical model and in the OCP
definition defined in Chapter 4.

3.2 Full scale 6DOF mathematical model
The presented 6DOF mathematical model used Euler angles for the transformation
from one reference frame to another [11]. Quaternions provide an alternative way
for attitude representation of rigid bodies such as aircrafts. Using quaternions comes
with some advantages[16][6]. Most significantly, when using Euler angles occurs
singularity when the pitch angle reaches ±90 deg. At this condition roll and yaw
are indistinguishable. Even though this is not an issue for common flight conditions
it is an issue while preforming extreme maneuvers. The other advantage of using
quaternions is that are more computation efficient compared to Euler angles. Due to
the fact that the Euler angles formulation of the kinematics of the airplane involves
non-linear trigonometric functions while quaternions formulation results to much
simpler linear and algebraic equations. However the representation in Euler angles
is easy to develop and to visualize.

3.2.1 Quaternions

The quaternion representation is based on Euler’s rotational theorem which states
that the relative orientation of two coordinate systems can be described by only one
rotation about a fix axis [6]. In its most general form a quaternion is consisted of
four real numbers and can be represented as a vector

q =


q1
q2
q3
q4


where q1, q2, q3 and q4 are scalars. When a quaternion represents a rotation ‖q‖= 1
is named unit quaternion. It is also common to refer a unit quaternion as a matrix
which elements consist of a scalar and a vector part, q1 is the scalar part and the
vector part can be defined by

q = q2i + q3j + q4k

The scalar part indicates the magnitude of the rotation and the vector part indicates
the axis of rotation. Figure 3.1 shows the body axis rotated by Θ degrees where:

q1 = cos
(Θ

2
)
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by the:

v sin
(Θ

2
)

=

q2
q3
q4


It can be seen that the rotation from the inertial frame (Earth reference Frame)
to the body frame is made by a single rotation about a specified axis, instead of a
sequence of three rotations as required by the Euler angle representation.

Figure 3.1: Rotation represented by a unit quaternion [16]

3.2.2 Mathematical Model

Using quaternion, the representation of the kinematic and dynamic equations of an
airplane [16], can be reformulated in the 3.3 equations. Additionally, the aerodynamic
forces and moments have been reimplemented so as to have a more accurate non-
linear functionality.ṗn

ṗe

ṗd

 =

q2
1 + q2

2 − q2
3 − q2

4 −2(q1q4 − q2q3) 2(q1q3 + q2q4)
2(q1q4 + q2q3) q2

1 − q2
2 + q2

3 − q2
4 −2(q1q2 − q3q4)

−2(q1q3 − q2q4) 2(q1q2 + q3q4) q2
1 − q2

2 − q2
3 + q2

4


v1
v2
v3


v̇1
v̇2
v̇3

 =

rv2 − qv3
pv3 − rv1
qv1 − pv2

+ 1
M

fx

fy

fz



q̇1
q̇2
q̇3
q̇4

 = 1
2


0 −p −q −r
p 0 −r −q
q −r 0 p
r q −p 0



q1
q2
q3
q4


ṗq̇
ṙ

 =

 Γ1pq − Γ2qr
Γ5pr − Γ6(p2 − r2)

Γ7pq − Γ1qr

+

Γ3l + Γ4n
1

Jy
m

Γ4l + Γ8n



(3.3)
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The forces fx, fy, fz and moments l,m, n that act upon the airplane are the aerody-
namic the gravitational and the propulsive forces and moments.

Forces

f =

fx

fy

fz

 = fg + fa + fp

Gravitational

fg = Mg

 2(q2q4 − q3q1)
2(q2q4 + q3q1)

q2
4 + q2

1 − q2
2 − q2

3


Aerodynamic

fa =

− cos(α)Fdrag + sin(α)Flift
fy

− sin(α)Fdrag − cos(α)Flift


The lift and drag forces are heavily influenced mostly by the angle of attack α,

by the pitch rate and elevator deflection δe. So the equations for lift and drag can
be written:

Flift = 1
2ρV

2
a SCL(α, q, δe) = 1

2ρV
2

a S[CL(α) + CLq

c

2Va
q + CLeδe]

Fdrag = 1
2ρV

2
a SCD(α, q, δe) = 1

2ρV
2

a S[CD(α) + CDq

c

2Va
q + CDeδe]

The aerodynamic coefficients for lift CL and drag CD are expressed as non-linear
functions of angle of attack, figure 3.2. Those polynomials for the Lift and Drag
coefficients has been taken form ACADO toolkit code provided by Luminita C. Totu
(Postdoc, Department Of Electronic Systems Section of Automation and Control
AAU).

CL =− 0.0223α16.0 − 0.0817α15.0 + 0.3308α14.0 + 1.2203α13.0 − 1.9968α12.0 − 7.4514α11.0

+ 6.2642α10.0 + 23.8897α9.0 − 10.7651α8.0 − 42.8448α7.0 + 9.6143α6.0 + 42.1832α5.0

− 3.4193α4.0 − 21.0760α3.0 − 0.3025α2.0 + 4.9418α+ 0.3006
CD = 0.2761α2.0 + 0.0448α+ 0.0455;

The lateral forces fy are influenced mostly by side split angle β, by the roll rate p,
by the yaw rate r, the aileron deflection δa and the rudder deflection δr.

fy = 1
2ρV

2
a SCY (β, p, r, δa, δr) = 1

2ρV
2

a S[CY0+CYbβ+CYp

b

2Va
p+CYr

b

2Va
r+CYδa

δa+CYδr
δr]
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Figure 3.2: Lift and Drag as function of Angle of Attack

Propulsion

fp = 1
2ρSpropCprop

(kmotorδt)2 − V 2
a

0
0


Moments

m =

 lm
n

 = ma + mp

Aerodynamic
The aerodynamic moment on the y axis is heavily influenced mostly by the angle
of attack α, by the pitch rate and elevator deflection δe. On the other side the
aerodynamic moments on the x and z axes are heavily influenced mostly by side split
angle β, by the roll rate p, by the yaw rate r, the aileron deflection δa and the rudder
deflection δr.

l = 1
2ρV

2
a SbCl(β, p, r, δa, δr) = 1

2ρV
2

a S[Cl0 + Clbβ + Clp

b

2Va
p+ Clr

b

2Va
r + Clδa

δa + Clδr
δr]

m = 1
2ρV

2
a ScCm(α, q, δe) = 1

2ρV
2

a S[Cm0 + Cmaα+ Cmq

c

2Va
q + Cmδe

δe]

n = 1
2ρV

2
a SbCn(β, p, r, δa, δr) = 1

2ρV
2

a S[Cn0 + Cnbβ + Cnp

b

2Va
p+ Cnr

b

2Va
r + Cnδa

δa + Cnδr
δr]

Propulsion

mp =

−kTp(kΩδt)2

0
0

 (3.4)

The values for all the aerodynamic coefficients and moments of inertia can be found
in [7].
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3.2.3 Conversion between Euler Angles and Quaternions

The quaternion representation of a rotation to Euler angles can be calculated by the
following equations[16]:

φ = atan2(2(q1q2 − q3q4), (q2
1 + q2

4 − q2
2 − q2

3))
θ = asin(2(q1q3 − q2q4))
ψ = atan2(2(q1q4 + q2q3), (q2

1 + q2
2 − q2

3 − q2
4))

where the function atan2(x, y) is the two arguments arctangent operation which
returns the arctangent of the y/x in range of [−π, π]. On the other hand from pitch,
roll and yaw Euler angles (θ, φ, ψ) the corresponding quaternion elements can be
calculated by the following equations[16].

q1 = cos(ψ2 ) cos(θ2) cos(φ2 ) + sin(ψ2 sin(θ2) sin(φ2 )

q2 = cos(ψ2 ) cos(θ2) sin(φ2 )− sin(ψ2 sin(θ2) cos(φ2 )

q3 = cos(ψ2 ) sin(θ2) cos(φ2 ) + sin(ψ2 cos(θ2) sin(φ2 )

q4 = sin(ψ2 ) cos(θ2) cos(φ2 )− cos(ψ2 sin(θ2) sin(φ2 )



Chapter 4

Algorithm implementation

In this chapter is explained how an OCP is defined and solved using ACADO Toolkit
environment. The implementation is consisted of the mathematical model definition,
the OCP definition, the OCP Solver and the code generated nonlinear MPC. The
mathematical model and OCP definition will be presented for both longitudinal
3DOF and longitudinal & lateral 6 DOF. Figure 4.1 illustrates the steps for solving
an OCP in ACADO Toolkit.

Figure 4.1: Optimal Control Problem [4]

4.1 Model Definition
The mathematical models presented in chapter 3 represent the differential equations
being used for describing the orientation of the UAV, for the longitudinal orientation
(3DOF) (3.1) and full longitudinal & lateral orientation (6DOF) (3.3). The mathe-
matical model is the core of the system and is the main constraint when solving the
optimal control problems. In this section the definition of the model using ACADO
Toolkit symbolic syntax is presented.

4.1.1 3DOF model definition

In the example from Listing 4.1, can be seen how part of the 3DOF longitudinal math-
ematical model (3.1) is described in ACADO Toolkit environment. From line 4 to 7

23
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1 int main (){
2
3 // Differential states
4 DifferentialState pos("", 2, 1);
5 DifferentialState vels("", 2, 1);
6 DifferentialState theta ;
7 DifferentialState q;
8
9 // Controls

10 Control delta_e ;
11 Control delta_t ;
12
13 // Intermediate States
14 IntermediateState ur;
15 IntermediateState wr;
16 IntermediateState Va;
17 IntermediateState alpha ;
18 IntermediateState ma;
19 IntermediateState FGx , FAx , FPx;
20 IntermediateState FGz , FAz , FPz;
21 ...
22 ...
23 ...
24
25 // Intermediate states definition
26 alpha = atan(wr / ur);
27 ma = 0.5 * rho * square (Va) * S * c * (Cm_0 + Cm_alpha * alpha + Cm_q * (c /

(2 * Va)) * q + Cm_delta_e * ctrls (0));
28 FPx = 0.5 * rho * S_prop * C_prop * ( square ( k_motor * ctrls (1)) - square (Va));
29 FPz = 0;
30 FGx = -m * g * sin( theta );
31 FGz = m * g * cos( theta );
32 FAx = 0.5 * rho * Va * Va * S * (CX + CX_q * c * q / (2 * Va) + CX_delta_e *

delta_e );
33 FAz = 0.5 * rho * Va * Va * S * (CZ + CZ_q * c * q / (2 * Va) + CZ_delta_e *

delta_e );
34 ...
35 ...
36 ...
37
38 // Differential equation
39 DifferentialEquation f;
40
41 // Differential equations system definition
42 f << dot(pos (0)) == cos( theta ) * vels (0) + sin( theta ) * vels (1);
43 f << dot(pos (1)) == -sin( theta ) * vels (0) + cos( theta ) * vels (1);
44 f << dot(vels (0)) == -q * vels (1) + (FGx + FAx + FPx) * 1 / m;
45 f << dot(vels (1)) == q * vels (0) + (FGz + FAz + FPz) * 1 / m;
46 f << dot( theta ) == q;
47 f << dot(q) == (1 / Jy) * ma;
48
49 // Do something with the model
50 return 0;
51 }

Listing 4.1: 3DOF Mathematical model definition in ACADO Toolkit symbolic syntax
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are defined the differential states of the model, six in total. The DifferentialState
object is a placeholder for the model’s differential variables. The 3DOF mathemati-
cal model consists of the position in north pn and down direction pd, forward v1 and
downward v3 velocities, the pitch angle θ and the pitch rate q. Line 4 - Declaration
of the two position differential states represented as vectors of two elements. Line
5 - Declaration of the two velocity differential states represented as vectors of two
elements. Lines 6 and 7 - Declaration of the pitch angle and the pitch rate differential
states. The state vector of differential states x in the system has the following form:

x =
[
pn, pd, v1, v2, θ, q

]>
Lines 10 and 11 - Declaration of the control variables - delta_e and delta_t. The
Control objects correspond to the control surfaces of the UAV, in that case the
deflection in the elevators and the percentage of the throttle input. Those control
variables u influence the behavior of the system. The control vector has the following
form:

u =
[
δe, δt

]>
From line 14 starts the declaration of the intermediate states of the mathematical
model. ACADO Toolkit allows the user to define intermediate states, in order to
express certain arithmetic expression that are conveniently separated from the main
differential equations. Those intermediate states can also be used in more than one
expression. Example of an intermediate state definition is shown from line 26 to
33. The expression on the right-hand side of an intermediate state might consist of
differential states, controls inputs, other intermediate states or constants. The model
is represented as a system of Ordinary Differential Equations (ODEs) as shown from
line 42 to 47.
In order to verify the correctness of the model the Integrator class is used to in-
tegrate the model for specific time interval, given certain initial values and control
surfaces. The results of the integrator show what are the differential states during
the integration process. For example, if the elevator control signal has negative value,
is expected that the UAV increase’s its altitude and pitch angle while the pitch rate
remains constant. If those differential states do not change as expected over time,
then there is something wrong with the model either its definition or expression.

4.1.2 6DOF model definition

The 6DOF model (3.3) is defined to the ACADO Toolkit in similar manner to the
3DOF. The difference is the number of differential states x and the control variables
u. There are twelve differential states placed in a state vector:

x =
[
pn, pe, pd, v1, v2, v3, q1, q2, q3, q4, p, q, r

]>
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The four controls in the control vector:

u =
[
δe, δa, δr, δt

]>
4.2 OCP Definition
The desired attitude of the airplane during the auto descent process can be described
as trajectory path. The desired path can be expressed as an OCP[1]. The OCP
describes the objectives and the constraints as they are defined in the mathematical
form. The OCP class provides the functions for the definition and initialization of
an OCP.

4.2.1 3DOF & 6DOF Implementation algorithms

Finding the best control sequence that follows the reference trajectory for auto de-
scent for the 3DOF is a process that consists of two parts - two different OCP. The
first OCP tries to keep the UAV at steady altitude and speed for a certain period
of time - level flight. The second OCP performs a descent maneuver, where the
UAV follows constant flight path angle to land, while minimizing the forward and
downward velocities and keeping UAV in the equilibrium attitude. Figure 4.2 shows

Figure 4.2: 3DOF algorithm [1]

the two OCPs as a process in the longitudinal model. From point p1 to point p2 the
airplane keeps a level flight. From point p2 to point p3 the airplane starts descending.
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The distance d to the landing point p3 is calculated by initially choosing a constant
flight path angle γ̂ from the following equation:

d = h

tan(−γ̂)

where h is the altitude of the airplane at position p2. So the position of point p2
depends on the initial flight path angle. The flight path angle is given by the following
equation:

γ = − tan−1
( ṗd

ṗn

)
The trajectory for the 6DOF is defined by the same manner. However, the lateral
orientation of the UAV needs to be taken into account for the OCP definitions.
Figure 4.3(a) depicts the trajectory in respect to the lateral dimension, while Fig-
ure 4.3(b) depicts the trajectory in the longitudinal dimension. The east position
needs to be levelled during the whole manoeuvre, while the down position changes
in the same way as explained in the 3DOF definition.

Figure 4.3: 6DOF algorithm
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4.2.2 Level flight OCP 3DOF

The OCP definition for keeping level flight for the longitudinal model is written as
follows:

min
x, u

N−1∑
k=0

(pdk − h)2Q2
1 + α2

kQ
2
2 + (uk+1 − uk)2R2 + (pdN − h)2Q2

3 + α2
NQ

2
4.

(4.1)

subject to x0 = x̂0

xk+1 = F (xk, uk), for k = 0, ...., N − 1
− 25m/s ≤ v1k, v3k ≤ 25m/s for k = 0, ...., N

− π

3 < αk <
π

3 for k = 0, ...., N

− π

2 < θk <
π

2 for k = 0, ...., N

− π

6 < δek <
π

6 for k = 0, ...., N − 1

0 < δtk < 1 for k = 0, ...., N − 1

(4.2)

The objective function Equation 4.1 tries to minimize the summation of few squared
terms for any intermediate interval k = 0, ..., N . Whereas, (pdk − h)2 defines the
squared difference between the current altitude at time interval k and the reference
altitude h. h is a constant and this is the value of the target altitude at which the
airplane is supposed to keep cruising. The next term is αk

2, which represents the
squared value of the angle of attack at any interval k. The third term in the objective
function consists of the squared difference in the control deflection. Here, uk is the
signal vector of the controls at interval k and uk+1 is the vector of the controls signal
at the next interval k+1. R is a symmetric diagonal weighted matrix, which has size
equal to the number of controls. In the 3DOF the controls are δe and δt ,therefore

R =
[
1 0
0 1

]
. The final two terms describe the end terms of the function. The value

of (pdN − h)2 is lowest when the value of the altitude of the airplane pdN at the
end of the optimization process N is the same as the reference altitude h. The last
term α2

N tries to keep the value of the angle of attack at the end time N closest
to 0. The coefficients Q1 to Q4 are weight coefficients for each term, except the
term for the controls. For the 3DOF the terms have equal importance and therefore
Q1 = Q2 = Q3 = Q4 = 1.
Equation 4.2 lists the constraints the OCP. The objective function is subject to the
initial state of the system x0 = x̂0 at time 0. The differential states of the system
are updated according to the model xk+1 = F (xk, uk). There are constraints for
the forward v1k and downward v3k velocities −25m/s ≤ v1k, v3k ≤ 25m/s, which
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restricts the value of those for any k during the optimization horizon 0, ..., N . The
dynamic constraints for the angle of attack α and the pitch angle θ restrict those
values in certain ranges through the whole optimization process k = 0, ..., N . The
final two constraints address the physical capability of control deflections, whereas
the deflection in the elevators δe in any time interval k = 0, ..., N should be between
−π6 and π

6 and the throttle signal δt is between 0 and 1. The user needs to define
what is the reference altitude h, the time horizon N and the interval control points
k, and the initial state of the system x̂0.
Listing 4.2 shows how the OCP defined in Equation 4.1 looks in ACADO Toolkit
code. OCP definition takes place after the definition of the model of the system. It
starts by setting up the dimensions of the objective function. In the ACADO Toolkit
environment single objective function can be split to number of objective functions
with different definition. In this example, the function defined in Equation 4.1 is split
in two. The first part are the squared terms that need to be minimized and the other
are the squared end terms. The non-end terms consist of the downward position
pos(1), the angle of attack alpha and the control signals delta_e and delta_t. The
respective references are set by the DVector object r - lines 13 to 17. In this example
the altitude reference h is -100. The rest are 0s, since the angle of attack need to
stay at 0 and the control changes should be as minimum as possible. The weights
are defined as a symmetric diagonal matrix S - line 9. The key word eye defines
the matrix as such and sets its values all the same. The end term squares function
rN contains two values - pos(1) and alpha (line 6). Their references are defined
by the vector rN - lines 20 to 22, respectively -100 for the altitude and 0 for the
angle of attack. The weighted matrix for those SN is defined in the same manner
as the one for the non-end squared terms - line 10. The OCP is instantiated (line
30) using three variables - starting time tStart, end time tEnd and the number of
control intervals tIntervals. The current example defines OCP for 5 seconds using
20 control intervals, giving control inputs for every 0.25sec. Line 35 sets the airplane
as dynamic system reference. From line 38 to 43, the initial states x̂0 are set -
x0 =

[
0, −80, 25, 1.32, 0.05 0

]
. The initial altitude of the UAV is set to -80,

with a forward velocity of 25m/s and downward velocity of 1.38m/s. Lines 46 to 51
set the dynamic constraints described in Equation 4.2
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1 // MODEL DEFINITION
2
3 // Objective function
4 Function h, hN;
5 h << pos (1) << alpha << delta_e << delta_t ;
6 hN << pos (1) << alpha ;
7
8 // Weighted matrixes
9 DMatrix S = eye <double >(h. getDim ());

10 DMatrix SN = eye <double >( hN. getDim ());
11
12 // References LSQ
13 DVector r(4);
14 r[0] = -100;
15 r[1] = 0;
16 r[2] = 0;
17 r[3] = 0;
18
19 // References LSQEndTerm
20 DVector rN (2);
21 rN [0] = -100;
22 rN [1] = 0;
23
24 // Time horizon
25 double tStart = 0.0;
26 double tEnd = 5;
27 int tIntervals = 20;
28
29 // OCP
30 OCP ocp(tStart , tEnd , tIntervals );
31 ocp. minimizeLSQ (S, h, r);
32 ocp. minimizeLSQEndTerm (SN , hN , rN);
33
34 // Subject to the model of the system
35 ocp. subjectTo (f);
36
37 // Initial values
38 ocp. subjectTo (AT_START , pos (0) == 0.0); // p_n
39 ocp. subjectTo (AT_START , pos (1) == -80); // p_d ,
40 ocp. subjectTo (AT_START , vels (0) == 25.0) ; // v_1 ,
41 ocp. subjectTo (AT_START , vels (1) == 1.32) ; // v_3 ,
42 ocp. subjectTo (AT_START , theta == 0.05) ; // theta ,
43 ocp. subjectTo (AT_START , q == 0.0); // q,
44
45 // Physical contraints
46 ocp. subjectTo ( -25 <= vels (0) <= 25);
47 ocp. subjectTo ( -25 <= vels (1) <= 25);
48 ocp. subjectTo (-M_PI / 2 <= theta <= M_PI / 2);
49 ocp. subjectTo (-M_PI / 3 <= alpha <= M_PI / 3);
50 ocp. subjectTo (-M_PI / 6 <= delta_e <= M_PI / 6);
51 ocp. subjectTo (0 <= delta_t <= 1);
52
53 // SOLVE THE PROBLEM

Listing 4.2: Level OCP definition for 3DOF syntax
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4.2.3 Level flight OCP 6DOF

The full 6DOF model requires more terms in its objective function in order to keep
level flight. The objective function looks as follows:

min
x, u

N−1∑
k=0

(pdk − h)2Q2
1 + (pek − e)

2Q2
2 + α2

kQ
2
3 + (uk+1 − uk)2R2+

+ (pdN − h)2Q2
4 + (peN − e)2Q2

5 + α2
NQ

2
6.

(4.3)

subject to x0 = x̂0

xk+1 = F (xk, uk), for k = 0, ...., N − 1
− 30m/s ≤ v1k, v2k, v3k ≤ 30m/s for k = 0, ...., N

− π

3 < αk <
π

3 for k = 0, ...., N

− π

6 < δek , δak , δrk <
π

6 for k = 0, ...., N − 1

0 < δtk < 1 for k = 0, ...., N − 1

(4.4)

The objective function (4.3) is similar to the one for the 3DOF (4.1). However, since
the model is complete the airplane movement needs to be controlled alongside all
axes. In particular it needs to be controlled in such manner so it does not ’float’
according to its east position pe. The objective function tries to minimize both
squares of the difference between the altitude pd and the reference altitude h and
the east position of the plane and certain reference e, so the airplane keeps cruise
flight in both horizontal and vertical orientation planes. The difference in the model
introduces two more control signals which deflection needs to be minimized - the
ailerons δa and the rudder δr.
The constraints (4.4) for this objective function need to handle the sideways velocity
v2 and the aileron and rudder control signals - δa, δr.
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4.2.4 Auto Descent OCP 3DOF

The OCP definition for descending at a reference flight path angle for the longitudinal
model is given by the following objective function:

min
x, u

N−1∑
k=0

(γk − γ̂)2Q2
1 + (αk − α̂)2Q2

2 + v2
1kQ

2
3 + v2

3kQ
2
4

+ (uk+1 − uk)2R2

+ (γN − γ̂)2Q2
5 + (αN − α̂)2Q2

6 + v2
1NQ

2
7 + v2

3NQ
2
8

(4.5)

subject to x0 = x̂0

xk+1 = F (xk, uk), for k = 0, ...., N − 1
− 25m/s ≤ v1k , v3k ≤ 25m/s for k = 0, ...., N

− π

3 < αk <
π

3 for k = 0, ...., N

− π

6 < δek <
π

6 for k = 0, ...., N − 1

0 < δtk < 1 for k = 0, ...., N − 1

(4.6)

The stage-cost term of the objective function minimizes the error produced by the
flight path angle, the angle of attack, the forward and downward speeds and the
controls relative to their reference values. The cost-terminal term of the objective
function minimizes the error produced by the flight path angle, the angle of attack,
the forward and downward speeds relative to the terminal reference values. However,
the time horizon and the weights are having a major role to system’s the behavior,

Q1 = 1000 Q2 = 600 Q3 = Q4 = 1 Q5 = 1 R =
[
40 0
0 40

]
Q5 = 2000 Q6 =

100 Q7 = 1 Q8 = 10. The weigh determines the priority of the term in the overall
stage-cost. Bigger weight means higher priority for the term in question. Addition-
ally, the altitude decreases indirectly by following a reference trajectory defined by
the flight path angle. Simultaneously, try to keep the angle of attack at a constant
number of 60 deg. For that reason the OCP has to minimize the objective function
fast so as to the time horizon is relatively small. Listing 4.3 shows the definition of
OCP in the ACADO symbolic syntax, including the objective function the constrains
and the initial values.

In lines 4 to 6 are being defined the stage-cost and cost-terminal terms of the
objective function. In lines 8 to 19 are being defined the weight values for all the
errors in the objective function the number of whom have been decided by a try an
error process. In line 34 is the definition of the OCP for a specific time horizon and
number of intervals.
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1 // MODEL DEFINITION
2
3 // Objective funticon
4 Function h, hN;
5 h << gamma << delta_e << delta_t <<alpha << vels;
6 hN << gamma << alpha <<vels;
7
8 DMatrix S = eye <double >(h. getDim ());
9 DMatrix SN = eye <double >( hN. getDim ());

10
11 SN(0, 0) = 2300;
12 SN(1, 1) = 1800;
13 SN(2, 2) = 1;
14 SN(3, 3) = 1;
15
16 S(0, 0) = 2300;
17 S(1, 1) = 40;
18 S(2, 2) = 40;
19 S(3, 3) = 1800;
20 S(4, 4) = 1;
21 S(5, 5) = 1;
22
23 DVector r(6);
24 r[0] = -0.785398;
25 r[1] = 0;
26 r[2] = 0;
27 r[3] = 1.0472;
28 r[4] = 0;
29 r[5] = 0;
30
31 DVector rN (4);
32 rN [0] = -0.785398;
33 rN [1] = 1.0472;
34 rN [2] = 0;
35 rN [3] = 0;
36
37 // OCP
38 OCP ocp (0.0 ,2 ,20);
39
40 ocp. minimizeLSQ (S, h, r);
41 ocp. minimizeLSQEndTerm (SN , hN , rN);
42
43 // Subject to the systems model
44 ocp. subjectTo (f);
45
46 // initial values
47 ocp. subjectTo (AT_START , pos (0) == 0.0); // p_n , forward position
48 ocp. subjectTo (AT_START , pos (1) == -80); // p_d , downwards position
49 ocp. subjectTo (AT_START , vels (0) == 25.0) ; // v_1 , forward velocity
50 ocp. subjectTo (AT_START , vels (1) == 1.32) ; // v_3 , downwards velocity
51 ocp. subjectTo (AT_START , theta == 0.00) ; // theta , pitch angle
52 ocp. subjectTo (AT_START , q == 0.0); // q, pitch rate
53
54 ocp. subjectTo (AT_START , delta_e == 0);
55 ocp. subjectTo (AT_START , delta_t == 0.33) ;
56
57 // Constrains
58 ocp. subjectTo ( -25 <= vels (0) <= 25);
59 ocp. subjectTo ( -25 <= vels (1) <= 25);
60 ocp. subjectTo (-M_PI / 3 <= alpha <= M_PI / 3);
61 ocp. subjectTo (-M_PI / 2 <= theta <= M_PI / 2);
62 ocp. subjectTo (-M_PI / 6 <= delta_e <= M_PI / 6);
63 ocp. subjectTo (0 <= delta_t <= 1);

Listing 4.3: Land OCP definition 3DOF syntax
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4.2.5 Auto Descent OCP 6DOF

The OCP definition for descending at a reference flight path angle for the full 6DOF
longitudinal & lateral model is given by the following objective function:

min
x, u

N−1∑
k=0

(γk − γ̂)2Q2
1 + (pek − e)

2Q2
2 + (αk − α̂)2Q2

3 + v2
1kQ

2
4 + v2

2kQ
2
5 + v2

3kQ
2
6

+ (uk+1 − uk)2R2

+ (γN − γ̂)2Q2
7 + (peN − e)2Q2

8 + (αN − α̂)2Q2
9

+ v2
1NQ

2
10 + v2

2BQ
2
11 + v2

3NQ
2
12

(4.7)

subject to x0 = x̂0

xk+1 = F (xk, uk), for k = 0, ...., N − 1
− 25m/s ≤ v1k, v2k, v3k ≤ 25m/s for k = 0, ...., N

− π

3 < αk <
π

3 for k = 0, ...., N

− π

2 < θk <
π

2 for k = 0, ...., N

− π

6 < δak, δek, δrk <
π

6 for k = 0, ...., N − 1

0 < δtk < 1 for k = 0, ...., N − 1

(4.8)

Using the same approach as in the 3DOF objective function the airplane descents
relative to a constant flight path angle. However, the lateral position pe and the
sideways velocity v2 needs to be taken into consideration. The weight values are
being defined as follows: Q1 = 2000 Q2 = 500 Q3 = 1000 Q4 = 10 Q5 = 1 Q6 =
1 Q7 = 2000 Q8 = 500 Q9 = 1000 Q10 = 1 Q11 = 1 Q12 = 1 and

R =


25 0 0 0
0 20 0 0
0 0 35 0
0 0 0 22



4.3 Acado OCP solver
After the definition of the OCP problem, it has to be solved by an optimization algo-
rithm. The OptimizationAlgorithm class solves an OCP defined in the ACADO
Toolkit syntax. Listing 4.4 illustrates how to define the optimization algorithm. In
line 5 the OCP is linked to the optimization algorithm. In lines 6 - 9 - setup the
algorithm options - algorithm tolerances, integrator type, discretization type and etc.
Finally, in line 10 - the solve() function solves the OCP.
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1 // MODEL DEFINITION
2
3 // OCP DEFINITION
4
5 OptimizationAlgorithm algorithm (ocp); // the optimization algorithm
6 algorithm .set( INTEGRATOR_TYPE , INT_RK45 );
7 algorithm .set( INFEASIBLE_QP_HANDLING , YES);
8 algorithm .set( DISCRETIZATION_TYPE , MULTIPLE_SHOOTING );
9 algorithm .set( KKT_TOLERANCE , 1e -3);

10 algorithm . solve (); // Solve the OCP

Listing 4.4: Definition of the OCP solver

4.4 Code generated nonlinear MPC
The OCPexport class exports high efficient C code of the defined OCP so as to
be used for the real-time NMPC application. However, the OCP as defined, for the
OCP solver, cannot be used by the OCPexport class. The main difference is that
in the definition of the initial values, for the states and the control, and reference
values are hard coded inside the main file of the generated code. Listing 4.5 shows
the definition of the OCP for the OCPexport class and the settings for generat-
ing the optimal C code. In lines 5 and 6 is the definition of the objective function
without a reference value vector as an argument. In lines 9-19 is the definition of
the OCPexport object to generate the optimal C code. The exportcode(”PATH”)
function generates all the optimal C code files at the given directory.

1 // MODEL DEFINITION
2 // OCP DEFINITION
3 ...
4 OCP ocp(tStart , tEnd , tIntervals );
5 ocp. minimizeLSQ (S, h); \\ Setup without the reference vector r
6 ocp. minimizeLSQEndTerm (SN , hN); \\ Setup without the reference vector rN
7
8 // Export setup
9 OCPexport mpc(ocp);

10 mpc.set( HESSIAN_APPROXIMATION , GAUSS_NEWTON ); // solving algorithm
11 mpc.set( DISCRETIZATION_TYPE , MULTIPLE_SHOOTING ); // Discretization algorithm
12 mpc.set( INTEGRATOR_TYPE , INT_RK4 ); // Intergation algorithm
13 mpc.set( NUM_INTEGRATOR_STEPS , 250); // Number of integration steps
14
15 mpc.set( SPARSE_QP_SOLUTION , FULL_CONDENSING_N2 );
16 mpc.set( FIX_INITIAL_STATE , YES);
17
18 mpc.set( HOTSTART_QP , YES);
19 mpc.set( GENERATE_TEST_FILE , YES);
20
21 // Export
22 if (mpc. exportCode (" LevelExport ") != SUCCESSFUL_RETURN )
23 exit( EXIT_FAILURE );
24
25 mpc. printDimensionsQP ();

Listing 4.5: Export the OCP to optimized C code



36 Chapter 4. Algorithm implementation

Running the generated Code

Listings 4.6 and 4.7 show the structure of the main file of the real-time NMPC. The
main file can be divided in three sections. First the definition of global constants 4.6,
including headers and declare global variables. At the beginning, the automatically
generated header acado_common.h containing all forward declarations required
to run the generated nonlinear MPC algorithm. The global constants are defined in
acado_common.h. The acado_common.h header file contain’s the number of
differential states, control inputs and control intervals. The acadoV ariables contain
the declaration of all global variables. The acadoWorkspace is used to internally
store all the intermediate results in every real-time iteration.

The second section consists of initialization of the nonlinear MPC algorithm,4.7
lines 4-30. Before actually calling the nonlinear MPC algorithm, the structacadoV ariables
needs to be initialized. acadoV ariables.x and acadoV ariables.u contain the initial
values of the differential states and control values at all interval points. acadoV ariables.y
and acadoV ariables.yN contain the reference values for the stage-cost and the cost-
end term of the objective function respectively. Moreover, the arrayacadoV ariables.x0
is initialized, whose dimension matches that of the differential states. At each call
of the nonlinear MPC algorithm contains the current state measurement x̂0 within
the MPC formulation. Finally, the first step of the real-time iteration scheme is
prepared.

The third section performs the real-time iterations, 4.7 lines 29-50. This code
segment illustrates how to call the real-time iteration algorithm. At each sampling
instant, the user obtains the current state measurement. This measurement is then
passed to the feedback step to obtain the optimized control values. Afterwards, ini-
tialization of control inputs and states are shifted and the next iteration is prepared
by calling the preparationStep() function.

1 # include " acado_common .h"
2 # include " acado_auxiliary_functions .h"
3 # include <stdio .h>
4
5 # define NX ACADO_NX /* Number of differential state variables . */
6 # define NXA ACADO_NXA /* Number of algebraic variables . */
7 # define NU ACADO_NU /* Number of control inputs . */
8 # define NOD ACADO_NOD /* Number of online data values . */
9 # define NY ACADO_NY /* Number of references on nodes 0.. N - 1. */

10 # define NYN ACADO_NYN /* Number of references on node N. */
11 # define N ACADO_N /* Number of intervals in the horizon . */
12 # define NUM_STEPS 30 /* Number of real - time iterations . */
13 # define VERBOSE 1 /* Show iterations : 1, silent : 0. */

Listing 4.6: Global constants defined in the main file of the real-time NMPC
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1 int main ()
2 {
3 // Initialize the solver .
4 acado_initializeSolver ();
5
6 // Initialize the states .
7 for (i = 0; i < NX * (N + 1); ++i) {
8 acadoVariables .x[i * NX + 0] = 0;
9 acadoVariables .x[i * NX + 1] = -80;

10 acadoVariables .x[i * NX + 2] = 25;
11 acadoVariables .x[i * NX + 3] = 1.32;
12 acadoVariables .x[i * NX + 4] = 0.05;
13 acadoVariables .x[i * NX + 5] = 0;
14 }
15
16 // Initialize the controls
17 for (i = 0; i < NU * N; ++i) acadoVariables .u[i] = 0.0;
18
19 // Initialize the reference values
20 for (i = 0; i < NY * N; ++i) {
21 acadoVariables .y[i * NY + 0] = -110; // p_d
22 acadoVariables .y[i * NY + 1] = 0.1; // delta_t
23 acadoVariables .y[i * NY + 2] = 0.5; // delta_e
24 }
25
26 acadoVariables .yN [0] = -110; // p_d
27
28 // Initialize the first step for the real - time iterations
29 for (i = 0; i < NX; ++i)
30 acadoVariables .x0[i] = acadoVariables .x[i];
31
32 // Prepare first step
33 acado_preparationStep ();
34
35 // Real - time iterations
36 for (iter = 0; iter < NUM_STEPS ; ++ iter)
37 {
38 // Perform the feedback step
39 acado_feedbackStep ();
40
41 // Update the initial states with the predicted ones
42 for (i = 0; i < NX; ++i)
43 acadoVariables .x0[i] = acadoVariables .x[NX + i];
44
45 // Shift the initialization
46 acado_shiftStates (2, 0, 0);
47 acado_shiftControls ( 0 );
48
49 // Prepare for the next step .
50 acado_preparationStep ();
51 }
52 return 0;
53 }

Listing 4.7: Main method of the real-time NMPC





Chapter 5

Results

In this chapter will be presented the results of solving the OCP problems defined
in Chapter 4 in ACADO Toolkit. Moreover, will be shown the computational per-
formance results of the optimal generated C code executed on a Raspberry Pi 3
device.

5.1 Level flight OCP 3DOF results
The results from the OCP level flight based on the objective function from Equa-
tion 4.1 and its constraints (4.2) are acquired from three different setups for the
reference altitude h. This section presents the output of the solver as graphical
plots. The plots contain the differential variables and the control states during the
process of solving the OCP. The initial values x0 and the references h are selected
in order to test the ability of the solver to provide feasible trajectory for descending,
keeping and ascending to a certain level.

5.1.1 Setup1: Descending 20m

The setup for the following test is as follows:

x0 =
[
0, −80, 25, 1.32, 0.05, 0

]
; u0 =

[
0, 0

]
; h = −60;

Table 5.1 shows the outputs for the position of the airplane after solving the OCP for
5 seconds, having 20 control intervals. The solver needs to solve the objective function
given in Equation 4.1 - the altitude of the airplane needs to reach -60 as quickly as
possible, without violating the constraints (4.2). The full output of the solver can be
found in (A.1). Based on the graphs the solver finds relatively satisfying solution,
providing with realistic vertical movement of the airplane. In order to descend the
airplane needs to have positive elevator signal δe. That leads to pitching down and
increasing both forward and downward velocities until the point where the airplane
needs to keep its altitude.

39
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Position north pn [meters] Position down pd [meters]

Table 5.1: Positions plots for Level flight OCP 3DOF, pd0 = -80, h = -60

5.1.2 Setup2: Ascending 20m

The setup uses the following parameters:

x0 =
[
0, −80, 25, 1.32, 0.05, 0

]
; u0 =

[
0, 0

]
; h = −100;

From the Table 5.2 it can be seen that the solver successfully finds solution to the
OCP problem getting to the reference down position. The full output of the solver
can be seen in Table A.2. The airplane reaches the reference position -100m. The
elevator signal δe provides negatives values at the beginning of the maneuver, which
combined with the high initial forward velocity v1 lifts the airplane to the desired
altitude. There is small overshoot which causes the airplane to go above the target
altitude for small amount of time. Compensating that is achieved by giving positive
signal from the elevator.

Position north pn [meters] Position down pd [meters]

Table 5.2: Position plots for Level flight OCP 3DOF, pd0 = -80, h = -100

5.1.3 Setup3: Keeping the same altitude

The setup uses the following parameters:

x0 =
[
0, −80, 25, 1.32, 0.05, 0

]
; u0 =

[
0, 0

]
; h = −80;
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The objective for this setup is to keep the same altitude as the initial value. Table 5.3
depicts the graphs for the positions of the UAV predicted by the solver. The full
results can be found in Table A.3. The results present level flight cruise at altitude
of 80m, with slight changes in the throttle δt and the elevator δe signals.

Position north pn [meters] Position down pd [meters]

Table 5.3: Position plots for Level flight OCP 3DOF, pd0 = -80, h = -80

5.2 Level flight OCP 6DOF results
The following section presents the results of the OCP solver for level cruise flight
in 6DOF based on the objective function given by Equation 4.3 and subject to its
constraints (4.4). The results consist of 2 setups with different altitude reference h
and east position reference e. The change of the reference for the east position is done
in order to prove that the model works at its full extend. Having the east position
reference set as e = 0, the solver does not change any aspect of the latitudinal model,
since there are no disturbances changing the east position pe of the airplane.

5.2.1 Setup1: Descending

The setup has the following initial parameters:

x0 =
[
0, 0, −80, 25, 0, 0, 1, 0, 0, 0, 0, 0, 0

]
;

u0 =
[
−0.0468, −0.0111, −0.0333, 0.0846

]
; h = −60 e = 5;

The results shown in Table 5.4 contain the positions expressed as plots from the
prediction of the solver. For 5sec control horizon using 20 control intervals the
solver provides trajectory for the airplane that minimizes the down position pd to
the reference value h. It also get relative close values for the east position pe to
its reference e = 5, although the selected control grid does not allow the solver to
perfectly minimize that term. The full results can be seen in Table A.4.
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Position north pn [meters] Position east pe [meters]

Position down pd [meters]

Table 5.4: Positions plots for Level flight OCP 6DOF, pd0 = -80, h = -60, e = 5

5.2.2 Setup2: Ascending

The setup has the following initial parameters:

x0 =
[
0, 0, −80, 25, 0, 0, 1, 0, 0, 0, 0, 0, 0

]
;

u0 =
[
−0.0468, −0.0111, −0.0333, 0.0846

]
; h = −90 e = −2;

As opposed to the first setup where the airplane needs to descend and keep positive
east position, the second setup requires the solver to provide trajectory ascending
the airplane to down position reference h = −90 and keeping negative east position
e = −2. Table 5.5 depicts the results of the positions predicted by the solver for op-
timization grid for 5sec horizon having 20 control intervals. The trajectory provided
satisfies the objective function, minimizing the pd and pe to their reference values h
and e. The full output can be found in Table A.5.
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Position north pn [meters] Position east pe [meters]

Position down pd [meters]

Table 5.5: Positions plots for Level flight OCP 6DOF, pd0 = -80m, h = -90m, e = -2m

5.3 Auto Descent OCP 3DOF results
The following section presents the results for the auto descent 3DOF longitudinal
OCP based on the objective function from Equation 4.5 and its constraints 4.6. The
auto descent 3DOF OCP has the following initial parameters:

x0 =
[
0, −80, 25, 1.32, 0.05, 0

]
; u0 =

[
0, 0.33

]
;

γ̂ = −0.785398 = −45 deg;

The full output of the solver can be seen in A.6. Table 5.6 illustrates the forward
and downward position. For 2sec control horizon using 20 control intervals the solver
provides trajectory for the airplane that minimizes the flight path angle γ to the
reference constant γ̂. Eventually the airplane descents. However two seconds horizon
are not enough to reach the ground level but a relative short horizon is needed so as
to minimize fast the flight path angle and the angle of attack.
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Position north pn [meters] Position down pd [meters]

Table 5.6: Result plots for auto Descent OCP 3DOF, pd0 = -80m, γ̂ = -0.785398rads,

5.4 Auto Descent OCP 6DOF results
The following section presents the results for the auto descent 6DOF longitudinal &
lateral OCP based on the objective function from Equation 4.7 and its constraints
4.8. The auto descent 6DOF OCP has the following initial parameters:

x0 =
[
0, 0, −80, 20, 0, 0, 1, 0, 0, 0, 0, 0, 0

]
;

u0 =
[
0.08, 0.0, 0.0, 0.33

]
; γ̂ = −0.785398 = −45 deg e = 0;

The full output of the solver can be seen in A.7. Table 5.7 illustrate the forward,
sideways and downwards positions. By the same manner as the 3DOF longitudinal
descent the 6DOF minimizes the flight path angle to the referenced one. Unlike to
the Level flight 6DOF setups in the auto descent the sideways position is kept to
zero.

Position north pn [meters] Position east pe [meters]

Position down pd [meters]
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Table 5.7: Positions plots for auto Descent OCP 6DOF, pd0 = -80m; e = 0; γ̂ = -0.785398rads

5.5 Real time NMPC
The exported optimal C code generated by the OCPExport class is executed on an
embedded device so as to validate the real-time functionality. The chosen platform
is a Raspberry Pi 3 model B. Raspberry Pi 3 is a commercial inexpensive embedded
device used for various applications mostly for educational purposes. The Raspberry
Pi 3 has the following specifications in terms of computational power and memory
[17]:

• A 64bit ARMv8 Quad Core Processor running at 1.2GHz

• 1GB Ram

The NMPC code is compiled and exported on the device using the external tool for
Visual Studio - VisualGDB [19]. It is a cross-compile tool, that allows C++/C code
to be exported to multiple variety of devices.

The core of a NMPC controller is the OCP. The faster it can be solved the faster
the NMPC controller. Every OCP is calculated in a constant number of intervals.
In order to achieve real-time functionality the execution time for solving the each
OCP should be less than the time needed to apply the next control sequence to the
system. The resulted control sequence has to be applied to the system every time
instance tk:

tk = T

N
k

where T is the time horizon, N is the number of intervals for one OCP and k is
the number control points needed for the MPC. k also stands for the number of
Real-Time Iterations, since for each control interval the solver shifts the horizon and
solves the OCP again. For example, having a NMPC that calculates OCPs with
T = 2 for N = 20 and k = 30 control intervals outputs 3s prediction time with
0.1 seconds frequency of the control input. Therefore, the device delivers real-time
results if it can solve each RTI for less than 0.1 seconds. Additionally, the number
of integration steps hinders the execution time. The more the integration steps the
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slower the calculations will be the slower the controller. Another factor that impacts
the execution time is related to the objective function. The smaller magnitude of
the error that has to be minimized by the objective function the faster the execution
time.

5.5.1 3DOF Level Flight

The initial setup for the following experiments is:

x0 =
[
0, −80, 25, 1.32, 0.05, 0

]
; u0 =

[
0, 0

]
;

The results presented at Table 5.8 are taken from solving the problem defined in (4.1)
with 3 different reference altitude values h. Furthermore, the results are generated
from using 3 different setups in terms of the time horizon T , time intervals N and
Real-Time Iterations (RTI). The solver uses integrator type Runge Kutta order 4,
having 50 integrator steps.
The first set of tests is run for prediction horizon T = 2s having N = 40 intervals,
which gives 0.05s control sequence update time or 20Hz control signal. Higher fre-
quency ensures better control, but requires faster calculations. Running the MPC for
100 intervals represents prediction of 5s in the future time, since the time horizon is
shifted every 0.05s for 100 times. During one RTI the solver obtains the initial state
and control vectors from the system and solves the OCP for the horizon T . Then
the solver shifts the horizon feeding the system with the predicted controls for the
next time instance and updating the initial state vector as the predicted one for the
next sampling instance.
The average time for executing one RTI is calculated by dividing the total execution
time to the number of RTIs. The average time for executing one RTI, given reference
altitude h = -100m is 0.055s. However, due to the nature of the objective function,
when starting from different altitude than the reference one, the first RTIs are much
slower than the latests. The solver needs to explore a lot of possibilities before pre-
senting the control sequence when the airplane altitude is far from the desired one.
Therefore, the tests also present the average time for running one RTI from the first
20% of the full prediction. The results for that show that the time needed is much
more - 0.148s, when the reference altitude h = −100. However, looking at the results
when the reference altitude is the same as the initial justifies that the solver needs
less time to find shorted distance to the reference. The average time for executing
one RTI from the first 20% of the solution - 0.035s is very close to the average time
of executing one RTI for the whole prediction process - 0.034s.
To conclude the outcome of the experiments for the 3DOF Level flight objective
function, it can be outlined that the solver does not meet the require performance
when there is difference in the altitude for 20Hz and 15Hz, since some of the RTI
will be executed for more time than it is demanded. However, having a frequency
of 10Hz or keeping the level flight from initial altitude equal to the reference one for
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TIME [s]
Ref. h [m] Frequency T/N [s] RTI First 20% Ave. Total Ave.

-100 2/40 (0.05s) 100 0.148s 0.055s
-60 2/40 (0.05s) 100 0.112s 0.036s
-80 2/40 (0.05s) 100 0.035s 0.034s
-100 3/40 (0.075s) 100 0.109s 0.046s
-60 3/40 (0.075s) 100 0.136s 0.048s
-80 3/40 (0.075s) 100 0.033s 0.034s
-100 2/20 (0.1s) 50 0.041s 0.027s
-60 2/20 (0.1s) 50 0.035s 0.015s
-80 2/20 (0.1s) 50 0.023s 0.023s

Table 5.8: Real-time performance 3DOF Level Flight

all cases is much easier task for the solver. The results justify that the solver will
succeed to provide the control sequence in real-time.

5.5.2 3DOF Auto Descent

The initial setup for the following experiments is:

x0 =
[
0, −80, 25, 1.32, 0.05, 0

]
;

u0 =
[
0, 0

]
; γ̂ = −0.785398; α̂ = 1.0472;

The 3DOF descending tests are made using the objective function given in (4.5).
Three different tests are executed using different horizon T and intervals N ratio -
2/40 (20Hz); 3/40 (15Hz); 2/20 (10Hz). Table 5.9 depicts the performance of the
solver solving the problem for all of the setups. The solver uses integrator type Runge
Kutta order 4, having 50 integrator steps.
The difference between the average time for executing one RTI for the first 20% of
the problem is not that significant as it is in the Level flight results. The solver needs
to explore similar amount of possibilities for every iteration, which differs from the
objective function used for getting the UAV to a specific altitude. From the results
it can be observed that the solver manages to get the results in real-time for 10Hz
and 15Hz, but does not meet real-time for 20Hz.

5.5.3 6DOF Level Flight

The initial state vector and control vector used for the following simulation are as
follows:

x0 =
[
0, 0, −80, 25, 0, 0, 1, 0, 0, 0, 0, 0, 0

]
; u0 =

[
0, 0, 0, 0

]
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TIME [s]
Frequency T/N [s] RTI First 20% Ave. Total Ave.

2/40 (0.05s) 100 0.068s 0.051s
3/40 (0.075s) 100 0.073s 0.069s
2/20 (0.1s) 50 0.04s 0.04s

Table 5.9: Real-time performance 3DOF Descent

References [m] TIME [s]
h e Frequency T/N [s] RTI First 20% Ave. Total Ave.
-90 -2 2/40 (0.05s) 100 1.79s 0.736s
-60 5 2/40 (0.05s) 100 1.57s 0.765s
-80 0 2/40 (0.05s) 100 0.142 0.111s
-90 -2 3/40 (0.075s) 100 0.722s 0.252s
-60 5 3/40 (0.075s) 100 1.58s 0.557
-80 0 3/40 (0.075s) 100 0.121 0.091
-90 -2 2/20 (0.1s) 50 0.129s 0.056s
-60 5 2/20 (0.1s) 50 0.239s 0.127s
-80 0 2/20 (0.1s) 50 0.037s 0.026

Table 5.10: Real-time performance 6DOF Level Flight

The results presented in Table 5.10 are generated from running the NMPC using the
objective function defined in (4.3). The results consist of 3 setups for the references
for the altitude h and the east position e. The prediction horizon and the required
update frequency is the same as the 3DOF Level Flight. The solver uses integrator
type Runge-Kutta order 4, having 20 integrator steps.
The results for the 20Hz and 15Hz update frequency show that the solver does not
provide real-time performance, since the the average time for executing one RTI
is higher for every case of the initial state vector. However, there is monitored
dependency that the more demanding difference is required the slower is the solver
in solving it. In example, solving the problem for setup h = −60 and e = 5 is more
computational heavy than solving it for h = −90 and e = −2. Keeping level from the
start to the end is the easiest case to solve. However, the solver gives true real-time
performance only for the 10Hz frequency for the setup h = −80 and e = 0.

5.5.4 6DOF Auto Descent

The initial state vector and control vector used for the following simulation are as
follows:

x0 =
[
0, 0, −80, 25, 0, 0, 1, 0, 0, 0, 0, 0, 0

]
;
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TIME [s]
Frequency T/N [s] RTI First 20% Ave. Total Ave.

2/40 (0.05s) 100 0.252s 0.180s
3/40 (0.075s) 100 0.238s 0.195s
2/20 (0.1s) 50 0.07s 0.059s

Table 5.11: Real-time performance 6DOF Descent

u0 =
[
0, 0, 0, 0

]
; γ̂ = −0.785398; e = 0; α̂ = 1.0472;

The tests are run with the same update frequency as the test run for 3DOF Descent.
The integrator used for the test is Runge Kutta order 4 using 20 integration steps.
Table 5.11 shows the performance of the solver for the different setups. From those
it can be concluded that the solver meets real-time requirements only for the lowest
update frequency - 10Hz.





Chapter 6

3DOF and 6DOF Simulation

The validation of the output generated by a system is always an indication of the
system’s accuracy. Having implemented the real time NMPC on an embedded de-
vice, the validity of the control sequence will pinpoint the robustness of the system.
Figure 6.1 shows a simple but yet accurate simulation process. In this simulation
process the control sequence, generated by the real time NMPC for the entire flight
period, will feed the integrator solving the mathematical model based on this control
sequence. The control sequence is been logged prior to the the simulation process.
So the simulation scheme is not preformed in real time. After the integration the
output differential states will be compared to the ones predicted by the NMPC.
The integration performed by the same integrator generated by the ACADO code
generation.

Figure 6.1: Simulation Process

51
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6.1 3DOF longitudinal model
For the longitudinal 3DOF mathematical model has been simulated the three level
flights setups and the descent flight.

6.1.1 Level Flight

Table of figures 6.1 illustrate the simulated results for the positions and the velocities
of the level ascent setup. It can be seen that the simulated results follows the results
generated by the NMPC.

Position north pn [meters] Position down pd [meters]

Forward vel v1 [m/s] Downward vel v3 [m/s]

Table 6.1: 3DOF level ascent simulated results

Unlike the level ascent flight the simulation of the other two setups for level
descenting and keep a constant altitude did not provide the same results. Table of
figures 6.2 illustrate the simulated altitudes relative to the NMPC.

Position down (descent) pn [meters] Position down (keep level) pd [meters]

Table 6.2: 3DOF level descent and keep constant altitude simulated results
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6.1.2 Descent

Table of figures 6.3 illustrate the simulated results for the auto descent. It can be
seen that the simulated altitude descents faster. Additionally in the NMPC velocity
figures, there are high picks in the beginning that violate the given constrain of
25m/s.

Position north pn [meters] Position down pd [meters]

Forward vel v1 [m/s] Downward vel v3 [m/s]

Table 6.3: 3DOF descent simulated results

6.2 6DOF longitudinal & Lateral model
The same as the 3DOF longitudinal model also for the 6DOF longitudinal & lateral
model have been simulated for the three level flight setups and the descent flight

6.2.1 Level Flight

Table of figures 6.4 illustrate the simulated results for the 6DOF longitudinal &
lateral ascent level flight. It can be seen that the simulated results completely differ
from the ones generated form the NMPC. The same abnormality observed for the
other two setups.
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Position north pn [meters] Position east pe [meters]

Position down pd [m/s] Forward vel v1 [m/s]

Sideways vel v2 [m/s] Downwards vel v3 [m/s]

Table 6.4: 6DOF level ascent simulated results

Table of figures 6.5 provide information of the altitude for the other two setups.
In both figures the altitude drops significantly.

Position down (descent) pn [meters] Position down (keep level) pd [meters]

Table 6.5: 6DOF level descent and keep constant altitude simulated results



6.2. 6DOF longitudinal & Lateral model 55

6.2.2 Descent

Table of figures 6.6 illustrate the simulated results for the 6DOF longitudinal &
lateral descent flight.

Position north pn [meters] Position east pe [meters]

Position down pd [m/s] Forward vel v1 [m/s]

Sideways vel v2 [m/s] Downwards vel v3 [m/s]

Table 6.6: 6DOF descent simulated results





Chapter 7

Conclusion

This chapter outlines the outcomes of the project - achievements and reflections.
It also contains strategy for future development of the problem addressed by this
report.

7.1 Project reflections
During the master thesis it was investigated the real-time capabilities of NMPC
algorithms and how to implement such on a embedded device. We implemented
OCP that solve cruise flight and auto descent for both 3DOF and 6DOF model of
the UAV. During the past year we acquired knowledge in the following fields:

• The field of aeronautics and especially in flight dynamics and flight principles.

• The field of automation and control, especially in Numerical Optimization,
Optimal Control Problems and Nonlinear Model Predictive Control

• Working with high-level software for solving numerical optimization problems
- ACADO Toolkit

Additionally we work with interesting tools not only for this Master thesis project
but also for future projects - VisualGDB a cross compile external package for Visual
Studio [19].

7.2 Future Work
During the project period we completed our main goals. However, there are different
aspects we did not have time to investigate into:

• Introducing disturbances to the model - The current results show how the
OCP solver solves the problem in the perfect environment. However, flighting
a UAV is a process that might be affected by multiple types of disturbances.

57
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Wind disturbances should be introduced to the mathematical model. Also
there need to be a control signal delay which may change the behavior of the
system.

• Feedback control - The current results are derived from feed forward control
loop. That means the solver always takes its last prediction as initial one for
the next RTI. However, in the real life environment that might lead to not the
best results. Therefore, feedback control algorithm is needed to collaborate
and achieve better results.

• Advanced simulations - The best way of testing the control trajectory output
from the NMPC solver is applying it directly to the UAV. Getting the attitude
data would give the best impression of how the solver controls the device.

• Auto Descent approach - Due to the fact that the results did not meet
the expectations in terms of controlling the UAV correctly when performing
the Auto Descend maneuver, it would be wise to reevaluate and change the
objective function for both 3DOF 4.5 and 6DOF 4.7. Complete change of the
approach solving the problem could also be an option.

7.3 Final Words
During the Master Thesis project it has been justified that auto descent NMPC
algorithms can be implemented in real time, on an embedded device, using the code
generation features of the ACADO Toolkit. However, solving numerical optimization
problems for embedded device is difficult and challenging task that consumes a lot
of time and effort. It requires advanced knowledge in the fields of Mathematics,
Automation and Control and Computer Science.
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Appendix

A.1 Level Flight OCPs

A.1.1 3DOF Setup 1

Position north pn [meters] Position down pd [meters]

Forward vel v1 [m/s] Downward vel v3 [m/s]
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Pitch angle θ [rad] Pitch rate q [rad/s]

Elevators control δe [rad] Throttle control δt [%]

Angle of attack α [rad]

Table A.1: Result plots for Level flight OCP 3DOF, pd0 = -80 [m], h = -60 [m]
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A.1.2 3DOF Setup 2

Position north pn [meters] Position down pd [meters]

Forward vel v1 [m/s] Downward vel v3 [m/s]

Pitch angle θ [rad] Pitch rate q [rad/s]

Elevators control δe [rad] Throttle control δt [%]
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Angle of attack α [rad]

Table A.2: Result plots for Level flight OCP 3DOF, pd0 = -80 [m], h = -100 [m]

A.1.3 3DOF Setup 3

Position north pn [meters] Position down pd [meters]

Forward vel v1 [m/s] Downward vel v3 [m/s]
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Pitch angle θ [rad] Pitch rate q [rad/s]

Elevators control δe [rad] Throttle control δt [%]

Angle of attack α [rad]

Table A.3: Result plots for Level flight OCP 3DOF, pd0 = -80 [m], h = -80 [m]
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A.1.4 6DOF Setup 1

Position north pn [meters] Forward vel v1 [m/s]

Position east pe [meters] Sideways vel v2 [m/s]

Position down pd [meters] Downward vel v3 [m/s]

Roll rate p [rad/s] Pitch rate q [rad/s]
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Yaw rate r [rad/s] Angle of attack α [rad]

Aileron control δa [rad] Rudder control δr [rad]

Elevators control δe [rad] Throttle control δt [%]

Table A.4: Result plots for Level flight OCP 6DOF, pd0 = -80 [m], h = -60 [m], e = 5 [m]



68 Appendix A. Appendix

A.1.5 6DOF Setup 2

Position north pn [meters] Forward vel v1 [m/s]

Position east pe [meters] Sideways vel v2 [m/s]

Position down pd [meters] Downward vel v3 [m/s]

Roll rate p [rad/s] Pitch rate q [rad/s]



A.1. Level Flight OCPs 69

Yaw rate r [rad/s] Angle of attack α [rad]

Aileron control δa [rad] Rudder control δr [rad]

Elevators control δe [rad] Throttle control δt [%]

Table A.5: Result plots for Level flight OCP 6DOF, pd0 = -80 [m], h = -90 [m], e = -2 [m]
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A.2 Auto Descent OCPs

A.2.1 3DOF Auto Descent

Position north pn [meters] Position down pd [meters]

Forward vel v1 [m/s] Downward vel v3 [m/s]

Pitch angle θ [rad] Pitch rate q [rad/s]
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Elevators control δe [rad] Throttle control δt [%]

Angle of attack α [rad] Flight Path angle γ [rads]

Table A.6: Result plots for auto Descent OCP 3DOF, pd0 = -80 [m], γ̂ = -0.785398 [rads]

A.2.2 6DOF Auto Descent

Position north pn [meters] Forward vel v1 [m/s]

Position east pe [meters] Sideways vel v2 [m/s]
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Position down pd [meters] Downward vel v3 [m/s]

Roll rate p [rad/s] Pitch rate q [rad/s]

Yaw rate r [rad/s] Angle of attack α [rad]
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Flight path angle [rad] Aileron control δa [rad]

Rudder control δr [rad] Elevator control δt [%]

Throttle control δt [%]

Table A.7: Result plots for auto Descent OCP 6DOF, pd0 = -80 [m] γ̂ = -0.785398 [rads]
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