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Synopsis:
The purpose of this project was to investi-
gate why welded T-joints of different materi-
als from previous projects showed a tendency
to fracture in the last welded side in LCF.
The investigation consists of experimental,
numerical and theoretical analyses of the gov-
erning physical effects related to fracture in
the T-joints. The experimental analysis in-
cludes measurement of local difference in me-
chanical properties, residual stresses and flaw
size from side-to-side. The measurement re-
sults are compared with theory and a fi-
nite element model, which simulates residual
stress formation and cyclic relaxation phe-
nomena. It has been found that the residual
stresses in mild steel specimens generally are
about 50-60 [MPa] larger in the last welded
side and are relaxed after a few loading cy-
cles in most tests. The hardness is found to
be slightly lower in the last welded side of the
specimens. Flaws in the last welded side are
more frequent and larger. These effects con-
tribute to more material damage in the last
welded side, which generally amplifies the
crack growth. Therefore it is concluded that
the failure side tendency is a combined effect
of the governing parameters investigated.





Resume

Gennem flere projekter på Aalborg Universitet, med over 150 forskellige udmattelsesforsøg i
LCF (Low Cycle Fatigue), er det vist at sidste svejste side i en T-samling typisk bryder først.
Målet med dette projekt har været at undersøge styrende brudmekanismer i T-samlingerne
af kontruktions- og højstyrke stål i forbindelse med udmattelsesresultaterne, der er opnået på
tidligere projekter. Herudover er der undersøgt hvilke fysiske effekter der kan være forskellige
fra første og sidste svejste side, som sammenholdt med de undersøgte brudmekanismer benyttes
til at give en forklaring på tendensen til at bryde i sidste svejste side.

Ud fra brudmekanik og udmattelsesteori er det fastlagt at materialets duktilitet er en af de
styrende mekaniske egenskaber, når der tales om udmattelsesstyrke i LCF. Herudover er det
essentielt hvordan revnetilstanden og spændingstilstanden har været inden cyklisk belastning er
pålagt emnerne, da disse mekanismer begge er med til at øge skadetilstanden lokalt inden selve
belastningerne pålægges.

Spændningstilstanden for T-samlingerne er undersøgt både numerisk og eksperimentielt i forhold
til termiske egenspændinger grundet svejseprocessen. Både FEA og strain gauge målinger har
vist at egenspændingerne er større i den sidst svejste side. Herudover er FE-modellen anvendt
til at undersøge hvad der sker med egenspændingstilstanden under den cykliske belastning. FE-
modellens resultater viser at ved størstedelen af emnerne forsvinder de termiske egenspændinger
efter de første par cyklusser.

Fejl og revner introduceret af svejseprocessen er undersøgt ved brug af akustisk mikroskopi
hvilket viser, at flere og større fejl er til stede i sidst svejste side. Dette er forklaret ud fra,
at ved anden svejste side er materialet lokalt mere tilbageholdt pga. den nye geometriske
sammensætning, hvor de større egenspændinger i sidste svejste side også bidrager med at større
og flere revner observeres.

Mekaniske egenskaber er også undersøgt fra side til side både ved hårdhedsmålinger, målinger af
størrelsen på den varmepåvirket zone og lokal kornstørrelsesforskel. Både hårdhedsmålingerne
og kornstørrelsesmålingerne viste, at den sidst svejste side lokalt skulle være en anelse svagere
styrkemæssigt. Siden det ikke er styrke, men duktilitet der er mest styrende i LCF, og at
forskellen fra side til side ikke er stor, så er det vurderet at den lokale forskel i mekaniske
egensaber ikke er stor nok til at dominere brudlokationen på T-samlingerne i LCF.

Hermed konkluderes det, at kombinationen mellem øget mængde af fejl og større egenspændinger
har skabt en skadetilstand i sidste svejste side efter svejseprocessen. Først efter nogle
cykliske belastninger udlignes spændingstilstanden grundet cyclic stress relaxation, hvorefter
revneveksten allerede er ændret fra side til side i T-samlingerne.
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Preface

Reading guide

The following applies during reading of the report:

• Source references follow the Harvard-method and is shown in the text (e.g. [author(s), year
of publication, page of references]). A complete bibliography in alphabetic order is placed
in the back of the report. If an internet page is used as the source then the URL-address
will also be shown in the bibliography.

• Figures, tables and equations will be given two numbers (e.g. 2.6) where the first number
refers to the chapter and the second is the equations number within the chapter.

• New variables and symbols are generally introduced by a table under each equation.

• Variables are always typed in italic to distinguish between variables and units.

• A reference to an appendix is done using a capital letter (e.g. A).

• The following notation is used: [ ] for a matrix, b c for row a vector and { } for a
column vector.

• Abbreviations used throughout the report: FWS (First welded side), LWS (Last welded
side), LFC (Low cycle fatigue), HFC (High cycle fatigue), HAZ (Heat affected zone), PMZ
(Partial melted zone), SFC (Stress concentration factor), FEM (Finite element method),
FEA (Finite element analysis), SG (Strain Gauge), SAM (Scanning acoustic microscope)
and OLM (Optical light microscope).
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Introduction 1
The behavior in the low cycle fatigue regime of welded T-joints, as shown on figure 1.1, has in
the past two years been investigated for different grades of steel at Aalborg University through
the three student projects listed below.

(a) Low cycle fatigue of welded high strength steel by Corre et al. [2014].
(b) Investigation of the low cycle fatigue behavior of welded T-joints in high strength steel by

Hvatov et al. [2015].
(c) Low Cycle Fatigue Behavior of Welded T-joints by Hedegaard and Pedersen [2016]

All fatigue experiments in the above mentioned projects were performed by four-point bending
and relevant information is shown in table 1.1.

Ref Material Stress ratio Cycle interval Welding No.
a Alform 900/Weldox 1100 R = 0.1 103 − 2 · 104 Automatic MAG 39†
b Weldox 1100 R = −1 1− 103 Manual MAG 98
c Mild steel S235 R = −1 1− 104 Manual MAG 42

Table 1.1. Relevant information of the previous projects. † Number of specimens and failure side is
based on visual inspection of the specimens.

It was noticed during the latest two projects that the test specimens had a tendency to fracture
in the same side at the weld toe. An examination of specimens from the first project by Corre
et al. [2014] indicates the same behavior. The tendency is illustrated on figure 1.2. Note that
the specimens where fastened randomly in terms of side orientation in the test equipment such
that different loading conditions could be ruled out as a cause.

Figure 1.1. Configuration of the test speci-
men with an indication of the welding se-
quence.

Figure 1.2. Failure side tendency found in the
three previous projects. The notation a,b
and c refers the the projects listed above.

It was found that the failure side could be related to the welding procedure, meaning that the
side to be welded last was most likely to fail first. Note that figure 1.2 show that the tendency is
present for both high strength steel and mild steel, with an even larger tendency for mild steel.

Group 3.209b, Aalborg University 1



CHAPTER 1. INTRODUCTION

Furthermore, it can be noticed that even though experiments in the two first projects were made
with different stress ratios, R = 0.1 in [Corre et al., 2014] and R = −1 in [Hvatov et al., 2015],
they show approximately the same probability for failure side.

The following section contains an initial investigation based on results from previous projects,
with focus on which physical effects that might be different from side-to-side on the welded
T-joint specimens. The initial investigation is combined with a study of the governing factors
for LCF failure in section 1.2, in order to determine which effects to further investigate in the
project, as summarized in section 1.3.

1.1 Initial investigation based on previous projects

The topics in the list below have been collected based upon work and results of previous projects:

• Stress concentration factors (SFC).
• Residual stresses.
• Mechanical properties and heat affected zone (HAZ).
• Flaws in and around the welded region.

The results of these topics are discussed in the following subsections with focus on difference
from side-to-side on the T-joint specimens.

1.1.1 Stress concentration factor

To ensure the weld quality and consistency, an image recognition program was developed and
used by Hvatov et al. [2015] and Hedegaard and Pedersen [2016]. Through this the throat size,
thickness of the base plate, weld toe angle and radius was measured. The stress concentration
factor can be calculated by the empirical equation suggested by Larsen and Recho [2006] as,

Kt = 1 + 0.51(θ)0.25
(
t

ρ

)0.47

(1.1)

where θ The angle between the base material and the weld toe.
t The thickness of the plate.
ρ The largest radius of the weld toe.

Note that other empirical equations exist e.g. by Niu and Glinka [1987] were the two exponents
have other values. Equation (1.1) is chosen since it shows good correlation with results obtained
in FEA by Hvatov et al. [2015]. Note that Kt is usually replaced by the fatigue notch factor Kf

for cyclic loading, based upon better agreement with experimental results. The determination of
Kf is a complicated task in the weld region for LCF due to its local material dependence. One
suggestion mentioned in Stephens et al. [2001] is to use Kt = Kf as a conservative approach,
even though the notch sensitivity might be overestimated. This approach is adopted in this
initial investigation.
Using the measured data and equation (1.1), the stress concentration factor difference (∆K)
from side-to-side is calculated as;

2 Group 3.209b, Aalborg University



1.1. INITIAL INVESTIGATION BASED ON PREVIOUS PROJECTS

∆K = Kfirst
t −K last

t (1.2)

where Kfirst
t and K last

t is the average Kt for the first and last welded side respectively.

Note that a negative ∆K-value indicate that the last welded side has the largest Kt. If the
specimens are divided according to failure side and plotted together with the ∆K-value then
the distribution of ∆K can be found as shown on figure 1.3.

Figure 1.3. Distribution in relation to the difference in SCF. Note that the plot in top left corner is
based on only four specimens, meaning that the statistical representation is affected.

The ∆K data from Hedegaard and Pedersen [2016] are discussed initially. The ∆K data for
the specimens with failure in the last welded side is slightly lower than zero, meaning that on
average, the last welded side of the fractured specimens had larger Kt values. Additionally, ∆K

data for the specimens with failure in the last welded side of Hvatov et al. [2015] shows that
∆K is larger than zero. Hence, Kt have on average been lower in the last welded side, relative
to the first welded side. Hereby, the mild steel specimens had slightly larger Kt values in the
last welded side, while the high strength steel specimens had slightly lower Kt in the last welded
side, which correlates well with the tendency observed in figure 1.2, assuming Kt affects the
failure side tendency.
It should be noted that the measured geometric data for determining Kt have some uncertainty
due to the measurement method. The geometric parameters are determined based upon an
average between images from both sides of the T-joint, were for example the toe radius changes
significantly across the specimen.

It can be argued that the stress concentration factor should not have a huge effect on the failure
side tendency, since most fatigue tests are performed with nominal yielding in the outer surface
of the specimen. Therefore, the weld toe concentration factor will tend towards unity in terms
of stress. However, the opposite effect occurs for a strain based concentration factor. Multiple
analytical and numerical models exist in order to obtain an estimate of Kt in the inelastic range
[Stephens et al., 2001], which is of interest to investigate, in order to determine the effect of Kt

on the failure side tendency.

Group 3.209b, Aalborg University 3



CHAPTER 1. INTRODUCTION

1.1.2 Thermally induced residual stresses

Fatigue tests were performed with stress relieved welded T-joint specimens by Hedegaard and
Pedersen [2016] in order to analyze the residual stress effect. It was shown that four out of ten
specimens failed in the last welded side, meaning an increase from 7 % to 60 % of specimens
failing in the first welded side. This indicates that annealing treatment significantly affect the
failure side tendency.
An FE-model was developed during the same project with the purpose of estimating the relative
magnitude of residual stresses from side-to-side. Figure 1.4 and 1.5 shows the transverse and
longitudinal residual stresses in the specimen after welding.

Figure 1.4. Transverse residual stresses along
the weld toes with the welding sequence as
shown figure 1.2 [Hedegaard and Pedersen,
2016].

Figure 1.5. Longitudinal residual stresses
along the weld toes[Hedegaard and Peder-
sen, 2016].

The simulation results clearly indicate a significant difference in residual stresses between the
first and last welded side. It is stated in Hedegaard and Pedersen [2016] that this could be a
major reason for the failure side tendency, described in section 1.1. The accuracy of the stresses
in figure 1.4 are unknown since no validation were performed with measured residual stresses.
Verification towards analytical values has also not been performed, meaning that the numerical
uncertainty of the model results is unknown.
If there is a difference in residual stresses from side-to-side, then the initial conditions for
cyclic crack growth are different from side-to-side. However, it is well known that cyclic stress
relaxation occurs and is elevated at large plastic strain amplitudes [Stephens et al., 2001]. If
the residual stresses are relieved before cracks start to develop and propagate, then the residual
stress difference only have an effect initially on the side-to-side tendency. It is therefore necessary
to investigate the residual stress behavior under cyclic loading conditions in order to draw any
conclusions on their effect on failure side tendency. Comparisons between experiments and
models are furthermore necessary to confirm the tendency shown in the numerical simulations.

1.1.3 Mechanical properties and heat affected zone

The microstructure of the T-joint is locally changed during welding due to the rapid heating
and cooling sequence together with inclusions, impurities and filler material addition. Hardness
can be used as an indication of how the mechanical properties have changed on a macroscopic
level. The hardness will generally change close to the welded region. The plot in figure 1.6
shows Vickers hardness measurements in a butt weld joint with different base materials, made
by Larsen [2007].

4 Group 3.209b, Aalborg University



1.1. INITIAL INVESTIGATION BASED ON PREVIOUS PROJECTS

Weld material Base material Overheated 
 zone

Fine grained 
 zone

Partially 
transformed 

 zone

Figure 1.6. Hardness measurements reprinted with permission from Larsen [2007].

It is noted that St 37 is similar to the material used by Hedegaard and Pedersen [2016]. Domex
690 is high strength steel of the same type as Weldox [Sperle, 2016]. The strength is however
different, meaning that only the tendency is comparable with measurements in Corre et al. [2014]
and Hedegaard and Pedersen [2016]. 13CrMo45 is chrome-moly steel used for manufacturing
boilers, pressure vessels and pipes transporting hot liquids [Sealzgitter-flachstahl, 2010]. No
similar material similar to this has been used in the previous projects and is therefore not
considered further.

The last welded side will generally have a different initial thermal condition since heat have been
deposited nearby from the first welded side. Thermal simulations where done by Hedegaard
and Pedersen [2016] with the T-joints to evaluate the temperature distribution in the welding
process. There were indications of hardness differences in measurements done by Hedegaard
and Pedersen [2016] from side-to-side in the T-joints, however further measurements have to
be made in order to fully confirm this, due to large uncertainties in the measurements. It was
also observed by Hedegaard and Pedersen [2016] that the grain size in the HAZ is larger in the
last welded side. Locally larger grain size leads to locally lower tensile strength, which could
effect crack growth behavior. The microstructural investigation was done visually and not with
a quantitative method, meaning that the experiments can only be used as an indication of the
microstructural effect on fracture side. In addition, the phase composition from side-to-side was
not investigated.

1.1.4 Flaws

Flaws will typically arise in the welded component during the welding process. Generally, flaws
can be divided into visible and non-visible, where both will cause a decrease in the fatigue life
of the component.

Visible flaws

Some flaws are present on the surface as geometric changes of the weld and are visible to the
naked eye. These flaws are for example undercutting, lack of penetration, discontinuous weld,

Group 3.209b, Aalborg University 5



CHAPTER 1. INTRODUCTION

visible cracks, splatter, blast and misalignment. In general these types of flaws introduce a more
complex geometry which leads to higher stresses. All specimens in the previous projects have
been visually inspected and specimens with visible flaws have been removed. An example is
given in figure 1.7.

Figure 1.7. Specimen that have been discarded by Hvatov et al. [2015] due to geometric flaws.

Since specimens with visible geometric flaws have been removed in the previous projects, then
visible flaws are not considered to be the cause of the failure side tendency.

Non-visible flaws

Non-visible flaws to the naked eye have not been investigated in any of the previous projects
regarding fatigue testing. These flaws, which can be porosity, inclusions, hot cracking etc.,
can act as small cracks which reduces the crack initiation time and in worst cases remove the
initiation period completely [Larsen and Recho, 2006]. It is currently unknown to what extend
non-visible flaws are present, both with respect to size and frequency of occurrence.

1.2 Governing mechanisms of failure in low cycle fatigue

In order to understand how the physical effects covered in section 1.1 relate to crack location
and growth then it is necessary to discuss relevant models of LCF and fracture mechanics.

Since over 60 % of high strength steel and 70 % of mild steel specimens are tested with nominal
or greater than nominal yield stress range, then the configuration considered is that of cyclic
elastic-plastic bending. It is observed that the crack location always is at the surface near the
toe and grows through the base material, as illustrated in figure 1.8.

The crack seems to initiate in the center of the specimen width, which is in an approximately
plane strain state during loading. Since it appears that the crack starts to grow from the surface
at the toe, then the crack region is generally in plastic deformation.

Considering the above known information about the tests, then two main approaches can be
used:

• Crack initiation: No crack is assumed initially, so the approach is that of onset of damage
to the material.

• Crack propagation: Assuming a crack size initially, meaning that existing damage is spread
in the material.

6 Group 3.209b, Aalborg University



1.2. GOVERNING MECHANISMS OF FAILURE IN LOW CYCLE FATIGUE

Figure 1.8. Observed driving crack location at the toe and down through the base material for a
specimen in high strength steel. (OLM magnification 2.5x).

The two approaches are discussed briefly with focus on governing crack growth parameters, so
that they can be related to the physical effects that could be different from side-to-side.

1.2.1 Life time estimation based on crack initiation

The crack initiation approach assumes that no macro-cracks are present, meaning that there is
no crack spread along several grains. Then the lifetime that is of interest, is when nucleation
and formation of cracks along several grains occur.

As mentioned initially, the stress range (∆σ) is often above two times the yield strength of the
material and as a consequence, a strain based formulation is used. The strain based formulation
have shown to, ¨give a reasonable expected fatigue life, based on the nucleation or formation of
small macrocracks¨ [Stephens et al., 2001]. Note that this is the crack initiation time and other
methods are needed to calculate the crack growth lifetime. However, it is a fair to assume that
the T-joint will fail in the side where a crack is first initiated. The total strain amplitude is split
into an elastic and a plastic part. The lifetime can be found by the use of equation (1.3) or (1.4)
when accounting for mean stress effects [Stephens et al., 2001].

∆ε

2
= εa =

∆εe
2

+
∆εp

2
=
σ′f
E

(2Nf )b︸ ︷︷ ︸
Basquin

+ ε′f (2Nf )c︸ ︷︷ ︸
Manson−Coffin

(1.3)

∆ε

2
= εa =

σ′f − σm
E

(2Nf )b︸ ︷︷ ︸
Elastic

+ ε′f

(
σ′f − σm
σ′f

)c/b
(2Nf )c︸ ︷︷ ︸

Plastic

(1.4)

where ∆ε and εa Strain range and strain amplitude.
εe and εp Elastic and plastic strain.
2Nf Number of reversals to failure.
σ′f and ε′f Fatigue strength and ductility coefficients.
b and c Fatigue strength and ductility exponents found as the slopes on figure 1.9.
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CHAPTER 1. INTRODUCTION

It was shown by Landgraf and Chernenkoff [1988] that cyclic stress relaxation can occur. The
relaxation rate is depending mainly on material properties and loading conditions. Very large
plastic strains can cause mean stresses to be zero after a few cycles. Note that cyclic stress
relaxation causes σm ≈ 0 whereby equation (1.4) simplifies to equation (1.3).

Equation (1.3) is illustrated in figure 1.9, where it is clear that the plastic part is the dominating
part in LCF. This means that the fatigue life is depend mainly on the amount of plastic strain
together with the fatigue ductility coefficient ε′f and ductility exponents c.

Cycles to failure Nf
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t

Basquin 
(elsatic strain)

Total strain
 Plastic  + Elastic

100 103 105 107102101 104 106

b

c

Manson-Coffin 
(plastic strain)

Figure 1.9. εa−Nf curve with Basquin and Manson-Coffin lines. The figure is based on Stephens et al.
[2001].

The ductility and strength of the material are therefore important parameters when considering
crack initiation.

1.2.2 Life time estimation based on crack propagation

The following serves as a brief overview, where the focus is to obtain an idea of which parameters
are governing for LCF using crack propagation. Extensive research have been performed
using fracture mechanics together with cyclic loading for characterizing crack growth behavior
in fatigue with some initial crack size. The behavior is highly dependent on the loading
configuration, which is illustrated on figure 1.10 together with the list below, which serves
as an example of how to divide the fracture mechanical categories:

• Linear elastic fracture mechanics (LEFM): The classical approach were a linear elastic
material is considered, which is applicable to brittle mechanical response with almost no
yield zone in front of the crack tip.

• Small scale yielding (SSY): An extension of the LEFM method where a plastic zone size
in front of the crack is considered, assuming that the yield zone is much smaller than
the crack size. Larger zone sizes are considered to be part of the elastic-plastic fracture
mechanics.

• Net scale yielding (NSY): Large scale yielding is considered where the net area of the cross
section is loaded to yield.

8 Group 3.209b, Aalborg University



1.2. GOVERNING MECHANISMS OF FAILURE IN LOW CYCLE FATIGUE

• Gross scale yielding (GSY): Loading is sufficiently large so that all of the cross section is
experiencing yielding.

Assuming that a crack is present initially at the toe region, then GSY is the configuration that
is necessary to consider initially from a fracture mechanics perspective, since most specimens
were loaded in elastic-plastic bending. However, it is noted that at some point, the crack have
grown into the elastic core region, corresponding more to an NSY or SSY configuration. As
illustrated on figure 1.10, then this type of configuration is significantly more complicated to
model compared to classical LEFM.

σ1

σ1>σ2≥σn

σn

σy

σn

σ2
σy

σn

σy

σn

σ2 σ2

σ1≥σy>σ2≥σn

σ2

σ1≥σy=σ2≥σn σ1≥σn>σy=σ2

LEFM SSY NSY GSY

Figure 1.10. Different configurations that can be assumed for the crack growth behavior. Note that
grey indicates yielding.

Normally the crack growth is analyzed based on an equation describing the rate of damage
during cyclic loading. A continuous resistance curve is then used, which basically is the current
crack size a depending on the number of cycles N [Stephens et al., 2001]. Depending on which
resistance factor (Rc) is used, different formulations can be constructed for the resistance curves,
which generally are written as:

da

dN
= f(Rc, a) where: Rc = {K,J,G, δCOD} (1.5)

where da/dN Crack growth rate.
a Crack size.
K Stress intensity factor.
J J-integral.
G Energy release rate.
δCOD Crack opening displacement.

One of the most considered methods due to its applicability is the J-integral method, since it
can be directly related to both K and G in LEFM, which is written in equation (1.6) for plane
strain using the cyclic range definitions [Stephens et al., 2001]:

∆J = ∆G =
(∆K)2

E
(1.6)
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However, the stress intensity factor range ∆K is not of interest in the configuration of the T-
joints, due to the amount of plasticity where the cracks are observed to initiate and propagate.
It is noted that all the parameters considered are related to that of mode I crack opening, due
to how the T-joints are loaded and the crack growth is observed.

The J-integral method has been extended to elastic-plastic fracture mechanics (EPFM) if no
unloading occur, since otherwise the path independence is violated [Stephens et al., 2001]. Even
if the path independence is violated, the J-integral method have been extended to gross scale
plasticity within cyclic loading by Dowling and Begley [1976], Rice [1982], Sperle [1990] and
Rohit et al. [2012], who among others have shown good correlation with experimental results
of ∆J . The literature mentioned have different ways of expressing ∆J , but fundamentally they
agree on the fact that the following parameters are governing for the value of ∆J :

• Current crack size to width of specimen ratio (a/W ): Increasing a/W will increase ∆J .
• Hardening exponent of an assumed Ramberg-Osgood material (n): Increasing n will

decrease ∆J .

The most common expression used for f in equation (1.5) is a power law, which gives:
da

dN
= A · (∆J)b (1.7)

⇓

Nf =

∫ af

a0

da

A · (∆J)b
(1.8)

where a0 and af Initial and final crack size.
A and b Power law fitting coefficients.
Nf Number of cycles to failure.

Using this expression, it is clear that one of the major effects towards crack growth is the initial
crack size, where a decrease in a0 will increase Nf . Through ∆J is it is seen in equation (1.8)
that increasing a/W must decrease Nf , while increasing n must increase Nf .

Based upon this brief investigation of propagation effects, then if cracks are present initially
before cyclic loading, then the lifetime is extremely dependent on the flaw size and material
present around the weld toe region. Furthermore, the investigation in this section has not
considered the accumulation effect of multiple cracks near each other, which also have an effect
on the crack growth rate.

1.3 Focus and aim of the project

As stated in the in beginning of this chapter, the main purpose of the project is to find the
effects that causes the tendency to fracture in the last welded side of the T-joints. The major
physical effects that could be the cause have been identified based on results from previous
projects, presented in section 1.1. The study of governing parameters in low cycle fatigue and
fracture mechanics in section 1.2 have given a relation to the major physical effects considered.
The problem formulation of the project is listed below as a set of effects that can be different
from side-to-side of the T-joint, and can have an effect on either crack initiation, growth, size
or amount.
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• Presence of non-visible flaws: All specimens in previous projects have only been
inspected for visible flaws, meaning that the amount of non-visible flaws is unknown both
with respect to size and frequency of occurrence. Especially initial crack size have an
influence on the fatigue strength. The aim is to, trough different variants of ultra sound
testing together with visual inspection via microscope, investigate the presence of non-
visible flaws.

• Change in mechanical properties: The thermal input during welding introduces
change of the micro structure. As a consequence of the sequential welding procedure,
preheating exist for the last welded side meaning that the HAZ should be different both
in size and its properties. Local change in mechanical properties have an effect in LCF
fatigue strength. Therefore, the difference from side-to-side in HAZ size and mechanical
properties is investigated.

• Side difference of residual stresses: The expansion and contraction during welding
introduces residual stresses that acts as mean stresses. The presence of tensile mean
stresses lowers the fatigue strength due to further opening of the crack and damage to the
material. Due to this effect, the residual stresses are investigated both experimentally and
numerically, in order to analyze the side-to-side difference on the T-joints.

• Finite element analysis of T-joint: The cyclic loading of a component can cause a
cyclic stress relaxation. This means that the damage done by the residual stresses can
decrease significantly during the T-joint lifetime depending on the amount of relaxation.
The aim is to develop an FEA in order to investigate cyclic stress relaxation in the
welded T-joint. As cyclic stress relaxation is highly dependent on the hardening/softening
behavior of the material then relevant theory will be discussed in order to properly define
the material model of the FEA. Furthermore, the model is used to investigate the effect
of the concentration factor at the weld toe in relation to the failure side tendency.

It is noted that the project is investigating the failure side tendency from a macroscopic point
of view, meaning that the microstructure is not analyzed in detail.
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Non-visible flaws detection 2
As described in section 1.1.4, specimens with visible flaws have not been used for fatigue testing.
However, non-visible flaws may still be present and can affect fatigue life as described in section
1.2. Initially, the specimens shown on figure 2.1 have been tested at Force Technology with
industrial ultrasonic equipment and showed that no flaws were present [Eberhardt, 2016]. The
industrial equipment is not able to detect flaws below 500 µm, which is the motivation for
utilizing more sophisticated methods like scanning acoustic microscopy (SAM) and optical light
microscopy (OLM).

Control point

Scanned areas

4 mm side

2 mm side

x y
z

350 [mm]

Scanned area

300 [mm]

Mild steel
High strength

steel 
x y

z

Figure 2.1. Specimens that have been milled in preparation for SAM.

This chapter contains a description of which flaws to expect inside the specimen due to
the welding process, where the following sections explain the SAM experimental procedure,
uncertainties and comparison with visual results from the OLM method.

2.1 Flaw generation during welding

Non-visible flaws in welds like the T-joint specimens can be present due to various reasons,
where most reasons are related to the welding process parameters and specimen material. The
following list includes the main non-visible flaw types that can be present [Stephens et al., 2001]:

• Planar discontinuities: Solidification cracks (hot cracking), shrinkage cracks, hydrogen
induced cracks, lamellar tears, lack of fusion and penetration.

• Volumetric discontinuities: Porosity and inclusions.

Many of these flaws will be difficult to distinguish both in OLM and SAM data due to their
similar appearance. However, some distinguishing characteristics can be made, which are briefly
described in the following.

Solidification and shrinkage cracking

As solidification happens during the welding process, surface tension followed by contraction
occurs as both the liquid and solid part of the weld region cools down [Messler, 2004]. During
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this part of the process, most of the grains are connected by a thin liquid film, making the
structure weaker to tensile effects like increasing thermal stresses. Note that this can occur
in both the weld bed and PMZ [Kou, 2003]. Therefore, cracks can form in grain boundaries
and increase in size depending on the amount of thermal residual stresses and amount of local
restraining. It is noted that residual stresses in the T-joint specimens are investigated in chapter
4.

Porosity and hydrogen induced flaws

Porosity is usually a consequence of the gas-metal reactions that happen during and after the
welding process. Different gases like nitrogen, oxygen and hydrogen can cause porosity by being
a trapped gas in the weld region. The effects of the different gases are summarized below [Kou,
2003].

• Nitrogen: Presence of nitrogen in the weld region is usually due to improper protection
against air, where the protection is carried out because iron nitride in mild steels
significantly can reduce mechanical properties locally and form needle like cracks.

• Oxygen: MAG welding processes usually have oxygen mixed with argon to stabilize the
arc. The effect of oxygen on mild steel is essentially like nitrogen in that it generates
inclusions and lowers the mechanical properties locally.

• Hydrogen: Hydrogen can be introduced by grease, moisture or shielding gas and is present
as pores in and near the weld region.

Lamellar tears and lack of fusion/penetration

Lamellar tears are usually present as planes parallel with the base surface, located underneath
the HAZ in the more ductile base material region [Farrar and Dolby, 1972]. The cause of lamellar
tearing is when significant residual strain occurs along the throat direction. This usually occurs
with larger thicknesses or when the web is restrained somehow.

Lack of fusion/penetration

Lack of fusion and/or penetration is usually observed on a macro scale where the location on
the T-joint is between the weld beds underneath the throat [Souza et al., 2009]. This type of
flaw can be classified both as visible and non-visible, since lack of penetration is observed on
the specimens, see figure 1.7 page 6. However, lack of fusion or penetration can still be present
inside the specimens either between weld bed and base or web.

2.2 Experimental setup using SAM

This section contains a brief description of the test procedure and equipment of SAM which is
used to detect the non-visible flaws. Furthermore, the section contains a description of how the
test specimens have been prepared in order to optimize flaw detection.

2.2.1 SAM for flaw detection

SAM is based upon generating focused sound waves and transmitting them to and through the
test specimen. Flaw detection is possible by analyzing how the sound waves transmit and reflect
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in the specimen, as illustrated on figure 2.2.

Transducer

Specimen

Figure 2.2. Schematic illustration of the test equipment
and method.

Figure 2.3. IP-Holding KSI v8 series
equipment.

The SAM equipment have a spectrum of signal frequencies, which controls the penetration
depth into both the intermediate and specimen material. There exists a trade-off between
penetration and resolution, where lower frequencies penetrate deeper, but with a decreased
spatial resolution of the acoustic image which is generated [KSI, 2010]. Furthermore, the specific
range of frequencies for scanning is dependent on both geometry and material of the specimen.

2.2.2 Specimen preparation and control testing

The T-joint specimen is illustrated on figure 2.1, which shows the back of the mild steel specimen
where the middle have been machined into two depths in order to decrease the penetration
depth necessary, giving a larger resolution. The larger resolution is of great importance, since
this is the advantage of SAM compared to the conventional ultrasound testing method described
previously. Also, the flaw size is generally not known in advance, so it is of interest to start with
high resolution.

One of key measurement evaluation methods is an echo-response normally termed A-scan. Such
a response is shown in figure 2.4. Peaking signals between the top and bottom surface signals
will appear if a flaw is present.

Figure 2.4. A-scan of base material far from the weld in the control point shown in figure 2.1.

To confirm that the correct echo-response is evaluated, then a control calculation is performed
in the base material plate. The response from this is shown in figure 2.4. Knowing the plate
thickness, tb = 6 [mm] (measured with a caliper), and the time between the two echos, ∆t = 2000
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[ns] (from figure 2.4), can the speed of sound through the material be calculated as in equation
(2.1).

C =
tb

∆t/2
=

6.0[mm]

2000/2[ns]
= 6000[m/s] (2.1)

The table value for speed of sound in steel is 5960 [m/s] [KSI, 2010]. This correspond well to
the value calculated in equation (2.1). It is therefore confirmed that the echo-response in figure
2.4 is correct, corresponding to top and bottom surface of the base material.

Making an A-scan across an area in a series of points makes it possible to generate a grey-scale
image for result evaluation. Figure 2.5 shows the initial grey-scale image of the x-y plane.

≈5 mm

4 
m
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Figure 2.5. G-scan with the penetration depths, one below and one above the bottom surface.

Some information is drawn from this initial scan on figure 2.5. The scan clearly shows the
bottom surface echo, where the contrasting two lanes indicate the weld beds. Lack of penetration
is observed in the middle all across the figure, since the surface between the weld bed lanes is
clearly reflected.

2.2.3 Uncertainties with SAM

One of the largest uncertainties related to the SAM measurements is the choice of focusing
and resolution [Maev, 2008]. Generally, this is an iterative procedure where an initial setting
is chosen based on geometry, material and expected flaw size. The initial scans are then used
to pinpoint specific settings for a given task. As an example, figure 2.6 shows the initial and
adjusted scanning settings where it is clear that the initial scan is slightly out of focus, due to
the blurry edges on the flaw detections.

Besides the focusing adjustment, it is also necessary to iteratively choose the frequency range
such that noise is minimized. The milling tracks in the top surface generate noise in the scan,
as illustrated in figure 2.6, where the figure also contains the adjusted minimized scan.

2.3 Results of flaw detection

This section contains the results of the SAM measurements of flaws in the T-joint specimens
and these are evaluated in relation to visually detected flaws, found by OLM, for validation of

16 Group 3.209b, Aalborg University



2.3. RESULTS OF FLAW DETECTION

Figure 2.6. Flaws detected with the initial and adjusted settings.

the results. The scanned regions of 2 [mm] thick base material in a x-y plane at different depth
scans is shown in figure 2.7.

-0.28 mm0.33 mm -0.06 mm -0.21 mmFWS

FWS

LWS

Mild steel

FWS

LWS

High strength steel0.80 mm -0.1 mm

Figure 2.7. Mild steel G-scan in region with 2 [mm] base material thickness. Note that 0 [mm]
corresponds to the specimen surface with relation to the coordinate system in figure 2.1.

It is clear from figure 2.7 that there is a tendency for more flaws to form in the last welded
side. As discussed in section 2.2, the exact shape and size is difficult to pinpoint and it is not
confirmed which type of flaws that are observed. This is discussed in the following subsection.
It is of interest to observe a larger region just below the surface, in order to confirm that the
measurements are consistent across the weld. This is shown in figure 2.8.

4 mm side

≈5 mm

4 mm

FWS

LWS

Figure 2.8. Results of the flaw detection in the mild steel specimen approximately 0.1 [mm] from the
surface.

Assuming that it is flaws which are observed, then the distribution and formation resembles
porosity type flaws. It is unlikely that porosity is present due to nitrogen, oxygen or hydrogen
since the specimens have been welded in dry laboratory environments with shielding gas that
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does not contain hydrogen. The flaws are also not lamellar tears or lack of fusion and/or
penetration, since the throat is not significantly thick to give extra residual strain in that
direction and lack of fusion would only show in a specific plane.

2.3.1 Comparison between SAM and OLM results

Comparisons are made with visually detected cracks in order to fully confirm that the detections
are in fact weld flaws. Figure 2.9 shows an x− z cross sectional plane, milled and polished just
below the surface, which is approximately the same plane as in figure 2.8.

 500 μm
408.9 μm

Pitting marks

Base materialHeat affected zone Filler material (Last welded side) 
Towards first 
welded side

Figure 2.9. Visually detected flaws in the x−z cross sectional plane with indication of different material
zones and pitting marks. (OLM magnification 10x).

Note that the flaw and specimen in 2.9 is not in the exact same region as in figure 2.5, however
it is from the same plate and welding. Other flaws observed in the same region of approximately
the same size are available on the USB. The flaws detected in the SAM scans resemble the shape
of the visual flaws. Size comparisons are more complicated since the SAM scans depends on
the focus settings, and only the x− z plane is analyzed. Furthermore, the milling and polishing
is done in a specific plane, meaning that the visually detected flaw might be larger or smaller
than it seems. Nevertheless, the visually observed flaws are measured to be around 400-450 µm
across. Ultrasonic testing at Force Technology showed that no flaws ≥ 500µm should be present
in the specimen. This means, that the largest flaws detected with SAM in figure 2.5 must not
be much more than 450 µm. Lots of smaller flaws are detected in the G-scan as well, which
are down to more than a third of the largest detections. It is then estimated that most of the
detected flaws are in the range of 100-450 µm.

The smaller flaws can be difficult to detect using visual inspections because these may have
been effected by the electropolishing used for preparation of the specimens. Electropolishing
can cause pitting holes, in the diameter range of 15− 50 [µm], because an electric current tend
to take the path of least resistance, which may be associated with the cracks or uneven surfaces
of the specimens [Lee et al., 2012]. Examples of pitting found in the project is shown in appendix
G. Note that electropolishing is not used for the preparation of specimens used for the SAM
and flaws detected in those experiments are therefore not associated with the pitting effect.

The occurrence of the smaller detections assumed as small flaws in figure 2.9 are discussed in
the following.
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2.3.2 Solidification cracking and grain size relation

It is believed that the flaws present mainly are due to solidification and shrinkage cracking.
Solidification cracks are governed mechanically by magnitude of residual stresses and amount of
restraint. The last welded side are subjected to a larger degree of restraint, giving rise to flaws
being teared larger in size during solidification, and refilling is less likely to occur. The fact that
more flaws are detected in the last welded side also indicate that residual stresses are larger in
the last welded side. This is investigated in more detail in chapter 4.

These solidification flaws are often found in the partial melted zone (PMZ), which is the region
just below the line of fusion [Messler, 2004]. This correspond well to the depth of where the flaws
are detected via the SAM. The amount and size of flaws can be linked to the initial base grain
boundary area as the solidification induced flaws form on the grain boundary. An overview of
the microstructure near the weld is illustrated on figure 2.10 and 2.11 for mild and high strength
steel, respectively. Smaller initial grains leads to greater resistance towards flaws induced by
solidification [Kou, 2003].

200 μm 200 μm

Figure 2.10. Last welded side microstructure
in toe region of mild steel. (OLM magnifi-
cation 5x).

Figure 2.11. Last welded side microstructure
in toe region of high strength steel. (OLM
magnification 5x).

2.4 Discussion of results

Results obtained by SAM and OLM are related to fatigue strength in this section. Section 1.2
describes fatigue mechanisms in relation to cracks in the weld, where this section further discuss
the effect of the flaws measured by SAM.

2.4.1 In relation to crack initiation

From figure 2.8 it can be seen that the majority of the flaws detected is in an area away from
the weld toe, where the crack is found to initiate. It can be noted that the SAM method have
a limitation regarding flaws closest to the surfaces as they may be mixed with the echoes from
the surface. An example of such flaws are intrusions as shown on figure 2.12. The presence of
intrusions causes the crack initiation period to be significantly reduced [Maddox, 1991]. This
type of flaws have not been observed via OLM on any specimens examined during the project.
An example of a common weld toe geometry is shown in figure 2.13.
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Figure 2.12. Example of intrusion at the weld
toe [Mathers, 2016].

Figure 2.13. Example of weld toe geometry
of specimen from previous projects with no
sign of intrusion. (OLM magnification 20x).

2.4.2 In relation to crack propagation

The flaws that are found some distance from the surface of the weld toe can not contribute
directly to the crack initiation. These may instead grow and merge with each other. It
can be noted that crack propagation of microcracks may occur below the threshold value for
macrocracks [Radaj et al., 2006]. If the microcracks are located in the region near the main
fatigue crack, then they merge with the main fatigue crack. Microcracks are often of a size
that does not promote unstable crack growth [Kocak et al., 1987]. A fatigue crack found in a
specimen tested by Hedegaard and Pedersen [2016] is shown in figure 2.14, together with an
indication of subcracks. The formation of these might be triggered by flaws or microcracks close
to the main crack. However, when the crack changes direction, then the crack mode will change
as well. This is seen on figure 2.14 where the subcracks have an angle in the range of 45o−90o to
the main crack. The main crack is a mode I, whereby the subcracks will a mixed mode between
mode I and II. This stops the propagation and the main crack return to a direction with mode
I, following the principle of the angle where the energy release rate is largest [Stephens et al.,
2001].

Figure 2.14 also shows how the crack tends to grow along the grain boundary. As mentioned
initially in section 3.3, the grain boundary area can be related to te amount of flaws induced
by solidification in the PMZ. Since the grain size is found to be larger in the last welded side
near the PMZ, then it can be argued that the grain boundary area is larger and hereby larger
tendency for solidification flaws to occur.
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Figure 2.14. Fatigue crack found in a mild steel specimen from Hedegaard and Pedersen [2016]. (OLM
magnification 50x).
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Side-to-side difference in

mechanical properties 3
The two sides of the T-joint experience different temperature distributions and cooling times, as
described in chapter 1, which may lead to a side-to-side difference in the mechanical properties.
The change is evaluated in the following using hardness measurements. The heat affected zone
has been observed to have significantly side-to-side size difference. This is investigated through
analytical and experimental estimations of the HAZ of both mild steel and high strength steel
specimens. Furthermore, the grain size difference from side-to-side is investigated in order to
support the hardness measurements.

3.1 Analysis using hardness measurements

The definition of hardness is the material’s resistance to localized plastic deformation [Callister
and Rethwisch, 2011]. Other material properties can therefore often be related to the hardness
measurements. It is shown in Bringas [2009] that for most steels an empirical relation between
hardness and strength, as shown in (3.1), can be used.

3 ·HV ≈ σuts (3.1)

where HV Vickers hardness.
σuts Ultimate tensile strength of the material.

It is emphasized that relation (3.1) does not account for the complex microstructure that exists
in a weld. Therefore, the hardness measures only work as indications of the change in the
mechanical properties.

The Vickers hardness (HV) can be found from a deformed area of an indenter, as given in
equation (3.2), were the derivation is shown in appendix A.

HV ≈ C F

d2
(3.2)

where C Constant equal to 0.189. For more information see appendix A.
F The forced applied in [N].
d The average of d1 and d2 from figure 3.1.

3.1.1 Setup of hardness measurements of welded T-joints

The hardness testing has been performed on five specimens; two in mild steel from Hedegaard
and Pedersen [2016] and three in high strength steel from Hvatov et al. [2015]. Each specimen
has been electro-polished to obtain a smooth surface and have been inspected according to ISO
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6507-1 [1997], see more details in appendix G. The investigation of the side-to-side difference is
carried out by indenting 49 marks in a grid around the weld toe. This region is chosen because
all failures in previous projects happened in that region. The applied force has been chosen to
1 [kgf] because this gives a deformed area that is statistically valid as an average by including
different phases and grains in the microstructure [Buehler, 2007]. Indented points that are too
close to each other or the edge as well as points with a difference in the diagonals above 5% are
discarded, according to ISO 6507-1 [1997]. The construction of such a grid, as shown in figure
3.1, will give an estimate of the side-to-side difference in hardness. The grid for each test is
shown together with the results in section 3.2.

100 μm

Transition to 
Heat affected zone

Line of fusion 

d1 d2

>3d

Figure 3.1. Deformation made by the indenter for Vickers hardness measurement. The two diagonals
are measured via OLM software for each indented mark to calculate the hardness. (OLM magnification
10x).

3.1.2 Uncertainty of Vickers hardness measurements

It is important to know the uncertainty of each measurement in order to use the results obtained
from the hardness measurements. The accumulation of uncertainties is written as in equation
(3.3) [Mouritsen, 2013].

s(HV ) =

√(
∂(HV )

∂C
· s(C)

)2

+

(
∂(HV )

∂F
· s(F )

)2

+

(
∂(HV )

∂d
· s(d)

)2

(3.3)

Where s represents the uncertainty of a given variable. Partial derivatives in (3.3) are found
and rewritten such that each variable is independent, which is shown in appendix C. It is known
from the derivation of equation (3.2) in appendix A that C depends on the indenter angle and
gravity. F depends on gravity and the weight of the applied load. The magnitude of these
uncertainties is relative low compared to the uncertainty of the diagonal and can therefore be
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neglected [Yamamoto et al., 2009]. Therefore, the accumulated uncertainty can be reduced to
equation (3.4).

s(HV )

HV
≈ 2 · s(d)

d
where: d =

d1 + d2
2

(3.4)

The residual stresses which normally are introduced in the weld can act as an artificial stiffness
by preventing the material from moving freely, which can correspond to an artificial increase in
hardness [Takakuwa et al., 2013]. This is not directly accounted for in the uncertainty evaluation.
This is one of the reasons why grain size measurements are performed, since this will support
the hardness measurements.

Estimating the uncertainty for the diagonal

The diagonal lengths (d1, d2) are measured digitally on an image processing software using OLM.
The focus of the camera for image generation have to be manually adjusted at each measurement
which leads to an uncertainty in the measurements, as shown in figure 3.2. Since this kind of
uncertainty is not strictly governed by a normal distribution, then the standard deviation is not
used here as measure for uncertainty. Instead, half the range of a series of measurements is used
instead as a conservative measure. The series of measurements of a single deformation mark
have been carried out with a calibration material for the Vickers hardness testing machine.

Adjustment 1 Adjustment 2 

50.22 μm

50.18 μm

51.60 μm

51.85 μm

Figure 3.2. Indentations in calibration material.

In total 30 measurements where performed with an average Vickers hardness of 711.88HV1/30
which correspond to the expected value of the calibration material which is 711HV1/30 [Officine
Galileo, 1989]. The maximum, minimum and average values of the diagonals are shown in table
3.1.

Diagonals Max. [µm] Min. [µm] Average [µm]
d1 52.87 50.09 50.96
d2 52.03 50.22 51.00
d 52.32 50.22 51.08

Table 3.1. Range of diagonal measurements in calibration material.

The accumulated uncertainty of the average d is estimated with the same method as the hardness,
which becomes:

s(d) =

√
s(d1)2

4
+
s(d2)2

4
=

√
(1.39 [µm])2

4
+

(0.90 [µm])2

4
= 0.83 [µm] (3.5)

Group 3.209b, Aalborg University 25



CHAPTER 3. SIDE-TO-SIDE DIFFERENCE IN MECHANICAL PROPERTIES

If s(d) is inserted in equation (3.4) together with the mean value of d then the relative
accumulated uncertainty of the hardness measurements can be found to:

s(HV )

HV
=

2 · s(d)

d
=

2 · 0.83

51.08
= 0.032 (3.6)

It is often found that the uncertainty in hardness measurements may approach approximately
±10% but the largest uncertainty is because of inhomogeneity in the materials ISO 6507-1 [1997].
As it is desired to find the difference from side-to-side over a region with varying material
properties, then the uncertainty of inhomogeneities would introduce unnecessary uncertainty.
Therefore, the relative uncertainty of 3.2% on HV will be used.

3.2 Results of hardness measurements

This section contains the results from two specimens, one in mild steel from Hedegaard and
Pedersen [2016] and one in high strength steel from Hvatov et al. [2015]. The remaining results
can be found in appendix B, which generally shows the same tendencies as the results presented
in this section.

Mild steel

Figure 3.3 shows a contour plot of the measured hardness in each side of the T-joint. The location
of each indent mark has been used together with a linear interpolation between measured values
to make a contour plot.

Figure 3.3. Contour plot of the hardness in a mild steel specimen together with a picture of the grid
of indention marks. (OLM magnification 2.5x).

The contour plots in figure 3.3 indicates that the hardness distribution is similar from side-to-
side, with the exception of the weld bed region. It is furthermore seen that there is a clear
change in hardness on both sides from base material to HAZ. Each line of indention marks been

26 Group 3.209b, Aalborg University



3.2. RESULTS OF HARDNESS MEASUREMENTS

plotted in figure 3.4 to get a better comparison. The uncertainty found in section 3.1.2 have
been added to each measured point.

−3000 −2000 −1000 0 1000 2000 3000
150

200

250

Distance [µm]

H
a
rd

n
e
s
s
 [
H

V
1
/1

5
]

−3000 −2000 −1000 0 1000 2000 3000
100

150

200

Line 2

Distance [µm]

H
a
rd

n
e
s
s
 [
H

V
1
/1

5
]

−3000 −2000 −1000 0 1000 2000 3000
100

150

200

Line 3

Distance [µm]

H
a
rd

n
e
s
s
 [
H

V
1
/1

5
]

−3000 −2000 −1000 0 1000 2000 3000
100

150

200

Line 4

Distance [µm]

H
a
rd

n
e
s
s
 [
H

V
1
/1

5
]

Last welded side

First welded side

Weld toe Towards base

material 

Towards 

weld 

Line 1

Line 4 

Line 2 

Line 3  

Weld toe Towards base 

material 

Towards 

weld 

Figure 3.4. Mild steel specimen hardness measurements and uncertainties.

From figure 3.4 it is seen that the hardness in line 3 and 4 of first and last welded side are similar.
Similar measurements have been performed by Larsen [2007], which correspond well with line
2, giving a further confirmation of the validity of the measured values. The results from Larsen
[2007] are shown in figure 1.6 page 5. It is noted that there is a small side-to-side difference for
line 2. The varying results in line 1 is due to the tested weld material being close to the line of
fusion. This means that the material has increased inhomogeneity, leading to large variation in
hardness.

High strength steel

Measurements in a high strength steel specimen have been plotted in the same way as for the
mild steel. The contour plot is seen in figure 3.5.

Figure 3.5 gives an indication of a side-to-side difference in hardness. It is furthermore seen
that there is a drop in hardness from base material towards weld material, which is the opposite
of the results for mild steel. The reason is that the microstructure of the high strength steel
is altered by the local heat source and cooling. Each line from figure 3.5 have been plotted in
figure 3.6.

From figure 3.6 is be seen that only line 4 shows a side-to-side similarity and line 2-3 shows
an indication that the first welded side has an increased hardness of around 40 HV1/15 on the
edge of the heat affected zone. The variation in line 1 is again due to inhomogeneity in the weld
material close to the line of fusion. It is observed that there is a peak in difference between sides
of line 2 about 500 µm to the right of the weld toe (left in the plot of figure 3.6 due to reflection
about axis). The same peak difference is observed in line 3, but displaced towards the throat.
This is in agreement with the location of the fusion line, meaning that the largest difference
from side-to-side lies at the location of the governing crack propagation.
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Figure 3.5. Contour plot of the hardness in a high strength steel specimen together with a picture of
the grid of indention marks. (OLM magnification 2.5x).
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Figure 3.6. High strength steel specimen hardness measurements and uncertainties.

3.2.1 Conclusion of hardness results

Is was found that there was a side-to-side difference in the hardness for mild steel of about
20HV1/15 in the weld toe region. For high strength steel a difference of approximately 40HV1/15
was observed in the weld toe region. The difference in hardness is such that, using relation (3.1),
the first welded side is approximately 60 MPa and 120 MPa stronger locally in mild and high
strength steel, respectfully. The results from mild steel are supported by grain size measurements
in the following section.
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3.3 Grain size measurements

It is described in the following how the grain size is measured for a mild steel T-joint specimen.
It has been chosen to adopt a variation of the linear grain intercept method, as given in ASTM
E112-12 [2013]. However, it is emphasized that the measurement conditions are violated due
to the nonuniform microstructure from rolling and welding. Furthermore, the OLM pictures
only represent a plane taken in a random depth of the specimen, meaning that it is a 2D
representation of a 3D structure [Bringas, 2009]. The method is therefore only used to obtain a
quantitative measure of the grain size change across the weld region.

Linear grain intercept method

The principle is to determine the average grain size by drawing a randomly straight line on
the material and hereafter count the number of grain boundaries that intercepts the line. The
number of intersections per unit length can then be found by equation (3.7).

P̄L =
N

l0
(3.7)

where P̄L Average number of intercepts per unit length.
N Number of intercepts along the line.
l0 Length of line segment.

It can be seen from equation (3.7) that the lower the grain size, the higher the P̄L value. P̄L can,
for uniform and equiaxed grains, be related directly to an average grain area [ASTM E112-12,
2013]. Such a relation do not exist for metal the is cold worked or have been subjected to a
thermal heat input that changes the microstructure [ASTM E112-12, 2013]. The method is
instead validated through a control experiment.

Control test

ASTM E112-12 [2013] state that all measurements should be compared to known data to make
sure that no errors are made in the experiment. Therefore, a line segment have been drawn
on part of the base material in a mild steel specimen as shown on figure 3.7. By knowing the
length of the line and counting the intersections with grain boundaries can the average grain
size number be found as in equation (3.8).

P̄L =
27

450[µm]
= 0.058

1

[µm]
= 58 [mm]−1

(3.8)

Figure 3.7. Line segment in base material region
for control test. (OLM magnification 10x).
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Investigation of the grain size of cold rolled material have been made by Voort [2016] using
methods designed for deformed grains. Values for P̄L, in the same plane as in figure 3.7,
where found to 56.1 [mm−1] and 76.21 [mm−1] for mild steel sheet metal that had a thickness
reduction due to rolling of 30% and 12%, respectively. These values correspond to the value
from the control experiment and the method is hereby be used for further investigation of the
microstructure in the T-joint.

Linear grain intercept measurement of T-joint in mild steel

A mild steel specimen from Hedegaard and Pedersen [2016] is used to examine the
microstructure. It have been chosen to divide each side of the T-joint into three sections,
which consist of four lines where the linear grain intercept method is applied. The grid is shown
in figure 3.8 together with the transition zones between the regions. No measurement is made
in the transition zones due to rapid grain size changes.

Figure 3.8. Grid used for grain size measurement in mild strength steel. (OLM magnification 10x).

Average number of intercepts per unit length based on the 4 lines in each region is calculated,
using equation (3.7), and is given in table 3.2.

Base material Heat affected zone Weld material
FWS ( [µm]−1) 0.056 0.080 0.061
LWS ( [µm]−1) 0.057 0.073 0.045
Decrease from FWS to LWS -2.9 8.4% 26.0%

Table 3.2. Results of P̄L with the mild steel specimen. It is noted that the larger the P̄L value, the
smaller the grain size.

It is seen from table 3.2, that the base material gives similar values, which furthermore is similar
to the control test as well. The grain size is largest in the first welded side for both the HAZ
and the weld material. Note that the weld material grains are highly nonuniform, meaning that
the P̄L value should be evaluated with other analysis results in mind, like hardness values. The
effect of these results are discussed in section 3.6.

3.4 HAZ size evaluation

The HAZ is defined as the region in the base material that is affected by the heat input from the
welding [Messler, 2004]. It was shown through hardness measurements in the previous section
that the mechanical properties change significantly in this region. Additionally it has been
observed that the HAZ tend to be larger in the last welded side, as can be seen on figure 3.4 and

30 Group 3.209b, Aalborg University



3.4. HAZ SIZE EVALUATION

3.6. This section contains a description of what causes the HAZ size difference, how the size of
the HAZ is measured and a description of the results obtained.

3.4.1 Theoretical description of HAZ size difference

The size of the HAZ can be estimated by investigating the heat flow in the cross section of
the weld. This can be done by the use of Rosentahls equation [Messler, 2004]. For a time-
temperature distribution in the cross section of a butt-weld, in a thick plate, will simplify to
equation (3.9) , see appendix J for the derivation.

T − T0 =

(
q/v

2πkt

)
e−r

2/4αt (3.9)

where T Temperature in the material.
T0 Initial temperature in the material before welding, e.g. preheating temperature.
q Heat input from the welding source.
k Thermal conductivity.
v Welding speed along the weld.
t Time in seconds.
r Radial distance from the weld center, given by r2 = z2 + y2.
α Thermal diffusivity, given by α = k/ρC.
ρ Density of the material.
C Specific heat of the material.

Note that equation (3.9) is for a butt-weld and can therefore only be used as a relative measure
of the temperature distribution in a fillet weld. The fillet weld often cool faster than a butt
weld due to increased convective surface area, resulting in a smaller HAZ. To account for this
in the calculation have Rose [1965] suggested to reduce the heat input, q, with a factor of 2/3.
Knowing that the temperature at the edge of the HAZ in steel is approximately 700oC [Kaplan
and Murry, 2007] makes it possible to solve equation (3.9) for radial distance, r, and investigate
the effect of the local preheating introduced from the first welding sequence. The radial distance
as a function of time and preheat temperature is shown in figure 3.9.
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Figure 3.9. Values of the radial distance, r as a function of preheating temperature and time.

Figure 3.9 clearly indicate that the HAZ becomes larger if the specimen is subjected to a
preheating. It is noted that according to results from the FEA of chapter 5, the last welded side
will have at temperature of≈ 100oC which correspond to a≈12% increase of the maximum radial
distance. This initial evaluation shows that there theoretically should be a significant difference
in the HAZ. Experimental confirmation is done through measurements in the following sections.
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3.4.2 Measurement of HAZ size

The chosen specimens are both mild steel from two different plates used by Hedegaard and
Pedersen [2016] and a high strength steel specimen from Hvatov et al. [2015]. Note that the
specimens have been used for hardness measurements as well. An example of the measurements
in mild steel is shown in figure 3.10, where all specimen measurements are found in appendix H.

Figure 3.10. Mild steel specimen with indication of HAZ and relevant measurements. The other
specimen measured can be found in appendix H.

Note that only the part of the HAZ located in the base material is considered. It is clear from
figure 3.10 that the HAZ is larger in the last welded side, which is the same for the specimens
seen in appendix H. Relevant measures of the HAZ in two mild steel specimens and the high
strength steel specimen have been found via OLM software and are listed in table 3.3.

Mild steel Width [mm] Depth [mm] Area [mm2]
FWS (Specimen 1/ Specimen 2) 8.18/8.48 1.78/1.97 10.33/11.16
LWS (Specimen 1/ Specimen 2) 8.90/9.15 3.02/2.78 18.74/18.59
Average increase from FWS to LWS 8.34% 54.67% 73.63%

High strength steel Width [mm] Depth [mm] Area [mm2]
FWS 8.17 2.39 14.24
LWS 9.17 2.91 19.51
Increase from FWS to LWS 12.24% 21.80% 37.00%

Table 3.3. Relevant measures of the HAZ in two mild steel specimens from different plates and a high
strength steel specimen.

3.5 HAZ size results

The HAZ size measurements showed that a significant difference from side-to-side was present.
For mild steel the last welded side is almost double the size of the first welded side in HAZ
size. Same tendency is seen for high strength steel. This correspond well to the theoretical
analysis with Rosenthal’s equation, where the radial distance of the HAZ increase significantly
with preheating. The relevance of the size difference in HAZ is discussed in the following section.
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3.6 Discussion of results regarding mechanical difference

This section contains a summary of the different results obtained in the analyses of mechanical
properties throughout this chapter. Furthermore, the section ends with a discussion of how the
results relate to each other, fatigue and crack growth.

3.6.1 Summary of results for mechanical side-to-side difference

For mild steel specimens, both welded sides increase in hardness and hereby in tensile strength
locally in the HAZ.

The last welded side at the location of the toe has lower hardness than the first welded side,
meaning that the last welded side has lower local tensile strength. The micromechanical analysis
in section 3.3 also indicate, that the average grain size in the toe region of the last welded side
is larger. This grain size change can also be related to a change in mechanical properties by the
Hall-Petch relational, stated as in equation (3.10) [Hertzberg, 1996]:

σyield = σi + ky · d−1/2 (3.10)

where σyield Yield strength.
σi Overall resistance of lattice to dislocation movement.
ky Parameter that measure relative hardening contribution of grains boundaries.
d Grain size.

From the equation it is seen that larger grain size d gives a decrease in σyield, meaning that the
grain size measurement correspond well with the hardness measurements.
High strength steel specimens also show an increase in hardness/tensile strength locally in the
HAZ and that the last welded side in the toe region have a lower hardness/tensile strength.

The HAZ was found to be significantly larger in the last welded side, which is explained through
the preheating introduced by the first weld. This leads to a larger area affected with change in
mechanical properties.

3.6.2 Relation to fatigue and crack growth

The discussion and relation to the fatigue and crack growth is based upon the initial discription
of governing mechamisns in LCF and fracture mechanics of section 1.2. As described, both
crack initiation and propagation in LCF is dependent on material properties. Assuming crack
initiation is the case weld toe during loading, then equation (1.3) page (1.3) can be used to
estimate the lifetime. The equation is repeated here:

∆ε

2
= εa =

σ′f
E

(2Nf )b + ε′f (2Nf )c

As mentioned in section 1.2, almost all specimens of both high strength and mild steel have
been tested with nominal stress range above 2 · σyield, meaning the plasticity part of equation
(1.3) is governing. The plasticity part is governed by the combination of ductility and strength
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of the material, where an increase in ductility improves fatigue life, which also is illustrated on
figure 3.11.
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Figure 3.11. Strain-life curve for different non-welded materials [Stephens et al., 2001].

Ductility is difficult to obtain a measure of locally in the material near the weld region,
since there is not a direct relation to the hardness and grain size measurements done in this
analysis. The strength is not the dominating part of the fatigue life, whereby the relatively small
hardness/strength difference is not believed to be the governing parameter.
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Measurements of residual

stresses 4
As described in section 1, the material of the welded T-joint will experience thermally induced
residual stresses. These were, through numerical elastic-plastic finite element analysis, shown
to be asymmetric for a welded T-joint, meaning that the last welded side experienced higher
residual stresses than the first welded side [Hedegaard and Pedersen, 2016]. The aim of this
chapter is to describe the theory and experimental setup that is used to obtain an estimation of
residual stresses. The estimations can then be compared to the numerical models to conclude if
the difference in residual stresses have an influence on the failure side tendency.

4.1 Residual stress theory

Residual stresses are locked-in stresses and develop because of the elastic response of the
material to inhomogeneous non-elastic strains introduced by e.g. local deformation or thermal
expansion [Bahadur et al., 2004]. Tensile residual stresses are critical for components subjected
to alternating stresses, since they promote crack initiation and growth whereas compressive
residual stresses help to prevent it. However, it has to be noted that since the residual stresses
are not caused by any external forces or moments, then they will be in self equilibrium as stated
in equation (4.1) and (4.2) for an arbitrary direction [Rossini et al., 2012].

∫
A
σdA = 0 (4.1)

∫
A
σ · zdA = 0 (4.2)

where σ Residual stress.
dA An infinitesimal area in the component.
z Distance from a reference point.

Residual stresses act on different levels in the material and can, according to Kandil et al. [2001],
be divided into three types as listed below.

• Type I: Residual stresses on a macro scale, meaning they have to affect a volume in the
body much larger than the grain size. They are typically caused by the material being
restricted from free movement as e.g. when a local thermal input only causes part of the
body to expand or contract.

• Type II: Residual stresses that exists between each grain because of different material
properties and anisotropy of the grains. Hence the magnitude and direction depend on
the size and orientation of the grain. Type II residual stresses are referred to as micro
residual stresses.
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• Type III: Residual stresses on an atomic level within a single grain due to the presence
of dislocations or other defects in the crystalline structure.

All three types of residual stresses typically exist for welded components because of the local
thermal input and the complex microstructure. This is illustrated on figure 4.1. Note that the
direction of type II and III depend on the grains and may therefore be either positive or negative
in relation to type I.

Figure 4.1. Illustration of the three types of residual stresses acting over a length of the material Kandil
et al. [2001]. Note that σ is the residual stress and the superscript refer to the type.

There only exists a few methods that can measure residual stresses of type II and III and these
are often expensive and inaccurate [Withers et al., 2008]. However, if a sufficiently large volume
is investigated, then type II and III average to zero [Kandil et al., 2001]. Only type I residual
stresses are considered in the following, however the presence of type II and III might influence
the fatigue strength.

4.2 Method of measuring residual stresses

There exists many different methods for residual stress measurement and different methods are
often used combined to secure reliable and accurate results. Among the most common methods
is the hole drilling method [Schajer, 2013], which is chosen for this analysis. The concept is to
drill a hole in an area with residual stresses. The hole causes strain relief that is measured by
strain gauges, which is related to the amount of residual stresses that were present in the given
region. Special strain gauges have been designed for this purpose. The two types used in the
project are shown on figure 4.2. The reason for using two types of rosette gauges is that type
B can make measurements closer to the weld toe than type A. Type B is however considerably
more expensive than type A and therefore only a minimal amount is used.

Note that if the strain is constant over the area of the rosette gauges then Type A and B, in
figure 4.2, measure the same values. This is however not true for a welded joint and an averaging
of the strain is needed. This is treated in section 4.2.3.
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Figure 4.2. Illustration of specially designed
strain gauges for residual stress measure-
ment. The figure is slightly modified from
[ASTM E837-13a, 2013]. Note that θ1 = 0o.

Figure 4.3. Illustration of a Wheatstone
bridge. The figure is modified from [Hoff-
mann, 1989].

4.2.1 Governing equations in strain gauge measurements

The electrical resistance of a strain gauge changes when it is loaded and the relationship between
the relative change in resistance and strain (ε) is given equation (4.3).

Gf =
∆R/R0

∆l/l0
=

∆R/R0

ε
(4.3)

where Gf The gauge factor.
R and ∆R Initial resistance and change in resistance of the gauge.
l0 and ∆l Initial length and the change in length.

Each of the three strain gauges, for either type A or type B in figure 4.2, are used as single
gauges within a Wheatstone bridge circuit, as shown in figure 4.3. The relation between the
in- and output voltage of the Wheatstone bridge can be found by the use of Kirchhoff’s law as
given in equation (4.4). Note that the wire resistance and terms with small influence have been
neglected in the reduction of the equation [Hoffmann, 1989].

V0
Vs

=
1

4

(
∆R1

R1
+

∆R2

R2
+

∆R3

R3
+

∆R4

R4

)
(4.4)

where Vo and Vs Output and supply voltage.
R1, R2, R3 and R4 The resistances.

Having only one strain gauge in the Wheatstone bridge creates a quarter bridge with ∆R1 =

∆R2 = ∆R3 = 0. The strain gauge resistance R4 is rewritten using equation (4.3) and hereby
reduces to equation (4.5).

Vs
V0

= −
Gf · ε

4
(4.5)

4.2.2 Mathematical derivation of the hole drilling method

The next step after having measured the strain values is to relate the relieved strain to the
residual stresses. As described previously, the principle of the hole drilling method is that a
relief occurs in the material due to the presence of the hole. Hereby also a change in stresses as
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expressed in equation (4.6).

[∆σ] = [σ]With hole − [σ]Without hole (4.6)

The change in stresses ([∆σ]) can then be used to solve for the initial stresses (residual stresses)
that where in the material. Note that since the strain gauges are placed on the surface, only
the case of plane stress is considered. The theory and principle of the hole drilling method is
derived initially for simple cases where the following assumptions apply:

• Thin plate.
• Infinite in the (x, z) coordinates.
• The hole is drilled completely trough the plate.
• Residual stresses are constant and uniformly distributed.
• Plane stress state.

The stress components on the plate surface can be described by Airy’s stress function as in
equation (4.7) by applying the mentioned assumptions.

σx =
∂2φ

∂z2
; σz =

∂2φ

∂x2
; σxz = − ∂2φ

∂x∂z
(4.7)

where φ The stress function.
σx, σz and σxz The stress components.
x and z Variables in Cartesian coordinates.

The stress function, φ, have to be chosen such that the compatibility equations are satisfied.
This is given by the biharmonic equation as in equation (4.9) [Barber, 2002].

∂4φ

∂x4
+ 2

∂4φ

∂x2∂z2
+
∂4φ

∂z4
=

(
∂2

∂x2
+

∂2

∂z2

)2

φ = 0 (4.8)

⇓

∇4φ = 0 (4.9)

The presence of the residual stress can be introduced by applying a known stress value to a
plate as shown for each stress component in figure 4.4.

The stress function for each plate in figure 4.4 can now be found, as shown in table 4.1. Note
that the transformation into polar coordinates is made such that the boundary condition on the
edge of the hole can be applied.

Stress function In Cartesian coordinates In polar coordinates
φLongitudinal

σxz2

2 σx · r2 · sin2 θ

φTransverse
σzx2

2 σz · r2 · cos2 θ
φShear −σxz · x · z −σxz · r2 · sin(θ) cos(θ)

Table 4.1. The stress function in both Cartesian (x, z) and polar coordinates (r, θ).

The stress functions in table 4.1 have to be periodic such that φ(r, θ) = φ(r, θ +m · 2π). Extra
terms are added by the use of Fourier series [Barber, 2002] to ensure a periodic distribution.
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Figure 4.4. Illustration of three plates with a hole, with each of the entries in the plane stress tensor
treated separately.

This gives additional constants that are solved by the use of the boundary conditions, listed in
table 4.2.

Position Longitudinal Transverse Shear
r = a σr = σrθ = 0 σr = σrθ = 0 σr = σrθ = 0
r →∞ σxz = σz = 0 ∧ σx = σ1 σxz = σx = 0 ∧ σz = σ2 σx = σz = 0 ∧ σxz = σ12

Table 4.2. The boundary condition for the cases in figure 4.4. Note that a=hole diameter.

The stress functions can now be split into the stress components by the use of equation (4.7).
The superposition principle is used in order to add stress components in the same direction from
different plate cases together. These combined components are used in equation (4.6) to find
the change in stress due to the drilled hole. If the material is assumed to be isotropic and linear
elastic then Hook’s law takes the form of equation (4.10) for plane stress.


∆σrr

∆σθθ

∆σrθ

 =
E

1− ν2

1 ν 0

ν 1 0

0 0 1− ν



εrr

εθθ

εrθ

 (4.10)

Note that the ∆σ terms depend on σx, σy and σz. The strain gauges in figure 4.2 are all placed
such that they measure radial strains, meaning that only εr is used in the following. The reason
for placing the strain gauges as radial gauges are shown in appendix D. The transverse sensitivity
of the strain gauges are neglected as it is low compared to other uncertainties [Kabiri, 1984].
Solving equation (4.10) for radial strain (εr) gives equation (4.11).

εr = A(σx + σz) +B(σx − σz) cos(2θ) + C · σxz · sin(2θ) (4.11)

where θ is gauge positions, illustrated on figure 4.2, and A,B and C are constants depending on
mechanical properties and geometry. This can be solved analytically for the simple cases as in
figure 4.4 [Wang, 1987]. If the geometry is more complex, then it is necessary to determine the
constants through FEM or experiments, as described in more detail in the following sections.
Note that the constant C is equal to 2B for an isotropic material [Shokrieh, 2014]. It has
furthermore been shown by Oettel [2000] that the material dependency of A and B can be
separated from the geometric dependency, which gives the relation in equation (4.12) and (4.13).
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However this is an approximation, which is only valid for isotropic materials. It has been shown
that this approximation for Poisson’s ratio within 0.28 to 0.33 will introduce an error of less
than 1% [Oettel, 2000].

A ≈ −1 + ν

2E
a (4.12) B ≈ − 1

2E
b (4.13) C ≈ − b

E
(4.14)

where a and b Material independent constants.
E Young’s modulus.
ν Poisson’s ratio.

Inserting equation (4.12) to (4.14) into equation (4.11) gives the final analytical relation between
relieved radial strain and residual stresses:

εr =
1 + ν

E
a
σx + σz

2
+

1

E
b
σx − σz

2
cos(2θ) +

1

E
bσxz sin(2θ) (4.15)

The plane residual stress components can be found by knowing three strain values εr in given
positions θ, see figure 4.2, and solving the set of equations.

4.2.3 Determination of calibration constants

The constants A,B and C are essentially the relation between residual stresses (σx, σz, σxz) and
relieved strain (εr) in the analytical solution of equation (4.11). The solution is formulated for
relieved strain in a specific surface point, whereas the strain gauge grids shown in figure 4.2
cover a surface area. Therefore, the gauge measure an average relieved strain value which is
sensitive to both radial and tangential strains, since not all grid lines lie radially towards the
hole. Integrating equation (4.11) over the area covered by the gauges gives a set of new averaged
constants Ā, B̄ and C̄. The constants have been formulated to only be dependent on geometry
in equation (4.12) through (4.14). Solving for the constants using relieved strains ε1 and ε3 and
the prescribed strain gauge angle locations gives:

ā =
2E · (cos(2 · θ1) · ε3 − ε1 · cos(2θ3))

(1 + v) · σx · (cos(2θ1)− cos(2θ3))
(4.16)

b̄ =
2E · (ε1 − ε3)

(cos(2θ1)− cos(2θ3)) · σx
(4.17)

It is noted that σy and σxy have been set to zero to simplify the solution. Either experiments or
numerical analysis can be used to apply σx, measure ε1 and ε3 and then solve equation (4.16)
and (4.17). FEA is chosen during this analysis to save time experimentally. The following
subsections describe the setup of the FEA model and how strains are extracted from the model.

FEA of the hole drilling method

The model formulation is based on the same principles as described in section 5.4 for the
mechanical model with the same material model for ambient temperature of 20◦C.
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The discretization, boundary condition and standard loading scenario is shown in figure 4.5 and
4.6. Since the plate is considered thick, then a blind hole is used which is described in more
detail in section 4.2.4.

Figure 4.5. FEA model for type A gauge
constants.

Figure 4.6. FEA model for type B gauge
constants.

The figures show the regions where the gauge grids are positioned. As mentioned already, the
strain value extracted from the FEA must be an average across these regions. It is chosen to
calculate the average strain as the average across all the nodal values within each gauge region.
It is noted that it is only the radial strains which are extracted. Similar models are generated
without the hole, in order to calculate the relived strain in the same manner as by equation
(4.6).

Comparison between FEA and values from ASTM

Validation of the FEA model is done by comparing the constants determined by the FEA model
with a flat plate configuration and the T-joint in uni-axial tension with the constants from
ASTM E837-13a [2013]. The results are shown in table 4.3.

−
aA

−
bA

−
ab

−
bB

[ASTM E837-13a, 2013] 0.173 0.370 0.184 0.413
FEA flat plate 0.158 0.312 0.177 0.380
FEA T-joint 0.174 0.428 0.183 0.365

Table 4.3. Validation of FEA results. Note that the subscript is related to the strain gauge rosette type
A or B.

The flat plate should resemble the constants from ASTM E837-13a [2013], and are close to the
same values. The slight difference is mainly due the fact that the constants from the standard
are determined as an average on a range of different materials. Therefore, since the constants
are only approximately material independent, then a slight difference is expected. Furthermore,
the constants from the FEA T-joint correspond to the values from the standard.
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4.2.4 Accounting for violation of assumptions

The analytical solution of equation (4.15) rely on a number of assumptions and simplifications
as mentioned in section 4.2.2. The welded T-joint considered in this project has a more complex
geometry than a flat plate and the residual stresses are not constant nor uniformly distributed.
This section describes how a measure of the residual stresses in the surface still can be extracted
using equation (4.15), even though its underlying assumptions are violated.

Thick plate and non-uniform in-depth stresses

The base plate thickness of the T-joint is 6 [mm] which is considered a thick plate according to
ASTM E837-13a [2013]. It is expected that the residual stresses change significantly through
the 6 [mm]. These two assumption violations are accounted for by using equation (4.15) for a
blind hole in the surface, as shown on figure 4.7. Note that the calibration constants are later
determined for a blind hole as well.

σr

y

σr
~

y

(a) (b)

Figure 4.7. In-depth residual stress distribution. (a) Initial non-uniform distribution. (b) Area
equivalent uniform in-depth residual stress σ̃r.

The measured relieved radial strain will be an average value of the hole depth, meaning that the
determined residual stresses also will be an in-depth average value. It is therefore emphasized
that this analysis only seeks to measure an average residual stress (σ̃r) in the surface of the T-
joint specimens. The local reinforcement in the bottom of the hole restricts deformation, meaning
that relieved strain in the top are more governing than the bottom strains when determining
σ̃r.

Stress concentration

It is of interest to avoid stress concentration effects besides those of the drilled hole in order
to use the analytical solution. It is suggested from ASTM E837-13a [2013] that the distance
from the rosette gauge center to an obstacle is minimum 1.5 ·D for type A and 0.5 ·D for type
B, where D is the rosette diameter. Furthermore, a maximum hole depth of 0.2 · D is used
to minimize stress concentration effects, by keeping some local reinforcement [ASTM E837-13a,
2013].

In-plane nonuniform residual stresses

The residual stresses are known to be nonuniform in the top plane as shown in figure 1.4,
page 4. The in-plane non uniformity is not covered by ASTM E837-13a [2013], but have been
investigated by Fulong et al. [2003] where it was shown that the method described in section
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4.2.2 is valid for local uniformity. As seen on figure 1.4, the middle of the specimen have a
approximately uniform local stress distribution and the method can therefore be applied.

Local inelastic material response

The method is derived based upon the assumption of an elastic material. It is known that the
residual stresses are at the magnitude of yielding [Kou, 2003]. Furthermore, the drilling of a
hole gives a stress concentration. Therefore, it is anticipated that the measured relieved strains
will be partly inelastic. The effect of plastic deformation has been shown to be negligible for
residual stresses up to 70% of the yield stress [Scaramangas et al., 1982]. This is investigated by
considering the change of the calibration constants (āA, b̄A) depending on the magnitude of the
uni-axial residual stress (σx) in the FEA model, using nonlinear material behavior as in chapter
4.15. The results are shown in figure 4.8.

Figure 4.8. Normalized residual stress vs. values of calibration constants.

The results indicate that the calibration constants start to deviate above σyield which is where
local plastic deformation occurs. The constants diverge at larger residual stress magnitudes,
however the calibration constants have acceptable values close to the yield strength.

4.3 Experimental setup for residual measurement

In the following it is described how the experimental setup for the residual stress measurements
is made. This includes the preparation of specimen, investigation of drilling method and initial
control experiments.

4.3.1 Preparation of test specimens

Preparation of the specimens involves mounting of the strain gauges which is done according
to Hoffmann [1989] and ASTM E837-13a [2013]. Afterwards all specimens are tested to ensure
that they work as expected and that no drifting occurs. The specimens prepared for the control
experiments and the residual stress measurements are shown in 4.9 and 4.10.
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Mild steel

High strength steel

01

02

03

04

05

06

Figure 4.9. Specimens used for investigation
of drilling sequence and control experiment.

Figure 4.10. T-joint used in the residual
stress measurement. Note that the green
gauge rosette = A type, and brown = B
type.

4.3.2 The drilling procedure

The experiments are made with the drilling equipment available in the workshop at Aalborg
university, being a MAHO MH800 milling machine. This does not match the requirements,
regarding speed and tolerances, specified in ASTM E837-13a [2013]. Therefore, six different
drilling settings have been investigated in order to use the most accurate method, as shown on
the specimen in figure 4.9. The holes where inspected afterwards and the results are shown in
table 4.4.

Setup
1. drilling [mm] † M 2.0 C 1.6 C 1.6 C 1.6 C 1.6 C 1.6
2. drilling [mm] none none none none M 2.0 D 2.0
Speed [rpm] 2000 2000 2000 3150 3150 3150
Steps [mm] 0.1 0.1 0.05 0.05 0.05 0.05

Results
Diameter [mm] ‡ 2.56 1.74 1.61 1.62 1.99 2.08
Edge burr∗ Small Large Large Small Small Small
Bottom shape Flat Cone Cone Cone Flat Cone

Table 4.4. † M=mill, C =centre drill and D=drill. ‡ Measured by microscope
in the same way as described in chapter 3. ∗ From visual inspection as in
figure 4.11.

Figure 4.11. Burr
at the hole edge.

Note that the steps refer to incremental steps during drilling as specified by ASTM E837-13a
[2013]. It has been chosen to use a 1.6 [mm] centre drill together with the 2.0 [mm] mill, based
on table 4.4. This is adopted into the drilling procedure as suggested by ASTM E837-13a [2013].
The experimental procedure therefore becomes:

1. Mount test specimen in the milling machine.
2. Locate strain gauge position.
3. Reset strain gauges (SG) to zero point.

44 Group 3.209b, Aalborg University



4.3. EXPERIMENTAL SETUP FOR RESIDUAL MEASUREMENT

4. Penetrate plastic film on the SG rosette.
5. Confirm that SG reading have not changed significantly and reset to new zero point.
6. Begin drilling using 1.6 [mm] centre drill and advance by 0.05 [mm] to the final depth of

1 [mm].
7. Change to 2.0 [mm] cutter and advance by 0.05 [mm] to final depth of 1 [mm].
8. Wait for the strain gauge readings to show a steady reading and log the results.

Note that step 6 and 7 differ from ASTM E837-13a [2013] because of the chosen drilling sequence
from table 4.4. An example of one of the rosette measurements during the procedure is shown
on figure 4.12.

Figure 4.12. Typical strain measurements with illustration of first and second drilling step.

It is clear from figure 4.12 that larger residual strains are relieved as the hole size increase, which
is because the local stiffness is decreased. It is emphasized that the calibration constants, found
in section 4.2.3, are only valid for the final hole geometry. It is therefore only valid to make
residual stress calculations from the final steady state reading.

4.3.3 Control experiments

A control experiment is made since the experiments are performed in a slightly modified way
than specified by ASTM E837-13a [2013]. The control experiments are made on a sheet of S235
with a type A SG rosette and the same drilling procedure as described in the previous section.
In total two experiments where made; one on a plate as received from the manufacture and one
that where stress free. The stress free specimen is obtained through stress relief annealing heat
treatment where the specimen is held at an elevated temperature, 75 oC below the transformation
temperature (≈ 727oC), until a uniform temperature is obtained in the specimen and afterwards,
the specimen is slowly cooled in still air [Callister and Rethwisch, 2011]. Over 90% of the residual
stresses should be removed and the plate is in principle stress free at the surfaces [Vogel et al.,
2007]. The results from both experiments are given in table 4.5.

ε1 [µm/m] ε2 [µm/m] ε3 [µm/m]
Plate 1 (As from manufacture) -440.16 -222.72 -236.16
Plate 2 (Stress relieved) -43.2 -23.04 -12.96

Table 4.5. Strain values from the control experiments.

Table 4.5 shows a significant difference in the strain measured in the two plates where plate 1
shows the largest values. This is believed to be caused by residual stresses that are introduced
by the rolling process during manufacturing. Residual stresses in the rolling direction have by
Giorgi [2011] been shown to have a magnitude of 50 [MPa] at the surface and up to 150 [MPa]
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at 1 [mm] below the surface. This explains the high strain values measured in plate 1. Plate 2 is
to be considered to be stress free and therefore must the measured values be treated as a form
of error introduced by the chosen drilling process, data collection and small remaining residual
stresses from manufacturing.

4.3.4 Uncertainty evaluation

Residual stress measurements by the hole drilling method is often related with a relative high
potential of uncertainty since it involves a variety of different steps, parameters and calculation
[Vishay Precison Group, 2010]. From equation 4.15 on page 40 it is seen that the uncertainty
of residual stresses depend on the variables given in table 4.6. Note that the general violations
of equation (4.15) was treated in section 4.2.4 where it was shown that the violations does not
introduce additional significant uncertainties.

Variables Uncertainty † Remarks
Youngs modulus (E) ±1% Lower since determined by material test.
Possions ratio (ν) ±3% Lower since determined by material test.
Calibration constants (ā and b̄) ±1.5% Depend on E, ν and gauge geometry.
Strain measure (ε1, ε2 and ε3) ±2% Mainly depending on the gauge factor.

Table 4.6. Uncertainties of the residual stress estimation, introduced by different variables. † Values
are based on [Oettel, 2000].

Other effects, that are not directly coupled to the equation, may also influence the obtained
results. Theses are give in table 4.7.

Aspects Uncertainty † Remarks
Eccentricity of the hole (e) negligible for e < 0.05 [mm]
Drilling hole depth negligible for accuracy >0,01 [mm]
Level of residual stresses ±10% for 50 - 70% of σy

Table 4.7. Uncertainties of the residual stress estimation, introduced by different aspects. † Values are
based on [Oettel, 2000].

As seen from table 4.6 and 4.7 the largest uncertainty is associated with the stress level. This is
because when yielding takes place is the amount of strain relived less. It where shown by FEA
in section 4.2.3 that the calibration constants, for the given configuration, could account for
this, meaning that the uncertainty is expected to be lower than the ±10%. On the other hand
it was shown by control experiments in section 4.3 that the chosen drilling method introduced
errors. As a consequence is it chosen to use a total uncertainty of ±10%, which is the below the
maximum allowed uncertainty according to ASTM E837-13a [2013].

4.4 Results

This section contains a brief description of the result post-processing, together with a
presentation of the final results in the form of residual stresses.
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4.4.1 Post-processing of results

The post-processing consists initially of comparing the measured strain values of the specimens
with each other in order to ensure that the same tendencies occurs. The final strain values are
shown in table 4.8 and 4.9 with the following terminology:

• Spec. No.: Specimen number according to figure 4.10.
• FWS/LWS: Reference to side of specimen where; First Welded Side (FWS) and Last

Welded Side (LWS).
• Type: Reference to which rosette gauge type that have been used for strain measurement,

according to figure 4.2.
• ε1, ε2, ε3 :ε1, ε2, ε3 :ε1, ε2, ε3 : Reference to individual gauge radial strain measure.

Spec. No. 01 02 03 04
[µm/m] FWS LWS FWS LWS FWS LWS FWS LWS
ε1 -257.04 -300.72 -368.88 -477.6 63.36 -331.44 -239.28 -337.68
ε2 -241.68 -284.4 -394.8 -449.76 -364.08 -272.16 -218.64 -214.8
ε3 -181.2 -47.52 -380.64 -382.08 -286.08 -371.76 -242.88 -336.96

Type B B B B A A A A

Table 4.8. Measured radial strain values for S235 test specimens.

The strain values shown in table 4.8 are almost all negative, meaning radial compression is
measured. This is consistent with the fact that tensile residual stresses will create compressive
relieved strains when material is removed [Oettel, 2000].

Spec. No. 05 06
[µm/m] FWS LWS FWS LWS
ε1 -158.4 113.28 -164.4 -181.68
ε2 419.04 72.24 523.92 727.92
ε3 124.08 -31.44 233.52 319.2

Type A B A A

Table 4.9. Measured radial strain values for Alform 900 test specimens.

As is observed in table 4.8, most of the measurements shows similar tendencies in relative
magnitudes of ε1, ε2, ε3. However, Spec. No. 03 FWS (table 4.8) and 05 LWS (table 4.9) deviates
significantly from all other measurements, which could be due to damage of the rosette gauge
during drilling. These results are excluded, giving a total of ten rosette gauge measurements to
process.
The average residual stresses (σ̃x, σ̃z, σ̃xz) pr. rosette measurement are calculated by inserting
the relieved strains from table 4.8 and 4.9 into equation (4.15) page 40, together with the
calibration constants from table 4.3. Solving for the residual stresses gives the results in table
4.10.

It is noted that the measurements from Alform 900 indicate a significantly different residual
stress state compared to the S235 specimens. This is mainly observed through the compressive
σ̃z in Alform 900, specimen 05 and 06. The cause of this is believed to be the smaller plastic zone
that exists in the high strength steel, which causes the region with residual stresses to be smaller.
Residual strains away from the weld have been investigated by Masubuchi [2013]. It was found
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Spec. No. 01 02 03 04 05 06
[MPa] FWS FWS LWS LWS FWS LWS FWS FWS LWS
σ̃xz 20.4 -3.2 25.8 36.5 10.3 56.3 200.5 225.0 303.0
σ̃x 187.6 310.9 354.9 289.9 204.3 287.2 79.5 62.0 56.6
σ̃z 163.3 289.2 333.4 308.4 205.9 286.8 -50.3 -120.9 -173.6

Table 4.10. Measured residual stresses of both S235 (01,02,03,04) and Alform 900 (05,06) specimens.

that the strain response was roughly inverse proportional with the yield strength 25 [mm] from
the weld toe. Hereby the measured value is likely to be the plate response to the contraction in
the weld zone. Furthermore, Alform 900 plates have been subjected to pre-deformation process
which the plates of S235 was not. It is chosen not to do further investigation of the high strength
steel specimens in relation to residual stresses.

The measurements for specimens of S235 are illustrated in figure 4.13, together with the
estimated uncertainty in section 4.3.4.

Figure 4.13. Residual stress measurements in
the longitudinal (z) direction on the T-joint
specimens of S235.

Figure 4.14. Residual stress measurements in
the transverse (x) direction on the T-joint
specimens of S235.

It is evident from figure 4.13 that there is a difference in residual stresses from side-to-side
around the measurement location, which is between 4 and 6 mm from the weld toes.

4.4.2 Conclusion

Residual stress measurements on the T-joint specimens have been successfully obtained through
the hole-drilling method. The results clearly shows a tendency for the residual stresses to be
larger in the last welded side of S235 specimens at the location of the strain gauges. The
difference is approximately 50-60 MPa in the transverse direction, which can contribute to more
damage in the toe initially and faster crack growth before the residual stresses are relaxed
through cyclic loading.
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the T-joint 5
It has been shown through LCF and fracture mechanical investigations in section 1.2 that mean
stresses have an effect on the lifetime of a specimen subjected to cyclic loading. Furthermore it
was shown in chapter 4 that the residual stresses are different from side-to-side. This chapter
contains a numerical analysis of the cyclic relaxation behavior of the residual stresses within the
welded T-joints. The main goal is to determine the relaxation rate for the fatigue test conditions
of the specimens. It is chosen only to do the analysis with respect to the mild steel specimens,
due to the fact that the failure tendency is larger for mild steel and its material response is less
complex to model. The general procedure for the numerical analysis is illustrated in figure 5.1.

Temperature
distribution

Thermal analysis 

B.C. : Natural convection 

Heat generation

Residual stress
distributionThermo-mechanical 

analysis
Cyclic loading analysis

Distribution of residual stresses 
in T-joint after cyclic loading

B.C. : Simply supported B.C. : Symmetry fixation

Cyclic pure moment/rotation

Figure 5.1. Overview of the cyclic relaxation FEA.

As seen from figure 5.1, multiple physical phenomenas are taking place in the process from
welding of specimen to fracture due to cyclic loading. It is chosen to make simplifications in
order to generate a numerical model that is stable and efficient related to the purpose of the
analysis results. The assumptions used to simplify the model is covered in the following section.

5.1 Modeling assumptions

The design of a numerical FE-model is always a trade off between how complex the model
need to be and the calculation time required as illustrated on figure 5.2. To avoid unnecessary
calculation time, a general rule in FEM is; to make the model as simple as possible and as
complex as necessary [Cook et al., 2002].

Figure 5.2 shows three different setups of how the FE-model could be made. The full 3D model
simulate the welding on the initial plate before the single specimens in cut out whereas 3D model
of a single specimen simulate the welding directly on a single specimen. It is known that heat
flow and hereby distribution of the thermal introduced residual stresses is dependent on the size
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Figure 5.2. Illustration of the relation between complexity and calculation time for a FEM model.

of component. Therefore distribution and magnitude of the residual stresses must be different
in the two models. However the full 3D model must include the cutting of the specimen, which
will cause a stress relief and redistribution. Due to internal equilibrium, then the redistribution
is assumed to take the same form for a single specimen, making the full 3D model method
unnecessary complex.

The aim of the model is to investigate the cyclic behavior, meaning that the model have to be
solved in multiple steps. It is chosen to simplify the model to a two-dimensional domain to
minimize the required calculation time. The effect of this choice and the assumptions needed in
both the mechanical and thermal analysis is explained in the following sections. Additionally, a
number of secondary assumptions are made both in terms of material behavior and boundary
conditions. These are given in subsection 5.1.3.

5.1.1 3D to 2D formulation

The simplification from 3D to 2D makes it necessary to make an assumption on the out-of-plane
stress or strain components. The general constitutive relation is given in equation (5.1).

σij = Cijklεkl (5.1)

where σij The stress tensor.
Cijkl Constitutive tensor.
εkl The strain tensor.

Different methods of the 3D to 2D simplifications are given in the following.

Plane stress state is defined as when one principal stress and the shear stresses perpendicular
to the plane of which the principal stress is normal are assumed to be zero [Kildegaard, 2000].
Hereby, σ33 = σ13 = σ31 = σ23 = σ32 = 0. Note that a strain in the principal direction is
allowed, meaning ε33 6= 0. Residual stresses act in all three dimensions whereby the plane stress
state assumption is violated, especially away from the specimen center. Furthermore, the plane
stress assumption usually holds for thin specimens, which cannot be said about the T-joint
specimens.

Plane strain state is define as when one principal strain and shear strains perpendicular to
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the plane of which the principal strain is normal are assumed to be zero [Kildegaard, 2000].
Hereby, ε33 = ε13 = ε31 = ε23 = ε32 = 0. A stress in this direction is allowed, such that σ33 6= 0.

It was shown by Hvatov et al. [2015], via an elastic FE-model, that a mid-plane of the T-joint
subjected to bending would be close to a plane strain state. However, due to the finite specimen
thickness, and thermal expansion/contraction of the material will strain exist in all principal
directions. Therefore, the stress state of the specimen is neither a complete plane stress or strain
state.

Generalized plane strain

This is a general form of the plane strain formulation where the only difference is that the ε33
component is allowed to have a constant value, written for example as:

ε33 =
t1 − t0
t0

= constant (5.2)

Where t0 and t1 are initial and final thickness. This assumption makes it possible to make a
correction to the plane strain problem if the geometry considered is not infinite in thickness.
Note that the governing differential equations and the displacement boundary conditions are
the same as for plane strain. However, a correction of the traction boundary condition on some
surface boundary is needed [Rencis and Huang, 1992], which is written as:

T1 = T̄1 − λε33n1 (5.3)

T2 = T̄2 − λε33n2 (5.4)

where T̄1 and T̄2 Actual boundary tractions.
λ Lame’s constant.
n1 and n2 Normal vectors.

The accuracy of using generalized plane strain formulation in FEA for residual calculation in a
welded T-joint have been investigated by Ma et al. [1995], where the result are shown in figure
5.3.

Based on the above discussion is it chosen to used the generalized plane strain formulation.

5.1.2 Simplified thermal heat source

The welding process used is Gas-Metal Arc Welding (GMAW) which is carried out with a moving
heat source across the plate, as shown initially in figure 1.1, page 1. The arc is a plasma with
electric current passing through, where the driving force is the electromagnetic force [Kou, 2003].
The heat transfer happens in a complex manner with a melted pool of base and filler material,
where convection, conduction and radiation occurs. As mentioned initially, simplifications are
of interest to a point where residual stress relaxation can be modeled with reasonable precision.
Therefore, the thermal heating process is simplified by assuming heat to be generated uniformly
inside the weld bed volume, meaning that the heat input will be simplified as a volumetric heat
generation QV . At this point it is necessary to state some basic thermal principles in order to
apply this simplified heat source QV .
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Figure 5.3. Comparison between 3D FEM and generalized plane strain calculation of residual stresses
i a fillet weld [Ma et al., 1995].

Normally, heat transfer from the welding station to the workpiece can be defined by the heat
source efficiency (η) as:

η =
Q · tweld

Qnom · tweld
=

Q

Qnom
(5.5)

where Q Actual rate of heat transfer from heat source to workpiece.
Qnom Nominal rate of heat transfer from heat source to workpiece.
tweld Welding time.

The nominal heat transfer rate is written in terms of electric energy, whereby equation (5.5)
becomes:

η =
Q

I · U
(5.6)

⇓

Q = η · I · U (5.7)

where U Constant voltage.
I Constant current.

The efficiency is always below one, and depends on the specific process, where η = 0.6−0.75 for
GMAW [Messler, 2004]. The heat source is applied through the general heat diffusion equation
which from appendix J is written as:

C(T ) · ρ · DT
Dt

= k(T )∇2T +QV (5.8)

where T Temperature of the weld region and material.
k(T ) Thermal conductivity of the material.
ρ Density of the material.
C(T ) Specific heat of the material.

The heat Q is distributed across a volume, or in the case of a two-dimensional formulation, a
surface area pr. unit length. Therefore, Q is assumed to be distributed across the weld bed
area pr. unit length during a specific amount of time. The more detailed formulation of this
simplification is found in section 5.2.
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5.1.3 Additional simplifications

This section includes additional simplifications with focus on reducing complexity and
calculation time of the numerical model, as explained using figure 5.2. Its divided into two
parts; Thermal and mechanical simplifications.

Thermal simplifications

Phase change effects: The melting pool at the heat source is undergoing a phase change
from liquid to solid material. Furthermore a complex microstructural phase change occurs as
the specimen cool down. All of these mechanisms are not considered in the transient thermal
model. The accuracy of the model is somewhat dependent on these specific mechanisms, but
some of the effects can be modeled on a macroscopic level by making thermal and mechanical
properties temperature dependent based on available material data. The loss in accuracy by
not including phase change is mostly related to the fact that more energy will be deposited in
the material than in reality, since no energy is used on changing phases.

Radiation heat transfer: Radiation effects are considered to be negligible compared to
the magnitude of the other modes of heat transfer during the welding process, since the large
temperatures achieved are only in a very short period of time and can therefore be neglected.

Convection heat transfer: Natural convection is assumed on all surfaces with a constant
convection coefficient.

Ambient air temperature: Ambient air temperature is assumed constant at room
temperature.

Mechanical simplifications

Applied cyclic load: Four point bending is applied using a defined rotation of cross
sections. This is done instead of using rollers and contact formulation, which greatly simplifies
the analysis. Furthermore the specimen base is shortened in order to apply the rotation at the
constant moment location. The area As in the model is therefore smaller than the real surface.
This does not create problems since the only effect is that the convection heat transfer just
happens slightly slower.

Microstructural mechanisms: After the welding process, inhomogeneities are present as
described in section 1.1, while the mechanical properties change from base towards weld material.
Residual stresses would not change significantly by including inhomogeneities in the model, but
the local change in mechanical properties does have an effect. Since residual stresses often lie
near yield strength, then different yield strengths locally means different residual stresses are
achievable. Chapter 3 deals with the local material property change where a difference around
20HV1/15 has been found. Hence, the strength of the material is lower in the last welded side,
but the size is considered to be negligible to include in the numerical model.

Material behavior: Isotropic and homogeneous material is assumed. The details regarding
the more comprehensive material model choice is covered in section 5.3.

Group 3.209b, Aalborg University 53



CHAPTER 5. FEA OF CYCLIC RELAXATION IN THE T-JOINT

5.2 Mathematical models for the FEA

The mathematical model in this analysis is based upon the welding process and the cyclic loading
that the T-joints have experienced during manufacturing and fatigue testing. The following
processes needs to be included in the model in order to carry out the analysis in a physically
reasonable manner:

1. Heat input in the First Welded Side (FWS).
2. Cooling time until next heat input.
3. Heat input in the Last Welded Side (LWS).
4. Cooling time until ambient temperature is reached in specimen.
5. Calculation of residual stresses due to heat inputs.
6. Cyclic loading of T-joint in four point bending mode at a number of cycles.

The following description of the mathematical modeling is split into a thermal and mechanical
part.

5.2.1 Thermal transient model

The general heat transfer mechanism in a welding process can be described by the already
introduced heat diffusion equation in the previous section. Since this numerical analysis is
simplified to a two-dimensional domain (x− y), then this simplifies equation (5.8) to:

ρ · C(T ) · DT
Dt

=
∂

∂x

[
k(T )

∂T

∂x

]
+

∂

∂y

[
k(T )

∂T

∂y

]
+QV (5.9)

The boundary conditions of the thermal system is modeled by natural convection through all
specimen surfaces, which by Newton’s Law of cooling is defined as [Incropera et al., 2007]:

Surface S : qconv = hn ·As · (Ts(x, y, t)− Tair) (5.10)

where qconv Heat flow by convection.
hn Convection heat transfer coefficient.
As Total specimen surface area where convection occurs.
Tair Ambient air temperature.
Ts(x, y, t) Specimen surface temperature.

The exact value of hn depends on the fluid properties, surface properties and external forces
during welding an cooling. Empirical convection relations are used to estimate the coefficient,
which is approximately 10-100 W· m−2·K−1 [Incropera et al., 2007]. The ambient temperature is
assumed to be constant and equal to Tair = 22◦C. The heat source (QV ) is defined as illustrated
on figure 5.5, which is confined to the volume of the welding beds, illustrated in figure 5.4.

As described in the previous section about the simplification of the heat source, QV is assumed
to be distributed across the weld bed region for a specific amount of time, assumed as a Gaussian
distribution function. An example of how to formulate the heat distribution to reflect the energy
density is given by the following equation [Kou, 2003]:
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T
air

k(T), ρ and C(T)

S: Ti = 22oC

hnAir:

QV,1 QV,2

Figure 5.4. The mathematical thermal
model.

Figure 5.5. Thermal load as heat source on
welding beds, which is equal in shape for
both QV,1 and QV,2.

QV (r) =
3 · η · UI
π · (r′)2

· exp

(
−3
( r
r′

)2)
(5.11)

where r′ Radial distance that defines the region where 95 % of the heat is deposited.
r Radial coordinate.

It is of interest to define QV (r) with respect to time instead, since the model essentially is a
two-dimensional domain, by which the distribution in equation (5.11) passes through during
welding. Assuming that QV (t) follows a similar Gaussian distribution with respect to time,
then the following time-dependent heat distribution QV (t) is defined:

QV (t) = a · e−
(t−b)2

2·c2 (5.12)

where a Peak heat generation value.
b Time of peak value occurrence.
c Width parameter of Gaussian distribution.

Peak heat generation value a is determined based upon the maximum heat transfer rate in the
weld bed region. Assuming r′ to be approximately equal to half the weld pool length which is
observed to be about 10 [mm], and the depth of the pool (wd) to be about the throat size of 4.2
[mm], then:

a = QV,max =
3 · η · UI

π · (r′)2 · wd
=

3 · 0.6 · 29.2 [V] · 190 [A]
π · (5 [mm])2 · 4.2 [mm]

= 30.3 [W/m3] (5.13)

The time width parameter c is estimated based upon the known welding speed of approximately
v = 6 [mm/s] [Hedegaard and Pedersen, 2016]. The time for the weld pool to cross a plane
section perpendicular to the welding direction is therefore:

c =
r

v
=

5 [mm]
6 [mm/s]

= 0.83 [s] (5.14)

The time of peak heat b is chosen so that QV,1 peaks 3 seconds into the analysis and QV,2 peaks
301 seconds into the analysis.
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5.2.2 Mechanical transient model

The mechanical model consist of two parts. First the residual stresses and their distribution are
calculated by the use of temperature T (x, y, t) and afterwards the cyclic loading is applied. The
two parts use separate boundary conditions which are described below.

Initial residual stress part

As described in chapter 4, macro residual strains accumulate due to localized nonuniform heating
that causes plastic deformations. One of the important relations used to couple the thermal and
mechanical parts is written through the thermal expansion in equation (5.15).

σth = E · α ·∆T (5.15)

where σth Thermal stresses.
α Linear thermal expansion coefficient.
∆T Temperature difference.

Note that the material is considered isotropic, homogeneous and phase transformation is
neglected. The initial part of residual stress calculation require a separate set of boundary
conditions, which are illustrated in figure 5.6. In reality, the specimen is free of external
constraints during welding, except equilibrium between weight and ground. If a simply supported
boundary condition is used, as shown in figure 5.6, then the freedom of the specimen to deform
is conserved, where the difference is that the center deflects downwards compared to the flanges
deflecting upwards in reality after cooling of the specimen.

E(T), ν(T), β(T), ρ

Figure 5.6. Boundary conditions and loading
for residual stress calculation part.

Figure 5.7. Boundary conditions and loading
for the cyclic loading part.

The cyclic loading part

After the calculation of residual stresses and ambient temperature is reached within the
specimen, cyclic loading in four point bending mode is initiated, as illustrated on figure 5.7.
The loading is simplified by rotation of vertical planes equivalent to the applied moment, as
described in section 5.1.3. The rotation is given by:

θ(t) = θa · sin (ω · t) (5.16)
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where θ(t) Equivalent rotation of planes.
θa Rotation amplitude.
ω Frequency of the cyclic loading.

Figure 5.7 illustrates the chosen boundary condition while θ(t) is active. The fixation in the
x-direction is necessary to ensure symmetric loading and no rigid body motion. Note that the
frequency ω of loading was relatively low during fatigue testing (0.1 to 2.5 [Hz]), meaning time-
dependency is not included in the model.
The mechanical model is based upon the principles of force equilibrium, geometric and
constitutive relations, which is covered from a discretization and solving perspective in section
5.4 and 5.5.

5.3 Material models

This section contains a description of which material properties and models that are included
in the FEA. The cyclic stress relaxation phenomena requires both temperature dependent and
nonlinear material properties to model. The main thermally related models necessary to include
in the analysis are shown in figure 5.8, with the following list as nomenclature:

• Young’s modulus E(T ).
• Poisson’s ratio, ν(T ).
• Thermal expansion coefficient β(T ) (shown in the figure in the form of expansion εth).
• Specific heat C(T ).
• Thermal conductivity k(T ).
• Constant density of ρ = 7850 [kg/m3] [Callister and Rethwisch, 2011].

In this project it is chosen to use available temperature dependent data instead of generating
the data by experiments. Empirical data, gathered from DS/EN 1993-1-2 + AC [2007], are
available as a collection of normalized temperature dependent data. These models can be used
for a wide range of different types of steels. However, this is not the case for hardening models,
which are described in section 5.3.1.
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Figure 5.8. Temperature-dependent material models used in the FEA.
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The weld bed region is assumed to have the same properties as the base material, even though
mechanical properties change from the base region towards weld bed. All properties are assumed
to be isotropic and homogeneous throughout the specimen. A final note on the material
assumptions is that the data from DS/EN 1993-1-2 + AC [2007] is obtained by steady-state
measurements, whereas the actual heat input and temperature for the welded specimen is highly
transient.

5.3.1 Discussion of hardening model for FEA

Plasticity is of significant relevance to the evaluation of the failure side tendency of the T-joints,
because over 60 % of the mild steel specimens and over 70 % of the high strength steel specimens
have been tested with stress ranges above 2·σyield. The test setup of four point bending results in
cyclic yielding and hardening in the upper and lower surfaces with an elastic core, meaning that
the toe region where crack growth occurs is strongly affected by the inelastic cyclic behavior.
Multiple different modeling formulations have been presented in appendix I which are discussed
in this section with relation to the prediction capability of cyclic relaxation of residual stresses.
A separate FE-model is generated for the purpose of the discussion, which is illustrated in figure
5.9.

d(t)

dm

da

Figure 5.9. Model configuration and discretization.

As illustrated, local inelastic deformation is enforced by a local stress concentration. Relaxation
effects are considered by applying a mean displacement dm with cyclic loading in the form
of a displacement amplitude da. Four material configurations are considered, where the more
detailed description of each is found in appendix I:

• Multilinear isotropic hardening.
• Bilinear kinematic hardening.
• Multilinear kinematic hardening.
• Chaboche kinematic hardening.

Figure 5.10 illustrates the results of the stress-strain relationships with the different material
formulations. It is clear that the isotropic hardening is able to model the change in size of the
yield surface, but is not able to model the Bauschinger effect or mean stress relaxation. This
is due to the fact that the hardening parameter K(κ) simply increases the size of the yield
surface until the maximum total strain, unloads and afterwards cycles elastically between the
new achieved yield strength.
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Figure 5.10. Results of the FE-model for comparison between material model formulations.

The bilinear kinematic hardening model stabilizes within one cycle. This means that no
relaxation of mean stresses can be predicted. This means that the proposed relation between
back stress flow rate and plastic strain flow rate was constant is not sufficient, see appendix I. The
expansion of the bilinear formulation to the multilinear formulation gives similar predictions as
expected, since the only real difference is that the plastic modulus have been allowed to change
between discrete values.
The Chaboche model clearly predicts both the Bauschinger effect and cyclic relaxation of the
enforced mean stresses. The s̄ijαdij term in equation (5.17), shown in appendix I, makes the
plastic modulus able to change when loading is reversed.

H = h

[
1− 3

2

s̄ijαij
σ̄effα∞

]
(5.17)

where H Plastic modulus.
s̄ij Deviatoric stress tensor.
αij Back stress tensor.
σ̄eff Effective stress.
α∞ Constant.

Due to this property, cyclic behavior like relaxation is possible to model. It is observed that
the stable cyclic curve of the Chaboche model does not stabilize around a zero mean stress
value. This is due to the dependency of strain amplitude [Landgraf and Chernenkoff, 1988].
The materials used during testing of the T-joints have been a combination of high strength
steel and mild steel, which are known to behave differently during cyclic loading. However, the
focus is on the mild steel specimens because the failure side tendency is larger in the mild steel
specimens, then the expected behavior is cyclic hardening.
This concludes the discussion, making the Chaboche model the choice of material model in order
to analyze how the residual stresses develop during cyclic loading of the T-joint specimens.

The hardening models are gathered from secondary sources, since DS/EN 1993-1-2 + AC [2007]
does not include hardening models. Instead the hardening data is gathered from Maciejewski
et al. [2012] and Dhar et al. [2011]. The data is shown in figure 5.11 and table 5.1.
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Figure 5.11. Temperature dependent hardening data.

Parameter C1 [MPa] C2 [MPa] C3 [MPa] γ1 γ2 γ3
Value 110000 14710 1609 3184 271 0.0

Table 5.1. Chaboche kinematic hardening parameters [Dhar et al., 2011].

5.4 Discretization of the model

The models presented in section 5.2 need to be discretized into finite elements in order to perform
the numerical analysis. This section describes the element formulation and distribution for both
the thermal and mechanical model, and it includes a description of the coupling between the
discretized formulations.

5.4.1 Thermal model discretization

The governing partial differential equation mentioned in section 5.2 is contained within a
particular functional Πp, which can be shown using calculus of variations [Cook et al., 2002].
The functional and boundary condition appropriate for the given plane, time-dependent isotropic
heat conduction problem can be written as [Cook et al., 2002]:

Πp =

∫
Fint dV−

∫
Fext dS; B.C. on S: fB = h · (Ts(x, y, t)− Tair) (5.18)

in which thermal forces internally and externally (Fint and Fext) are written as:

Fint =
1

2
kT 2

,x +
1

2
kT 2

,y −QV · T + C · ρ · T · Ṫ (5.19)

Fext = fB · Ts + h · Tair · Ts −
1

2
· h · T 2

s (5.20)

60 Group 3.209b, Aalborg University



5.4. DISCRETIZATION OF THE MODEL

where T,x, T,y First order partial derivatives of T with respect to spatial coordinates.
Ṫ Time derivative of T .
Ts Temperature on boundary S.
k(T ) Thermal conductivity of the material.
C(T ) Specific heat of the material.
ρ Density of the material.
QV Internal heat generation pr. unit volume.
fB Convective heat flux on boundary S.
h Convection coefficient.
Tair Constant ambient air temperature.

The choice of interpolation functions is dependent on the following convergence requirements:

• Approximated field of T must contain a complete polynomial of degree m or higher.
• Continuity across boundaries of T and its derivatives must be present through order m−1.
• Each element must be capable of exactly representing states of (a) uniform T , and (b)

uniform value of any derivative of T through order m.

As can be seen from equation (5.19) the potential contains spatial derivatives of 1st order,
meaning thatm = 1. Therefore the lowest acceptable order is used, which is linear interpolation.
The element formulation is chosen as a four-node plane rectangular element. The temperature
T (x, y, t) in each element is interpolated from nodal time-dependent temperatures {Te}, as in
(5.21).

T (x, y, t) ≈ bNc · {Te} (5.21)

where bNc contains four shape functions dependent on x and y. Now it is possible to insert
equation (5.21) and its derivatives into equation (5.19) and (5.20). Applying the principle of
stationarity and assembling all element matrices gives the following governing set of algebraic
equations:

[C(T )]{Ṫ}+ ([K(T )] + [H]) {T} = {RB}+ {Rh}+ {RQ(T )} (5.22)

where [K(T )] Conductivity matrix.
[C(T )] Specific heat matrix.
[H] Boundary convection matrix.
{RB} Heat flux vector.
{Rh} Boundary conditions vector.
{RQ(T )} Heat generation vector.

It is noted that the convection, specific heat and conductivity matrices are depending on the
state variable (temperature). As was evident in figure 5.8 page 57, the temperature relations
are not linear. This means that the set of equations for the thermal problem need to be solved
with a nonlinear solver, as described in section 5.5. The discretization is visualized in figure
5.12, where it is noted that a local refinement is made around the weld beds. This is due to the
fact that the temperature gradients are expected to be large in this region, meaning that a fine
mesh is required to capture the heat transfer more accurately.
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Figure 5.12. Discretization of the thermal model.

5.4.2 Mechanical model discretization

The discretization of the mechanical model is done with the same set of principles as the thermal
model. However, a great deal of complexity is necessary to introduce in the mechanical model,
namely:

• Inelastic material behavior.
• Nonlinear temperature dependent material models, as covered in section 5.3.
• Large displacements and deformations, meaning non-linear geometric behavior.

The residual stress formation and cyclic loading are both situations which in principle are time-
dependent. However, it is chosen not to formulate the problem as a time-dependent one, meaning
that no transient effects are accounted for in the mechanical model. This assumption is valid
since the frequency of cyclic loading is relatively low and the nonlinear hardening models can
still be formulated as rate-independent so that cyclic relaxation can be modeled.
The system is not conservative since it becomes path dependent in the inelastic material region.
The classical approach to formulate the governing equations is to use variational methods, where
it can be shown that the virtual work of a body, written in terms of Green strains and deformed
geometry, can be written as [Dym and Shames, 2013]:∫ ∫ ∫

V ∗
B∗i · δui dV ∗ +

∫ ∫
S∗

∗
T
(n′)

i ·δui dS∗ =

∫ ∫ ∫
V
σ̄ijδεij dV (5.23)

where Bi and Ti Body and traction forces respectively.
ui Displacements.
σ̄ij Kirchhoff stress tensor.
∗ Notation when written in deformed geometry.
n′ Normal directions in the already deformed geometry.
εij Green strain tensor.

This hold for all constitutive laws and it is further shown by [Dym and Shames, 2013] that the
principle of virtual work is sufficient to satisfy equilibrium of a body, even for large deformations.
The principle of mechanical FEM is to approximate the displacement field (ui), which is done
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using chosen shape functions ([N ]) and nodal displacements ({D}). The displacements are
related to strains through the strain-displacement matrix ([B]), derived from the shape function
matrix.

For nonlinear problems it is not possible to express the current stresses directly in terms of
current strains. Instead, a method is to write the incremental relation between stress rate ([σ̇])
and strain rate ([ε̇]):

[σ̇] = [Eep][ε̇] (5.24)

where [Eep] is the elasto-plastic matrix. At each material point, the constitutive relation of
equation (5.24) must be integrated over the load history to obtain the current stresses. The
global equilibrium of equation (5.23) is solved on a residual incremental form as the difference
between internal and external forces:

([KT ({D})]) δ{D} = −{R} (5.25)

where [KT ({D})] Assembled tangential stiffness matrix.
{D} Assembled nodal displacements.
{R} Assembled residual force contributions.

The stiffness matrix consists of different contributions due to all the nonlinearities in the
formulation and therefore generally consist of a system of nonlinear equations [Cook et al.,
2002].

The specific element formulation for the mechanical model is chosen through a convergence
analysis later in section 5.6. The initial discretization is shown in figure 5.13.

Figure 5.13. Discretization of the mechanical model.

Note that the discretization is done with a finer mesh than for the thermal model. This is because
stress gradients can still be large even where temperature gradients are not. The mapping of
temperature results from the thermal to the mechanical model is described in the following
section.
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5.5 Solving method

The set of algebraic equations in (5.22) and (5.25) cannot be solved in a single step due to the
nonlinearities described in the previous sections. This section describes the implementation of
solvers for both analyses and how they are coupled.

5.5.1 Thermal solver

It is chosen to solve the thermal analysis using a Quasi-Newton procedure, meaning that the
thermal matrix is only updated if the temperature dependent material properties change a
specific amount from one iteration to another. This significantly decreases solving time without
noticeable change in temperature results. Further decrease in solving time is done by varying
the amount of saved data throughout the analysis. When heat input QV,1 and QV,2 is activated
then data of every sub-step is saved due to the large temperature gradients, as shown in figure
5.14.

QV,1

QV,2

Figure 5.14. Example of how maximum temperature varies during analysis due to QV,1 and QV,2.

Otherwise temperature data is only saved at the last sub-step in each loadstep. The detailed
solution settings of the thermal analysis is shown in table 5.2.

Settings 1st and 2nd heating period 1st and 2nd cooling period
No. of sub-steps 20 1
Nonlinear formulation Quasi Quasi
Reformulation tol. 5 % 5 %
Results storage All sub-steps Last sub-step
Temp. convergence tol. 0.5 % 0.5 %

Table 5.2. Thermal model solver settings.

5.5.2 Mechanical solver

As explained previously, the residual stresses are estimated using temperature of the thermal
analysis. The procedure for calculating the residual stresses are what is done as sequential
coupled analysis, which is as follows:
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1. Sub-step i: Loading temperature values at all nodes from thermal mesh and mapping
values into mechanical mesh.

2. Solve sub-step for stresses with the given temperature change.
3. Sub-step i+ 1: Loading of new temperature values to estimate change in thermal stresses

together with previous temperature values.

This procedure is repeated for all load steps until ambient temperature is reached within the
body to a certain tolerance. After this, the cyclic loading is initiated. Both parts of the analysis
are solved using the Full Newton-Raphson (FNR) procedure in order to minimize divergence
issues. The FNR procedure is heavy on calculation time, which is the reason why all of the
mechanical model only saves results at the last sub-step within each load step. The details of
the solver settings of the mechanical model is shown in table 5.3.

Settings 1st and 2nd heating 1st and 2nd cooling cyclic loading
Initial sub-steps 10 1 10
Min. sub-steps 1 1 10
Max. sub-steps 70 1 10
Nonlinear formulation FNR FNR FNR
Convergence tol. 0.5 % 0.5 % 0.5 %
Results storage Last sub-step Last sub-step Last sub-step

Table 5.3. Mechanical model solver settings.

5.6 Model verification and validation

The two major sources of error in the model are modeling simplifications and discretization.
The model is evaluated in the following by first validating the thermal model via a comparison
with measured size of the HAZ. Hereafter, the uncertainty of the mechanical model with respect
to discretization evaluated using convergence analysis. Finally, the the residual stresses are
compared to measured values.

5.6.1 Validation of heat input and flow

The simplification of the heat input, described in section 5.1.2, introduce modeling errors.
Therefore, a validation of the heat flow in the specimen is made. This is done by plotting the
time step with peak temperature in the transition line between the HAZ and the base material,
as shown on figure 5.15. Note that the transition line have been found through experiments in
section 3.4.2.

Figure 5.15. Peak temperature in the transition line for first and last welded side, together with
indication of the experimental found transition line from section 3.4.2.

Group 3.209b, Aalborg University 65



CHAPTER 5. FEA OF CYCLIC RELAXATION IN THE T-JOINT

The peak temperature in the transition known to be approximately 700 [oC] [Kaplan and Murry,
2007]. Hereby the temperature and its distribution in the material correspond to the expected,
meaning that the thermal model is considered validated with respect to temperature distribution.

5.6.2 Verification of thermal residual stresses via convergence analysis

The error in residual stress estimation associated with discretization is evaluated by reading
stresses in a specified key point whilst refining the mesh. The first mesh size is h0 = 1 [mm],
which is equal throughout the entire model initially. The model is solved multiple times with a
smaller local mesh size (hi). Different element formulations have been used in order to further
ensure that the stresses converge to approximately the same values, independently on the element
formulation. The resulting convergence results are shown in figure 5.16 and 5.17.
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Figure 5.16. Convergence plot of transverse
residual stresses in FWS.

Figure 5.17. Convergence plot of transverse
residual stresses in LWS.

It is noted that; Q4 refers to 4-node isoparametric plane elements, Q6 refers to 6-node triangular
elements and Q8 refers to 8-node quadratic elements. The convergence results suggest that the
Q8 element have the most stable convergence rate. Therefore, the values of residual stresses
are estimated by extrapolation using the Q8 data points. The following was obtained linear
extrapolation of the results with the two smallest element sizes:

σFWS∞ ≈ 187.8 [MPa] (5.26)

σLWS∞ ≈ 259.7 [MPa] (5.27)

Where σFWS,∞ and σLWS,∞ are estimated residual stress values at infinitely small element size.
From Cook et al. [2002] it is stated that a reasonable estimate of the numerical uncertainty can
be determined using the relative change between the last calculated stress values (σFWSl,σLWSl),
and the extrapolated exact values:

s(σFWSl)% =
σFWSl − σFWS∞

σFWS∞
· 100% =

187.64 [MPa]− 187.8 [MPa]
187.8 [MPa]

· 100% = 0.09% (5.28)

s(σLWSl)% =
σLWSl − σLWS∞

σLWS∞
· 100% =

259.72 [MPa]− 259.7 [MPa]
259.7 [MPa]

· 100% = 0.008% (5.29)

The numerical uncertainty with respect the residual stress calculations have hereby been shown
to be of small magnitude when a mesh size corresponding to the last simulation, which is
hl = 0.005 [mm], is used. However, the calculation time with this small mesh size is not
convenient during the cyclic loading analysis. Using the same method with the smallest mesh
size of hl = 0.5 [mm] gives s(σFWSl)% = 0.13% and s(σFWSl)% = 0.035%, which also are
acceptable numerical uncertainties.
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5.6.3 Comparison to analytical solutions

The model results are evaluated by theoretical methods and similar existing experimental data.
The following comparison to analytical solutions of deformation and stresses is made:

• Bernoulli-Euler (B-E) deflection vs. deflection in the mechanical model for a prescribed
rotation.

• Bernoulli-Euler elastic-plastic bending stresses during loading and spring-back vs. stresses
from the mechanical model.

The analytical deflection curve is calculated using a formulation with a change of moment of
inertia across the weld. The elastic-plastic bending stresses are determined using only a perfect
plastic formulation. Details of the derivations of elastic-plastic bending and deflection are found
in appendix E and F, respectively.

Deflection comparison

The deflection is compared in the center of the specimen, where the results of both FEA and
B-E are shown in figure 5.18.
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Figure 5.18. Comparison of rotation vs. maximum deflection between analytical and numerical model.

As expected both models agree at small rotations. From 1-1.5◦ and upwards the results differ
due to nonlinear geometric and material formulations of the FEA model.

Elastic-plastic bending stress comparison

The elastic-plastic bending stresses of the analytical B-E can be determined both at loading,
unloading and hereby the resulting mechanical residual stresses. These results are shown in
figure 5.19 and 5.20 together with results from the FEA.

Appendix E includes the details for obtaining the theoretical elastic-plastic bending stresses. As
shown in figure 5.19 and 5.20, the bilinear and multi-linear formulations gives quite different
mechanical residual stresses. This is mainly due to the fact that the Chaboche model is able
to capture the transition to yield more smoothly, whereas the bilinear model has a sudden
transition point like the perfect plastic BE-model. It is however noted that the size of the elastic
core is more or less equal in both B-E and FEA with both hardening models, which is required
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Figure 5.19. Comparison between Bernoulli-
Euler beam stresses and FEA, which uses
bilinear isotropic hardening.

Figure 5.20. Comparison between Bernoulli-
Euler beam stresses and FEA, which uses
the Chaboche hardening formulation.

for the model to be valid with respect to the plastic bending stress state.
The results in figure 5.19 shows that the FE-model is consistent with theory. However, the
multi-linear model is considered to be more accurate with the real material, since it is based
upon experimental data.

5.6.4 Residual stresses compared to measurements

The residual stresses are evaluated by considering results from the literature, together with
what is obtained from chapter 4. Figure 5.21 shows each residual stress component along the
top surface of the model.

Figure 5.21. FEA distribution of residual stress components in the surface of the model. Note that the
colors of the measured components match with the prescribed model stress components.

The results clearly resemble the results from Ma et al. [1995] shown in figure 5.3, which was
expected since the thermal load and boundary conditions are similar. The measured residual
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stresses show the same tendencies as the numerical results. The measured residual stress in the
longitudinal direction (z ) show reasonable correlation with the numerical model, however the
transverse residual stresses (x ) are low compared to the measured value. This can be due to a
number of reasons, mainly the fact that the numerical model is simplified to a two-dimensional
domain. Additionally, the measured residual stresses have to a certain extend been affected by
the cold work process during manufacturing of the steel plates.

5.7 Evaluation of results

The goal of the numerical analysis have been to evaluate the cyclic relaxation of the residual
stresses in the T-joint specimens. This section contains a description of the main results with
focus on the weld toe stress state, the difference from side-to-side in cyclic relaxation and the
relaxation rate dependency on loading conditions. Finally, the stress concentration factor is
discussed using the FEA model.

5.7.1 Weld toe stress state during thermal and mechanical loading

The stress state at the weld toes during the entire numerical analysis is of interest to evaluate
initially. Figure 5.22 and 5.23 shows σx and σz in the weld toes, respectively, during the complete
numerical analysis.
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Figure 5.22. Numerical analysis results of
transverse residual stress (σx) development.

Figure 5.23. Numerical analysis results of
longitudinal residual stress (σz) develop-
ment.

It is noted that the cyclic loading conditions used in the analysis shown on figure 5.22 and 5.23
was chosen such that the outer surface of the specimen is in nominal yielding. The two thermal
loads initially creates a rather complex transient stress state, which cools to steady state values
until room temperature is reached. Mean stresses are achieved after steady-state, around the
magnitude of the yield stress of the material. Note that there is a clear difference from side-
to-side in residual stresses, both for longitudinal and transverse residual stresses. The cyclic
loading part of the plots show the cyclic relaxation behavior, which is especially noticeable on
figure 5.23 with the longitudinal stresses.
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5.7.2 Difference in cyclic stress relaxation from side-to-side

The difference in cyclic stress relaxation from side-to-side in the weld toe is evaluated in more
detail. This is done in order to determine how the residual stresses develop during cyclic loading
and whether the difference, observed in the numerical and experimental results, remain.

The residual stresses in the weld toes are estimated during cyclic loading by assuming them as
mean stress values, defined as:

σm = σP −
∆σ

2
(5.30)

where σm Mean/residual stresses during cyclic loading.
σP Peak stress value per cycle.
∆σ Stress range per cycle.

The longitudinal and transverse mean stresses are evaluated in both weld toes for the same
loading condition as the results shown in figure 5.22 and 5.23. This gives the cyclic relaxation
results shown in figure 5.24 and 5.25.

100 101

Cycles N

10-2

10-1

100

101

R
es

id
ua

l s
tr

es
se

s
σ

x
/
σ

yi
el

d

FWS
LWS

100 101

Cycles N

10-2

10-1

100

101

R
es

id
ua

l s
tr

es
se

s
σ

z
/
σ

yi
el

d

FWS
LWS

Figure 5.24. Cyclic relaxation of transverse
residual stresses (σx).

Figure 5.25. Cyclic relaxation of longitudinal
residual stresses (σz).

The cyclic relaxation plots show that both FWS and LWS residual stresses cyclically relax from
yield to about 10 % of the yield stress in less than 20 cycles. This is the case for both longitudinal
and transverse residual stresses. The ability for the residual stresses to contribute to damage
where primary crack growth occurs, is reduced significantly by this rather large relaxation rate.
The rate is dependent on amplitude of loading, which is discussed in the following section.

5.7.3 Cyclic relaxation rate dependence on loading conditions

The last part of the result evaluation aims to describe how the cyclic relaxation rate change
according to the change in loading amplitude. Over 60 % of the mild steel specimens and over
70 % of the high strength steel specimens have been tested with stress ranges above 2 · σyield.
From section 5.3 it was discussed how cyclic relaxation was dependent on magnitude of plastic
deformation, meaning that the cyclic relaxation rate must have an initiation state when local
yielding occurs. The transition from no relaxation towards the rapid relaxation rate observed in
figure 5.24 and 5.25 is of interest to model, since that will give an indication of how the residual
stresses have developed in the differently loaded T-joints. Figure 5.26 and 5.27 shows the cyclic
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relaxation rate at a range of different loading conditions. Note that the rotation amplitude θa
is described from equation (5.16).
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Figure 5.26. Cyclic relaxation rate of trans-
verse residual stresses (σx) with different
amplitudes.

Figure 5.27. Cyclic relaxation rate of longi-
tudinal residual stresses (σz) with different
amplitudes.

The dependency of plastic deformation is clearly observed, where it is seen that for θa = 0.9o,
almost no relaxation occurs, which also is consistent with the nominal stress amplitude only
reaching about 230 [MPa]. The relaxation rate at θa = 1.5o makes the residual stresses in both
directions reach almost zero within 10 cycles, where the nominal stress amplitude is about 350
[MPa]. The fatigue tests done by Hedegaard and Pedersen [2016] are all tested approximately
within the same range as illustrated in figure 5.26 and 5.27. This means that the residual stresses
are able to contribute to damage in the major crack development during the initial number of
loading cycles. They continue to contribute to damage until 10-20 cycles have been reached,
where most of the residual stresses will have been cyclically relaxed.

5.7.4 Weld toe concentration factor effect using FEA results

The effect of the stress concentration factor Kt in relation to the failure side tendency have been
investigated using the same FE-model as for cyclic relaxation. The FE-model is used because
the available analytical estimations, Neuber’s Rule in equation (5.31) and the linear rule in
equation (5.32) [Stephens et al., 2001], are not adequate when nominal yielding occurs.

Kε ·Kσ = K2
t Neuber’s Rule (5.31)

Kε =
ε

e
= Kt Linear Rule (5.32)

where Kε, Kσ and Kt Concentration factors.
ε and e Notch and nominal strain.

The geometry is chosen such thatKt in the elastic region is equal to the experimentally measured
average by Hedegaard and Pedersen [2016], which is Kt ≈ 1.8. The loading range is chosen such
that data from elastic to nominal inelastic loading is achieved, corresponding to the loading range
of the fatigue specimens. Figure 5.28 contains the resulting concentration factor development
while increasing the load on the specimen to nominal yielding. The results show that Kσ

rapidly decreases towards unity and Kε increases during development of plastic strains at the
toe. When nominal yielding occurs, then the Kε rate decreases, which is consistent with the
fact that nominal strain e starts to develop as fast as ε in the notch.
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Figure 5.28. Stress concentration factor development from elastic to nominal inelastic state of the
material.

It is now of interest to define a difference in toe radius to enforce a difference of Kt corresponding
to the data shown in figure 1.3 page 3. The toe radius of the specimens have been measured
to vary between 0.5 to 3 [mm] by Hedegaard and Pedersen [2016] and 1 to 1.8 [mm] by Hvatov
et al. [2015]. Figure 5.29 contains a plot of the concentration factors with different toe radius
values defined.
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Figure 5.29. Concentration factor development when decreasing the toe radius.

Both magnitude and rate of Kε has increased by increasing the toe, due to the increased amount
of plastic strain occurring. Based on this analysis it can be argued that since Kt is observed
to be largest in the last welded side of the mild steel specimens on average, then Kt should
have an effect on the failure side tendency. Furthermore, Kt is observed to be lowest in the last
welded side of the high strength steel specimens on average. The Kt side-to-side difference is not
of large magnitude, hence the failure side tendencies cannot be explained using these results.
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However, the Kt difference can be one of the reasons why the tendency is larger in mild steel,
compared to high strength steel.
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Conclusion of the

investigations 6
The aim of the project was to investigate the failure side tendency. This have been accomplished
through an investigation of four physical effects were identified as possible factors to cause a
side-to-side difference in the T-joint. The results and conclusion remarks are presented in the
following.

Presence of non-visible flaws: An initial ultrasound test using industrial test equipment
did not detect any flaws, which meant that more sophisticated method where used. The non-
visible flaws detection where made with scanning acoustic microscopy (SAM) and compared
with optical light microscopy (OLM). The following results were obtained:

• Mild steel: Flaws with an estimated size between 100 and 450 [µm] where found in the
specimen with a clear tendency of more flaws in the last welded side.

• High strength steel: The flaw occurrence seems to be less than in mild steel. Especially
the smaller flaws were not detected. However, a clear tendency for more flaws in the last
welded side were detected.

The flaws are found near the partial melted zone and are believed to be caused by solidification
cracking. Since these types of flaws, i.a., depend on initial grain size and presence of certain
chemical elements, then the lower tendency of flaws in high strength steel can, to some extend,
be explained. If it is assumed that all of the partial melted zone contain the same amount of
flaws, then the toe region of the last welded side could contain more flaws.

Change in mechanical properties: The mechanical properties where investigated through
hardness, grain size and heat affected zone size measurements, where the focus was to relate
the measurements to local strength differences. The toe region of the last welded side has lower
hardness, hereby a lower tensile strength in both mild and high strength steel. The Lower tensile
strength corresponds well to the larger grain size measured locally near the weld toe. Strong
materials are associated with worse low cycle fatigue properties compared to ductile materials.
However, it is not clear how the ductility difference from side-to-side is. The size measurement
of the HAZ in mild and high strength steel showed the same tendency of the HAZ to be over
37 % larger in the last welded side. This was explained, through Rosenthal’s equation, to be
caused by the preheating effect from the first welded side.

Side difference of residual stresses: Experiments using the hole drilling method were
conducted on mild and high strength steel specimens. The relieved strain was then related
to the residual stresses using derived analytical solutions that were adjusted using calibration
constants found from FEA. The results were:
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• Mild steel: The residual stresses showed the expected magnitudes with a tendency to
be larger in the last welded side at the location of the strain gauges. The difference is
approximately 50-60 [MPa] in the transverse direction.

• High strength steel: The results showed unexpected values. The cause of this is believed
to be the chosen measuring point, together with the difference in internal equilibrium
obtained after the welding process compared to mild steel. It was chosen not to use the
results in further analysis.

Hereby, the initial damage before cyclic loading has already been dealt. Cyclic relaxation of
residual stresses determines how much damage the residual stresses deal during cyclic loading.

Finite element analysis of T-joint: The numerical analysis has been performed with a
nonlinear finite element model, consisting of an initial thermal analysis, followed by a structural
analysis for cyclic relaxation of residual stresses. The model is verified through analytical
solutions and convergence analysis and validated towards obtained experimental data. The FE-
model was limited to mild steel, since no proper material data was available for the specific high
strength steel of the specimens. The model showed that cyclic stress relaxation was dependent
on the strain amplitude. If nominal yielding occur, then the residual stresses will decrease and
be close to zero after only 10-20 cycles. Cyclic stress relaxation were shown to decrease with
decreasing loading amplitude. The model was furthermore used to study the effect of the stress
and strain concentration factor, which showed that a change in for example toe radius will
amplify the strain concentration factor during nominal yielding.

Final remarks: It is concluded through the above mentioned results that the last welded
side failure tendency is due to a combination of more flaws, in a larger volume, and larger
residual stresses in approximately the 10 first loading cycles. This conclusion is taken due to the
clear difference in side-to-side results from the investigations and analyses. The reason why the
difference in mechanical properties is not believed to be the cause, is that the measured difference
is not significant enough. However, micromechanical effects cannot be ruled out completely, since
this was not the chosen scope of the project.

A suggestion for further work would be to study the complex macro- and microstructural
dependence on both heat input, filler and base material, preheating and geometric restraint
changes from side-to-side. This is of interest due to how dependent low cycle fatigue is of
material properties, like ductility and strength, and microstructure near the weld toe region
where the major crack occurs.
Another suggestion for further work would be to investigate whether the partial melted zone
have the measured flaw distribution near the weld toe region. Generally, it would be of interest
to analyze the flaw distribution in more detail in the T-joints, in order to clearly state which
flaw types are present, how they occur and what their relation to the major crack growth in low
cycle fatigue is. Furthermore, it would be of interest to investigate which processes could either
remove of minimize the amount and size of the flaws.
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Derivation of the Vickers

formula A
The definition of the Vickers hardness is given as in equation (A.1) [ISO 6507-1, 1997].

HV =
P

A
(A.1)

where HV Vickers hardness.
P The forced applied.
A Area of the deformed material.

The deformed area is in the shape of a pyramid due to the shape of the indenter used. The
annotation used is given in figure A.1.

Figure A.1. The annotation used in the following.

From a geometric consideration this area can be defined as the sum of the four triangle areas.
One triangle has the area defined as:

A1 =
1

2
· l1 · h1 (A.2)

where A1 Area of one triangle.
l1 Length of the base line for one triangle.
h1 Slant height of one triangle.

If it is assumed that the four triangles are identical then the total area (A) can be found as:

A = 4 ·A1 = 4 ·
(

1

2
· l1 · h1

)
= 2 · l1 · h1 (A.3)

The slant height (h1) can be found by:

sin (θ/2) =
l1/2

h1
=⇒ h1 =

l1/2

sin (θ/2)
(A.4)
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APPENDIX A. DERIVATION OF THE VICKERS FORMULA

Where θ is the angle of the indenter. Furthermore, the relation between side lengths and
diagonals (d1 and d2) is:

d21 = l21 + l22 (A.5)

Assuming : l1 = l2 ⇓

d1 =
√

2 · l1 (A.6)

⇓

l1 =
d1√

2
(A.7)

Note that the assumption of l1 = l2 =⇒ d1 = d2. If equation (A.4) and (A.7) is inserted in (A.3)
the following is obtained:

A = 2 ·
(
d1√

2

)
·
(

l1/2

sin (θ/2)

)
(A.8)

⇓

A = 2 ·
(
d1√

2

)
·

( d1√
2
/2

sin (θ/2)

)
(A.9)

⇓

A =
d21

2 · sin (θ/2)
(A.10)

It is often found in measurements that d1 6= d2 hence an average is used as:

d =
d1 + d2

2
(A.11)

Equation (A.10) is now inserted in the definition of the Vickers hardness (A.1):

HV =
P
d2

2·sin (θ/2)

(A.12)

⇓

HV =
2 · P · sin (θ/2)

d2
(A.13)

For all Vickers hardness test is θ = 136o [ISO 6507-1, 1997]. Therefore can equation (A.13) be
simplified to:

HV ≈ 1.845 · P
d2

(A.14)

Note that per definition the units of the force (P ) is in [kgf] and average diagonal (d) in [mm]
which returns the Vickers hardness (HV) in [kgf/mm2]. If it is desired to use the force in Newton
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[N] then the result has to be divided by gravity [ISO 6507-1, 1997]. The equation is converted
into SI-units by:

HV ≈ 1.845

9.82
· F
d2

= 0.189 · F
d2

(A.15)

Where F is the applied force in [N] hence the HV unit is [MPa].
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Results from hardness

measurements B
Hardness measurements where performed on a total of five test specimens, three in high strength
steel and two in mild steel. All measurements are made as described in chapter 3 where a result
from each type of steel is shown in section 3.2. This appendix consists of the result from the
remaining three specimens. Note that since this is an appendix, only the results are shown.

Results can be found on the next pages.
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APPENDIX B. RESULTS FROM HARDNESS MEASUREMENTS

Results obtained in mild steel

Figure B.1. Contour plot of the hardness in a mild steel specimen together with a picture of the grid
of indention marks. (OLM magnification 2.5x).
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Figure B.2. Mild steel specimen hardness measurements and uncertainties.
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Results obtained in high strength steel

Figure B.3. Contour plot of the hardness in a high strength steel specimen together with a picture of
the grid of indention marks. (OLM magnification 2.5x).
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Figure B.4. High strength steel specimen hardness measurements and uncertainties.
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APPENDIX B. RESULTS FROM HARDNESS MEASUREMENTS

Figure B.5. Contour plot of the hardness in a high strength steel specimen together with a picture of
the grid of indention marks. (OLM magnification 2.5x).
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Figure B.6. High strength steel specimen hardness measurements and uncertainties.
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Separations of variables in

hardness uncertainty C
The accumulated uncertainty of the Vickers hardness measurements from section 3.1.2 can be
found by equation (3.3), rewritten in equation (C.1).

s(HV ) =

√(
∂(HV )

∂C
· s(C)

)2

+

(
∂(HV )

∂F
· s(F )

)2

+

(
∂(HV )

∂d
· s(d)

)2

(C.1)

The partial derivatives in (C.1) is found and rewritten such that each variable is independent
on the other variables as given in equation (C.2) to (C.4).

∂(HV )

∂C
=
F

d2
= C1 · C−1 · F

d2
= C−1 ·HV (C.2)

∂(HV )

∂F
=
C

d2
= F 1 · F−1 · C

d2
= F−1 ·HV (C.3)

∂(HV )

∂d
=
−2 · C · F

d3
= −2d−1 · C · F

d2
= −2d−1 ·HV (C.4)

These are now inserted back into equation (C.1):

s(HV ) =

√(
HV

C
· s(C)

)2

+

(
HV

F
· s(F )

)2

+

(
−2 ·HV

d
· s(d)

)2

(C.5)

⇓

s(HV )

HV
=

√(
s(C)

C

)2

+

(
s(F )

F

)2

+

(
2 · s(d)

d

)2

(C.6)

As the uncertainty of C and F is low compared to d then these terms be neglected and the
uncertainty reduces to equation (C.7), which is the same as (3.4) in section 3.1.2.

s(HV )

HV
≈ 2 · s(d)

d
where: d =

d1 + d2
2

(C.7)
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Placing of strain gauges in

residual stress measurement

rosette gauge D
All the strain gauges, in the special design rosette gauges used in residual stress measurements,
are placed such that they measure radial strains. The explanation of this is given in this
appendix. The theory and principles of the residual stress measurement have been described in
section 4.2.1. This appendix uses the same assumptions.

Consider a thin plate that is infinity in the plane subjected to a uniform stress. The stress
components, for the plate with and without a hole, can be written as table D.1.

Plate without hole Plate with hole

σr0 =
σx
2

(1 + cos(2θ)) (D.1) σrh =
σx
2

((
1− a2

r2

)
+

(
3a4

r4
− 4a2

r2

)
cos(2θ)

)
(D.2)

σθ0 =
σx
2

(1− cos(2θ)) (D.3) σθh =
σx
2

((
1 +

a2

r2

)
−
(

3a4

r4
+ 1

)
cos(2θ)

)
(D.4)

τrθ0 = −σx
2

(sin(2θ)) (D.5) τrθh =
σx
2

((
3a4

r4
− 2a2

r2
− 1

)
sin(2θ)

)
(D.6)

Table D.1. Stress components, in polar coordinates, for the two thin plates subjected to a uniform
stress [Barber, 2002].

where subscript 0 Indicate that it is the plate without the hole.
σr Stress in radial direction.
σθ Stress in transverse direction.
τrθ Shear stresses in the r, θ-plane.

The change in stress state caused by the introduction of the hole can be found by subtracting
the two solutions from each other which gives;

∆σr = σrh − σr0 = −σx
2

(
a2

r2
− 3a4

r4
cos(2θ) +

4a2

r2
cos(2α)

)
(D.7)

∆σθ = σθh − σθ0 =
σx
2

(
a2

r2
− 3a4

r4
cos(2θ)

)
(D.8)

∆τrθ = τrθh − τrθ0 =
σx
2

(
3a4

r4
− 2a2

r2

)
sin(2θ) (D.9)

If it is assumed that the material is homogeneous, isotropic in mechanical properties and have
a linear elastic stress/strain behavior then Hooks law apply. This is then solved for the strain
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APPENDIX D. PLACING OF STRAIN GAUGES IN RESIDUAL STRESS
MEASUREMENT ROSETTE GAUGE

as in equation (D.10) and (D.11). Note the shear strain is not considered since this can not be
measured by a single strain gauge.

εr = −σx(1 + ν)

2E

(
a2

r2
− 3a4

r4
cos(2θ) +

4a2

r2(1 + ν)
cos(2θ)

)
(D.10)

εθ = −σx(1 + ν)

2E

(
−a

2

r2
+

3a4

r4
cos(2θ)− 4a2

r2(1 + ν)
cos(2θ)

)
(D.11)

The principal axes for the plate must be at θ = 0o and θ = 90o. Equation (D.10) and (D.11)
are now plotted along the principal axes to find the best strain gauge placement.
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Figure D.1. The relived strain at θ = 0o. Figure D.2. The relived strain at θ = 90o.

Figure D.1 and D.2 shows that at θ = 0 the radial strain significantly higher than the tangential
and at θ = 90o the radial strain is 6= 0 over a longer distance. As a consequence, commercial
strain gauges for residual estimation are often arranged to measure only the radial strains in the
test specimen.
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Elastic-plastic bending

stresses E
This appendix covers the derivation and calculation of elastic-plastic (assumed perfect plastic)
residual bending stresses of the specimen using a Bernoulli-Euler beam model. The following
loading sequence is considered in the calculations:

1. Loading of specimen by pure bending which creates yielding.
2. Unloading of specimen.
3. Mechanical residual stress formation after unloading.

The geometry is simplified by not considering the weld beds and body, so that the configuration
simplifies to a rectangular beam, as shown in figure E.1.

b=50 mm

h=6 mm

e
h/2

C1

C2

h/2+e 4e/3

σY=235 MPa

Figure E.1. Configuration of the specimen
cross section.

Figure E.2. Cross sectional stress distribution due
to pure bending.

The specimen is loaded by a bending moment which creates yielding in part of the specimen, as
shown in figure E.2. The initial goal is to obtain a model of the size of the elastic core size (e),
which then is used to describe the stress distribution during loading.
The moment where yielding occurs (MY ) is determined based upon the second moment of area
(I), height (h) and width (b):

MY =
σY · I
y

=
σY · b · h2

6
(E.1)

Equilibrium of the cross section gives:

M = C1 ·
(
h

2
+ e

)
+ C2 ·

4e

3
(E.2)

Where the cross sectional forces (C1) and (C2) are given by the yield stress, cross sectional area
and stress diagram area:

C1 = σY · b ·
(
h

2
− e
)

(E.3)

C2 =
σY · e

2
· b (E.4)
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Inserting equation (E.3) and (E.4) into equation (E.2) and isolating for e gives:

e = h

√
1

2
·
(

3

2
− M

MY

)
(E.5)

By prescribing the applied momentM somewhere aboveMY will give a certain size of the elastic
core. For a moment corresponding to 1.4 ·MY gives the elastic-plastic distribution shown in
figure E.3.

Figure E.3. Cross sectional elastic-plastic
stresses for M = 1.4 ·MY .

Figure E.4. Cross sectional mechanical residual
stress distribution after unloading.

The next step is to describe the unloading sequence. Assuming that the loading moment M
is equal to the unloading moment Mu due to the elastic spring-back effect, then the stress
distribution during unloading is simply:

σU =
M · y
I

=
12 ·M · y
b · h3

(E.6)

Using superposition with the stress distribution of the initial loading stress and equation (E.6)
gives the resulting mechanical residual stresses shown in figure E.4.
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Deflection derivation with

varying geometry F
The deflection of a Bernoulli-Euler beam with varying geometry with and a prescribed rotation
is presented in this appendix.
figure F.1 illustrates the configuration where maximum deflection is desired, which is at
x = L1 + L2 = L/2 where L is the total length of the specimen.

h1

h2

L2L1

x

EI1

EI2

Figure F.1. Configuration with simplified varying cross section.

The prescribed value is a fixed rotation (θ) at x = 0, which gives a constant moment (M0). This
gives a continuous deflection curve with which is described by the following deflection curve
equations:

E · I1 · ν =
1

2
·M0 · x2 + C1 · x+ C2 0 < x < L1 (F.1)

E · I2 · ν =
1

2
·M0 · x2 + C3 · x+ C4 L1 < x < L1 + L2 (F.2)

Known boundary conditions are:

Prescribed rotation at x = 0: θ0 : C1 = E · I1 · θ0
Zero deflection at x = 0: θ0 : C2 = 0

Zero rotation at x = L/2: θ0 : C3 = −1

2
·M0 · L

Additionally, continuity conditions on rotation and deflection at x = L1 are prescribed:

E · I2 · (L1 ·M0 + C1) = L1 ·M0 + C3 (F.3)

I2
I1
·
(

1

2
·M0 · L2

1 + C1 · L1

)
=

1

2
·M0 · L2

1 + C3 · L1 + C4 (F.4)

Solving the system of equations gives the remaining unknowns which are M0, C3 and C4.
Maximum deflection is then found at x = L1 + L2 using equation (F.2).
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Preparation of specimens

for optical light microscopy G
This appendix explains the preparations techniques that have been used to prepare the specimens
for optical light microscopy. The following steps have been used.

1. Abrasive grinding: This step is done manually on a rotating abrasive wheel which is
water lubricated. The specimen is subjected to a series of grinding operations, using
successively finer abrasive paper to a final grit size of P800.

2. Electro-polishing: The specimens are polished using a Struers Inctropol-5 electro-
polishing machine. The settings for this is discussed in the following section.

3. Etching: To be able to examine the microstructure, etching of the surface performed with
2 % Nital, a solution of alcohol and 2% nitric acid. This attacks the microstructure in
such a way that different structures will reflect light differently. It is noted that porosity
in general will appear as dark [Bringas, 2009].

Settings using electro-polishing

The Struers Inctropol-5 machine have standard settings for different materials. The settings for
mild steel have been used where the voltage have been adjusted, in order obtain the best finish
and avoiding pitting, as illustrated on figure G.1.

Figure G.1. Fundamental current density-voltage curve for electro-polishing [Lee et al., 2012].

When pitting occurs, it will leave traces on the surface that can be confused with porosity. It is
therefore impotent to know how to distinguish these.

G.0.5 Examples of pitting

Some specimens examined have showed tendency to pitting as shown in the following.
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Figure G.2. Pitting observed in the base
material of a mild steel specimen. (OLM
magnification 5x).

Figure G.3. Colony of pitting marks in
the weld material of a high strength steel
specimen. (OLM magnification 20x).

The pitting marks observed are all dark and small of size as shown figure G.2 and G.3. In
is noted that a limited amount of flaws where expected in the base material. Therefore the
observed is likely to be pitting. On figure G.4, a zoom of a pitting mark in the base material be
seen.

Figure G.4. Zoom and size estimation of a pitting mark in the base material of a mild strength steel,
(OLM magnification 50x).

Figure G.4 shown that the pitting marks can be distinguished from grains and phases on the
grain boundary, both regarding size and shape. Hereby, it is possible to avoid confusion between
pitting marks and flaws.
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Specimens used for

estimating HAZ size H
The following appendix consist of figures of the two additional specimens used to estimate the
HAZ. The measurements are made as described in section 3.4, where the results can be found
as well.

Figure H.1. Mild steel specimen with indication of HAZ. Note that the specimen has been used for
hardness testing as well.

HAZ 1000 μm

FWS LWS

Figure H.2. High strength steel specimen with indication of HAZ.
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Derivations related to

plasticity theory I
Plasticity is of significant relevance to the evaluation of the failure side tendency of the T-joints,
because over 60 % of the mild steel specimens and over 70 % of the high strength steel specimens
have been tested with stress ranges above 2·σyield. The test setup of four point bending results in
cyclic yielding and hardening in the upper and lower surfaces with an elastic core, meaning that
the toe region where crack growth occurs is strongly affected by the inelastic cyclic behavior.
This appendix consists of a presentation of the common modeling choices, followed by a
discussion about which material model to utilize in the finite element analysis of cyclic relaxation
in chapter 5.

main principles

The theory of plasticity will not be derived in detail since this is not within the goal of the
project. Instead, this section will shortly describe the main physical principles relevant to the
discussion of material models in the following sections.
The T-joint during loading is considered to be in a multi-axial stress state, meaning that the
uni-axial stress-strain relation needs to be expanded in order to model the state of the material.
The fundamental equation for this analysis is the general constitutive relation where plastic
strains are included:

σij = Dijkl · (εkl − εpkl) (I.1)

where σij Stress tensor.
Dijkl Elastic constitutive matrix.
εkl Strain tensor.
εpkl Plastic strain tensor.

As in many problems of solid mechanics, a potential is used to describe the development of
yielding. This potential function, or yield function (f) depends on the change of the internal
material state. This change is usually written in terms of some internal state variable (κ). The
mathematical formulation is given as:

f(σij , κα) = 0; Plasticity (I.2)

f(σij , κα) < 0; Elastic behavior (I.3)

The yield function describes the yield surface in the principal stress space. Certain properties
are needed in order to fully describe the development of the yield surface during loading and
unloading above yielding.

In terms of flow, as with fluids, a constitutive relation between the flow of the material and
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the change of the potential with respect to the stress state of the material is needed to formu-
late. For metals it can be shown that the potential is equal to the yield function of the material,
in other terms an associated material. Through Drucker’s postulate it can be shown that the
incremental plastic strain rate dε̇pij is normal to the yield surface and that the yield surface is
convex [Ottosen and Ristinmaa, 2005]. Mathematically this is stated as:

dε̇pij = dλ̇
∂f

∂σij
; dλ̇ > 0 (I.4)

Where λ̇ is the plastic multiplier. It is furthermore necessary to define a criterion by which
yielding occurs. It is common to use the von Mises yield criterion for this purpose and type of
material, by which the yield function becomes [Ottosen and Ristinmaa, 2005]:

F (σij) =

(
3

2
· sijsij

)1/2

− σy0 = 0 (I.5)

where sij Deviatoric stress tensor.
σy0 Initial uni-axial yield stress.

The stress-strain relation in the plastic region is determined by how the steel hardens, which in
terms of the yield function is dependent on the before mentioned internal state variable, making
the yield surface expand, change shape or displace. Formulations are needed to model these
mechanisms in the principal stress space.

Generalized plastic modulus

It is of interest to develop a parameter that can be related directly to the familiar stress-strain
curve. This is initiated by partial differentiation of the general yield surface equation, which
gives following consistency relation:

ḟ(σij ,Kα) =
∂f

∂σij
σ̇ij +

∂f

∂Kα
K̇α = 0 (I.6)

where ḟ Rate of the yield surface.
σ̇ij Stress rate.
K̇α Rate of hardening parameter.

The hardening parameter is assumed to depend on some internal variable κβ, which is a relation
that normally is determined experimentally. Writing Kα = Kα(κβ) in equation (I.6) gives:

ḟ(σij ,Kα) =
∂f

∂σij
σ̇ij +

∂f

∂Kα

∂Kα

∂κβ
κ̇β = 0 (I.7)

The next step is to ensure that the internal variables evolves during plastic deformation, called
evolution laws. The loading of the T-joints happens quasi-statically, meaning that the evolution
functions are based upon rate-independence. It seems reasonable to write the internal variables
to be dependent on plastic strain rate, and with equation (I.4) the evolution law can be stated
as:

κ̇α = λ̇ · kα(σij ,Kβ) (I.8)
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where kα(σij ,Kβ) is some function that needs experimental data to be defined. Inserting
equation (I.8) into gives:

ḟ(σij ,Kα) =
∂f

∂σij
σ̇ij −H · λ̇ = 0 (I.9)

⇓

H = − ∂f

∂Kα

∂Kα

∂κβ
kβ (I.10)

Where H is called the generalized plastic modulus, which can be simplified to be related directly
to the stress-strain curve derivative that most inelastic material data is extracted from.

Isotropic hardening

The change of shape and size in the yield surface of a homogeneous and isotropic material is
usually termed Isotropic hardening. The change in the yield surface is chosen to be formulated
by changing the yield stress term based on the internal state variable:

f(σij ,K) =

(
3

2
· sijsij

)1/2

− σy(κ) = 0; where: σy(κ) = σy0 +K(κ) (I.11)

The changing term K(κ) is called the isotropic hardening parameter. For a strain hardening
assumption, meaning that the internal state variable rate κ̇ = ε̇peff , then it can be shown that
the plastic modulus H is:

H =
dσy(ε

p
eff )

dεpeff
(I.12)

where H Plastic modulus.
εpeff Effective plastic strain.

This result of the plastic modulus shows that the increase of the yield surface is directly
proportional to the change in effective plastic strain.

Kinematic hardening

Kinematic hardening is discussed in this section with focus on the degree of complexity needed
to model and predict what happens with the material of the T-joints as cyclic loading occurs.
The displacement of the yield surface in the principal stress space is what is known as kinematic
hardening, and it is usually formulated in terms of the back stress tensor αij which essentially is
the displacement of the initial yield surface center position. Using the von Mises yield criterion,
the yield function is formulated as:

f(σij , αkl) =

(
3

2
· (skl − αdkl)(skl − αdkl)

)1/2

− σy0 = 0 (I.13)

Where αdij is the deviatoric part of the back stress tensor.
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Kinematic hardening - bilinear

From the yield function in equation (I.13) it can be shown through partial differentiation with
respect to σij and αdij , together with the flow rule in equation (I.4), that the plastic strains can
be written as:

ε̇pij = λ̇ ·
3 · (σij − αdij)

2 · σy0
(I.14)

At this point, it is of interest to prescribe a relation between the plastic strain rate and the back
stress deviatoric tensor. One of the classical assumptions of the relation is the Melan-Prager’s
evolution law, which basically is the following proposed relation [Ottosen and Ristinmaa, 2005]:

α̇dij = c · ε̇pij (I.15)

Which combined with equation (I.14) gives:

α̇dij = λ̇
3c

2σy0
(σij − αdij) (I.16)

The relation in equation (I.16) shows that the deviatoric back stress rate is normal on the yield
surface, due to the normality rule, with the direction of (σij − αdij).

Equation (I.10) shows the general formulation of the plastic modulus, which becomes the
following using the back stress formulation:

H = − ∂f

∂αdij

∂αdij
∂κkl

kkl (I.17)

where κkl Internal state variable.
kkl Evolution function.

Combining equation (I.17), (I.16) and (I.13) the following relation is derived:

H =
3

2
c (I.18)

Hence, if c is assumed constant then the plastic modulus is constant, giving a bilinear relation
between stresses and strains. This formulation is therefore able to model the change in
compressive yield at cyclic loading, also called the Bauschinger effect.

Nonlinear kinematic hardening - Multilinear

One of the simplest ways to expand the bilinear model to estimate nonlinear hardening behavior
is to generate multiple yield functions where each yield function have a defined plasticity modulus
as equation (I.18). This is written generally as:

fn = Fn − σyn = 0; n = 0, 1, 2, ... (I.19)

Fn =

(
3

2
·
(
skl − α

d(n)
kl

)(
skl − α

d(n)
kl

))1/2

(I.20)

Figure I.1 illustrates the multilinear hardening model for a uni-axial loading scenario, where the
yield surface basically is displaced in steps along the σ1 axis. The initial yield surface f0 reaches
the second yield surface f1 and so on, where exactly the same happens in the unloading scenario.
However, since the yield surfaces have been displaced already, then the reversal loading sequence
is twice as large
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Figure I.1. Toe stress values in the transverse direction with the same residual stresses from side-to-side
[Ottosen and Ristinmaa, 2005].

Nonlinear kinematic hardening - Chaboche

Many different models have been proposed in order to capture and predict the cyclic loading
behavior of either relaxation or ratcheting. One of the more famous models is the Armstrong
and Frederick model, which essentially is an enhancement of relation (I.15). The enhancement
of the back stress relation is written in equation (I.21) [Ottosen and Ristinmaa, 2005].

α̇ij = h ·
(

2

3
ε̇pij −

αij
α∞

ε̇peff

)
(I.21)

Making the same derivation steps as for the bilinear case, which is found in appendix I, the
plastic modulus H can be shown to be:

H = h

[
1− 3

2

s̄ijαij
σ̄effα∞

]
(I.22)

Where h and α∞ are constants. It is noted here that the s̄ijαdij part in the plastic modulus makes
it able to change sign depending on loading direction. This gives the Armstrong-Frederick
model an unique property, e.i. the ability to increase H when the loading is reversed. This
property is due to the added αij/α∞ε̇

p
eff term in the back stress formulation. Most finite

element formulations are done with the more recent Chaboche model, which basically is a
generalization of the Armstrong-Frederick model, based on superposition of several nonlinear
kinematic hardening rules to fit experimental data more accurately. The Chaboche formulation
is written as [Ottosen and Ristinmaa, 2005]:

αij =
m∑
n=1

αnij (I.23)

α̇nij = hn
(

2

3
ε̇pij −

αnij
α∞

ε̇peff

)
(I.24)
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The more recent formulation, which also is the formulation implemented in the FEA model of
chapter 5, is as follows:

α̇nij =
2

3
Cnε̇

p
ij − γnα

n
ij ε̇

p
eff (I.25)

Hence the model is dependent on the two material constants C, γ for each hardening cycle n.
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Description of heat diffusion

equation and Rosenthal’s

solution J
This appendix serves to support section 3.4 and 5.1.2 by describing the origin of the heat diffusion
equation formulation used. Furthermore, a description of how to obtain Rosenthal’s solution
based upon the heat diffusion equation is covered, with focus on the welding process.

Heat diffusion equation

There exists different ways of obtaining the general heat diffusion equation, where this section
will adopt the method of Reynolds transport theorem for a material volume formulation. The
derivation will not cover every single step, but serve to describe the origin of the thermal
formulation.

dV
V

A

dAi

ua

gi

ui
i

x
y

z

Figure J.1. Illustration of a material volume with material flow through and around.

The first law of thermodynamics is stated as:

Rate of change of stored energy = Rate of work + Rate of heat addition (net outflow)

Applying the definition of a material volume as illustrated on figure J.1 makes it possible to
write the first law of thermodynamics for a material volume using Reynolds Transport Theorem:

D

Dt

∫
V
ρ

(
e+

1

2
u2i

)
dV =

∫
V
ρgiuidV +

∫
A
σijuidAi −

∫
A
qidAi (J.1)
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SOLUTION

where ρ Density.
e Internal energy.
ui velocity.
gi Gravity.
σij Stresses.
qi Heat flux out of material volume.

Using Gauss divergence theorem to integrate all parts across the volume, then equation (J.1)
can be stated in partial differential form instead:

D

Dt
ρ

(
e+

1

2
u2i

)
= ρgiui +

∂σijui
∂xj

− ∂qi
∂xi

(J.2)

It is noted that multiple terms from the mechanical energy equation (equation of motion) on
partial differential form are present in equation (J.2). The equation of motion can be stated in
partial differential form as [M. et al., 2008]:

D

Dt
ρ

(
1

2
u2i

)
= ρgiui +

∂σijui
∂xj

+ p
∂ui
∂xi
− ∂qi
∂xi
− φ (J.3)

where p is pressure and φ is heating due to vicious dissipation. Subtracting equation (J.3) from
equation (J.2) gives:

ρ
De

Dt
= −p∂ui

∂xi
− ∂qi
∂xi

+ φ (J.4)

The left hand side is the internal energy increase. The first term on the right hand side is the
volume compression term, where the qi-term is the heat flux term.

The following assumptions are now applied with the weld process heat transfer in mind:

• Small flow speeds relative to the speed of sound. This helps to neglect the viscous
dissipation term.

• Flow temperature difference is small. This further helps neglecting viscous dissipation.
• Incompressible fluid conditions. This makes the compression term neglectable.
• Ideal gas. Makes it possible to write e = C · T , where C is specific heat of the material.

Using the assumptions in equation (J.4) and writing the partial differential in terms of ∇ gives:

C · ρ · DT
Dt

= −∇~q (J.5)

Note that the heat transfer term is re-written in vector notation. Assuming additionally that
the heat flux obey Fouries law where k is the thermal conductivity, then:

C · ρ · DT
Dt

= k∇2T (J.6)
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Exactly the same definition and derivation can be done with the additional term of internal heat
generation Qv from for example electric energy terms, which gives:

C · ρ · DT
Dt

= k∇2T +Qv (J.7)

This is the heat diffusion equation which is used in the following description of Rosenthal’s
solution of a welding heat flow.

Rosenthal’s solution

Rosenthal’s solution of equation (J.7) is based upon further assumptions related to the weld
process. The following assumptions are enforced:

• Energy input from the heat source used to make the weld is uniform and moves with
constant velocity along one axis.

• Infinite workpiece dimensions.

Defining the moving heat source in terms of new moving coordinate system by a distance ξ as:

ξ = x− v · t

where v is the welding heat velocity. Applying this to the heat diffusion equation gives [Messler,
2004]:

∂2T

∂ξ2
+
∂2T

∂y2
+
∂2T

∂z2
= −Cρ

k
v
∂T

∂ξ
+
Cρ

k

DT

Dt
(J.8)

Assuming quasi-stationary temperature distribution makes the transient term vanish, leaving:

∂2T

∂ξ2
+
∂2T

∂y2
+
∂2T

∂z2
= −Cρ

k
v
∂T

∂ξ
(J.9)

Defining the heat source from the arc welding process as the following:

Hnet =
q

v
=
ηIU

v
(J.10)

where Hnet Net heat input to the weld.
q Heat energy for arc welding process.
I Current.
U Voltage.
v Welding speed along the weld.
η Efficiency

If a plate is considered thick, then equation (J.9) can be solved when applying equation (J.10)
as boundary condition to give the following temperature distribution:

T − T0 =

(
q/v

2πkt

)
e−r

2/4αt (J.11)
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where T Temperature in the material.
T0 Initial temperature in the material before welding, e.g. preheating temperature.
t Time in seconds.
r Radial distance from the weld center, given by r2 = z2 + y2.
α Thermal diffusivity, given by α = k/ρC.
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