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Abstract:

This thesis treats spectral theory for
three-body quantum systems in one-
dimension.  Initially, a self-adjoint
Schrédinger operator for a system with
Dirac delta interactions is defined us-
ing a sesquilinear form. The exact do-
main of the Schrodinger operator is
specified, and the essential spectrum
is determined. To determine the essen-
tial spectrum a special case of the HVZ
theorem is proven. Results regarding
the resolvent of the Schrédinger opera-
tor is also proven. In the final chapter,
another case of the three-body quan-
tum system is considered. In this case,
perturbation theory is used to deter-
mine the existence of a discrete eigen-
value and the behavior of this eigen-
value as a function of the coupling con-
stant k. It is shown that for small val-
ues of k the behavior of the discrete

eigenvalue is O(k?).
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Preface

This report serves as my master’s thesis and has been written during my final
semester of the masters program in mathematics, at the department of Math-
ematical Sciences at Aalborg University. The subject of the report is spectral
theory of three-body quantum systems in the mathematical physics framework.

In the report, I construct the Schrodinger Operator corresponding to a three-
body quantum system in one-dimension with Dirac delta interactions. I give an
explicit description of the domain of the operator and prove results regarding
the resolvent operator. The thesis also contains proofs for results regarding the
essential spectrum and perturbation theory.

I have tried to keep the thesis as self-contained as possible, but the reader is
assumed to have basic knowledge of quantum mechanics, functional analysis and
real and complex analysis.

All figures are produced in InkScape unless otherwise stated. Citations are denoted
by square brackets with the authors name and the year of publication, e.g. |[Reed
and Simon| 1980]. The complete bibliography is found at the final page of the
report. Vectors are denoted in bold, and the Euclidean norm of a vector x is
denoted |x|. An integral with no limits is, unless otherwise stated, the integral

from —oo to +o0.

Finally, I want to thank my supervisor Horia Cornean for allowing me to disturb
him numerous times at his office, and his patient and excellent support during the
project.

Aalborg University, June 7, 2016

Jonas Have
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Danish Summary

I dette speciale er der arbejdet med spektral teori for en-dimensionale kvante syste-
mer bestaende af to partikler med endelig masse, og en kerne med uendelig masse.
Altsa sékaldte tre-legeme systemer. Emnet er valgt ud fra en generel interesse
i kvantemekanik og matematisk fysik, og pa baggrund af tidligere arbejde med

numeriske lgsninger af lignende systemer.

I kvantemekanik repraesenteres observable af et system som selv-adjungerede op-
eratorer. Med observable menes der egenskaber af et system som kan males,
det vil sige energi, position, impuls og sa videre. Hamilton operatoren, ogsa
kaldet Schrodinger operatoren, repraesenterer energien af systemet. Spektret af
Schrédinger operatoren bestar af de mulige energier af systemet. Energierne i det
essetielle spektrum hgrer til spredningstilstandende, og de diskrete egenveerdier
hgrer til de sakaldte bundne tilstande.

Derfor er det forste problem der arbejdes med, at konstruere en Schrodinger op-
erator for systemet bestaende af tre partikler der interagerer gennem Dirac delta
distributioner. Af de tre partikler i systemet har to partikler endelig masse, og den
sidste uendelig masse. Schrodinger operatoren, herefter noteret H, konstrueres ud
fra en sesquilinear form. Til dette anvendes en udgave af Lax-Milgrams ssetning.
En preecis beskrivelse af domeaenet af H gives til slut i Kapitel 2. I Kapitel 3 gnskes
det essentielle spektrum af H bestemt. Til dette anvendes Hunziker - van Winter -
Zhislin ssetningen, eller HVZ seetningen. En del af arbejdet i Kapitel 3 gar med at
bevise at seetningen holder for systemet repraesenteret ved H. Kapitel 4 omhandler
resolventen af H — 2z og den sékaldte frie resolvent. Der bevises en setning der kan
anvendes til at bestemme de diskrete egenveaerdier, men selve bestemmelsen af egen-
veerdierne er dog udeladt. Denne del af specialet er udarbejdet med udgangspunkt
i artiklen |[Cornean et al., 2006).

Det sidste problem der arbejdes med i specialet omhandler en anden variation af
tre-legeme systemet. I dette system har de to partikler med endelig masse modsat
ladning. Derudover anvendes ikke leengere Dirac delta interaktioner, men i stedet
en glat interaktions funktion. Der anvendes perturbations teori pa dette prob-

lem, specifikt anvendes Feshbachs formel. Til sidst vises eksistensen af en diskret



Danish Summary

egenveerdi, og dennes opfersel som funktion af koblings konstanten. Systemet der
arbejdes med i denne del af rapporten har interesse, da det kan anvendes som en

model for excitoner i en-dimensionale halvledere.
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Chapter 1

Introduction

In this chapter, we want to give a short introduction to the problems and theory
which we consider. The thesis is written in the mathematical physics framework.
Mathematical physics is the study of physical theories in a mathematically rigorous

framework.

The mathematical description of quantum mechanics is contained in the axioms
which were formulated by Dirac 1930 and refined by von Neumann in 1932. The
axioms state among other things that the state of a quantum system is represented
by a unit vector ¥ € H, where H is a Hilbert space. The axioms also state that
the observables of a quantum system are the set of self-adjoint operators on H,
and finally that the expectation value of an observable A in state v is given by
the inner product (1, AY). See e.g. [Hall, 2013].

Suppose we want to describe the energy of a non-relativistic particle moving in a
potential described by V. Inspired by the Hamiltonian from classical mechanics
the energy operator has a kinetic energy term and a potential energy term. Using

atomic units the quantum mechanical energy operator can be written as
1
- 5A +V, (1.1)

on the Hilbert space L?, and where A is the Laplacian operator. The energy
operator is usually called the Schrédinger operator in mathematical physics and
the Hamiltonian operator in physics. We will use the mathematical expression and

call it the Schédinger operator.

The systems we consider consist of three spinless nonrelativistic particles in one-
dimension with no external potential. All the systems we study are systems of
nonrelativistic spinless particles, and we will, therefore, refrain from mentioning
that they are nonrelativistic and spinless again. Since the system has no external
potential, the potential is simply due to the interparticle interaction. If v;;(z; —z;)

denotes the interaction between particles x; and x;, then the energy operator for
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this type of system must be of the type

2
H:—%Zi‘—F Z Uij(l’i—x]‘) (1.2)
i=1 71 1<i<j<3

where x1, 3, x3 denotes the position of the particles. For a given systems, the
first problem that might be encountered is showing that a Schrédinger operator
actually does exist, for that given system, and that it is self-adjoint. When the
existence of the Schrédinger operator H has been shown determining the possible
energies of the system is equivalent to the determination of the spectrum of H. The
spectrum can be decomposed into a discrete spectrum and the essential spectrum,
which we will define later. The discrete spectrum corresponds to the bound states
of the system, and the essential spectrum corresponds to the scattering states.

At first, the thought of one-dimensional quantum systems might seem like a math-
ematical abstraction with little to no physical meaning and no actual applications.
But as argued in [Pedersen) 2015| the one-dimensional systems appear for instance
in the study of quantum wires and carbon nanotubes. The case of excitons in
carbon nanotubes was treated in the article [Cornean et al., |2004].

1.1 Outline

We give here a short outline of the thesis.

In Chapter 2 we show the existence of a Schrédinger operator for a system with
Dirac delta interactions. Using the Lax-Milgram theorem we can associate a
Schrodinger operator H to a sesquilinear form, and show that the operator is
self-adjoint. The chapter is concluded with a description of the domain of H.

The next chapter addresses the determination of the essential spectrum of H. The
essential spectrum is determined using the HVZ theorem. The bulk of Chapter 3
is proving the HVZ theorem for the actual system we consider. Chapter 4 is about
the resolvent of H and the free resolvent. The main result from Chapter 4 serves
as a starting point for proving the existence of a discrete spectrum of H. We leave
out showing the existence of a discrete spectrum for H. This part of the thesis is
inspired by the work presented in |Cornean et al., 2006].

Chapter 5 deals perturbation theory for a system with interaction v € C§°, instead
of the Dirac delta interaction. The Feshbach formula and the Birman-Schwinger
principle is used to show the existence of a discrete eigenvalue. Furthermore,
the leading behavior of the eigenvalue is determined. In addition, an appendix
with miscellaneous results is included at the end of the report. The results are
predominantly from functional analysis and are included simply to keep the thesis
as a self-contained as possible.



Chapter 2

Construction of the Schrodinger
Operator

In this chapter, we will construct the Schrédinger operator of a system consisting of
a nucleus with infinite mass and two finite particles with finite mass. The particles
move in one dimension, and the particle interaction is modeled by the Dirac delta
distribution. As mentioned in Chapter [I|the Schrédinger operator of a three-body
system is given by . If one of the particles have infinite mass there is no kinetic
energy associated with that particle. Consequently, the Schrédinger operator of
the system have the form

192 10?2

H=—>2_ _ -7
20x2  20y?

+ A10(z) + A20(y) + A3 (z — ), (2.1)

where z,y are the position of the particles with finite mass and A\j, Ag, A3 € R.
The coefficients A1, Ao and A3 model the strength of the interparticle interactions,

and whether the interaction is repulsive or attractive.

We define the Schrodinger operator in (2.1]) as the self-adjoint operator associated
with the sesquilinear form Q(-, -) defined on H'(IR?), the first Sobolev Space defined
in Definition [A.3.2] The sesquilinear form @ is given by

Qf.9) = | [ VT Vo) e dy+ 0 [ T 0)g(a,0) do
2 [ FO90.) dy+ 2o [ T gt o) da, (22

where Ay, A2, A3 € R. Note that we use the convention from physics where the
form is anti-linear in the first argument, and linear in the second argument. We

will keep this convention through the whole report.

There are a few formalities which need to be in place before we construct the
operator. First of all, we need to show that functions of the type f(z,0), f(0,y)

3



Chapter 2. Construction of the Schrédinger Operator

and f(z, ) can be properly defined for functions in H'(R?). Next, we need to show
which properties a sesquilinear form should satisfy for us to be able to associate
a unique self-adjoint operator with it. Finally, we need to show that ) indeed
does have these properties. At the end of the chapter, we will have shown that the
operator H in is the self-adjoint operator associated with the sesquilinear form
(. Additionally, in the final section of the chapter, we give a precise description
of the domain of H.

2.1 Restrictions to hyperplanes

The first thing we need to consider before constructing the Schrodinger operator
is the definition of expressions such as f(z,0), f(0,y) and f(z,z). We show that
such functions can be properly defined for functions in H'(R?). This discussion
can obviously be generalized to functions f : R? — R which are restricted to
hyperplanes of R%. The section is based on results from section IX.9 in |[Reed and
Simon, [1975].

Note first that for f € L*(R?), the restriction of to a hyperplane of R? does not
have to be defined. This follows since the Lebesgue measure of a hyperplane in
R? is zero and L?-functions are not necessarily defined on sets with measure zero.
Instead, we show that functions in the Sobolev space H'(R%) can be restricted to

a hyperplane M of R%.

We only need the case d = 2. In d = 2 the hyperplane is a line, and without
loss of generality we can assume that the hyperplane is M = {(z,0) : Vx €
R}. If f € HY(R?), then the direct restriction of f on M might not be well
defined since H'(R?) ¢ C°(R?). Sobolev’s lemma, Theorem shows that
H*(R?) C C°(R?) for s > 1. But it does not tell us whether H*(R?) C C°(R?).
Actually it is possible to construct functions f € H'(R?), which are not in C°(R?).
Luckily we can avoid this problem by using Theorem [A-3.5] which states that
C>®(R?) N H'(R?) is dense in H!(R?).

For f € H'(R?) use Theorem to choose a sequence {f,} € C®(R?*)NH'(R?)
such that

| fn — fllgr — 0, for n — oo. (2.3)

Since f,, € C™ the restriction f(x,0) is well defined. Then we define the sequence
{gn}, with g, given by

n(x) = F(2,0) = % / ¢iF17 f (k) d, (2.4)

where k = (k1,k2) and dk = dk; dks. We show that g, € L?(R) for all n, and

that {g,} is a Cauchy sequence. If {g,} is a Cauchy sequence it converges to a

4
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unique limit g € L?(R), since L?(R) is a Hilbert space. First consider

|gn (@ / ‘ / eMef (k) diy

1 [ (1+k3)V? ik
o | g ¢ ] 20
2

1/2 o 2 1/2
S%(/ﬁ%) (/(Hk‘%) /e““fn(k:)dkl dk:g) .27

The final inequality follows from the Cauchy-Schwarz inequality. Next, we consider

[Ian@) az = ;;lﬂ Javmy| [ =i an
e / / (14 B)|Fo ()P dk (2.9)
< Cllfullr < oo, (2.10)

dksy (2.5)

2
dk‘Q dx (2.8)

for some constant C' > 0. The second equality follows from the Plancherel theorem,
Theorem 9.13 in |[Rudin) [1987]. We see that g, is indeed in L?(R). Repeating the
calculations for ||g, — gm||z2 and applying

11+ [K[)2 (f(k) = Fa(k)l|z2 — 0, for n — oo, (2.11)

which follows from the definition of Sobolev spaces, we can show that {g,} is a
Cauchy sequence in L?(R). Thus it converges to a unique g € L?(R). We define

f(2,0) := g(x).
The following theorem follows from the discussion above.

Theorem 2.1.1 Let f € .7(R?), where .7 (R?) is the Schwartz space in Definition
A.3.1 Aditionally, let Tasf be the restriction of f to a hyperplane M in R?. Then
Ty extends uniquely to a bounded map 7 : HY(R?) — L*(R). We call T the trace

operator.

Using Theorem it is now possible to restrict functions in H!(R?) to a line,
and the restriction is in L?(R). Thus, the sesquilinear form Q given by ([2.2) is
defined on H'(R?).

2.2 Lax-Milgram Theorem and Self-Adjoint Operators

In this section, we introduce the Lax-Milgram theorem and give a method for
associating to sesquilinear forms self-adjoint operators. The proofs in this section
are inspired by proofs in the notes [Helffer, 2010].

Let @ be a sesquilinear form defined on H x H, where H is a Hilbert space. We

begin by defining a specific property of a sesquilinear form.
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Definition 2.2.1
Let @ : H x H — C be a sesquilinear form, and H a Hilbert space. Then @Q is said

to be coercive on H if there exists 6 > 0 such that

QUf. NI = 8l fIP, Ve (2.12)

Recall, that a sesquilinear form ) on H x H is continuous if and only if there exists
a constant C' > 0 such that

QU 9l < ClfIlllgll, Vg €H. (2.13)

If Q is a continuous sesquilinear form, then Riesz representation theorem, Theorem
gives the existence of a bounded operator T' on H such that

Q(f.9) =(f.Tg), Vf.geH. (2.14)

With these properties in place, we are ready to state the Lax-Milgram theorem.

Theorem 2.2.2 (Lax-Milgram Theorem) Let H be a Hilbert space and Q a
continuous and coercive sesquilinear form on H X H. Then the map T, given by

(2.14)), is an isomorphism from H onto H.
Proof. Since @Q is coercive on H, we have that for some § > 0

SIfIP <1QUE NI = KLHTHI <ITLINFN, VFeH. (2.15)
This shows that d|| f|| < ||Tf||. Thus, T the inverse of T" exists.
We want to prove that the range of T, denoted by R(T), is equal to H. Let

{T fr} € R(T) be a convergent sequence with a limit g € H. Then by the coercivity
of @) there exists § > 0 such that

5an_fm|| S HTfn_Tme' (2'16)

Then {f;} is a Cauchy sequence, and hence convergent to a limit f € H. The
continuity of T gives that T'f = g € R(T). We have showed that R(T') is a closed
subset of . Assume that R(T") # H, then Theorem guarantees the existence
of a nonzero g € ‘H such that

(9., Tf) =0, VfeH. (2.17)

But by coercivity of @ there exists § > 0 such that §||g||*> < Q(g,9) = (g,Tg) =0,
since (2.17)) holds for all f € H, including g. But this implies that g = 0, which is
contradiction. So we have that R(T") = H.

Finally we show that 7! is bounded. For all g € H, there exists f € H such that
f =T7'g. Then the coercivity of Q gives that there exists § > 0 such that

SIFI = olT gl < IITfIl = lgll- (2.18)
Which shows the boundedness of T~ 1. O
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We now consider the Hilbert spaces V and H, where V C H. We assume that
there exists a constant C' > 0 such that

[fll< Clifllv, VfeV. (2.19)

Furthermore we assume that ) is dense in H. We can then associate to a sesquilin-
ear form @), which is coercive on V, an unbounded operator S on H. First we define
the domain of S as

D(S) :={g€V:3C>0st. |Q(f,9)| < Clflnllglln,Vf € V}. (2.20)

Then using Riesz representation, and the assumption that V is dense in H, we can
define Sg € H by

This leads us to the next result.

Theorem 2.2.3 Let V and H be Hilbert spaces satisfying the assumptions men-
tioned previously, and let S be the map defined by (2.21). Then S is bijective from
D(S) onto H and S~ is a bounded linear map on H. Furthermore, D(S) is dense
m H.

Proof. The proof is quite similar to the proof of Lax-Milgram’s theorem, but with
a few subtle differences. First we prove that S is an injective map from D(S) to
H. Let § > 0 be given by the coercivity of @ on ¥V and consider

3lI£113 < COllfIG < ClQS, £)l = CIF, S fhal < ClSFllal fline, (2.22)

for all f € D(S) and C > 0. Then |/ f|lx < C|Sf|ln for all f € D(S), this

proves that S is injective. Next we show that S is a surjective map. If h € H then
(-, h)3 defines a linear functional on V. Then Riesz representation guarantees the

existence of a unique g € V such that

(f,hyu = (f.g)v, VfeV. (2.23)

Lax-Milgram’s theorem gives the existence of a map T such that w = T~1g € V,

and which satisfies

QUf,w)=(f,9)v, VfeV. (2.24)
But then w must be in D(S) since

and Sw = h. It follows that h € R(S) and since h was arbitrary S is surjective on
H. The continuity of S~! comes from the inequality 6| f||% < C||Sf|l%.



Chapter 2. Construction of the Schrédinger Operator

Finally, we need to show that D(S) is dense in H. If D(S) is dense in #, then
D(S) = H and D(S)*+ = {0}. We take an element in f € H such that

(9: )n =0, Vge D(S). (2.26)

But since S is surjective on ‘H we can find h € D(S) such that f = Sh. Then by
(2.26]), we must have that (Sh,h)y = 0. But then the coercitivity of @ implies
that f = 0. This concludes the proof. O

We now introduce a result which shows when the operator associated to a sesquilin-
ear form is self-adjoint.

Theorem 2.2.4 Let () be the sesquilinear form used to define the operator S in
(2.21). If Q is symmetric, then

1. S is closed
2. S is self-adjoint
3. D(S) is dense in V.

Proof. We begin by proving statement 2. Note that if ) is symmetric, then S is
a symmetric operator. But S symmetric implies that

D(S) C D(5%). (2.27)

Take f € D(S*). By Theorem we have that S is surjective, then there must
exist a fo € D(S) such that
Sfo=S5"f. (2.28)

The symmetry of S and the definition of an adjoint operator gives

But then (Sg, fo — f) = 0 for all g € D(S). Since S is surjective we have that
fo = f. This implies that D(S) = D(S*) and Sf = S*f for all f € D(S). Then
S is self-adjoint. Statement 1. follows from Theorem VIII.1 in [Reed and Simon,
1980 which tells us that S* is closed. Thus, S is closed since it is self-adjoint.

Finally, we prove statement 3. Let f € V such that
(f.ghv =0, Vge D(S). (2.30)

By Lax-Milgram’s theorem we have a linear map A which is an isomorphism of V
onto V. Then we can write f = Ah for some h € V. Then we have

But since S is a surjective map we must have h = 0, and consequently f = 0.
Then D(S) is dense in V. O

8



Construction of the operator

In this section we have shown how to associate operators to sesquilinear forms,

and what the sesquilinear form needs to satisfy for the operator to be self-adjoint.

2.3 Construction of the operator

We are now ready to show that a self-adjoint operator can be associated to the
sesquilinear form given by (12.2)).

We begin by defining another sesquilinear form Q on H'(R?) x H'(R?). We then
show that we can associate a self-adjoint operator to the form Q, and afterward
use this to associate a self-adjoint operator to the sesquilinear form in ([2.2)). Define

Q by
Qt9) =5 [[FT@w) Vowg) dody+ 21 [ Fa0lg(,0) do

+ A2 /f(O,y)g(O,y) dy + Aa/mg(ﬁvx) dz + A (f,g)r2, (2.32)
where A > 0 and Aj, Ag, A3 € R.

We want to apply Theorem [2.2.3] and the associated result from Theorem [2.2.4] to
construct a self-adjoint operator. To apply Theorem we note that H'(R?)
is dense in L?(R?) and that

I Fllze <N fllees Vf € HY(R?). (2.33)

So we just need to show that Q is coercive and continuous on H L(R?) to apply
Theorem To show that, we need the following lemma.

Lemma 2.3.1 Let f € H'(R?). Then the following identity holds
2 2 Con2
(2, 0)F de < eCll fllgn + Z 1 fllz2, Ve >0, (2.34)

where C' > 0.

Proof. The proof follows from direct calculations similar to those before Theorem
so we skip some of the details. Take M > 0 and write (M + k2) in the final

inequality in (2.5)), then we have
9 1/2
dk:g) .

1 dky \'?
o< 5 ([ 7) </<M+k%)
) 1/2
dk2> . (239)

Substituting ko = v Mz, in the first integral we find
9

/ e*T f(k) dky

/ e*1 f (k) dk,

o< g ()" ( Jar+w
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Using Plancherel’s theorem we find that

[ @0 dr < = [0r+ kP ak (2:30
_ o B 12 2N P12
== (r- [17wras [ kelfoR )
< VA + = Il

Since this holds for arbitrary M > 0, we have that (2.34]) holds for alle > 0. O

Note that equivalent results holds for f(z,0) and f(x,z). From the previous result

it is also obvious that the following inequlity holds for some constant C' > 0.

1/2 C
([ir@orar) <<Ciflm+ Siflie ve>0. )

We are now ready to show that @ is continuous and coercive on H* (R?). We begin
by showing continuity, that is |Q(f, ¢)] < C||fllz1llgllz for some constant C' > 0
and for all f,g € H'(R?). Using the Cauchy-Schwarz inequality and Lemma m
we see that

QU )| < I F et gl e+ 3C* el flln + € I Fllz2) gl + e gllz2)
+ Al Sl 2 llgll 2
< (1+3C% (e + 72 +2) + Ml gl = Cllf gl

for some constant C' > 0 and for all f, g € H'(R?).

Next we want to show that Q is coercive on H'(R?). We need to show that there
exists & > 0 such that is |Q(f, )| > 8| f|13; for all f € HY(R?). By Lemmam
we see that for all ¢ > 0 and f € H'(R?) we have

1 1
QUEND = SIFlIEn = Sl = 3K flEn = e IFIIZ2) + I, (2:38)

where K := C' - max{|A1], |A2],|A3]} > 0. We can choose A in the definition of the
sesquilinear form Q to be \ := % +3Ke ! > 0. Then

QUL = 513 = 3K 1B = (; - 3Ke> |flFns  Vf € HY(R?), (239)

which holds for all € > 0. That is we can choose € small enough that % —3Ke > 0.
Then Q(f, g) is coercive on H'(R?).

We can now apply Theorem to the sesquilinear form @ and obtain an operator
S which is bijective from D(S) onto L?(R?). The operator is given by the relation

Q(f.9) = (f,59)12, Vfe H'(R?). (2.40)

10



Domain of the operator

By the properties of the Lebesgue integral we also have that @) is Hermitian, and
then by Theorem [2.2.4] the operator S must be self-adjoint. We represent the
operator S formally by

102 10
2022 2042
where A1, A2, A3 € R, A > 0 and 1 is the identity operator.

S = + Ad(z) + A20(y) + A30(x — y) + A1, (2.41)

Note that the operator H := S — AL, for A € R, is self-adjoint. This is the
operator associated with the sesquilinear form in (2.2)), and representing the system
of interest.

2.4 Domain of the operator

In this section we want to give a detailed description of the domain of the oper-
ator H defined in the previous section. For simplicity of notation, it is easier to
determine the domain of the operator H associated to the sesquilinear form given
by

Qf.g) = / Vi) Vgle.y) dedy + A / F(@.0)g(z,0) da
+Az/f(0,y)g(07y) dy+A3/f(rc,m)g(w7rc) dz, (2.42)

where f,g € H'(R?). The domain of the operator associated to is the same
as the operator associated to . We also note that the derivatives of functions
in H'(R?) and H?(R?) should be understood in the distributional sense. More on
the derivatives of distributions is available in [Reed and Simonl |1980].

By (2.20) and Theorem the domain of H is defined to be
D(H)={ge H'(R*) :3C > 0,Vf € H'(R?), s.t. |Q(f,9)| < C||fllz2}. (2:43)

We want to give a description of the functions which are in this domain. To do
this define the subset  C R? by

Q:={(2,0)eR*: 2 c RYU{(0,y) e R?: y e R} U {(z,z) € R?: 2 € R}, (2.44)
and the subset Q,, C R? by
Q= {(z,y) eR? 1z € [-m,m],y € RYU {(x,y) € R :y € [-m,m],z € R}
U{(z,y) ER?: 2 € Ry € [z —m,z +m]}, (245)

where m > 0. Similarly, we have the subset Q¢, := R?\ Q,,. This subset is
illustrated in Figure 2]

Before we prove the first result regarding the domain we need the following lemma.

11



Chapter 2. Construction of the Schrédinger Operator

A x:y

Figure 2.1: Illustration of 2,

Lemma 2.4.1 Let f € HY(R?) and g € H'(R?) N H%(R?\ Q). If g satisfies
I ' o .
leiﬁr)l/f(x,()) [(ayg(x, —€) — ayg(:c,e)] dr = )q/f(:v,O)g(ac,O) dx (2.46)

i [ 70.0) | gnot-e) — o oten)| dy =2 [ FO00) s (247
and

liﬁr]l/f(m, z)[Vg(x,x —€)-v—Vg(z,z+¢€) v] dr = Ag/f(x,x)g(x,x) de,
(2.48)
where v = 1/v/2(—41 + j) and A1, A2, A3 € R. Then the following identity holds

Vf-ng:cdy:—/

FAg dv dy — A / F(@,0)g(x,0) du
R2\Q

R2\Q

o / F0.9)9(0, ) dy — s / @ 2)g(z,2) do. (2.49)

Proof. Let f € H'(R?) and g € H?(R?\ ). To prove the lemma we would like
to apply Green’s first identity on the left-hand side of (2.49). Green'’s first identity
is given by

/Vf~ngxdy:—/ ngdmdy—l—?g fVgduv, (2.50)
U U oU

where U C R2, 9U is the boundary of U, and v is the unit normal vector of OU.
The immediate problem with applying this identity to the left-hand side of (2.49))

12
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is the restriction of Vg to the boundary of R?\ €. The boundary of R?\Q is exactly
the lines in . The restriction of Vg to these lines is not necessarily defined, since

the partial derivatives of g are in H'(R?\ ), and thus we cannot apply Theorem
211

Instead, we consider what happens close to the lines in 2. Let n € N and y, be

the characteristic function given by

L if (z,y) € QF ),

(2.51)
0, lf($)y) S Ql/n’

Xn(-% y) =

where €2y, is given by (2.44). By the dominated convergence theorem, p. 26 in
|Rudin, [1987], we have

Vf -Vgdxdy = lim xnVf-Vgdrdy (2.52)
R2\Q n—o0 R2\Q
= lim Vf-Vgdxdy, (2.53)

for all n € N. We are able to apply Green’s first identity to the integral in (2.53)),
since the restriction of Vg to the boundaries of f In is well defined for all n € N.
Green’s first identity gives

Vf - Vgdedy = — fAgdz dy—l—% fVgdo, (2.54)
where 092, is the boundary of the set ¢, | and v is the outward pointing unit

1/n 1/n’
normal vector of BQE In’ From the definition of Q‘f Jn We see that the second term

in (2.54)) consist of terms of the type
© 70 — 0
1/n 8y 83/
Rewriting (2.55)) and taking the limit as n goes to infinity we get

lim G(z,n) =— lim 0Of(x,O) [8g(a:,—1/n) ~ oy (a;,l/n)} dz. (2.56)

n—00 n—00 /1 /p oy

If we pair all the terms of the final integral on the right-hand side of (2.54) in
suitable pairs and take the limit for n — 0o, we can use the dominated convergence
theorem and the assumptions in (2.46)), (2.47) and (2.48]) to find

Vf-ng:cdy:—/

TAgdedy — Ay / F(z,0)g(x,0) dz
R2\Q

R2\Q

e [ FO90.5) dy ~ 2o [ T lg(a,) do
This concludes the lemma. O

13



Chapter 2. Construction of the Schrédinger Operator

This next result shows that the functions which satisfies the previous lemma are
actually in the domain of the operator H.

Theorem 2.4.2 Let H be the self-adjoint operator associated with (2.42)) and let

g € HY(R?) N H2(R?\ Q). Assume furthermore that g satisfies (2.46)),([2.47) and
(2.48). Then g € D(H).

Proof. Let f € H'(R?) and let g be as in the theorem. Note that

Vi@.y) - Vole,y) dzdy = / Vi) Vya.y)dedy,  (257)
R2 R2\Q

since {2 has Lebesgue measure zero. Applying Lemma [2.4.T] we see that

Q9= | [, T mgey)dedy (2.58)
R2\Q
< |Agllez o) 1 f 2 ®2\0) = Cll fll 22 ®2), (2.59)
then g € D(H) by (2.43). O

The inclusion of the functions satisfying Lemma in D(H) have now been
shown. We want to show that the opposite inclusion holds aswell. Proving this

inclusion is somewhat more difficult. We will define a family of functions ¢, »r €
C>®(R?), where 0 < ¢, pr(z) < 1 for all x € R?, as

0, =€,
Gm,m(T) = (2.60)
1, xe€Qf,,

where 0 < m < M. That such a family of functions actually do exist is something
that should be proven. But we will skip that proof, because it does not fit the

scope of the project.

To prove the opposite inclusion we need the following two lemmas.

Lemma 2.4.3 Let Q be the sesquilinear form given by (2.42), and H be the self-
adjoint operator associated with Q. If f € D(H) and ¢ € C°(R?), where
0<m< M. Then fom € H*(R?).

Proof. We denote ¢,, s by ¢. By the definition of Sobolev spaces and Plancherel’s
theorem we just need to show that A(f¢) € L?(R?). Let ¢ € D(R?), the set of
test-functions defined on p. 148 in [Reed and Simon) 1980]. Then by the definition

14
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of the distributional derivative, we have

(0, A(f9)) = =(V, V(f9)) (2.61)
—(V¢, fVo+ oV f) (2.62)
=—(V, fV¢) = (VY,0V) (2.63)
—(V, fV¢) = (¢VY, V f) (2.64)
—(V, fV§) + bV, V) = (V(¥9), V f) (2.65)
(2.66)

=, V- (fV9)) + Ve, V) = (V((9), V[).

But by the definition of ¢ we have that

M / (@) (@, 0)f(,0) dz = 0 (2.67)
Ao / (00)(0,9)£(0,y) dy = 0 (2.68)
A / (@)@ 2) f(z,7) dz = 0, (2.69)

Then the definition of @ and implies that
(0, A(f9)) = (b, V- (fVP)) + (vV, V) = Q¥¢, f). (2.70)
Since f € D(H) we find
0, A(f¢)) = (¥, V- (FV9)) + (¥, (V) - (V) = (b, oH f). (2.71)

This holds for all ¢ € D(R?), so we must have

Alfo) =V - (Vo) + (V) - (V) - oHf (2.72)
= [A¢+2(Ve)-(Vf)—oH[. (2.73)

By the definition of ¢ we know that A¢ is bounded, which implies that fA¢ €
L?(R?). Furthermore V¢ - Vf € L?*(R?), since f € H'(R?) and the partial
derivatives of ¢ are bounded. Finally, since f € D(H) and H : D(H) — L?*(R?)
we know that Hf € L?*(R?) and consequently ¢H f € L?*(R?). This shows that
A(f6) € T2(R?). O

Lemma 2.4.4 Let f € H'(R?). Then f € HY(R?)N H%(R?\ Q), where ) is given
by , if and only if dm i Af € L*>(R?), and

tin [ 6nuaf @) do < . (2.74)

for all0 <m < M.
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Proof. Assume that f € H'(R?) N H?(R%?\ Q). Then Af € L*R?\ Q) by
Plancherel’s theorem and the definition of Sobolev spaces. This implies that
G Af € L2(R?) for all 0 < m < M. Additionally, we know

|Om. A ()| < [Af()], (2.75)

for all 0 < m < M and & € R?\ Q. Furthermore, ¢, yAf(z) — Af(x) for
M 0. Then by the dominated convergence theorem

lim/ (b ar Af ()2 da = / IAf(@)]? da < oo, (2.76)
M0 JR2 R2\Q
This concludes the first part of the proof.

Assume conversely that ¢, yAf € L?(R?) and that (2.74) holds for all 0 < m <

M. Then by the dominated convergence theorem

/ |Af(x)]? dz = lim / [P Af(2) dze < oco. (2.77)
R2\Q M0 JR2
Then Af € L?(R?\ ), and consequently, f € H'(R?) N H2(R?\ Q). O

We are now ready to prove the first part of the inclusion. We begin by showing
that if f € D(H), then f € HY(R?) N H?(R?\ Q).

Theorem 2.4.5 Let QQ be the sesquilinear form given by (2.42)), and H be the self-
adjoint operator associated with Q. If f € D(H), then f € HY(R?) N H?(R?\ Q).

Proof. Assume that f € D(H). We then want to show that f satisfies the
conditions in Lemma Obviously f € H'(R?).

We begin by showing that ¢, ;A € L%(R?) for all 0 < m < M. By Lemma m
we know that A(¢, v f) € L2(R?), for all 0 < m < M. Let ¢ € D(R?), then

<¢7 A(Qbm,Mf» = <¢7 ¢m,MAf + 2Vf : VQbm,M + fA¢m,M> (278)
Since ¥ was arbitrary we have
A(Pmmf) = dmmAf +2V -V + fAGm M- (2.79)

But Vf - Vo € L2(R?) and fA¢y, ar € L2(R?). Then ¢,y Af € L2(R?), for
all 0 < m < M. Note also that by (2.79) and (2.73]) we have

(bm,MAf = _¢m,MHf- (280)
We now need to show that (2.74) holds. But using (2.80) we have

li mm AF? dz = i o H 1 d 2.81
]\%/M,Mfl T A}[%/’(JS,M [ dx (2.81)
§/|Hf2da:<oo, (2.82)
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for all 0 < m < M, since Hf € L?*(R?). Applying Lemma concludes the
proof. O

Finally, it only remains to show that if g € D(H), then (2.46)), (2.47) and (2.48)
holds.

Theorem 2.4.6 Let Q be the sesquilinear form given by (2.42)), and H be the self-

adjoint operator associated with Q. If g € D(H), then (2.46), (2.47) and (2.48))
holds.

Proof. Let g € D(H) and f € H'(R?). We write Q(f,g) as

Qf.9) = / Vi Vgdedy+O(f,g), (2.83)
]RQ
where
Q(f.g) = /R 7, 0)g(,0) i + /R F(0,9)9(0,) dy + /R T D)g(e, x) de. (2.84)

We can then split the first integral in (2.83)) into two integrals, and write
Qo) = [ VT-Vededy+ [ VF-Vgdedy+Qfg).  (289)
Qﬁ 937,
where M > 0 and 2/ is given by (2.45)). We use Greens first identity on the first
integral in (2.85)) to obtain

Vf-Vgdzdy = —/ fAgdx dy + fVg- dv. (2.86)
O

ok 0%

But ¢, as is identical one on Qh by the definition of ¢y, as, then we can write
- fAgdxdy = — / fommAg dx dy. (2.87)
2 Q
We also have that —¢,, ;A9 = dmmHg by (2.80). If we take the limit when
M — 0 of (2.87)) and use the dominated convergence theorem, we find that

dm [ Fomantgdo dy = (f.Hg) = Qf.9). (2.89)
—0 Qif
The equations (2.85)), (2.86]) and (2.88)) imply that
lim < Q(f,g) + 7{ fVg- dv+ Vf -Vgdxdy, =0. (2.89)
M—0 3Q*4 Qur

The limit when M — 0 of the last integral in (2.89) is zero, since it is becomes the
integral over a set of measure zero. Finally we get the relation

lim {Q(f,g) +e fvg- dv} =0. (2.90)

M—0

Writing the contributions of the integral explicitly we see that the theorem holds.[]
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Chapter 2. Construction of the Schrédinger Operator

Theorem 2.4.7 Let Q be the sesquilinear form given by (2.42)) and H the self-
adjoint operator associated with Q). Then the domain of D(H) given by (2.43)) is

equal to

S:={feH'(R?: fe H*R*\Q), and [2:46), 2-47), 2-48) holds.}, (2.91)

where € is given by (2.44]).

Proof. The inclusion D(H) C S is proven in Theorem The inclusion S C
D(H) is proved in Theorems and O

The precise description of the domain of H is now done, and we can move on to

the spectral analysis of the system.
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Chapter 3

Essential Spectrum of the
Operator

In this chapter, we want to determine the essential spectrum of the operator we
constructed in the previous chapter. The essential spectrum of an operator is
defined in Definition [A.2.6] Let us denote H by

192 10?2

Hy xong =

In this chapter we assume that A1, Ao < 0, and A3 > 0. This can be interpreted as
a one-dimensional system consisting of a positively charged nucleus with infinite

mass, and two electrons with mass equal to one.

The main result in this chapter is a special case of the Hunziker - van Winter -
Zhislin theorem, usually called the HVZ theorem. The HVZ theorem will give us
the essential spectrum of Hy, x,»,. To prove the HVZ theorem we need various

results, which will be presented in the following sections.

3.1 Weyl’s Criterion and Weyl Sequences

In this section, we present Weyl sequences and Weyl’s criterion. Weyl’s criterion
gives a sufficient condition for A € R to be in the essential spectrum of a self-adjoint
operator. But we begin by defining Weyl sequences.

Definition 3.1.1
Let A be a self-adjoint operator. A sequence {1t} C D(A) is called a Weyl sequence
for A and X\ € C if it satisfies

1 |[¢nl =1

2. (A= XN|| — 0 forn — 0o
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Chapter 3. Essential Spectrum of the Operator
8. n converges weakly to zero.

We note that if {t,} converges weakly to zero, then it is an orthogonal sequence.

Next we state Weyl’s criterion.

Theorem 3.1.2 (Weyl’s Criterion) Let A be a self-adjoint operator. Then \ €
Oess(A) if and only if there exists a Weyl sequence for A and A.

Proof. For a proof see Section 7.2 and 7.3 in [Hislop and Sigal, [1996]. O

We want to determine the spectrum and find a Weyl sequences for the operator —A
on H?(R?). The construction of the Weyl sequences is contained in the proof of
the next theorem. Note that we have not proved that —A is actually a self-adjoint
operator on H2(R%), but we refer to Example 8.4 in [Hislop and Sigal, [1996| for
the proof.

Theorem 3.1.3 The spectrum of the self-adjoint operator —A on H*(RY) is o(—A) =
Oess(—A) = [0, 00).

Proof. For simplicity of notation, we will only prove the theorem for d = 1. Let
¥ € D(—=A) = H*(R), then

(6, —Ag) = / RI$(k) 2 dk > 0. (3.2)

This shows that —A is a positive operator on H?(R). Then o(—A) C [0, c0).
We then use Weyl’s criterion to show that if A > 0 then A € o.s5(—A). That
is, we need to construct a Weyl sequence for A and —A. Consider the function
¢ € C°(R), with
1, if |z <1/4
d(z) = , (3.3)
0, if|z]>1/2,
and 0 < ¢(z) < 1 for all x € R. Define the sequence {¢,} by ¢n(z) := ¢(x/n—n).
Let A > 0 and let {j,, »} be the sequence defined by

Jna(z) = Jall : (3.4)

This sequence is shown to be a Weyl sequence for A and —A. It is obviously in
H?(R) since ¢, € C$°(R). It is normalized since

linall* = oo [ 106e/n—m)? @z (35)
1 2
= o [ leta/mP da (3.6)
1 9 _
_ W/w(t)y dz =1, (3.7)
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Next we show that the sequence {j, } converges weakly to zero. For ¢ € L?(R)

consider
. 2 1 2
(gl < o [ le@on(@) da (39)
1
< o [ lel)? do (3.9)
C
< e (3.10)

for some constant C' > 0 and n € N. It follows that |(p,1,)|?> — 0 for n — oo,
and specifically (¢, n) — 0 for n — co. Then {j, »} converges weakly to zero on
H?(R). Consider

. 2 1 "2 /12
=8 = Nl < o (19007 + 2V X6, 1) (3.11)
C

for some C' > 0. Then |[(=A — A)jn || = 0 for n — oo.

We have now shown that (0,00) C gess(—A). Since the spectrum is a closed set
we have that [0,00) C o(—A), and consequently o(—A) = [0,00). Finally, zero is

not an isolated eigenvalue, and hence o(—A) = gess(—A) = [0, 00). O

We use the constructed Weyl sequence for —A on H?(R?) in the proof of the HVZ
theorem in Section [3.4] Additionally, we use that o(—A) = [0, 00) many times in
the later chapters. In the next section we present the Helffer-Sjostrand formula,
which is another result we use to prove the HVZ theorem.

3.2 The Helffer-Sjostrand Formula

The main result of this section is Helffer-Sjostrand’s formula. Before we can prove
the formula, we need to consider a special type of functions called almost analytical
functions. Recall that a function f(z) = u(z,y) + iv(z,y), for z =  + iy is an
analytic function if and only if it satisfies the Cauchy-Riemann equations

ou Ov ou ov
R (3.13)

We can define the differential operator 9 as

= 170 .0

and note that for an analytic function f(z), we have df(z) = 0.
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Chapter 3. Essential Spectrum of the Operator

We now introduce the functions called “almost” analytic functions. Let f € C5°(R)
where f has support in the interval [a,b], and f(a) = f(b) = 0. Define f(2), an
extension of f(x) to the complex plane, as

B " (n)
)= (f(x)+f’(w)iy+f iy - L e >g<y> (3.15)
"G ()
— o) > iy, (3.16)
=0

where z = x + iy, and n is some integer satisfying n > 1, and g(y) € C§° is a
function satisfying g
Lyl < 47

(3.17)

We see that df is given by

. FUHD (g |, f z) . " O (x) i

af =9(y) jZ::O J!)(zy) +ilg (y)ggy) +1ig(y) ; G 1)>! (iy)’™
BN IC) f(”“)( )
=1ig'(y) O 9(y) (iy)". (3.18)

For y — 0, the behavior of [8f(2)| is O(|y|"). Additionally, df(z) = 0 holds for
z € R, which is why f is called an almost analytic function. We use this type of
function to prove the Helffer-Sjostrand formula.

Theorem 3.2.1 (Helffer-Sjostrand Formula) Let A be a self-adjoint operator
on a Hilbert space A. Suppose f € C§°(R) with support in [a,b] and f(a) = f(b) =
0. Let f(z) be the almost analytic extension defined by (3.15). Then we can write

/ 3F(2)(A - 2)"\ dy du, (3.19)
where Q = [a,b] x [—1,1].

Proof. Let f € C3°(R) be as in the theorem. By the special case of Stone’s
formula in (A.18) we can write f(A) as

f(A) =

2 el0 z) [Ra(z —ie) — Ra(z + ie)] da. (3.20)

So we need to show that (3.20) and (3.19) are equal. To show this, we evaluate
the integrand in (3.19)). Consider

I(fEA=2T) = (A=2710f(2) + f2dA-2"" (32D)
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From the first resolvent equation, (A.6)), it is possible to show that (4 — z)~! is
analytic on the resolvent set. Consequently,

D(f)A=-2)7") = (A-2)79f(2), (3.22)

by the Cauchy-Riemann equations. Let F(xz,y) := f(z)(A—2)"!, where z = x+iy,
then (3.19)) can be written as

F(A) = — L slim </b 9P (e, y) dy dx+/ab/:8F(x,y) dy dx). (3.23)

T €0 1

We consider the first term. By the fundamental theorem of calculus, and the fact

that f(a) = f(b) =0 and ¢g(1) = g(—1) = 0, we can write the first term of (3.23)

as
b p—e —& B
/ OF (z,y) dydx = = // F(z,y)+i—F(z,y) | dydx
a J- dy
= 2/ F(z,—¢) dx. (3.24)
Similar calculations can be done for the second term of (3.23]). We get that
- b
1 .
f(A) = ~5- S—Elilén ’ (F(x,—¢) — F(x,e)) dx (3.25)

_ % stim | (f(z = i)Ralw — ie) = f(x + i) Ra(x + i) ) da.

To finish the proof, we examine what happens when € — 0. By Theorem we
have
|Ra(z +ie)| < le|™', and ||Ra(z —ie)|| < |e|7L. (3.26)

The singularity which arises by (8.26) is cancelled for the terms of f (z), which are
proportional to at least |y|2. By the definition of f(z) in (3.15)) only the first and

the second terms survive. We get that

b
f(A) = 271m i [/ f(z)[Ra(x —ie) — Ra(x + ig)] dx
+ e / f(z) [Ra(x — ie) + Ra(x + ie)] dz| . (3.27)

To finish the proof we just need to show that the second term in (3.27)) goes to
zero when € goes to zero. To see this, note that by the Spectral Theorem we can

write

9(4) = [ 93) dPa(Y). (3.28)
Let g(A) be given by

b
g(A) =« / (@) [Ralz — ie) + Ra(x +ie)] da. (3.29)
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Integration by parts gives

g(A):E//abf’(:z:) [Al b | drdPay) (3.30)

—x+ie A—x—1e
(z)A—=

B P2f(x) (A — )
_s//a A ddPa) (3.31)

b
SR / / (F"(@)(A — ) — () log[(A — )2 + 2] dz dPA(N)

By the dominated convergence theorem, and since the logarithm is integrable over
a singularity, we have that g(A) goes to zero for e — 0. O

3.3 The operators f(—iA) and g(-) f(—iA)

In this section we present two lemmas which are needed to prove the HVZ theorem.
In this section we will sometimes use .# and .# ! for the Fourier transform and
the inverse Fourier transform, since it is a useful notation for this section. More
information on the type of operators we work with in this section is available in
[Simon) 2005].

Recall that if A is the Laplacian, we can write
-A=7"17. (3.32)
Similarly if f : R? — R is a bounded an measurable function, we can write
f(=A) = Z7 (K Z. (3.33)

This motivates us to define the operator f(—iV), for f € L>=(R%), on ¢ € L?(R%)
as

. = 1 .
FiV)l(@) = fRDR) @) = o [ e -wvwdy. (330)
Similarly, let g € L?(R%) N L>°(R?). Then the operator g(-)f(—iV) is defined as
the integral operator with kernel given by

1

9O (i@ ) = G oaps@)f (@ — ). (3.35)

In the next result we show that for f belonging to a certain class of functions this
operator is compact.

Lemma 3.3.1 Let g € L?(R%) N L®R?) and f € L®(R?). If f(k) — 0 for
|k| — oo, then the operator g(-)f(—iV) is compact.
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Proof. We prove the lemma by constructing a sequence of Hilbert-Schmidt op-
erators which is norm convergent to g(-)f(—iV). Let ¢ € C°(R%) be a function
which satisfies 0 < ¢(k) < 1 for all k € R%, and

1, if|k|<1,

k) =
HF) 0, if k| >2.

(3.36)

Define ¢ (k) := ¢(k/n), where n € N. Then a sequence of operators can be
defined by

T = g() 6nf)(~iV). (3.37)

We show that T,, is Hilbert-Schmidt for all n € N. The Hilbert-Schmidt norm of
T, is

ITl2s = @jr)d / 9(@) 1 Ff(y — 2)|? dz dy (3.38)

~ oo [ 0@ ([ 157w -2P ) de. 339

The final equality is due to Fubini’s theorem. Since ¢, f is a bounded function
with compact support we have ¢, f € L?(R?) for all n € N. Then by Plancherel’s

theorem we have
1

Tl s = W!I%fll%zllgllia < 0. (3.40)

Consequently, {7}, } is a sequence of Hilbert-Schmidt operators and thus compact.
To show that the sequence converges to g(-)f(—iV) in norm, we take ¢ € L?(R%)
and see that

(F(=iV) = buf(—iV)) & = 1 — b f) (3.41)
= f — ¢nfib (3.42)
= L= 6ult), (3.43)

due to the linearity of the Fourier transform. We note that for large n the function
[1—¢n (k)] is nonzero only for large |k|. But then the assumption lim g, f(k) =0
implies that Ve > 0, 3N, € N such that

/ F)[1 - gu(k)]2dk <e,  ¥n> N.. (3.44)
Then by Plancherel’s formula and (3.43)), Ve > 0 we can choose N, € N such that

l9() (F(=iV) = 6nf(=iV)) ¥llLz < ellgll|¥llZ2,  n=Nee  (3.45)
But as g € L®(R%) we have that {T},} converges in norm to g(-)f(—iV). O
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Chapter 3. Essential Spectrum of the Operator

Sometimes we will denote the operators g(-) f(—iV) and f(—iV) as g(-)f(p) and
f(p) respectively. This is the case in the next lemma, which is needed to prove
the HVZ theorem.

Lemma 3.3.2 Let A be a self-adjoint operator with domain D(A) C H'(RY). If
Q C R? is a bounded subset, and xq the characteristic function of Q given by

1, ifx e,
xa(®) 0, ifx ¢ ( )

Then xo(A — )=t is compact.
Proof. To prove the theorem we make use of the relation
N _1 1 N
xo(A =9~ =xa(l+ pP) 2 (1 + [p*)2 (A —i)~". (3.47)

The theorem can then be proven by showing that (1 + |p|2)% (A —i)~!is bounded
on L?(R%), and that xq(1 + |p|2)_% is compact, since the product of a bounded
operator and a compact operator is compact. Let ¢ € L? (]Rd) then

11+ [p2)2 (A = i) ¢llze = (A= 0) "6, (3.48)

by the definition of the Sobolev spaces. The inverse of A —1 exists and is bounded,
since i € p(A). It is defined on all of L?(R?), by the closed graph theorem, and
maps to D(A) C H'(RY). This implies that

11+ [p|?)2 (A — i)~ ¢|| 2 < oo, (3.49)

for all ¢ € L2(R%). This shows boundedness. It remains to show that the operator
xo(1+ |p|2)*% is compact. But o € L?(R?) for a bounded Q C RY. Additionally,
(1+ |p’2)_% is bounded for all p € R? and lim|p‘_>oo(1 + ]p]Q)_% = 0, we can apply
Lemma m to see that xo(1+ |p|2)_% is compact. This concludes the proof. [

With this lemma proven, we are finally ready to prove the HVZ theorem. This is

done in the next section.

3.4 HVZ Theorem

In Chapter [2] we associated an operator to the sesquilinear form of the system
consisting of three interacting particles. As mentioned in the beginning of this
chapter, we will determine the essential spectrum of that operator now. Recall
that the operator is given by

102 102

Hy xons = 902 587y2 + A16(z) + A20(y) + A3d(x — y), (3.50)
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and we assumed that A1, Ay < 0 and A3 > 0.

The general idea behind the HVZ theorem is to consider subsystems, where at
least one of the particles does not interact with the rest of the system. Then the
energy of the subsystems is simply given by the kinetic energy of these specific
particles, and the remaining system. As an example, the subsystem where one of
the negatively charged particles does not interact with the rest of the system can
be represented by the operator

102 10?2

Hy 00 = 502 5@ + A6 (x), (3.51)

where A\ < 0. Similar systems are represented by the operators Hyy,o and Hygy,-
The HVZ theorem tells us that the infimum of the spectrums of these subsystems is
the bottom of the essential spectrum of Hy, ), »,. Due to the assumption A1, Ay < 0
and Az > 0, we know

infO'(H)\loo),inf0'<H0)\20) < infO'(Hoo)\S). (352)

The operator Hy, oo is the sum of the commuting self-adjoint operators

1 92 1 92

he =550 + M), and by = 3952 (3.53)

By the results in Section XIII of |[Reed and Simon| |1978| the spectrum of Hy, g is
o(Hx,00) = 0(hg) + o(hy). (3.54)

It is a standard result from physics, e.g. |Postma;, 1984, that the operator h, has

a single discrete negative eigenvalue, which we denote —E),, given by

)\2
— B\, = -1 (3.55)

2
By (3.54)) and Theorem we have that o(Hy,00) = [~F),,00). Similar results
hold for Hyy,o which has the spectrum o(Hpx,0) = [—E),, 00). We assume without

loss of generality that \; < Ag, then —E), < —FE),. We will show that —E}, is
the bottom of the essential spectrum. For the more general case of a N-particle
system we refer to |Cycon et all 1987].

Theorem 3.4.1 (HVZ Theorem) Let Hy, z,x, be the operator given by (3.50)),
with A1 < A2 <0 and A3 > 0. If —Eq s infimum of the spectrum of Hy, o0, then

UesS(H)\l)\z)\g) = [_E)\la OO) (356)

Proof. The proof is split into two cases. First it is shown that [—E),,00) C
Oess(Hapaons ), and afterwards that oess(Hayaong) € [—EN;,00). The first part is

somewhat easier than the second part.
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Chapter 3. Essential Spectrum of the Operator

Let E € [—E),;,00). Then a Weyl sequence for E and H),»,», is constructed,
which shows that F is in the essential spectrum of H)y y,),. Since —F), is an
eigenvalue of Hy, g there exists ¢, € H'(R), such that we can write

2
{=3 a2~ 2000 b o, 0) = ~Bry6 (o) (357)

Define A := E + E), > 0. Then X € 0.s5(—A) by Theorem Weyl’s criterion
gives the existence of a Weyl sequence for —A on H*(R) and A. Let {j, 1} be such
a Weyl sequence, the actual definition of jj, ) is contained in the proof of Theorem
By the definition of Weyl sequences

1 a2
H<—d >]n,\ H—)O for n — oc. (3.58)

Define the sequence {¥,,} C H'(R?) by

‘lfn(l’, y) = ¢>\1 (‘T)]n)\(y) (359)

We show that {¥,,} is a Weyl sequence for Hy,x,x, and E. The normalization of
{0, } follows from the fact that j, x and ¢, are normalized. Let ® € L?(R?), and

consider
n> - //@(:L‘,y)\lln(:r,y) dz dy (3'60)
— [naw) [ @ wion, @) do . (3.61)

The integral over = defines a function in y, and the weak convergence of of {j, »}
implies that (3.61]) goes to zero for n — oco. Thus {¥,} converges weakly to zero.
It remains to show that

||(H)\1)\2)\3 — E) \Ifn” — 0 for n — 0. (3.62)
The properties of the functions ¢y, and j,  gives that
I(Hxaoxs + Exy = 2) Uall® < {I[D28(0) @l + [As6(z — ) Tn|*}, (3.63)

with some abuse of notation. The right-hand side of (3.63) is to be understood as

1B Tal + [Asb(z — )Tl = A3 / W (2, 0) dar + A3 / U, (2, 2) 2 d.

(3.64)
The first term on the right-hand side of (3.64]) is proportional to
[ 10,0 dz = 7@ Pllon (3.65)
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which goes to zero for n — oo, since ¢, € L*(R) and the definition of j,  in
(3.4). Similarly, we see that the second term on the right-hand side of (3.64)) is
proportional to

/ ¥ (o2 do = H||son¢h|| (3.66)

which also goes to zero for n — oo. Thus (3.62)) holds, and {¥,,} is a Weyl sequence
for E and Hy,x,x,;. This concludes shows the first inclusion.

It remains to prove the inclusion oess(Hx,ap0s) € [—EN;00). To do this it is
enough to show that oess(Haang) N (=00, —Ey,) = 0. Let f € CP(R) be a
function with support in (a,b), where b < —FE),. If f(Hyx ;) IS a compact
operator, it follows that there is only discrete eigenvalues of H), \,, in the interval
(a,b). To show that f(Hx, ) IS compact, we want to construct a sequence of

compact operators which converges to f(Hy,x,x,) in nOrm.

The Helffer-Sjostrand formula, Theorem [3.2.1], gives
1 (=~ _
FHxinons) = —W/ﬂaffv(z)(Hxlmg —2)"dy da, (3.67)

where f;\/(z) is the almost analytical extension of f with N terms, and Q =
[a,b] x [=1,1]. The idea is to construct a sequence of operators approximating

the resolvent operator in Hellfer-Sjostrands formula.

Let ¢(x) € C§°(R) be a function satisfying 0 < ¢(x) < 1 and

1, if|z| <1,

P(x) = _ (3.68)
0, if|z|>2.
We use ¢ to define a sequence of functions {¢,} by ¢n(z) := ¢(z/n). Then
1, if fz] <n,
(z) = 3.69
#nl2) 0, if |z| > 2n. (3:69)
Note that the derivatives of ¢, (x) satisfy
d Co
‘dma¢ (z )’ < e (3.70)
where a € Ny and C, > 0. We then use ¢,, to write
1= 1+ ¢n(x) = on(2))(1 + én(y) — dn(v)) (3.711)
= (1= én(2)on(y) + (1 = dn(y))¢n(z)
+ On(@)Pn(y) + (1 = ¢n(2))(1 = dn(y))- (3.72)
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Note that the term (1 — ¢, (x))¢,(y) is only nonzero, when y is close to zero and
x is away from zero, and similarly for the rest of the terms. This motivates a
definition of the sequence of functions {S,(z)} given by

Sn(z) = (1 - ¢n(x))¢n(y)(H0A2A3 - Z)il + (1 - ¢n(y))¢n($)(HA10A3 - 2)71
+ 60 ()00 (y) (Haiaons = 2) 71+ (1= ¢n(@))(1 = ¢n(y))(Hoor, — 2) ™

Pn
We want to use Sp(2) to approximate (Hy,x,a; — 2) 1. To do this we need the

following relation
(A= 2)p(A—2)" = [A¢)(A=2) " +p(A-2)(A-2)7}, (3.73)

where [+, -] is the commutator relation. Equation (3.73]) and the fact that the terms
of the type 6(x)(1 — ¢ (x)) are zero, gives that

(H)\l)\z)\s - z)Sn(z) =T+ Tn(z), (3.74)
where T,,(z) is given by
Tn(z) = [HO)\z)\y( (m))¢n( )] (HO)\2>\3 - Z)il
+ [H)\loz\gv ( (y))¢ ( )] (H>\10>\3 )71
[H)\1)\2>\3ﬂ ¢n( ) n(.%')] (H/\1>\2)\3 >_l
+ [Hooxgs (1= ¢n(2)) (1 = ¢n(y))] (Hoong — 2) " (3.75)

If the resolvent exists, we write

Sn(2) = (Hapaons — 2) 5+ (Haagns — 2) Tn(2). (3.76)
Isolating the resolvent operator in , we get

(Hajaons — 2) 71 = Sn(2) = (Hxypors — 2) " Tn(2). (3.77)

This expression for the resolvent is inserted in Helffer-Sjostrand’s formula ((3.67)),
to get

F(Hxpns) = / Afn(z — (Happons — 2) 'Tn(2)] dydz.  (3.78)

Inserting the expression for S, (z) in (3.78) gives

f(Hxxons) = (1= 60(2)0n(y) f(Horoas) + (1 = 0n(y))on () f(Hy05)
+ (1 = ¢n () (1 — én(y)) f(Hooxs) + ¢n()Pn(y) f(Hrinons)

+ 1/ Afn (2)(Hx apns — 2) 1T0(2) dy da. (3.79)
T Ja

The terms with f(Hox,ns), f(Ha0ns) and f(Hoong) are zero. To see this consider
Stone’s formula, (A.18]), and note that

O‘(H)\l(p\g) N (a, b) = @, and O'(Ho)\z)\3) M (CL, b) = @, (3.80)
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since A3 > 0. The expression for f(Hy,x,x,) is then reduced to
1 [ _ -
F(Hxinong) = On(@)0n(y) f(Haixons) + p /Q afN(Z)RH/\Mz)\s (2)Tn(2) dz, (3.81)

where Ry, .. (2) = (Hx a0, — z)~1. The first term in (3.81) is compact. To see
this consider

¢n(x)¢n(y>f(H)\1)\2>\3> = ¢n(‘r)¢n(y)<H + i)_l(H + i)f(H)\l)\zz\s)v (3'82)

but ¢, (z)dn(y)(H + i)~ is compact by Lemma and (H + @) f(Hxang) 18
bounded, since f has compact support. The product of a compact and a bounded

operator, is a compact operator. It remains to show that the last term in (3.82)
goes to zero in norm for n — co. Consider the commutator terms in T,,(x) of the

type

2 2
[Hora: (1= 6n(@)0n(0)] = 600) | = 60(0)]| + (1= 6n0) | =360
(3.83)

Similar results hold for the other terms in 7,,(z). The commutators are calculated

)] = (ot - s ). (3.51)

where primes denote the derivative with respect to z. Using (3.83)), (3.84)), (3.70)

and (A.16|) it follows that

C

1
[(Haixgns — 2) Tn(2)¥] < WH‘I’Ha

(3.85)
where C' > 0 and ¥ € L?(R?). But dfx(z) is proportional to |Im z|"V for small
Imz. If N > 3 the integral in defines a bounded operator, with operator
norm proportional to n~!, which goes to zero for n — co. Thus we have a se-
quence of compact operators which converge to f(Hx,,zs) in norm. This implies
that f(Hx,x,0s) 18 @ compact operator, and have only discrete eigenvalues. This
concludes the proof of the HVZ theorem. U

We have now proven the HVZ theorem, which gives the essential spectrum of
the operator Hy, x, ;- We can use this information to determine the discrete
eigenvalues, since they are in R\ 0ess(H ) a05). In the next chapter, we prove a

theorem which is central to determining the discrete eigenvalues of Hy, x,x,-
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Chapter 4

The Resolvent Operator

In this chapter, we want to describe some results regarding the resolvent operator
of the self-adjoint operator we constructed in chapter

The resolvent operator of contains all information about the spectrum of the op-
erator and is thus interesting to study when one wants to determine the spectrum.
In the previous chapter, we determined the essential spectrum of the operator H
given by (3.1)). The discrete spectrum of H consist of the points z € R\ o¢ss(H)

where H — z is singular.

We want to give a description of the resolvent operator of H using the resolvent
of the free Hamiltonian. So we devote the next section to the resolvent of the free

Hamiltonian.

4.1 Resolvent of the free Hamiltonian

In this section, we examine the resolvent of —A on H?(R?). We sometimes call

—A for the free Hamiltonian, and the resolvent of —A for the free resolvent.

Let A € C, where ImA > 0 and ReA = 0. By Theorem we know that
A2 € p(—A), since A2 < 0. Then (—A — A?)~! is a bounded linear operator on all
of L?(R?). To see how (—A — A\2)~! acts on ¥ € L?(IR?), note that

(A = X)719] (@) = (k> = X*) "1 (k) (@) (4.1)

. ik (o)
- /¢(y)/|k|2 g dkdy. (4.2)

The operator (—A — )\2) is a case of the operator f(iV) which was defined in
Section We would like to determine the integral kernel of the free resolvent.
We will denote the kernel by Ro(x,y, A\?). By Equation (4.2)) the kernel is given
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Chapter 4. The Resolvent Operator

by
1 eik'(mfy)
R )= — [ 75— dk. 4.3
O(way? ) A2 ‘kP — )2 ( )
The integral in (4.3]) does not have a nice closed form solution, but can be written
using Bessel functions. From [Hislop and Sigal, 1996] or |[Reed and Simon) [1975|

we get the representation of the integral kernel of the free resolvent

Ro(z,y,\%) = ZH "z —y)), (4.4)

where Hél) is the Bessel function of the third kind. The function Hél) is also called
a Hankel function of first order. We will use the following upper bound for the
resolvent kernel, which holds when Im A > 0 and « # y,

T Ao— _1
|Ro(@,y, \*)| < e” ™M ¥()\]|@ — y)) 2. (4.5)

This bound follow from the properties of the Hankel function of first order, as
described in |Galkowski and Smith) 2014] and |[Abramowitz and Stegun, 1972],
Chapter 9. In the next section we use this bound for the integral kernel to give an
upper bound of the operator norm of the free resolvent. To do this we use Schur’s
test, which is stated in the following theorem.

Theorem 4.1.1 (Schur’s Test) Let A: D(A) — L*(R"™), where D(A) C L*(R"),
be an integral operator with integral kernel A(xz,y). Then the operator norm of A
1s bounded by

A < max{ sup /|A xz,y)| dy, sup /|A z,y |dac} (4.6)

yeR” xeR™

Proof. Let f € D(A), and consider

(Af) ()] < / Az, y)||f ()| dy = / Az, y)|2 | Az, )| |f(y)| dy.  (4.7)

Applying Cauchy-Schwarz’s inequality we get that

|(Af)()] < \//IA(w,y)ldy\//!A(%y)If(y)!2dy- (4.8)

Squaring (4.8]) we get that

(Af) (@) < ( [ 14y dy) ([Hewliwray) @)

<1 [ 1Ayl f(w)* dy. (4.10)
where
= sup /|A x,y)| dy. (4.11)
xeR"”
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Using (4.10) and Fubini’s Theorem we get that

IAf]2. < Cy / / Alw,y)| dalf (W) dy < CIGallf |2, (4.12)
where
Cy := sup /|A(:c,y)|dm. (4.13)
yeR”

Choose C' := max{C7,Cy} and we see that
[AfllLz < C| fll L2, (4.14)

this concludes the proof of Schur’s test. U

This concludes the section on the free resolvent. We use the bound for the integral

kernel and Schur’s test in the next section.

4.2 Resolvent of the Operator

In this section, we examine the resolvent of H, where H is the operator associated
to the sesquilinear form @ given by (2.42)). The section concludes with a result
which can be used to determine the discrete eigenvalues of H.

By Theorem there exists a bounded trace operator 7 : H*(R?) — L?(R). Let
Y € H'(R?), then we define the operators 71, 7 and 73 by

[my](z,y) == ¥(z,0) (4.15)
[ng)](l‘, y) = 11’(0, y) (416)
[ms¢](z,y) := ¥(z, z). (4.17)

Then we can define an operator 7 : H'(R?) — @2 | L*(R) as 7 := (11,7, 73).

Using 7 we write the operator H as

H = Hy+ t*gr, (4.18)
where Hy = —%88—;2 — %(%22, and ¢ is the 3 x 3 matrix defined by
A0 0
g=1 0 X 0 |. (4.19)
0 0 A3

We want to use the expression in (4.18) to express the resolvent of H. Let A € C
with Im A > 0 and Re A = 0. Define —M := \? < 0, and let us write H + M as

H+ M= (Hy+ M)2(1+ (Ho+ M) 27*gr(Ho + M)~ 2)(Hy + M)2. (4.20)

We will use this expression to express the resolvent. To do this we need the next

lemma.
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Lemma 4.2.1 Let Hy be the free Hamiltonian and —M = X2, where A € C with
ImA >0 and ReA = 0. Then the operator

N[

(Ho + M)~ 27*gr(Hy + M)~ (4.21)

in ([4.20)) is bounded on L*(R?).

Proof. Ignoring the constants A\, € R, the operator in (4.21]) consists of three
terms of the type
(Ho+ M)~ 2rima(Ho + M) "2, (4.22)

where a € {1,2,3}. We show that each term is bounded. Let ®, ¥ € L?(R?), then
the operator in (4.22)) is defined by the sesquilinear form

(®, (Ho+M) 27270 (Ho+ M) 20) = (ro(Ho+ M)~ 2®, 7, (Ho+ M) 2 ). (4.23)

To see that this is bounded on L?(IR?), note that (Hy -+ M)_%\I/ € H'(R?) for
all ¥ € L?(R?), since D(Hy) C H'(R?). The operator 7, is defined on H!(R?)
and bounded by Theorem . This implies that the sesquilinear form in (4.23)
is bounded. Riesz representation gives that the operator in is bounded.
Similar considerations hold for the remaining terms in . O
We want to expand the operator

1+ (Ho+ M) 27%gr(Ho + M)"2 (4.24)

in a Neumann series. The next result guarantees that we can always choose M

sufficiently large to do that.

Theorem 4.2.2 There exists A € C, with Im A > 0 and Re A = 0, such that
|(Ho + M)~ 3r*gr(Ho + M)~7|| < 1, (4.25)
where —M = )2,

Proof. By Lemma the operator in (4.25)) is bounded. Then Riesz represen-
tation guarantees

[(Ho + M)~ 277 70(Ho + M) 2|| = sup |(ra(Ho + M)~ 2®, 70(Ho+ M) 20},
|®|l=

for a € {1,2,3}. Using the Cauchy-Schwarz inequality on the right-hand side we
see that

1, _1 _1
|(Ho + M)~ 27570 (Ho + M) "2 || < |[7a(Ho + M) "2 |%. (4.26)

36



Resolvent of the Operator

We let U € L?(R?), and use that 7 is bounded and Plancherel’s theorem to find
I7a(Ho + M) =20 |[* < O (Ho + M)~2¥|* = C|[(K* + M)~ 28", (4.27)

for some constant C > 0. We can then write
‘2

dk. 4.2
. (4.28)

o(Ho+ M) 20| <
Irattty < anyhupp <o [ T

But M >0, so (|k|?> + M)~t < M~! for all k € R?. Finally we find that

¢

I7a(Ho + M) 72| < 7. (4.20)

Then (4.29) combined with (4.26]) shows that we can always choose M such that
(4.25) holds. O

If the inverse of (4.20) exists, we see that the following identity must hold.
(H+M)™' = (Ho+M) ™2 (1+(Ho+ M) 27*gr (Ho+M)~2) " (Ho-+M) 2. (4.30)

By Theorem [£.2.2] and Theorem [AT.6] we can choose M > 0 such that we can
expand the operator in (4.24]) in a Neumanns series given by
1

00 .
(I4+(Ho+M)~ 27' *gT(Ho+M)™ 2 Z { Ho+ M)~ %T*QT(HO—}—M)_%]]'
7=0

M

Inserting this in (4.30) we find that

1

(H+M)™' = (Hy+ M) 2 (4.31)

1

xz [H0+M) S gr(Ho + M)~ 3| (Ho + M)~3.

Writing the terms of the sum, we get that

(H+ M) = (Hy+ M) — (Hy+ M) r*gr(Hy + M)}

-1 _x* —1,_= -1 (432)
+ (Ho+ M) "m*gr(Ho+ M) "m*g1(Ho + M)~ —

We want to use the Neumann expansion to rearrange the terms again. To do this

we need the next result.
Theorem 4.2.3 There exists M > 0 such that

|7(Ho + M) 'r*g|| < 1, (4.33)
where Hy is the free resolvent and g is given by .
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Proof. Let us define —M := A2, where ImA > 0 and Re A = 0. The operator
7(Ho + M)~ '7%g is a 3 x 3 matrix consisting of elements of the type

AsTa(Ho + M) ™73, (4.34)

where a, 3 € {1,2,3}. But the operator 7, is simply a restriction to a line in R2.
By (4.4)), we have that the operator 7, (Ho+ M )_17'5 must have the integral kernel

{
Ro(@a,ys, X*) = 7 (A2 — us). (4.35)

where x, and yg are points on the lines corresponding to the operators 7, and 73
respectively. If we apply Schur’s test, Theorem [4.1.1] we see that

1 1
I7a(Ho + M)~ 73] < sup ¢ /ﬂ (Hy (o —ys) dys (4.30)
1
= 3 /|1 s s, (437

where we integrate over the line corresponding to 75. If we use the upper bound

from (4.5) we can write

[e.e]
Ira(lto + 2 o3l < [ e Pl ay = X (1.38)
0
This shows that we can always choose A and thus M large enough such that (4.33])
holds. O

By Theorem [4.2.3] we can choose M > 0 such that the following identity holds
931 [r(Ho+ M) 7*g]" = (g7  +r(Ho+ M)~ )T (439)
=0

Inserting this in (4.32)) we find

(H+ M) = (Hy+ M) = (Hy+ M) gt +7(Hy+ M) 1r* 7L (Hy + M) L.
(4.40)

Using analytic continuation we see that (H — z)~! exists for all z € C where
g7 4+ 7(Hy — 2) 1]t (4.41)

exists. Writing Ry(z) for the free resolvent and R(z) for the resolvent of H we
finally get that

R(z) = Ro(2) — Ro(2)[g7! 4+ TRo(2)7*] ' Ro(2). (4.42)
The final result of this chapter follows from the Theorem the HVZ theorem,

and the identity in (4.42)). The result gives a condition for identifying points in

the discrete spectrum of H.
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Resolvent of the Operator

Theorem 4.2.4 Let H be the operator given by (4.18), and let —Ey, = inf o.55(H).
Then E < —Ej, is a discrete eigenvalue of H if and only if

ker(g~' 4+ TRo(E)T*) # {0}. (4.43)

Theorem [£.2.4] is the foundation for determining the existence of discrete eigen-
values of the system with Dirac delta interactions. We will not determine the
existence of any actual eigenvalues in this project, but instead, consider another
case of the three-body quantum system in one-dimension. The actual work of
determining the eigenvalues of the system with Dirac delta interactions is carried
out in the article [Cornean et al., 2006| and is done using a string of symmetry
arguments. It was also done numerically in the article [Rosenthal, [1971].
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Chapter 5

Perturbation Theory and the
Feshbach Formula

In this chapter, we study another case of the three-body system in one-dimension.
The system is formally described by the Schrédinger operator
19> 10?
2012 2 0y?

where v € C§°(R). Furthermore we assume that v is even, non-negative and

H, = v(x —y) + ko(z) — Kko(y), (5.1)

satisfies

/OO v(z)dz =1. (5.2)

—o0
This is a bit different from the system considered in the previous chapters, where
the interaction v was a Dirac delta distribution. Similarly to what was done in
Chapter [2] we could define H, from a sesquilinear form, show that it was a self-
adjoint operator and give a specific description of the domain. We will skip the

mathematical rigors and simply state that the domain of H, is H%(R?).

The physical interpretation of the system is that it consists of a nucleus with infinite
mass and positive charge, and two particles with mass one. The two particles
with finite mass have opposite charges. Since the nucleus has infinite mass there
is no kinetic energy associated with the nucleus. The two particles with finite
mass interact with the nucleus, the strength of the interaction is controlled by
the coupling constant k. This system can be used as a model for excitons in a
one-dimensional semi-conductor. An exciton is the bound state of a hole and an

electron.

We can write the Schrodinger operator of the system as
H, = Hy— kV. (5.3)

We assume that the spectrum of Hy is known and that kV is a small perturbation,
specifically that 0 < k < 1. We want to apply perturbation theory to determine
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Chapter 5. Perturbation Theory and the Feshbach Formula

the spectrum of H, from the spectrum of Hy. Specifically, we want to use the
Feshbach formula to study the eigenvalues of H,.

5.1 The Feshbach Formula

In this section, we will briefly introduce the Feshbach formula. For more infor-
mation on and proofs of the Feshbach formula we refer to [Howland, |1975] and
[Cornean, 2008].

We consider a self-adjoint operator H, with domain D(H) C H, where H is a
Hilbert space. We assume that H can be written as

H=H,-V, (5.4)

where Hj is the operator of a solvable model, and V' is a perturbation. If Il g is
an orthogonal projection, we define IT; := 1 — Il . Then the decomposition of
Hin Hg & H is allowed.

Let us denote by Hug 1= gHIl o, Vogp | := HogVIlL and Hy =11 HIT, . If
g commutes with H, we can write H as the following 2 x 2 matrix

Hyg -V,
H=| el el (5.5)
—Vieff 1

The Feshbach formula gives that if the resolvent exists for z € C, then it can be
written as the 2 x 2 matrix of operators

[ sw —SwVR
H=2"=|  pve. R+RVSWVR | (56)
where
R(z) == [II (H — 2)II, ]! (5.7)
W(z) := —IlogV R(2)VI g (5.8)
Sw(z) == (Hog + W(z) — z)7L. (5.9)

Consequently the eigenvalues of H is exactly the points where either R(z) or Sy (z)

is singular.

5.2 Application of the Feshbach Formula to H,

In this section, we want to use Feshbach’s formula on the operator H, given by
(5.1), with domain H?(R?). Before we do that, we have some general considera-

tions regarding the operator Hy.
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Application of the Feshbach Formula to H,

It can be shown that the HVZ theorem holds for H,. Recall from Section that
the HVZ theorem relates the essential spectrum of a system with infimum of the
spectrum of subsystems, where at least one particle does not interact with the rest
of the system. The possible subsystems can be represented by the operators:

10> 10?2
Ho==-3552 392 "@-¥
102 1067
H==5502 39,2 "W
102 107
Hy=—-—> — ==
2 2022 20,7 + ko(x)

If k is small enough, then oes5(Hy) = [mino(Hp), 00) where mino(Hp) < 0.

We perform a change of coordinates to a center of mass frame, where the coordi-
nates are given by s = x —y and t = %(a: + y). The operator in (5.1) is unitarily
equivalent to the operator

192 92 1 1
H=—-————-=—- -5 ) — —=s5. 1
K 192 92 v(s) + kv (t + 23) KU (t 23) (5.10)
Write H, = Hy — KV, where
19* & 1 1
HO__Z@—@_U(S)’ V—’U(t—25) —U(t+23> (511)

The operator Hy is the sum of two operators with distinct variables. Then we can
write Hy as an operator on L?(R) ® L?(R), where ® denotes the tensor product.
We get

Hy=h®1+1& hs, (5.12)
where h; = —%g—; and hy = —% —v(s). It can be shown that both h; and hs are

self-adjoint operators. By Theorem we know that o(hy) = [0,00). Assume
that hs have a negative non-degenerate discrete eigenvalue denoted by —Ey, with
corresponding eigenstate ¥ € H?(R). The eigenstate ¥ is even, have exponential
decay and can be chosen to be strictly positive and normalized. By results in
Section XIII1.9 of |Reed and Simonl 1978|, we know that

o(l®hs) =0(hs), and o(hy®1)=0c(h), (5.13)
and
o(Hp) = o(hs) + o(hy). (5.14)
Consequently, the spectrum of Hy must be o(Hy) = [—Ep, o0) and by the previous
discussion about the essential spectrum we know that oess(Hy) = [—Ep, 00).

To apply the Feshbach formula we need an orthogonal projection, which maps the
domain of Hy to itself. Let us define the rank 1 projector on L?(R) by

P = |0\ (1, (5.15)

43



Chapter 5. Perturbation Theory and the Feshbach Formula

using Dirac bracket notation. Similarly we define the projector II := 1 ® P on
L*(R) ® L*(R). Let ® € L?(R?), then II acts on ® by

[II®](s,t) = ¥(s) /\I'(s’)q)(s’,t) ds’. (5.16)

We prove that I maps the domain of H, to itself, that II is an orthogonal projection
and that II commutes with Hy.

Theorem 5.2.1 The projector Il = 1 ® P maps H*(R?) to H*(R?).

Proof. Let ® € H*(R?). By the definition of Sobolev spaces in Definition
and Plancherel’s theorem, it is enough to show that II® € L?(R?) and A(II®) €
L?(R?). Applying Fubini’s theorem and the Cauchy-Schwarz inequality we get

el = [[|oe) [ w0 a8
< [[ 1w
< / (/|\Il(s’)|2ds’> </|<I>(s’,t)\2ds’> dt (5.19)

= |97, < oo. (5.20)

2
ds dt (5.17)

2
ds dt (5.18)

W(s)®(s',t)ds’

Since ® € H%(R?) C L?(R?). Similarly we show that A(II®) € L?(R?),

ama = [f |5+ o) v [T 0 o

0° ?
< W3 ol + | St

2
dsdt  (5.21)

< 0. (5.22)

L2
It is finite, since ® € H2(R?) and ¥ € H2(R). Thus IT maps H?(R?) to H%(R?).00

Theorem 5.2.2 The operator Il = 1 ® P is an orthogonal projection L*(R?).

Proof. We begin by showing that I12 = II. Let ® € L?(R?), then

[1120] (s, £) — W(s) / Tl W(s") / B0 (s', 1) ds’ ds” (5.23)
= \P(S)/\IJ(S")|2 ds"/\l'(s’)@(s',t) ds’ = [TV](s, t), (5.24)

since W is normalized. It remains to show that II is self-adjoint. Consider the

product
(®,TID) = //<I>(S,t)\1’(s)/\ll(s’)<l>(s’,t) ds’ ds dt (5.25)
= / (/Q)(s,t)\ll(s) ds> (/ U(s)®(s', 1) ds’> dt = (I1®, ®),  (5.26)
and we see that II is self-adjoint, and thus an orthogonal projection. O
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Application of the Feshbach Formula to H,

Theorem 5.2.3 The operator II commutes with Hy.

Proof. Let ® € D(Hy) = H?(R?). By Theorem we have that IT maps D(H))
to D(Hp), and thus Holl is an operator on D(Hp). Consider

o 2 2
T Ho®)(s, £) = W(s) / () (‘igﬂ _ aia _ v(s’)) o<, 1) ds'.  (5.27)
We can write

w(s) [T (<22 et tyas' = -2 wis) [T@o(s 0 as.  (5.29)
101 101

Similarly, because hs = —g—; — v(s) is self-adjoint and ¥ is an eigenstate of hg
belonging to the eigenvalue —FEy we get

—_— 2 —_—
\Il(s)/\ll(s’) (_82/2 - v(s’)> O(s',t)ds’ = —EO\I/(S)/\I/(S,)(I)(SI,t) ds’. (5.29)
From ((5.27)), (5.28)) and (5.29) we conclude that

2
[IIH,®](s,t) = <_jl8at2 — E()) \I/(s)/\Il(s’)@(s’,t) ds’ = [Hol®](s,t), (5.30)
and thus IT and Hy commutes. O

We would like to use the Feshbach formula, in Equation , to determine eigen-
values of Hy near —FEy. We let the operator II correspond to Il g in the Feshbach
formula, and define the operator II; := 1 ® P, . It can be shown that II, is also
an orthogonal projection and commutes with Hy. First we determine an inter-
val around —Ey where R(z) = [II, (H, — 2)I1,]7! exists. For that we need the

following lemma.
Lemma 5.2.4 Let —FEy = mino(hs). Then there exists zg > 0 such that

[T, (Ho — )17 Y, (5.31)
exists and is bounded for |z + Ep| < zp.

Proof. We show that there exists a zp > 0, for which |z + Ey| < zp implies that
IT) (Hy — z)II; > 0. Recall that we write Hy = h; ® 1 + 1 ® h,. Let ® € D(Hy)
and consider the product

<(I), HJ_(ht & ]l)HJ_‘I’> = <HJ_(I), (ht & H)HJ_@> > 0. (532)

The first equality follows since II; is an orthogonal projection. The inequality
holds because h; ® 1 is a positive operator. Similarly, we get that

(®,11, (1 ® he)II,®) = (11, @, (1 ® hy)IT, D). (5.33)
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Since 1 ® hg is a self-adjoint operator, we can use the spectral theorem to write

@.[e (- 2)0) = [ O o) (5.34)

Similarly, we get that
(1,18 [(h — 2)1.8) = [ CSELERIEY (5.35)
-/ oy A, (330)

since I1 is a projection on the orthogonal complement of the eigenspace belonging
to —Ep. Define E; := min{o(hs) \ {—FEo}}, and note that E; <0, then

(L0, 16 (b~ )LL) 2 (B -2) [ gy L) = (B2 L >0
S (5.37)

for z satisfying |z + Fy| < @ Thus IT, (Hy — z)II, is invertible for all such
z.

We now show that the inverse is bounded aswell. Let o(II; HoIl,) := o(hy) +
o(hs)\{—Eo}, and note that £y < mino (I Hpll, ). Then by the spectral theorem

we can write

(®, 11, (Ho — 2)I1, &) = /(H . )()\ — 2) dua(N). (5.38)

The norm of the inverse can be calculated by

I(TTL(Ho — 2)ILL) ™ @||* = ((ILL(Ho — 2)I1) ™' ®, (11 (Ho — 2)IL)~'®) (5.39)

1
- sy (5.40)
/U(HJ_HOHJ_) A =2

1
< —— || 5.41
< gl (5.41)

For |z + Ey| < M we get that
(L (Ho — ) | = e < o (5.4

|Ey — 2| |E1+ Ep

This concludes the proof. U

We use the lemma to prove the following result.

Theorem 5.2.5 Let By := mino(hs)\{—Fo}, and let z satisfy |z+ Eg| < M
Then there exists C' > 0 such that

[, (H, — 2)II ]~} (5.43)

exists and is an analytic function of Kk when |k| < C.
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Application of the Feshbach Formula to H,

Proof. To simplify notation we denote by H | , = II| (Hp — z)II;. Then we can
write
HJ_(H —2)I = (1 +wI1,VII, H] )HJ_Z (5.44)

Taking the inverse of we get
My (Hy —2)0 ] = H (1 + R VI H L) (5.45)

Equation (5 shows that the inverse of II; (H,, — 2)II exists if and only if H _1
and (14 HHLVHLH ) exists. By Lemma we know that HJ_ exists and
is bounded when z satlsﬁes |z + Eo| < % We want to apply Theorem
to do that we need to show that there exists x > 0 such that

IRITL VIT H || < 1. (5.46)

By Equation ([5.42)) we see that the norm

&[2[[V]

kIT VII H < .

(5.47)

The type of interactions we have chosen implies that ||V|| < co. Then we get that

(5.46]) holds when

E\ + E
K| < |E1 + Eo|
2V
Since |Ey + Ep| > 0 and ||V|| < oo, we know that there exists such a k£ > 0. Then
the inverse of 1 + 11, VII lHj_lz exists and we can write it as a Neumann series

(5.48)

(L4 VILH L) = i(—l)%n(mvm[{l}z)”. (5.49)
n=0
For k satisfying , we have that
[, (H, — 2)I,]” Z KA ( (5.50)
where
Ap(2) = (=1)"H LI VI H )™ (5.51)

-1

Since we can write [I1; (H, — z)II |7 as a power series in « it must be analytic

mn K. O

If |z 4+ Ey| < M and K < ‘%ﬁr/ﬁd then Theorem [5.2.5( and the Feshbach

formula gives that the resolvent of H, exists if and only if the inverse of

(H, — 2)11 — TTH, I (T, (H, — 2)11,) ' H,II (5.52)
exists as an operator on I1L?(R?).
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We will simplify or rewrite (5.52)) a bit. By direct calculation, we see that

VI = | o) (/v (t - 32> W(s) s’ — /v (t—i— ’;) w(s') ds’> (W =0, (5.53)

since the eigenstate ¥ is even. Then we have II(H, — 2)II = II(Hy — 2)II. Ad-
ditionally, we know that II| H.II = —k&II | VII and ITH.II| = —kIIVII |, since II
and I commutes with Hy. Using this the operator in (5.52)) simplifies to

II(Hy — 2)I1 — k*TIVIT (i Iﬁ;nAn(Z)> I, VII, (5.54)

n=0

where A, (z) is given by (5.51). By direct calculations we can also see that
II(Hy — 2)ll = (hy — By — 2) ® P. (5.55)

The operator in (5.52)) can then be written as

(hy — Ey — 2) ® P — k*IIVIL, <Z H”An(z)> I, VI, (5.56)

n=0

on ITL2(R?). Thus, the only dependence on the variable s is from the eigenfunction
U(s). Consequently, we can think of the operator (5.52)) as a operator depending
only on the variable t.

Let z and s be as in Theorem and assume that |z + Eg| > Ck? for some
C > 0. We want to show that the inverse of the operator in (5.56)) exists for all

such z. By Theorem we know that (z + Ep) € p(ht). Theorem gives

1 1
h — By —2)7| < : 5.57
I(he = Bo =) < (5 < (557)
Let A := (hy — Ey — 2), and define
B:=—IIVII, (Z &"An(z)> I, VII. (5.58)
n=0
Then the operator is A + k2B, and the inverse can be written as
(A+r*B)"' =AY (1 +x*BATH) L (5.59)

Since A~! exists, (A + k?B)~! exists if |k?BA™!|| < 1. But ||B|| < K for some
constant K > 0, and by Equation (5.57)) the norm is

K
[k?BATH| < ok (5.60)

Choosing C' > K, we find that the inverse of the operator in (5.56|) exists. By the
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|E1 + Eo|

Y

! Re

Figure 5.1: Ilustration of the area in which we look for eigenvalues

discussion above, we know a priori to look for eigenvalues of Hy in
|z + Eo| < CK?, (5.61)

for some C' > 0. The situtation is illustrated in Figure 5.1 We can write the

operator in (5.56)) as

1 0
~4op  Fo—z- KAIVIL Ag(—Eo)II L VII + O(k%), (5.62)
since the error we get by using —FEj instead of z in the sum ([5.49) is of order 2.
Finally, by using the definition of A, (z) we see that the operator in (5.52)) can be

expressed as

1 2
- 4;2 — By — 2 — RTIIVIL [T (Ho + Eo)IL] 'L VIT+ O(kY).  (5.63)

Let us define by By := _ie%é — Ep and

By = VI [T, (Ho + Eo)II ] 11, VII. (5.64)

Then the operator in is By — k?B; + O(k*). We can consider the term
O(k*) as a perturbation of the operator By — x?Bj. In the next section we use
the Birman-Schwinger principle to show that By — x?B; has an eigenvalue in the
interval [—Ey — Ck?, —Ep).

5.3 Eigenvalues of By — k?Bj in [—Fy — Ck?, —Ep)

In this section, we use something called the Birman-Schwinger principle to show
that the operator By — x?Bj has an eigenvalue in the interval [—Eq — Ck2, —Ejp).
Furthermore, we show that the leading behavior of the eigenvalue is x*. For
information on the Birman-Schwinger principle, we refer to [Simon| 1971]. The

approach we take in this section is quite similar to that of Section
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Note that the operator By in ([5.64]) can be written as By = W*W, where
W = [I1, (Ho + Eo)IL,] 211, VIL (5.65)
This leads to the first result of this section.

Theorem 5.3.1 Let By — k?By be the operator defined in the Section and
write By = W*W, where W is given by . Then E € [—Ey — Ck?, —Ey) is
an eigenvalue of By + k2By if and only if
1 - x*W(By— E)"'w* (5.66)
1s singular.
Proof. Let E € [-Ey — Cx?,—Fj), and write
By — k?’B; — F = (1 — k*B1(By — E) ™) (By — E). (5.67)
The operator (By — E)~! exists, since E € p(Bp). Then
(Bo — k?°B; — E)"' = (By — E) Y1 — x*B1(By — E) 1)L (5.68)

Thus F is an eigenvalue of By —k?B; if and only if 1 — k2B, (Bo— E)_1 is singular.
Using similar calculations as in the previous section, we could show that x can be

choosen sufficiently small, such that
x%||B1(By — E)7Y| < 1. (5.69)

Then we expand in a Neumann series and find

1-k’Bi(By—E) ! = i(—l)"[/@QBl(Bo - B) (5.70)

n=0

Inserting (5.70)) in ((5.68) and using that By = W*W, we rewrite (5.68)) in a similar
fashion to what we did in Section [£.2] to get

(Bo — k*B1 — E)™' = (By— BE)"! —k*(By — E)"'W*
x [1—w2W(By — E)"'W*] "W (By— E)"".  (5.71)
Consequently, we know that E € [—~Eg — Ck?, —Fj) is an eigenvalue of By + 2By,

if and only if
1 - x*W(By— E)"'w* (5.72)

is singular. O

The relation between the singularity of and the eigenvalues of By — k2B is
what is typically called the Birman-Schwinger principle. In the next result we use
the Birman-Schwinger principle and Feshbachs formula to determine the eigenvalue
of BO — HzBl.

50



Eigenvalues of By — k2B in [—Eo — Ck?, —Ey)

Theorem 5.3.2 Let By— k2B be the operator defined in the Section and write
By = W*W, where W is given by (5.65)). Assume that the integral kernel of W

satisfies
W(t,t') < Coe e 11 ¢y > 0. (5.73)

Then By — k*By has an eigenvalue E € [—Ey — Ck?, —Ey).

Proof. By Theorem we can determine the eigenvalues E of By — xk?B; in
[~ Ey — Ck?, —Eg) by considering when the operator in (5.66) is singular.

Define E' := Eg + E < 0, then there exists A € C with ImA > 0 and ReXA = 0
such that E/ = A\2. Then we cam write (5.66)) as
82

-1
1 — 4k*W <_8t2 — 4)\2) w*. (5.74)

The integral kernel of the free resolvent in one-dimension is given by

1 le
Go(x,y,)\):me Mlz=yl, (5.75)

From similar considerations as in the proof of Theorem [£.2.3] we can show that
the operator in (5.74) has an integral kernel given by

/ﬁIQ

1-— B // W (t, z)e 2MP=vW (y, ') da dy. (5.76)

We want to determine the values, for which the integral kernel is zero. To do this,
we use the following identity to rewrite the integral kernel

ef=1- 5/0S e tdt. (5.77)
Inserting in we get
- ‘“; // Wt 2)W(y, ) dz dy + k2Bs (A, £, ¢), (5.78)
where
Bs(|ALt,t) == 2// W(t,x)/oxm e 2\ W (y, ) ds dy d. (5.79)

We would like to apply Feshbachs formula to (5.78)). To do this, we need an
orthogonal projection operator. We define the rank-1 projection P, which acts on

¢ € L*(R) b
) ' ;{/W(t, ) dx/ (/ W (y,t') dy) p(t') dt’, (5.80)

where K is the constant given by

K = / (/ W (t, ) dx) (/ Wy, t) dy> dt. (5.81)
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Then the integral kernel in (5.78)) is

2

K
1 TT’P+/~@2B;3(|)\|,t,t’). (5.82)

It is easy to show that P is actually an orthogonal projection, and so it can be
used with Feshbachs formula. Defining P; := 1 — P, we see that

2K
Py (1 - “’T'P + nng(\A\,t,t’)> PL =P (14 #&2Bs(]A,t, )P (5.83)

We show that the right-hand side is invertible. By the Schur test in Theorem

we have

|K2B3(|Al, t, )] < 2K2 sup/Bg()\],t,t') dt (5.84)
t’'eR
|lz—yl
< 2k% sup /// W(t,a:)/ e 2N (y, ¢7) ds| da dy dt.
t'eR 0

We use the following identity to rewrite ((5.84)),
x
/ e fds=1—-e"*<ux. (5.85)
0

Applying the identity to ([5.84)), we find

I Ba( N, < 262 sup [ [ [ Wit.o)(el + )W P dody e, (.80
t'eR
Using the assumption about the behavior of W(t,t") from (5.73)), we get

|k2Bs(|A|, t, )] < 2x2C2 ///e_lt|e_|$|(|x\ + ly))e ¥ da dy dt (5.87)
=325%C?%, O >0. (5.88)
Consequently, we can choose k such that the right-hand side of (5.83) is invertible.

Then Feshbachs formula gives that the values for which (5.74) is singular, is the
E' = )\? which satisfies

KK 2 ' 4

where the term O(x*) term corresponds to W (z) defined in (5.8). Multiplying by
|A| we find
I\ — k2K + &2\ Bs(|\| t, 1)) + O(%, |\]) = 0. (5.90)

Let us define the function
F (N K?) =X — 2K + k*AB3(\, t, t) + O(k*, \). (5.91)
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We want to use the implicit function theorem, Theorem 9.28 in |[Rudin, |1976], on
F (A, k2). Note that F(0,0) = 0. To apply the implicit function theorem we need
to show that 7 € C!, and that

OF (N, k?) 20, and OF (N, k?)

0. 5.92
o\ K2=0,\=0 852 K2=0,A=0 # ( )

It is obvious that the first order partial derivatives exists, and that (5.92) holds.
By considering B3(\,t,t') and the remainder term O(x*, \), we could show that
the second order partial derivatives exists, and thus F € C'. The implicit function

theorem implies that there exists an open subset about (0,0), where
A= k2K — k2IAB3(\ t, 1) — O(k1, ). (5.93)

Squaring both sides, and taking A2 = E’ shows that (5.74)) is singular for an
E' € [-Okr?%,0), and thus there exist an eigenvalue £ € [~Eg — Ck? —FEp) of
By — k2B;. O

We have a few remarks to the previous theorem and proof.

The first remark is that the assumption in is stronger than necessary. What
is actually needed, is simply that the decay of W (t,t') allows choosing a k such
that

|k2Bs(VE' t,t")|| < 1. (5.94)

Additionally, we have not actually shown that such a decay property hold for the
integral kernel of W, where W' is given by (5.65)). But we expect that this indeed
is the case.

The second remark is that Equation (5.93) implies that the eigenvalue E of By —
x2Bj behaves like O(k*). Unfortunately this has the consequence that we cannot
be sure the operator By — k2B + O(x*) has an eigenvalue with behavior O(x%),

since the error term is O(k?) aswell. To solve this problem we return to the
operator in (5.56)), recall that it is given by

o0
By — z — k2IVIL, (Z /inAn(Z)> 11, VI, (5.95)
n=0
where By = —%g—; — Fy. We still know that any eigenvalue E of H,, must atleast

satisfy —Fy — Ck? < E < —Ej, for some constant C' > 0. So we write
By — z — K TIVIL] (Ag(2)) TLVII 4 O(K°). (5.96)

Writing
Ao(2) = Ao(—Eo) + (2 + Eo) Ao(—Eo, 2), (5.97)
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where Ay(—FEy, z) is an operator determined by expanding Ag(z) around z = —E.
The operator in ((5.96) is
By — 2z — k2By + O(k*(2 + Ep)) + O(K°). (5.98)

But we have already determined that the eigenvalue E of By — k?B; behaves like
O(k*). Thus, for z = E in (5.98)), we find

By — 2z — 2By + O(k%) + O(x®) = By — 2 — k*B;1 + O(K°). (5.99)

Now the eigenvalue cannot be cancelled by the error term, since that term now
behaves like O(k°). Finally, we conclude that the original system represented
by H, in has a discrete eigenvalue in the interval [—~Eg — Ckr?*, —Ep) for
sufficiently small k and a constant C,, > 0.
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Chapter 6

Recapitulation

The thesis is concluded by a short recapitulation of the work done during the

project and some suggestions for future work.

In Chapter [2] a Schrodinger operator describing the systems consisting of three
particles with Dirac delta interactions was constructed, and the domain of the
operator was described in detail. This served as the foundation for a study of the
essential spectrum of the operator, which was determined using the HVZ theorem
in Chapter [3] In Chapter [4] preliminary results for the determination of the exis-
tence of discrete eigenvalues of the system was shown. The actual determination of
any discrete eigenvalues was abandoned after it was suggested we consider pertur-
bation theory for the system in Chapter [5] instead. In Chapter [f| a system, which
might be interpreted as an exciton in the vicinity of a positively charged nucleus
in a one-dimensional semi-conductor, was considered. The existence of a discrete
eigenvalue of the perturbed system was shown. Furthermore, the behavior of the
eigenvalue as a function of the coupling constant x was shown to be O(x%). The
existence and the behavior of the eigenvalue were shown under the assumption of
certain decay properties, as mentioned at the end of Section [5.3]

6.1 Future Work

Due to the time constraint it was not possible to adress all the problems that was
encountered in the project. These problems could be addressed in future work.
The first obvious problem would be to show whether the integral kernel of
actually does satisfy the decay conditions that was assumed. And if it does not
satisfy these decay conditions, then decide whether another type of interaction v
could be chosen such that integral kernel does satisfy the decay conditions. It would
also be interesting to try and show the existence and the behavior of a discrete
eigenvalue in the case where the system has Dirac delta particle interactions.
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Appendix A

Miscellaneous Results

In this appendix we have collected results and definitions, which are used through-
out the report. The results are mainly included to keep the report as self-contained
as possible. Some of the results are stated without proof, but references to books or

papers containing proofs will be supplied. Most of the results are from |[Kreyszig,
1978], |Reed and Simon, [1980] and [Reed and Simon), 1975].
A.1 Operator on Hilbert Spaces

In this section we present relevant results about unbounded operators on Hilbert
spaces, and argue why they are to be defined on dense subspaces. We begin by
defining the adjoint of a possible unbounded operator.

Definition A.1.1
Let T be an operator in H, where H is a complex Hilbert space, with D(T) dense
in H. Let D(T*) be the set of y € H such that there exists y* € H which satisfies

(y,Tz) = (y*,x), Vze D(T). (A.1)
Then T, the adjoint operator of T, is the operator which satisfies T*y = y* for

y e D(T").

We state the following theorem.

Theorem A.1.2 Let H be a Hilbert space, and Y a closed subspace of H. Then
H=Y&X, (A.2)

where X =Y.

Proof. A proof is available in Theorem 3.3-4 in [Kreyszig, 1978|. O
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Note, that the adjoint operator is only defined for operators which are densely
defined in H, there is an important reason for this choice of definition. For T* to
be a well defined operator we must have that y* is unique for each y € D(T™).

Theorem A.1.3 Let T be an unbounded operator, and let T* be the adjoint of T'.
Then T* is a well defined operator, if and only if D(T) is dense in H.

Proof. Assume that D(T) is not dense in H. Then D(T') # H, and by Theorem
there exists a nonzero element yy € H such that (yo,z) = 0 for all x € D(T).
But then

<y*,$> = <y*,x) + <y0>$> = <y* + y0,$>, (AS)
and T™ is not well defined.

Conversely assume that D(T) is dense in H. Then (z,yo) = 0 for all x € D(T)
implies that yg = 0, and we have that y* is unique and T™ is well defined. O

We now give the definition of a densely defined self-adjoint operator.

Definition A.1.4
Let T : D(T) — H be a linear operator, and let D(T') be dense in H. Then T is
said to be self-adjoint if D(T) = D(T*) and Ty = T*y for all y € D(T).

Now follows a few results regarding bounded operators. The first of these results is
Riesz representation theorem. The Riesz representation theorem is used especially
in Chapter 2.

Theorem A.1.5 (Riesz Representation) Let H; and Ha be Hilbert spaces, and
Q :Hi1 X Ho — C a bounded sesquilinear form. Then Q has a representation as

Q(x,y) = (z,Sy), (A4)

where S : Hy — Hi. The operator S is uniquely defined by Q, and has norm
151 = lleQll-

Proof. A proof is available in Theorem 3.8-4 in |Kreyszig, |1978|. O

The next result regards the inverse of a bounded operator.

Theorem A.1.6 Let T : H — H, where H is a Banach space. Assume that T is
bounded. If |T|| < 1, then (1 —T)~! as a bounded operator on all of H, and can
be expanded in a Neumann series, as

(1-1T) :iTj. (A.5)
j=0

Proof. A proof is available in Theorem 7.3-1 in |[Kreyszig, |1978|. O
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Spectrum, Spectral Theorem and Resolvent Properties

A.2 Spectrum, Spectral Theorem and Resolvent

Properties

In this section we present various results regarding the spectrum, the spectral

theorem and the resolvent operator.

The following equation is called the first resolvent equation. Let A be a linear

operator, and let z,w € p(A). Then the first resolvent equation is
Ry(z) — Ra(w) = (2 — w)Ra(z)Ra(w), (A.6)
where R4(z) is the resolvent of A.

Theorem A.2.1 (Spectral Theorem) Let A be a self-adjoint operator. Then
there exists a unique projection-valued measure P4 such that

A= /R)\ dPA(N). (A7)

If f(+) is a real-valued measurable function on R, then f(A) defined by

f(A) = / T dPa(Y), (A.8)

s a self-adjoint operator on

Dy ={o: [~ IO dlo.PaN9) < 0. (A9)

—0o0

Proof. A thorough proof of the spectral theorem is given in Chapter VII and in
Section VIIL.3 in |Reed and Simon) 1980]. O

Equation (A.8]) is to be understood as the operator defined by the form
@540 = [ 700406, a9 (A.10)

We will sometimes write d(¢, Pa(A)¢) = dug(A) for the spectral measure. From
the spectral theorem we can get a bound for the operator norm of the resolvent.

Theorem A.2.2 Let A be a self-adjoint operator on a Hilbert space H, and let

z € p(A). Then
1

I4=27 < Ssmora)

(A.11)
where dist(z,0(A)) = inf, e,y [z — 7].
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Proof. Consider a self-adjoint operator A on H, and let z € p(A). If b € H, then

I(A = 2)7' [ = (A= 2) 7', (A = 2)719) = (¥, (A - 2) ), (A.12)

since the resolvent operator of a self-adjoint operator is self-adjoint. The spectral

theorem gives

1

_92 o
WA= = [ g ) (A.13)
1
—— [ dpy(A A.
< swp o [ dmey) (A.14)
1 2
pu— . A.15
Agg&) M—ZIQWH (A.15)

Consequently [[(A — z)7 1|2 < SUP Ao (A) ﬁ Which concludes the proof. O

An obvious corollary to the previous theorem is

Theorem A.2.3 Let A be a self-adjoint operator on a Hilbert space H, and let
z=x+iy € C. If y # 0 then

1

(A = 2) ||<|y|

(A.16)

We now state Stone’s formula which we will use to prove the HVZ theorem and
the Helffer-Sjostrand formula.

Theorem A.2.4 (Stone’s Formula) Let A be a self-adjoint operator on a Hilbert
space H. Then

L (Pa((a.b]) + Pa((a,b))) = sl 1/b[R (A—ie) — Ra(A+ie)] d\. (A17)
5 (Pa a, 4((a, _ngcr)an' ) A i€ A i€ . .

Proof. A proof is available in Theorem VII.13 in |[Reed and Simon, [1980]. O

By the Spectral theorem and Stone’s formula we can write

b
F(A) = slim o / FO [RaA — i) — Ra(A+i0)] dX,  (A.18)

for a real measurable function on [a, b].

Theorem A.2.5 Let A be a self-adjoint operator on a Hilbert space H, and let
P4 be the corresponding projection-valued measure given by the spectral theorem.
Then the spectrum of A is given by

g(A) ={AeR: Py((A—€,A+¢€) #0), Ve>0}. (A.19)
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The previous theorem motivates the decomposition of the spectrum into a discrete

spectrum and an essential spectrum, which are defined in the following definition.

Definition A.2.6
Let A be a self-adjoint operator. The discrete spectrum oq(A) is the set

oi(A) ={A€o(A):3e>0, s.t. rank PA(A —€e,\+¢€)) < o0}. (A.20)
By rank we mean the dimension of the range. The essential spectrum is defined to

be 0ess(A) = o(A) \ 04(4).

By the definition of the discrete spectrum, it is obvious that the essential spectrum
must be equal to the set

Oess(A) = {A € o(A) : rank Po(A — e, \+¢€)) =00, Ve>O0}. (A.21)

A.3 Function Spaces

In this section multi-index notation is used. Multi-index notation is described on
p. 133 in [Reed and Simon), 1980]. We introduce the Schwartz space and the space

of tempered distributions.

Definition A.3.1
Let f:R™ — C and f € C*°. Define the seminorm

[ flla,s = Sup |2 DF f(x)]. (A.22)
TER™

The Schwartz space on R™ is the space of functions

FSR") ={feC®:|f]

ap <00 Va,p € I_Tﬁ} , (A.23)

where I is the set of n-tuples of nonnegative integers. The Schwartz space is also

called the space of rapidly decreasing functions.

The dual space of .#(R™), which is denoted by ./(R™), is called the space of
tempered distributions.

Next we introduce Sobolev spaces and the Sobolev embedding theorem. The
Sobolev spaces are introduced since the domain of the Schrodinger operators we
consider are Sobolev spaces.

Definition A.3.2

Let f € ' (R™). Then f is said to be in the mth Sobolev space iff is measurable

and

I = [ 1+ BRI b < oc. (A2

The m’th Sobolev space on R"™ is denoted by H™(R™).
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Note that f € H™(R") is equivalent to (1 + |k|2)™/2f € L%(R"). The following
theorem gives an alternative definition of the Sobolev spaces.

Theorem A.3.3 Let m € N, then f € H™(R") if and only if D*(f) € L*(R")
for all |a] < m.

Proof. Assume that f € H™(R") for some m € N. We have that D*(f) = (ik)* f
for all f € /(R™). If |a| < m then (ik)*f € L2(R™) by the definition of the
Sobolev spaces. By Plancherel’s theorem we have that DY(f) € L?(R") for all

la| < m.

Conversely, assume that D®(f) € L2(R™) for all |o| < m. Then (ik)*f € L2(R™)
by Plancherel’s theorem. But then f € H™(R"). O

Note that D(f) is in the sense of distributions.

The next result regarding Sobolev spaces is called Sobolev’s Lemma and is a special

case of Sobolev’s embedding theorem.

Theorem A.3.4 (Sobolev’s Lemma) Let f € H™(R"™), where m > n/2. Also
let | € Ny satisfy | <m —n/2. Then f € CY{(R").

Proof. We prove the theorem for n = 1 to simplify notation, then m > 1/2. Since
f € H™(R) we have that

(1+ [k|))™2f(k) € L*(R). (A.25)

We also know that (1 4 |k|?)~1/4=¢ € L?(R) for all £ > 0. Thus from the Holder
inequality we have that

(1+ [k[2)ym™/2=14=¢ f(k) € LY(R). (A.26)
This implies that for all 0 < a <[ we have the inequality
|k (k)] < [KI' (14 ) /2 F 4G k), (A.27)

for some g(k) € L*(R). Actually g(k) = (1 + |k|2)™/2~ /4= f(k). Since we can
choose € > 0 such that [ < m —1/2 — 2¢ we see that

|]{7’l(1 + ‘k|2)fm/2+1/4+5 <C, (A.28)
for some constant C' > 0. Then k®f(k) € L'(R) for all 0 < o < [.

Suppose that [ = 0, then we just have to show that f is continuous. But

_ L eikm ¢
fl@)= = [ et an, (A.29)
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and it follows from Lebesgue’s dominated convergence theorem that
Fa+h) — f(z) = —— / ¢k (e 1) (k) dk (A.30)
V2T

goes toward zero for h — 0.

Suppose instead that [ > 1. Then

flz+h) - fz
h m/

eFh — 1) f(k) dk (A.31)

- E / T(ei’ﬂ’"b — 1+ ikh — ikh) f (k) dk

1 etk R
=—— [ — (% —1—ikh)f(k) dk + —— [ ek f(k)
V2T / h

But by Lebesgue’s dominated convergence theorem we have that the first term in
the final equality goes to zero. We see that f € C'. To show that f € C! we
note that (1 + |k|')|f(k)| € L*(R) and we can repeat the process of showing the
existence of a derivative [ times. ([

We also have a need for the next result in Chapter 2.

Theorem A.3.5 Let Q be an arbitrary open subset of RE. Then C™(Q2) N H*(2)
is dense in H*(2).

Proof. We refer to the proof of proposition 2.12 in [Demengel and Demengel,
2007]. O
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