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Abstract 

Heating ventilation and air conditioning (HVAC) systems are designed to maintain the indoor climate in the 

desired temperature, humidity, and pressure level for industrial and commercial buildings. Particularly, this 

master thesis deals with the modelling and control of a multi-zone HVAC system applied in an unmanned 

offshore platform.   

In this scientific work, a pre-investigated single-zone model of a HVAC-system is further developed to a multi-

zone model, taking into account the humidity, temperature and the pressurization in each zone. In addition, the 

interaction between the zones in terms of heat transfer through the walls is considered in this model. 

Furthermore, the cooling coil, heating coil and humidifier are included in the overall model.  

In addition to the above, a set of PI controllers are designed to control the coils, humidifier, the fan, the inlet 

dampers into the zones and the variable heaters in the zones. Moreover, a Model Predictive Controller (MPC) 

is designed and compared with the PI controllers after a door opening disturbance is applied.  

Finally, PI controllers are implemented to a small ventilation setup in NI LabView, in order to observe and 

examine their performance. The MPC was not implemented due to a restricted license of the software interface. 
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Introduction 

The HVAC system also known as Heating, Ventilation and Air Conditioning system, is used on 

offshore platforms to maintain the indoor climate in the different zones, at desired temperatures, 

appropriate moisture level and to ensure the pressurization. Keeping these three variables within 

proper ranges is necessary in order to obtain both comfort and safety. The pressurization of the zones 

is important in order to avoid flammable gasses to enter in the zones, thereby avoiding fire or 

intoxication. The pressurization is between 25 Pa - 50 Pa higher than the ambient and has to be kept 

when a door is opened. The moisture level in the air, also referred to as humidity, has to be kept 

within a range to avoid possible damages in the machines and thereby avoiding malfunctions. The 

temperature for manned platforms is recommended to be around 21°𝐶 to 22°𝐶. This project deals 

with an offshore unmanned transformer platform where the given specifications were provided by 

Semco Maritime A/S.  

Additionally to the above, the offshore weather conditions can be extreme. Therefore critical weather 

changes occur, such as from both very hot and humid air in the summer periods to very dry and cold 

air in winter periods. It is therefore important that the HVAC system can handle these changes. 

In the previous project, a model for the heat transfer and pressurization of a single-zone was found 

and investigated. This model only considered the inflow of air regulated by a fan. The external duct- 

or ventilation system was not of any consideration.  

In addition, a PI-controller was made in order to maintain the inside pressurization by regulating the 

speed of the fan. The problem with the pre-investigated single zone model was that the reaction of 

the PI controller was unrealistically fast and the changes in the magnitude of the zone temperature, 

were significantly small. These statements is illustrated in the figure shown below. 

 

Figure 1 Changes in a) mass of air, b) temperature, c) pressure in the zone. (Pedersen, 2015) 

The problem is clearly shown in the figure above. The temperature decreases 0.08 K when the damper 

is opened. Setting as an inlet temperature lower that the already existing temperature in the zone, it 

was expected the final zone temperature to decrease. That is due to unrealistically small changes of 

mass inflow in the zone. A further introduction  in the HVAC systems as well as the pre-investigated 

single zone model are presented in the following chapters.  



Problem statement 

 How to expand the single zone model to a multi-zone HVAC model? 

 How to account for the humidity and heating coil in the model? 

 How to improve the existent controller by prediction of future control input? 

Problem formulation 

The project deals with expanding a pre-investigated model of a HVAC-system. This includes study of how the 

humidity and the heating of the air can be modelled. In addition, a strategy of regulating the air inlet dampers, 

which makes sure that the maximum pressure in the zones are not exceeded, will be made. After the overall 

model is found, the model will be simulated and a controller will be designed in order to obtain a specified 

temperature, pressure and humidity of the different zones. Taking into account the harsh weather conditions 

on the offshore situations, a robust control strategy should be implemented and integrated in the controller. 

The safety regulations for the offshore HVAC applications are very strict and should be taken into 

consideration due to the danger of the probability of flammable gas insertion in the indoor environment of the 

platform or in the HVAC system.  Considering all the above,   the indoor pressurization, temperature and 

humidity need to be kept within acceptable  safety regulation range and are the three main factors to deal with 

in this project.   

  



Variable Variable Name  Unit 

𝚫𝑬 Difference in energy [𝐽] 
𝑬 Energy [𝐽] 

𝚫𝑬̇ Difference in rate of energy 
[
𝐽

𝑠
] 

𝑬̇ Rate of change in energy 
[
𝐽

𝑠
] 

𝒄𝒑 Specific heat capacity 
[

𝐽

𝐾𝑔 ∙ 𝐾
] 

𝒎̇ Mass flow rate 
[
𝑘𝑔

𝑠
] 

𝒎 Mass  [𝐾𝑔] 
𝑻 Temperature  [𝐾] 
𝑸 Heat transfer [𝐽] 

𝑸̇ Heat transfer rate 
[
𝐽

s
] 

𝒉 Enthalpy  
[

𝐽

𝑘𝑔
]  

𝝆 Density 
[
𝐾𝑔

𝑚3] 

𝒒 Volumetric mass flow 
[
𝑚3

𝑠
] 

𝑷 Pressure  𝑃𝑎] 
𝑽 volume [𝑚3] 
𝒗 Velocity [

𝑚

𝑠
] 

𝒈 Gravity  9.82 [
𝑚

𝑠2] 

𝑪𝒅 Discharge coefficient  [−] 
𝑪 Heat capacity  

[
𝐽

𝐾
] 

𝑪𝒄 Vena Contracta coefficient  [−] 
𝑨𝟎 Dampers opening [𝑚2] 
𝑨𝟏 Duct diameter  [𝑚2] 
𝑨 Area  [𝑚2] 

𝑲𝒘𝒂𝒍𝒍 Thermal conductivity 
[

𝑊

𝑚 ∙ 𝐾 
] 

𝑳 Length  [𝑚] 
𝑼 u-value  

[
𝑊

𝑚3𝐾
] 

𝒉̅ Average convection coefficient  
[

𝑊

𝑚2 ∙ 𝐾
] 

𝒗𝒌 
 

Kinematic viscosity  
[
𝑚2

𝑠
] 

𝜶 Substance constant 
[
𝑚2

𝑠
] 

𝜷 Thermal expansion coefficient [𝐾−1]  
𝑻𝒇  [𝐾] 

𝑳𝒆 Entry length [𝑚] 
𝒏 Fans sharft speed [𝑅𝑃𝑀] 



𝝎(𝒕) Fans frequency [𝐻𝑧] 
𝒔 Slip  [−] 
𝑵 Gear ratio [−] 
𝒑 No. of poles [−] 

𝒎̇𝒘𝒄𝒄,𝒎𝒂𝒙 Maximum mass flow rate of water inside 

the cooling coil 
[
𝐾𝑔

𝑠
] 

𝑶𝒑𝒆𝒏𝒊𝒏𝒈 “Valve opening” – indicates the fraction of 

the maximum mass flow rate that flows in 

the heating or cooling coil. 

[−] 

𝝎 Specific humidity 
[
𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
] 

𝝓 Relative humidity [%] 
𝒎̇𝒘𝒄𝒄,𝒐𝒖𝒕 Condensated water by dehumidification 

[
𝐾𝑔

𝑠
] 

𝒎̇𝒘,𝒊𝒏 Added water vapor from the humidifier 
[
𝐾𝑔

𝑠
] 

𝑫 Diameter of duct [𝑚] 
𝑲𝑳 Resistance coefficient  [−] 
𝒇 Friction factor [−] 

𝑹𝒆 Reynolds number  [−] 
𝝐 Material roughness [𝑚] 

𝑵𝒖 Nusselt number [−] 
𝝁 Dynamic viscosity  

[
𝑚2

𝑠
] 

𝑾𝒅 𝑊 is the duct dimension parallel to the 

blade axis 

[𝑚] 

𝑹𝒅 Perimeter of the duct. [𝑚] 
𝑳𝒅 Sum of damper length  [𝑚] 
𝒏𝒅 Number of damper blades. [−] 
𝚫𝑷 Pressure drop [𝑃𝑎] 

𝑯𝑹𝑯 Height of radiator [𝑚] 
 

  



Subscriptions  Description  

𝑊𝑎𝑙𝑙  Wall 

𝑖𝑛 Inflow 

𝑜𝑢𝑡 Outflow  

𝐴, 𝐵 Point A and Point B 

𝑟𝑎𝑑 Radiator  

𝑑𝑖𝑠𝑡 Disturbance  

𝑎𝑡𝑚 Ambient - Outside 

𝑟 Return  

𝑚𝑖𝑥 Mixing box 

𝑐𝑐 Cooling coil 

ℎ𝑐 Heating Coil 

ℎ Humidifier 

𝑑𝑦𝑛 Dynamic 

𝑆𝑡𝑎𝑡𝑖𝑐 Static  

𝑧𝑜𝑛𝑒 Zone - Room 

𝑑𝑝 Dew point 

𝑑𝑏 Dry-bulb 

𝑠𝑎𝑡 Saturation 

𝑔  

𝑤 Water vapor 

𝑎 Dry air 

𝑡𝑜𝑡 total 

𝑑 Duct 

 

 

Matrices/ coefficients Description 

Least squares  

𝒂𝟎, 𝒂𝟏, 𝒂𝟐 Polynomial coefficients 

𝚯𝑳𝒔   
 

Parameter Matrix 

𝒀 Output Matrix 

𝚿 Regression Matrix 

State space  

𝐴 Continuous time system matrix 

𝐴𝑑 Discrete time system matrix 

𝐵 Continuous time input matrix 

𝐵𝑑 Discrete time input matrix 

𝐶 Continuous time output matrix 

𝐶𝑑 Discrete time output matrix 

𝐷 Continuous time feedforward 

matrix 

𝐷𝑑 Discrete time feedforward matrix 

𝜆 Eigenvalue  

Ψ Matrix used when discretizing   

𝑇 Sampling time 

𝑦 Outputs  

𝑥 States 



𝑢 Inputs  

PI  

𝐾𝑝 Proportional gain 

𝐾𝑖 Integral gain 

𝐾𝑑 Derivative gain 

𝑒(𝑡) Error wrt. time 

MPC  

𝑁𝑝 Prediction horizon 

𝑁𝑢 Control horizon 

𝑁𝑤 Window size 

𝑟 Reference/setpoint 

𝑄 Weightings matrix 

𝑅 Weightings matrix 

Ψ Prediction matrix 

Φ Prediction matrix 

Θ Prediction matrix 

Ψ𝑦 Prediction matrix – related to the output 

Φ𝑦 Prediction matrix– related to the output 

Θ𝑦 Prediction matrix – related to the output 

𝑌 Outputs matrix 

𝑉 Cost function 

Τ Trajectory matrix 

Ω Overall Weightings matrix   

Ρ Overall Weightings matrix 

𝑀 Optimization matrix – used in quadratic 

programming 

𝐻 Optimization matrix – used in quadratic 

programming 

𝛽 Constraint matrix – used in quadratic programming 

Β Constraint matrix – used in quadratic programming 

𝐸 Constraint matrix 

𝐹 Constraint matrix 

𝐺 Constraint matrix 

𝑊 Constraint matrix 

ℱ Constraint matrix 

Ɠ Constraint matrix 

𝑓 Constraint vector – constraint the constraints of u 

𝑔 Constraint vector - constraint the constraints of y 

𝑤 Constraint vector - constraint the constraints of Δu 

  

Abbreviations  Description 

HVAC Heating, ventilation and air conditioning 

AHU Air handling unit 

PU Pressurization unit 

CAV Constant air volume 

VAV Variable air volume 

PI  Proportional integral  

MPC Model Predictive Control  
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1. HVAC system 
HVAC as shown in Figure 1 is a fundamental part of any building. To maintain air conditioning in the 

summer and heating in the winter, heat or cold air is supplied to the different zones of a building and is 

normally controlled thermostatically. (Duraj, 2014) 

 

Figure 1 Typical HVAC system showing the ducting distribution and components. (brighthubengineering, n.d.) 

The basic components, which they can be described as modern and more efficient units are: 

 Air Handling Unit (AHU) 

 Filters 

 Ducting 

 Attenuators 

 Volume control and fire/smoke dampers 

 Humidifiers and De-humidifiers  

 Air return grills 

 Air distribution diffusers 

The Air handling unit consists of the air circulating fans, the supply and return filters as well as the heating 

and cooling coils, which supply the hot or chilled water depended on the demand of air hot air or air 

conditioning respectively. Any other way a combination of an evaporator, condenser and a heat pump can 

supply the hot and cold air in the unit to the zone. 

The fans of the system are the basic device of circulating the heated or cooled air through the supply and 

return ducting system. 

There are suction and discharge filters into the Air Handling Unit (AHU). The suction filters are placed on 

the return ducting system and their task is to remove any undesirable particles on the air such as dust smoke 

or fumes before the fan chambers and heating or cooling coils. In addition, the discharge filters function is to 

abolish any remaining particles into the air before it is circulated again into the supply system ductwork to 

the man board environment. 

The attenuators is a device that is fitted to the ducting system which primary task is to mollify the noise that 

is created by the circulation of air through the ducting system in order to arrange a less annoying and 

distracting manpower environment.  
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Humidifiers function is to use very exquisite spray method in order to drizzle or “spray” water into a dry cold 

or dry hot air stream. Dehumidifiers on the contrary remove the moisture out of the air stream by driving the 

wet air into the cooling coils and afterwards deposit the condensed water in a small container, which is 

placed underneath. Most of the HVAC system building regulations prescribe that the humidity level in the air 

circulated in the buildings should be maintained in the range of 40% to 60% (Mini-Circuits, 2015). Both 

devices are of an exceptional importance due to the fact that they maintain healthy environment indoor living 

conditions and safe operating conditions for the machines. They prevent the growth of molds, mites and 

mildew into the buildings. Additionally they discard the possibilities of low humidity conditions, which can 

cause dry skin and throat irritation to the people in the workplace.  

The diffusers are located in the zones ceilings and their function is to moderate the discharge velocity of the 

air stream in order to assure the fair and distribution of the air in the needed direction into the required zones 

of the building. The louvers of the diffusers are adjusted automatically in order to direct the air into the 

return ducting system, and they are mounted on the ceilings. The return air stream then is driven into the 

return ducting system to the discharge plenum, over the return filter and then into the AHU completing in 

this way the system circuit. 

1.1 Variable air volume (VAV) systems 
HVAC systems can supply conditioned air into the zone of the buildings by either constant air volume 

(CAV) or variable air volume (VAV) systems. In the first case, the constant air volume systems are 

predicated as a high energy consumption systems with not efficient controllability of the indoor zone 

temperature if compared to the variable air volume systems. Additionally the HVAC systems that include the 

VAV system are experiencing supplementary passive dehumidification, less noise in the fan and less fatigue 

in the compressor components. 

Variable air volume systems automatically adjust the required indoor zone temperature and pressure in a 

building. Principally the most important part of a VAV system is the VAV box, which is placed in the 

terminal of the unit. This particular device-system is connected directly to the indoor zone and its main task 

is to regulate the required temperature and pressure as well as to counterpoise the fluctuation of the load of 

these requirements by adjusting the air volume that inserts the zone. 

A VAV box is illustrated in Figure 2 p. 2.  

    

Figure 2 a) VAV box sketch, b) 3D illustration of VAV box. (kmccontrols, n.d.) 

The primary air inserts the VAV box after is regulated by the primary air damper which is contained in the 

terminal unit, and it exists as a secondary airflow into each zone. The control system of the VAV inflects the 

air damper in various positions of angles between 0° to 90° depending on the volume airflow that is needed 

into the room. As the angle “drive” the damper to the closure position the volume the pressure difference 

between the primary and the secondary air flow rises while the volume of the secondary air decrease.  Thus, 

the great advantage of using VAV box terminals is that they provide all the requirements of a comfort and 

healthy indoor living in a building.  
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2. Single-Zone modelling 
In this chapter, the single-zone model that was found and investigated in the previous project is explained 

further. In order to carry out the multi-zone model for this project a single zone model has to be firstly 

introduced. 

2.1 Conservation of Energy 
In consideration of controlling the pressurization and temperature inside the offshore platform, the energy 

balance into that zone has to be conserved (Duraj, 2014). In other words, the conservation of energy 

principle will be used – 1
st
 law of thermodynamic – which states that “energy can be neither created nor 

destroyed during a process, it can only change forms” (A. Cengel). 

 

The change in the energy content of a system is equal to the difference between the energy input and the 

energy output, and the conservation of energy principle for any system can be expressed simply as:  

 
 

Δ𝐸𝑧𝑜𝑛𝑒 = 𝐸𝑖𝑛 − 𝐸𝑜𝑢𝑡 
Eq 2.1 

The rate of energy changing is: 
 

Δ𝐸̇𝑧𝑜𝑛𝑒 = 𝐸̇𝑖𝑛 − 𝐸̇𝑜𝑢𝑡     
Eq 2.2 

Where, 

 𝐸̇ is the energy changing rate [
𝐽

𝑠
]. 

 Δ𝐸̇ are the difference in energy changing rate in the zone. 

 

Heat balance in the considered controlled zone depicts that change in energy brings change in temperature: 
 

𝑐𝑝 ∙ 𝑚𝑧𝑜𝑛𝑒 ∙
𝑑𝑇𝑧𝑜𝑛𝑒
𝑑𝑡

= 𝑄̇𝑖𝑛 − 𝑄̇𝑜𝑢𝑡    

 

Eq 2.3 

Where, 

 𝑐𝑝 is the heat capacity coefficient of air [
𝐽

𝐾𝑔∙𝐾
] 

 𝑚𝑧𝑜𝑛𝑒 is the mass of the air in the particular space [Kg]  

 𝑄̇𝑖𝑛 is the heat transfer rate into the space via inlet [
𝐽

s
] 

 𝑄̇𝑜𝑢𝑡 is the heat transfer rate out of the zone via outlet [
𝐽

s
]   

 
𝑑𝑇𝑧𝑜𝑛𝑒

𝑑𝑡
 is the change of the temperature 𝑇 in time 𝑑𝑡. 

 

 
 

Figure 3 The energy conservation principle. (Pedersen, 2015) 
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Since the zone will be affected by leakage, radiation from a small amount of sun light, radiators, staff (body 

heat), computers as well as heat transfer through the walls, the heat transfer equation can be expanded to a 

more appropriate one as shown in the below equation: 

 
𝑐𝑎𝑖𝑟 ∙ 𝑚𝑧𝑜𝑛𝑒 ∙

𝑑𝑇𝑧𝑜𝑛𝑒
𝑑𝑡

= 𝑄̇𝑖𝑛 + 𝑄̇𝑜𝑢𝑡 + 𝑄̇𝑟𝑎𝑑 + 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑑𝑖𝑠𝑡   
Eq 2.4 

 

Where, 

 𝑄̇𝑑𝑖𝑠𝑡  denotes the disturbances such as; body heat, leakage and other appliances [
𝐽

𝑠
].  

 𝑄̇𝑟𝑎𝑑 is the heat transfer from the radiators [
𝐽

𝑠
].  

 𝑄̇𝑤𝑎𝑙𝑙 is the heat transfer through the walls [
𝐽

𝑠
]. 

2.2 Inlet heat flow rate 
The heat transfer is given by: 

 
𝑄 = 𝑚 ∙ ℎ 

Eq 2.5 

Where, 

 𝑄 is the heat transfer [𝐽]  

 ℎ is the enthalpy [
𝐽

𝑘𝑔
]  

The change in heat transfer 𝑄 can be found form the change in enthalpy between to states. In order to find 

the equation for the heat transfer rate, the heat entering and leaving a control volume has to be considered. 

 
∑𝑄

𝑖𝑛

=∑𝑄

𝑜𝑢𝑡

 Eq 2.6 

In general, the overall heat transfer rate is equal to the difference between the sum of heat transfer rate in a 

zone and the sum of the heat transfer rate that leaves the zone. This statement can be expressed simply by 

using the below equation: 

 𝑑𝑄

𝑑𝑡
=∑𝑄̇ −∑𝑄̇

𝑜𝑢𝑡𝑖𝑛

 Eq 2.7 

From this, the inlet airflow energy contribution can be determined analytically by the following equation, 

which was stated above:    
 

𝑄̇𝑖𝑛 = 𝑚̇𝑖𝑛 ∙ ℎ𝑖𝑛 − 𝑚̇𝑖𝑛 ∙ ℎ𝑧𝑜𝑛𝑒 
Eq 2.8 

The enthalpy can for a ideal gas be given as ℎ = 𝑐𝑝 ∙ 𝑇, therefore the inlet heat transfer rate can be found to 

be: 
 

𝑄̇𝑖𝑛 = 𝐶𝑎𝑖𝑟 ∙ 𝑚̇𝑖𝑛 ∙
𝑑𝑇𝑧𝑜𝑛𝑒
𝑑𝑡

= 𝐶𝑎𝑖𝑟 ∙ 𝑚̇𝑖𝑛 ∙ (𝑇𝑖𝑛 − 𝑇𝑧𝑜𝑛𝑒)           
Eq 2.9 

Where, 

 𝑄̇𝑖𝑛 is the inflow heat transfer rate [
𝐽

𝑠
] 

 𝑐𝑎𝑖𝑟 is the heat capacity coefficient of air [
𝐽

𝐾𝑔∙𝐾
] 

 𝑚̇𝑖𝑛 is the indoor air mass rate of change [
𝐾𝑔

𝑠
] 

 𝑇𝑖𝑛 is the temperature in the duct [𝐾] 
 𝑇𝑧𝑜𝑛𝑒 is the temperature inside the zone [𝐾]. 
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The indoor air mass rate  𝑚̇𝑖𝑛 can be calculated as:  
 𝑚̇𝑖𝑛 = 𝜌𝑖𝑛 ∙ 𝑞𝑖𝑛  Eq 2.10 

Where 

 𝜌𝑖𝑛 is the density of the air in the duct [
𝐾𝑔

𝑚3] 

 𝑞𝑖𝑛 is the volumetric flow rate in [
𝑚3

𝑠
] via the inlet duct. 

 

In order to define the volumetric flow rate in the inlet duct Bernoulli’s equation is used. This particular 

equation states that at two points along a streamline in a fluid, all forms of energy are the same (steady flow 

along a streamline). By using this equation in the generic form (A. Cengel): 

 
 

∫
𝑑𝑝

𝜌
+(

1

2
𝑣2) + 𝑔 ∙ 𝑧 = 𝐶𝑠𝑡 Eq 2.11 

 

 In order to determine the mechanical energy balance the above principle is re-written: 

 
 𝑃

𝜌
+ (

1

2
𝑣2) + 𝑔 ∙ 𝑧 = 𝐶𝑠𝑡 Eq 2.12 

Where, 

 𝑃 is the static pressure in [𝑃𝑎] 

 𝑣 is the velocity of the flow [
𝑚

𝑠
] along a streamline 

 𝑧 is the height [m] 

 

Precisely the 
𝑃

𝜌
 is the dynamic energy, the 

1

2
𝑉2 is the kinetic energy and the 𝑔 ∙ 𝑧 is the potential gravitational 

force which is minimum due to air mass, thereby in this project is neglected: 
 𝑔 ∙ 𝑧 = 0 Eq 2.13 

From this, Eq. 2.13 in Eq.2.12 yields: 
 𝑃

𝜌
+ (

1

2
∙ 𝑣2) = 𝐶𝑠𝑡 Eq 2.14 

 

 
Figure 4 An orifice, damper opening. 

If between the damper and the zone there are point A and point B as depicted in Figure 4, taking into account 

the Bernoulli’s principle which states that the inlet flow A and the outlet flow B are equal, results to the 

following:  

 𝑃𝐴
𝜌𝐴
+ (

1

2
∙ 𝑣𝐴

2) =
𝑃𝐵
𝜌𝐵
+ (

1

2
∙ 𝑣𝐵

2) Eq 2.15 

 

Re-arranging the above equation yields in the relationship between the velocities and the pressure differences 

between the two positions: 

A1 A0 A2 

  Duct, A   Zone, B 
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𝑣𝐵
2 − 𝑣𝐴

2 = 2 ∙ (
𝑃𝐴
𝜌𝐴
−
𝑃𝐵
𝜌𝐵
) Eq 2.16 

 

Because point A and B are just before and just after the damper, the density is the same because air has not 

yet obtained the energy of the zone:    
          𝜌 = 𝜌𝐴 = 𝜌𝐵 Eq 2.17 

 

Using Eq. 2.17 in Eq. 2.16 results to the following: 
 

𝑣𝐵
2 − 𝑣𝐴

2 =
2

𝜌
∙ (𝑃𝐴 − 𝑃𝐵)   Eq 2.18 

The velocities in position A and B are unknown in this set of equation thereby they have to be calculated. 

Taking this into consideration, velocities can be expressed through the equation of the mass flow rate 𝑚̇ and 

as a consequence the volumetric flow rate 𝑞: 

 𝑚̇ = 𝜌 ∙ 𝑞   Eq 2.19 

And, 
 𝑞 = 𝑣 ∙ 𝐴 Eq 2.20 

As it was stated before the inlet flow in point A before the damper and the outflow in point B just after the 

damper are equal, which results to: 
 𝑚𝐴̇ = 𝑚̇𝐵 Eq 2.21 

 
 𝜌𝐴 ∙ 𝑞𝐴 = 𝜌𝐵 ∙ 𝑞𝐵 Eq 2.22 

 
 𝑣𝐴 ∙ 𝐴𝐴 ∙ 𝜌𝐴 = 𝑣𝐵 ∙ 𝐴𝐵 ∙ 𝜌𝐵  Eq 2.23 

Due to the fact of the changing in the dampers’ position, different cross-sectional areas will be created. This 

fact can be explained by the contraction coefficient 𝐶𝑐  which is in other words referred as the vena contacta.  

As depicted in the Figure 4, p.5 the different cross-sectional areas 𝐴1 , 𝐴0 and 𝐴2 can formulate the 

contraction coefficient as the fraction between the 𝐴0 and 𝐴2:  

 
𝐶𝑐 =

𝐴2
𝐴0

 Eq 2.24 

Re-arranged with respect to 𝐴2, due to the fact that it is difficult to actually determine the 𝐴2 area which will 

be used in following equations:  
 𝐴2 = 𝐶𝑐 ∙ 𝐴0 Eq 2.25 

Using Eq. 2.25 in Eq. 2.23 results in: 

 
 𝑣𝐴 ∙ 𝐴1 ∙ 𝜌𝐴 = 𝑣𝐵 ∙ (𝐶𝑐 ∙ 𝐴0) ∙ 𝜌𝐵 Eq 2.26 

 

Re-arranging the equation in order to get the flow velocity 𝑉𝐴 in the position 𝐴:  

 
 

𝑣𝐴 = 𝑣𝐵 ∙
𝐶𝑐 ∙ 𝐴0 ∙ 𝜌𝐵 

𝐴1 ∙ 𝜌𝐴
 Eq 2.27 
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Using Eq. 2.27 in Eq. 2.26 outcomes in finding the velocity of the flow 𝑉𝐵 in the point B and as a 

consequence the flow velocity in the zone, which is very important in order to explain the dynamic of the 

damper: 
 

𝑣𝐵 =
√[
2
𝜌
∙ (𝑃𝐴 − 𝑃𝐵)]

√[1 − (
𝐶𝑐 ∙ 𝐴0 ∙ 𝜌𝐵 
𝐴1 ∙ 𝜌𝐴

)
2

]

 
Eq 2.28 

Using Eq.2.28 in Eq. 2.20 results in the following volumetric flow 𝑞 equation:  

 

𝑞 = 𝑣A ∙ 𝐴1 = 𝑣B ∙ 𝐴2 = 𝐶𝑐 ∙ 𝐴0 ∙
√[
2
𝜌 ∙
(𝑃A − 𝑃B)]

√[1 − (
𝐶𝑐 ∙ 𝐴0 ∙ 𝜌𝐵 
𝐴1 ∙ 𝜌𝐴

)
2

]

 
Eq 2.29 

 

In order to simplify the above equation, the discharge coefficient is introduced as shown below: 

 
 

𝐶𝑑 =
𝐶𝑐

√[1 − (
𝐶𝑐 ∙ 𝐴0 ∙ 𝜌𝐵 
𝐴1 ∙ 𝜌𝐴

)
2

]

 

Eq 2.30 

 

Using the discharge coefficient Eq. 2.30 in Eq. 2.29 yields: 

 
 

𝑞 = 𝐴0 ∙ 𝐶𝑑 ∙ √
2

𝜌
∙ (𝑃A − 𝑃B) Eq 2.31 

 
Let 𝜌A = 𝜌𝑖𝑛, 𝜌B = 𝜌𝑧𝑜𝑛𝑒, 𝑃A = 𝑃𝑖𝑛 and 𝑃B = 𝑃𝑧𝑜𝑛𝑒. Substituting these into the above equation results in: 
 

𝑞𝑖𝑛 = 𝐴0 ∙ 𝐶𝑑,𝑖𝑛 ∙ √
2

𝜌
∙ (𝑃𝑖𝑛 − 𝑃𝑧𝑜𝑛𝑒) Eq 2.32 

Using the Eq. 2.32 in Eq. 2.19 yield: 
 

𝑚̇𝑖𝑛 = 𝜌𝑖𝑛 ∙ 𝑞𝑖𝑛 = 𝜌𝑖𝑛 ∙ 𝐴0 ∙ 𝐶𝑑,𝑖𝑛 ∙ √
2

𝜌
∙ (𝑃𝑖𝑛 − 𝑃𝑧𝑜𝑛𝑒) Eq 2.33 

 

As a conclusion of all the above, by substituting the Eq. 2.33 into Eq. 2.9 results in the following generic 

equation of the energy contribution equation of the inlet airflow: 
 

𝑄̇𝑖𝑛 = 𝐶𝑎𝑖𝑟 ∙ 𝜌𝑖𝑛 ∙ 𝐴0 ∙ 𝐶𝑑,𝑖𝑛 ∙ √
2

𝜌
∙ (𝑃𝑖𝑛 − 𝑃𝑧𝑜𝑛𝑒) ∙ (𝑇𝑖𝑛 − 𝑇𝑧𝑜𝑛𝑒) Eq 2.34 

Precisely the above equation describes the heat transfer rate of the input damper and it can be substituted in 

the general energy balance equation as it was structured in the Eq. 2.4  
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2.3 Outlet heat flow rate 

The outflow air heat transfer rate 𝑄̇𝑜𝑢𝑡 is determined analytically by the following equation, using the same 

procedure as for 𝑄̇𝑖𝑛:  

 𝑄̇𝑜𝑢𝑡 = 𝐶𝑎𝑖𝑟 ∙ 𝑚̇𝑜𝑢𝑡 ∙ (𝑇𝑧𝑜𝑛𝑒 − 𝑇𝑜𝑢𝑡)   Eq 2.35 

Where, 

 𝑄̇𝑜𝑢𝑡 is the outflow heat transfer rate [
𝐽

𝑠
] 

 𝑚̇𝑜𝑢𝑡 is the outdoor air mass rate [
𝐾𝑔

𝑠
]  

 𝑇𝑜𝑢𝑡 is the air temperature in the outlet duct [𝐾]. 

The indoor air mass rate of change 𝑚̇𝑜𝑢𝑡 can be calculated as:  

 𝑚̇𝑜𝑢𝑡 = 𝜌𝑧𝑜𝑛𝑒 ∙ 𝑞𝑜𝑢𝑡    Eq 2.36 

Where,  𝑞𝑜𝑢𝑡 is the volumetric flow rate [
𝑚3

𝑠
] and 𝜌𝑜𝑢𝑡 is the density in the outlet duct [

𝑘𝑔

𝑚3]. 

𝑞𝑖𝑛 ≥ 𝑞𝑜𝑢𝑡 

The above restriction is stated as mandatory limitation for the purpose of this project since the pressurization 

indoor has to be maintained 25 𝑃𝑎 − 50 𝑃𝑎 over the atmospheric pressure, as the safety regulation states. 

Repeating the same procedure as in the air inlet energy model subchapter, in order to find the outflow air 

heat energy transfer rate 𝑄̇𝑜𝑢𝑡  the volumetric outflow 𝑞𝑜𝑢𝑡 has to be calculated: 

 

𝑞𝑜𝑢𝑡 = 𝐶𝑑,𝑜𝑢𝑡 ∙ 𝐴0,𝑜𝑢𝑡 ∙ √
2

𝜌
∙ (𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑜𝑢𝑡) Eq 2.37 

Where 𝑃𝑜𝑢𝑡 is the pressure in the outlet duct [𝑃𝑎].  

For the outlet damper the volumetric outflow is modelled in the same way as for the inlet dampers. The 

different cross-sectional areas 𝐴1 , 𝐴0 and 𝐴2 can formulate the contraction coefficient as the fraction 

between the 𝐴0 and 𝐴2: 

 
𝐶𝑐 =

𝐴2
𝐴0
  Eq 2.38 

Considering the above, the discharge coefficient 𝐶𝑑 is calculated in the same way as for the volumetric 

inflow in the inlet canal.  

 
𝐶𝑑,𝑜𝑢𝑡 =

𝐶𝑐

√[1 − (
𝐶𝑐 ∙ 𝐴0,out ∙ 𝜌𝑜𝑢𝑡 

𝐴1 ∙ 𝜌𝑧𝑜𝑛𝑒
)
2

]

 

Eq 2.39 
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Taking into consideration Eq. 2.39 in Eq. 2.37 results to: 

 

𝑞𝑜𝑢𝑡 = 𝐴0,𝑜𝑢𝑡 ∙
𝐶𝑐

√[1 − (
𝐶𝑐 ∙ 𝐴0,out ∙ 𝜌𝑖𝑛 
𝐴1 ∙ 𝜌𝑧𝑜𝑛𝑒

)
2

]

∙ √
2

𝜌
∙ (𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑜𝑢𝑡) 

Eq 2.40 

 

Using the above equation to calculate the rate of the outflow air mass 𝑚̇𝑜𝑢𝑡:   

 

𝑚̇𝑜𝑢𝑡 = 𝜌𝑧𝑜𝑛𝑒 ∙ 𝐶𝑑,𝑜𝑢𝑡 ∙ 𝐴0,𝑜𝑢𝑡 ∙ √
2

𝜌
∙ (𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑜𝑢𝑡) Eq 2.41 

The equation of the energy contribution of the air outflow can be rewritten by substituting Eq. 2.41 in Eq. 

2.35, which results in the following generic form: 

 

𝑄̇𝑜𝑢𝑡 = 𝐶𝑎𝑖𝑟 ∙ 𝜌𝑧𝑜𝑛𝑒 ∙ 𝐶𝑑,𝑜𝑢𝑡 ∙ 𝐴0,𝑜𝑢𝑡 ∙ √
2

𝜌
∙ (𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑜𝑢𝑡) ∙ (𝑇𝑧𝑜𝑛𝑒 − 𝑇𝑜𝑢𝑡) Eq 2.42 

The above equation describes the heat transfer rate of the outlet pipe and it can be substituted in the general 

energy balance equation as it was structured in Eq. 2.4. 
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2.4 Wall heat transfer rate 
In reality, there will be some heat transfer through the walls due to a temperature difference between the 

zones and to the ambient condition, depending on the weather conditions. In offshore structures, the walls are 

extremely well isolated. The conduction can be expressed in terms of Fourier’s equation, which is a 3-

dimensional PDE with respect to time (A. Cengel). For simplicity the timeless and one-dimensional equation 

is considered, which is given by: 

 
𝑄̇𝑤𝑎𝑙𝑙 = 𝑘𝑤𝑎𝑙𝑙 ∙ 𝐴𝑤𝑎𝑙𝑙 ∙

(𝑇𝑎𝑡𝑚 − 𝑇𝑧𝑜𝑛𝑒)

𝐿𝑤𝑎𝑙𝑙
= 𝑈𝑤𝑎𝑙𝑙 ∙ 𝐴𝑤𝑎𝑙𝑙 ∙ (𝑇𝑎𝑡𝑚 − 𝑇𝑧𝑜𝑛𝑒) Eq 2.43 

where, 

 𝑘𝑤𝑎𝑙𝑙 is the thermal conductivity of the wall [
𝑊

𝑚∙𝐾 
] 

 𝐴𝑤𝑎𝑙𝑙 is the surface area of the walls [𝑚2] 

 𝑇𝑎𝑡𝑚 is the outside air temperature [𝐾] 

 𝐿𝑤𝑎𝑙𝑙 is the wall thickness [𝑚] 

 𝑈𝑤𝑎𝑙𝑙 is the heat loss coefficient, u-value [
𝑊

𝑚3𝐾
] 

The principle of the wall heat transfer is depicted in the figure below, where it is assumed that the wall 

consists of one material. 

  

Figure 5 Heat loss through a wall. (MIT, 2015)  

2.5 Radiators heat transfer rate 

A model for the energy contribution due to the radiator 𝑄̇𝑟𝑎𝑑 is taken into account and developed. Note that, 

the notation rad does not refer to radiation in this case. 

It is assumed that the surface temperature of the radiator is constant and it maintains the required steady state 

temperature in the zone. Having as a guidance the above limits, the modeling of the heat energy contribution 

is calculated by using Newton’s second law of cooling, which states that (A. Cengel): 

 𝑄̇𝑟𝑎𝑑 = ℎ̅ ∙ 𝐴𝑟𝑎𝑑 ∙ (𝑇𝑟𝑎𝑑 − 𝑇𝑧𝑜𝑛𝑒) Eq 2.44 

Where, 

 𝑄̇𝑟𝑎𝑑  is the heat energy transfer rate due to the radiator [
𝐽

𝑆
] 

 ℎ̅ is the average convection coefficient for the entire surface[
𝑊

𝑚2∙𝐾
] 

 𝐴𝑟𝑎𝑑 is the surface area of the radiator [𝑚2] 

 𝑇𝑟𝑎𝑑 is the constant surface temperature [𝐾]  
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To calculate ℎ̅  the following equation is used: 

 
ℎ̅ = 𝑁𝑢 ∙

𝐾𝑎𝑖𝑟
𝐻𝑅𝐻

   Eq 2.45 

Where, 

 𝑁𝑢 is the Nusselts number [-]  

 𝐻𝑅𝐻 is the height of the radiator [m] 

The Nusselts number is found as: 

 𝑁𝑢 = 𝑐 ∙ 𝑅𝑎𝑛 Eq 2.46 

The Nusselts number is defined as the ratio of convective to conductive heat transfer across a boundary 

within a fluid under the same condition, in our case the surface of the radiator. It has to be noticed that in 

convection term the diffusion as well as the advection are included. 

And 𝐾𝑎𝑖𝑟 is the heat conductivity of the air, which in our case is: 

 
𝐾𝑎𝑖𝑟 = 0.0261

𝑊

𝑚 ∙ 𝐾
 Eq 2.47 

 

Both c and n are constants which depend on the radiator’s surface geometry and the flow regime. Normally 

the value of c is less than one and the value of n is equal to  
1

3
 if it is a turbulent flow, and n is equal to  

1

4
 if it 

is a laminar flow. More analytically, after calculating the Rayleigh number is compared in order to fit in a 

range of two different cases and substitute the values of c and n, meaning that (A. Cengel):  

If  104 > 𝑅𝑎 > 109  then 𝑁𝑢 = 0.59 ∙ 𝑅𝑎
1

4   so 𝑛 =
1

4
 and 𝑐 = 0.59 

If  109 > 𝑅𝑎 > 1013 then 𝑁𝑢 = 0.1 ∙ 𝑅𝑎
1

3  so 𝑛 =
1

3
 and 𝑐 = 0.1         

The Rayleigh number Ra [-] is calculated as it is depicted below: 

 
𝑅𝑎 =

𝑔 ∙ 𝛽 ∙ 𝐻𝑅𝐻
3 ∙ (𝑇𝑟𝑎𝑑 − 𝑇𝑧𝑜𝑛𝑒)

𝑣𝑘 ∙ 𝛼
   Eq 2.48 

Where, 

 𝑣𝑘 is the kinematic viscosity of the fluid [
𝑚2

𝑠
]  

 𝛼 is just a substance constant [
𝑚2

𝑠
] 

 𝛽 is the thermal expansion coefficient [𝐾−1],  which is defined as:           

 
𝛽 =  

1

𝑇𝑓
   Eq 2.49 
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Where, 

 
𝑇𝑓 =

𝑇𝑟𝑎𝑑 − 𝑇𝑧𝑜𝑛𝑒
2

   Eq 2.50 

The kinematic viscosity for air is found as (engineeringtoolbox): 

𝑣𝑘 = 1.5647 ∙ 10
−5
𝑚2

𝑠
  

In addition, the substance constant is: 

𝛼 = 2.2142 ∙ 10−5
𝑚2

𝑠
 

2.6 Overall zone temperature model 
The final equation for the change in zone temperature is: 

 𝑑𝑇𝑧𝑜𝑛𝑒
𝑑𝑡

=
𝑄̇𝑖𝑛 + 𝑄̇𝑜𝑢𝑡 + 𝑄̇𝑟𝑎𝑑 + 𝑄̇𝑤𝑎𝑙𝑙

𝑐𝑎𝑖𝑟 ∙ 𝑚𝑧𝑜𝑛𝑒
 Eq 2.51 

 

 

𝑑𝑇𝑧𝑜𝑛𝑒
𝑑𝑡

=
𝐶𝑎𝑖𝑟 ∙ 𝜌𝑖𝑛 ∙ 𝐴0 ∙ 𝐶𝑑,𝑖𝑛 ∙ √

2
𝜌
∙ (𝑃𝑖𝑛 − 𝑃𝑧𝑜𝑛𝑒) ∙ (𝑇𝑖𝑛 − 𝑇𝑧𝑜𝑛𝑒)

𝑐𝑎𝑖𝑟 ∙ 𝑚𝑧𝑜𝑛𝑒

+
𝐶𝑎𝑖𝑟 ∙ 𝜌𝑧𝑜𝑛𝑒 ∙ 𝐶𝑑,𝑜𝑢𝑡 ∙ 𝐴0,𝑜𝑢𝑡 ∙ √

2
𝜌 ∙
(𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑜𝑢𝑡) ∙ (𝑇𝑧𝑜𝑛𝑒 − 𝑇𝑜𝑢𝑡)

𝑐𝑎𝑖𝑟 ∙ 𝑚𝑧𝑜𝑛𝑒

+
(ℎ̅ ∙ 𝐴𝑟𝑎𝑑 ∙ (𝑇𝑟𝑎𝑑 − 𝑇𝑧𝑜𝑛𝑒) + (𝑈𝑤𝑎𝑙𝑙 ∙ 𝐴𝑤𝑎𝑙𝑙 ∙ (𝑇𝑎𝑡𝑚 − 𝑇𝑧𝑜𝑛𝑒))

𝑐𝑎𝑖𝑟 ∙ 𝑚𝑧𝑜𝑛𝑒
 

Eq 2.52 

2.7 Conservation of mass 
The mass rate balance is equal to the difference of inlet and outlet mass flow rate, and it is given by the 

following equation: 

 𝑑𝑚𝑧𝑜𝑛𝑒

𝑑𝑡
= 𝑚̇𝑖𝑛 − 𝑚̇𝑜𝑢𝑡 Eq 2.53 

 

 
𝑑𝑚𝑧𝑜𝑛𝑒

𝑑𝑡
= 𝜌𝑎𝑖𝑟 ∙  𝐶𝑑,𝑖𝑛 ∙ 𝐴0,𝑖𝑛√

2(𝑃𝑖𝑛 − 𝑃𝑧𝑜𝑛𝑒)

𝜌𝑖𝑛
− 𝜌𝑧𝑜𝑛𝑒 ∙ 𝐶𝑑,𝑜𝑢𝑡 ∙ 𝐴0,𝑜𝑢𝑡√

2(𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑜𝑢𝑡)

𝜌𝑧𝑜𝑛𝑒
     Eq 2.54 

2.8 Ideal gas law 
The system can be assumed that works under ideal conditions at all times. Thereby the density and pressure 

can be determined in the zones from the ideal gas law. 

 𝑝𝑧𝑜𝑛𝑒 ∙ 𝑣𝑧𝑜𝑛𝑒 = 𝑛𝑧𝑜𝑛𝑒 ∙ 𝑅𝑧𝑜𝑛𝑒 ∙ 𝑇𝑧𝑜𝑛𝑒 Eq 2.55 

The density in the zone 𝜌𝑧𝑜𝑛𝑒 is calculated as the correlation between the mass and the volume of the zone.  

http://www.engineeringtoolbox.com/
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 𝜌𝑧𝑜𝑛𝑒 =
𝑚𝑧𝑜𝑛𝑒

𝑣𝑧𝑜𝑛𝑒
 Eq 2.56 

 

   
𝑝𝑧𝑜𝑛𝑒
𝜌𝑧𝑜𝑛𝑒

= 𝑅𝑧𝑜𝑛𝑒 ∙ 𝑇𝑧𝑜𝑛𝑒  Eq 2.57 

 

 𝑃𝑧𝑜𝑛𝑒 = 𝑅𝑧𝑜𝑛𝑒 ∙ 𝑇𝑧𝑜𝑛𝑒 ∙ 𝜌𝑧𝑜𝑛𝑒   Eq 2.58 

From the above, the mass balance becomes: 

 

𝑚̇𝑧𝑜𝑛𝑒 = 𝜌𝑎𝑖𝑟,𝑝 ∙  𝐶𝑑,𝑖𝑛 ∙ 𝐴0,𝑖𝑛√
2 ∙ (𝑝𝑝𝑖𝑝𝑒 − 𝑝𝑧𝑜𝑛𝑒)

𝜌𝑝𝑖𝑝𝑒
− (

𝑚𝑧𝑜𝑛𝑒

𝑉𝑧𝑜𝑛𝑒
)

∙ Cd,o𝐴0,𝑜𝑢𝑡√2 ∙ (𝑅 ∙ 𝑇𝑧𝑜𝑛𝑒 −
𝑝𝑎𝑡𝑚

(
𝑚𝑧𝑜𝑛𝑒
𝑉𝑧𝑜𝑛𝑒

)
) 

Eq 2.59 
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2.9 Fan 
The PU consists of a centrifugal fan, which delivers the needed amount of airflow in order to maintain the 

indoor air pressure. This is achieved by choosing the operating speed of the fan.  In order to find the 

frequency which relates to the operating speed, the fan curve is used. After the selection of the fan, the fan 

curve is provided by the manufacture. The fan is chosen based on the systems resistance and required flow 

rate. In this case, the selected fan is presented in Chapter 4, as the fan has to be able to fulfil the requirement 

of multiple zones. 

 

Figure 6 A typical fan curve, relation between static pressure and cubic feet per minute. (esmagazine, n.d.) 

2.9.1 Flow development through a centrifugal fan into a duct  

The selection of a fan that fulfils the system requirements is of great importance. Subsequently it is important 

to look at the flow development after the fan, so the duct length for the inlet is long enough. The flow 

development is illustrated in the Figure 7. 

 

Figure 7 Flow development through a duct. (achrnews, n.d.) 

The total pressure (𝑇𝑃 = 𝑃𝑡𝑜𝑡) is the sum of the velocity pressure (𝑉𝑃 = 𝑃𝑑𝑦𝑛) and the static pressure 

(𝑆𝑃 = 𝑃𝑠𝑡𝑎𝑡𝑖𝑐) as is introduced as (achrnews, n.d.): 

 𝑃𝑡𝑜𝑡 = 𝑃𝑑𝑦𝑛 + 𝑃𝑠𝑡𝑎𝑡𝑖𝑐 Eq 2.60 

Total pressure is defined as the measure of the energy content of the airstream that is always dropping as the 

flow proceeds downstream. 𝑃𝑡𝑜𝑡 it can be measured by using a pitot tube pointing directly upstream, 

connected to a manometer. Additionally, 𝑃𝑡𝑜𝑡 it can take positive and negative values with respect to the 

atmospheric pressure. 
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The length between the point at the outlet of the centrifugal fan and downstream the duct where the flow is 

fully developed is defined as effective duct length (𝐿𝑒) and is calculated for a turbulent flow by Eq 2.61 (A. 

Cengel):   

 𝐿𝑒 = 10 ∙ 𝐷 

 
Eq 2.61 

The static pressure causes the air in the duct to flow. On the other hand, the velocity pressure results from the 

air movement and is defined as the pressure that is required to accelerate from zero to some desired velocity. 

𝑃𝑑𝑦𝑛 is proportional to the kinetic energy of the stream of the flow. From the above, it is desirable to have a 

high 𝑃𝑠𝑡𝑎𝑡𝑖𝑐 compared to 𝑃𝑑𝑦𝑛 develop by the fan.  

The process of the conversion the velocity pressure 𝑃𝑑𝑦𝑛 to static pressure 𝑃𝑠𝑡𝑎𝑡𝑖𝑐 in terms of decrease of 

velocity and total pressure and increase of static pressure is known as static regain. 

2.9.2 Fan and Inlet 

The movement of the fan wheel pushes the air against the outside of the scroll. Therefore, at the top of the 

outlet of the fan (point A), as shown in Figure 7 in the velocity profile, there is a “high” velocity whereas at 

the bottom there is a negative velocity due to the rotating of the air back to the fan at the cut off attempting to 

re-enter in the fan.  

As the air moves towards the duct becomes more uniform across the duct, which means that at point B where 

the flow is fully developed ,as shown in the figure 1, the  static pressure will be higher in value than the 

velocity pressure compared to the point A.   

At the time that the flow is fully developed (point B) the system has gained the static regain. The total 

pressure is approximately the same from point A to B, only the velocity and static pressure increases or 

decreases respectively.  

In order to achieve the best fan performance is advised as a technical prerequisite that at the outlet of the fan 

keep the duct as straight as possible and avoid the fittings near the fan outlet in order to eliminate the system 

effect.  

2.9.3 Fan curve 

In order to obtain the fan curves for different frequencies from the one provided by the manufacture an 

approximation can be made. The fan curve can be approximated by a second order polynomial by use of at 

least three points from the original curve.  

The approximation is: 

 Δ𝑃𝑡(𝑞𝑖𝑛) = 𝑎0 + 𝑎1 ∙ 𝑞𝑖𝑛 + 𝑎2 ∙ 𝑞𝑖𝑛
2   Eq 2.62 

Where, 

 Δ𝑃𝑡 is the differential pressure across the fan [𝑃𝑎]  

 The parameters 𝑎1, 𝑎2, 𝑎3  

The parameters can be approximated by least squares method. It is an estimation method, which considers 

the minimum of squared errors (System Identification, Least squares estimation, 2014).  

 Θ𝐿𝑠 = (Ψ
𝑇 ∙ Ψ)−1 ∙ Ψ𝑇 ∙ 𝑌   Eq 2.63 
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Where, 

 Y in this case is the point for the pressure difference  

 Ψ is the regression vector, containing 𝑞𝑖𝑛 in form of: 

 Ψ = [ 1   𝑞𝑖𝑛  𝑞𝑖𝑛
2 ] Eq 2.64 

2.9.3.1 Affinity laws 

After the polynomial for the original fan curve is found, the fan curves for different fan speeds can be found 

by use of the Affinity laws. 

The affinity laws can be expressed in terms of: 

 
Volume capacity:    

𝑞1
𝑞2
=
𝑛1
𝑛2
∙
𝑑1
𝑑2
  →       

𝑞1
𝑞2
=
𝑛1
𝑛2
    

Head or Pressure:    
𝑑𝑝11
𝑑𝑃2

= (
𝑛1
𝑛2
)
2

∙
𝑑1
𝑑2
  →     

𝑑𝑝11
𝑑𝑃2

= (
𝑛1
𝑛2
)
2

 

Power:   
𝑃1
𝑃2
= (

𝑛1
𝑛2
)
3

∙
𝑑1
𝑑2
  →     

𝑃1
𝑃2
= (

𝑛1
𝑛2
)
3

 

Eq 2.65 

Where, 

 𝑛 is the operating speed of the fan [𝑅𝑃𝑀] 

 1  and 2 denotes at the previously operating condition and the current operating condition of 

the fan, respectively 

The diameter change is eliminated in the equation since only the frequency of the fan can be changed.  

An asynchronous motor controls the fan speed, where the frequency driver controls the speed of the motor, 

given by the following equation:  

 
𝜔(𝑡) = 𝑛 = 2𝜋(1 − 𝑠) ∙

𝑓

𝑝 ∙ 𝑁
 Eq 2.66 

Where, 

  𝑓 is the frequency [𝐻𝑧]. 

  𝑝 is the number of poles. 

  𝑁 is the gear ratio. 

  𝑠 is the slip. 

The slip is assumed to be constant. Thereby the following can be found:  

 
volume capacity:    𝑞2 = 𝑞1

𝑓2
𝑓1

 

Pressure:    𝑑𝑃2 = 𝑑𝑃1 (
𝑓2
𝑓1
)
2

 

Eq 2.67 
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From these equations, the pressure and inflow rate can be determined for different demands of frequency 

based on the values provided from the fan curve of the manufacture. 

2.10 System curve 
The system curve is a representation of how much resistance or losses exist throughout the pipe system. It is 

a relation between the flow rate and differential pressure over the fan. 

Using the Bernoulli equation, the sum of all pressure loss between two points along a streamline in a duct 

can be found to be: 

 
𝑃𝐴 +

1

2
∙ 𝜌 ∙ 𝑣𝐴

2 + 𝜌 ∙ 𝑔 ∙ ℎ𝐴 + Δ𝑃𝑡 = 𝑃𝐵 +
1

2
∙ 𝜌 ∙ 𝑣𝐵

2 + 𝜌 ∙ 𝑔 ∙ ℎ𝐵 + 𝑓 ∙ 𝜌 ∙ 𝑔   Eq 2.68 

Where, 

 Δ𝑃𝑡 is the differential pressure over the fan [Pa] 

 f accounts for the friction in the ducting system.  

Rearranging for Δ𝑃𝑡: 

 
Δ𝑃𝑡 = (𝑃𝐵 − 𝑃𝐴) +

𝑣𝐵
2 − 𝑣𝐴

2

2
+ (ℎ𝐵 − ℎ𝐴) ∙ 𝜌 ∙ 𝑔 + 𝑓 ∙ 𝜌 ∙ 𝑔   Eq 2.69 

The pressure loss due to friction can be expressed as: 

 𝑓 ∙ 𝜌 ∙ 𝑔 = 𝑘 ∙ 𝑞𝑖𝑛
2 ∙ 𝜌 ∙ 𝑔 Eq 2.70 

Where, 

 𝑘 is the resistance coefficient [-] 

The remaining of the equation can be given as the static pressure that the fan needs to raise: 

 
𝑃𝑠𝑡𝑎𝑡𝑖𝑐 = (𝑃𝐵 − 𝑃𝐴) +

𝑣𝐴
2 − 𝑣𝐵

2

2
𝜌 + (ℎ𝐵 − ℎ𝐴) ∙ 𝜌𝐴 ∙ 𝑔 Eq 2.71 

Assuming that the velocity do not have significant changes at the two points, and that 𝑃𝐴 = 𝑃𝑖𝑛, 𝑃𝐵 = 𝑃𝑧𝑜𝑛𝑒 

and 𝜌𝐴 = 𝜌𝑖𝑛, the static pressure becomes: 

 𝑃𝑠𝑡𝑎𝑡𝑖𝑐 = (𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑖𝑛) + (ℎ2 − ℎ1) ∙ 𝜌𝑖𝑛 ∙ 𝑔  Eq 2.72 

The differential pressure across the fan then becomes: 

 Δ𝑃𝑡 = 𝑃𝑠𝑡𝑎𝑡𝑖𝑐 + 𝑘 ∙ 𝑞𝑖𝑛
2 ∙ 𝜌𝑖𝑛 ∙ 𝑔 Eq 2.73 

Where 𝑘 is the resistance coefficient, which includes all the minor and major losses in the system such as 

duct bending, roughness of the ducts material, damper openings etc. This coefficient is introduced further in 

the chapter for the multiple zone modelling, Chapter 3.4. 
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2.10.1 Operating point 

To achieve the desired pressure or flow rate into the zone a specific operating frequency and differential 

pressure of the fan is needed. To obtain this, the intersection of the fan and system curves has to be found. 

This idea is illustrated in Figure 8. 

 

Figure 8 The Operating point. (Controlglobal, u.d.) 

As the condition in the system changes, such as damper openings, the resistance and thereby the system 

curve will change. In order to maintain the required flow rate, the frequency needs to be altered. 
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3. Model extension 

3.1 Heat transfer 
In the industrial conditioning the values of temperature and humidity are lying within well-defined limits in 

order to be carried out the preferred results of the system. In other words the picture of the conditioning of 

the comfort zone in an industrial or scientific process is quite different if compared with any other appliance 

of HVAC systems. The choice of the inside conditions is based clearly on what is wanted and not based on 

statistical survey outcomes. This means that a change of the limits may devastate the preferred work that is 

already done.  

The pre-investigated model will in this section be extended in forms of considering the fraction of return air 

and the fraction of outside air coming into the mixing box. In addition to this, the moisture or humidity is 

only considered as a part of the mass balance. The mass balance consider the dry air and water vapor 

separately for simplicity.  

The system is depicted in the block diagram below. 

.  

Figure 9 Block diagram of the whole system.  

For the investigation of the humidity changes in the mass balance is only considered when the outside air and 

return air are mixed, in the cooling coil and in humidifier, when dehumidification and humidification occurs. 

It is assumed that no extraction of moisture occur in the heating coil. Furthermore, it is assumed that the fan 

has no influence in the temperature and provides only with changes in the volumetric airflow.  

3.1.1 Mixing Box 

In the mixing-box the fraction of air that has left the zone and was not exhausted, returns to be mixed with a 

new amount of outside air. This is done both to provide savings in the heating and to maintain a “fresh-air” 

quality.  
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The block diagram of the process is illustrated in Figure 10.  

 

Figure 10 The mixing process. 

When the two flow streams are mixed, both heat and moisture is changed due to their previously 

environment is different in both temperature and humidity. 

The return air can be modelled as a fraction of the heat transfer, which leaves the zone: 

 𝑄̇𝑟 = 𝛽 ∙ 𝑚̇𝑎,𝑜𝑢𝑡 ∙ ℎ𝑜𝑢𝑡 Eq 3.1 

Where, 

 𝛽 is the fraction of air which is not exhausted [-]. 

 𝑚̇𝑎,𝑜𝑢𝑡is the outlet mass flow rate [
𝑘𝑔

𝑠
] of the zone.  

 ℎ𝑜𝑢𝑡 is the enthalpy of the outlet of the zone [
𝐽

𝑘𝑔
]. 

 𝑄̇𝑟 is the heat transfer rate of the return air [
𝐽

𝑠
]. 

For simplicity in the equations it is assumed to be: 

 𝑄̇𝑟 = 𝑚̇𝑎,𝑟 ∙ ℎ𝑟 Eq 3.2 

Where,  

 𝑚̇𝑎,𝑟 is a fraction 𝛽 of 𝑚̇𝑎,𝑜𝑢𝑡  

 ℎ𝑟 = ℎ𝑜𝑢𝑡. 

The amount of mass flow from the outside into the mixing chamber is based on a specific mixing 

temperature. The heat transfer from outside is expressed as: 

 𝑄̇𝑎𝑡𝑚 = 𝑚̇𝑎,𝑎𝑡𝑚 ∙ ℎ𝑎𝑡𝑚 Eq 3.3 

Where, 

 𝑚̇𝑎𝑡𝑚 is the mass flow of outside air [
𝑘𝑔

𝑠
]. 

 ℎ𝑎𝑡𝑚 is the enthalpy of the outside air [
𝐽

𝑘𝑔
]. 

 𝑄̇𝑎𝑡𝑚 is the heat transfer rate of the outside air [
𝐽

𝑠
]. 

The heat transfer balance of the mixing box can be found from: 

 
∑𝑚̇ℎ

𝑖𝑛

=∑𝑚̇ℎ  

𝑜𝑢𝑡

 Eq 3.4 

 

𝑚̇𝑚𝑖𝑥 , 𝑇𝑚𝑖𝑥 𝑚̇𝑟 𝑇𝑟 

𝑚̇𝑎𝑡𝑚, 𝑇𝑎𝑡𝑚 

𝑀𝑖𝑥𝑖𝑛𝑔 𝐵𝑜𝑥 
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Which leads to: 

 𝑄̇𝑟 + 𝑄̇𝑎𝑡𝑚 = 𝑄̇𝑚𝑖𝑥   → 𝑚̇𝑎,𝑟 ∙ ℎ𝑟 + 𝑚̇𝑎,𝑎𝑡𝑚 ∙ ℎ𝑎𝑡𝑚 = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ ℎ𝑚𝑖𝑥 Eq 3.5 

 

 𝑚̇𝑎,𝑚𝑖𝑥 ∙ (ℎ𝑎𝑡𝑚 − ℎ𝑟) = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ ℎ𝑚𝑖𝑥 Eq 3.6 

Substituting for the enthalpy, the expression can be altered to: 

 𝑄̇𝑚𝑖𝑥 = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ 𝑐𝑎𝑖𝑟 ∙ (𝑇𝑟 − 𝑇𝑎𝑡𝑚) 

 
Eq 3.7 

Where the mass flow rate of dry air is: 

 𝑚̇𝑎,𝑚𝑖𝑥 = 𝑚̇𝑎,𝑟 + 𝑚̇𝑎,𝑎𝑡𝑚 Eq 3.8 

And, 

 𝑚̇𝑎,𝑚𝑖𝑥 is the mass flow rate [
𝐾𝑔

𝑠
]  in the mixing box. 

 𝑇𝑟 is the temperature [𝐾]of the return air. 

 𝑇𝑎𝑡𝑚 is the outside temperature [𝐾].  

3.1.2 Cooling coil heat transfer 

Heat transfer to cooling coil can be described in three stages: 

 Airstream transfers heat to the fins and pipes outer surface. 

 Then, heat is transferred through the metal of the fins and the wall of the piping. 

 Final step, concludes in the main stream of the coolant by passing through the inner walls 

of the tubes through the surface film of the cooling fluid. 

The process of the cooling coil is depicted below. 

 

Figure 11 The Cooling process. 

In this process, the air is cooled and some heat is extracted from the air, therefore a change in the heat 

transfer will occur: 

 
∑𝑚̇ℎ

𝑖𝑛

= 𝑄̇𝑐𝑐 +∑𝑚̇ℎ  

𝑜𝑢𝑡

 

 

Eq 3.9 

Where 𝑄̇𝑐𝑐 is the heat transfer rate [
𝐽

𝑠
], of which the air is cooled down. The heat flow balance for a cooling 

coil is: 

 𝑚̇𝑎,𝑚𝑖𝑥 ∙ ℎ𝑚𝑖𝑥 = 𝑚̇𝑎,𝑐𝑐 ∙ ℎ𝑐𝑐 + 𝑄̇𝑐𝑐 

 
Eq 3.10 

𝑚̇𝑐𝑐 , 𝑇𝑐𝑐 𝑚̇𝑚𝑖𝑥 𝑇𝑚𝑖𝑥 
𝐶𝑜𝑜𝑙𝑖𝑛𝑔 



 Multi zone HVAC system 

                         

 

22 

 

The dynamic heat transfer rate of the dry air that is applied in the cooling coil is described by the following 

fundamental equation (Bourhan, Molhim, & Al-Rousan, 2004):  

 
𝐶𝑐𝑐 ∙

𝑑𝑇𝑐𝑐
𝑑𝑡

= 𝑚̇𝑚𝑖𝑥 ∙ 𝐶𝑎𝑖𝑟 ∙ (𝑇𝑚𝑖𝑥 − 𝑇𝑐𝑐) − 𝑚̇𝑤𝑐𝑐 ∙ 𝐶𝑝𝑤 ∙ (𝑇𝑐𝑐𝑤,𝑖𝑛 − 𝑇𝑐𝑐𝑤𝑜𝑢𝑡  ) 
Eq 3.11 

  

 
𝐶𝑐𝑐 ∙

𝑑𝑇𝑐𝑐
𝑑𝑡

= 𝑚̇𝑚𝑖𝑥 ∙ 𝐶𝑎𝑖𝑟 ∙ (𝑇𝑚𝑖𝑥 − 𝑇𝑐𝑐) − 𝑚̇𝑤𝑐𝑐,𝑚𝑎𝑥 ∙ 𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝐶𝐶 ∙ 𝐶𝑝𝑤 ∙ (𝑇𝑐𝑐𝑤,𝑖𝑛 − 𝑇𝑐𝑐𝑤𝑜𝑢𝑡  ) 
Eq 3.12 

 

Eq 3.12 was used instead of Eq 3.11, in order to define the range of the unknown mass flowrate 𝑚̇𝑤𝑐𝑐 it was 

therefore used a fixed maximum flow rate. Assuming when the valve is fully open the maximum flow rate is 

achieved, the Opening𝐶𝐶  indicates how much the valve is open. This approach neglects the orifice equation 

for the valve and thereby it is assumed a linear relationship between the opening and the mass flow rate.   

Where, 

 𝐶𝑐𝑐 = 𝑚𝑐𝑐 ∙ 𝐶𝑎𝑖𝑟 Eq 3.13 

And, 

 𝑚𝑐𝑐is the mass [𝑘𝑔]  of the air inside the cooling coil 

 𝑇𝑐𝑐  is the temperature[𝐾] of the air inside the cooling coil 

 𝑇𝑚𝑖𝑥 [𝐾] is the temperature of the mixed air inserted to the cooling coil after the mixing 

box 

 𝑚̇𝑤𝑐𝑐 is the mass rate [
𝐾𝑔

𝑠
] of the water that flow through the cooling pipe and transfers 

the temperature of the water into the cooling coil in order to achieve a change (lower) 

temperature of the air exerted from the cooling coil.  

 𝑇𝑐𝑐𝑤,𝑖𝑛  and 𝑇𝑐𝑐𝑤,𝑜𝑢𝑡  are the temperature [𝐾] of the water that come in and out of the 

cooling coil pipe respectively.  

 𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝐶𝐶 is the opening of the valve in terms of how many percentage flow rate is let 

through. 

 𝑚̇𝑤𝑐𝑐,𝑚𝑎𝑥 is the maximum flow rate [
𝐾𝑔

𝑠
] of the cooling oil 

3.1.3 Heating coil heat transfer 

The heating process is depicted below. 

 

Figure 12 The heating process. 

When the cooled air flow through the heater, no addition in flow rate occurs: 

 𝑚̇𝑎,𝑚𝑖𝑥 = 𝑚̇𝑎,ℎ𝑐 Eq 3.14 

Where 𝑚̇𝑎,ℎ𝑐 is the mass flow rate out of the heating coil. Through the heater, additional heat is added 

making the energy balance: 

𝑚̇ℎ𝑐 , 𝑇ℎ𝑐 𝑚̇𝑐𝑐 𝑇𝑐𝑐 

𝐻𝑒𝑎𝑡𝑖𝑛𝑔 𝐶𝑜𝑖𝑙 
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∑𝑚̇ℎ

𝑖𝑛

+ 𝑄̇ℎ𝑐 =∑𝑚̇ℎ  

𝑜𝑢𝑡

 Eq 3.15 

Where 𝑄̇ℎ𝑐 is the heat transfer rate [
𝐽

𝑠
] of which the air is heated.  

The static heat transfer balance therefore becomes: 

 𝑄̇ℎ𝑐 + 𝑚̇𝑎.𝑚𝑖𝑥 ∙ ℎ𝑚𝑖𝑥 = 𝑚̇𝑎,ℎ𝑐 ∙ ℎℎ𝑐   →   𝑄̇ℎ𝑐 = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ (ℎℎ𝑐 − ℎ𝑚𝑖𝑥) Eq 3.16 

The dynamic heat energy transfer rate by the heating coil is being introduced and calculated by the equation 

showed below:  

 
𝐶ℎ𝑐 ∙

𝑑𝑇ℎ𝑐
𝑑𝑡

= 𝑚̇𝑚𝑖𝑥 ∙ 𝐶𝑎𝑖𝑟 ∙ (𝑇ℎ𝑐 − 𝑇𝑐𝑐) − 𝑚̇𝑤ℎ𝑐 ∙ 𝐶𝑝𝑤 ∙ (𝑇ℎ𝑐𝑤𝑖𝑛 − 𝑇ℎ𝑐𝑤𝑜𝑢𝑡   ) 
Eq 3.17 

 

 
𝐶ℎ𝑐 ∙

𝑑𝑇ℎ𝑐
𝑑𝑡

= 𝑚̇𝑚𝑖𝑥 ∙ 𝐶𝑎𝑖𝑟 ∙ (𝑇ℎ𝑐 − 𝑇𝑐𝑐) − 𝑚̇𝑤ℎ𝑐,𝑚𝑎𝑥 ∙ 𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝐻𝐶 ∙ 𝐶𝑝𝑤 ∙ (𝑇ℎ𝑐𝑤𝑖𝑛 − 𝑇ℎ𝑐𝑤𝑜𝑢𝑡  ) Eq 3.18 

Where, 

 𝐶ℎ𝑐 = 𝑚ℎ𝑐 ∙ 𝐶𝑎𝑖𝑟 Eq 3.19 

And,  

 𝑚ℎ𝑐 is the mass [𝑘𝑔] of the air inside the heating coil. 

 𝑇ℎ𝑐is the temperature  [𝐾] of the air inside the heating coil. 

 𝑇𝑐𝑐is the temperature  [K] after the cooling coil. 

 𝑚̇𝑤ℎ𝑐 is the mass rate  [
𝐾𝑔

𝑠
]of the water that flow through the heating pipe.  

 𝑚̇𝑤ℎ𝑐,𝑚𝑎𝑥 is the maximum mass flow rate [
𝐾𝑔

𝑠
] of water in the heating oil  

 𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝐻𝐶 is the opening of the valve of the heating coil 

 

Note that, the minus sign in Eq 3.18 do not result in heat extracted form the flow. The negative sign is due to 

a negative coil temperature different, (𝑇ℎ𝑐𝑤𝑖𝑛 − 𝑇ℎ𝑐𝑤𝑜𝑢𝑡  ), because the temperature leaving the heater will be 

less than what is entering. The temperature leaving the heating coil is the inlet temperature, 𝑇𝑖𝑛 which is used 

in the single zone model. 
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3.2 Humidity  
The humidity is an important factor for the offshore platforms both in case for manned and un-manned. In 

case of a manned platform, the humidity influences the comfort and health condition of the crew. If the 

humidity becomes too low, dry skin and irritation can occur, on the other hand if it is too high it can cause 

less sweet to evaporate and thereby the function to dissipate heat from the body becomes less. In addition, 

the critical thinking is weakened. 

For the unmanned case, the equipment and electrical components are affected. In addition a too high 

humidity will cause increases in corrosion. Carbon steel is used for some components inside the buildings, 

therefore low humidity is needed, since a relative humidity above 60% will result in start of corrosion affects 

. Normally 65% is the required maximum. On the other hand having a too low humidity will cause a large 

increase in electrostatic charges (ESC). The ESC can result in either overheating of component, thereby 

causing them not to work proper, or to fail in future operation. 

Therefore, the control of the humidity is very important. In this section different perspectives of the humidity 

is introduced and a proposed model is found. Furthermore, different important terms related to the humidity 

are explained. 

3.2.1 Dry air 

Often only the heat transfer is studied when modelling an HVAC-system but when the moisture or also 

referred to as humidity has to be accounted for, the existence of another gas in the air has to be considered. 

Per definition (Cengel & Boles), the humidity is a relationship between how much dry air and water vapor 

there is in an amount of air. This means that instead of considering only one-phase gas, a two-phased gas 

mixture has to be modelled. In this project the two phases are considered separately. In case of more 

moisture is added the water vapor mass is increased and vice versa. The water vapor is also referred to 

saturated water. 

Air contains different gases in different amount. Normally air contains some water vapor, this is referred to 

as atmospheric air, whereas dry air contains no water vapor. It is beneficial to consider the dry air since the 

composition do almost not change but the vapor changes due to condensation and evaporation throughout the 

air handling unit. 

3.2.2 Saturated Temperature and Pressure 

The saturation temperature and pressure is related to when a pure substance changes its phase, e.g. when 

water starts to boil. The temperature for the boiling point for a constant pressure is called the saturated 

temperature, 𝑇𝑠𝑎𝑡. For constant temperature, a saturated pressure can be found in the same manor, 𝑃𝑠𝑎𝑡. (A. 

Cengel) 

A relation between the temperature, pressure and specific volume is illustrated in the Figure 13, p. 24.  

 

Figure 13. T-v and P-v graphs. (Cengel & Boles) 
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The large amount of energy that it takes to change the phase is called Latent heat and is the energy absorbed 

or released during the process. 

3.2.3 Dew point 

The dew-point temperature 𝑇𝑑𝑝, is the temperature at which the water vapor begins to condense in an air-

water vapor mixture when it is cooled down at constant pressure. At this point, the moisture capacity of the 

air equals to the amount hold by the air. A drop in temperature results in condensation.  

𝑇𝑑𝑝 = 𝑇𝑠𝑎𝑡(𝑃𝑠𝑎𝑡 = 𝑃𝑤𝑎𝑡𝑒𝑟) 

 

Figure 14 Relationship between the drew point temperature and air temperature (dry bulb) (wikipedia, u.d.) 

The dew point temperature can be approximated to be (ajdesigner, 2015): 

 

𝑇𝑑𝑝 = (
ϕ

100
)

1
8
∙ (112 + 0.9 ∙ 𝑇𝑑𝑏) + 0.1𝑇𝑑𝑏 − 112      Eq 3.20 

 

Where 𝜙 is the relative humidity [%] and 𝑇𝑑𝑏 is the dry bulb temperature [𝐶]. 

Besides the dew point temperature, terms like dry-bulb and wet-bulb temperatures are often used related to 

moist air. The dry-bulb temperature referrers to the temperature of the air whereas the wet bulb temperature 

is the temperature of adiabatic saturation (100% RH). This temperature is always lower than the dry bulb 

temperature (engineeringtoolbox, 2015).  

3.2.4 Specific humidity 

The specific humidity is also known as the moisture content or humidity ratio and is defined as the mass of 

water vapor in kg of dry air in an air-water mixture (Cengel & Boles). 

The specific humidity 𝜔 is defined as: 

 
𝜔 =

𝑚𝑤

𝑚𝑎
 

 

Eq 3.21 

Where 𝑚𝑤 and 𝑚𝑎 is the mass [𝐾𝑔] of the water vapor and the dry air respectively. 
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From the ideal gas law the mass can be found: 

 
𝑝 ∙ 𝑉 = 𝑚 ∙ 𝑅 → 𝑚 =

𝑝 ∙ 𝑉

𝑅 ∙ 𝑇
 Eq 3.22 

 

Substituting Eq. 3.22 into Eq. 3.21 the following can be obtained assuming same temperature and volume of 

both gases: 

 
𝜔 =

𝑝𝑤 ∙ 𝑉𝑤 ∙ 𝑅𝑎 ∙ 𝑇𝑎
𝑝𝑎 ∙ 𝑉𝑎 ∙ 𝑅𝑤 ∙ 𝑇𝑤

→   𝜔 =
𝑅𝑎 ∙ 𝑝𝑤
𝑅𝑤 ∙ 𝑝𝑎

 

 

   Eq 3.23 

Where 
𝑅𝑎

𝑅𝑤
  is the relative density of water vapor with respect to dry air. Knowing 𝑅𝑎 =

𝑅

𝑀𝑎
, 𝑅𝑤 =

𝑅

𝑀𝑤
  and 

that the molar mass of water is 18.02
𝑔

𝑚𝑜𝑙
 and for dry air 28.97

𝑔

𝑚𝑜𝑙
, the following can be found from a simple 

substitution: 

 𝑅𝑎
𝑅𝑤

=
𝑀𝑤
𝑀𝑎

=
18.02

28.97
= 0.622    Eq 3.24 

 

Finally, the specific humidity becomes: 

 
𝜔 = 0.622 ∙

𝑝𝑤
𝑝𝑎

 
   Eq 3.25 

The total pressure is the sum of the dry air and water vapor pressure: 

 𝑝𝑡𝑜𝑡 = 𝑝𝑎 + 𝑝𝑤     Eq 3.26 

Combining Eq 3.25 and Eq 3.26 the expression for the specific humidity can be found to be: 

 
𝜔 = 0.622 ∙

𝑝𝑤
𝑝𝑡𝑜𝑡 − 𝑝𝑤

 
   Eq 3.27 

The water vapor saturated pressure at ambient pressure of 1atm can be found from (engineeringtoolbox, 

2015): 

 
𝑝𝑤  =  610.78 ×  𝑒

(
𝑇𝑑𝑏

 𝑇𝑑𝑏 + 238.3 
× 17.2694 )

  

 
   Eq 3.28 
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3.2.5 Relative humidity 

The relative humidity, RH, is the relationship between the amount of water vapor the air is holding and how 

much the air can hold. It is defined as the ratio between the pressure of water vapor in moist air at a given 

temperature, and the pressure of saturated water vapor at the same temperature.  

 
𝜙 =

𝑚𝑤

𝑚𝑔
=

𝑃𝑤
𝑃𝑠𝑎𝑡,𝑤

  →   𝜙 =
𝑃𝑤

𝑃𝑠𝑎𝑡,𝑤
∙ 100 %   Eq 3.29 

 

 
  𝜙 =

𝜔 ∙ 𝑃𝑡𝑜𝑡
(0.622 + 𝜔) ∙ 𝑃𝑠𝑎𝑡,𝑤

∙ 100% Eq 3.30 

 

Where 𝑃𝑔 is the pressure of saturated water vapor [𝑃𝑎].  

The relative humidity is related only to the temperature and pressure changes, as the saturation pressure is 

based on the dry bulb temperature. The relation between the water vapor pressure and its saturation pressure 

can be expressed as: 

 𝑃𝑤 = 𝜙 ∙ 𝑃𝑠𝑎𝑡,𝑤 Eq 3.31 

The relationship between the dry bulb temperature, specific humidity and relative humidity is depicted in the 

Figure 15. 

      

Figure 15 dry-bulb temperature with respect to specific humidity for different RH.  

It is possible to see that, the higher relative humidity the larger changes occur in the specific humidity when 

the temperature increases.  
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3.2.6 The psychometric chart 

The psychometric chart is used to graphically represent psychometric properties of air, such as enthalpy, 

humidity and dry-bulb temperature. It is often used for processes related to HVAC-system to both 

understand how the properties changes during the different process throughout the HVAC-system, and to 

define the comfort zone of which the room is needed to be in. The chart is given for a constant pressure and 

is normally given for atmospheric pressure, for other pressures some correction has to be made. A general 

overview of the construction of the chart is depicted in Figure 16. 

 

Figure 16 The psychometric chart, indicates constant reference lines. (Cengel & Boles) 

Different lines of interest can be found in the charts above; the Dry-bulb temperature lines is the vertical 

dashed line indicated in the chart to the right. Along this line, the temperature is constant. The values of the 

temperature increases from left to right. The specific humidity is the right vertical axis. The RH starts from 

the saturation line, indicated in the left chart, decreasing from 100 % to 0 %. Additionally, the Dew point can 

be found from drawing a constant line from the specific humidity to the saturation line. Along this line the 

specific humidity is constant. The process is not necessarily at the dew temperature. If not, the line will 

intersect the Dry-bulb temperature line. In addition, the enthalpy, specific volume and wet-bulb temperature 

lines can be found. 

3.2.7 Air-conditioning processes 

The psychometric-chart can also be used to illustrate the processes, which occur in an air conditioning unit. 

These processes include simple heating, simple cooling, humidification and dehumidification in order to 

maintain the desired temperature and humidity in a zone. The processes are depicted in the psychometric 

chart below. In summer, the process normally is to cool and dehumidify and vice versa.   

 

Figure 17 Air conditioning processes. 
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3.2.7.1 The heating and humidification process 

This process is indicated in the left chart in Figure 18. The humidification process is when moisture is added 

to the air without any changes in temperature (dry bulb). Moisture particles are sprayed into the air where it 

evaporates and is absorbed. In the chart to the left in the process line between point 2 and point 3. In this 

project, a humidification process where no temperature is added is considered but in reality, a small change 

in temperature will occur because the added moisture has a higher temperature.  

In the HVAC process heat will be added just before the humidifier. This process is indicated with the line 

between point 1 and point 2. 

   

Figure 18 a) Heating and humidification process, b) The dehumidification and cooling process. 
(Cengel & Boles) 

3.2.7.2 The cooling and dehumidification process 

The dehumidification process is where moisture is removed by keeping the dry-bulb temperature constant (It 

will gradually decrease when water is condensed). The process is indicated in the right of Figure 18 by the 

decreasing line between the point 1’s intersection with the saturation line and point 2. As the humidification, 

the dry-bulb temperature will change by a small amount. This change is not accounted for in this project. In 

the HVAC-system process the dry air is cooled down by passing a cooling coil in which cold water flows. 

The air is cooled down to the Dew point temperature if dehumidification is needed. At this point, the relative 

humidity is 100% and the dehumidification process begins. In this process, the drew-point keeps decreasing 

along the saturation line together with the temperature and specific humidity. 
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3.2.7.3 Overall HVAC air conditioning process 

The overall HVAC-system process is depicted in Figure 19. The chart is used to evaluate which of the 

processes are needed, for a given zone specification, in order to achieve these specifications. The different 

sections in the system are denoted by a number: 

 Point 1: Mixing box. Process of cooling in order to get to point 2. 

 Point 2: After the cooling coil, re-heat in order to reach the point 3 which is the comfort zone.  

 Point 3: The comfort zone is characterized by the zone specifications. In other words the comfort 

zone is the desired specifications for each zone (e.g Temperature, Humidity).  

  

Figure 19 HVAC processes (ohio.edu, n.d.) 

In the Figure 19 at state 1, the return air and outside air is mixed and indicated the mixture properties. The 

black arrow indicates the return and outside air process. Here after the mixing air enters the cooling coil, 

reducing the dry-bulb temperature and going to the saturation line. The red arrow along this line indicates the 

condensation process. This cycle continues repeatedly, for given air properties. 

As it was already mentioned, the comfort zone is the region specified for the room air properties. This region 

can be used to see which process are needed for next cycle; e.g. If the humidity of the supply air is to low, 

only humidification process is needed, depending on the mixing condition.  
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3.3 Humidity model 
The humidity model for this project is based on the assumption that the dry air and water vapor is considered 

separately. The humidity model is based on the mass balance for each section of the HVAC-model. Starting 

with the mixing box and ending with the outlet of the zone. 

3.3.1 Mixing box 

As discuss in chapter 3.2, only a fraction of the outlet air from the zone returns to the mixing box. As the 

humidity and temperature does not change much when some air is exhausted, it is assumed that the specific- 

and relative humidity of the outlet is the same for the return air. The flow mass of air from outside into the 

mixing box is based on having a mixing temperature fixed at 15°𝐶. The specification of the return water 

vapor is given as: 

𝑚̇𝑤,𝑟 = 𝛽 ∙ 𝑚̇𝑤,𝑜𝑢𝑡, 𝜔𝑟 = 𝜔𝑜𝑢𝑡 , 𝜙𝑜𝑢𝑡 = 𝜙𝑟 

Where, 

 𝑚̇𝑤,𝑟 and 𝑚̇𝑤,𝑜𝑢𝑡 are the mass flow rate of water vapor[
𝐾𝑔

𝑠
]of the return and outlet air 

respectively. 

 𝜔𝑟 and 𝜔𝑜𝑢𝑡 are the specific humidity [
𝐾𝑔 𝑚𝑜𝑖𝑠𝑡

𝐾𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
]of the return and outlet air respectively. 

 𝜙𝑜𝑢𝑡 and 𝜙𝑟 are the relative humidity [%]of the return and outlet air respectively. 

 

The process for the mixing box is depicted in the block diagram below:  

 

Figure 20 The mixing box. 

The mass balance for the control volume of the mixing box is: 

 𝑚̇𝑤,𝑟 + 𝑚̇𝑤,𝑎𝑡𝑚 = 𝑚̇𝑤,𝑚𝑖𝑥 Eq 3.32 

Where 𝑚̇𝑤,𝑎𝑡𝑚 and 𝑚̇𝑤,𝑚𝑖𝑥 are the mass flow rate of water vapor[
𝐾𝑔

𝑠
]of the outside and mixing air 

respectively. 

Isolating 𝑚𝑤 from Eq 3.21 results in a relationship between the mass of the dry air and the water vapor: 

 𝑚𝑤 = 𝜔 ∙ 𝑚𝑎 Eq 3.33 

Substituting Eq 4.31 into Eq 4.30 results in: 

 𝑚̇𝑎,𝑟 ∙ 𝜔𝑟 + 𝑚̇𝑎,𝑎𝑡𝑚 ∙ 𝜔𝑎𝑡𝑚 = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ 𝜔𝑚𝑖𝑥 Eq 3.34 

 

 

 

𝑚̇𝑤,𝑚𝑖𝑥 𝑚̇𝑤,𝑟 

𝑚̇𝑤,𝑎𝑡𝑚

𝑀𝑖𝑥𝑖𝑛𝑔 𝐵𝑜𝑥 
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From this, the static equation for the humidity of the mixture becomes:  

 
𝜔𝑚𝑖𝑥 =

𝑚̇𝑎,𝑟 ∙ 𝜔𝑟 + 𝑚̇𝑎,𝑎𝑡𝑚 ∙ 𝜔𝑎𝑡𝑚
𝑚̇𝑎,𝑚𝑖𝑥

 Eq 3.35 

Taking the dynamic equation as the: 

 
𝑚𝑎,𝑚𝑖𝑥 ∙

𝑑𝜔𝑚𝑖𝑥
𝑑𝑡

= 𝑚̇𝑟 ∙ (𝜔𝑟 −𝜔𝑚𝑖𝑥) + 𝑚̇𝑎𝑡𝑚(𝜔𝑎𝑡𝑚 −𝜔𝑚𝑖𝑥) Eq 3.36 

 

Where 𝑚𝑎,𝑚𝑖𝑥 is the mass [𝐾𝑔] of dry air in the mixing box.  

This is found from a specified volume,𝑉𝑚𝑖𝑥, and the density of air. The density of air inside the mixing box 

is found from the ideal gas law: 

 
𝜌𝑚𝑖𝑥 =

𝑃𝑚𝑖𝑥
𝑅𝑎𝑖𝑟 ∙ 𝑇𝑚𝑖𝑥

 Eq 3.37 

 

The equation for the mass is: 

 𝑚𝑎,𝑚𝑖𝑥 = 𝜌𝑚𝑖𝑥 ∙ 𝑉𝑚𝑖𝑥 Eq 3.38 

3.3.2 Cooling coil and dehumidifier  

The mass flow rate of the water vapor into the cooling coil is equal to the mixture of mass flow rate of water 

vapor. This process is depicted in the block diagram in Figure 21.   

 

Figure 21 The Cooling coil process. 

The water vapor mass balance is: 

 𝑚̇𝑤,𝑚𝑖𝑥 = 𝑚̇𝑤,𝑐𝑐 + 𝑚̇𝑤𝑐𝑐,𝑜𝑢𝑡 Eq 3.39 

Where, 

  𝑚̇𝑤𝑐𝑐,𝑜𝑢𝑡 is the rate of mass condensation of the vapor [
𝐾𝑔

𝑠
]. 

 𝑚̇𝑤,𝑐𝑐 is the mass flow rate of water vapor out of the cooling coil [
𝐾𝑔

𝑠
].  

Applying the relationship between the dry air and the water vapor mass, the following equation is obtained:  

 𝑚̇𝑎,𝑚𝑖𝑥 ∙ 𝜔𝑚𝑖𝑥 = 𝑚̇𝑎,𝑐𝑐 ∙ 𝜔𝑐𝑐 + 𝑚̇𝑤𝑐𝑐,𝑜𝑢𝑡 Eq 3.40 

Where 𝜔𝑐𝑐 is the specific humidity of the air leaving the cooling coil. 

𝑚̇𝑤,𝑐𝑐 𝑚̇𝑤,𝑚𝑖𝑥 

𝑚̇𝑤𝑐𝑐,𝑜𝑢𝑡 

𝐶𝑜𝑜𝑙𝑖𝑛𝑔 𝑐𝑜𝑖𝑙 
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The mass flow rate needs to condense in order to obtain the desired specific humidity of the air leaving the 

cooling coil. The amount of water vapor needed to dehumidify is calculated as: 

 𝑚̇𝑤,𝑜𝑢𝑡 = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ (𝜔𝑚𝑖𝑥 −𝜔𝑐𝑐) Eq 3.41 

The dynamic of the humidity in the cooling coil can be found to be: 

 
𝑚𝑎,𝑐𝑐 ∙

𝑑𝜔𝑐𝑐
𝑑𝑡

= 𝑚𝑎,𝑚𝑖𝑥 ∙ (𝜔𝑚𝑖𝑥 −𝜔𝑐𝑐) − 𝑚̇𝑤𝑐𝑐,𝑜𝑢𝑡 Eq 3.42 

Here 𝑚𝑎,𝑐𝑐 is the mass of the air in the coiling coil and is found accordingly to Eq.3.38. 

3.3.3 Heater 

As the dry air flows through the heating coil and is heated up, no change in state occur therefore specific 

humidity remains the same whereas the relative humidity will change meaning that 𝜙1 > 𝜙2. 

 

Figure 22 The Heating coil process. 

The mass flow rate of the water vapor becomes: 

 𝑚̇𝑤,𝑐𝑐 = 𝑚̇𝑤,ℎ𝑐   Eq 3.43 

 𝑚̇𝑎,𝑚𝑖𝑥 ∙ 𝜔𝑐𝑐 = 𝑚̇𝑎,ℎ𝑐 ∙ 𝜔ℎ𝑐   →  ∙ 𝜔𝑐𝑐 = 𝜔ℎ𝑐 Eq. 3.44 

Where, 

 𝜔ℎ𝑐 is the specific humidity of the air leaving the heating coil. 

 𝑚̇𝑤,ℎ𝑐 is the mass flow rate of the water vapor leaving the heater [
𝐾𝑔

𝑠
]. 

3.3.4 Humidifier 

Before the air is let into the zone, if needed, some hot water is sprayed into the air to increase the mass of 

water vapor. The process is depicted in the figure below. 

 

Figure 23 The humidification process. 

From applying the mass balance of the water vapor, the following is obtained: 

 𝑚̇𝑤,ℎ𝑐 + 𝑚̇𝑤,𝑖𝑛 = 𝑚̇𝑤,ℎ Eq 3.45 

 

 𝑚̇𝑎,𝑚𝑖𝑥 ∙ 𝜔ℎ𝑐 + 𝑚̇𝑤,𝑖𝑛 = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ 𝜔ℎ Eq 3.46 

𝑚̇𝑤,ℎ𝑐 𝑚̇𝑤,𝑐𝑐 

𝐻𝑒𝑎𝑡𝑖𝑛𝑔 𝑐𝑜𝑖𝑙 

𝑚̇𝑤,ℎ 𝑚̇𝑤,ℎ𝑐 

𝑚̇𝑤,𝑖𝑛 

𝐻𝑢𝑚𝑖𝑑𝑖𝑓𝑖𝑒𝑟  
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Where, 

 𝑚̇𝑤,𝑖𝑛 is the added water vapor by the humidifier [
𝐾𝑔

𝑠
]. 

 𝜔ℎ are the specific humidity of the air leaving the humidifier. 

The amount of water vapor needed to be added to the air in order to obtain the desired specific humidity in 

the zone is:  

 𝑚̇𝑤,𝑖𝑛 = 𝑚̇𝑎,𝑚𝑖𝑥 ∙ (𝜔ℎ𝑐 −𝜔ℎ) 

 
Eq 3.47 

As 𝜔ℎ is the specific humidity, which has to go into the zone, it should be the set point of the zone but as the 

outlet of the zone has another relative and specific humidity, 𝜔ℎ, can be calculates from a steady state 

condition for the humidity of the zone, which will be further explained in the next section: 

 
𝑚𝑧𝑜𝑛𝑒 ∙

𝑑𝜔𝑧𝑜𝑛𝑒
𝑑𝑡

= 𝑚̇𝑖𝑛 ∙ (𝜔𝑖𝑛 −𝜔𝑧𝑜𝑛𝑒) − 𝑚̇𝑜𝑢𝑡 ∙ (𝜔𝑧𝑜𝑛𝑒 −𝜔𝑜𝑢𝑡) 

 

Eq 3.48 

Where 𝜔𝑧𝑜𝑛𝑒 is the specific humidity in the zone. In order to determine the amount water vapor needed 

added, the specific humidity of the inlet air is needed to be found. It is found from solving Eq 3.48 for a 

steady state condition: 

 0 = 𝑚̇𝑖𝑛 ∙ (𝜔𝑖𝑛 − 𝜔𝑧) − 𝑚̇𝑜𝑢𝑡 ∙ (𝜔𝑧 −𝜔𝑜𝑢𝑡) Eq 3.49 

 

 𝜔𝑖𝑛 = 2 ∙ 𝜔𝑧,𝑠𝑒𝑡𝑝𝑜𝑖𝑛𝑡 −𝜔𝑜𝑢𝑡 Eq 3.50 

Since the inflow of air occurs after the humidification process, the humidity that leaves the humidifier is the 

one assumed to enter the zone: 

𝜔ℎ = 𝜔𝑖𝑛 

The dynamic equation for the humidifier is: 

 
𝑚ℎ ∙

𝑑𝜔𝑖𝑛
𝑑𝑡

= 𝑚̇𝑎,𝑚𝑖𝑥 ∙ (𝜔𝑐𝑐 −𝜔𝑖𝑛) + 𝑚𝑤,𝑖𝑛 Eq 3.51 

Where, 𝑚ℎ is the mass of the humidifier. 

3.3.5 Zone  

No evaporation or condensation in the zone is assumed. The process of the zone is depicted in the figure 

below: 

 

Figure 24 The process of the zone. 

The humidity of the outlet of the zone is assumed to be fixed at all times but a dynamic could be made in 

order to account for the changes over time. In addition, it should be noticed that after the humidifier the fan 

changes the pressure in order to obtain a pressurization in the zone. For simplicity, it is assumed that the fan 

𝑚̇𝑤,𝑜𝑢𝑡 𝑚̇𝑤,𝑖𝑛 

𝑍𝑜𝑛𝑒  
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has no influence on the humidity and temperature from this point and into the inlet of the zone. In reality, 

some changes in temperature due to pressure changes and friction will occur in the duct system.  

The water vapor mass balance for the zone is: 

 
𝑚𝑧𝑜𝑛𝑒 ∙

𝑑𝜔𝑧𝑜𝑛𝑒
𝑑𝑡

= 𝑚̇𝑎,𝑖𝑛 ∙ (𝜔𝑖𝑛 −𝜔𝑧𝑜𝑛𝑒) − 𝑚̇𝑎,𝑜𝑢𝑡 ∙ (𝜔𝑧𝑜𝑛𝑒 −𝜔𝑜𝑢𝑡) Eq 3.52 
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3.4 Multi zone model 
To extend the single-zone model to a multiple zone model, both heat transfer equation and mass balance 

need to be found for each zone together with the wall heat loss that couples the zone temperatures. In 

addition, fan type and dampers need to be changed in order to fit the total required inflow rate for all three 

zones. In addition to the constant radiator, variable radiators are introduced in order to account for the 

individual zone temperatures. 

3.4.1 Heat transfer model 

If a difference in the temperatures between neighbor zones exist, then the heat loss between the zones results 

in a decrease of the temperature in the zone with the highest temperature and in an increase of the other one 

with the lowest temperature. This temperature change is related to the dynamic of the wall temperatures. To 

simplify the equations the wall losses to the outside, through the roof and through the floor are combined to 

one constant value, 𝑄̇𝑤𝑎𝑙𝑙. All losses still are of different values, the are only combined notation wise. The 

doors U-value is assumed to be the same as the walls, for simplicity.  

A sketch over the zones with the heat losses (except for roof and floor) is depicted in the figure below.  

 

 

 

 

 

 

 

 

 

 

3.4.1.1 Zone 1. 

The overall heat transfer balance can for zone 1 is found to be: 

 Δ𝑄̇𝑧1 = 𝑄̇𝑖𝑛,𝑧1 + 𝑄̇𝑜𝑢𝑡,𝑧1 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧1 + 3 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑟𝑜𝑜𝑓 + 𝑄̇𝑓𝑙𝑜𝑜𝑟 + 𝑄̇𝑤12
+ 𝑄̇𝑟𝑎𝑑,𝑣𝑧1 

Eq 3.53 

where, 

 𝑄̇𝑟𝑎𝑑,𝑐𝑧1 is the heat transfer from the constant radiator. 

 𝑄̇𝑟𝑎𝑑,𝑣𝑧1 is the heat transfer from the variable radiator. 

 𝑄̇𝑟𝑜𝑜𝑓 is the heat transfer through the roof. 

 𝑄̇𝑓𝑙𝑜𝑜𝑟 is the heat transfer through the floor. 

 𝑄̇𝑤12 is the heat transfer between zone 1 and 2. 

Combining 𝑄̇𝑤𝑎𝑙𝑙 , 𝑄̇𝑟𝑜𝑜𝑓 and 𝑄̇𝑓𝑙𝑜𝑜𝑟 to one constant 𝑄̇𝑤𝑎𝑙𝑙, the above equation becomes: 

 Δ𝑄̇𝑧1 = 𝑄̇𝑖𝑛 + 𝑄̇𝑜𝑢𝑡 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧1 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤12 + 𝑄̇𝑟𝑎𝑑,𝑣𝑧1 Eq 3.54 

 

Zone 1 Zone 2 Zone 3 

𝑄̇𝑤𝑎𝑙𝑙 

𝑄̇𝑤𝑎𝑙𝑙 

𝑄̇𝑤𝑎𝑙𝑙 𝑄̇𝑤𝑎𝑙𝑙 

𝑄̇𝑤𝑎𝑙𝑙 𝑄̇𝑤𝑎𝑙𝑙 

𝑄̇𝑤𝑎𝑙𝑙 

𝑄̇𝑤𝑎𝑙𝑙 𝑄̇𝑤12 𝑄̇𝑤21 𝑄̇𝑤23 𝑄̇𝑤32 

Figure 25 The figure depicts the heat transfer losses notation used in the multi-zone model. 
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The temperature of zone 1 is calculated as: 

 𝑑𝑇𝑧1
𝑑𝑡

=
𝑄̇𝑖𝑛 + 𝑄̇𝑜𝑢𝑡 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧1 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤12+𝑄̇𝑟𝑎𝑑,𝑣𝑧1

𝑐𝑝 ∙ 𝑚𝑧1
 Eq 3.55 

 

The wall losses was presented in chapter 2.4 to be: 

 𝑄̇𝑤𝑎𝑙𝑙 = 𝑈 ∙ 𝐴 ∙ (𝑇𝑧 − 𝑇𝑜𝑢𝑡) Eq 3.56 

 

Regarding the wall loss between the zones, the heat transfer is given by the same equation: 

 𝑄̇𝑤12 = 𝑈 ∙ 𝐴12 ∙ (𝑇𝑧 − 𝑇𝑤12) Eq 3.57 

 

where, 

 𝑇𝑤12 is the temperature [𝐾] of the wall between zone 1 and zone 2. 

 𝐴12 is the surface area of the wall [𝑚2].  

For this case, the dynamic of the wall temperature is included to account for both zone temperatures. 

The dynamic of the wall temperature can be expressed as: 

 
𝑄̇𝑤12 = 𝑐𝑝,𝑤𝑎𝑙𝑙 ∙ 𝑚𝑤𝑎𝑙𝑙 ∙

𝑑𝑇𝑤12
𝑑𝑡

= 𝑈12 ∙ 𝐴12 ∙ (𝑇𝑧1 − 𝑇𝑤12) − 𝑈21 ∙ 𝐴21 ∙ (𝑇𝑤12 − 𝑇𝑧2) Eq 3.58 

 

From the above it follows that: 

𝑈12 = 𝑈21, 𝐴12 = 𝐴21 

The dynamic of the wall temperature becomes: 

 𝑑𝑇𝑤12
𝑑𝑡

=
𝑈12 ∙ 𝐴12 ∙ (𝑇𝑧1 − 𝑇𝑤12) − 𝑈12 ∙ 𝐴12 ∙ (𝑇𝑤12 − 𝑇𝑧2)

𝑐𝑝,𝑤𝑎𝑙𝑙1 ∙ 𝑚𝑤𝑎𝑙𝑙1
 Eq 3.59 

  

Where 𝑚𝑤𝑎𝑙𝑙 is the mass of the wall and 𝑐𝑝,𝑤𝑎𝑙𝑙 is the specific heat capacity of the wall. 

3.4.1.2 Zone 2.   

The overall heat transfer balance for zone 2 can be found as: 

 Δ𝑄̇𝑧2 = 𝑄̇𝑖𝑛,𝑧2 + 𝑄̇𝑜𝑢𝑡,𝑧2 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧2 + 2 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑟𝑜𝑜𝑓 + 𝑄̇𝑓𝑙𝑜𝑜𝑟 + 𝑄̇𝑤21 + 𝑄̇𝑤23
+ 𝑄̇𝑟𝑎𝑑,𝑣𝑧2 

Eq 3.60 

 

 Δ𝑄̇𝑧1 = 𝑄̇𝑖𝑛,𝑧2 + 𝑄̇𝑜𝑢𝑡,𝑧2 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧2 + 4 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤21 + 𝑄̇𝑤23 + 𝑄̇𝑟𝑎𝑑,𝑣𝑧2 Eq 3.61 
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The temperature of zone 1 becomes: 

 dTz2
𝑑𝑡

=
𝑄̇𝑖𝑛,𝑧2 + 𝑄̇𝑜𝑢𝑡,𝑧2 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧2 + 4 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤21 + 𝑄̇𝑤23 + 𝑄̇𝑟𝑎𝑑,𝑣𝑧2

𝑐𝑝 ∙ 𝑚𝑧2
 Eq 3.62 

 

The temperature of the wall between zone 1 and zone 2 can be found from Eq 3.59. 

Regarding the wall loss between the zone 2 and zone 3 is given as the formula between zone 1 and zone 2. 

The dynamic of the wall temperature can be expressed as: 

 
𝑄̇𝑤23 = 𝑐𝑝,𝑤𝑎𝑙𝑙 ∙ 𝑚𝑤𝑎𝑙𝑙 ∙

𝑑𝑇𝑤22
𝑑𝑡

= 𝑈23 ∙ 𝐴23 ∙ (𝑇𝑧2 − 𝑇𝑤23) − 𝑈23 ∙ 𝐴23 ∙ (𝑇𝑤23 − 𝑇𝑧3) Eq  3.63 

  

The dynamic of the wall temperature becomes: 

 𝑑𝑇𝑤23
𝑑𝑡

=
𝑈23 ∙ 𝐴23 ∙ (𝑇𝑧2 − 𝑇𝑤23) − 𝑈23 ∙ 𝐴23 ∙ (𝑇𝑤23 − 𝑇𝑧3)

𝑐𝑝,𝑤𝑎𝑙𝑙2 ∙ 𝑚𝑤𝑎𝑙𝑙2
 Eq 3.64 

3.4.1.3 Zone 3. 

The overall heat transfer balance can for zone 3 is found as: 

 Δ𝑄̇𝑧3 = 𝑄̇𝑖𝑛,𝑧3 + 𝑄̇𝑜𝑢𝑡,𝑧3 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧3 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤23 + 𝑄̇𝑟𝑎𝑑,𝑣𝑧3 Eq 3.65 

 

Where 𝑇𝑤23 is the temperature [𝐾]  for wall 2. 

The temperature of zone 1 results as: 

 dTz3
𝑑𝑡

=
𝑄̇𝑖𝑛,𝑧3 + 𝑄̇𝑜𝑢𝑡,𝑧3 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧3 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤32 + 𝑄̇𝑟𝑎𝑑,𝑣𝑧3

𝑐𝑝 ∙ 𝑚𝑧3

 Eq 3.66 

 

3.4.2 Temperature equations  

By substitution of each heat transfer term, the equation to the expanded temperature equation can be found. 

The inlet and outlet heat transfer rate was given by Eq 2.34 and Eq 2.42 from this the temperature models 

result in: 

 

𝑑𝑇𝑧1
𝑑𝑡

=  

(𝑐𝑝 ∙ 𝜌𝑖𝑛,𝑧1 ∙ 𝑐𝑑,𝑖𝑛𝒛𝟏 ∙ 𝐴𝑖𝑛,𝒛1 ∙ √2 ∙ (
𝑝𝑖𝑛,𝑧1 − 𝑝𝑧1
𝜌𝑖𝑛,𝑧1

) ∙ (𝑇𝑖𝑛 − 𝑇𝑧1))

𝑐𝑝 ∙ 𝑚𝑧1

+

(𝑐𝑝 ∙ 𝜌𝑧1 ∙ 𝑐𝑑,𝑜𝑢𝑡𝒛𝟏 ∙ 𝐴𝑜𝑢𝑡,𝒛𝟏 ∙ √2 ∙ (
𝑝𝑧,𝑧1 − 𝑝𝑜𝑢𝑡

𝜌𝑧1
) ∙ (𝑇𝑧1 − 𝑇𝑎𝑡𝑚))

𝑐𝑝 ∙ 𝑚𝑧1

+
𝑄̇𝑟𝑎𝑑,𝑐𝑧1 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙 +𝑈12 ∙ 𝐴12 ∙ (𝑇𝑧1 − 𝑇𝑤12)

𝑐𝑝 ∙ 𝑚𝑧1
+
ℎ̅ ∙ 𝐴 ∙ (𝑇𝑟𝑎𝑑𝑧1 − 𝑇𝑧1)

𝑐𝑝 ∙ 𝑚𝑧1
 

Eq 3.67 
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𝑑𝑇𝑧2
𝑑𝑡

=  

(𝑐𝑝 ∙ 𝜌𝑖𝑛,𝑧2 ∙ 𝑐𝑑,𝑖𝑛𝒛𝟐 ∙ 𝐴𝑖𝑛,𝒛2 ∙ √2 ∙ (
𝑝𝑖𝑛,𝑧2 − 𝑝𝑧2
𝜌𝑖𝑛,𝑧2

) ∙ (𝑇𝑖𝑛 − 𝑇𝑧2))

𝑐𝑝 ∙ 𝑚𝑧2

+

(𝑐𝑎𝑖𝑟 ∙ 𝜌𝑧2 ∙ 𝑐𝑑,𝑜𝑢𝑡𝒛𝟐 ∙ 𝐴𝑜𝑢𝑡,𝒛𝟐 ∙ √2 ∙ (
𝑝𝑧,𝑧2 − 𝑝𝑜𝑢𝑡

𝜌𝑧2
) ∙ (𝑇𝑧2 − 𝑇𝑎𝑡𝑚))

𝑐𝑝 ∙ 𝑚𝑧2

+
𝑄̇𝑟𝑎𝑑,𝑐𝑧2 + 4 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑈12 ∙ 𝐴12 ∙ (𝑇𝑧2 − 𝑇𝑤12) + 𝑈23 ∙ 𝐴23 ∙ (𝑇𝑧2 − 𝑇𝑤23)

𝑐𝑝 ∙ 𝑚𝑧2

+
ℎ̅ ∙ 𝐴 ∙ (𝑇𝑟𝑎𝑑𝑧2 − 𝑇𝑧2)

𝑐𝑝 ∙ 𝑚𝑧2
 

 

Eq 3.68 

 

𝑑𝑇𝑧3
𝑑𝑡

=  

(𝑐𝑝 ∙ 𝜌𝑖𝑛,𝑧3 ∙ 𝑐𝑑,𝑖𝑛𝒛𝟑 ∙ 𝐴𝑖𝑛,𝒛3 ∙ √2 ∙ (
𝑝𝑖𝑛,𝑧3 − 𝑝𝑧3
𝜌𝑖𝑛,𝑧3

) ∙ (𝑇𝑝𝑖𝑝𝑒 − 𝑇𝑧3))

𝑐𝑝 ∙ 𝑚𝑧3

+

(𝑐𝑝 ∙ 𝜌𝑧3 ∙ 𝑐𝑑,𝑜𝑢𝑡𝒛𝟑 ∙ 𝐴𝑜𝑢𝑡,𝒛𝟑 ∙ √2 ∙ (
𝑝𝑧,𝑧3 − 𝑝𝑜𝑢𝑡

𝜌𝑧3
) ∙ (𝑇𝑧3 − 𝑇𝑎𝑡𝑚))

𝑐𝑝 ∙ 𝑚𝑧3

+
𝑄̇𝑟𝑎𝑑,𝑐𝑧3 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑈23 ∙ 𝐴23 ∙ (𝑇𝑧3 − 𝑇𝑤23)

𝑐𝑝 ∙ 𝑚𝑧3

+
ℎ̅ ∙ 𝐴 ∙ (𝑇𝑟𝑎𝑑𝑧3 − 𝑇𝑧3)

𝑐𝑝 ∙ 𝑚𝑧3
 

Eq 3.69 

3.4.3 Mass balance  

3.4.3.1 Zone 1. 

The mass balance for zone 1 is: 

 Δ𝑚̇𝑧1 = 𝑚̇𝑖𝑛 − 𝑚̇𝑜𝑢𝑡 Eq 3.70 

From chapter 2.7, the inflow mass flow rate was found as the product of the volumetric inflow and density of 

air: 

 𝑚̇𝑖𝑛 = 𝜌𝑧1 ∙ 𝑞𝑖𝑛,𝑧1 Eq 3.71 

 

The volumetric inflow for zone 1 is given as: 

 

𝑞𝑖𝑛,𝑧1 = 𝑐𝑑,𝑖𝑛𝒛𝟏 ∙ 𝐴𝑖𝑛,𝒛𝟏 ∙ √2 ∙ (
𝑝𝑖𝑛,𝑧1 − 𝑝𝑧1
𝜌𝑖𝑛,𝑧1

) Eq 3.72 

Defining the discharge coefficient by: 
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𝐶𝑑,𝑖𝑛𝒛𝟏 =

𝐶𝑐

√1 − (
𝜌𝑧1 ∙ 𝐶𝑐 ∙ 𝐴𝑖𝑛,𝒛𝟏
𝜌𝑖𝑛,𝑧1 ∙ 𝐴1

)
2
 

Eq 3.73 

 

The mass flow rate leaving zone 1 can be found in the same manner. From this, the equation for the mass 

flow rate changes in the zone can be found to be: 

 Δ𝑚̇𝑧1 = 𝜌𝑖𝑛,𝑧1 ∙ 𝑞𝑖𝑛,𝑧1 − 𝜌𝑧1 ∙ 𝑞𝑜𝑢𝑡,𝑧1 

 

 

Δ𝑚̇𝑧1 = 𝜌𝑖𝑛,𝑧1 (𝑐𝑑,𝑖𝑛𝒛𝟏 ∙ 𝐴𝑖𝑛,𝒛𝟏 ∙ √2 ∙ (
𝑝𝑖𝑛,𝑧1 − 𝑝𝑧1

𝜌𝑖𝑛,𝑧1
)) − 𝜌𝑧1 (𝑐𝑑,𝑜𝑢𝑡𝒛𝟏 ∙ 𝐴𝑜𝑢𝑡,𝒛𝟏 ∙ √2 ∙ (

𝑝𝑧1 − 𝑝𝑜𝑢𝑡
𝜌𝑧1

)) 

 

Eq 3.74 

3.4.3.2 Zone 2. 

From applying the same equation for zone 2. The mass rate equation becomes: 

 Δ𝑚̇𝑧2 = 𝜌𝑧2 ∙ 𝑞𝑖𝑛,𝑧2 − 𝜌𝑧2 ∙ 𝑞𝑜𝑢𝑡,𝑧2 

 

 

Δ𝑚̇𝑧2 = 𝜌𝑧2 (𝑐𝑑,𝑖𝑛𝒛𝟐 ∙ 𝐴𝑖𝑛,𝒛2 ∙ √2 ∙ (
𝑝𝑖𝑛,𝑧2 − 𝑝𝑧2
𝜌𝑖𝑛,𝑧2

)) − 𝜌𝑧2 (𝑐𝑑,𝑜𝑢𝑡𝒛𝟐 ∙ 𝐴𝑜𝑢𝑡,𝒛𝟐 ∙ √2 ∙ (
𝑝𝑧2 − 𝑝𝑜𝑢𝑡

𝜌𝑧2
)) 

Eq 3.75 

 

3.4.3.3 Zone 3. 

From applying the same equation for zone 3 the mass rate equation becomes: 

 Δ𝑚̇𝑧2 = 𝜌𝑧3 ∙ 𝑞𝑖𝑛,𝑧3 − 𝜌𝑧3 ∙ 𝑞𝑜𝑢𝑡,𝑧3 

 

 

Δ𝑚̇𝑧3 = 𝜌𝑖𝑛,𝑧3 (𝑐𝑑,𝑖𝑛𝒛𝟑 ∙ 𝐴𝑖𝑛,𝒛3 ∙ √2 ∙ (
𝑝𝑖𝑛,𝑧3 − 𝑝𝑧3
𝜌𝑖𝑛,𝑧3

)) − 𝜌𝑧3 (𝑐𝑑,𝑜𝑢𝑡𝒛𝟑 ∙ 𝐴𝑜𝑢𝑡,𝒛𝟑 ∙ √2 ∙ (
𝑝𝑧3 − 𝑝𝑜𝑢𝑡

𝜌𝑧3
)) 

 

Eq 3.76 

3.4.4 Ideal gas law 

The pressure equation is needed for each zone. The pressure in the ideal gas can be found to be the 

following. 

3.4.4.1 Zone 1. 

The pressure for zone 1 is:  

 
𝑃𝑧1 =

𝑚𝑧1

𝑉𝑧1
∙ 𝑅 ∙ 𝑇𝑧1  Eq 3.77 
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3.4.4.2 Zone 2. 

The pressure for zone 2 is:  

 
𝑃𝑧2 =

𝑚𝑧2

𝑉𝑧2
∙ 𝑅 ∙ 𝑇𝑧2  Eq 3.78 

3.4.4.3 Zone 3. 

The pressure for zone 3 is:  

 
𝑃𝑧3 =

𝑚𝑧3

𝑉𝑧3
∙ 𝑅 ∙ 𝑇𝑧3  Eq 3.79 
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3.4.5 Duct system 

Expanding the single-zone concept to a multi-zone concept includes furthermore to account for more supply 

air. It is assumed, that the total required mass flow will equal to the amount need in each zone added 

together. To look more into this, a duct system is roughly designed wherefrom the system curve of the 

system is found. In addition, a fan to handle the amount of mass flow has to be found. The fan selection and 

duct system are given in the next chapter for parameter estimation. 

The principle of the multi-zone is depicted below. 

 

Figure 26 Multi zone concept. (Montgomery & McDowall, 2009)  

In this case, the feedback will not be the temperature but the pressure. 

3.4.6 Alterations for the system curve 

The system curve was presented in chapter 2.10, for this project a slightly different approach is used for the 

multi-zone.  

The pressure loss through the duct system can be found from: 

 
𝑃𝐿 =∑𝑓𝑖 ∙

𝐿𝑖
𝐷𝑖
∙
𝑣𝑖
2

2
∙ 𝜌 +∑𝐾𝐿,𝑗 ∙

𝑣𝑗
2

2
∙ 𝜌

𝑗𝑖

 Eq 3.80 

Where,  

 𝐿𝑖 is the total length of the duct [𝑚]. 
 𝐷𝑖 is the diameter of the duct [𝑚]. 

 𝑣𝑖 is the velocity [
𝑚

𝑠
]. 

 𝐾𝐿,𝑗 is the resistance coefficient. 

 𝑓𝑖 is the friction factor, which can be found from: 

 

𝑓 (𝑅𝑒,
𝜖

𝐷
):    

1

√𝑓
= −2 log(

𝜖
𝐷
3.7

+
2.51

𝑅𝑒√𝑓
) Eq 3.81 

Where 𝜖 is the roughness [𝑚] of the duct surface. 

And, 

 
𝑅𝑒 =

𝜌 ∙ 𝑣 ∙ 𝐷

𝜇
 Eq 3.82 

This is the same approach as in Chapter 2.10 expressed differently. The difference in this project approach 

compared to the previous is that the resistance coefficient is found based on the ducts systems duct length, 

bends and damper openings. 
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A sketch over different duct shapes and resistance factors are depicted below.  

 

Figure 27 Different shapes and its resistance coefficients. (A. Cengel) 

The simple ducts system has three 90°bends, two T-inlets, and three dampers. The resistance coefficient of 

the dampers can be found from the following equation and table (Nardone): 

 𝐿𝑑
𝑅𝑑

=
𝑛𝑑 ∙ 𝑊𝑑

2 ∙ (𝑊𝑑 +𝐻𝑑)
 Eq 3.83 

 

Where, 

 𝑛𝑑  is the number of damper blades. 

 𝑊𝑑  is the duct dimension parallel to the blade axis. 

 𝐻𝑑 is the duct height [𝑚]. 
 𝐿𝑑 is the sum of damper length [𝑚]. 
  𝑅𝑑  is the perimeter of the duct [𝑚]. 

The resistance coefficient related to different opening angles are given in Table 1 degrees vs. resistance 

coefficients of dampers. 

 

Table 1 degrees vs. resistance coefficients of dampers. (Nardone) 

A function for the opening area can be found and used in the model. This allows the model to account for 

changing system curve and inlet pressures when the damper openings changes. This function is found in the 

next chapter. 
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4. Parameter estimation  
In order to simulate the model all the parameters of the model has to be determined. The project considers 

three zones on an unmanned transformer platform. A schematic of the three zones is provided by Semco 

Maritime and is depicted in Figure 28. The specifications for each zone is given in Table 2.  

 

Figure 28 The zone architecture schematic. [Semco Maritime a/s] 

PARAMETER  ROOM #1 ROOM #2 ROOM #3 

MAX TEMPERATURE  25°𝐶 30°𝐶 21°𝐶 

ROOM PRESSURIZATION  25 𝑃𝑎 50 𝑃𝑎 25 𝑃𝑎 

ROOM DIMENSIONS [MM] 12000 ∙ 6500 ∙ 3500 10500 ∙ 6500 ∙ 3500 4000 ∙ 6500 ∙ 3500 

U-VALUE FOR ROOM 
0.5

𝑊

𝑚3𝐾
 0.5

𝑊

𝑚3𝐾
 0.5

𝑊

𝑚3𝐾
 

Table 2 indoor design criteria. [Semco Maritime a/s] 

4.1 Temperature, pressure and density 
The maximum temperatures are given in the table. The temperature in each zones are set to be some degrees 

below the maximum and at same time, not too far from each other to avoid too much heat losses through the 

walls between the zones. The temperatures are given as: 

𝑇𝑧1 = 21°𝐶  →   𝑇𝑧1 = 294.15 𝐾 

𝑇𝑧2 = 22°𝐶  →   𝑇𝑧2 = 295.15 𝐾 

𝑇𝑧𝑜𝑛𝑒3 = 19°𝐶  →   𝑇𝑧3 = 292.15 𝐾 

From the Meteorological Institute of Denmark (DMI), it is stated that the annual average ambient 

temperature for 2014 was 𝑇𝑎𝑡𝑚 = 8.4°𝐶  , so :  

𝑇𝑎𝑡𝑚 = 8.4°𝐶  →   𝑇𝑎𝑡𝑚 = 281.55𝐾 

Assuming a constant outside pressure at: 

𝑃𝑎𝑡𝑚 = 1 ∙ 105 𝑃𝑎 

The pressure specification is given in the table. From this, the setpoint for the pressure in each zone is: 

𝑃𝑧1 = 100025 𝑃𝑎 

𝑃𝑧2 = 100050 𝑃𝑎 

𝑃𝑧3 = 100025 𝑃𝑎 
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From the temperatures and pressures, the density of each zone can be determined from the ideal gas law by a 

simple substitution. 

𝑃 ∙ 𝑉 = 𝑛 ∙ 𝑅 ∙ 𝑇  →   𝜌𝑧𝑜𝑛𝑒 =
𝑃𝑧𝑜𝑛𝑒

𝑅𝑎𝑖𝑟 ∙ 𝑇𝑧𝑜𝑛𝑒
 

𝑅𝑎𝑖𝑟 is the specific gas constant for air, which is 286.9
𝐽

𝐾𝑔∙𝐾
 (engineeringtoolbox, n.d.). From this equation, 

the density of the air in each room is calculated below: 

𝜌𝑧1 =
100025 𝑃𝑎

286.9
𝐽

𝐾𝑔 ∙ 𝐾𝑎𝑖𝑟
∙ 294.15𝐾

= 1.1812
𝑘𝑔

𝑚3
 

𝜌𝑧2 =
100050 𝑃𝑎

286.9
𝐽

𝐾𝑔 ∙ 𝐾𝑎𝑖𝑟
∙ 295.15𝐾

= 1.1815
𝑘𝑔

𝑚3
 

𝜌𝑧3 =
100025 𝑃𝑎

286.9
𝐽

𝐾𝑔 ∙ 𝐾𝑎𝑖𝑟
∙ 292.15𝐾

= 1.1934
𝑘𝑔

𝑚3
 

4.2 Supply-air and Supply-duct system 

4.2.1 Supply air 

The supply air is based on the demand of an air change of 6 times pr. hour. The volume of the three zones 

are: 

𝑉𝑧1 = 273𝑚
3, 𝑉𝑧2 = 238.38 𝑚

3, 𝑉𝑧3 = 91 𝑚
3 

This results in a demand of: 

𝑞𝑖𝑛,𝑧1 = 0.455
𝑚3

𝑠
, 𝑞𝑖𝑛.𝑧2 = 0.3981

𝑚3

𝑠
, 𝑞𝑖𝑛,𝑧3 = 0.1517

𝑚3

𝑠
 

The total volumetric inflow and thereby the minimum air supplied, which the fan needs to provide is: 

𝑞𝑡𝑜𝑡 = 𝑞𝑧1 + 𝑞𝑧2 + 𝑞𝑧3 = 1.0048
𝑚3

𝑠
 

4.2.2 Duct dimensions  

To find the system curve, the resistance in the system is needed. The supply duct is considered and the 

lengths of the ducting system are approximated either by the size of the zones or by the flow regime. The 

entry length of the duct is the determined by the flow regime. The length has to be long enough for the flow 

to fully developed. This length is strongly dependent on the flow regime, whether it is laminar or turbulent.  

The Reynold number was given by Eq 3.83. The velocity can found to be: 

𝑣 =
𝑄

𝐴
=
1.004 

𝑚3

𝑠  

0.2827 𝑚2
= 3.54

𝑚

𝑠
 

The Reynolds number can be found for a dynamic viscosity of approximately 1.8
𝑘𝑔

𝑚∙𝑠
.  
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𝑅𝑒 =
1.2

𝑘𝑔
𝑚3 ∙ 3.54

𝑚
𝑠 ∙ 0.6𝑚

1.8 ∙ 10−5
𝑘𝑔
𝑚 ∙ 𝑠

= 141470 

The flow is clearly turbulent. From this, the entry length is defined as (A. Cengel). Letting the diameter to be 

equal 0.6𝑚: 

𝐿𝑒 = 10 ∙ 𝐷 = 6.00 𝑚 

The sketch of the duct lengths are depicted below. These values are chosen, as no specifications exist.  

 

Figure 29 zones dimensions. [Own figure] 

4.2.3 System curve 

The system curve illustrates how much resistance there are in the given system. The resistance of the major 

components of the system is part such as bends and inlets. As the shape of these are not specified, 

approximations are found. 

The inlet duct consists of three 90° bends, two T-bends and three dampers. In real applications, balancing 

dampers are implemented in the inlet duct before the inlet to the zones in order to obtain the same inlet 

pressure. These dampers are not considered, the inlet pressure is assumed almost constant.  

3 ∙ 90° 𝐵𝑒𝑛𝑑𝑠 → 𝐾𝐿 = 1.1 

2 ∙  𝑇 𝑏𝑒𝑛𝑑𝑠 → 𝐾𝐿 = 1 𝑡𝑜 2 

Regarding the dampers, a resistance functions can be found by interpolating the values given in Table 1 in 

chapter 3.4.6. The dampers which are used is Halton UTP Balancing damper. 

 

Figure 30 Balancing damper – See Appendix 2 for further specifications. 
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The blade length is and the blade width is 0.6𝑥0.6𝑚 and there are 3 blades with the width of a blade of 

approximately 0.2m. From this the relationship 
𝐿

𝑅
 becomes: 

𝐿𝑑
𝑅𝑑

=
3 ∙ 0.2𝑚

2 ∙ (0.2𝑚 + 0.6𝑚)
= 0.375 

Using the dta provided in Table 2. The resistance coefficient with respect to opening area of the dampers are 

depicted in the figures below.  

 

Figure 31  Resistance coefficient with respect to area open 

In the figure the values for 𝐾𝐿 given by the table is illustrated with the blue points. The red function is the 

interpolated function for the resistance coefficient. 

The function for the opening area are found and used in the model: 

𝐾𝐿(𝐴0,𝑖𝑛) = 2600.1 ∙ 𝐴𝑜𝑖𝑛
2 − 841.9 ∙ 𝐴𝑜𝑖𝑛 + 67.5 

The found equation is depicted as the red function to the right in the figure. 

From the function the resistance coefficient of the dampers can be found. Note that, the damper openings are 

found later but the two parameters are correlated, and iterated until only small changes occur. 

𝐾𝐴0𝑖𝑛1(0.0155 ) = 2600.1 ∙ 0.0155
2 − 841.9 ∙ 0.0155 + 67.5 = 55.07 

𝐾𝐴0𝑖𝑛2(0.016 ) = 2600.1 ∙ 0.016
2 − 841.9 ∙ 0.016 + 67.5 = 54.69 

𝐾𝐴0𝑖𝑛3(0.0060) = 2600.1 ∙ 0.006
2 − 841.9 ∙ 0.006 + 67.5 = 62.54 

 

𝐾𝑧1 = 55.07, 𝐾𝑧2 = 54.69, 𝐾𝑧3 = 62.54 
The total resistance coefficient is: 

𝐾𝑡𝑜𝑡 = 177.6 
 

The minor losses are the ducts lengths and friction its material. The total length is: 

 𝐿𝑡𝑜𝑡 = 37.5𝑚 

For stainless steel the surface roughness is given as: 
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𝜖 = 0.015 ∙ 10−3𝑚    →     
𝜖

𝐷
= 2.5 ∙ 10−5 

The friction can be found from moody charts or from the following equation: 

1

√𝑓
= −2 log(

𝜖
𝐷
3.7

+
2.51

𝑅𝑒√𝑓
) = −2 log(

𝜖
0.6
3.7

+
2.51

141470√𝑓
) 

Solve this results in: 

𝑓 = 0.0164 

To find he system curve, both the dynamic and static pressure are found. Assuming a height difference of 

3.5m: 

𝑃𝑠𝑡𝑎𝑡𝑖𝑐 = (𝑃𝑧 − 𝑃𝑎𝑡𝑚) ∙ (ℎ2 − ℎ1) ∙ 𝜌𝑖𝑛 ∙ 𝑔 = (100050 − 100000)𝑃𝑎 ∙ (3.5 − 0)𝑚 ∙ 1.2
𝑘𝑔

𝑚3
∙ 9.82

𝑚

𝑠2

= 92.42 𝑃𝑎 

𝑃𝑑𝑦𝑛 =

(

 
 
 
 (𝑓 ∙

𝐿𝑡𝑜𝑡
𝐷
) ∙ (

𝜌𝑖𝑛 ∙ (
𝑞
𝐴
)
2

2
) + 𝐾𝐿 ∙ (

𝑞
𝐴
)
2

2 ∙ 𝑔

)

 
 
 
 

∙ 𝜌𝑖𝑛 ∙ 𝑔

=

(

 
 
 
 
 
 
 
 
 
 
 
 

(0.0164 ∙
37,5𝑚
0.6𝑚

) ∙

(

 
 
 
 
 1.2

𝑘𝑔
𝑚3 ∙ (

1.004
𝑚3

𝑠
0.2827 𝑚2)

2

2

)

 
 
 
 
 

+ 177.6 ∙ (
1.004

𝑚3

𝑠
0.2827𝑚2)

2

2 ∙ 9.82
𝑚
𝑠2

)

 
 
 
 
 
 
 
 
 
 
 
 

∙ 1.2
𝑘𝑔

𝑚3

∙ 9.82
𝑚

𝑠2
𝑃𝑑𝑦𝑛 = 1348.7 ∙ 𝑞𝑡𝑜𝑡

2  

The total pressure: 

Δ𝑃𝑡 = 92.42 + 1060.3 ∙ 𝑞𝑡𝑜𝑡
2  
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The system curve for different openings are depicted below. 

 

Figure 32 System curve. 

To find the fan, the pressure for the required inflow rate has to be found. The pressure needed in order to 

obtain 1.0048
𝑚3

𝑠
. The required differential pressure is 1161 Pa. from the specifications, the selected fan is 

found. The fan is: KBR 355 D2 IE2 thermo-centrifugal fan with max. air flow of 2.09 
𝑚3

𝑠
. 

       

Figure 33 a) Fan illustration, b) Fan curve. See Appendix 1 for further specifications. 
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4.2.4 Fan curve 

From the fan curve presented in section 3.2, three points are found to be: 

 POINT 1 POINT 2 POINT 3 POINT 4 POINT 5 

𝒒𝒕𝒐𝒕@𝟓𝟎  [
𝒎𝟑

𝒔
] 

𝟎. 𝟑𝟒 𝟎. 𝟔𝟖 𝟏. 𝟐𝟒 𝟏. 𝟐𝟕 𝟏. 𝟔 

𝚫𝑷𝒕@𝟓𝟎 [𝑷𝒂] 2413 2200 1838 1537 989 

Table 3 Values from original fan curve. 

By using the Least squares method the coefficient of the polynomial can be found to be: 

Δ𝑃(𝑞𝑡𝑜𝑡) = −843.3 ∙ 𝑞𝑡𝑜𝑡
2 + 551.9 ∙ 𝑞𝑡𝑜𝑡 + 2289.6 

From the affinity laws the flow rate and differential pressure across the fan can be found for other 

frequencies of the fan: 

𝑞2 = 𝑞1 ∙
𝑓2

𝑓1
      d𝑃2 = 𝑑𝑃1 ∙

𝑓2

𝑓1
 

The new values are given in the table below for different frequencies. 

 POINT 1 POINT 2 POINT 3 POINT 4 POINT 5 

𝒒𝒕𝒐𝒕@𝟒𝟓 [
𝒎𝟑

𝒔
] 

0.3060 0.6120 1.1160 1.1430 1.4400 

𝚫𝑷𝒕@𝟒𝟓 [𝑷𝒂] 1954.5 1782 1488.8 1245 800.3 

𝒒𝒕𝒐𝒕@𝟓𝟓 [
𝒎𝟑

𝒔
] 

0.3740 0.7480 1.3640 1.3970 1.7600 

𝚫𝑷𝒕@𝟓𝟓[𝑷𝒂] 2919.70 2662 2224 1859.8 1195.5 

𝒒𝒕𝒐𝒕@𝟔𝟎 [
𝒎𝟑

𝒔
] 

0.4080 0.8160 1.4880 1.5240 1.9200 

𝚫𝑷𝒕@𝟔𝟎 [𝑷𝒂] 3474.7 3168 2646.7 2213.3 1422.7 
Table 4 Estimated values for other frequencies. 

The different polynomials for all the frequencies are depicted together with the system curve in Figure 34. 

  

Figure 34 Fan and system curves. 
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The operating point can be found from the total flow rate that has to be achieved. From this, the fan curve, 

which intersections with the system curve, at that exact that point is the acquired frequency. The frequency 

required to obtain the 1.004 
𝑚3

𝑠
 is 47.5 𝐻𝑧.  

4.3 Damper openings 
To calculate the valve openings for the given specifications the dimension of the duct diameter is needed. 

The duct diameter is set to 0.6m as the resistance in the system with less diameter is too high for given fan 

selections. 

From the given information the area of the pipe, 𝐴1, can be determined: 

𝐴1,𝑖𝑛 = 𝜋 ∙ 𝑟
2 = 𝜋 ∙ 0.302 = 0.2827 𝑚2 

The inflow opening area 𝐴0 can now be found by solving the inflow rate 𝑞𝑖𝑛 to each zone.  

The equation for the flow rate into the system is: 

𝑞𝑖𝑛𝑧1 =
√2(

𝑝𝑖𝑛
𝜌𝑖𝑛

−
𝑝𝑧
𝜌𝑧
)

√1 − (
𝜌𝑧𝐶𝑐,𝑖𝑛𝐴0,𝑖𝑛
𝜌𝑖𝑛𝐴1

)

∙ 𝐶𝑐𝐴0𝑖𝑛 = 0.455
𝑚3

𝑠
=

√
2

1.2473
𝑘𝑔
𝑚3

(101300 − 100025)𝑃𝑎

√1 − (
1.1852

𝑘𝑔
𝑚3 ∙ 0.61 ∙ 𝐴0𝑖𝑛

1.2085
𝑘𝑔
𝑚3

)

0.61 ∙ 𝐴0𝑖𝑛,𝑧1   

𝐴0,𝑖𝑛𝑧1 = 0.016 𝑚
2 

𝑞𝑖𝑛𝑧2 = 0.3981
𝑚3

𝑠
=

√
2

1.2473
𝑘𝑔
𝑚3

(101080 − 100050)𝑃𝑎

√1 − (
1.1815

𝑘𝑔
𝑚3 ∙ 0.61 ∙ 𝐴0𝑖𝑛

1.2059
𝑘𝑔
𝑚3

)

0.61 ∙ 𝐴0𝑖𝑛,𝑧2   

𝐴0,𝑖𝑛𝑧2 = 0.0155 𝑚
2 

𝑞𝑖𝑛𝑧3 = 0.1517
𝑚3

𝑠
=

√
2

1.2473
𝑘𝑔
𝑚3

(101050 − 100025)𝑃𝑎

√1 − (
1.1815

𝑘𝑔
𝑚3 ∙ 0.61 ∙ 𝐴0𝑖𝑛

1.2059
𝑘𝑔
𝑚3

)

0.61 ∙ 𝐴0𝑖𝑛,𝑧3   

𝐴0,𝑖𝑛𝑧3 = 0.0060 𝑚
2 

This will be the minimum position for the damper in order to get the flow changes. 

In order to find the opening area of the outlet the mass flow rate is needed. The flow masses of each zone are 

found to be: 

𝑚̇𝑖𝑛,𝑧1 = 𝜌𝑖𝑛,𝑧1 ∙ 𝑞𝑖𝑛,𝑧1 = 1.2085
𝑘𝑔

𝑚3
∙ 0.455

𝑚3

𝑠
= 0.5499

𝑘𝑔

𝑠
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𝑚̇𝑖𝑛,𝑧2 = 𝜌𝑖𝑛,𝑧2 ∙ 𝑞𝑖𝑛,𝑧2 = 1.2059
𝑘𝑔

𝑚3
∙ 0.3981

𝑚3

𝑠
= 0.4801

𝑘𝑔

𝑠
 

𝑚̇𝑖𝑛,𝑧3 = 𝜌𝑖𝑛,𝑧3 ∙ 𝑞𝑖𝑛,𝑧3 = 1.2056
𝑘𝑔

𝑚3
∙ 0.1517

𝑚3

𝑠
= 0.1829

𝑘𝑔

𝑠
 

Assuming that the zone is in equilibrium the mass balance can be used: 

𝑚̇𝑖𝑛 = 𝑚̇𝑜𝑢𝑡 

From solving the equation of the outlet mass flow with respect to the damper opening, the following can be 

obtained: 

𝐴0,𝑜𝑢𝑡𝑧1 =
𝑚̇𝑜𝑢𝑡𝑧1 ∙ 𝑉𝑧1

𝑚𝑧1 ∙ √2(𝑅𝑎𝑖𝑟 ∙ 𝑇𝑧 −

𝑃𝑜𝑢𝑡
𝑚𝑧1

𝑉𝑧1
)

=
0.5499

𝑘𝑔
𝑠 ∙ 273 𝑚3

323.5727 𝑘𝑔 ∙ √2(286.9
1

𝐾𝑗 ∙ 𝐾
∙ 294.15 𝐾 −

1 ∙ 105𝑃𝑎

282.24
𝑘𝑔

238.88

)

  

𝐴0,𝑜𝑢𝑡𝑧1 = 0.1134𝑚
2 

𝐴0,𝑜𝑢𝑡𝑧2 =
0.4801

𝑘𝑔
𝑠 ∙ 238.38 𝑚3

281.6525 𝑘𝑔 ∙ √2(286.9
1

𝐾𝑗 ∙ 𝐾
∙ 295.15 𝐾 −

1 ∙ 105𝑃𝑎

282.24
𝑘𝑔

238.88

)

 

𝐴0,𝑜𝑢𝑡𝑧2 = 0.0715𝑚
2 

𝐴0,𝑜𝑢𝑡𝑧3 =
0.1829

𝑘𝑔
𝑠 ∙ 91 𝑚3

108.5959 𝑘𝑔 ∙ √2(286.9
1

𝐾𝑗 ∙ 𝐾
∙ 292.15 𝐾 −

1 ∙ 105𝑃𝑎

282.24
𝑘𝑔

238.88

)

 

𝐴0,𝑜𝑢𝑡𝑧3 = 0.0387𝑚
2 

4.4 Flow rates 

4.4.1 Outflow rate 

The outflow rate is calculated through the as shown in the following equations. 

4.4.1.1 Zone1:  

𝑞𝑜𝑢𝑡𝑧1 = 𝐴0,𝑜𝑢𝑡𝑧1 ∙ √
2

𝜌𝑧𝑜𝑛𝑒1
(𝑃𝑧𝑜𝑛𝑒1 − 𝑃𝑜𝑢𝑡) = 0.1134 𝑚

2 ∙ √
2

1.1852
𝑘𝑔
𝑚3

(100025 − 1 ∙ 105)𝑃𝑎 

𝑞𝑜𝑢𝑡𝑧1 = 0.4639
𝑚3

𝑠
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4.4.1.2 Zone2:  

𝑞𝑜𝑢𝑡𝑧2 = 0.0715𝑚
2 ∙ √

2

1.1815
𝑘𝑔
𝑚3

(100025 − 1 ∙ 105)𝑃𝑎 

𝑞𝑧𝑜𝑛𝑒#2𝑜𝑢𝑡 = 0.4063
𝑚3

𝑠
 

4.4.1.3 Zone3:  

𝑞𝑜𝑢𝑡𝑧3 = 0.0387𝑚
2 ∙ √

2

1.1812
𝑘𝑔
𝑚3

(100025 − 1 ∙ 105)𝑃𝑎 

𝑞𝑜𝑢𝑡𝑧3 = 0.1533
𝑚3

𝑠
 

4.4.5 Inflow Heat  

To calculate the inflow of heat transfer the specific air capacity is needed. It is for air 𝑐𝑎𝑖𝑟 = 1.012
𝐽

𝐾𝑔∙𝐾
. The 

output flow heat is: 

4.4.5.1 Zone1: 

𝑄̇𝑖𝑛,𝑧1 = 𝑐𝑎𝑖𝑟 ∙ 𝑚𝑖𝑛,𝑧1 ∙ 𝑇𝑖𝑛 − 𝑇𝑧𝑜𝑛𝑒1̇ = 1.012
𝐽

𝐾𝑔 ∙ 𝐾
∙ 0.5499

𝑘𝑔

𝑠
∙ (292.15 − 294.15) 

𝑄̇𝑖𝑛 = −1.3056
𝐽

𝑠
 

4.4.5.2 Zone2: 

𝑄̇𝑖𝑛,𝑧2 = 1.012
𝐽

𝐾𝑔 ∙ 𝐾
∙ 0.4801

𝑘𝑔

𝑠
∙ (292.15 − 295.15) 

𝑄̇𝑖𝑛 = −1.8875
𝐽

𝑠
 

 

 

4.4.5.3 Zone3: 

𝑄̇𝑖𝑛,𝑧3 = 1.012
𝐽

𝐾𝑔 ∙ 𝐾
∙ 0.1829

𝑘𝑔

𝑠
∙ (292.15 − 292.15) 

𝑄̇𝑖𝑛 = 0
𝐽

𝑠
 

4.4.6 Outflow heat 

The outlet is determined to be: 

4.4.6.1 Zone1: 

𝑄̇𝑜𝑢𝑡,𝑧1 = 1.012
𝐽

𝐾𝑔 ∙ 𝐾
∙ 0.5499

𝑘𝑔

𝑠
∙ (294.15 − 290.15) 
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𝑄̇𝑜𝑢𝑡,𝑧1 = 2.3450
𝐽

𝑠
 

4.4.6.2 Zone2: 

𝑄̇𝑜𝑢𝑡,𝑧2 = 1.012
𝐽

𝐾𝑔 ∙ 𝐾
∙ 0.4801

𝑘𝑔

𝑠
∙ (295.15 − 290.15) 

𝑄̇𝑜𝑢𝑡,𝑧2 = 2.5724
𝐽

𝑠
 

4.4.6.3 Zone3: 

𝑄̇𝑜𝑢𝑡,𝑧3 = 1.012
𝐽

𝐾𝑔 ∙ 𝐾
∙ 0.1829

𝑘𝑔

𝑠
∙ (292.15 − 290.15) 

𝑄̇𝑜𝑢𝑡,𝑧3 = 0.3912
𝐽

𝑠
 

4.4.7 Wall losses 

The wall losses are divided into two parts; to the outside and to the other zones. The ones to the outside is 

remains at constant values. The wall temperature to the outside is assumed to have the average between the 

temperature of the zone and the temperature outside. 

𝑇𝑤𝑎𝑙𝑙 =
𝑇𝑧 + 𝑇𝑎𝑡𝑚

2
 

This is only assumed as the losses is constant, else the dynamic of the wall temperature could be modelled. 

4.4.7.1 Zone1: 

The area of the walls interacting with the outside is: 

𝐴𝑤𝑎𝑙𝑙𝑧1 = (2 ∙ 6.5 ∙ 12 + 2 ∙ 12 ∙ 3.5 + 6.5 ∙ 3.5)𝑚
2 = 262.75 𝑚2 

The 𝑈𝑤𝑎𝑙𝑙 is 0.5
𝑊

𝑚3𝐾
. The heat loss through the wall in zone 1 is: 

𝑄̇𝑤𝑎𝑙𝑙𝑧1 = 𝑈𝑤𝑎𝑙𝑙 ∙ 𝐴𝑤𝑎𝑙𝑙𝑧1 ∙ (𝑇𝑤𝑎𝑙𝑙𝑧1 − 𝑇𝑧𝑜𝑛𝑒1) = −827.7 
𝐽

𝑠
 

The area of the walls, which interacts with the different zones are: 

𝐴𝑤12 = 𝐴𝑤21 = 𝐴𝑤23 = 𝐴𝑤32 

𝐴𝑤12 = 6.5 ∙ 3.6 = 23.4 𝑚
2 

The heat loss to zone 2 

𝑄̇𝑤𝑎𝑙𝑙𝑧1 = 𝑈𝑤𝑎𝑙𝑙 ∙ 𝐴𝑤𝑎𝑙𝑙12 ∙ (𝑇𝑤𝑎𝑙𝑙12 − 𝑇𝑧𝑜𝑛𝑒1) = 5.85
𝐽

𝑠
 

The initial values of 𝑇𝑤𝑎𝑙𝑙12  is found as the average of the two zone temperatures. 

4.4.7.2 Zone2:  

The heat loss through the walls and the wall area are: 

𝐴𝑤𝑎𝑙𝑙𝑧2 = (2 ∙ 6.5 ∙ 10.5 + 2 ∙ 10 ∙ 3.6)𝑚
2 = 206.5 𝑚2 

𝑄̇𝑤𝑎𝑙𝑙𝑧2 = −702.1 
𝐽

𝑠
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The heat loss to zone 1 and zone 3: 

𝑄̇𝑤𝑎𝑙𝑙𝑧21 = 0.5 ∙ 23.4 ∙ (294.65 − 295.15) = −5.85
𝐽

𝑠
 

𝑄̇𝑤𝑎𝑙𝑙23 = 0.5 ∙ 23.4 ∙ (293.65 − 295.15) = −17.55
𝐽

𝑠
 

4.4.7.3 Zone3: 

The heat loss through the walls and the wall area are: 

𝐴𝑤𝑎𝑙𝑙𝑧3 = (2 ∙ 6.5 ∙ 4 + 2 ∙ 4 ∙ 3.6 + 6.5 ∙ 3.6)𝑚
2 = 106.75 𝑚2 

𝑄̇𝑤𝑎𝑙𝑙𝑧3 = −282.89 
𝐽

𝑠
 

The heat loss to zone 2: 

𝑄̇𝑤𝑎𝑙𝑙32 = 0.5 ∙ 23.4 ∙ (293.65 − 292.15) = 17.55
𝐽

𝑠
 

From the wall losses between the zones, it is possible to see that if the value is negative means that heat 

leaves and vice versa. The amount lost in zone 2 to zone 1 is −5.85
𝐽

𝑠
 and the heat achieved in zone 1 by zone 

2 is 5.82
𝐽

𝑠
. Only the sign changes. 

4.4.8 Radiators heat transfer 

The constant radiator is assumed to provide a constant J/s, which accounts for the wall loses to the outside: 

−𝑄̇𝑤𝑎𝑙𝑙 = 𝑄̇𝑟𝑎𝑑,𝑐 

Note that a variable radiator is needed to account for the individual heating and will account for the heat 

losses through the walls between the zones. 

4.4.8.1 Zone1: 

The Constant radiator has to provide:  

𝑄𝑟𝑎𝑑,𝑐𝑧1 = 827.7 
𝐽

𝑠
 

The Variable radiator has to provide: 

−(𝑄̇𝑖𝑛,𝑧1 − 𝑄̇𝑜𝑢𝑡,𝑧1 + 𝑄̇𝑤𝑎𝑙𝑙𝑧1 + 𝑄̇𝑤𝑎𝑙𝑙12 + 𝑄̇𝑟𝑎𝑑,𝑐𝑧1) = 𝑄𝑟𝑎𝑑,𝑣𝑧1 

−(−1.3056 − 2345 − 827.7 + 5.85 + 827.7)
𝐽

𝑠
= 2.1994

𝐽

𝑠
 

The heat the variable radiator has to provide is not much, it could be more beneficial if the constant radiator 

were less providing less heat and the variable was providing more.  

Assuming 𝐴 = 10𝑚2, if the area should be less due to zone dimensions, the required temperature will 

increase. The control variable is chosen to be the surface temperature, therefore the other parameters for the 

radiator has to be found. As most parameters depend on the surface temperature, these parameters is found 

from 𝑇𝑟𝑎𝑑 = 295.15 and the control variable is the one which is directly related to 𝑄𝑟𝑎𝑑,𝑣. This might result 

in a small error, but in the control part, this value is not used. The parameters of the radiator are: 
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𝐻𝑟ℎ = 1 𝑚, 𝑇𝑟𝑎𝑑 = 295.15 𝐾, 𝑣 = 1.5 ∙ 10−5
𝑚2

𝑠
, 𝛼 = 2.2142 ∙ 10−5

𝑚2

𝑠
 

The Rayleigh no. is found from: 

𝛽𝑧1 = (
1

295.15 𝐾 + 294.15 𝐾
) = 0.0034 𝐾−1 

 

𝑅𝑎𝑧1 =
𝑔 ∙ 𝑏𝑒𝑡𝑎𝑟𝑎1 ∙ (𝐻𝑟ℎ

3 ) ∙ (𝑇𝑟𝑎𝑑 − 𝑇𝑧1)

𝑣𝑘 ∙ 𝑎
=
9.82

𝑚
𝑠2
∙ 0.0034 𝐾−1 ∙ 13𝑚3 ∙ (295.15 𝐾 − 294.15 𝐾)

1.5647 ∙ 10−5
𝑚2

𝑠 ∙ 2.2142 ∙ 10−5  
𝑚2

𝑠
= 1.9187 ∙ 108 

 

Resulting in: 

𝑐 = 0.59, 𝑛 =
1

4
 

The Nusselt no. is: 

𝑁𝑢𝑧1 = 𝑐 ∙ 𝑅𝑎𝑧1
𝑛 = 0.59 ∙ (1.9187 ∙ 108)

1
4  = 68.4391 

And  

ℎ̅𝑧1 = 𝑁𝑢𝑧1 ∙
𝐾𝑎𝑖𝑟
𝐻𝑟ℎ

= 68.4391 ∙
0.0261

𝑊
𝑚 ∙ 𝐾

1 𝑚
= 1.8124

𝑊

𝑚2 ∙ 𝐾
 

 

Substituting in and solving for 𝑇𝑟𝑎𝑑𝑧1: 

 

𝑄̇𝑟𝑎𝑑 = ℎ̅𝑧1 ∙ 𝐴 ∙ (𝑇𝑟𝑎𝑑𝑧1 − 𝑇𝑧𝑜𝑛𝑒1) 
 

−2.1994
𝐽

𝑠
= 1.8124

𝑊

𝑚2 ∙ 𝐾
∙ 10𝑚2 ∙ (𝑇𝑟𝑎𝑑𝑧1 − 294.15 𝐾) 

Solving this equation results in the required surface temperature of the radiator: 

𝑇𝑟𝑎𝑑𝑧1 = 294.3 𝐾 
 

4.4.8.2 Zone2:  

The Constant radiator is: 

𝑄𝑟𝑎𝑑,𝑐𝑧2 = 702.1 
𝐽

𝑠
 

The Variable radiator is: 

𝑄𝑟𝑎𝑑,𝑣𝑧2 = −(−1.8875 − 2.572 − 702.1 − 23.4 + 702.1)
𝐽

𝑠
= 27.8595

𝐽

𝑠
 

The same procedure as in zone 1 is applied to find the different parameters. The list of the parameters are: 

𝑅𝑎𝑧2 = 9.5773 ∙ 10
8, 𝑁𝑢𝑧2 = 58.3664, ℎ̅𝑧2 = 1.5234 

𝑊

𝑚2 ∙ 𝐾
, 𝑇𝑟𝑎𝑑𝑧2 =  296.9375 𝐾 

4.4.8.3 Zone3: 

The Constant radiator is: 

𝑄𝑟𝑎𝑑,𝑐𝑧3 = 282.89
𝐽

𝑠
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The Variable radiator is: 

𝑄𝑟𝑎𝑑,𝑣𝑧3 = −(0 − 0.3912 − 282.89 + 17.55 + 282.89)
𝐽

𝑠
 = −17.1588

𝐽

𝑠
 

As this results in taking heat out of the zone, the constant radiator is dimensioned for less J/s. This could be 

avoided by dividing the radiators contribution more even. 

Subtracting 27 J/s resulting in: 

𝑄𝑟𝑎𝑑,𝑐𝑧3 = 255.89
𝐽

𝑠
 

𝑄𝑟𝑎𝑑,𝑣𝑧3 = 9.842
𝐽

𝑠
 

The same procedure as in zone 1 is applied to find the different parameters. The list of the parameters are: 

𝑅𝑎𝑧3 =  3.8505 ∙ 10
8, 𝑁𝑢𝑧3 = 82.6476, ℎ̅𝑧3 = 2.1571 

𝑊

𝑚2 ∙ 𝐾
, 𝑇𝑟𝑎𝑑𝑧3 =  292.4106 𝐾 

  



 Multi zone HVAC system 

                         

 

58 

 

4.5 AHU specifications  

4.5.1 Temperature 

The temperature in the mixing box is set to 15 °𝐶: 

𝑇𝑚𝑖𝑥 = 288.15 °𝐾 

The temperature of the cooling coil is set to the mixing temperature as the return air is needed only to be 

heated: 

𝑇𝑐𝑐 = 𝑇𝑚𝑖𝑥 

The inlet temperature is set to 19 °𝐶: 

𝑇ℎ𝑐 = 𝑇𝑖𝑛 = 292.15 𝐾 

4.5.2 Humidity 

The desired set point values for the three zones are given in the table shown below. 

SPECIFICATION ZONE 1 ZONE 2 ZONE 3 

TEMPERATURE 𝑇𝑧1 = 21°𝐶 𝑇𝑧2 = 22°𝐶 𝑇𝑧3 = 19°𝐶 

R/S HUMIDITY 𝜔𝑧1 = 0.0074 𝜙𝑧2 = 45 % 𝜔𝑧3 = 0.0074 

PRESSURE 25 Pa 50 Pa 25 Pa 

Table 5 Specifications for the different zones. 

4.5.2.1 Zone 2: 

From the specified properties in the saturated pressure of the water vapor and the specific humidity can be 

found: 

𝑃𝑤𝑠,𝑧2 = 610.78 ∙ 𝑒
𝑇𝑧2

𝑇𝑧2+238.3
∙17.2694

= 610.78 ∙ 𝑒
22°𝐶

22°𝐶+238.3
∙17.2694 = 2628.9 𝑃𝑎 

𝜔𝑧2 = 0.622 ∙
𝑃𝑤𝑠 ∙ 𝜙𝑧

𝑃𝑧 − 𝑃𝑤𝑠 ∙ 𝜙𝑧
= 0.622 ∙

2628.9 𝑃𝑎 ∙ 0.45

100050 𝑃𝑎 − 2628.9 𝑃𝑎 ∙ 0.45
= 0.0074 

𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟
 

4.5.2.2 Zone 1: 

Since the pressure and temperature is more specific demands than specific humidity, which needs to be 

within a range of 35-60%, the same demand for specific humidity in the rooms are required, since deferent 

demands will result in a change in inflow rate, which influences the pressure and temperature in the zones.  

𝑃𝑤𝑠,𝑧1 = 610.78 ∙ 𝑒
𝑇𝑧1

𝑇𝑧1+238.3
∙17.2694

= 610.78 ∙ 𝑒
21°𝐶

21°𝐶+238.3
∙17.2694 = 2473.4 𝑃𝑎 

𝜙𝑧1 =
𝜔𝑧1 ∙ 𝑃𝑧1

(0.622 + 𝜔𝑧2) ∙ 𝑃𝑤𝑠,𝑧1
∙ 100 % =

0.0074 ∙ 100025 𝑃𝑎

(0.622 + 0.0074) ∙ 2473.4 𝑃𝑎
∙ 100 % = 47.6 % 

4.5.2.3 Zone 3: 

𝑃𝑤𝑠,𝑧 = 610.78 ∙ 𝑒
𝑇𝑧3

𝑇𝑧3+238.3
∙17.2694

= 610.78 ∙ 𝑒
19°𝐶

19°𝐶+238.3
∙17.2694 = 2186.3 𝑃𝑎 

𝜙𝑧3 =
𝜔𝑧3 ∙ 𝑃𝑧3

(0.622 + 𝜔𝑧3) ∙ 𝑃𝑤𝑠,𝑧3
∙ 100 % =

0.0074 ∙ 100025 𝑃𝑎

(0.622 + 0.0074) ∙ 2186.3 𝑃𝑎
∙ 100 % = 53.8 % 

It is possible to see that the relative humidity do not exceed the 60%, which is the limit. 
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4.5.3 Outlet Specification 

The outlet air properties of the zones is assumed to be less than in the zone itself.  The assumed properties 

are given as: 

𝑃𝑜𝑢𝑡 = 1 ∙ 10
5𝑃𝑎, 𝑇𝑜𝑢𝑡 = 17°𝐶, 𝜙𝑜𝑢𝑡 = 0.45 

From these values the saturation pressure and specific humidity can be found to be: 

𝑃𝑤𝑠,𝑜𝑢𝑡 = 610.78 ∙ 𝑒
17°𝐶

17°𝐶+238.3
∙17.2694 = 19288 𝑃𝑎 

 𝜔𝑜𝑢𝑡 = 0.622 ∙
19288 𝑃𝑎 ∙ 0.45

100000 𝑃𝑎 − 19288 𝑃𝑎 ∙ 0.45
= 0.004833 

𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟
 

4.5.4 Mixing box  

For the mixing box, both the outside air properties and the return air has to be determine. Data provided for 

the relative humidity the offshore site ‘Horns Rev’ is depicted in the figure below. 

 

Figure 35 The RH at Horns Rev, Denmark. (Weatheronline) 

From the figure above, the relative humidity can be assumed to be 84 %. The offshore average temperature 

for 2014 could be found to be 8.4°𝐶. The air properties for the outside air are: 

𝜙𝑎𝑡𝑚 = 84%, 𝑇𝑎𝑡𝑚 = 8.4°𝐶, 𝑃𝑎𝑡𝑚 = 𝑃𝑚𝑖𝑥 = 1 ∙ 10
5𝑃𝑎   

From this: 

𝑃𝑤𝑠,𝑎𝑡𝑚 = 610.78 ∙ 𝑒
8.4°𝐶

8.4°𝐶+238.3
∙17.2694 = 1099.7 𝑃𝑎 

𝜔𝑎𝑡𝑚 = 0.622 ∙
1099.7 𝑃𝑎 ∙ 0.84

100000 𝑃𝑎 − 1099.7 𝑃𝑎 ∙ 0.84
= 0.0058

𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟
 

From the heat transfer section, the mass flow rate from outside was determined based on a mixing 

temperature of approximating 15°𝐶. Finding the saturation vapor pressure for this temperature results in: 

𝑃𝑤𝑠,𝑚𝑖𝑥 = 1744.3871 𝑃𝑎 

The humidity of the return air is assumed to be the same as the outlet of the zones as it almost does not 

change when some air is exhausted.  
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The equation for the humidity of the mixture was found to be:  

𝜔𝑚𝑖𝑥 =
𝑚̇𝑜𝑢𝑡 ∙ 𝛽 ∙ 𝜔𝑟 + 𝑚̇𝑎𝑡𝑚 ∙ 𝜔𝑎𝑡𝑚

𝑚̇𝑜𝑢𝑡 ∙ 𝛽 + 𝑚̇𝑎𝑡𝑚
 

=
0.448

𝑘𝑔
𝑠
∙ 0.5 ∙ 0.0048

𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟
𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟

 + 0.0505
𝑘𝑔
𝑠
∙ 0.0058

𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟
𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟

0.448
𝑘𝑔
𝑠
∙ 0.5 + 0.0505

𝑘𝑔
𝑠

 

𝜔𝑚𝑖𝑥 = 0.0058 
𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟
  

𝜙𝑚𝑖𝑥 =
𝑃𝑚𝑖𝑥 ∙ 𝜔𝑚𝑖𝑥

(0.622 + 𝜔𝑚𝑖𝑥)𝑃𝑤𝑠,𝑚𝑖𝑥
∙ 100% = 63.86% 

4.5.5 Cooling coil 

The cooling coil is only used for dehumidification if it is needed or if the inlet temperature has to be cooled 

below the dew point. The relative humidity of the air leaving the cooling coil will be at 100% else no 

dehumidification will occur. In this case, no dehumidification is needed and all the variables correspond to 

the mixing variable.  

𝜙𝑐𝑐 = 𝜙𝑚𝑖𝑥, 𝑇𝑐𝑐 = 15°𝐶, 𝑃𝑐𝑐 = 1 ∙ 10
5𝑃𝑎, 𝜔𝑐𝑐 = 𝜔𝑚𝑖𝑥 

The amount of liquid condensing is given by: 

𝑚̇𝑤𝑐𝑐,𝑜𝑢𝑡 = (𝜔𝑚𝑖𝑥 −𝜔𝑐𝑐) ∙ 𝑚̇𝑚𝑖𝑥 = 0
𝑘𝑔

𝑠
 

If dehumidification is needed, the temperature is set to the dew point temperature for the required specific 

humidity. 

4.5.6 Humidifier 

For the humidifier, the specific humidity needed for the inlet is calculated based in a steady state condition 

for the zone humidity model 

𝜔𝑖𝑛 = 2 ∙ 𝜔𝑧,𝑠𝑒𝑡𝑝𝑜𝑖𝑛𝑡 −𝜔𝑜𝑢𝑡 = 2 ∙ 0.0083
𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟
− 0.004833 

𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟
 

𝜔𝑖𝑛 = 0.0101 
𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦𝑎𝑖𝑟
 

Given the required temperature for the inlet air and the pressure, the following can be found for a mixing 

temperature of 15°𝐶, since no cooling in this case are needed. 

𝑇𝑖𝑛 = 19°𝐶, 𝑃ℎ = 1 ∙ 10
5𝑃𝑎, 𝑃𝑤𝑠,𝑖𝑛 = 2186.3 𝑃𝑎 

𝑚̇𝑤𝑖𝑛 = (𝜔𝑚𝑖𝑥 − 𝜔𝑐𝑐) ∙ 𝑚̇𝑚𝑖𝑥 = 0.0017
𝑘𝑔

𝑠
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5. State space model 
For designing a MPC-controller, the state space model has to be found. The linear system is found from 

steady state condition where the dynamic of the non-linear functions will be zero. The linear point, also 

known as the operating point, can be given as (Franklin, Powell, & Emami-Naeini, 2010): 

 𝑓(𝑥0, 𝑢0) = 0 Eq 5.1 

Where f is the notation of the non-linear equation, 𝑥0 and 𝑢0 is the state and input value in the steady state 

condition.  

The non-linear model can be approximated a linear model by using the Taylor expansion, which can be used 

to express the non-linear equation in form of the state space model. The linear approximation is only valid in 

a region close to the steady state point. 

An 𝑛-order non-linear model can be given as a set of states and input equations for 𝑚-inputs and 𝑝-outputs 

(Pedersen, 2015): 

 𝑥̇1 = 𝑓1(𝑥1, 𝑥2. . 𝑥𝑛, 𝑢1, 𝑢2…𝑢𝑚) 

⋮                                                        

𝑥̇𝑛                                                        

Eq 5.2 

The output function 𝑦 for the non-linear model is expressed as: 

 𝑦1 = ℎ1(𝑥1, 𝑥2. . 𝑥𝑛, 𝑢1, 𝑢2…𝑢𝑚) 

⋮                                                        

𝑦𝑝                                                         

Eq 5.3 

The state space model can be represented by: 

 𝑥̇ = 𝐴 ∙ 𝑥 + 𝐵 ∙ 𝑢 

𝑦 = 𝐶 ∙ 𝑥 + 𝐷 ∙ 𝑢 
Eq 5.4 

Where, 

 𝐴 is the system matrix 

 𝐵 is the input matrix 

 𝐶 is the output matrix 

 𝐷 is the feedforward matrix.  

The matrices can be defined at the operating point (𝑥0, 𝑢0) as: 

 
𝐴 = [

𝛿𝑓

𝛿𝑥
]
𝑥0,𝑢0

      𝐵 = [
𝛿𝑓

𝛿𝑢
]
𝑥0,𝑢0

 

𝐶 = [
𝛿ℎ

𝛿𝑥
]
𝑥0,𝑢0

      𝐷 = [
𝛿ℎ

𝛿𝑢
]
𝑥0,𝑢0

 

Eq 5.5 
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The matrices will be found by use of the Jacobean matrix: 

 

𝐽 =

[
 
 
 
 
𝛿𝑓1
𝛿𝑥1

⋯
𝛿𝑓1
𝛿𝑥𝑛

⋮ ⋱ ⋮
𝛿𝑓𝑚
𝛿𝑥1

⋯
𝛿𝑓𝑚
𝛿𝑥𝑛]

 
 
 
 

 Eq 5.6 

The same operation is required for the output function ℎ. 

5.1 Single zone linear model 
The non-linear equations for the temperature are: 

 
𝑓1 =

𝑑𝑇𝑚𝑖𝑥
𝑑𝑡

=
𝑚̇𝑜𝑢𝑡 ∙ 𝛽 ∙ 𝑐𝑝 ∙ (𝑇𝑜𝑢𝑡 − 𝑇𝑚𝑖𝑥) + 𝑚̇𝑜𝑠 ∙ 𝑐𝑝 ∙ (𝑇𝑜𝑠 − 𝑇𝑚𝑖𝑥)

𝑚𝑎,𝑚𝑖𝑥
 Eq 5.7 

 
𝑓2 =

𝑑𝑇𝑐𝑐
𝑑𝑡

=
𝑚̇𝑚𝑖𝑥 ∙ 𝑐𝑝 ∙ (𝑇𝑚𝑖𝑥 − 𝑇𝑐𝑐) − 𝑚̇𝑤,𝑐𝑐𝑀𝑎𝑥 ∙ 𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝑐𝑐 ∙ 𝑐𝑝,𝑤 ∙ (𝑇𝑖𝑛,𝑐𝑐 − 𝑇𝑜𝑢𝑡,𝑐𝑐)

𝑚𝑎,𝑐𝑐
 Eq 5.8 

 
𝑓3 =

𝑑𝑇ℎ𝑐
𝑑𝑡

=
𝑚̇𝑚𝑖𝑥 ∙ 𝑐𝑝 ∙ (𝑇𝑐𝑐 − 𝑇ℎ𝑐) − 𝑚̇𝑤,ℎ𝑐𝑀𝑎𝑥 ∙ 𝑂𝑝𝑒𝑛𝑖𝑛𝑔ℎ𝑐 ∙ 𝑐𝑝,𝑤 ∙ (𝑇𝑖𝑛,ℎ𝑐 − 𝑇𝑜𝑢𝑡,ℎ𝑐)

𝑚𝑎,ℎ𝑐
  Eq 5.9 

 
𝑓4 =

𝑑𝑇𝑧
𝑑𝑡

=
𝑄̇𝑖𝑛 + 𝑄̇𝑜𝑢𝑡
𝑚𝑧 ∙ 𝑐𝑝

+
𝑄̇𝑟𝑎𝑑 + 𝑄̇𝑤𝑎𝑙𝑙
𝑚𝑧 ∙ 𝑐𝑝

 Eq 5.10 

Τhe non-linear equations for the humidity are: 

 
𝑓5 =

𝑑𝜔𝑚𝑖𝑥
𝑑𝑡

=
𝑚̇𝑜𝑢𝑡 ∙ 𝛽 ∙ (𝜔𝑜𝑢𝑡 −𝜔𝑚𝑖𝑥) + 𝑚̇𝑜𝑠(𝜔𝑜𝑠 −𝜔𝑚𝑖𝑥)

𝑚𝑎,𝑚𝑖𝑥
 Eq 5.11 

 
𝑓6 =

𝑑𝜔𝑐𝑐
𝑑𝑡

=
𝑚𝑎,𝑚𝑖𝑥 ∙ (𝜔𝑚𝑖𝑥 −𝜔𝑐𝑐) − 𝑚̇𝑤,𝑜𝑢𝑡

𝑚𝑎,𝑐𝑐
 Eq 5.12 

 
𝑓7 =

𝑑𝜔𝑖𝑛
𝑑𝑡

=
𝑚̇𝑎,𝑚𝑖𝑥 ∙ (𝜔𝑐𝑐 −𝜔𝑖𝑛) + 𝑚𝑤,𝑖𝑛

𝑚𝑎,ℎ
 Eq 5.13 

 
𝑓8 =

𝑑𝜔𝑧
𝑑𝑡

=
𝑚̇𝑖𝑛 ∙ (𝜔𝑖𝑛 −𝜔𝑧) − 𝑚̇𝑜𝑢𝑡 ∙ (𝜔𝑧 − 𝜔𝑜𝑢𝑡)

𝑚𝑧
 Eq 5.14 

The mass of the zone is given by: 

 
𝑓9 =

𝑑𝑚𝑧

𝑑𝑡
 

= 𝜌𝑎𝑖𝑟,𝑝 ∙  𝐶𝑑,𝑖𝑛 ∙ 𝐴0,𝑖𝑛√
2 ∙ (𝑝𝑝𝑖𝑝𝑒 − 𝑝𝑧𝑜𝑛𝑒)

𝜌𝑝𝑖𝑝𝑒
− (

𝑚𝑧𝑜𝑛𝑒

𝑉𝑧𝑜𝑛𝑒
) ∙ 𝐴0,𝑜𝑢𝑡√2 ∙ (𝑅 ∙ 𝑇𝑧𝑜𝑛𝑒 −

𝑝𝑎𝑡𝑚

(
𝑚𝑧𝑜𝑛𝑒

𝑉𝑧𝑜𝑛𝑒
)
) 

Eq 5.15 

The states for these non-linear equations are: 

Temperature:  𝑇𝑚𝑖𝑥 , 𝑇𝑖𝑛, 𝑇𝑐𝑐 , 𝑇𝑧 

Mass:  𝑚𝑧 

Humidity: 𝜔𝑚𝑖𝑥 , 𝜔𝑖𝑛 , 𝜔𝑐𝑐 , 𝜔𝑧 
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The outputs are: 

 ℎ1 = 𝑇𝑧, ℎ2 = 𝜔𝑧, ℎ3 = 𝑃𝑧 =
𝑚𝑧

𝑉𝑧
∙ 𝑅 ∙ 𝑇𝑧 Eq 5.16 

Defining the states, input and output in vector form: 

𝑢 =

[
 
 
 
 
 

𝐴0,𝑖𝑛
𝑃𝑖𝑛
𝑚𝑤,𝑖𝑛

𝑚𝑤,𝑜𝑢𝑡

𝑂𝑝𝑒𝑛𝑖𝑛𝑔ℎ𝑐
𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝑐𝑐 ]

 
 
 
 
 

, 𝑥 =

[
 
 
 
 
 
 
 
 
𝑚𝑧

𝑇𝑚𝑖𝑥
𝑇𝑧
𝑇𝑖𝑛
𝑇𝑐𝑐
𝜔𝑚𝑖𝑥
 𝜔𝑧
𝜔𝑐𝑐
𝜔𝑖𝑛 ]

 
 
 
 
 
 
 
 

, 𝑦 = [
𝑇𝑧
𝜔𝑧
𝑃𝑧

] 

The state space model for the single zone though linearization becomes: 

𝐴 =

[
 
 
 
 
 
 
 
 
𝐴11 𝐴12 0 0 0 0 0 0 0
𝐴21 𝐴22 0 0 𝐴25 0 0 0 0
𝐴31 𝐴32 𝐴33 0 0 0 0 0 0
0 0 𝐴43 𝐴44 0 0 0 0 0
0 0 0 𝐴54 𝐴55 0 0 0 0
𝐴61 𝐴62 0 0 𝐴65 0 0 0 𝐴69
𝐴71 𝐴72 0 0 0 0 𝐴77 0 0
0 0 0 0 0 0 0 𝐴88 𝐴89
0 0 0 0 0 0 0 𝐴98 𝐴99]

 
 
 
 
 
 
 
 

 

𝐵 =

[
 
 
 
 
 
 
 
 
𝐵11 𝐵12 0 0 0 0
𝐵21 𝐵22 0 0 0 0
0 0 0 0 0 0
0 0 𝐵43 0 0 0
0 0 0 𝐵54 0 0
𝐵61 𝐵62 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 𝐵86
0 0 0 0 𝐵95 0 ]

 
 
 
 
 
 
 
 

 

𝑪 = [
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
𝐶31 0 𝐶33 0 0 0 0 0 0

] 

𝐷 = 𝟎 

The elements for the multi-zone is given in Appendix, not the single-zone. 
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5.1.1 Simulation and validation of single zone linear model 

The Simulink model for the single zone model is depicted below. To see zone model see Appendix 10. 

 

Figure 36 The single zone and the AHU and return air. 

The responses of the linear model are validated against the non-linear model. The pressure, temperature and 

specific humidity in the zone are illustrated in the Figure 37. The non-linear model is depicted with the blue 

graph and the red graphs depicts the linear model. 

 

 Figure 37 a) Temperature, b) Pressure, c) Specific humidity. 

From the figure, it is possible to see that the two models have the same transient response and settles 

approximately in the same steady state value. The difference between the two models is a very small offset.  

To see if the linear model follows the same dynamic for different inputs changes, a step-input in the opening 

area of the inlet damper is illustrated in Figure 38.The opening area is changed from 0.175𝑚2 to 0.22 𝑚2. 
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Figure 38 The temperature and mass of air in the zone. 

From the figures, it is possible to see that for the input change, the two models have almost the same 

dynamic and steady state values. The change in the zone temperature has a difference of 0.4°C, which can be 

acceptable since the responses are very similar. 

Regarding the linear humidity response, the change in value for the step input if compared to the non-linear 

humidity response has a difference of 0.4 ∙ 10−3
𝑘𝑔 𝑚𝑜𝑖𝑡

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
. This is a relative large difference. The transient 

response is the same as the non-linear; the decrease in humidity is just so small it is almost undetectable. The 

cause of this could be due to that the humidity is highly non-linear and the dynamics is hard to capture when 

linearizing.  

One reason could be the changing return mass flow rate which will cause the specific humidity in the mixing 

box to change. Without any controller the setpoint cannot be reached and the specific humidity decreases. 

This is only if the specific humidity in the mixing box decreases as a result of this. This change might be lost 

when linearizing the model. 
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5.2 Multi zone linear model  
Expanding to multiple zones there will be states relating each zones, as there is heat transfer between the 

zones. 

Adding dynamic of the walls, which will correlate the three zones. 

 
𝑓16 =

𝑑𝑇𝑤12
𝑑𝑡

=
𝑈12 ∙ 𝐴12 ∙ (𝑇𝑧1 − 𝑇𝑤12) − 𝑈12 ∙ 𝐴12 ∙ (𝑇𝑤12 − 𝑇𝑧2)

𝑐𝑝,𝑤𝑎𝑙𝑙1 ∙ 𝑚𝑤𝑎𝑙𝑙1
 Eq 5.17 

 
𝑓17 =

𝑑𝑇𝑤23
𝑑𝑡

=
𝑈23 ∙ 𝐴23 ∙ (𝑇𝑧2 − 𝑇𝑤23) − 𝑈23 ∙ 𝐴23 ∙ (𝑇𝑤23 − 𝑇𝑧3)

𝑐𝑝,𝑤𝑎𝑙𝑙2 ∙ 𝑚𝑤𝑎𝑙𝑙2
 Eq 5.18 

 

In addition, the three zone equations are: 

 
𝑓7 =

dTz1
𝑑𝑡

=
𝑄̇𝑖𝑛,𝑧1 + 𝑄̇𝑜𝑢𝑡,𝑧1 + 𝑄̇𝑟𝑎𝑑,𝑐 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙,𝑧1 + 𝑄̇𝑤12+𝑄̇𝑟𝑎𝑑,𝑣

𝑐𝑝 ∙ 𝑚𝑧1
 Eq 5.19 

 
𝑓10 =

dTz2
𝑑𝑡

=
𝑄̇𝑖𝑛,𝑧2 + 𝑄̇𝑜𝑢𝑡,𝑧2 + 𝑄̇𝑟𝑎𝑑,𝑐 + 4 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤21 + 𝑄̇𝑤32+ 𝑄̇𝑟𝑎𝑑,𝑣

𝑐𝑝 ∙ 𝑚𝑧2

 Eq 5.20 

 
𝑓13 =

dTz3
𝑑𝑡

=
𝑄̇𝑖𝑛,𝑧3 + 𝑄̇𝑜𝑢𝑡,𝑧3 + 𝑄̇𝑟𝑎𝑑,𝑐 + 5 ∙ 𝑄̇𝑤𝑎𝑙𝑙 + 𝑄̇𝑤23+ 𝑄̇𝑟𝑎𝑑,𝑣

𝑐𝑝 ∙ 𝑚𝑧3
 Eq 5.21 

 

One thing to pay attention to is that as only one of the coils can be activated at the time. Therefore there are 

two state space models, on for a heating and Humidification case, also referred to as winter-case and a 

cooling and dehumidification case, also referred to as Summer-case. Additionally, the fan will be controlled 

separately from the MPC, therefore the inlet pressures are excluded in the multi-zone model. 

For the multi-zone model, the state, inputs and outputs are: 

𝑥 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑇𝑚𝑖𝑥
𝑇𝑐𝑐
𝑇𝑖𝑛
𝜔𝑚𝑖𝑥
𝜔𝑐𝑐
𝜔𝑖𝑛
𝑇𝑧1
𝑚𝑧1
𝜔𝑧1
𝑇𝑧2
𝑚𝑧2
𝜔𝑧2
𝑇𝑧3
𝑚𝑧3
𝜔𝑧3
𝑇𝑤12
𝑇𝑤23 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

, 𝑦 =

[
 
 
 
 
 
 
 
 
 
 
𝑇𝑧1
𝜔𝑧1
𝑃𝑧1
𝑇𝑧2
𝜔𝑧2
𝑃𝑧2
𝑇𝑧3
𝜔𝑧3
𝑃𝑧3
𝑇𝑖𝑛 ]
 
 
 
 
 
 
 
 
 
 

, 𝑢𝑤𝑖𝑛𝑡𝑒𝑟 =

[
 
 
 
 
 
 
 
 

𝐴𝑖𝑛,𝑧1
𝐴𝑖𝑛,𝑧2
𝐴𝑖𝑛,𝑧3 

𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝐻𝐶
𝑚̇𝑤,𝑖𝑛

𝑇𝑟𝑎𝑑,𝑣𝑧1
𝑇𝑟𝑎𝑑,𝑣𝑧2
𝑇𝑟𝑎𝑑,𝑣𝑧3 ]

 
 
 
 
 
 
 
 

, 𝑢𝑠𝑢𝑚𝑚𝑒𝑟 =

[
 
 
 
 
 
 
 
 

𝐴𝑖𝑛,𝑧1
𝐴𝑖𝑛,𝑧2
𝐴𝑖𝑛,𝑧3 
𝑚̇𝑤𝑐𝑐,𝑜𝑢𝑡

𝑂𝑝𝑒𝑛𝑖𝑛𝑔𝐶𝐶
𝑇𝑟𝑎𝑑,𝑣𝑧1
𝑇𝑟𝑎𝑑,𝑣𝑧2
𝑇𝑟𝑎𝑑,𝑣𝑧3 ]

 
 
 
 
 
 
 
 

,  

Next, the state space matrices for the winter case are given.  
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The elements for the following matrices can be found in the Appendix 11. 

𝐴

=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝐴1,1 0 0 0 0 0 𝐴1,7 𝐴1,8 0 𝐴1,10 𝐴1,11 0 𝐴1,13 𝐴1,14 0 0 0

𝐴2,1 𝐴2,2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 𝐴3,2 𝐴3,3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 𝐴4,4 0 0 𝐴4,7 𝐴4,8 0 𝐴4,10 𝐴4,11 0 𝐴4,13 𝐴4,14 0 0 0

0 0 0 𝐴5,4 𝐴5,5 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 𝐴6,5 𝐴6,6 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 𝐴7,7 𝐴8,8 0 0 0 0 0 0 0 0 0

0 0 𝐴8,3 0 0 0 𝐴8,7 𝐴9,8 0 0 0 0 0 0 0 𝐴9,16 0

0 0 0 0 0 𝐴9,6 𝐴9,7 𝐴10,8 𝐴9,9 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 𝐴10,10 𝐴10,11 0 0 0 0 0 0

0 0 𝐴11,3 0 0 0 0 0 0 𝐴11,10 𝐴11,11 0 0 0 0 𝐴11,16 𝐴11,17
0 0 0 0 0 𝐴12,6 0 0 0 𝐴12,10 𝐴12,11 𝐴12,12 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 𝐴13,13 𝐴13,14 0 0 0

0 0 𝐴14,3 0 0 0 0 0 0 0 0 0 𝐴14,13 𝐴14,14 0 0 𝐴14,17
0 0 0 0 0 𝐴15,6 0 0 0 0 0 0 𝐴15,13 𝐴15,14 𝐴15,15 0 0

0 0 0 0 0 0 0 𝐴16,8 0 0 𝐴16,11 0 0 0 0 𝐴16,16 0

0 0 0 0 0 0 0 0 0 0 𝐴17,11 0 0 𝐴17,14 0 0 𝐴17,17]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

𝐵 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 𝐵3,4 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 𝐵6,5 0 0 0

𝐵7,1 0 0 0 0 0 0 0

𝐵8,1 0 0 0 0 𝐵8,6 0 0

𝐵9,1 0 0 0 0 0 0 0

0 𝐵10,2 0 0 0 0 0 0

0 𝐵11,2 0 0 0 0 𝐵11,7 0

0 𝐵12,2 0 0 0 0 0 0

0 0 𝐵13,3 0 0 0 0 0

0 0 0 0 0 0 0 𝐵14,8
0 0 𝐵15,3 0 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

𝑪 =

[
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 𝐶3,7 𝐶3,8 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 𝐶6,10 𝐶6,11 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝐶9,13 𝐶9,14 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0]
 
 
 
 
 
 
 
 
 

 

𝐷 = 𝟎 
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5.2.1 Simulation and validation of multiple zone linear model 

 

The non-linear model is illustrated in Figure 39. All the inputs are depicted to the left in the figure. The AHU 

with heating, cooling, dehumidification and humidification, is depicted in the left bottom half of the figure. 

Where in the right bottom half of the figure, the relative humidity for both the zones and the AHU are found. 

At last, the zone models are in the center of the overall model. 

 
Figure 39 The non-linear model for the multi-zone. 
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5.2.1.1 Comparison of Linear and Non-linear model 

The linear and Non-linear model is validated opposite to each other for different input changes: 

 Step input in the dampers opening for zone 2 𝐴0𝑖𝑛𝑧2: 0.0158 𝑚
2 → 0.1 𝑚2 

 Step input in the frequency is applied. The change if from 47.5𝐻𝑧 to 57.5𝐻𝑧. 

A change in the damper of zone 2 is illustrated in Figure 40, Figure 41 and Figure 42. 

 

Figure 40 a) Temperature, b) Pressure, c) Specific humidity of zone 1.        

 

Figure 41 a) Temperature, b) Pressure, c) Specific humidity of zone 2. 
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Figure 42 a) Temperature, b) Pressure, c) Specific humidity of zone 3. 

From the figures, it is possible to conclude that the temperature and pressure of all the zones are valid. The 

setpoints of both the linear and non-linear model are the approximately the same, only with small deviations. 

When applying the change in damper opening, the temperatures and pressures transient response time and 

magnitude change are the same. 

Looking at the specific humidity, there still exist a relative large difference when a change in input occurs. 

For this case, the difference is 0.8
𝑘𝑔 𝑚𝑜𝑖𝑠𝑡

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
.  

A change in frequency is shown in Figure 43, Figure 44 and Figure 45. 

 

Figure 43 a) Temperature, b) Pressure, c) Specific humidity of zone 1. 
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Figure 44 a) Temperature, b) Pressure, c) Specific humidity of zone 2. 

 

Figure 45 a) Temperature, b) Pressure, c) Specific humidity of zone 3. 

From the figures, it is possible to see that the temperatures and pressures of the non-linear and linear models 

again are very similar. The change in linear pressure is slightly higher than the non-linear, but the difference 

is in the magnitude of few Pascal. 

This time the specific humidity deviates less. This is due to that the specific humidity is strongly depend on 

the mass flow rate in and out of the zones. Increasing the speed of the fan do not in this case result in a large 

change in the inlet mass flow rate, whereas in the other case the damper was opened and more air was let in. 

The reason why decreases instead of increasing, when the damper opens, is because no controller is 

implemented and the mixing conditions are changing due to the variation of the return air.       
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5.3 Discrete time state space model 
The discrete time state space model is used for designing the MPC. The discrete State space model is 

represented by (Advanced Motion Control, Difference equations, 2014): 

 (𝑘 + 1) = 𝐴𝑑 ∙ 𝑥(𝑘) + 𝐵𝑑 ∙ 𝑢(𝑘) 

𝑦(𝑘) = 𝐶𝑑 ∙ 𝑥(𝑘) + 𝐷𝑑 ∙ 𝑢(𝑘) 
Eq 5.22 

Where  

  

𝐴𝑑 = 𝑒
𝐴𝑇 = 𝐼 + 𝐴 ∙ 𝑇 +

𝐴2 ∙ 𝑇2

2!
… = 𝐼 + 𝐴 ∙ 𝑇 ∙ Ψ 

Eq 5.23 

 
Ψ = 𝐼 +

𝐴 ∙ 𝑇

2!
+
𝐴2 ∙ 𝑇2

3!
… Eq 5.24 

 
𝐵𝑑 = ∫ 𝑒𝐴𝜆 ∙ 𝐵

𝑡

0

 𝑑𝜏 = Ψ ∙ 𝑇 ∙ 𝐵 Eq 5.25 

And, 

 𝐶𝐷 and 𝐷𝑑 are equivalent to the continues time 𝐶 and 𝐷 matrices. 

 𝑇 is the sapling time 

 𝜆 is the eigenvalue/s 

By choosing a too small sampling time, when converting from the continuous time model to the discrete time 

can result in instability and the solution of the discrete time model will diverge. For this project, the sampling 

time is chosen to be 0.01s. This is to make the continuous time non-linear model work together with the 

discrete signals from the MPC.  

The result of for the discrete state space model for zone 1 is depicted in Figure 46. This is for a change in 

damper opening into zone 2. The change is the same as before; 0.0158 𝑚2 → 0.1 𝑚2. 

 

Figure 46 a) Temperature b) Pressure, c) Specific humidity of zone 1. 

These responses correspond exactly to the continuous time responses. To see the responses of the other zones 

see Appendix 7. 
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6. Control design – PI 
In this chapter the PI-controllers for the individual actuators are developed. In general, industrial HVAC 

units consists of a lot actuators that needs to be controlled. Specifically for this project, the following 

controllers/actuators are considered: 

 Inlet Dampers 

 Variable speed fan 

 Variable electrical heaters 

 Cooling and heating coils 

The controllers and the feedback from sensors are illustrated in the 2D sketch below.  

 

Figure 47 Controllers on the architecture design of the platform. 

The following actuators are not controlled but are considered constant: 

 Outlet dampers 

 Economizer (i.e. inlet damper), exhaust- and return dampers 

In the modeling chapter, the mixing temperature was fixed at 15°𝐶. In this part, it will remain at the same 

value, but as a part of the design phase, the controllers’ performance for different mixing temperature and 

specific humidity will be investigated. 

The PID controller is given by following equation (Franklin, Powell, & Emami-Naeini, 2010): 

 
𝐶𝑃𝐼𝐷 = 𝑘𝑃 ∙ 𝑒(𝑡) + 𝑘𝐼 ∙ ∫ 𝑒(𝑡) + 𝑘𝐷 ∙

𝑑𝑒(𝑡)

𝑑𝑡
 Eq 6.1 

Where, 

 𝑒(𝑡) is the error between the setpoint and the actual output value. 

 𝐾𝑝, 𝐾𝐼 and 𝐾𝐷 is the control gains. 

 𝐶𝑃𝐼𝐷 denotes the controller. 
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6.1 Sequence of Heating and Cooling Coil  
The purpose of the cooling and heating coils are to control the indoor humidity and indoor supply 

temperature. In order to control these variables feedback from sensors placed in the ducts and in the zones is 

needed. More in detail, the indoor supply temperature for each zone is been measured by a thermostat in the 

inlet duct. Moreover, the humidity is measured either in the zones or in the return duct, in this project is 

measured in the zone. The sensors used to measure the humidity is either a thermostat with a humidity sensor 

or a hydrometer. The specific humidity is beneficial to be measured at the outlet duct due to it can differ 

from zone to zone.  

6.1.1 Temperature Control 

In the VAV-HVAC system, the temperature of the supply air is held constant. On the other hand, the 

temperature and pressure of the zones is controlled by changing the volume of supplied air. The set point of 

the supply temperature will be fixed in winter and in summer. Moreover, when dehumidification is needed it 

will be set to the temperature necessary to dehumidify the air to the required supply specific humidity.  

The temperature in both heating and cooling coil is regulated by the opening area of a valve, in the meaning 

of changing the water mass flow rate in the coils. An important restriction is that only one coil can be 

controlled at the time. In result of the previews stated only one coil can be controlled at the time, in the 

meaning of only one coil is active. The coil needed is activated by feedback of the supply temperature which 

is compared to the setpoint temperature. That means that in the case the temperature goes above the setpoint 

cooling is needed, otherwise the temperature is below the setpoint heating is needed. This idea is illustrated 

in the Figure 48. 

 

Figure 48 The control sequence of the cooling and heating coils. (Montgomery & McDowall, 2009) 

Figure 48 illustrates the sequencing of the valve openings, which depend on the feedback of the supply 

temperature.  

As one can predict, as the temperature vary around the setpoint the control will toggle between the heating- 

and cooling coil. To avoid this, ASHARE recommend a dead band around the setpoint of 3 degrees 

(Montgomery & McDowall, 2009).  

In addition, to control the supply air by the two coils the economizer damper can be regulate to take in more 

or less air depending on the outside air in order to reduce energy consumption by cooling or heating less.  

6.2 Humidity Control 
The specific humidity is controlled by a PI-controller by feeding back the humidity measured in the zones, 

and compare it to the set point. The specific humidity is controlled by either adding moist from the 
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humidifier or removing moist in the cooling coil, therefore, two controllers are needed. One is depend on the 

temperature in the cooling coil, whereas the other one is independent of the heating coil, as the specific 

humidity is considered not to be affected by heating, only the relative humidity.  

6.3 Control design 
The heating and humidification control block diagram is depicted in Figure 49. The control gain values are 

given in Table 7. 

 

Figure 49 The block diagram of Heating and humidification.  

From figure it is clear that the two controllers operate independent. The humidifier is controlled by feedback 

of specific humidity measurement and it controls by adding more water vapor mass 𝑚𝑤,𝑖𝑛. The temperature 

is controlled by changing the percentage opening of the valve and thereby causing changes in mass flow in 

the heating coil. 

The Cooling and dehumidification control block diagram is depicted in Figure 50. 

 

Figure 50 The block diagram of Cooling and dehumidification.  

Figure 50 shows that the controller works and which measurements are fed back. The difference from the 

other block diagram is that the two controllers are depend on each other. They both control the cooling coil 

and are related by the temperature needs to be at a given set point in order to dehumidify to a given specific 

humidity. As the relative humidity of the air leaving the coil is 100 % in order to achieve dehumidification, 

the set point for the supply temperature can be found from the specific humidity set point.  
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In Simulink, the controllers are all connected to a Mat-file where the different coils and humidifier is 

activated based on the states of the mixing box. In order to maintain the safety in the HVAC system, the coils 

are only active when the fan is turned on, otherwise the system could experience damages such as 

overheating. This can be seen in the a section from the Mat-file below, LL denotes lower limit and HL is 

higher limit, Freq denotes the frequency of the fan, and thereby makes sure that the fan is operating before 

any if-statements are fulfilled. The lower and higher limits are the dead band of the coils, introduced 

previously.  

if Freq ~= 0 && T_mix > T_HL && w_mix > w_HL;        % Cooling and dehumidification 

    

    OpeningHeating=0;                                % Disable Heating Coil (0% open)                                                 

    EnableHumidifier=0; 

    EnableDehumidifier=1; 

     

else if Freq ~= 0 && T_mix < T_LL && w_mix < w_LL;   % Heat and humidify                              

         

        OpeningCooling=0;                   

        EnableHumidifier=1; 

        EnableDehumidifier=0; 

     

    else if Freq ==0 || T_LL < T_mix && T_mix < T_HL && w_LL < w_mix && w_mix < w_HL;                        

                 

                % Close all 

                OpeningCooling=0;                                                

                OpeningHeating=0;                     % Disable both Coils 

                EnableHumidifier=0;                   % Disable both dehum/humidifier 

                EnableDehumidifier=0; 

            

        end 

    end 

end 

Table 6 Describes the if-statements, which activates the different controllers. See the entire code in Appendix 8. 

In the script, there are three cases; Case 1. When cooling and dehumidification is needed. Here the mixing 

condition is above the higher limit, which means it is higher than the supply specifications. Case 2. Is the 

opposite, here the heater and humidifier is enabled. Case 3. Is when the mixing conditions are between the 

lower and higher limit. In this case, everything is turned off. An example could be that the cooling coil is not 

needed, the OpeningCooling is set to zero and vice versa. The same is valid for the humidification- and 

dehumidification process. If the process is not needed, either EnableHumidifier or EnableDehumidifier is set 

to zero. However, it follows that the humidifier cannot be enabled when the cooling coil is on.  

The PI-controllers are all manually tuned aiming the system to experience less oscillations and a reasonable 

settling time. A too fast settling time will not be realistic for this system. As the HVAC system is highly non-

linear and the PI-controllers are linear, their performance will differ depending on operating conditions. It is 

recommended that the controller for the temperature is over damped; this increases settling time and reduces 

performance, but the overshoot is eliminated. 

The responses for the tuned PI-controllers of the specific humidity and supply temperature are illustrated for 

both a winter and summer case to the controllers’ performance.  
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6.3.1 Winter Case: 

The responses for controllers of the heating coil and humidifier are depicted in the below figure. 

 

Figure 51 The responses for temperature and specific humidity for heating and humidification  

6.3.2 Summer Case: 

The responses for controllers of the Cooling coil and dehumidification are depicted in the below figure. 

 

Figure 52 The responses for temperature and specific humidity for cooling and dehumidification. 

The settling time can be seen from the above figures. The final control gain values and settling time are: 

Unit 𝑲𝒑 𝑲𝒊 𝑻𝒔 Overshoot 

Humidifier 30 0.1 80𝑠 0% 

Dehumidifier 25 0.065 80𝑠 0% 

Heating Coil 0.01 0.005 60𝑠 0% 

Cooling Coil 0.01 0.005 60𝑠 0% 

Table 7 Final control gain values and settling time for each unit. 

Note that: As the operating condition changes so do the settling time, as further away the humidity come 

from the setpoint the longer time it takes to settle. This can be seen in the next section. 
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6.3.4 Changing mixing conditions - Winter Case 

For the winter case three other setpoints are considered: 

𝑇𝑚𝑖𝑥 = [283.15, 287.15, 290.15]𝐾 

𝜔𝑚𝑖𝑥 = [0.0037, 0.00505, 0.0058]
𝑘𝑔 𝑚𝑜𝑖𝑠𝑡

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
  

The supply temperature, mixing temperature and Valve position of the cooling coil is depicted in Figure 53. 

   

Figure 53 Inlet temperature and Valve opening. 

From the figure above it is possible to see that the set point of 292.15 K (19°𝐶) is maintained when the 

different step inputs are applied.  

 

Figure 54 The inlet and mixing specific humidity and added moist. 

The humidity is maintained and it is seen that the added moisture to the air decreases with decreasing the 

difference between the setpoint and the mixing specific humidity. 

♥ 
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6.3.3 Changing mixing conditions - Summer Case 

If both mixing temperature and humidity are high then cooling and dehumidification is needed. A case of 

different mixing temperatures and specific humidity are applied to the model to see how the PI-controller 

works.   

The applied steps are: 

𝑇𝑚𝑖𝑥 = [295.15, 300.15, 303.15]𝐾 

𝜔𝑚𝑖𝑥 = [0.0105, 0.0125, 0.0168]
𝑘𝑔 𝑚𝑜𝑖𝑠𝑡

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
  

The supply temperature, mixing temperature and Valve position of the cooling coil is depicted Figure 55. 

 

Figure 55 The PI-control of the temperature for different mixing temperatures. 

From the figure above is possible to see that the set point of the temperature is maintained (red line) 

disregarding the increasing mixing temperature (blue line). This is done by opening the valve position more 

and more (see figure 7-graph to the right). The different set point is smoothly achieved without any 

overshoot. 

Figure 56 illustrates the supply and mixing specific humidity, as well as the removed moist. 

 

Figure 56The PI-control of the temperature for different mixing specific humidity.  



 Multi zone HVAC system 

                         

 

80 

 

As for the temperature, the humidity is maintained at the set point at all time, except at the transition period.  

6.3.4 Zone specific humidity control 

In order to observe what happens in the zones specific humidity, a change in the damper opening is applied. 

Pressure changes lead to an expected change in other zones specific humidity due to the reduction of the 

mass flow rate in the inlet duct, which is natural because the controller for the fan is not yet implemented. 

The opening is applied for the first zone and the responses are depicted in the figure below.  

 

Figure 57 The specific humidity in all the zones with and without humidity control. 

Form the above figure, it can be seen that the controller makes sure that the specific humidity only decreases 

by 0.2∙ 10−3  
𝑘𝑔 𝑚𝑜𝑖𝑠𝑡

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
  wheras for the uncontrolled model the specific humodot deacreases with 1.7∙

10−3  
𝑘𝑔 𝑚𝑜𝑖𝑠𝑡

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
. 

The influence of inlet temperature on the zone temperatures are investigated in the next section, where the 

controllers for the variable radiators are design. 
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6.4 Remaining controls 

In this part of the project, the PI controllers are implemented in the multi-zone model to control and 

maintain the needed temperature and pressure in each zone. In addition, the PI controller for the fan 

is implemented in order to control the variable speed of the fan by controlling its frequency. All the 

PI controllers are tuned manually by inserting different values of the proportional and integral part 

of the controller.  

6.4.1 PI control of zone temperatures 
The temperature in the zones is controlled by the variable radiators. In Figure 58 the reaction of each of the 

PI controller in each zone is shown.  

 

Figure 58 The Temperature of a) zone 1, b) zone 2, c) zone 3. 

From the figures, it is possible to see that the temperature settles to the setpoint in the interval of 130𝑠 −

250𝑠. A small overshoot occurs in zone 2 and zone 3, of which the magnitude is in order of 0.02°𝐶 - 0.07°𝐶. 

In the start of all the responses, the transient response starts by decreasing. This is due to a high initial value 

and changing it to a smaller value will eliminate this “undershoot”. 

In the below depicted Table 8 the values of the PI for each zone are depicted.  

Zone 𝑲𝒑 𝑲𝒊 𝑻𝒔 𝑶 

1 6 0.099 250𝑠 0% 

2 2.1 0.14 135𝑠 0.02

22
= ~0% 

3 0.01 0.009 230𝑠 0.07

19
~0% 

Table 8 The specifications of the variable radiator controllers 
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6.4.2 Zone pressure 

In the Figure 59 the PI controller reaction for each of the 3 zones is illustrated.  

 

Figure 59 a) The zone 1. Pressure b) The zone 2. Pressure. 

 

Figure 60 a) The zone 3. Pressure, b) The corresponding damper openings for all three zones. 

In the below depicted Table 9 the values of the PI for each zone are depicted.  

Zone 𝑲𝒑 𝑲𝒊 𝑻𝒔 𝑶 

1 0.0086 0.00060 105𝑠 0% 
2 0.0086 0.00060 114𝑠 0% 
3 0.0086 0.00060 110𝑠 0% 

Table 9 Specifications for the damper controller.   
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6.4.3 Fan and inlet pressure 

In Figure 61, the reaction of the fan’s PI controller is depicted.  

 

Figure 61 Inlet total pressure provided by the fan 

From the figure, it is possible to see that the inlet pressure settles within 125s. Taking into account that the 

value has to be within 2% of the steady state value, the settling time would be 0s. The deviation from the 

setpoint is very small, and are in the order of 0-9 Pa, which is basically nothing. The corresponding 

frequency change is equally small.  

In Table 10, the specifications of the controller is given.  

𝑲𝒑 𝑲𝒊 𝑻𝒔 𝑶 

1.09 0.095 71𝑠 0% 

Table 10 Controller specification for the fan. 
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6.4.4 Disturbance – Change in inlet temperature 

In this subchapter, changes in the inlet temperature is implemented. In this way, it is able to recognize the 

effects of the temperature change in all the three zones. In the Figure 62 both the temperature changes and 

the inlet temperature are depicted.  

 

Figure 62  a) The temperature in zone 1. b) The inlet temperature and zone temperature. 

In the above figure, the change of the temperature in zone 1 and the PI controller reaction are depicted. Each 

time the controller is getting another temperature setpoint it always tries to settle down to the temperature 

setpoint of zone 1, which is 21°𝐶.  The deviations are in order of 0°𝐶 − 0.05°𝐶. This means, no mater the 

inlet tempereture, the radiator makes sure that the zone temperature is achieved. 

The response for zone 2 is depicted in Figure 63. 

 

Figure 63 a) The temperature in zone 2. b) The inlet temperature and zone temperature. 

In the above figure, the change of the temperature in the zone 2 and the PI controller reaction are depicted. 

The reaction of the PI controller in the zone 2 seems to manage quite easy the disturbances that are 

implemented. The deviation is between 0°𝐶 to 0.8°𝐶 in the graph to the right, the changes in the zone 

temperature is plotted togther with the inlet temperature changes. The deviation is very small compared to 

the already applied changes. 
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The response for zone 3 is depicted in Figure 64. 

 

Figure 64 a) Temperature in zone 3 and setpoint, b) Zone and inlet temperature.  

From the figure above it can be seen that the temperature tries to settle down each time the inlet temperture 

changes. The deviations form the setpoint is between 0°𝐶 to 0.3°. 

Disturbance – Change in damper openings 
In this sub chapter, it will be implemented different fixed opening area in all inlet dampers at the same time. 

In this way, the fan’s PI reaction will be investigated. The responses of both the dampers and the 

corresponding pressure changes in the zones are depicted below. 

 

Figure 65 Setpoints for a) Damper zone 1, b) Damper zone 2, c) Damper zone 3. 
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Figure 66 The corresponding pressure changes in a) zone 1, b) zone 2, c) zone 3. 

The response of the fan is: 

 

Figure 67 Control of inlet pressure. 

Figure 67 illustrates the reaction of the fan in different damper opening areas, which occur in the model as a 

disturbance in fixed values and times. As it is seemed in the figure, the fan regulates within the 71s to the 

exact setpoint value, the deviations are almost unnoticeable. 
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7. Control design – Model Predictive Control 
As it was mentioned in the previous chapter, the HVAC system has many actuators that need to be 

controlled. The PI-control approach handles this by applying individual control to each actuator. In this 

chapter a new control approach is considered, which controls all the actuators with one single controller. 

However, the fan is controlled by the PI-controller designed in the previous chapter. Due to that the 

operating speed is found from the intersection between a fan curve and a systems curve. 

This control method is called Model Predictive Control popular as MPC. The MPC adjusts the control input 

before the changes in output occurs. It solves optimization problems, like minimizing the energy 

consumption and applies constraints for either actuators or state variables. The standard PI-controller does 

not take into account the constraints/limits unless limitation and anti-windup is applied.  

7.1 MPC 
The MPC is a controller that uses dynamic programming

1
 to find a sequence of future control inputs, which 

minimizes a given cost function. The length of this input sequence is given by a control horizon, 𝑁𝑢. In 

addition to the control horizon the prediction of future state variables is defined as 𝑁𝑝, which indicates how 

many steps k is the future predicted. It follows that 𝑁𝑢 ≤ 𝑁𝑝. The idea of predicting the future inputs and 

output is illustrated in Figure 68. If the horizons becomes too small the control becomes closer to the 

normally used PID strategy, whereas if the horizon becomes too long it could induce oscillation because the 

MPC control effort becomes more aggressive. Also, a longer horizon could decrease the performance as the 

time for calculations at each time step increases. 

 

Figure 68 The prediction of input and output sequences and which are applied. [MELB] 

From the figure above, it is possible to see that first, the prediction of both inputs and outputs are found, then 

only the first input in the sequence is applied and then a new prediction is made. This means that at every 

time step 𝑘 a new sequence is calculated and only one input is applied. N in the figure is for the case of 

𝑁𝑢 = 𝑁𝑝. 

Another thing that the MPC handles is the constraints of the system; such as the actuators operating range or 

if an output is needed to be within a limited range. In this case, it could be that the temperature inside the 

zones are needed to be within a range. Normal linear controllers, such as PID’s, handles constraint 

symmetrically, this is depicted in the Figure 69, p.88, for the curves (a) and (b), this means that the input is 

regulated down far from the constraint, whereas the MPC can run asymmetric and decrease by a lot just 

before the constraint, see (c) in figure.  

                                                      
1 Dynamic programming is an optimization method, which simplifies complex optimization problems.  
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Figure 69 The idea of control close to a constraint. [MELB] 

7.1.1 Prediction Model 

The MPC is based on the concept of predicting the future inputs and outputs trajectories, so a prediction 

model has to be found. The prediction model is based on the state space model presented in Chapter 4. The 

discrete time state space model was given as: 

 𝑥(𝑘 + 1) = 𝐴 ∙ 𝑥(𝑘) + 𝐵 ∙ 𝑢(𝑘) 

𝑦(𝑘) = 𝐶 ∙ 𝑥(𝑘) + 𝐷 ∙ 𝑢(𝑘) 
Eq 7.1 

Where k is the sampling time or step size. From given initial states variables 𝑥0 = 𝑥(𝑘) and a previous input 

(𝑘 − 1) , then a future input sequence 𝑈 = {𝑢𝑘, 𝑢𝑘+1, … , 𝑢𝑘+𝑁𝑢−1} can be found. This sequence minimizes a 

cost function 𝑉(𝑘) over the finite horizon 𝑁𝑝. This cost function will be subjected to constraints, in form of 

upper bounds ub and lower bounds lb. 

For the purpose of this project a cost function which handles trajectory tracking or setpoint tracking is 

considered together with the rate of changes in the control input.  

The cost function is given as following (M. Maciejowski, 2002): 

 [𝑢𝑘, 𝑢𝑘+1, … , 𝑢𝑘+𝑁𝑢−1] = argmin𝑉(𝑘): 

∑(𝑦(𝑘 + 𝑖|𝑘) − 𝑟(𝑘 + 𝑖|𝑘))
T
𝑄(𝑘)(𝑦(𝑘 + 𝑖|𝑘) − 𝑟(𝑘 + 𝑖|𝑘)) + ∑ ΔûT(𝑘) 𝑅(𝑘) Δ𝑢̂(𝑘)  

Nu−1

i=0

𝑁𝑝

𝑖=𝑁𝑤

  

 

s.t.   

{
 
 

 
 

x(k + 1) = 𝐴𝑑x(k) + 𝐵𝑑Δû(k)

𝑦(𝑘 + 1) = 𝐶𝑑 ∙ 𝑥(𝑘 + 1) + 𝐷𝑑Δû(k)

𝑥𝑙𝑏 ≤ 𝑥(𝑘) ≤ 𝑥𝑢𝑏
𝑢𝑙𝑏 ≤ u(k) ≤ 𝑢𝑢𝑏

Δ𝑢𝑙𝑏 ≤ Δ𝑢(𝑘) ≤ Δ𝑢𝑢𝑏

 

Eq 7.2 

Where, 

 𝑦(𝑘 + 𝑖|𝑘) and  𝑟(𝑘 + 𝑖|𝑘) are the output and setpoint predicted at current time. 

 Δ𝑢̂(𝑘) = Δ𝑢(𝑘) + 𝑢(𝑘 − 1) 

 𝑁𝑤 is the sampling window. 

 𝑄 and 𝑅 are weighting matrices, which penalizes either the tracking error and rate of 

changes in the control input. They are given as: 
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𝑄(𝑘) = [
𝑞1 0 0
0 ⋱ 0
0 0 𝑞𝑛

] , 𝑅(𝑘) = [
𝑟1 0 0
0 ⋱ 0
0 0 𝑟𝑚

] Eq 7.3 

Defining a set of future state variables predicted at current time step: 

 𝑥(𝑘 + 1|𝑘), 𝑥(𝑘 + 2|𝑘), … , 𝑥(𝑘 + 𝑁𝑝|𝑘) Eq 7.4 

The prediction of these future state variables can be found from the following operation (M. Maciejowski, 

2002): 

 𝑥(𝑘 + 1|𝑘)  = 𝐴𝑑𝑥(𝑘) + 𝐵𝑑Δ𝑢̂(𝑘)                                                                 
 𝑥(𝑘 + 2|𝑘)  = 𝐴𝑑𝑥(𝑘 + 1|𝑘) + 𝐵𝑑Δ𝑢̂(𝑘)                                                       

                                = 𝐴𝑑
2𝑥(𝑘) + 𝐴𝑑𝐵𝑑𝑢(𝑘 − 1) + 𝐵𝑑Δ𝑢(𝑘)                                        

⋮                                                                  

        𝑥(𝑘 + 𝑁𝑝|𝑘) = 𝐴𝑑𝑝
𝑁  𝑥(𝑘) + 𝐴𝑑

𝑁𝑝−1𝐵𝑑𝑢(𝑘 − 1) + 𝐴𝑑
𝑁𝑝−2𝐵𝑑Δ𝑢(𝑘)                 

  +⋯+ 𝐴𝑑
𝑁𝑝−𝑁𝑐𝐵𝑑Δ𝑢(𝑘 + 𝑁𝑐)       

Eq 7.5 

From this formulation, the prediction of the future state variables is stated with respect to current state 

variable and future control input changes. Reformulating the prediction model in forms of matrices yields: 

 𝑥(𝑘 + 𝑖|𝑘) = Ψ𝑥(𝑘) + Φ𝑢(𝑘 − 1) + ΘΔu(k) Eq 7.6 

Where, 

 

Ψ =

[
 
 
 
 
𝐴𝑑
𝐴𝑑
2

⋮

𝐴𝑑
𝑁𝑝
]
 
 
 
 

, Φ =

[
 
 
 
 
 

𝐵𝑑
𝐴𝑑𝐵𝑑 + 𝐵𝑑

⋮

 ∑ 𝐴𝑑
𝑖 𝐵𝑑

𝑁𝑝−1

𝑖=0 ]
 
 
 
 
 

 

  θ =

[
 
 
 
 
 
 

𝐵𝑑 0 0 … 0
𝐴𝑑𝐵𝑑 + 𝐵𝑑 𝐵𝑑 0 … 0

⋮ 𝐴𝑑𝐵𝑑 + 𝐵𝑑 𝐵 … 0
⋮ ⋮ ⋮ ⋱ 0

∑ 𝐴𝑑
𝑖 𝐵𝑑

𝑁𝑝−1

𝑖=0

∑ 𝐴𝑑
𝑖 𝐵𝑑

𝑁𝑝−2

𝑖=0

∑ 𝐴𝑑
𝑖 𝐵𝑑

𝑁𝑝−3

𝑖=0

… ∑ 𝐴𝑑
𝑖 𝐵𝑑

𝑁𝑝−𝑁𝑢

𝑖=0 ]
 
 
 
 
 
 

 

Eq 7.7 

 

Substituting this into 𝑦(𝑘 + 1) the prediction of the future outputs can be found from current state variable 

and control input: 

 𝑌(𝑘 + 1) = Ψy𝑥(𝑘) + Φ𝑦𝑢(𝑘 − 1) + ΘyΔ𝑢(𝑘) Eq 7.8 

In addition, a tracking error in form of a matrix 𝐸(𝑘) can be defined as: 

 𝐸(𝑘) = Τ(𝑘) − Ψ𝑦𝑥(𝑘) − Φ𝑦𝑢(𝑘 − 1) Eq 7.9 

Such that the cost function can be written as: 

 
𝑉(𝑘) = ||Θ𝑦𝑢(𝑘) − Ε(𝑘)||

Ω

2
+ ||Δ𝑢(𝑘)||

Ρ

2
 Eq 7.10 
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Where Ψ𝑦, Φ𝑦  and Θ𝑦 are corresponds to the me matrices as Ψ,Φ and Θ multiplied with the output matrix 𝐶. 

And, 

 

𝑌(𝑘 + 1) = [

𝑦(𝑘 + 𝑖|𝑘)
⋮

𝑦(𝑘 + 𝑁𝑝|𝑘)
] , T(𝑘) = [

𝑟(𝑘 + 𝑖|𝑘)
⋮

𝑟(𝑘 + 𝑁𝑝|𝑘)
] , Δ𝑢(𝑘) = [

Δ𝑢̂(𝑘|𝑘)
⋮

Δ𝑢̂(𝑘 + 𝑁𝑢|𝑘)
] Eq 7.11 

Where Ω and  Ρ constains 𝑄 and 𝑅 for each step. These can vary but are considered constant in this case. 

The value function can be rewritten to: 

 
𝑣(𝑘) = ||Θ𝑦𝑢(𝑘) − Ε(𝑘)||

Ω

2
+ ||Δ𝑢(𝑘)||

Ρ

2
                                                           

= [Θ𝑦𝑢(𝑘) − Ε(𝑘)]Ω[Θ𝑦𝑢(𝑘) − Ε(𝑘)] + Δ𝑢(𝑘)ΡΔ𝑢(𝑘)             

= Ε(𝑘)𝑇ΩΕ(𝑘) − 2Δ𝑢(𝑘)𝑇Θy
𝑇ΩΕ(𝑘) + Δ𝑢(𝑘)𝑇[Θy

𝑇ΩΘ𝑦]Δ𝑢(𝑘) 

= 𝑐𝑜𝑛𝑠𝑡 − Δ𝑢(𝑘)𝑇𝑀+ Δ𝑢(𝑘)𝑇𝐻Δ𝑢(𝑘)                                          

Eq 7.13 

Where, 

 𝑀 = 2Θ𝑦ΩΕ(𝑘), 𝐻 = Θ𝑦ΩΘ𝑦 + Ρ Eq 7.14 

To solve this form of problem the quadratic programming is used. The quadratic programming handles the 

optimization problem by finding the new control input that will minimize the cost function. The formulation 

of this problem is defined as: 

 
min
Δ𝑢

1

2
Δ𝑢(𝑘)𝑇𝐻Δ𝑢(𝑘) +𝑀𝑇Δ𝑢(𝑘) 

𝑠𝑡. ΒΔ𝑢 ≤ 𝛽  

Eq 7.15 

Where Β and 𝛽 is matrices containing the constraints of the given system. 

7.1.2 Constraints 

The MPC do not only consider the prediction of future state variables and control inputs but also the 

constraints of the systems actuator and outputs. To use the quadratic programming for solving the 

optimization problem, the constraint needs to be in form of linear constraint inequalities. 

The linear constraint inequalities are (M. Maciejowski, 2002): 

 𝑦𝑙𝑏 ≤ 𝑦(𝑘) ≤ 𝑦𝑢𝑏 

𝑢𝑙𝑏 ≤ 𝑢(𝑘) ≤ 𝑢𝑢𝑏 

Δ𝑢𝑙𝑏 ≤ Δ𝑢(𝑘) ≤ Δ𝑢𝑢𝑏 

Eq 7.16 

 

 

 

 

Ω = [

𝑄(𝑘) 0 0 0

0 𝑄(𝑘 + 1) 0 0
⋮ ⋮  ⋱ ⋮
0 0 0 𝑄(𝑁𝑝)

] , Ρ = [

𝑅(𝑘 − 1) 0 0 0
0 𝑅((𝑘 + 1) − 1) 0 0
⋮ ⋮  ⋱ ⋮
0 0 0 𝑅(𝑁𝑢 − 1)

]   Eq 7.12 
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Applying the inequalities at each time step results in the following form: 

 
𝐸 [
Δ𝑢(𝑘)
1

] ≤ 0 

𝐹 [
𝑢(𝑘)
1
] ≤ 0 

𝐺 [
𝑦(𝑘)
1
] ≤ 0 

Eq 7.17 

 

Where 𝐸, 𝐹 and 𝐺 are matrices consisting of ones and the constraints: 

 𝐸 = [𝑊1…𝑊𝑁𝑢 , 𝑤], 𝐹 = [𝐹1, … , 𝐹𝑁𝑢  , 𝑓], 𝐺 = [𝐺1…𝐺𝑁𝑝 , 𝑔] Eq 7.18 

 

Where w, f and g contains the values of both the minimum and maximum. 𝑊 = [𝑊1, … ,𝑊𝑁𝑢] , ℱ =

[𝐹1, … , 𝐹𝑁𝑢] and Ɠ = [𝐺1, … , 𝐺𝑁𝑝] have positive ones in the diagonal for maximum constraints and negative 

ones for minimum constraints.  

Re-writing the inequalities with respect to Δ𝑢(𝑘), the matrices for the quadratic problem can be found. The 

first inequality can be written as: 

 𝑊 ∙ Δ𝑢(𝑘) + 𝑤 ≤ 0 Eq 7.19 

 

 𝑊 ∙ Δ𝑢(𝑘) ≤ −𝑤 Eq 7.20 

For the second inequality, the following operations can be made: 

 

∑𝐹𝑖

𝐻𝑢

𝑖=1

∙ 𝑢̂(𝑘 + 𝑖 − 1|𝑘) + 𝑓 ≤ 0 Eq 7.21 

And,  

 

Δ𝑢̂(𝑘 + 𝑖 − 1|𝑘) = 𝑢(𝑘 − 1) +∑Δ𝑢̂(𝑘 + 𝑗|𝑘)

𝑖−1

𝑗=0

 Eq 7.22 

Substituting Eq 7.22 into Eq 7.21 the following can be obtained: 

 

∑𝐹𝑗

𝐻𝑢

𝑗=1

∙ 𝑢̂(𝑘|𝑘) +∑𝐹𝑗

𝐻𝑢

𝑗=2

∙ 𝑢̂(𝑘 + 1|𝑘) + ⋯+ 𝐹𝐻𝑢 ∙ 𝑢̂(𝑘 + 𝐻𝑢 − 1|𝑘) +∑𝐹𝑗

𝐻𝑢

𝑗=1

∙ 𝑢(𝑘 − 1) + 𝑓 ≤ 0 Eq 7.23 

 

Making the inequalities with respect to Δ𝑢(𝑘), the inequality becomes: 

 ℱΔ𝑢(𝑘) ≤ −𝐹1𝑢(𝑘 − 1) − 𝑓 Eq 7.24 

 

For the third inequality, 𝐺 was devided into Ɠ and 𝑔, thereby the following can be done: 
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 Ɠ ∙ Y(k + 1) + g ≤ 0 Eq 7.25 

 

 Ɠ ∙ (Ψy𝑥(𝑘) + Φ𝑦𝑢(𝑘 − 1) + ΘyΔ𝑢(𝑘)) ≤ −g Eq 7.26 

 

 Ɠ ∙ ΘyΔ𝑢(𝑘) ≤ Ɠ ∙ (Ψy𝑥(𝑘) + Φ𝑦𝑢(𝑘 − 1)) − g Eq 7.27 

 

The new inequalities can now be combined to: 

 

   [
ℱ

Ɠ ∙ Θy
𝑊

]Δ𝑢 ≤ [
−𝐹1𝑢(𝑘 − 1) − 𝑓

Ɠ ∙ (Ψy𝑥(𝑘) + Φ𝑦𝑢(𝑘 − 1)) − g
−𝑤

 ] Eq 7.28 

 

The constraints used are given in Table 11. The dampers are restricted to fully open in 5s, which is 
0.2827𝑚2

5 𝑠
= 0.0656

𝑚2

𝑠
. The valves are restricted to fully open in 10s. The addition or subtraction of moisture 

is unknown but set to  0.001
𝑘𝑔

𝑠2
. The temperature of the radiators are constraint to have a temperature change 

of 0.05
𝐾

𝑠
. The radiators are electrical and are expected to respond faster than mass-flow controlled radiators.  

Constraints  Minimum Input Maximum Input Inputs slope rate 

Inputs  𝑢𝑚𝑖𝑛 𝑢𝑚𝑎𝑥 Δ𝑢𝑚𝑎𝑥 

𝑨𝟎𝒊𝒏𝒛𝟏 0 𝑚2 0.2827 𝑚2 0.0656 
𝑚2

s
 

𝑨𝟎𝒊𝒏𝒛𝟏 0 𝑚2 0.2827 𝑚2 
0.0656 

𝑚2

s
 

𝑨𝟎𝒊𝒏𝒛𝟏 0 𝑚2 0.2827 𝑚2  
0.0656

𝑚2

s
 

𝑶𝒑𝒆𝒏𝒊𝒏𝒈𝑪𝑪 0 1 0.1 
𝑶𝒑𝒆𝒏𝒊𝒏𝒈𝑯𝑪 0 1 0.1 

𝒎𝒘𝒊𝒏 
0
𝑘𝑔

𝑠
 0.05

𝑘𝑔

𝑠
 0.001

𝑘𝑔

𝑠2
 

𝒎𝒘𝒐𝒖𝒕 0
𝑘𝑔

𝑠
 0.05

𝑘𝑔

𝑠
 0.001

𝑘𝑔

𝑠2
 

𝑻𝒓𝒂𝒅,𝒗𝒛𝟏 273.15𝐾 310 𝐾 
0.05

𝐾

𝑠
   

𝑻𝒓𝒂𝒅,𝒗𝒛𝟐 273.15𝐾 310 𝐾 
0.05

𝐾

𝑠
 

𝑻𝒓𝒂𝒅,𝒗𝒛𝟑 273.15𝐾 310 𝐾 0.05 
𝐾

𝑠
 

Table 11 MPC Constraints. 

  



 Multi zone HVAC system 

                         

 

93 

 

From these constraint, 𝑓 and 𝑤 can be found as: 

𝑓 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0
0.2827
0

0.2827
0

0.2827
0
1
0
1
0
0.05
0
0.05
273.15
310
273.15
310
273.15
310 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

, 𝑤 =

[
 
 
 
 
 
 
 
 
 
0.0656
0.0656
0.0656
0.1
0.1
0.001
0.001
0.5
0.5
0.5 ]

 
 
 
 
 
 
 
 
 

  

The constraints for the output is not applied because they are not violated, but 𝑔 can be found just by making 

a reasonable range for the outputs. 

  



 Multi zone HVAC system 

                         

 

94 

 

7.2 Implementation – Simulink 
To test the performance of the MPC, it is first tested on the linear state space model. When the controller is 

acceptable, the controllers are implemented in the non-linear model. Additionally, there are two cases 

implemented for the MPC, “winter” and “summer”. Therefore, the system is linearized based on either 

having the cooling coil a dehumidification process or with the heater and humidifier. In the principle many 

operating points or cases could had been implemented to make the controller even more correct as the non-

linear model moves away from the point at which it is linearized about.  

7.2.1 Design phase – Tuning  

Having a multiple-input-multiple-output system, also known as MIMO system, makes the tuning phase more 

difficult, as the individual weightings will affect the others relatively. For the input- and prediction horizon, 

it is important to find a balance between steps into the future and the computation time. When using the 

MPC as an online control strategy, a long horizon will result in the need for more computation time at each 

time step. Reducing the horizon will cause less computational effort and reduction of the time needed. In 

addition, the sampling time could be reduced but in order to run the continuous time non-linear model with 

the discrete time controller, the sampling time is required to be small. 

To design the MPC, the MPC-Toolbox in Matlab is used. The toolbox handles exactly the optimization 

problem and constraint presented in the last section. The only requirement is a discrete State space model, 

which was found in Chapter 5.   

The MPC toolbox is illustrated below.  

 

Figure 70 MPC Toolbox 

Note that: the steps in the following description can be done arbitrarily. 

After importing a discrete time state space model into the toolbox, the horizon for the problem can be chosen 

for both the control input and state variables, see Figure 71. 
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The result of choosing a too small horizon is depicted Figure 74, after the introduction to the toolbox. 

 

Figure 71 Horizons and sample time. 

The final prediction horizon is chosen to be 60 intervals whereas the control horizon is 20.  

After determine the horizon the constraints are applied as depicted in the figure. 

 

Figure 72 Constraints – winter case. 

After the constraints are applied, the weightings on both the constraint and the tracking error are enforced. 

The weightings are increased for the tracking error until it settles to the setpoint. Hereafter both control input 

and output are weighted to obtain a desired transient response. An underdamped response is desired, but is 

not always possible, instead small overshoots might occur.  

The final weightings are depicted in the below figure. 

 

 

Figure 73 Weightings on input and outputs. 

With these final values the final controller for a “winter case” is found. The same procedure is implemented 

for the “summer case”. The linear results for different horizons and weightings are illustrated in the next 

section.  
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7.2.1.1 Linear model Simulation  

Some of the steps in the tuning phase are illustrated in the below figures. Starting with almost no weighting 

(Blue graph) and then increasing the weightings to 1 on both the inputs and outputs (Black graph). The next 

step is to apply individual weightings; 1 on the pressure, 100 for the temperatures and 1000 for the humidity 

(Purple graph). The last step is to increase the horizon from 𝑁𝑝 =5 and 𝑁𝑢 = 2 to 𝑁𝑝 = 30 and 𝑁𝑢 = 10 

(Green graph). 

 

Figure 74 Tuning phase. a) Temperature, b) SH, c) Pressure of zone 1. 

 

Figure 75 Tuning phase. a) Temperature, b) SH, c) Pressure of zone 2. 

 

Figure 76 Tuning phase. a) Temperature, b) SH, c) Pressure of zone 3. 
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From the graphs it is possible to see that, the response of the controller gradually becomes better and better 

for the higher weightings and longer horizon. Looking at the very last case (Green Line), it is possible to see 

that the outputs settles very fast. The last part is to weight the rate of the actuators, thereby making the 

transient response slower, which results in making the control input more realistic. This also results in much 

better control input without too many discontinuities.  

The final controller for the winter case is simulated with the linear model. The output responses are 

illustrated in the below figures. 

 

Figure 77 a) Temperature, b) Specific Humidity, c) Pressure of zone 1. Linear model with final MPC. 

 

Figure 78 Temperature, b) Specific Humidity, c) Pressure of zone 2. Linear model with final MPC. 

 



 Multi zone HVAC system 

                         

 

98 

 

 

Figure 79 Temperature, b) Specific Humidity, c) Pressure of zone 3. Linear model with final MPC. 

From the figures, it is seen that very small deviations occurs in zone 2, else all the outputs settles to the 

setpoint value, these deviations are acceptable. The performance of the controller will be evaluated after 

implementing it on the non-linear model.  

7.2.1.2 Non-linear model with MPC 

From the result is was possible to detect small deviation, this is due to that the controller only works optimal 

in a region around the linearizing point. Therefore linearizing the model at more operating points or adapting 

the system at each time step could increase the accuracy, especially for system with large operating ranges, 

such as the HVAC system.  

As mentioned previously, the multiple MPC approach is used as the adaptive is too slow computationally. 

Linearizing at different operating point, in this case two “points”; one case for the winter and one for the 

summer.  

The idea of this is illustrated in the block diagram below. 

  

Figure 80 Multiple MPC. 

The Multiple MPC block contains the two MPC controllers which each are designed for the summer and 

winter case. The specific controller is chosen based on the mixing box condition, whether it is higher or 

lower a value. Both conditions has to be fulfilled this means whenever the temperature and humidity are 

below this threshold the switch returns 1 else with 2. 
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7.2.1.2.1 Winter Case 

The result is depicted in the figures below, both for the inputs and outputs. The system undergoes a setpoint 

change from the desired to a higher setpoint to see how the controller tracks the new setpoint. 

 

Figure 81 Zone 1. Responses a) Temperature b) Specific humidity c) Pressure. 

 

Figure 82 Zone 2. Responses a) Temperature b) Specific humidity c) Pressure.

 

Figure 83 Zone 3. Responses a) Temperature b) Specific humidity c) Pressure. 
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The corresponding inputs are: 

 

Figure 84 Dampers. 

 

Figure 85 Inputs a) Opening heater valve b) added water vapor. 

 

Figure 86 Variable radiators. 

It is possible to that the linearizing point is meet perfectly but when a change in setpoint occurs, some small 

deviations occurs. 
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The settling times and overshoots are given in Table 12. 

 Temperature Humidity Pressure 

Zone 1.    

Settling  time 130𝑠 62𝑠 80𝑠 
Overshoot 0.1 °𝐶~10% 0% ~0% 

Zone 2.    
Settling  time 102𝑠 100𝑠 − 1500𝑠* 102𝑠 

Overshoot 0.1 °𝐶~10% 0% ~0% 
Zone 3.    

Settling  time 88𝑠 47𝑠 92𝑠 
Overshoot 0.06 °𝐶~6% 0% ~0% 

Table 12 Control specifications. 

* The humidity do not settle completely. It go within 10% of the setpoint value within 100s where after it 

slowly converges to the setpoint in 1500s. 

Additionally to the winter-case MPC a controller for a summer case is also found. The inputs and outputs 

responses are illustrated in the figure on the following pages. 
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7.2.1.2.2 Summer Cass 

The summer case where dehumidification is needed, the radiator constant is off. The outputs and control 

inputs are respectively illustrated in the following figures. 

 

Figure 87 Zone 1 a)Temperature, b)Humidity, c)Pressure.  

 

Figure 88 Zone 2 a) Temperature, b) Humidity, c)Pressure. 

 

Figure 89 Zone 3 a) Temperature, b) Humidity, c)Pressure. 
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Figure 90 Control input for cooling coil. 

 

Figure 91 Radiator temperature of a) Zone 1, b) Zone 2, c) Zone 3. 

 

Figure 92 Damper opening of a) Zone 1, b) Zone 2, c) Zone 3. 
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The response times are approximately the same as for the winter-case. The summer case differs in specific 

humidity. The controller is not able to reach the setpoint value for zone 1 and zone 2. Applying more weights 

on the tracking error do not help. The humidity increases at 16s to a value within 37% of the setpoint but 

hereafter it takes more than 1000s to settle. 

The settling time and overshoot for the outputs are given in  

 Temperature Humidity Pressure 

Zone 1.    

Settling  time 81𝑠 1500𝑠 84𝑠 
Overshoot 0% 0% 0% 

Zone 2.    
Settling  time 103𝑠 1500𝑠 104𝑠 

Overshoot 0.1 °𝐶~10% 0% 0% 
Zone 3.    

Settling  time 66𝑠 46𝑠 34𝑠 
Overshoot 0.1 °𝐶~10% 0% 0% 

Table 13 Controller specifications. 

From the tables it is possible to see that the MPC controllers are not made much faster than the PI-

controllers, except for the specific humidity. However, it is expected that the MPC perform better when a 

disturbance is applied. This will be tested in the next chapter. 
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8. Comparison 
In this chapter, the two different control methods are compared, to test their performance when not only 

setpoints are changed. The controllers will be compared for a door opening into the zones. 

8.1 Mathematical modelling of disturbance 

8.1.1 Mass flow rate 

The modelling of the door opening is considered as a natural ventilation technique. More in detail the door 

opening, will be explained mathematically and implemented in the Non-linear Simulink model. 

 In order to describe the air flow rate through a door opening, the following semi-empirical model is been 

used (Heiselberg, 2006): 

 

𝑞𝑑𝑜𝑜𝑟 = 𝐶𝑑 ∙ 𝐴 ∙ √
2 ∙ 𝛥𝑝

𝜌𝑖
 Eq 8.1 

Where, 

 𝑞𝑑𝑜𝑜𝑟 is the volumetric inflow [
𝑚3

𝑠
] through the door opening, 

 𝐴 is the opening area [𝑚2] of the door 

 𝐶𝑑  is the discharge coefficient [-] 

 𝛥𝑝 [𝑃𝑎] accounts for the pressure difference across the door opening 

 𝜌𝑖 refers to density [
𝑘𝑔

𝑚3] of the air passing the room.  

The discharge coefficient 𝐶𝑑 is been found, in general cases, in the range of 0,6 – 0,7. The value of  𝐶𝑑 is 

principally depended on the contraction of the opening area and the friction losses which are negligible in the 

case of window or door opening.  

The opening of the door is been accounted as a ventilation through a vertical opening due to the pressure 

change between indoor and outdoor. The following equation illustrates the correlation between the pressure 

change and the volumetric flow rate.  

 

𝑞𝑑𝑜𝑜𝑟 = 𝐶𝑑 ∙ 𝐴𝑑𝑜𝑜𝑟 ∙ √
2 ∙ |𝛥𝑝|

𝜌𝑧𝑜𝑛𝑒
∙ (
𝛥𝑝

|𝛥𝑝|
) Eq 8.2 

Where the pressure change is: 

 𝛥𝑝 = 𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑎𝑡𝑚 Eq 8.3 

The term 
𝛥𝑝

|𝛥𝑝|
  defines the direction of the flow rate, in the meaning of inserting the building (minus sign) or 

exerting the building (plus sign)   

The mass flow rate leaving the zone can from the above be expressed as: 

 𝑚̇𝑑𝑜𝑜𝑟 = 𝜌𝑧𝑜𝑛𝑒 ∙ 𝑞𝑑𝑜𝑜𝑟 

=
𝑚𝑧𝑜𝑛𝑒

𝑉𝑧𝑜𝑛𝑒
∙ 𝐶𝑑 ∙ 𝐴𝑑𝑜𝑜𝑟 ∙ √

2 ∙ (𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑎𝑡𝑚)
𝑚𝑧𝑜𝑛𝑒
𝑉𝑧𝑜𝑛𝑒

∙ (
𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑎𝑡𝑚
|𝑃𝑧𝑜𝑛𝑒 − 𝑃𝑎𝑡𝑚|

) 
Eq 8.4 
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If the pressure is the same, thereby leading to no pressure difference across the door, mass flow rate is based 

on the temperature or density difference. For this case, there will exist both a mass flow rate in and out of 

zone but as the zones has to be pressurized, the flow will mainly be going out of the zone, as the pressure 

outside is less. In addition to this, the wind will contribute with some amount of inflow to the zones when the 

wind direction is against the door opening. The contribution of the wind is not considered here.  

8.1.2 Heat transfer rate 

The heat transfer rate can for a door opening with pressure difference can be modelled as convection: 

 𝑄̇𝑑𝑜𝑜𝑟 = ℎ̅ ∙ 𝐴𝑑𝑜𝑜𝑟 ∙ (𝑇𝑧𝑜𝑛𝑒 − 𝑇𝑎𝑡𝑚) Eq 8.5 

Where ℎ̅ was the heat convection coefficient. ℎ̅ can for free convection of air, gasses and dry vapors be 

found to be in the range of 0.5
𝑊

𝑚2𝐾
− 100

𝑊

𝑚2𝐾
  (engineeringtoolbox, n.d.). A value of 0.75

𝑤

𝑚2𝐾
 is used.  

The door opening is simulated in the same manner illustrated in the figure below. This takes into account that 

the door is not fully opened instantly. The time at which the door is open can be seen from the x-axis. 

 

Figure 93 Door opening for simulation. 
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8.2 Simulation results 
The door opening is applied to zone 2 as this zone interact with both zone 1 and zone 3. The results are 

illustrated in the figures below. Pay attention to that the response for the case with the PI-controllers, the 

system has already settled, that is why there is no transient period in the start. This is due to different settling 

times. 

 

Figure 94 a) Temperature, b) Pressure, c) Specific humidity for zone 1. 

 

Figure 95 a) Temperature, b) Pressure, c) Specific humidity for zone 2. 

 

Figure 96 a) Temperature, b) Pressure, c) Specific humidity for zone 3. 
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The corresponding control inputs are illustrated in the figures below. 

 

Figure 97 Damper openings of a) Zone 1, b) Zone 2, c) Zone 3. 

 

Figure 98 Radiators temperature of a) Zone 1, b) Zone 2, c) Zone 3. 

 

 

Figure 99 Opening degree for heating coil and added mass from humidifier. 
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A table over the decreases and increases in the different outputs when the door opening is applied are given .  

From comparing the temperature of the zones, it can be seen that for the case with the PI-controllers, the 

temperatures decreases a lot compared to the case with the MPC. The temperature of zone 1 is practically 

unaffected. The decrease in temperature for both cases are almost of same magnitudes. 

Looking at the temperature in zone 2, the temperature decreases for the PI-case 3.5°𝐶 while the temperature 

for the MPC-case decreases with 0.5°𝐶. Additionally, the MPC-case settles 30s before than the PI-case. 

In zone 3, the temperature of PI-case decreases with 1.3°𝐶 where in the MPC-case it decreases with 0.1°𝐶 

and it takes 150s less to settle. 

From comparing the pressures, zone 1 and zone 3 are almost unaffected. In zone 2, the pressure decreases 

with 30 Pa for the MPC-case and 20 Pa for the PI-case.  

Looking at the figure with the damper openings, it is clear that this is a result of the damper in zone 2 is not 

opened as much for the MPC-case as for the PI-case. A smaller weighting on the dampers might would result 

in a smaller decrease. Another thing that is important to notice that the overshoot of pressure is avoided by 

the MPC.  

For the specific humidity, the PI-case has a large increase in specific humidity compared to the MPC-case. 

This is due to the MPC do not open the dampers as much; thereby the PI-case will have much more air 

inflow with a higher specific humidity compared to what is leaving the zone. The result of not altering the 

inflow specific humidity in the MPC-case results in a minor decrease, which takes longer time to settle 

afterwards (Approximately 500s, as no additional water vapor is added). 

In general the settling time of the MPC is faster and more robust. 

The changes in temperatures are given in the table below: 

 PI-Controllers MPC 

Temperatures Decrease/Increase Decrease/Increase 

Zone 1. −0.09 °𝐶 
+0.07 °𝐶 

−0.05 °𝐶 
+0.02 °𝐶 

Zone 2. −3.5 °𝐶 
+1.82 °𝐶 

−0.55 °𝐶 

+0.36 °𝐶 

Zone 3. −1.34 °𝐶 
+0.98 °𝐶 

−0.07 °𝐶 
+0.04 °𝐶 

Table 14 Temperature changes when disturbance is applied. 

The changes in pressures are given in the table below: 

 PI-Controllers MPC 

Pressures Decrease/Increase Decrease/Increase 

Zone 1. − − 

Zone 2. −20 𝑃𝑎 
+13  𝑃𝑎 

−30  𝑃𝑎 
+2.0 𝑃𝑎 

Zone 3. − − 

Table 15 Pressure changes when disturbance is applied. 

The changes in specific humidity’s are given in the table below: 
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 PI-Controllers MPC 

Specific Humidity Decrease/Increase Decrease/Increase 

Zone 1. 
−3.0 ∙ 10−6  

𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 

+9.5 ∙ 10−5
𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 

 

−6.9 ∙ 10−5 
𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 

 

Zone 2. 
+8.2 ∙ 10−4

𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 +1.2 ∙ 10−4  

𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 

Zone 3. 
−9.0 ∙ 10−6  

𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 

+1.7 ∙ 10−5  
𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 

−7.2 ∙ 10−5
𝐾𝑔 𝑀𝑜𝑖𝑠𝑡

𝐾𝑔 𝐷𝑟𝑦 𝑎𝑖𝑟
 

Table 16 Specific humidity changes when disturbance is applied. 

From both the figures and tables, it is possible to conclude that the MPC is better than the PI-controllers. An 

important fact is that if the radiators rate of change in temperature becomes lower, the decrease in 

temperature is affected a lot. It would still be possible to weight the constraints on the damper so they can 

change faster without violating the rate limits of the dampers. However, it would be a cost of a larger 

deviation in specific humidity when the door is opened. 
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9. Setup  
The setup used for control testing is illustrated in the Figure 100.  

 

Figure 100 The Setup that was used for validation and control.   

9.1 Setup description and interface 
A fan provides an airflow which circulates in the plastic pipes. Two dependent dampers, of which the angles 

are aligned, determine the amount of exhaust and inlet air. The air is sent into a small plastic box, which 

represents a zone. In the box, there is a lamp, which is considered as internal heat gain or disturbance. The 

inlet and outlet to the zone is not controlled by any dampers but is fixed at the circulation pipes diameter. A 

cup of water is placed inside the box in order to add more moisture to the air. The measurements from 

sensors and actuators are sent to and from two DAQ devices to a computer with an interface in LabVIEW 

NI. 

The ventilation setup consists of: 

 A Plastic box (The zone, control volume) 

 Cup for water (Add in moisture)  

 Inlet and outlet dampers  

 A Fan 

 A Heater 

 A Lamp  

 Temperature sensor and Humidity Sensor (Relative Humidity)  

 4. analog switches and controllers 

 2. DAQ Cards, NI USB 6009, depicted in the figure to the right. 

 

 

 

 

  
Figure 101 The DAQ Card, NI USB 6009, 
used in this project setup. 
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The interface is designed in LabVIEW, the pre-existing interface is depicted in the Figure 102 below. 

 

Figure 102 The existing graphical interface. 

In the existing interface, controls for both open and closed loop testing are available. Simply by applying the 

manual/autonomous switch depicted in the left-bottom side of the Figure 102. For the purpose of this report, 

this interface is only used for the open loop testing, due to the fact that the interface is slow and the response 

between the actual actuation and measurement is delayed a lot due to the filtering time. A lot of filtering is 

needed which also slows down the measuring and control.  

For the appliance of the open loop testing four (4) numeric controls are implemented in the front screen in 

order to control the actuation precise and at same time.  

The data measured, or sent to the setup is handled by two USB 6009 NI data acquisition cards. The cards are 

limited by its application, and for control purpose, the sampling time needs to be low enough for both DAQ 

to follow each other.  

Each card has 8 analog inputs and 2 analog outputs. It also consists of 12 digital input and output channels 

but these are not used. The used channels for these testing is given in the tables below.  

The two cards input and output are connected as shown in the Table 17.  

Card A. AI1 AI2 AI3 AI4 AO1 AO2 

Input (V) 

(Measurement) 

Lamp Fan Heater Damper   

Output (V) 

(Control input) 

    Lamp Fan 

Card B. AI4 AI7   AO1 AO2 

Input (V) 

(Measurement) 

Temperature 

(Zone) 

RH 

(Zone) 

    

Output (V) 

(Control input) 

    Heater Dampers 

Table 17 The input and output channels of the DAQ devices. 
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The voltage of each input ranges between 0-5v. The voltage is converted to the amount of the percentage 

ON. For temperature (T) and relative humidity (RH) the conversion function is pre-given, by means of 

relating the voltage into real value of degrees in Celsius and percentage for the temperature and the relative 

humidity respectively.  

For control purpose, a new interface is created and the ranges of the input and output need to be calibrated to 

the “right” range, as shown in the Table 18. 

The ranges of voltage is given below. 

 Flow rate [
𝒎𝟑

𝒉
] Heater [%] Lamp [Lux] Dampers [%] Temp [°𝑪] RH [%] 

Actuator/ 

sensor range 0 
𝑚3

ℎ
 −  6 

𝑚3

ℎ
  

0 𝑊 − 100 % 0 𝐿𝑢𝑥 − 1000 𝐿𝑢𝑥 0 % − 100 % 0°𝐶
− 100°𝐶 

0%
− 100% 

Voltage 

range 

0.988v-3.01v 1.028v-3.5v 3.25v-4.43v 1v to 4.959v Pre-given 

relationship  

Pre-given 

relationship  

Offset  0.988v~1v 1.028v 3.25v 0.999v~1v   

Conversion 

function to 

100% on 

6

2.022
∙ (𝑉 − 1) 

38.88 ∙ (𝑉
− 1.028) 

847.46 ∙ (𝑉 − 3.25) 25.25 ∙ (𝑉 − 1) 25 ∙ (𝑉 − 1) 25 ∙ (𝑉 − 1) 

Table 18 Actuator ranges and conversion function 

From the above table it is possible to see that there are some pre-given functions to determine the 

temperature and relative humidity, as it is not possible to measure these values from another sensors and 

compare with the voltage range.  

9.1.1 Filtering 

The data logging from the setup is done by a sample rate of 1 kHz and with 1k samples, making the sampling 

time 1s. The sampling time is very low but it is necessary in order to make the DAQs ports work in sync. 

The measurements from the DAQs, due to noise, need to be filtered. A very simple exponential filter is 

implemented since the cut off frequency is close to 0 and the low pass filter is not suited for every 

measurement. The measurements of the temperature, before and after the filtering, are depicted in the graphs 

shown in the Figure 103 below for two different filtering times, 5s and 10 s. 

       

Figure 103 a) Filter time 5s, b) Filter time 10s. 

From the graphs above is possible to be seen that choosing the filtering time too large make the response 

time much slower than when is too small, although in the second choice some noise still exist. Therefore the 

filter time for the temperature is chosen to be at 8s. The same procedure is applied for the other 

measurements. Some oscillation still exist but is acceptable, in order to avoid slowing the system even more. 
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9.1.2 PID-control 

In order to run the open loop and closed loop tests, where the PID-controller can be applied for each 

individual actuator at the time, a “case structure” is used. Switching between open loop, individual control 

and combined control. The following cases are implemented into the GUI. 

1. Open Loop 

2. PID-control on all 

3. PID-control Temp 

4. PID-control Moist 

5. PID-Control Air 

Another important factor is that the output voltage range of the DAQ devices is between 0v to 5v therefore 

the PID-control output must not be negative, since no negative voltage is allowed. The actuation will be 

controlled by a positive voltage where the magnitude indicates how far is from 0v.  

9.1.3 New graphical interface 

The new interface is illustrated in Figure 104 below. All the measurements for the actuators are depicted in 

the four graph in the top, and the temperature and relative humidity is depicted in the two graphs in the 

bottom part of the figure. For each actuator, except the lamp, the control gains are depicted respectively 

beneath each graph. Thereby, each actuator can be tuned independently. The reason that the lamp has no 

controller is due to the fact that is set as a disturbance.   

 
Figure 104 Graphical interface, to see block diagram, see Appendix 9. 

In the above figure, the “roll bar controls” are used as a setpoint for either the actuators or for the 

temperature and RH. The “white roll indicators” illustrate the actuators percentage control input. 

Furthermore, a “stop button” is implemented in order to terminate the simulation whenever is needed by the 

user. In addition, a “case selector” is realized, which selects if the setup runs in open loop or one of the 

closed loop cases.   

9.1.4 Limitations and uncertainty  

The limitation with this setup is the hardware, which is very old and even though the actuators can run with a 

high sampling time, the sensors in the system are limited. Therefore, the interface or controllers have a 

slower response.  
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Another thing is that the pressurization cannot be maintained due to the fact that the dampers are open to the 

atmospheric pressure, the control volume is not isolated enough and the dampers’ positions are fixed at the 

same angle.  

One of the main uncertainties with the open loop test for the model validation is that the ambient temperature 

acts as a disturbance, which can vary from day to day with some degrees. The tests are conducted at 

approximately the same initial temperature, although some starts with some degrees in difference.  
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9.2 Open loop tests 
As a part of the modelling a lot of open loop tests was conducted on the setup, in order to validate the model. 

Due to some conflicts with the system identification, some round offs and many disturbances in the 

measurements, the system identification was not completed.  

Some of the best measurements are depicted in the below figures. The two figures are for two different 

setpoints for the heater, 50% and 75% respectively. The tests are conducted in a period of 1h to 2h.  

It is possible to see variation in the heaters control input. Beside that the voltage input to the heater differs a 

lot from time to time, the relationship between the heaters watts is not linear with the voltage provided, the 

tendency is observed to be more exponential.  

 The setpoint for the different measurements are given in the legends. Here F denotes the volumetric inflow 

provided by the fan, D denotes the opening percentage of the dampers and H denotes watts of the heater. 

 

Figure 105 a) Temperature, b) RH, c) Damper opening, d) Heater. 

From the above figure, it can be seen that the temperatures has the same increase in the start where after it 

settles depending on the provided heat and damper opening. From the RH, it can be seen that it gradually 

decreases with the increasing temperature, which is expected as hotter air can hold more water vapor. 

Looking at the measurements for the heater it is possible to see that even though the setpoint is the same, the 

watts provided still differs by 5 watt.  
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Figure 106 a) Temperature, b) RH, c) Damper opening, d) Heater. 

Some improvements for the measurements could had been made by running the tests for a longer period. The 

temperature has been in steady state for several minutes before the tests are ended. This is almost 

unnoticeable in the figures as the run time is more than 1 hour. 

Another thing which could had improved the system identification process, if the running time was longer, 

would had been that the RH might have settled down. It seems to need more time than the temperature. At 

last, more precise measurements for the RH could had been beneficial. Unfortunately some round offs was 

made when the measurements was saved, thereby making the some of the measurements more discrete.  
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9.3 Control – PI control 
The temperature and relative humidity in the box-zone in the Set up is controlled by using the fan, the 

dampers and the heater. Compared to the model established in chapter 3, the setup does not have the 

flexibility to control the specific humidity but only the relative humidity. The specification here is that the 

RH is achieved by changing the dampers, but can only be controlled within the limits of the temperature 

within the control volume and the ambient temperature. The temperature is directly controlled by the heating 

coil but is also influenced by the ambient temperature, as the dampers alter the opening area. 

The PI-controller is chosen for all the actuators, as the derivative term can cause unnecessary addition of 

noise. One of the modified PID approaches could have been used if the derivative term was in need. 

The PI-controllers are tuned to be underdamped if possible. As it was mentioned earlier, it is a compromise 

of a slower response time of the controller, but in this way less oscillation or no overshoot can be achieved. 

This means that e.g. the heater will not be heating up and cooling down periodically. 

Moreover, disturbances are applied to observe the changes of the control input as well as if the setpoint is 

maintained. 

The block diagram for the controller is illustrated in Figure 107 .This is for case 2, where the whole system is 

controlled at same time. 

 

Figure 107 The Case loop for the combined controllers. 

In the above figure, the setpoints and process data are depicted in the left side of the block diagram, together 

with the case control (blue), which dictates which case to run. In the case loop, all PID – controllers are 

placed with the control gains outside the loop. To the right in the block diagram the output is sent to the 

DAQs output channels, precisely two outputs for each. Before the control input enters the output port it is 

divided by a factor of 20 in order to convert it back to voltage, which ranges between 0v-5v. 

The case with all the controllers is first used when all the PI-gains for all the actuators are found. 
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9.3.1 Temperature 

As it is already mentioned, no overshoot is desired, therefore the control gains are tuned to avoid them. The 

PI-gains that were found after the tuning process of the controllers, are given in Table 19. The temperature 

settles down in around 1.5min to 2.5min depending on the setpoint change. Trying to make it faster will end 

in continues oscillations in both temperature and control effort. 

𝜥𝒑 𝑲𝒊 𝑻𝒔 Οvershoot 

𝟔 1

𝑇𝑖
=

1

0.5
= 2 

Changes with the setpoint 

changes, here it vary between 

100s to 200s 

~0% 

Table 19 Controller specification 

The response of the temperature and control effort of the heater are depicted in the figure below. This is for 

changing setpoint values. 

 

Figure 108 a) The temperature setpoint and actual  temperature, b) Control effortof the heater.  

Lamp off and open damper. 

In Figure 108, the temperature is depicted in the left graph and the control effort of the heater in the right 

graph. It is possible to see that the temperature settles to the setpoint within minutes without much overshoot. 

It is also possible to see the required percentage [%] that the heater provides in order to keep the temperature 

at different setpoints.  

To test how robust the controller is, various disturbances are applied to the system, such as opening the front 

side of the control volume, opening a window, adding internal heat gain and different damper openings. The 

results of this are presented in the next sections.  
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9.3.1.1 Disturbances – Change in damper openings 

Applying different damper openings will cause less or more outside air to enter in the pipe. Thereby, in order 

to maintain the temperature at the desired setpoint, changes in the amount of heating is a need. 

The different applied damper openings are illustrated in the graph to the left side of the Figure 109. The 

setpoint for the temperature is almost 31°𝐶. The control effort is depicted to the right side of the figure. 

 

Figure 109 a) Damper opening (0% = fully open), b) Control effort of Heater. 

It is possible to see from the above figure, that when the damper closes down, the heater gradually decreases 

its control effort. This is due to the fact that the ambient temperature is less than the temperature inside the 

control volume. Therefore, letting less ambient air in and recirculating the inside air will make the return air 

to the heater warmer and less heating is needed. The effect on the temperature can be seen in Figure 110. 

 

Figure 110 The actual temperature and the setpoint temperature. 

One could see that the temperature is approximately at the setpoint and it begins to deviate more when the 

damper closes. The deviations are in a range of 0°𝐶 − 0.5°𝐶. This means that even though changes in the 

fraction of air entering and leaving the system occur, the heater makes sure to maintain the temperature 

within acceptable range. Running the test and disturbances for a longer period could also cause total 

convergence, without too large fluctuations.  

  



 Multi zone HVAC system 

                         

 

121 

 

9.3.1.2 Disturbances –Open door 

Another disturbance applied to the system is an “Open door” disturbance, which is conducted by opening the 

front side of the plastic box in the first 30sec and then in 60 sec. Both temperature and control effort of the 

heater are depicted in the Figure 111 below. 

 

Figure 111 a) Temperature of control volume, b) Control effort heater. 

From the above figure it is seen that just before 400s the front side or “door” opens, which results in a 

decrease of temperature to 0.6°𝐶. When this change occurs the control effort of the heater rises almost 7 

Watt in order to compensate the change in temperature. At the time that the control efforts reaches the peak 

value (just after 400s) the temperature begins to increase again. The control effort decreases because the 

front side is closed again and less heat is needed to compensate for the heat lost by the opening.  

The second opening is applied around 600s. The temperature decreases to approximately the same 

temperature as in the first opening, except that this time it takes a longer time to rise due to the fact that the 

front side is kept open for a longer time. The control effort is almost of the same magnitude, which is 

10Watt. This means, if the front side was to be open even for longer time combined with a lower ambient 

temperature, the control effort would increase much more. On the other hand leaving the front side open for 

a longer period, might cause the temperature to settle down but at a cost of large magnitude change in the 

heater controller. 
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9.3.1.3 Disturbances –Internal heat gain 

The last disturbance applied to the system is the internal heat gain or else the lamp. The lamp setpoint is 

depicted in the left side of the figure below and the control effort of the heater is depicted in the right side. 

 

Figure 112 a) Lamp setpoint value, b) Heating coil control effort. 

The lamp setpoint varies between 0Lux to 750Lux. When the lamp is turned on, the control effort of the 

heater starts decreasing as the lamp provides heat to the control volume. 

The temperature change throughout time is illustrated in Figure 113. 

 

Figure 113 The temperature of the control volume. 

It is possible to see that it exists a small error between the setpoint value and the actual temperature, the 

difference is approximately 0.3°𝐶. It can also be seen that the temperature remains almost undisturbed by the 

increase in Lux-value. In the period of 400s to the 900s, it is possible to see that the temperature settles 

down. This is due to the test for this Lux-setpoint is conducted for enough time. It takes approximately 500s 

to settle, which is exactly 8.33 min. This is a relatively long time, but the magnitude of the Lamp is 700 Lux, 

and without any form of cooling it will take this time to settle down.  
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9.3.2 Relative humidity 

The damper is used in order to control the relative humidity, due to the lack of humidifier or cooling coil. Its 

operation lies in controlling the opening damper angle in order to either add air, which results in a decrease 

of the relative humidity RH, or fully close damper which results in adding RH. 

𝜥𝒑 𝑲𝒊 𝑻𝒔 Οvershoot 

𝟏𝟓 1

𝑇𝑖
=

1

0.4
= 2.5 

Changes with the setpoint 

changes, here it vary between 

100s to 200s 

~0% 

Small overshoot for some 

setpoints. 

Table 20 Controller specifications. 

The RH and Damper openings for different setpoints, are depicted below. In the graph for the RH, the red 

dashed line is the real value and the blue is the setpoint. 

 

Figure 114 a) RH and different setpoint values, b) Dampers openings. 

In the left side of the figure it is possible to see that, the RH settles within 200s but in the end of the test the 

last setpoint can’t be reached as the air specification of the inside and outside air does not allow for a lower 

RH. At this time, the dampers’ position is fully open 0% and cannot let more outside air in, even if it’s 

needed in order for the RH to settle down. This is one of the main limitations of the system, only linking the 

RH to the dampers position. The way the dampers are controlled is when the RH setpoint is high, the 

dampers are totally closed. In addition, in the case of the RH setpoint is low, the dampers are fully opened. 

This is valid disregarding the ambient temperature, specific humidity and RH. It could be that taking in more 

air would result in a higher RH but the controller does not allow this to happen, as the voltage is non-

negative and only goes from 0v-5v. This means no negative values comes from the controller as the lower 

limit of the output range of the controller is saturated at 0.  

In the next sections different disturbances are applied to the system, to see the controller performance. 
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9.3.2.1 Disturbances – Open door 

The door disturbance is applied in both 30s and 60s. As no changes happens in either RH or damper position 

of the first case, only the case with 60s opening is depicted below. 

 

Figure 115 a) RH and setpoint, b) Damper opening. 

The opening is applied at 350s.  It is possible to see that the dampers position closes down to 40% in order to 

remain at the setpoint value. As a result of the change of the dampers position, the setpoint is held and only 

very little deviation occurs. The reason that the setpoint can be maintained results from the fact that the 

ambient air temperature and RH is very close to the one inside the control volume. In the case of changing 

the ambient air specifications is tested in the next section.  

9.3.2.2 Disturbance – Open window 

In this test, the window is opened together with the front plate of the control volume. The results are depicted 

below. 

 

Figure 116 a) RH and setpoint for door opening and a cold environment, b) Dampers opening. 

From the graphs it is possible to see that, between 200s-300s the RH decreases as a result of the “door 

opening”, which is applied at 210s to 240s the dampers close to 100%, and after the front plate is closed 

again, the RH setpoint is obtained again. The decrease in the RH is approximately 4%. Opening the front 

plate again, results in a large jump of the RH, which is a measurement error, and then it decreases. The 

dampers experience the same reactions as before, in order to come back to the setpoint for the RH. This 

means, the PI-controller cannot prevent the decrease in RH until the front panel is closed. Second time the 

front plate opens, the RH begins to increase again but not because of damper changes. The dampers are fully 

closed; therefore it is only due to the mixing of air entering the control volume and the air circulating inside.  
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9.3.3 Fan 

The fan controller is tuned in order to maintain the volumetric flow rate at different damper openings. The 

pressure is not measured in the set up system. The system is very old and has some limitations. The fan is not 

strong enough for some damper openings to maintain the maximum flow rate. This will be illustrated in the 

figures below. 

The final PI-gains and specifications are given in the Table 21. 

𝜥𝒑 𝑲𝒊 𝑻𝒔 Οvershoot 

𝟏𝟓 1

𝑇𝑖
=

1

0.35
= 2.5 

Changes with the setpoint 

changes, here it vary between 

30s to 250s 

~0% 

Table 21 Controller specifications. 

The final controller is tested for different setpoint values and for different damper openings, varying from 

0%-100%. Four of the test results are depicted below. These tests are for 20%, 40%, 60% and 80% closed 

dampers. 

 

Figure 117 a) Flow rates and setpoints for 20% closed dampers, b) Flow rates and setpoints for 40% closed dampers. 

 

Figure 118 a) Flow rates and setpoints for 60% closed dampers, b) Flow rates and setpoints for 80% closed dampers. 

From the graphs it seen that in the case of the dampers are either much closed (80%) or very open (20%) all 

the flow rates can be achieved. Closing the dampers in the interval of 40% - 60%, a flow rate above 5
𝑚3

ℎ
 

cannot be achieved; this means that the performance of the fan is far from optimal when a lot of resistance is 

induced by the dampers. Based on this observation, the control tests will be running with a flow rate of 5
𝑚3

𝑠
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or below. The settling time for the fan is varying form 30s for small changes to 250s for the upstart setpoint. 

There is approximately no overshoot, only some fluctuation in the measurements. 

9.3.4 Combined Test 

The controllers have been found and they are all combined into a combined version. In order to test both the 

control of temperature and RH, it is important to be aware of the limitations because the two variables are 

dependent. The relative humidity depends on the specific humidity and the temperature. Therefore there is no 

point to have a setpoint that violates the range of possible relative humidity for given temperature and 

specific humidity. In addition, the specific humidity can be found from running a measurement for 

temperature and relative humidity.  

One example is for the first test (Test no. 1), the temperature and RH are measured as: 

𝑇 = 23.5673°𝐶, 𝑅𝐻 = 42.93% 

From this, the saturation pressure and specific humidity becomes: 

𝑃𝑠𝑎𝑡 = 2889.8 𝑃𝑎, 𝜔 = 0.0078 
𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑣𝑎𝑝𝑜𝑟

𝑘𝑔 𝑑𝑟𝑦 𝑎𝑖𝑟
  

A setpoint for this situation can be: 𝑇𝑠𝑒𝑡 = 25°𝐶 and 𝜙𝑠𝑒𝑡 = 39.35 % 

9.3.4.1 Setpoint tracking 

Running this test for 4
m3

h
 , the fans capability is shown in the Figure 118 when the dampers is more than 

40% to 80 % closed. 

The control input, temperature and RH for these specifications are depicted in Figure 119 and Figure 120. 

 

Figure 119 a) The RH, b) The temperature. 

From the above figure it is seen that the temperature and RH settles in 100s and 250 sec. In order to maintain 

the RH the dampers will keep adjusting, allowing the right amount of air in the system. This causes changes 

in the temperature, and therefore the temperature oscillates within the range of 0.4 𝐶 around the setpoint. The 

RH fluctuates around the setpoint with 0.5%. Some of the fluctuation can be eliminated by having the 

humidifier, thereby eliminating the need to change the damper position continuously. The damper will be 

regulated to the position making sure that least heating is needed to achieve the setpoint value for the control 

volume.   
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The control inputs are depicted in Figure 120.  

 

Figure 120 a) The damper opening, b) The heating coil Control effort. 

From the above figure it is possible to see that the heater first starts settling down in the end of the runtime 

because it needs to compensate for the changes in the damper opening. As the damper opening keeps 

changing, there will also be oscillations in the heaters performance.  

The air flow control works disregarding the change in damper opening, see Figure 121.  

 

Figure 121 The airflow for Test no. 1. 
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9.3.4.2 Test no. 2 Different Setpoints tracking 

In the next test, different setpoints are applied to the system, to see if the system can follow changing 

condition. The temperature- and RH setpoints are given in the Table 22. 

Setpoint Temperature RH 

1. 26,4°𝐶 46,4% 

2. 28,5°𝐶 50,6% 

3. 26,5°𝐶 46,7% 

4. 29°𝐶 48% 
Table 22 Setpoints. 

The setpoint (Red, dashed line), temperature (Blue line) and RH (Blue line) are depicted in the Figure 122. 

  

Figure 122 a) Temperature and setpoint values, b) RH and setpoint values. 

From the figure, it is possible to see that the temperature settles to the setpoints with changing settling time, 

depending on the setpoint difference. The fluctuations around the setpoint values are very small. The same 

follows for the RH, though it can hardly reach the first setpoint, due to that the RH reaches the limit of the 

range, in which the RH is possible, for the inbox and ambient air specifications. The next setpoint is within 

this range and is achieved within 100s, which is significant smaller time than the 400s. In general, the RH 

settles fast, as long as the setpoints are given within the range of possible RH-values. This range varies a lot 

depends on both temperature and humidity inside and outside the control volume.  

The Control effort of the dampers and heater are depicted in Figure 123. 

 

Figure 123 a) The control input from the heating coil, b) The control input from the dampers. 
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From the figure it is possible to see that at low temperature setpoints the heater is settling fast, as the damper 

is not affecting the heating much. Increasing the setpoint value to 28.5°𝐶-29°𝐶, the heaters control effort 

increases but is needed to be reduced afterwards, as the dampers are closing more than 50%, allowing less air 

in than what returns from the control volume. This air is already heated.  

To see what happens when different disturbances are applied, both a case with the front side open and a case 

with the window open is applied, letting the cold air in to mix with the ambient air. 

9.3.4.3 Disturbances – Door opening 

The front side is opened 1/3 of the total area in both 30s, 1min and 2min, in order to simulate what happens 

when a door in a zone is opened. The temperature different between inside the control volume and the 

ambient is not large; it will only differentiate by some degrees when the setpoint is relative low (25°𝐶 – 

27°𝐶). 

 

Figure 124  a) The Temperature and Opening intervals, b) RH and opening intervals. 

 

Figure 125 a) The Heaters control input, b) The dampers opening. 

In the Temperature and RH graphs given in Figure 124 it is possible to see, both the setpoint - the actual 

value- and the interval in which the front plate is opened. The control of the heater and dampers 

corresponding to this are depicted in Figure 125.  It is possible to see, that the temperature and RH decreases 

as the ambient air is let in. The temperature decreases with more than 1°𝐶 and the RH with 2%. The heater 

tries to make the temperature reach the setpoint. This can be seen by looking at the peak at 400s. The same 

happens in the next interval, but in the third interval of the door opening, which occurs in 2min, the change 

in RH is the same whereas the temperature decreases only 0.5°𝐶 causing only a small rise in the heaters 
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control effort. The large change in RH in the third interval is a disturbance, which disappears after 100s. This 

is one of the uncertainties in the systems sensor. 

9.3.4.4 Disturbance – Ambient air changes 

In this test the window in the ambient room is opened, causing the temperature different to grow together 

with the relative humidity. After the system has settled, the window is opened, together with the front side of 

the control volume. 

 

Figure 126 a) The Temperature, b) RH. 

 

Figure 127 a) Heaters control effort, b) Dampers opening. 

The first door opens at 130s here it is possible to see that both temperature and RH decreases. After the front 

side is closed again the temperature settles, but the RH does not. It is not possible for the RH to settle. The 

problem with the setup is that it is controlled by a positive voltage and not by both negative and positive 

voltage range. This means that for some changes, the damper will think it will remain at 0% (0v, fully open) 

where as it actually should close down and vice versa. Having a voltage range -5v to 5v would make sure to 

have the ability. One way to see this, is to switch the signs in the feedback loop before the controller, then 

the dampers work in an opposite way, and will have the same problem just inversed. This is not a problem 

for the heater. The only problem with the heater is when the air is needed to be cooled down, the only way to 

do so, is to close the heater completely and wait for the temperature decrease.  
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9.3.4.5 Different flow rates 

Most of the test throughout the testing phase, the mass flow is either set to maximum value (6
𝑚3

ℎ
) or 4

𝑚3

ℎ
 as 

this speed is not limited by any damper openings. 

To see what happens to the temperature- and RH control at different flow rates, three different flow rates are 

applied. The applied flow rates are 3
𝑚3

ℎ
, 4

𝑚3

ℎ
 and 5

𝑚3

ℎ
. The flow rates below 3

𝑚3

ℎ
 are not applied when 

heating is needed, as the heater only turns fully on when the fan provides above 2.5
m3

h
 - 3

m3

h
. 

The test results are depicted in Figure 128. 

 

Figure 128 a) The temperature for three different flow rates, b) The RH for three different cases.  

From the right graph in the above figure, it is possible to see that for all flow rates the RH settles down in 

approximately same time. The only one, which do take longer time, is for 4
𝑚3

ℎ
 but this is only due to a 

different start point, which is further away than the other two start points. If the start point was the same, the 

settling time can be assumed to approximately the same. The reason why not all three tests are started at 

exact same point is that the conditions of the room at exact that moment dictates the condition for the initial 

condition of the air inside the setup. One could try to open window or heat up the air, but again it is very 

difficult with the conditions provided.  

As for the RH, it is possible to see that the temperature settles with at approximately same time, disregarding 

the flow rates. As the difference in start point makes no difference for the temperature, it means that the RH 

is more strongly depends on the flow rate.   

The goal for the design and testing of these controllers was to compare them with the MPC controllers. Due 

to limited license this was not possible. 
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10. Conclusions and further investigation 
 

The single zone model is extended, in terms of a new multi zone concept. The heating coil, cooling coil and 

humidifier are investigated and implemented in the overall multi zone HVAC model.  

Starting with the modelling of the HVAC system and its further implementations, the specification of the fan 

selection is account in this model, in terms of selecting a realistic fan for this model to provide the necessary 

flow in the zones. Additionally, inlet dampers are selected for the purpose of this work to achieve a more 

accurate model of the pressure loss, meaning of adding realistic resistance throughout the duct. 

A linear multi zone model is implemented in order to later formulate and apply a model predictive controller. 

Furthermore, a non-linear model is implemented and the result of linearizing the it had some costs in terms 

of the specific humidity, as when changes in inputs occurred the changes in the linear model was not as large 

as in the non-linear.  

Several PI controllers were integrated in the non-linear model in order to control various actuators such as 

dampers, radiators etc. The performance of the PI-controllers was tested against multiple setpoint changes 

both inside the zones and in the mixing box. Furthermore, the underdamped responses for almost every 

output of the non linear model was achieved. The problem with the PI-controller is that it do not handle the 

constraints of the actuators in terms of both operating range and rate. To avoid this a more advanced 

controller is developed in order to improve the operation of the non-linear model, in terms of both settling 

time and hen disturbances occur, if possible. 

The MPC is implemented both for a winter and a summer case in order investigate the performance at two 

different operating conditions. Moreover, it is designed based on the linear model and it is obvious when the 

controller is implemented to the non-linear model some deviation occurs when the non-linear model moves 

away from the linearizing point, especially the humidity. The deviations that occur in the specific humidity 

are due to the linear approach is not as accurate for the specific humidity as for the temperature and pressure.  

Additionally, when moving away from the linearization point the MPC becomes less accurate. Therefore as 

mentioned an adaptive MPC could had been developed to account for the changes in variable in the non-

linear model, but this was too computational heavy and therefore not implemented into the model.  

To see further which control strategy is most robust to a disturbance, a simulation of a door opening to the 

outside is applied. It is obvious for the temperature and specific humidity changes the MPC has the most 

robust reaction. On the other hand, the pressurization in the zones is maintained above ambient pressure for 

both controllers.  

Finally, the PI control strategy was tested in a small ventilation setup, where an interface was constructed. In 

addition, several tests for the open loop performance of the set up were conducted in order to validate the 

new developed model for the humidity. Due to some unfortunate problems with the tests, this was not 

accomplished.  

Keeping in mind that the HVAC systems are vital and crucial set of systems for the industrial section, there 

will always be a need for improvements in both software and its hardware. In our pointer view further 

investigation in the HVAC systems could be a more accurate extended model in terms of simulating pressure 

distribution in the entire ducting system. Another issue to be solved in a further study case could be the affect 

of the wind direction and speed on the pressure relief dampers in the zones. 
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Appendix 1. Fan Specifications 
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Appendix 2. Damper Specifications 
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Appendix 3. Parameter Estimation 

%% 2015 Scriptf : PARAMETER ESTIMATION - Multizone 
R=286.9; 
C_air=1.02; 
T_in=292.15; 

  
Cc=0.61; 
T_z1=294.15; 
T_z2=295.15; 
T_z3=292.15; 
T_atm=281.55; 
T_out=290.15; 

  
P_z1=100025;             
P_z2=100050; 
P_z3=100025; 
P_atm=1e5; 

  
\rho_out=P_atm/(R∙T_out); 

  
q_inz1=0.455; 
q_inz2=0.3981; 
q_inz3=0.1517; 
q_inztot=q_inz1+q_inz2+q_inz3; 

  
L_1=15; 
L_2=26.25; 
L_3=L_2+7.25; 
D=0.6; 
A_1in=(pi∙D^2)/4; 
f=0.0164; 

  
A_0inz1=0.0149; 
A_0inz2=0.0134; 
A_0inz3= 0.0051; 

  
K_A0in1=2600.1∙A_0inz1^2-841.9∙A_0inz1+67.5; 
K_A0in2=2600.1∙A_0inz2^2-841.9∙A_0inz2+67.5; 
K_A0in3=2600.1∙A_0inz3^2-841.9∙A_0inz3+67.5; 
Dp_l1=((f∙L_1/D)∙(q_inztot/A_1in)^2/2)+((1.6+K_A0in1)∙(q_inztot/A_1in)^2)/2; 
Dp_l2=((f∙L_2/D)∙((q_inztot-

q_inz1)/A_1in)^2/2)+(((1.6+K_A0in1+1)+K_A0in2)∙((q_inztot-q_inz1)/A_1in)^2)/2; 
Dp_l3=((f∙L_3/D)∙((q_inztot-q_inz1-

q_inz2)/A_1in)^2/2)+(((1.6+K_A0in1+1)+K_A0in2+K_A0in3)∙((q_inztot-q_inz1-

q_inz2)/A_1in)^2)/2; 
P_in=1660+1e5; 

  
P_in1=P_in-Dp_l1; 
P_in2=P_in-Dp_l1-Dp_l2; 
P_in3=P_in-Dp_l1-Dp_l2-Dp_l3; 

  
\rho_inz1=P_in1/(R∙T_in); 
\rho_inz2=P_in2/(R∙T_in); 
\rho_inz3=P_in3/(R∙T_in); 
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\rho_z1=P_z1/(R∙T_z1); 
\rho_z2=P_z2/(R∙T_z2); 
\rho_z3=P_z3/(R∙T_z3); 

  
V_z1=273; 
V_z2=238.38; 
V_z3=91; 

  
syms A_0inz1 A_0inz2 A_0inz3 A_0utz1 A_0utz2 A_0utz3 
A_0inz1=double(solve(q_inz1 == A_0inz1∙Cc∙(sqrt(2/\rho_inz1∙(P_in1-

P_z1)))/(sqrt(1-(\rho_z1∙Cc∙A_0inz1/(\rho_inz1∙A_1in)))),A_0inz1)); 
A_0inz2=double(solve(q_inz2 == A_0inz2∙Cc∙(sqrt(2/\rho_inz2∙(P_in2-

P_z2)))/(sqrt(1-(\rho_z2∙Cc∙A_0inz2/(\rho_inz2∙A_1in)))),A_0inz2)); 
A_0inz3=double(solve(q_inz3 == A_0inz3∙Cc∙(sqrt(2/\rho_inz3∙(P_in3-

P_z3)))/(sqrt(1-(\rho_z3∙Cc∙A_0inz3/(\rho_inz3∙A_1in)))),A_0inz3)); 

  
m_dotInz1=\rho_inz1∙q_inz1; 
m_dotInz2=\rho_inz2∙q_inz2; 
m_dotInz3=\rho_inz3∙q_inz3; 

  
m_dotOutz1=m_dotInz1; 
m_dotOutz2=m_dotInz2; 
m_dotOutz3=m_dotInz3; 

  
m_z1=\rho_z1∙V_z1; 
m_z2=\rho_z2∙V_z2; 
m_z3=\rho_z3∙V_z3; 

  
\rho_atm=P_atm/(R∙T_atm); 

  
A_0utz1=double(solve(m_dotOutz1==m_z1/V_z1∙A_0utz1∙Cc∙(sqrt(2∙(R∙T_z1-

P_atm/(m_z1/V_z1))))/(sqrt(1-

(\rho_out∙Cc∙A_0utz1/(m_z1/V_z1∙A_1in))^2)),A_0utz1)); 
A_0utz2=double(solve(m_dotOutz2==m_z2/V_z2∙A_0utz2∙Cc∙(sqrt(2∙(R∙T_z2-

P_atm/(m_z2/V_z2))))/(sqrt(1-

(\rho_out∙Cc∙A_0utz2/(m_z2/V_z2∙A_1in))^2)),A_0utz2)); 
A_0utz3=double(solve(m_dotOutz3==m_z3/V_z3∙A_0utz3∙Cc∙(sqrt(2∙(R∙T_z3-

P_atm/(m_z3/V_z3))))/(sqrt(1-

(\rho_out∙Cc∙A_0utz3/(m_z3/V_z3∙A_1in))^2)),A_0utz3)); 

  
q_0utz1=m_dotOutz1/(m_z1/V_z1); 
q_0utz2=m_dotOutz2/(m_z2/V_z2); 
q_0utz3=m_dotOutz3/(m_z3/V_z3); 

  
Cp=1.06; 

  
Cd_Inz1=Cc/sqrt(1-((\rho_z1∙Cc∙A_0inz1)/\rho_inz1)); 
Cd_Inz2=Cc/sqrt(1-((\rho_z2∙Cc∙A_0inz2)/\rho_inz2)); 
Cd_Inz3=Cc/sqrt(1-((\rho_z3∙Cc∙A_0inz3)/\rho_inz3)); 

  
Cd_Outz1=Cc/sqrt(1-((\rho_atm∙Cc∙A_0utz1)/\rho_z1)); 
Cd_Outz2=Cc/sqrt(1-((\rho_atm∙Cc∙A_0utz2)/\rho_z2)); 
Cd_Outz3=Cc/sqrt(1-((\rho_atm∙Cc∙A_0utz3)/\rho_z3)); 

  
Q_dotInz1=Cp∙\rho_inz1∙Cd_Inz1∙A_0inz1∙sqrt(2∙((P_in-P_z1)/\rho_inz1))∙(T_in-

T_z1); 
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Q_dotInz2=Cp∙\rho_inz2∙Cd_Inz2∙A_0inz2∙sqrt(2∙((P_in-P_z2)/\rho_inz2))∙(T_in-

T_z2); 
Q_dotInz3=Cp∙\rho_inz3∙Cd_Inz3∙A_0inz3∙sqrt(2∙((P_in-P_z3)/\rho_inz3))∙(T_in-

T_z3); 

  
Q_dotOutz1=Cp∙\rho_z1∙Cd_Outz1∙A_0utz1∙sqrt(2∙((P_z1-P_atm)/\rho_z1))∙(T_z1-

T_out); 
Q_dotOutz2=Cp∙\rho_z2∙Cd_Outz2∙A_0utz2∙sqrt(2∙((P_z2-P_atm)/\rho_z2))∙(T_z2-

T_out); 
Q_dotOutz3=Cp∙\rho_z3∙Cd_Outz3∙A_0utz3∙sqrt(2∙((P_z3-P_atm)/\rho_z3))∙(T_z3-

T_out); 

  
U=0.5; 
\rho_Steel=7.8; 
V_wall=0.4∙3.5∙6.5; 
m_wall=V_wall∙\rho_Steel; 
C_pSteel=0.452; 

  
A_wallz1=(12.5∙3.5∙2+6.5∙3.5+12.5∙6.5); 
A_wallz2=(10.5∙3.5∙2+10.5∙6.5); 
A_wallz3=(4∙3.5∙2+6.5∙3.5+4∙6.5); 
A_12=6.5∙3.5; 

  
Q_wallz1=U∙A_wallz1∙((T_atm+T_z1)/2-T_z1); 
Q_wallz2=U∙A_wallz2∙((T_atm+T_z2)/2-T_z2); 
Q_wallz3=U∙A_wallz3∙((T_atm+T_z3)/2-T_z3); 
Q_w12=U∙A_12∙(T_z2-(T_z2+T_z1)/2); 
Q_w23=U∙A_12∙(T_z2-(T_z2+T_z3)/2); 

  
H_rh=1; 
g=9.81; 
T_rad=295.15; 
c=0.59; 
n=1/4; 
v_k=1.5647e-5; 
a=2.2142e-5; 
T_f=(T_rad+T_z1)/2; 
beta_ra=1/T_f; 
K_air=0.0261; 
Ra=(g∙beta_ra∙(H_rh^3)∙(T_rad-T_z1))/(v_k∙a); 

  
Nu=c∙Ra^n; 
h_dash=Nu∙K_air/H_rh; 
syms A_radz1 A_radz2 A_radz3 
Q_radz1=abs(Q_wallz1); 
Q_radz2=abs(Q_wallz2); 
Q_radz3=abs(Q_wallz3); 

  
A_radz1=double(solve(Q_radz1==h_dash∙A_radz1∙(T_rad-T_z1),A_radz1)); 
A_radz2=double(solve(Q_radz2==h_dash∙A_radz2∙(T_rad-T_z2),A_radz2)); 
A_radz3=double(solve(Q_radz3==h_dash∙A_radz3∙(T_rad-T_z3),A_radz3)); 

  
syms T_rad1 T_rad2 T_rad3 
T_rad1=solve(-(Q_dotInz1-Q_dotOutz1+(Q_radz1-

(Q_w12+2))+Q_wallz1+Q_w12)==h_dash∙10∙(T_rad1-T_z1),T_rad1); 
T_rad2=solve(-(Q_dotInz2-Q_dotOutz2+(Q_radz2-

(Q_w12+Q_w23+5))+Q_wallz2+Q_w12+Q_w23)==h_dash∙10∙(T_rad2-T_z2),T_rad2); 
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T_rad3=solve(-(Q_dotInz3-Q_dotOutz3+(Q_radz3-

(Q_w23+2))+Q_wallz3+Q_w23)==h_dash∙10∙(T_rad3-T_z3),T_rad3); 

  
beta=0.5; 
m_dotr=beta∙(m_dotOutz1+m_dotOutz2+m_dotOutz3); 
Tmix=15+273.15; 

  
syms m_dotos  
m_dotos=double(solve(Tmix==(m_dotr∙T_out+m_dotos∙T_atm)/(m_dotr+m_dotos),m_dot

os)); 

  
m_dotmix=m_dotr+m_dotos; 
Tcc=Tmix; 
m_dotw=8.02e-5∙998; 
Tw_out=283.15; 
Cpw=4.18; 
syms Tw_in 
Tw_in=double(solve(T_in==Tcc+m_dotw∙Cpw∙(Tw_in-Tw_out),Tw_in)); 

  
%% Humidity 

  
% Zone specifications: 
Phi_z1=0.476; 
Phi_z2=0.45; 
Phi_z3=0.538; 

  
P_wsz1=610.78∙exp((((T_z1-273.15)/((T_z1-273.15)+238.3)∙17.2694))); 
P_wsz2=610.78∙exp((((T_z2-273.15)/((T_z2-273.15)+238.3)∙17.2694))); 
P_wsz3=610.78∙exp((((T_z3-273.15)/((T_z3-273.15)+238.3)∙17.2694))); 

  
w_z1=0.622.∙Phi_z1.∙P_wsz1./(P_z1-Phi_z1.∙P_wsz1); 
w_z2=0.622.∙Phi_z1.∙P_wsz1./(P_z1-Phi_z1.∙P_wsz1); 
w_z3=0.622.∙Phi_z1.∙P_wsz1./(P_z1-Phi_z1.∙P_wsz1); 

  
% Outlet/Return Parameters: 
Phi_out=0.40; 
P_wsOUT=610.78∙exp((((T_out-273.15)/((T_out-273.15)+238.3)∙17.2694))); 
w_out=0.622.∙Phi_out.∙P_wsOUT./(P_atm-Phi_out.∙P_wsOUT); 

  
% Mixing Box: 
w_mix_INITIAL=0.004; 
Phi_os=0.84; 
P_wsOS=610.78∙exp((((T_atm-273.15)/((T_atm-273.15)+238.3)∙17.2694))); 
w_os=0.622.∙Phi_os.∙P_wsOS./(P_atm-Phi_os.∙P_wsOS); 
w_r=w_out; 
T_r=T_out; 
P_wsMIX=610.78∙exp((((Tmix-273.15)/((Tmix-273.15)+238.3)∙17.2694))); 
w_mix=(m_dotr∙w_r+m_dotos∙w_os)/(m_dotr+m_dotos); 
Phi_mix=w_mix∙P_atm/((0.622+w_mix)∙P_wsMIX); 

  
% In this case no dehumidification and cooling 
Phi_cc=Phi_mix; 
P_wscc=610.78∙exp((((Tcc-273.15)/((Tcc-273.15)+238.3)∙17.2694))); 
w_cc=0.622.∙Phi_cc.∙P_wscc./(P_atm-Phi_cc.∙P_wscc); 
m_wout=(w_mix-w_cc)∙m_dotmix;  

  
Tw_incc=Tmix; 
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Tw_outcc=Tw_incc; 

  
w_in=2∙w_z1-w_out;                          % Inlet humidity, might need to be 

higher 
                                            % temperature dependent. 
P_wsh=610.78∙exp((((T_in-273.15)/((T_in-273.15)+238.3)∙17.2694))); 
m_win=(w_in-w_cc)∙m_dotmix;                 % What we want to control 
Phi_h=w_in∙P_atm/((0.622+w_in)∙P_wsh); 

  

  
% masses 
\rho_mix=P_atm/(R∙(Tmix)); 
\rho_cc=P_atm/(R∙(Tcc)); 
\rho_h=P_atm/(R∙(T_in)); 

  
V_h=1.5; 
V_cc=1.5; 
V_mix=1.5; 

  
m_h=\rho_h∙V_h; 
m_cc=\rho_h∙V_cc; 
m_mix=\rho_mix∙V_mix; 
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Appendix 4. System curve 

% clear all; close all; clc; 
%% New System curve 

  
% Zone data: 
V1=273; 
V2=238.38; 
V3=91; 

  
q1=0.455; 
q2=0.3981; 
q3=0.1517; 
qtot=q1+q2+q3; 

D=0.6; 
epsilon=0.015e-3; 
r=D/2; 
A=pi∙r^2; 
v=qtot/A; 
mu=1.8e-5; 
\rho_in=1.2; 
Re=\rho_in∙v∙D/mu; 

  
K_L=177.2; 
syms f 
f=double(solve(1/sqrt(f)==-2∙log10(((epsilon/D)/3.7)+(2.51)/(Re∙sqrt(f))),f)); 
L_tot=37.5; 
g=9.82; 

  
H_1=0; 
H_2=3.6; 
P_z=100050; 
P_atm=1e5; 

  
syms  q 
P_dyn=((f∙L_tot/D)∙((\rho_in∙(q./A).^2)/2)+K_L∙(q./A).^2/(2∙g))∙\rho_in∙g; 
P_static=(P_z-P_atm)+(H_2-H_1)∙\rho_in∙g; 

  
P_L=P_static+P_dyn; 

  
%% Plot 
q=linspace(0,2); 
% A=0.0707∙0.5; 
plot(q,subs((P_L(:)))) 
hold on 
legend('60% Open','70% Open','80% Open','90% Open','100% Open') 
grid on 
ylabel('P_l [Pa]') 
xlabel('q_{tot} [m^3/s]') 
title('System curve') 
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Appendix 5. Fan curve 

% clear all; clc; close all; 
%% Least Squares for 50 Hz. 
f1=50; 

  
Pt1=[2413 2200 1838 1537 988]'; 
qv1=[0.34 0.68 1.04 1.27 1.60]'; 

  
Y=Pt1; 
Psi=[qv1.^2 qv1 [1;1;1;1;1]]; 

  
Theta1=inv(Psi'∙Psi)∙Psi'∙Y; 

  
%% Least Squares for 55 Hz. 
% Affinity law, same Diameter, differen frequency. 
f2=55; 
qv2=qv1∙f2/f1; 
Pt2=Pt1∙(f2/f1)^2; 

  
Y2=Pt2; 
Psi2=[qv2.^2 qv2 [1;1;1;1;1]]; 

  
Theta2=inv(Psi2'∙Psi2)∙Psi2'∙Y2; 
%%  Least Squares for 60 Hz. 
% Affinity law, same Diameter, differen frequency. 
f3=60; 
qv3=qv2∙f3/f2; 
Pt3=Pt2∙(f3/f2)^2; 

  
Y3=Pt3; 
Psi3=[qv3.^2 qv3 [1;1;1;1;1]]; 

  
Theta3=inv(Psi3'∙Psi3)∙Psi3'∙Y3; 
%%  Least Squares for 45 Hz. 
% Affinity law, same Diameter, differen frequency. 
f4=45; 
qv4=qv1∙f4/f1; 
Pt4=Pt1∙(f4/f1)^2; 

  
Y4=Pt4; 
Psi4=[qv4.^2 qv4 [1;1;1;1;1]]; 

  
Theta4=inv(Psi4'∙Psi4)∙Psi4'∙Y4; 
%% System curve 
run('PArameterEStimation.m') 
\rho_in=1.244; 
g=9.81; 
P_hyd=P_z-P_atm+2∙\rho_in∙g; 
% Make looop 
Pt=750; 
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%% Plots 

  
% For different Damper openings: 
% A_0in=[0.00947 0.0165 0.02525 0.0353 0.05239 0.07069]'; 
run('Multi_Zone_systemcurve.m') 
% figure(2) 
% subplot(1,2,1) 
qv=linspace(0,2); 
Pt1=Theta1(1)∙qv.^2+Theta1(2)∙qv+Theta1(3);         % Plot different fan 

curves 
Pt2=Theta2(1)∙qv.^2+Theta2(2)∙qv+Theta2(3); 
Pt3=Theta3(1)∙qv.^2+Theta3(2)∙qv+Theta3(3); 
Pt4=Theta4(1)∙qv.^2+Theta4(2)∙qv+Theta4(3); 
PtSys=P_hyd+K_L∙qv.^2∙\rho_in∙g;                       % Plots the system 

curve 

  
hold on 
plot(qv,Pt4,'m',qv,Pt1,'k',qv,Pt2,'r',qv,Pt3,'g')%,q,subs((P_L(:))))%,qv,doubl

e(subs(PtSys(1,:))),'k') 
legend('60% Open','70% Open','80% Open','90% Open','100% Open') 
grid on 
title('System & Fan curves') 
axis([0 2 0 4000]) 
ylabel('P_t [Pa]') 
xlabel('q_v [m^3/s]') 
legend('System curve','@45Hz','@50Hz','@55Hz','@60Hz') 
hold on 
plot(0.9495,1455,'mo',1.071,1825,'bo',1.172,2167,'ro',1.293,2619,'go') 
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Appendix 6. State space – Linearizer  

 
%% symbols 
% clear all 
syms P_in \rho_inz1 \rho_inz2 \rho_inz3 A_0inz1 A_0inz2 A_0inz3 P_in1 P_in2 

P_in3  

    P_z1 P_z2 P_z3... 
    m_z1 T_z1 A_0utz1 V_z1 m_z2 T_z2 A_0utz2 R V_z2 m_z3 T_z3 A_0utz3 V_z3  

    P_atm Q_radz1 Q_radz2 Q_radz3... 
    Cc A_1in h A_rad T_rad T_atm Q_wallz1 Q_wallz2 Q_wallz3 C_air T_in Cp visc     

    beta mu k g D a Cd_Outz1 Cd_Outz2 Cd_Outz3 A_12 ... 
    k_wall A_wall L_wall m_wout beta Cp T_out Tmix m_dotos Cp U A T_os Tmix  

    m_mix m_cc m_h C_pSteel m_wall... 
    T_outcc T_incc Cpw m_win Tcc m_dotmix T_hc T_inhc T_outhc T_w12 T_w23 A_r  

    h_dash1 h_dash2 h_dash3 T_rad1 T_rad2 T_rad3... 
    w_out w_mix m_dotos w_os w_mix w_cc m_dotwcc m_dotOUTz1 m_dotOUTz2   

    m_dotOUTz3 w_in m_h m_win w_z1 w_z2 w_z3 m_dotout m_z... 
    T_f3 T_rad beta_ra3 Ra_3 H_rh v_k a c n h_dash3 Nu_3 K_air... 
    T_f2 beta_ra2 Ra_2 Nu_2 h_dash2 Nu_2 T_z1 T_z2 T_z3 ... 
    T_f1 beta_ra1 Ra_1 Nu_1 h_dash1 \rho_z1 \rho_z2 \rho_z3 \rho_out 

\rho_atm... 
    Phi_z1 P_wsz1 P_z1 Phi_z2 Phi_z2 P_wsz2 P_z2 Phi_z3  Phi_z3 P_wsz3 P_z3  

    Phi_z3 w_z1 w_z2 w_z3 m_dotwMAX OpeningCC OpeningHC dT_hc dT_cc; 

  
%% Ideal gas law 
P_z1=(m_z1/V_z1)∙R∙T_z1;        % Zone 1. 
P_z2=(m_z2/V_z2)∙R∙T_z2;        % Zone 2. 
P_z3=(m_z3/V_z3)∙R∙T_z3;        % Zone 3. 

  
%% Mass balance 

  
% Zone 1. 
Cd_Outz1=Cc/sqrt(1-((\rho_atm∙Cc∙A_0utz1)/((m_z1/V_z1)∙A_1in))^2); 
Cd_Outz2=Cc/sqrt(1-((\rho_atm∙Cc∙A_0utz2)/((m_z2/V_z2)∙A_1in))^2); 
Cd_Outz3=Cc/sqrt(1-((\rho_atm∙Cc∙A_0utz3)/((m_z3/V_z3)∙A_1in))^2); 

  
C_dz1=Cc/sqrt(1-(((m_z1/V_z1)∙Cc∙A_0inz1)/(\rho_inz1∙A_1in))^2); 
m_dotOUTz1=m_z1/V_z1∙A_0utz1∙Cc∙(sqrt(2∙(R∙T_z1-P_atm/(m_z1/V_z1))))/(sqrt(1-

(\rho_out∙Cc∙A_0utz1/(m_z1/V_z1∙A_1in))^2)); 

m_dotINz1=\rho_inz1∙A_0inz1∙Cc∙(sqrt(2/\rho_inz1∙(P_in1-P_z1)))/(sqrt(1-

(\rho_z1∙Cc∙A_0inz1/(\rho_inz1∙A_1in))^2)); 
m_dotz1= m_dotINz1-m_dotOUTz1; 

 
% Zone 1. 
C_dz2=Cc/sqrt(1-(((m_z2/V_z2)∙Cc∙A_0inz2)/(\rho_inz2∙A_1in))^2); 
m_dotOUTz2=m_z2/V_z2∙A_0utz2∙Cc∙(sqrt(2∙(R∙T_z2-P_atm/(m_z2/V_z2))))/(sqrt(1-

(\rho_out∙Cc∙A_0utz2/(m_z2/V_z2∙A_1in))^2)); 
m_dotINz2=\rho_inz2∙ A_0inz2∙Cc∙(sqrt(2/\rho_inz2∙(P_in2-P_z2)))/(sqrt(1-

(\rho_z2∙Cc∙A_0inz2/(\rho_inz2∙A_1in))^2)); 
m_dotz2= m_dotINz2-m_dotOUTz2; 

 
% Zone 1. 
C_dz3=Cc/sqrt(1-(((m_z3/V_z3)∙Cc∙A_0inz3)/(\rho_inz3∙A_1in))^2); 
m_dotOUTz3=m_z3/V_z3∙A_0utz3∙Cc∙(sqrt(2∙(R∙T_z3-P_atm/(m_z3/V_z3))))/(sqrt(1-

(\rho_out∙Cc∙A_0utz3/(m_z3/V_z3∙A_1in))^2)); 
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m_dotINz3=\rho_inz3∙A_0inz3∙Cc∙(sqrt(2/\rho_inz3∙(P_in3-P_z3)))/(sqrt(1-

(\rho_z3∙Cc∙A_0inz3/(\rho_inz3∙A_1in)^2))); 
m_dotz3= m_dotINz3-m_dotOUTz3; 
%% Zone wall losses 
Q_wall12=A_12∙U∙(T_w12-T_z1); 
Q_wall21=A_12∙U∙(T_w12-T_z2); 
Q_wall23=A_12∙U∙(T_w23-T_z2); 
Q_wall32=A_12∙U∙(T_w23-T_z3); 

  
%% 
Q_radv1=10∙h_dash1∙(T_rad1+0.5-T_z1); 
Q_radv2=10∙h_dash2∙(T_rad2-T_z2); 
Q_radv3=10∙h_dash3∙(T_rad3+0.3-T_z3); 

  
%% Temperature 
T_dotz1=((C_air∙\rho_inz1∙C_dz1∙A_0inz1∙sqrt(2∙(P_in1-P_z1)/\rho_inz1)∙(T_in-

T_z1))-(C_air∙(m_z1/V_z1)∙A_0utz1∙Cd_Outz1∙sqrt(2∙(R∙T_z1-

P_atm/(m_z1/V_z1)))∙(T_z1-T_out))+Q_wall12+Q_radv1)/(C_air∙m_z1)+((Q_radz1-

5)+Q_wallz1)/(Cp∙m_z1);    
T_dotz2=((C_air∙\rho_inz2∙C_dz2∙A_0inz2∙sqrt(2∙(P_in2-P_z2)/\rho_inz2)∙(T_in-

T_z2))-(C_air∙(m_z2/V_z2)∙A_0utz2∙Cd_Outz2∙sqrt(2∙(R∙T_z2-

P_atm/(m_z2/V_z2)))∙(T_z2-

T_out))+Q_wall21+Q_wall23+Q_radv2)/(C_air∙m_z2)+((Q_radz2-

22.77)+Q_wallz2)/(Cp∙m_z2);    
T_dotz3=((C_air∙\rho_inz3∙C_dz3∙A_0inz3∙sqrt(2∙(P_in3-P_z3)/\rho_inz3)∙(T_in-

T_z3))-(C_air∙(m_z3/V_z3)∙A_0utz3∙Cd_Outz3∙sqrt(2∙(R∙T_z3-

P_atm/(m_z3/V_z3)))∙(T_z3-T_out))+Q_wall32+Q_radv3)/(C_air∙m_z3)+(((Q_radz3-

27))+Q_wallz3)/(Cp∙m_z3);    

 
%% Extended Energy model 
m_dotOUTtot=m_dotOUTz1+m_dotOUTz2+m_dotOUTz3; 

  
T_dotMIX=(m_dotOUTtot∙beta∙Cp∙(T_out-Tmix)+m_dotos∙Cp∙(T_os-Tmix))/(m_mix); 
T_dotCC=(m_dotmix∙Cp∙(Tmix-Tcc)-m_dotwMAX∙OpeningCC∙Cpw∙dT_cc)/(m_cc); 
T_dotIN=(m_dotmix∙Cp∙(Tcc-T_in)-m_dotwMAX∙OpeningHC∙Cpw∙dT_hc)/(m_h); 

  
%% Extended Humidity model 

 
w_dotz1=(m_dotINz1∙(w_in-w_z1)-m_dotOUTz1∙(w_z1-w_out))/m_z1;   % Zone 1. 
w_dotz2=(m_dotINz2∙(w_in-w_z2)-m_dotOUTz2∙(w_z2-w_out))/m_z2;   % Zone 2. 
w_dotz3=(m_dotINz3∙(w_in-w_z3)-m_dotOUTz3∙(w_z3-w_out))/m_z3;   % Zone 3. 

  
w_dotmix=(m_dotOUTtot∙beta∙(w_out-w_mix)+m_dotos∙(w_os-w_mix))/(m_mix); 
w_dotcc=(m_dotmix∙(w_mix-w_cc)-m_wout)/(m_cc); 
w_dotin=(m_dotmix∙(w_cc-w_in)+m_win)/(m_h); %wm-wmis 

  
%% Wall 
T_dotw12=(U∙A_12∙(T_z1-T_w12)-U∙A_12∙(T_w12-T_z2))/(C_pSteel∙m_wall); 
T_dotw23=(U∙A_12∙(T_z3-T_w23)-U∙A_12∙(T_w23-T_z2))/(C_pSteel∙m_wall); 

  
%% Output function 
h1=(m_z1/V_z1)∙R∙T_z1; 
h2=(m_z2/V_z2)∙R∙T_z2; 
h3=(m_z3/V_z3)∙R∙T_z3; 
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%% Linearization  
Inputs=[A_0inz1 A_0inz2 A_0inz3 OpeningHC m_win T_rad1 T_rad2 T_rad3];              
States=[Tmix, Tcc, T_in, w_mix, w_cc, w_in, m_z1, T_z1, w_z1, m_z2, T_z2, 

w_z2, m_z3, T_z3, w_z3 T_w12 T_w23]; 
Outputs=[T_z1 w_z1 P_z1 T_z2 w_z2 P_z2 T_z3 w_z3 P_z3 T_in]; 

  
x1=States(1); x2=States(2); x3=States(3); x4=States(4); x5=States(5); 

x6=States(6); x7=States(7); x8=States(8); x9=States(9); 
x10=States(10); x11=States(11); x12=States(12); x13=States(13); 

x14=States(14); x15=States(15); x16=States(16); x17=States(17); 

 
u1=Inputs(1); u2=Inputs(2); u3=Inputs(3); u4=Inputs(4); u5=Inputs(5); 

u6=Inputs(6); u7=Inputs(7); u8=Inputs(8); 
%% State space 

  
Alin=[ diff(T_dotMIX,x1) diff(T_dotMIX,x2) diff(T_dotMIX,x3)  

diff(T_dotMIX,x4)  diff(T_dotMIX,x5)   diff(T_dotMIX,x6)  diff(T_dotMIX,x7)  

diff(T_dotMIX,x8)   diff(T_dotMIX,x9) diff(T_dotMIX,x10) diff(T_dotMIX,x11) 

diff(T_dotMIX,x12)  diff(T_dotMIX,x13)  diff(T_dotMIX,x14)  diff(T_dotMIX,x15)  

diff(T_dotMIX,x16)  diff(T_dotMIX,x17) 
    diff(T_dotCC,x1) diff(T_dotCC,x2) diff(T_dotCC,x3)  diff(T_dotCC,x4)  

diff(T_dotCC,x5)  diff(T_dotCC,x6)  diff(T_dotCC,x7)  diff(T_dotCC,x8)  

diff(T_dotCC,x9) diff(T_dotCC,x10) diff(T_dotCC,x11) diff(T_dotCC,x12)  

diff(T_dotCC,x13)  diff(T_dotCC,x14)  diff(T_dotCC,x15)  diff(T_dotCC,x16)  

diff(T_dotCC,x17) 
    diff(T_dotIN,x1) diff(T_dotIN,x2) diff(T_dotIN,x3)  diff(T_dotIN,x4)  

diff(T_dotIN,x5)  diff(T_dotIN,x6)  diff(T_dotIN,x7)  diff(T_dotIN,x8)  

diff(T_dotIN,x9) diff(T_dotIN,x10) diff(T_dotIN,x11) diff(T_dotIN,x12)  

diff(T_dotIN,x13)  diff(T_dotIN,x14)  diff(T_dotIN,x15)  diff(T_dotIN,x16)  

diff(T_dotIN,x17) 
    diff(w_dotmix,x1) diff(w_dotmix,x2) diff(w_dotmix,x3)  diff(w_dotmix,x4)  

diff(w_dotmix,x5)  diff(w_dotmix,x6)  diff(w_dotmix,x7)  diff(w_dotmix,x8)  

diff(w_dotmix,x9)   diff(w_dotmix,x10) diff(w_dotmix,x11) diff(w_dotmix,x12)  

diff(w_dotmix,x13)  diff(w_dotmix,x14)  diff(w_dotmix,x15)  diff(w_dotmix,x16)  

diff(w_dotmix,x17) 
    diff(w_dotcc,x1) diff(w_dotcc,x2) diff(w_dotcc,x3)  diff(w_dotcc,x4)  

diff(w_dotcc,x5)  diff(w_dotcc,x6)  diff(w_dotcc,x7)  diff(w_dotcc,x8)  

diff(w_dotcc,x9) diff(w_dotcc,x10) diff(w_dotcc,x11) diff(w_dotcc,x12)  

diff(w_dotcc,x13)  diff(w_dotcc,x14)  diff(w_dotcc,x15)  diff(w_dotcc,x16)  

diff(w_dotcc,x17) 
    diff(w_dotin,x1) diff(w_dotin,x2) diff(w_dotin,x3)  diff(w_dotin,x4)  

diff(w_dotin,x5)  diff(w_dotin,x6)  diff(w_dotin,x7)  diff(w_dotin,x8)  

diff(w_dotin,x9) diff(w_dotin,x10) diff(w_dotin,x11) diff(w_dotin,x12)  

diff(w_dotin,x13)  diff(w_dotin,x14)  diff(w_dotin,x15)  diff(w_dotin,x16)  

diff(w_dotin,x17) 
    diff(m_dotz1,x1) diff(m_dotz1,x2) diff(m_dotz1,x3)  diff(m_dotz1,x4)  

diff(m_dotz1,x5)  diff(m_dotz1,x6)  diff(m_dotz1,x7)  diff(m_dotz1,x8)  

diff(m_dotz1,x9) diff(m_dotz1,x10) diff(m_dotz1,x11) diff(m_dotz1,x12)  

diff(m_dotz1,x13)  diff(m_dotz1,x14)  diff(m_dotz1,x15)  diff(m_dotz1,x16)  

diff(m_dotz1,x17) 
    diff(T_dotz1,x1) diff(T_dotz1,x2) diff(T_dotz1,x3)  diff(T_dotz1,x4)  

diff(T_dotz1,x5)  diff(T_dotz1,x6)  diff(T_dotz1,x7)  diff(T_dotz1,x8)  

diff(T_dotz1,x9) diff(T_dotz1,x10) diff(T_dotz1,x11) diff(T_dotz1,x12)  

diff(T_dotz1,x13)  diff(T_dotz1,x14)  diff(T_dotz1,x15)  diff(T_dotz1,x16)  

diff(T_dotz1,x17) 
    diff(w_dotz1,x1) diff(w_dotz1,x2) diff(w_dotz1,x3)  diff(w_dotz1,x4)  

diff(w_dotz1,x5)  diff(w_dotz1,x6)  diff(w_dotz1,x7)  diff(w_dotz1,x8)  
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diff(w_dotz1,x9) diff(w_dotz1,x10) diff(w_dotz1,x11) diff(w_dotz1,x12)  

diff(w_dotz1,x13)  diff(w_dotz1,x14)  diff(w_dotz1,x15)  diff(w_dotz1,x16)  

diff(w_dotz1,x17) 
    diff(m_dotz2,x1) diff(m_dotz2,x2) diff(m_dotz2,x3)  diff(m_dotz2,x4)  

diff(m_dotz2,x5)  diff(m_dotz2,x6)  diff(m_dotz2,x7)  diff(m_dotz2,x8)  

diff(m_dotz2,x9) diff(m_dotz2,x10) diff(m_dotz2,x11) diff(m_dotz2,x12)  

diff(m_dotz2,x13)  diff(m_dotz2,x14)  diff(m_dotz2,x15)  diff(m_dotz2,x16)  

diff(m_dotz2,x17) 
    diff(T_dotz2,x1) diff(T_dotz2,x2) diff(T_dotz2,x3)  diff(T_dotz2,x4)  

diff(T_dotz2,x5)  diff(T_dotz2,x6)  diff(T_dotz2,x7)  diff(T_dotz2,x8)  

diff(T_dotz2,x9) diff(T_dotz2,x10) diff(T_dotz2,x11) diff(T_dotz2,x12)  

diff(T_dotz2,x13)  diff(T_dotz2,x14)  diff(T_dotz2,x15)  diff(T_dotz2,x16)  

diff(T_dotz2,x17) 
    diff(w_dotz2,x1) diff(w_dotz2,x2) diff(w_dotz2,x3)  diff(w_dotz2,x4)  

diff(w_dotz2,x5)  diff(w_dotz2,x6)  diff(w_dotz2,x7)  diff(w_dotz2,x8)  

diff(w_dotz2,x9) diff(w_dotz2,x10) diff(w_dotz2,x11) diff(w_dotz2,x12)  

diff(w_dotz2,x13)  diff(w_dotz2,x14)  diff(w_dotz2,x15)  diff(w_dotz2,x16)  

diff(w_dotz2,x17) 
    diff(m_dotz3,x1) diff(m_dotz3,x2) diff(m_dotz3,x3)  diff(m_dotz3,x4)  

diff(m_dotz3,x5)  diff(m_dotz3,x6)  diff(m_dotz3,x7)  diff(m_dotz3,x8)  

diff(m_dotz3,x9) diff(m_dotz3,x10) diff(m_dotz3,x11) diff(m_dotz3,x12)  

diff(m_dotz3,x13)  diff(m_dotz3,x14)  diff(m_dotz3,x15)  diff(m_dotz3,x16)  

diff(m_dotz3,x17) 
    diff(T_dotz3,x1) diff(T_dotz3,x2) diff(T_dotz3,x3)  diff(T_dotz3,x4)  

diff(T_dotz3,x5)  diff(T_dotz3,x6)  diff(T_dotz3,x7)  diff(T_dotz3,x8)  

diff(T_dotz3,x9) diff(T_dotz3,x10) diff(T_dotz3,x11) diff(T_dotz3,x12)  

diff(T_dotz3,x13)  diff(T_dotz3,x14)  diff(T_dotz3,x15)  diff(T_dotz3,x16)  

diff(T_dotz3,x17) 
    diff(w_dotz3,x1) diff(w_dotz3,x2) diff(w_dotz3,x3)  diff(w_dotz3,x4)  

diff(w_dotz3,x5)  diff(w_dotz3,x6)  diff(w_dotz3,x7)  diff(w_dotz3,x8)  

diff(w_dotz3,x9) diff(w_dotz3,x10) diff(w_dotz3,x11) diff(w_dotz3,x12)  

diff(w_dotz3,x13)  diff(w_dotz3,x14)  diff(w_dotz3,x15)  diff(w_dotz3,x16)  

diff(w_dotz3,x17) 
    diff(T_dotw12,x1) diff(T_dotw12,x2) diff(T_dotw12,x3)  diff(T_dotw12,x4)  

diff(T_dotw12,x5)  diff(T_dotw12,x6)  diff(T_dotw12,x7)  diff(T_dotw12,x8)  

diff(T_dotw12,x9) diff(T_dotw12,x10) diff(T_dotw12,x11) diff(T_dotw12,x12)  

diff(T_dotw12,x13)  diff(T_dotw12,x14)  diff(T_dotw12,x15)  diff(T_dotw12,x16)  

diff(T_dotw12,x17) 
    diff(T_dotw23,x1) diff(T_dotw23,x2) diff(T_dotw23,x3)  diff(T_dotw23,x4)  

diff(T_dotw23,x5)  diff(T_dotw23,x6)  diff(T_dotw23,x7)  diff(T_dotw23,x8)  

diff(T_dotw23,x9) diff(T_dotw23,x10) diff(T_dotw23,x11) diff(T_dotw23,x12)  

diff(T_dotw23,x13)  diff(T_dotw23,x14)  diff(T_dotw23,x15)  diff(T_dotw23,x16)  

diff(T_dotw23,x17) 
    ]; 

  
Blin=[diff(T_dotMIX,u1) diff(T_dotMIX,u2) diff(T_dotMIX,u3) diff(T_dotMIX,u4) 

diff(T_dotMIX,u5) diff(T_dotMIX,u6)  diff(T_dotMIX,u7) diff(T_dotMIX,u8); 
diff(T_dotCC,u1) diff(T_dotCC,u2) diff(T_dotCC,u3) diff(T_dotCC,u4) 

diff(T_dotCC,u5) diff(T_dotCC,u6) diff(T_dotCC,u7) diff(T_dotCC,u8); 
diff(T_dotIN,u1) diff(T_dotIN,u2) diff(T_dotIN,u3) diff(T_dotIN,u4) 

diff(T_dotIN,u5) diff(T_dotIN,u6) diff(T_dotIN,u7) diff(T_dotIN,u8); 
diff(w_dotmix,u1) diff(w_dotmix,u2) diff(w_dotmix,u3) diff(w_dotmix,u4) 

diff(w_dotmix,u5) diff(w_dotmix,u6)  diff(w_dotmix,u7) diff(w_dotmix,u8); 
diff(w_dotcc,u1) diff(w_dotcc,u2) diff(w_dotcc,u3) diff(w_dotcc,u4) 

diff(w_dotcc,u5) diff(w_dotcc,u6)  diff(w_dotcc,u7) diff(w_dotcc,u8); 
diff(w_dotin,u1) diff(w_dotin,u2) diff(w_dotin,u3) diff(w_dotin,u4) 

diff(w_dotin,u5) diff(w_dotin,u6) diff(w_dotin,u7) diff(w_dotin,u8); 
diff(m_dotz1,u1) diff(m_dotz1,u2)  diff(m_dotz1,u3)  diff(m_dotz1,u4)  

diff(m_dotz1,u5)  diff(m_dotz1,u6)  diff(m_dotz1,u7)  diff(m_dotz1,u8); 
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diff(T_dotz1,u1) diff(T_dotz1,u2) diff(T_dotz1,u3) diff(T_dotz1,u4) 

diff(T_dotz1,u5) diff(T_dotz1,u6) diff(T_dotz1,u7) diff(T_dotz1,u8); 
diff(w_dotz1,u1) diff(w_dotz1,u2) diff(w_dotz1,u3) diff(w_dotz1,u4) 

diff(w_dotz1,u5) diff(w_dotz1,u6) diff(w_dotz1,u7) diff(w_dotz1,u8); 
diff(m_dotz2,u1) diff(m_dotz2,u2)  diff(m_dotz2,u3)  diff(m_dotz2,u4)  

diff(m_dotz2,u5)  diff(m_dotz2,u6)  diff(m_dotz2,u7)  diff(m_dotz2,u8); 
diff(T_dotz2,u1) diff(T_dotz2,u2) diff(T_dotz2,u3) diff(T_dotz2,u4) 

diff(T_dotz2,u5) diff(T_dotz2,u6) diff(T_dotz2,u7) diff(T_dotz2,u8); 
diff(w_dotz2,u1) diff(w_dotz2,u2) diff(w_dotz2,u3) diff(w_dotz2,u4) 

diff(w_dotz2,u5) diff(w_dotz2,u6) diff(w_dotz2,u7) diff(w_dotz2,u8); 
diff(m_dotz3,u1) diff(m_dotz3,u2)  diff(m_dotz3,u3)  diff(m_dotz3,u4)  

diff(m_dotz3,u5)  diff(m_dotz3,u6)  diff(m_dotz3,u7)  diff(m_dotz3,u8); 
diff(T_dotz3,u1) diff(T_dotz3,u2) diff(T_dotz3,u3) diff(T_dotz3,u4) 

diff(T_dotz3,u5) diff(T_dotz3,u6) diff(T_dotz3,u7) diff(T_dotz3,u8); 
diff(w_dotz3,u1) diff(w_dotz3,u2) diff(w_dotz3,u3) diff(w_dotz3,u4) 

diff(w_dotz3,u5) diff(w_dotz3,u6) diff(w_dotz3,u7) diff(w_dotz3,u8); 
diff(T_dotw12,u1) diff(T_dotw12,u2) diff(T_dotw12,u3) diff(T_dotw12,u4) 

diff(T_dotw12,u5) diff(T_dotw12,u6)  diff(T_dotw12,u7) diff(T_dotw12,u8); 
diff(T_dotw23,u1) diff(T_dotw23,u2) diff(T_dotw23,u3) diff(T_dotw23,u4) 

diff(T_dotw23,u5) diff(T_dotw23,u6) diff(T_dotw23,u7) diff(T_dotw23,u8)]; 

  
Clin=[0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0; 
     0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0; 
     diff(h1,x1) diff(h1,x2) diff(h1,x3) diff(h1,x4) diff(h1,x5) diff(h1,x6) 

diff(h1,x7) diff(h1,x8) diff(h1,x9) diff(h1,x10) diff(h1,x11) diff(h1,x12) 

diff(h1,x13) diff(h1,x14) diff(h1,x15) diff(h1,x16) diff(h1,x17); 
     0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0; 
     0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0; 
     diff(h2,x1) diff(h2,x2) diff(h2,x3) diff(h2,x4) diff(h2,x5) diff(h2,x6) 

diff(h2,x7) diff(h2,x8) diff(h2,x9) diff(h2,x10) diff(h2,x11) diff(h2,x12) 

diff(h2,x13) diff(h2,x14) diff(h2,x15) diff(h2,x16) diff(h2,x17); 
     0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0; 
     0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0; 
     diff(h3,x1) diff(h3,x2) diff(h3,x3) diff(h3,x4) diff(h3,x5) diff(h3,x6) 

diff(h3,x7) diff(h3,x8) diff(h3,x9) diff(h3,x10) diff(h3,x11) diff(h3,x12) 

diff(h3,x13) diff(h3,x14) diff(h3,x15) diff(h3,x16) diff(h3,x17) 
     0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0]; 

     
Ts=0.01; 
Sys=ss(double(subs(Alin)),double(subs(Blin)),double(subs(Clin)),0); 
SysD=c2d(Sys,Ts); 
[Ad, Bd, Cd, Dd]=ssdata(SysD); 
[Ac, Bc, Cc, Dc]=ssdata(Sys); 
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Appendix 7. Discrete time State space responses  

 

Figure 1 a) Temperature, b) Pressure, c) Specific humidity of zone 1. 

 

Figure 2 a) Temperature, b) Pressure, c) Specific humidity of zone 2. 

 

Figure 3 a) Temperature, b) Pressure, c) Specific humidity of zone 3. 
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 Appendix 8. AHU control script 

function [dT_cc, dT_hc, dw_cc, dw_h] = fcn(T_mix, T_in, m_dotmix, Freq, T_cc, 

T_hc, w_mix, w_cc, w_h, w_zsetpoint, RH_cc ,m_wdotout ,m_wdotin, 

OpeningCooling,OpeningHeating) 

  
Cp=1.02; 
Cw=4.16; 
m_dotMAX=0.4; 
EnableDehumidifier=0; 
EnableHumidifier=0; 
w_out=0.0048; 
w_s=2∙w_zsetpoint-w_out; 

  
T_HL=T_in+1.5;                                                              % 

3 Degrees deadband 
T_LL=T_in-1.5; 

  
dThc=-10; 
dTcc=10; 
m_cc=1.7896; 
m_h=1.7896; 

  
w_HL=w_s+0.00004; 
w_LL=w_s-0.00004; 

                                                               
if Freq ~= 0 && T_mix > T_HL && w_mix > w_HL; 
    OpeningHeating=0; 
    EnableHumidifier=0; 
    EnableDehumidifier=1; 

     
else if Freq ~= 0 && T_mix < T_LL && w_mix < w_LL;                              

% If Fan is ON AND Tmix more than Tin. 
        % Heat and humidify 

         
        OpeningCooling=0;           % Disable Cooling Coil                                                   
        EnableHumidifier=1; 
        EnableDehumidifier=0; 
 else if Freq ==0 || T_LL < T_mix && T_mix < T_HL && w_LL < w_mix && w_mix < 

w_HL;                       % If Fan is not ON. 
                % Close! 
                OpeningCooling=0;                                                     

                % Disable both 
                OpeningHeating=0; 
                EnableHumidifier=0; 
                EnableDehumidifier=0; 
            end 
        end 
    end 
end 
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% OpeningCooling and OpeningHeater is the control input sent from the 

controllers, if it is not set to zero. The same follows for m_wdotout and 

m_dotwin. 

 
if OpeningCooling==0 && OpeningHeating>0 && EnableHumidifier==1 && 

EnableDehumidifier==0; 

     
    m_dotwcc=OpeningCooling∙m_dotMAX; 
    m_dotwhc=OpeningHeating∙m_dotMAX; 

     
    w_s=2∙w_zsetpoint-w_out;                                                %  
    m_wdotout=0; 

 
else if OpeningCooling==0 && OpeningHeating==0 && EnableHumidifier==1 && 

EnableDehumidifier==0; 

     
    m_dotwcc=OpeningCooling∙m_dotMAX; 
    m_dotwhc=OpeningHeating∙m_dotMAX; 

     
    w_s=2∙w_zsetpoint-w_out;                                                %  
    m_wdotout=0; 

     
else if OpeningHeating==0 && OpeningCooling>0&& EnableHumidifier==0 && 

EnableDehumidifier==1; 

         
        m_dotwcc=OpeningCooling∙m_dotMAX; 
        m_dotwhc=OpeningHeating∙m_dotMAX; 

         
        m_wdotin=0; 
        w_s=2∙w_zsetpoint-w_out; 

         
    else if OpeningHeating==0 && OpeningCooling==0 && EnableHumidifier==0 && 

EnableDehumidifier==0; 

             
            m_dotwcc=OpeningCooling∙m_dotMAX; 
            m_dotwhc=OpeningHeating∙m_dotMAX; 
            m_wdotin=0; 
            m_wdotout=0; 

             
       else % do nothing 
            m_dotwcc=0; 
            m_dotwhc=0; 
            m_wdotin=0; 
            m_wdotout=0; 
       end 
    end 
  end 
end 

  
dT_cc=((T_mix-T_cc)∙Cp∙m_dotmix-m_dotwcc∙Cw∙dTcc)/(m_cc∙Cp); 
dw_cc=(m_dotmix∙(w_mix-w_cc)+m_wdotout)/m_cc; 
dT_hc=((T_cc-T_hc)∙Cp∙m_dotmix-m_dotwhc∙Cw∙dThc)/(m_cc∙Cp); 
dw_h=(m_dotmix∙(w_cc-w_h)+m_wdotin)/m_h; 

  
end 
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Appendix 9. NI Labview interface  
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Appendix 10. Zone model 
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Appendix 11. Multiple Zone State Space elements 

𝐴1,1

= −

𝐶𝑝 ∙ 𝑚𝑑𝑜𝑡𝑜𝑠 +  𝐶𝑝 ∙ 𝛽 ∙

(

 
 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑥8 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8

)

1
2

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑥11 ∙ (𝑅 ∙ 𝑥10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑥11

)

1
2

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑥11

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑥14 ∙ (𝑅 ∙ 𝑥13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑥14

)

1
2

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑥14

2 )

1
2

)

 
 
 

𝑚𝑚𝑖𝑥
  

𝐴2,1 =
𝐶𝑝 ∙ 𝑚𝑑𝑜𝑡𝑚𝑖𝑥 

𝑚𝑐𝑐
  

𝐴2,2 = −
𝐶𝑝 ∙ 𝑚𝑑𝑜𝑡𝑚𝑖𝑥

𝑚𝑐𝑐
   

𝐴3,2 =
𝐶𝑝 ∙ 𝑚𝑑𝑜𝑡𝑚𝑖𝑥

𝑚ℎ
    

𝐴3,3 = −
𝐶𝑝 ∙ 𝑚𝑑𝑜𝑡𝑚𝑖𝑥

𝑚ℎ
  

𝐴8,3 =

2
1
2 ∙ 𝑢1 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (

2 ∙ 𝑃𝑖𝑛1 −
2 ∙ 𝑅 ∙ 𝑥7 ∙ 𝑥8

𝑉𝑧1
2 ∙ 𝜌𝑖𝑛𝑧1

)

1
2

𝑥8 ∙ (1 − 𝑢1
2)
1
2

     

𝐴11,3 =

2
1
2 ∙ 𝑢2

2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧2 ∙ (
2 ∙ 𝑃𝑖𝑛2 −

2 ∙ 𝑅 ∙ 𝑥10 ∙ 𝑥11
𝑉𝑧2

2 ∙ 𝜌𝑖𝑛𝑧2
)

1
2

𝑥11 ∙ (1 −
𝐴0𝑖𝑛𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝑥11

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 ∙ 𝑉𝑧2
2 )

1
2

     

 

𝐴14,3 =

2
1
2 ∙ 𝑢3 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3 ∙ (

2 ∙ 𝑃𝑖𝑛3 −
2 ∙ 𝑅 ∙ 𝑥13 ∙ 𝑥14

𝑉𝑧3
2 ∙ 𝜌𝑖𝑛𝑧3

)

1
2

𝑥14 ∙ (1 −
𝑢3
2 ∙ 𝐶𝑐2 ∙ 𝑥14

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 ∙ 𝑉𝑧3
2 )

1
2

    

𝐴4,4

= −

𝑚𝑑𝑜𝑡𝑜𝑠 +  𝑏𝑒𝑡𝑎 ∙

(

 
 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑥8 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8

)

1
2

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑥11 ∙ (𝑅 ∙ 𝑥10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑥11

)

1
2

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑥11

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑥14 ∙ (𝑅 ∙ 𝑥13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑥14

)

1
2

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑥14

2 )

1
2

)

 
 
 

𝑚𝑚𝑖𝑥
  

𝐴5,4 =
𝑚𝑑𝑜𝑡𝑚𝑖𝑥
𝑚𝑐𝑐

   

𝐴5,5 = −
𝑚𝑑𝑜𝑡𝑚𝑖𝑥
𝑚𝑐𝑐

  

𝐴6,5 =
𝑚𝑑𝑜𝑡𝑚𝑖𝑥
𝑚ℎ

     

𝐴6,6 = −
𝑚𝑑𝑜𝑡𝑚𝑖𝑥
𝑚ℎ
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𝐴9,6 =

2
1
2 ∙ 𝑢1 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (

𝑃𝑖𝑛1 −
𝑅 ∙ 𝑥7 ∙ 𝑥8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

𝑥8 ∙ (1 −
𝑢1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑖𝑛𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

1
2

    

𝐴12,6 =

2
1
2 ∙ 𝑢2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧2 ∙ (

𝑃𝑖𝑛2 −
𝑅 ∙ 𝑥10 ∙ 𝑥11

𝑉𝑧2
𝜌𝑖𝑛𝑧2

)

1
2

𝑚𝑧2 ∙ (1 −
𝑢2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑖𝑛𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

  

𝐴15,6 =

2
1
2 ∙ 𝑢3 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3 ∙ (

𝑃𝑖𝑛3 −
𝑅 ∙ 𝑥13 ∙ 𝑥14

𝑉𝑧3
𝜌𝑖𝑛𝑧3
2 )

1
2

𝑚𝑧3 ∙ (1 −
𝑢3 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

  

𝐴4,7

=

𝛽 ∙ (𝑥4 − 𝑤𝑜𝑢𝑡) ∙

(

 
 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8

)

1
2

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑥8 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1

𝑥8
)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

−

2
1
2 ∙ 𝐴0𝑢𝑡𝑧1

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧1 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8
2 )

1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

3
2

)

 
 
 

𝑚𝑚𝑖𝑥
    

 

𝐴7,7 =
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧1 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

3
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑥8 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1

𝑥8
)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

−
2
1
2 ∙ 𝑈1 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑥7

2 ∙ 𝑉𝑧1 ∙ (1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

1
2

∙ (
𝑃𝑖𝑛1 −

𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
2 )

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8

)

1
2

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

      

  

𝐴1,7

=

𝐶𝑝 ∙ 𝛽 ∙ (𝑇𝑜𝑢𝑡 − 𝑥1) ∙

(

 
 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8

)

1
2

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑥8 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1

𝑥8
)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧1 ∙ (𝑅 ∙ 𝑥7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑥8

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑥8

2 )

3
2

)

 
 
 

𝑚𝑚𝑖𝑥
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𝐴8,7

=

2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋9)

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚 ∙ (𝑤𝑜𝑢𝑡 − 𝑋9)

2 ∙ 𝑋8 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

−
2
1
2 ∙ 𝑈1 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋7 ∙ (𝑋6 − 𝑋9)

2 ∙ 𝑉𝑧1 ∙ (1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑖𝑛𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

1
2

∙ (
𝑃𝑖𝑛1 −

𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

−

2
1
2 ∙ 𝐴0𝑢𝑡𝑧1

3 ∙ 𝐶𝑐3 ∙\𝑟ℎ𝑜𝑜𝑢𝑡
2 ∙ 𝑉𝑧1 ∙ (𝑅 ∙ 𝑋7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋9)

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

3
2

𝑋8

−

2
1
2 ∙ 𝑈1 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (𝑋6 − 𝑋9) ∙ (

𝑃𝑖𝑛1 −
𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

(1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑖𝑛𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑋8 ∙ (𝑅 ∙ 𝑋7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋9)

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

𝑋8
2     

  

𝐴1,8 =
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝐶𝑝 ∙ 𝑅 ∙ 𝑏𝑒𝑡𝑎 ∙ 𝑋8 ∙ (𝑇𝑜𝑢𝑡 − 𝑋1)

2 ∙ 𝑉𝑧1 ∙ 𝑚𝑚𝑖𝑥 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

     

 

𝐴4,8 = −
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝛽 ∙ 𝑋8 ∙ (𝑋4 − 𝑤𝑜𝑢𝑡)

2 ∙ 𝑉𝑧1 ∙ 𝑚𝑚𝑖𝑥 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

     

  

 

𝐴8,8 = −

10 ∙ ℎ𝑑𝑎𝑠ℎ1 + 𝐴12 ∙ 𝑈 +

2
1
2 ∙ 𝑈1 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (

2 ∙ 𝑃𝑖𝑛1 −
2 ∙ 𝑅 ∙ 𝑋7 ∙ 𝑋8

𝑉𝑧1
2 ∙ 𝜌𝑖𝑛𝑧1  

)

1
2

(1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝑋8

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 ∙ 𝑉𝑧1
2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑋8 ∙ (𝑅 ∙ 𝑋7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋8
 + ⋯ 

… 

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋8 ∙ (𝑇𝑜𝑢𝑡 − 𝑋7)

2 ∙ 𝑉𝑧1 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

+
2
1
2 ∙ 𝑈1 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋8 ∙ (𝑋3 − 𝑋7)

2 ∙ 𝑉𝑧1 ∙ (1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝑋8

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 ∙ 𝑉𝑧1
2 )

1
2

∙ (
2 ∙ 𝑃𝑖𝑛1 −

2 ∙ 𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

2 ∙ 𝜌𝑖𝑛𝑧1
)

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋8
      

  

𝐴9,8 = −

2
1
2 ∙ 𝑈1 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋8 ∙ (𝑋6 − 𝑋9)

2 ∙ 𝑉𝑧1 ∙ (1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑖𝑛𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

1
2

∙ (
𝑃𝑖𝑛1 −

𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋8 ∙ (𝑤𝑜𝑢𝑡 − 𝑋9)

2 ∙ 𝑉𝑧1 ∙ (𝑅 ∙ 𝑋7 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

𝑋8
     

 

𝐴9,9 = −

2
1
2 ∙ 𝑈1 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (

𝑃𝑖𝑛1 −
𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

(1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑖𝑛𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧1 ∙ 𝐶𝑐 ∙ 𝑋8 ∙ (𝑅 ∙ 𝑋7 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧1
𝑋8

)

1
2

𝑉𝑧1 ∙ (1 −
𝐴0𝑢𝑡𝑧1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧1
2

𝐴1𝑖𝑛
2 ∙ 𝑋8

2 )

1
2

𝑋8
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 𝐴4,10 = −

𝛽 ∙ (𝑋4 − 𝑤𝑜𝑢𝑡) ∙

(

 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

3
2

)

 
 

𝑚𝑚𝑖𝑥

    

  

 

𝐴1,10 =

𝐶𝑝 ∙ 𝛽 ∙ (𝑇𝑜𝑢𝑡 − 𝑋1) ∙

(

 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

3
2

)

 
 

𝑚𝑚𝑖𝑥

     

  

 

𝐴10,10 =
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

3
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

−
2
1
2 ∙ 𝑈2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋10

2 ∙ 𝑉𝑧2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

∙ (
𝑃𝑖𝑛2 −

𝑅 ∙ 𝑋10 ∙ 𝑋11
𝑉𝑧2

𝜌𝑖𝑛𝑧2
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

      

  

𝐴11,10

=

2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (𝑇𝑜𝑢𝑡 − 𝑋10)

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚 ∙ (𝑇𝑜𝑢𝑡 − 𝑋10)

2 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

−
2
1
2 ∙ 𝑈2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋10 ∙ (𝑋3 − 𝑋10)

2 ∙ 𝑉𝑧2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝑋11

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 ∙ 𝑉𝑧2
2 )

1
2

∙ (
2 ∙ 𝑃𝑖𝑛2 −

2 ∙ 𝑅 ∙ 𝑋10 ∙ 𝑋11
𝑉𝑧2

2 ∙ 𝜌𝑖𝑛𝑧2
)

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋11
+.. 

2
1
2 ∙ 𝑈2

3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐
3 ∙ 𝑋11 ∙ (𝑋3 − 𝑋10) ∙ (

2 ∙ 𝑃𝑖𝑛2 −
2 ∙ 𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
2 ∙ 𝜌𝑖𝑛𝑧2

)

1
2

𝐴1𝑖𝑛
2 ∙\𝑟ℎ𝑜𝑖𝑛𝑧2 ∙ 𝑉𝑧2

2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝑋11

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 ∙ 𝑉𝑧2
2 )

3
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2

3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐
3 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (𝑇𝑜𝑢𝑡 − 𝑋10)

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

3
2

− 10 ∙ ℎ𝑑𝑎𝑠ℎ2 ∙ (𝑈7 − 𝑋10) + 𝐴12 ∙ 𝑈 ∙ (𝑋16 − 𝑋10) + 𝐴12 ∙ 𝑈 ∙ (𝑋17 − 𝑋10)

𝐶𝑎𝑖𝑟 ∙ 𝑋11
 

+

2
1
2 ∙ 𝑈2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙\𝑟ℎ𝑜𝑖𝑛𝑧2 ∙ (𝑋3 − 𝑋10) ∙ (

2 ∙ 𝑃𝑖𝑛2 −
2 ∙ 𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
2 ∙ 𝜌𝑖𝑛𝑧2

)

1
2

(1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝑋11

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 ∙ 𝑉𝑧2
2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (𝑇𝑜𝑢𝑡 − 𝑋10)

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋11
2 −

𝑄𝑟𝑎𝑑𝑧2 + 𝑄𝑤𝑎𝑙𝑙𝑧2 −
2277
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𝐶𝑝 ∙ 𝑋11
2       

 

  

𝐴12,10 =

2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋12)

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚 ∙ (𝑤𝑜𝑢𝑡 − 𝑋12)

2 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

𝑋11
−⋯ 



Appendix 

 

2
1
2 ∙ 𝑈2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋10 ∙ (𝑋6 − 𝑋12)

2 ∙ 𝑉𝑧2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

∙ (
𝑃𝑖𝑛2 −

𝑅 ∙ 𝑋10 ∙ 𝑋11
𝑉𝑧2

𝜌𝑖𝑛𝑧2
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋12)

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

3
2

𝑋11
−⋯ 

2
1
2 ∙ 𝑈2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧2 ∙ (𝑋6 − 𝑋12) ∙ (

𝑃𝑖𝑛2 −
𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
𝜌𝑖𝑛𝑧2

)

1
2

(1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋12)

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

𝑋11
2  

    

  

𝐴1,11 =
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝐶𝑝 ∙ 𝑅 ∙ 𝛽 ∙ 𝑋11 ∙ (𝑇𝑜𝑢𝑡 − 𝑋1)

2 ∙ 𝑉𝑧2 ∙ 𝑚𝑚𝑖𝑥 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

      

  

𝐴4,11 = −
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝛽 ∙ 𝑋11 ∙ (𝑋4 − 𝑤𝑜𝑢𝑡)

2 ∙ 𝑉𝑧2 ∙ 𝑚𝑚𝑖𝑥 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

    

  

𝐴10,11 = −
2
1
2 ∙ 𝑈2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋11

2 ∙ 𝑉𝑧2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

∙ (
𝑃𝑖𝑛2 −

𝑅 ∙ 𝑋10 ∙ 𝑋11
𝑉𝑧2

𝜌𝑖𝑛𝑧2
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋11

2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

    

  

𝐴11,11 = −
2
1
2 ∙ 𝑈2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋11

2 ∙ 𝑉𝑧2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

∙ (
𝑃𝑖𝑛2 −

𝑅 ∙ 𝑋10 ∙ 𝑋11
𝑉𝑧2

𝜌𝑖𝑛𝑧2
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋11

2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

       

  

𝐴12,11 = −

2
1
2 ∙ 𝑈2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋11 ∙ (𝑋6 − 𝑋12)

2 ∙ 𝑉𝑧2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

∙ (
𝑃𝑖𝑛2 −

𝑅 ∙ 𝑋10 ∙ 𝑋11
𝑉𝑧2

𝜌𝑖𝑛𝑧2
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋11 ∙ (𝑤𝑜𝑢𝑡 − 𝑋12)

2 ∙ 𝑉𝑧2 ∙ (𝑅 ∙ 𝑋10 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

𝑋11
    

  

𝐴16,11 =
𝐴12 ∙ 𝑈

𝐶𝑝𝑆𝑡𝑒𝑒𝑙 ∙ 𝑚𝑤𝑎𝑙𝑙
   

  

𝐴4,13 = −

𝛽 ∙ (𝑋4 − 𝑤𝑜𝑢𝑡) ∙

(

 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

3
2

)

 
 

𝑚𝑚𝑖𝑥

    

  

𝐴17,11 =
𝐴12 ∙ 𝑈

𝐶𝑝𝑆𝑡𝑒𝑒𝑙 ∙ 𝑚𝑤𝑎𝑙𝑙
 



Appendix 

 

𝐴12,12 = −

2
1
2 ∙ 𝑈2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧2 ∙ (

𝑃𝑖𝑛2 −
𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
𝜌𝑖𝑛𝑧2

)

1
2

(1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧2 ∙ 𝐶𝑐 ∙ 𝑋11 ∙ (𝑅 ∙ 𝑋10 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧2
𝑋11

)

1
2

𝑉𝑧2 ∙ (1 −
𝐴0𝑢𝑡𝑧2
2 ∙ 𝐶𝑐2 ∙∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧2
2

𝐴1𝑖𝑛
2 ∙ 𝑋11

2 )

1
2

𝑋11
      

  

𝐴1,13 =

𝐶𝑝 ∙ 𝛽 ∙ (𝑇𝑜𝑢𝑡 − 𝑋1) ∙

(

 
 2

1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

3
2

)

 
 

𝑚𝑚𝑖𝑥

         

  

𝐴13,13 =
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

3
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚

2 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

−
2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋13

2 ∙ 𝑉𝑧3 ∙ (1 −
𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

∙ (
𝑃𝑖𝑛3 −

𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

𝜌𝑖𝑛𝑧3
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

 

 

     

  

𝐴14,13

=

2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (𝑇𝑜𝑢𝑡 − 𝑋13)

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚 ∙ (𝑇𝑜𝑢𝑡 − 𝑋13)

2 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

−
2
1
2 ∙ 𝑈3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋13 ∙ (𝑋3 − 𝑋13)

2 ∙ 𝑉𝑧3 ∙ (1 −
𝑈3
2 ∙ 𝐶𝑐2 ∙ 𝑋14

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 ∙ 𝑉𝑧3
2 )

1
2

∙ (
2 ∙ 𝑃𝑖𝑛3 −

2 ∙ 𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

2 ∙ 𝜌𝑖𝑛𝑧3
)

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋14
…

+

2
1
2 ∙ 𝑈3

3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐
3 ∙ 𝑋14 ∙ (𝑋3 − 𝑋13) ∙ (

2 ∙ 𝑃𝑖𝑛3 −
2 ∙ 𝑅 ∙ 𝑋13 ∙ 𝑋14

𝑉𝑧3
2 ∙ 𝜌𝑖𝑛𝑧3

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3 ∙ 𝑉𝑧3

2 ∙ (1 −
𝑈3
2 ∙ 𝐶𝑐2 ∙ 𝑋14

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 ∙ 𝑉𝑧3
2 )

3
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3

3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐
3 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (𝑇𝑜𝑢𝑡 − 𝑋13)

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

3
2

𝐶𝑎𝑖𝑟 ∙ 𝑋14
… 

−

10 ∙ ℎ𝑑𝑎𝑠ℎ3 ∙ (𝑈8 − 𝑋13 +
3
10
) + 𝐴12 ∙ 𝑈 ∙ (𝑋17 − 𝑋13) +

2
1
2 ∙ 𝑈3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3 ∙ (𝑋3 − 𝑋13) ∙ (

2 ∙ 𝑃𝑖𝑛3 −
2 ∙ 𝑅 ∙ 𝑋13 ∙ 𝑋14

𝑉𝑧3
2 ∙ 𝜌𝑖𝑛𝑧3

)

1
2

(1 −
𝑈3
2 ∙ 𝐶𝑐2 ∙ 𝑋14

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 ∙ 𝑉𝑧3
2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (𝑇𝑜𝑢𝑡 − 𝑋13)

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋14
2

−
𝑄𝑟𝑎𝑑𝑧3 + 𝑄𝑤𝑎𝑙𝑙𝑧3 −  27

𝐶𝑝 ∙ 𝑋14
2  

 

   

  



Appendix 

 

𝐴15,13 =

2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋15)

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑃𝑎𝑡𝑚 ∙ (𝑤𝑜𝑢𝑡 − 𝑋15)

2 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

𝑋14
…

−

2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋13 ∙ (𝑋6 − 𝑋15)

2 ∙ 𝑉𝑧3 ∙ (1 −
𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

∙ (
𝑃𝑖𝑛3 −

𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

𝜌𝑖𝑛𝑧3
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3

3 ∙ 𝐶𝑐3 ∙ 𝜌𝑜𝑢𝑡
2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋15)

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

3
2

𝑋14
…

−

2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3 ∙ (𝑋6 − 𝑋15) ∙ (

𝑃𝑖𝑛3 −
𝑅 ∙ 𝑋13 ∙ 𝑋14

𝑉𝑧3
𝜌𝑖𝑛𝑧3

)

1
2

(1 −
𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (𝑤𝑜𝑢𝑡 − 𝑋15)

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

𝑋14
2    

  

𝐴1,14 =
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝐶𝑝 ∙ 𝑅 ∙ 𝛽 ∙ 𝑋14 ∙ (𝑇𝑜𝑢𝑡 − 𝑋1)

2 ∙ 𝑉𝑧3 ∙ 𝑚𝑚𝑖𝑥 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

 

      

  

𝐴4,14 = −
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝛽 ∙ 𝑋14 ∙ (𝑋4 − 𝑤𝑜𝑢𝑡)

2 ∙ 𝑉𝑧3 ∙ 𝑚𝑚𝑖𝑥 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

    

  

𝐴13,14 = −
2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋14

2 ∙ 𝑉𝑧3 ∙ (1 −
𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

∙ (
𝑃𝑖𝑛3 −

𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

𝜌𝑖𝑛𝑧3
)

1
2

−
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋14

2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

      

 

𝐴14,14 = −

10 ∙ ℎ𝑑𝑎𝑠ℎ3 + 𝐴12 ∙ 𝑈 +

2
1
2 ∙ 𝑈3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙\𝑟ℎ𝑜𝑖𝑛𝑧3 ∙ (

2 ∙ 𝑃𝑖𝑛3 −
2 ∙ 𝑅 ∙ 𝑋13 ∙ 𝑋14

𝑉𝑧3
2 ∙ 𝜌𝑖𝑛𝑧3

)

1
2

(1 −
𝑈3
2 ∙ 𝐶𝑐2 ∙ 𝑋14

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 ∙ 𝑉𝑧3
2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋14
… 

−

2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋14 ∙ (𝑇𝑜𝑢𝑡 − 𝑋13)

2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑎𝑡𝑚

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

+
2
1
2 ∙ 𝑈3 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋14 ∙ (𝑋3 − 𝑋13)

2 ∙ 𝑉𝑧3 ∙ (1 −
𝑈3
2 ∙ 𝐶𝑐2 ∙ 𝑋14

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 ∙ 𝑉𝑧3
2 )

1
2

∙ (
2 ∙ 𝑃𝑖𝑛3 −

2 ∙ 𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

2 ∙ 𝜌𝑖𝑛𝑧3
)

1
2

𝐶𝑎𝑖𝑟 ∙ 𝑋14
      

  

𝐴15,14 =

2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋14 ∙ (𝑤𝑜𝑢𝑡 − 𝑋15)

2 ∙ 𝑉𝑧3 ∙ (𝑅 ∙ 𝑋13 −
𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2
∙ (1 −

𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

−
2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐 ∙ 𝑅 ∙ 𝑋14 ∙ (𝑋6 − 𝑋15)

2 ∙ 𝑉𝑧3 ∙ (1 −
𝑈3 ∙ 𝐶𝑐 ∙\𝑟ℎ𝑜𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

∙ (
𝑃𝑖𝑛3 −

𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

𝜌𝑖𝑛𝑧3
)

1
2

𝑋14
    

  



Appendix 

 

𝐴17,14 =
𝐴12 ∙ 𝑈

𝐶𝑝𝑆𝑡𝑒𝑒𝑙 ∙ 𝑚𝑤𝑎𝑙𝑙
    

𝐴15,15 = −

2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3 ∙ (

𝑃𝑖𝑛3 −
𝑅 ∙ 𝑋13 ∙ 𝑋14

𝑉𝑧3
𝜌𝑖𝑛𝑧3

)

1
2

(1 −
𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

+
2
1
2 ∙ 𝐴0𝑢𝑡𝑧3 ∙ 𝐶𝑐 ∙ 𝑋14 ∙ (𝑅 ∙ 𝑋13 −

𝑃𝑎𝑡𝑚 ∙ 𝑉𝑧3
𝑋14

)

1
2

𝑉𝑧3 ∙ (1 −
𝐴0𝑢𝑡𝑧3
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑜𝑢𝑡

2 ∙ 𝑉𝑧3
2

𝐴1𝑖𝑛
2 ∙ 𝑋14

2 )

1
2

𝑋14
     

  

𝐴11,16 =
𝐴12 ∙ 𝑈

𝐶𝑎𝑖𝑟 ∙ 𝑋11
 

𝐴16,16 = −
2 ∙ 𝐴12 ∙ 𝑈

𝐶𝑝𝑆𝑡𝑒𝑒𝑙 ∙ 𝑚𝑤𝑎𝑙𝑙
 

𝐴11,17 =
𝐴12 ∙ 𝑈

𝐶𝑎𝑖𝑟 ∙ 𝑋11
 

𝐴14,17 =
𝐴12 ∙ 𝑈

𝐶𝑎𝑖𝑟 ∙ 𝑋14
     

𝐴17,17 = −
2 ∙ 𝐴12 ∙ 𝑈

𝐶𝑝𝑆𝑡𝑒𝑒𝑙 ∙ 𝑚𝑤𝑎𝑙𝑙
 

𝐵7,1 =

2
1
2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (

𝑃𝑖𝑛1 −
𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

(1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧1
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

1
2

+

2
1
2 ∙ 𝑈1

2 ∙ 𝐶𝑐3 ∙\𝑟ℎ𝑜𝑧1
2 ∙ (

𝑃𝑖𝑛1 −
𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

𝐴1𝑖𝑛
2 ∙\𝑟ℎ𝑜𝑖𝑛𝑧1 ∙ (1 −

𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

3
2

      

  

𝐵8,1 =

2
1
2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (𝑋3 − 𝑋7) ∙ (

2 ∙ 𝑃𝑖𝑛1 −
2 ∙ 𝑅 ∙ 𝑋7 ∙ 𝑋8

𝑉𝑧1
2 ∙ 𝜌𝑖𝑛𝑧1

)

1
2

(1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝑋8

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 ∙ 𝑉𝑧1
2 )

1
2

+

2
1
2 ∙ 𝑈1

2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐
3 ∙ 𝑋8

2 ∙ (𝑋3 − 𝑋7) ∙ (
2 ∙ 𝑃𝑖𝑛1 −

2 ∙ 𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

2 ∙ 𝜌𝑖𝑛𝑧1
)

1
2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1 ∙ 𝑉𝑧1

2 ∙ (1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝑋8

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 ∙ 𝑉𝑧1
2 )

3
2

𝐶𝑎𝑖𝑟 ∙ 𝑋8
    

 

𝐵9,1 =

2
1
2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧1 ∙ (𝑋6 − 𝑋9) ∙ (

𝑃𝑖𝑛1 −
𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

(1 −
𝑈1
2 ∙ 𝐶𝑐2 ∙\𝑟ℎ𝑜𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1^" 

)

1
2

+

2
1
2 ∙ 𝑈1

2 ∙ 𝐶𝑐3 ∙ 𝜌𝑧1
2 ∙ (𝑋6 − 𝑋9) ∙ (

𝑃𝑖𝑛1 −
𝑅 ∙ 𝑋7 ∙ 𝑋8
𝑉𝑧1

𝜌𝑖𝑛𝑧1
)

1
2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1 ∙ (1 −

𝑈1
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧1

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧1

2 )

3
2

𝑋8
    

  

𝐵10,2 =

2
1
2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧2 ∙ (

𝑃𝑖𝑛2 −
𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
𝜌𝑖𝑛𝑧2

)

1
2

(1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

+

2
1
2 ∙ 𝑈2

2 ∙ 𝐶𝑐3 ∙ 𝜌𝑧2
2 ∙ (

𝑃𝑖𝑛2 −
𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
𝜌𝑖𝑛𝑧2

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2 ∙ (1 −

𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

3
2

 

     



Appendix 

 

𝐵11,2 =

2
1
2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧2 ∙ (𝑋3 − 𝑋10) ∙ (

2 ∙ 𝑃𝑖𝑛2 −
2 ∙ 𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
2 ∙ 𝜌𝑖𝑛𝑧2

)

1
2

(1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝑋11

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 ∙ 𝑉𝑧2
2 )

1
2

+

2
1
2 ∙ 𝑈2

2 ∙ 𝐶𝑎𝑖𝑟 ∙ 𝐶𝑐
3 ∙ 𝑋11

2 ∙ (𝑋3 − 𝑋10) ∙ (
2 ∙ 𝑃𝑖𝑛2 −

2 ∙ 𝑅 ∙ 𝑋10 ∙ 𝑋11
𝑉𝑧2

2 ∙ 𝜌𝑖𝑛𝑧2
)

1
2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2 ∙ 𝑉𝑧2

2 ∙ (1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝑋11

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 ∙ 𝑉𝑧2
2 )

3
2

𝐶𝑎𝑖𝑟 ∙ 𝑋11
 

  

𝐵12,2 =

2
1
2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧2 ∙ (𝑋6 − 𝑋12) ∙ (

𝑃𝑖𝑛2 −
𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
𝜌𝑖𝑛𝑧2

)

1
2

(1 −
𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

1
2

+

2
1
2 ∙ 𝑈2

2 ∙ 𝐶𝑐3 ∙ 𝜌𝑧2
2 ∙ (𝑋6 − 𝑋12) ∙ (

𝑃𝑖𝑛2 −
𝑅 ∙ 𝑋10 ∙ 𝑋11

𝑉𝑧2
𝜌𝑖𝑛𝑧2

)

1
2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2 ∙ (1 −

𝑈2
2 ∙ 𝐶𝑐2 ∙ 𝜌𝑧2

2

𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧2

2 )

3
2

𝑋11
 

    

  

𝐵13,3 =

2
1
2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3 ∙ (

𝑃𝑖𝑛3 −
𝑅 ∙ 𝑋13 ∙ 𝑋14

𝑉𝑧3
𝜌𝑖𝑛𝑧3

)

1
2

(1 −
𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

+

2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐

2 ∙ 𝜌𝑧3 ∙ (
𝑃𝑖𝑛3 −

𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

𝜌𝑖𝑛𝑧3
)

1
2

2 ∙ 𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3 ∙ (1 −

𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

3
2

 

 

  

𝐵15,3 =

2
1
2 ∙ 𝐶𝑐 ∙ 𝜌𝑖𝑛𝑧3 ∙ (𝑋6 − 𝑋15) ∙ (

𝑃𝑖𝑛3 −
𝑅 ∙ 𝑋13 ∙ 𝑋14

𝑉𝑧3
𝜌𝑖𝑛𝑧3

)

1
2

(1 −
𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

1
2

+

2
1
2 ∙ 𝑈3 ∙ 𝐶𝑐

2 ∙ 𝜌𝑧3 ∙ (𝑋6 − 𝑋15) ∙ (
𝑃𝑖𝑛3 −

𝑅 ∙ 𝑋13 ∙ 𝑋14
𝑉𝑧3

𝜌𝑖𝑛𝑧3
)

1
2

2 ∙ 𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3 ∙ (1 −

𝑈3 ∙ 𝐶𝑐 ∙ 𝜌𝑧3
𝐴1𝑖𝑛
2 ∙ 𝜌𝑖𝑛𝑧3

2 )

3
2

𝑋14
 

    

  

𝐵3,4 = −
𝐶𝑝𝑤 ∙ (𝑇𝑤𝑖𝑛,ℎ𝑐 − 𝑇𝑤𝑜𝑢𝑡ℎ𝑐) ∙ 𝑚𝑑𝑜𝑡𝑤𝑀𝐴𝑋

𝑚ℎ
 

𝐵6,5 =
1

𝑚ℎ
 

𝐵8,6 =
10 ∙ ℎ𝑑𝑎𝑠ℎ1
𝐶𝑎𝑖𝑟 ∙ 𝑋8

    

𝐵11,7 =
10 ∙ ℎ𝑑𝑎𝑠ℎ2
𝐶𝑎𝑖𝑟 ∙ 𝑋11

 

𝐵14,8 =
10 ∙ ℎ𝑑𝑎𝑠ℎ3
𝐶𝑎𝑖𝑟 ∙ 𝑋14

 

 

𝐶3,7 =
𝑅 ∙ 𝑋7
𝑉𝑧1

 

𝐶3,8 =
𝑅 ∙ 𝑋8
𝑉𝑧1

 

𝐶6,10 =
𝑅 ∙ 𝑋10
𝑉𝑧2

 

𝐶6,10 =
𝑅 ∙ 𝑋11
𝑉𝑧2

 



Appendix 

 

 

𝐶12,13 =
𝑅 ∙ 𝑋13
𝑉𝑧3

 

𝐶13,14 =
𝑅 ∙ 𝑋14
𝑉𝑧3

 


