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1 Introduction

Many structures today use cables as vital structural elements, such as cable-stayed bridges, guyed masts,
etc. Due to very low inherent damping and relatively low stiffness, the cables are disposed to various
environment induced vibrations either caused by wind, combined rain- and wind, or by motions of the
support-structure. In the end, this can lead to cable- and connection failure or cracked corrosion protection
which altogether reduce the life span of the cable system.

Especially the simultaneous occurrence of moderate rain and wind has been given significant attention in
recent years, as it is not yet fully understood. As Hikami observed in 1986, this type of event can lead to
extreme cable vibrations, (Hikami, 1986). These rain/wind induced vibrations occur at wind speeds
significantly lower than the design wind speed and thus have a high probability of occurrence. The
rain/wind induced vibrations of stay-cables at a stay-cable bridge will be examined further in this thesis.

Several methods have been proposed as mitigation measures for these vibrations. Cable cross ties have
a significant effect as it reduces the free length of the cables. However, the bridge aesthetics is by some
considered to be violated, (Yamaguchi, et al., 1995). The same applies for fluid-can dampers or changed
surface geometry of the cable which may also be difficult to implement as a subsequent installation.
Transversely attached linear viscous dampers can be efficient, but the connection point is restricted to a
level where access due to maintenance is still possible.

The point of attachment of the damper is of great importance regarding the damping efficiency. The
maximum amount of added damping is proportional to the distance, relative to the total cable length,
between the point of contact and the cable anchorage, (Krenk, 2000),(Kovacs, 1982). Generally, a viscous
damper may be tuned to optimal performance in a single vibration mode of the cable. However, field
observations of rain/wind induced vibrations show that many modes are involved. Actually, the vibrations
appear in some cases as travelling waves along the cable. Hence, the efficiency of linear viscous damping
for the observed multi-mode performance may be questioned. According to the above, the implementation
of another damping mechanism could be interesting.

Semi-active dampers such as magneto-rheological (MR) or electro-rheological (ER) dampers have the
potential to change the damper characteristics, and hence adjust to multi-mode behaviour. Johnson,
Baker, Spencer, and Fujino claimed that the performance level from semi-active control is near what can
be obtained from a comparable active device, (Johnson, et al., 2007). Significant merits are the
significantly reduced power source and a mechanism which will work as a passive damper in case of
power failure.

Furthermore, an active control of the damping mechanism may be implemented. By doing so, the damping
properties of the lower important modes may be prescribed on the condition that the required power is
available in the damper mechanism. In the present case, the control algorithm for the active controller is
defined by the pole placement method.

Finally, several studies have been made on active control of cable vibrations by axial support motion,
(Wang, et al., 2007),(Fujino, et al., 1993). This active vibration control seems to be fairly efficient, but it has
a drawback with respect to the required power source needed. The underlying control laws are evaluated
to determine if this type of damping should be considered.

According to the above, the mitigation of rain/wind induced vibrations will be investigated where passive
viscous damping, semi-active MR damping, and active control is used in order to evaluate the relative
effectiveness of the different damping mechanisms.






2 Rain/wind induced vibrations

Due to the rain, a water film is formed on the surface of the cable. A downward flow on the cable surface
will be present due to gravity. Under combined rain and wind, a retarding upward flow will be generated
due to wind friction on the upper windward area of the cable. In case of higher mean wind speed U,
corresponding to supercritical Reynolds numbers, the point of separation moves backward which may also
lead to an upward flow due to wind friction on the lower leeward side of the cable. In a certain wind speed
range, the stabilizing upward flow creates an equilibrium state where water stowage leads to the formation
of a rivulet. The centre angle 6, and 8; which describe the static equilibrium position of the upper- and
lower rivulet, respectively, are therefore merely expected to depend on the mean wind speed. The above
is illustrated in figure 1.

Flow due to gravity

|
Flow due to wind friction |

Water film

U04>

Flow due to gravity
~_ Flow due to wind friction

Figure 1: Formation of the upper rivulet due to water stowage.

It should be noted that rivulets may be formed at up to four different ranges of equilibrium positions,
specified by the centre angle 8, and ;. These ranges are divided into two lower regions and two upper
regions. The wind yaw angle g will naturally determine, in which regions of the cable the rivulets can be
formed and only two rivulets may be present on a cable section at the same time, (Verwiebe, 1996),
(Verwiebe, 1998). Verwiebe’s test setup is illustrated in figure 2a where the cable is described in an
(x,y,z)-coordinate system. The (x, y)-plane is placed in the static equilibrium plane of the cable. The x-
axis is placed along the cable chord and has the inclination ¢, with the horizontal plane. The y-axis is
placed in the upwards direction and the z-axis is placed in the out-of-plane direction.
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Figure 2: Verwiebe’s model set up and some general findings.



The rivulets cause a modified surface that creates an unsymmetrical wind pressure distribution that can
cause periodic exciting forces on the cable. This is understood in the way that uplift- and drag forces are
changed according to a dynamic change in position of the rivulets. If these wind forces are changing
resonance to the natural frequency of the cables, large vibrations can occur, (Verwiebe, 1996), (Verwiebe,
1998).

The results from Verwiebe’s tests indicated that the phenomenon is characterized by in-plane- and out-of-
plane vibrations governed by the wind yaw angle. The component U of the mean wind U, perpendicular to
the cable, and the orbit of the cable vibrations are illustrated in figure 2b, figure 2c, and figure 2d. When
B = 90° and the rivulets oscillate symmetrically, in-plane vibrations occur as illustrated in figure 2b. When
B =90° and the rivulets oscillate anti-symmetrically, out-of-plane vibrations occur as illustrated in figure
2c. When B < 90° both in-plane- and out-of-plane vibrations exist, in which the in-plane vibrations are
dominating, as illustrated in figure 2d.

It has been found both experimentally and numerically that maximum amplitudes occur when the cable
angle of inclination ¢, = 30° and the wind yaw angle g = +35°. Furthermore, results show that a rivulet
along the upper part of the cable surface is the primary reason for rain/wind induced vibrations, (Hikami,
1986), (Gu, et al., 2004), (Gu, et al., 2008). Hikami and Shiraishi found a critical mean wind speed range
of 9-15m/s, which is also considered in the following,(Hikami, et al., 1988). This is used in the following as
to describe the most severe natural loading on a stay-cable.

21 Analytical models

In the past 20 years, different analytical models of the rain/wind induced vibrations have been devised.
Yamaguchi developed one of the first models in 1990, illustrated in figure 3a, (Yamaguchi, 1990), where
the asymmetric position of the rivulet causes galloping instability of the cable. The system is a SDOF
system with a quasi-stationary laminar wind load applied. The model is strongly simplified as no structural
damping is included, and the time varying displacement of the rivulet position not is considered.

a) Yamaguchi model b) Robra model

Figure 3: Analytical cable models.

The model by Robra showed in figure 3b is an extension of the Yamaguchi model, where an additional
DOF for the motion of the rivulet is added, (Robra, 2003). The parameters m,,k,, k;,c,,c, are to be
interpreted as modal mass, stiffness and damping for the fundamental in-plane and out-of-plane motion,
respectively. The motion of the rivulet is modelled by a nonlinear SDOF oscillator, driven by the motion of
the cable. A further analysis of a 2DOF system is conducted in section 4.2. The vibration theory in Robras
model is based on linear theory. However nonlinear geometric stiffness terms may easily be included.



Even more advanced models have been developed, where the wind force on the rivulet is included and
some models have more than one rivulet. Because of the complicated models, the equation of motion is
described by non-linear theory why wind tunnel tests are needed in order to determine the aerodynamic
dependencies of the rivulet positions.

2.2 Numerical model

In the following analysis a numerical quasi-static MDOF model will be developed, describing a stay-cable
at a stay-cable bridge under influence of rain/wind induced vibrations. The nonlinear geometric coupling
between in-plane and out-of-plane vibrations will not be accounted for and only in-plane vibrations will be
considered.

The cable mechanics is described in three different coordinate systems. (X,Y,Z) is a global Cartesian
coordinate system which describes the equilibrium state. The (X,Y)-plane is placed in the static
equilibrium plane of the cable. The X-axis is horizontal, and the Y-axis is orientated in the vertical direction.
The origin is placed at the lower end of the cable. The (x,y, z)-coordinate system is a global auxiliary
coordinate system with the same origin as the (X,Y, Z)-coordinate system. The (x, y)-plane is placed in
the static equilibrium plane and the x-axis is placed along the cable chord, which has the inclination ¢, to
the X-axis. The (x,y’, z")-coordinate system is a local coordinate system for each cable element with
origin at the lowest end. The (x',y")-plane is placed in the static equilibrium plane of the cable and each
local x'-axis is placed along the element chord, which has the inclination ¢, to the X-axis. Furthermore, L
is the chord length, f is the sag of the cable, F, is the prestressing force, and g is the acceleration of
gravity. The above is illustrated in figure 4.
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Figure 4: Global Cartesian-, global auxiliary-, and local coordinate system.

The mentioned MDOF model will be formulated by the finite element method, where the continuous cable
system is subdivided into a finite number of elements. The rain/wind induced aeroelastic loading on the
cable finite element is accounted for by also including the motion of the rivulet. The numerical model is
described in chapter 4.

In what follows all capital bold letters denotes a matrix, lower case bold letters denotes a vector, and italic
letters denotes a scalar.






3 Vibration control of shallow cables

As mentioned in chapter 1 the mitigation of cable vibrations will be investigated by passive viscous
damping, semi-active MR-damping, and active control. The control strategies take into consideration the
response of the system by use of sensors, i.e. both collocated and state feedback control is considered.
The damping types are defined according to the amount of energy used when active and will be described
in the following section.

A segment of a cable stayed bridge with the considered damper types installed is illustrated in figure 5.
The control of axial forces works as illustrated in figure 5b while the remaining control types work as
illustrated in figure 5a. Here e(t) is a non-dimensional representation of the chord elongation, a is the
distance between the connection of the damper and the lower support point of the cable, ¥ is the
inclination angle of the damper with horizontal, v, and v, is the cable displacement and cable velocity in
the direction of the damper, respectively, and u(t) is the damper force.
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Figure 5: Damping mechanisms installed on a cable stayed bridge.

In figure 5a, only one damper is installed on each cable, but often two dampers are used to account for
both in-plane and out-of-plane vibrations. These dampers will be placed in an inverted V-shape at the
same connection point. In this report only in-plane vibrations are considered, why only one damper is
included.

It should be noted that the control laws of the passive and semi-active dampers, as described in section
4.3.1 and 4.3.2, depend merely on local kinematics of the support point of the damper on the cable - as
measured by the local damper elongation v, (t) and velocity v,(t), i.e. the control is collocated. The active
controls on the other hand, require that the total state of the cable is known at a given time for which the
active controls are not collocated.

In what follows the uncontrolled system will be referred to as the open loop system while the controlled
system will be referred to as the closed loop system. The damping mechanisms of each of the control
strategies will be treated in the following.

3.1 Passive dampers

The passive dampers are characterised by suppressing vibrations without any supplied external energy.

One of the simplest passive dampers (and the only one considered in this thesis) is the linear viscous

damper, where a fluid, often oil, is compressed by a piston. Depending on the damper type, the fluid is
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pressed trough some valves, which sizes and the viscosity of the fluid, determine the damping
characteristics. The structure of the damper and the viscosity of the oil must be carefully chosen. It must
neither be too rigid nor too compliant, but should be made as an optimum which lies in between. The
characteristics of the damper are fixed and fitted to the characteristics of the cable, usually the
fundamental mode of vibration.

3.2 Semi-active dampers

Semi-active dampers are characterized by having the capability of changing the properties for a system
with relative large control effect in response of a command signal and very little energy input. The
properties and the background for semi-active damping mechanisms are outlined in the following, based
on, (Srinivasan, et al., 2001).

The MR-damper operates by use of a fluid which properties changes in response to an applied magnetic
field. Similar to the MR-fluids, ER-fluids are applied an electric field instead. In the following only MR-fluids
will be considered, but the physics of MR- and ER-fluids are almost identical.

The most remarkable property of the MR-fluids is the field-induced change of the ability to support a
tremendous increase or decrease in shear stress. This ability is the result of the formation of particles
within a fluid in response to the magnetic field. A typical MR-fluid consists of 20-40% iron particles of size
1 to 10um added to a fluid, often mineral oil or silicon oil. Besides the iron particles, most MR-fluids also
contain a small amount of additives that prevents the particles from setteling and to effect the polarization.
These may however be neglected in most modelling.

An MR-fluid may in absence of the magnetic field be characterized as a Newtonian fluid, as resisting a
shear strain y with a shear stress t proportional to the product of the strain rate y and viscosity n

t=ny (3.1)

This is acknowledged as an approximation, since most MR-fluids are in fact non-Newtonian because of
the large amount of solid particles. The field-induced component of the shear stress is however often
much larger than the ny term, why (3.1) is an adequate model of the rate-dependent part of the total shear
stress, also illustrated in figure 6.

e

0 K4

Figure 6: A Newtonian fluid shears at a rate
proportional to stress.

The purpose of applying a magnetic field to the MR-fluid is to create chains in the direction of the magnetic
field. The creation of the chains occurs in a few milliseconds and when there is no motion of the fluid or
the walls surrounding the fluid, the chains are static structures that span the gap between the poles. The
scenario is illustrated in figure 7, where a magnetic field is applied on a valve.



a) Without b) With a magnetic
magnetic field field applied

Figure 7: Effects when a magnetic field is applied
to the MR-fluid.

Because of the created chains, shear strain occurs in the fluid that passes the valves and a shear stress
distribution develops across the fluid. According to the strength of the field, the created chains will break
and new chains will be created. The continual breaking and reforming of these particle chains results in a
force resisting the motion of the fluid, and give rise to the field-dependent component of the shear stress z.
In most cases this component is much larger than the viscous shear stress ny. It is this large controllable
shear stress that makes these fluids useable in mechanical systems.

It might be expected that the viscosity of the MR-fluid increases as a result of the formed chains, but this is
not the case. The slope of the shear stress development, the viscosity n, changes very little if at all. The
chains create instead a shear stress that is independently of the strain rate, this is also referred to as the
yield stress 1,. If the yield stress is added to the Newtonian model (3.1), the following Bingham stress-
strain rate appear

rzry(H)+77j/ (3.2)

where H represents the strength of the applied magnetic field. The response of the model is plotted in
figure 8, which is the by far the most popular model used in modelling of MR-fluids.

1 /H3
n H,
Ty(H3) A”/Hl
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Ty(Hl) /\7]/
0 >
0 v

Figure 8: Shear stress versus shear
strain rate for the Bingham model.

The design of the MR-damper is basically the same as for the linear viscous damper, where a piston
forces a fluid through some valves. The advantage of the MR-damper is that the damping coefficient is
changeable, by changing the magnetic field surrounding the MR-fluid. Additionally, a hystereric friction
damping component may be introduced.



The amount of energy needed to control the magnetic field is very small, and often small batteries have
sufficient amount of power. If, by some reason, the power supply to the mechanism is cut off, the MR-
damper should be tuned in the same way as an optimal viscous damper. Hereby, the stand-by position
has the same abilities as a linear viscous damper.

3.3 Active control

In active control a controller-chosen number of modes of vibration are controlled actively by applying a
control force. The active control mechanism is in contrast to the passive and the semi-active damper
characterized by use of a relative large amount of energy. Therefore, it is often necessary to connect the
actuators to an external power supply. Two active control mechanisms are considered in this thesis. One
is control of axial forces and the other operates by use of an actuator installed similar as the above
mentioned dampers.

The control of axial forces operates by control of the elongation of the cable AL through an actuator at one
of the support points. Hereby, a variation in the tension F, is generated through the cable. By applying a
control law for these elongations, the vibrations of the cable may be damped.

By increasing the modal damping ratio of selected modes an asymptotical stability of the system can be
reached. One approach of doing so is by use of the pole placement method, as introduced in section
4.3.3.

As opposed to the semi-active MR-damper, the active controllers have no direct safety mechanism in case
of power failure. Instead of having the same abilities as a viscous damper when no power is applied, the
actuator will either lock the cable or have no resistance at all, which is a drawback.
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4 Numerical modelling

To formulate the equation of motion for the stay-cable it is necessary to determine the load caused by the
oscillating rivulet. The cable is assumed only to be inflicted by a constant static mean wind load, which
entail that the only change in the load on the cable is based on the change in the position of the rivulet.

4.1 Modelling of the rain/wind induced loading

The load model for the rain/wind induced aeroelastic loading will be presented, presuming that merely a
single rivulet is influencing the flow pattern around the cable.

The rain/wind induced force on the cable is a contribution of a lift- and drag force which depends on the
wind angle of attack and the flow conditions. Static wind tunnel tests are used to determine the lift- and
drag coefficient dependencies which will be described initially.

4.1.1 Description of static wind tunnel tests

The following rely on the tests performed by Gu, Du, and Li, (Gu, et al., 2008). In the tests the rivulet is
represented by a semi-circle with the radius r and the position given by the centre angle a, while the cable
cross sectional radius is denoted R. The undisturbed wind flow have mean wind speed U,. The
geometrical parameters and the assumed development of the streamlines in the upper side of the
boundary layers are illustrated in figure 9. As seen, the rivulet on the upper half of the cross section is
expected to create an earlier point of separation than for the lower part.

Figure 9: 2D representation of the wind tunnel tests.

As mentioned in chapter 2 the rain/wind induced vibration problem is caused by the formation and
oscillation of the rivulet. Based on dimensional analysis the time dependent lift- and drag coefficients may
be given as

r
c,=¢, (a’,Re,St,t,E]

(4.2)
r
¢, =c,| &,Re,St,t,—
R
where Re is Reynolds number, St is the Strouhal number, and t is the time. Re is defined as
Re=o2R (4.2)
v

where v is the kinematic viscosity of air. As mentioned in chapter 2, the considered domain of the critical
mean wind velocity is 9 —15m/s and in this report the radius of the cable cross section R is considered
around 5 —9cm. The considered temperatures are in the range of 5°C — 20°C which leads to kinematic
viscosities in the range 1.3-107°m3/s <v < 1.5-1075m3/s. Then, the maximum value of Re becomes
Re ~ 1.6 -10°%. The transition from laminar to turbulent boundary layer flow is near Re = 5 - 10° which
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implies a flow in the subcritical domain with laminar attached boundary layer. Then, the dependence of Re
is small, and hence it is ignored as an independent variable of the aerodynamic coefficients, (Peil, et al.,
2007). Further, St is constant and approximately equal to 0.20 throughout the sub-critical domain.

The relative rivulet magnitudes are in the range r/R € [0.01,0.10]. Model tests show that ¢, and ¢p
depend very little on the actual magnitude of the rivulet in this interval, (Gu, et al., 2008). This suggests
that the effect of the rivulet merely is to cause a separation of the upper boundary layer as illustrated in
figure 9.

The explicit dependence of t is partly due to rhythmic vortex shedding, and partly due to turbulence in the
incoming wind field. The vortex shedding is assumed to be periodic with the Strouhals angular frequency
wg given as

U

U
@ =27z5t§:0.63?‘) (4.3)

The above observations leads to the following reduced expression of (4.1)

c,(at)=c,(a,t+T,) wa
e, (at)=c,(at+T;) '

where Tg = 2/ wg. As the vortex shedding is assumed to be periodic, a Fourier series may be used to
decompose the expressions in (4.3) and (4.4). It is well known that ¢, (a,t) is dominated by the 1%
harmonic and ¢, (a, t) by the 2" harmonic in the Fourier series expansion, (Prostas, et al., 2003). This
suggests the following approximate expressions

c,(at)=c, ,(a)+c,, (a)cos(a)StH/IL (a))

(4.5)
CD(a’t):CD,m(a)—i_CD,Z (a)cos(2w5t+y/D(a))

where ¢, ,(a) and cp,(a) represent the time-averaged mean values, ¢, ;(a) and cp,(a) are the

dominating harminic amplitudes, and ¥, (@) and y¥,(a) are the related phases. The most correct way

would be to apply the models (4.5) in the dynamic analysis. As no data of the Fourier amplitudes and

phases are available in the achieved literature this approach has not been possible. In the achieved

literature, merely the RMS-values ¢, and ¢, are indicated. These are related to (4.5) as follows

e 0)= (-] cler)at e (@) 3t ()

(4.6)

1

6D<a>=J;S [l (@) = e, (2)+ 1 ()

The test results are obtained by pressure taps mounted on the cable periphery as illustrated in figure 10.
Here, p;(t) is the pressure and 6, is the centre angle of the " pressure tap, and p, is the referential
pressure. The pressure coefficient c,; in the i" pressure tap is determined as follows

(4.7)
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Figure 10: Definition of pressure at
the i" pressure tap.

The pressure coefficients are used to determine ¢, and ¢, by integration on the cable circumference as
2
¢, (at)= I ¢, (6,,t)sin6,de6,
(4.8)

2z
c,(at)= I ¢, (6,,t)cos6,do,

0

This procedure must be repeated while varying the position of the artificial rivulet, as given by the angle a.
The variation of the aerodynamic coefficients as function of rivulet position is hereby clarified.

4.1.2 Interpretation of test results
Figure 11 shows the variation of the RMS values ¢, and ¢, as a function of the angle of attack «a.

Figure 11: Variation of the lift- and drag coefficients.

The significant drop in ¢;, and increase in cp, in the vicinity of the critical angle of attack «.,;, are observed
in all the tests within the range 10° < a < 48° and cannot be consideret as an outlier which was initially
expected. In order to illustrate the observed rapid variation of ¢, and ¢;, the pressure distribution on the
cable surface is presented in figure 12. The three distributions are representative for the position of the
rivulet in the following segments which is illustrated by hatched areas in figure 12:

e figure 12a: 0°<a<10°
e figure 12b: 10° < a < 48°
e figure 12c: 48° < a <90°

13



Figure 12: Pressure distributions on the cable surface as a function of the rivulet position.

The governing expressions for ¢, and ¢, are fitted the points as illustrated in figure 11 by polynomials c.f.
(4.9). The slope of the curves changes dramatically when a = a,; = 48°. The expressions are therefore
divided into two ranges distinguished by a,.;.

€, =024+4.62-102@-9.55-10*a* -1.1-10 ¢’ +5.1-10°o* -5.83-10°2°
€, =0.51+4.38-102a—0.150* -3.21-10 20 +0.162* +6.21-102°

¢,=0.28-0.15+0.16a° +9.1-10%a’ -5.52- 10 a*
¢,=0.86-0.19¢-5.79-102a* +4.63-10°¢’ +5.78-10"* a*

Orad < o <0.84rad {
(4.9)

V.4
0.84rad < aszrad {

4.1.3 Derivation of load model
In the following, the expressions (4.9) for the fitted ¢, and ¢, will be used to express the aerodynamic load
on the cable in the local y'-direction of the cable finite element.

The following delimitations and assumptions are used in the load model.

e Quasi-static flow conditions for the RMS values of the lift- and drag coefficients

e The upper rivulet is assumed to be uniformly distributed along the longitudinal axis for each cable
finite element and oscillates circumferentially over the cable surface

e Turbulent effects and axial flow effects are not considered

e The cable chord inclination ¢, is considered to be constant for the considered cable finite element

¢ The elasticity of the cable supports due to the flexibility of pylons and bridge deck are not included

e The mean wind speed U, is assumed constant along the discretized cable even though the wind
profile change with height

The quasi-static approximation entail that memory effects on the aerodynamic coefficients are ignored.
This implies that the change in ¢, and ¢, over time, when the angle of attack varies, is assumed to take
place momentarily. This simplification will be commented in section 4.1.4.

In what follows, U,,; is the mean wind speed relative to the moving cable, a, is the angle of attack
between U and the static position of the rivulet 6,, 8 is the dynamic increment of the rivulet centre angle, y
is the angle between U and the z'-axis, and a,;, signifies the effective, static angle of attack between U,
and the displaced position of the rivulet. The above is illustrated in figure 13 which is used to clarify the
relation between cable- and rivulet motions in the following.
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Figure 13: Definition of parameters used in the load model.

As illustrated, the drag- and lift forces per unit of length, p, and p, are perpendicular and parallel to the
relative wind velocity U,,;, respectively. An expression for U,,,; is therefore sought initially. U is related to
the undisturbed mean wind velocity U, as follows

U=U, \/cosz B+sin® g, sin’ (4.10)
The angle y is expressed as
sing@, sin
y=sin™ o sinf (4.11)
\/cosz B +sin’ g sin’ B

Assuming |v,,| « U, the relative wind velocity may be linearized as follows, c.f. figure 13.

U2, =(U-v,sin 7)2 +(v, cos 7/)2

V.,
=U?* 1-2siny—=

where vy, is the velocity of the cable finite element in the local y'-direction. The effective angle of attack
between the relative wind velocity and the position of the displaced rivulet becomes

(4.12)

Ay =, + Aa (4.13)

where

(4.14)

The centre angles defining the static position of the rivulet 6, and the dynamic oscillation of the rivulet 6
are considered positive counter clockwise. The lift- and drag coefficients are supposed to depend merely
on the present value of a,rr due to a quasi-static assumption. If the dynamic increment fulfils |[Aa| « 1, ¢,
and ¢, may be linearized around the static angle of attack a,sr. In combination to the linearization of U,
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as given in (4.12) this provides the following linearized expressions for the lift- and drag force per unit of
length.

p,= pUrzelREL (aeff )

;- 9 ;-
=~ pUZR{1—Zsin 7%}(@’0 —%(cos 7%+ QD (4.15)

ac. ., \v.. dc
= pU’R| ¢, ,—| 2sinyc, . +cos C B e
P [L,O [ YCo Vaa)U . J

pD = pUrzelRED (a,eﬁ )

U Ja

aED,O V_y aED,O p (4.16)
Ja

= ,oUZREED'0 - (2 Sin c,, +Cos y——=+

where ¢, = ¢, (@) and ¢y = ¢p(a,). The load per unit length p,, in the local y'-direction is obtained by
projection of p, and p,, in the y'-direction. Again a linearization is used to expand the sine and cosine
functions around y.

_ v, V.
p,=p, sm( y—cos 7#} +p, cos(;f— cos 7#}

. 2 Ve . v,
=p, | siny—cos ;/7 +p,| CcOsy+sin ycos 77 (4.17)
=Pp,o+tD,V,+D,,0
where
P, =PUR(C,,siny+c,, cosy)
ac,

ac,
P, = pUR[(l +sin® }/)EL'O +%ED'0 sin2}/+%sin2}/ 8(;0 +cos’ ;/B—Z'OJ (4.18)

oc, ac,
Py, = —pUzR[sin }/ac—;()Jr cos }/;—2{'0]

From (4.18), a static offset of the cable displacement is expected due to the static load term p,,. Based
on a stability analysis of the boundary layer equations for the water film, it was shown by Verwiebe that up
to four ranges of equilibrium positions defined by different centre angles 6, exist, (Peil, et al., 2007). The
equilibrium positions are expected to depend merely on the mean wind speed, as investigated e.g. by

Hikami, (Hikami, et al., 1988). The governing equation for 8, = 6,(U,) is fitted the results indicated in
figure 14 by a 4" order polynomial.
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Figure 14: Static position of the upper rivulet as
a function of the mean wind velocity, (Hikami, et
al., 1988).

The test performed by Hikami and Shiraishi was performed for one specific set-up only. However, this is
the only achieved information for which it is used in the following.

4.1.4 Memory effect and non-stationarity

As mentioned, the considered load model assumes quasi-stationary conditions. The aerodynamic forces
are hereby assumed to change momentarily due to changes of the effective angle of attack. In reality the
non-stationary flow around the cable will not adjust to the new flow conditions until the elapse of some
time. This transient phase is displayed as a memory effect on the lift- and drag coefficients.

A suitable upgrade to the numerical model would be to take this memory effects into consideration.
Experimental results would be necessary for this to be implemented, which are not available. However, a
brief exposition of the issue is made for the lift-coefficient, and the principle is assumed to be similar for
the drag-coefficient. An increment da.(((7) of the effective angle takes place at some time = < t prior to
the present time t. Due to the transient establishment of stationary flow conditions, the corresponding
increment of the lift coefficient dc, (t) is delayed as given as

de, (o,

)
o —— &, (t-7)da,, (7) (4.19)

de, (t)=

where @; represents a non-dimensional impulse response function, also named an indicial function, for
the lift coefficient ¢, (t). The total non-stationary lift-coefficient at time ¢ is obtained by superposition as

dc

¢, (t)=c,(a)+—=—2 da jqﬁ (t-7)a, (7)dr (4.20)

No exact information about the indicial function for this specific problem is available, for which reason the
following is based on experience with aerofoils and general reasoning.

The Laplace transformation of the indicial function is approximated by means of a proper rational
approximation

(s)= P(s) _pos" +pis"" +: 4D, 1S+D,

4.21
Q(s)  s"+qs"++q,45+q, 21

The coefficients py,..., pm and qq,..., g, are real and m < n. The indicial function is not assumed to
represent an oscillatory response for which reason all poles are assumed to be non-positive real valued.
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Re(s].) 0 422)
Im(s,)=0 '

J

Further, the limit @(t - o) = 1 implies that a zero pole s = 0 must exist corresponding to g, = 0. Then,
(4.21) is equivalent to the following expansion in partial fractions

1 i1
15) :__2 L 4.23

where a; are real constants. The inverse Laplace transformation provides the following expression for
@,(t)

o, (t)=1-3 L (4.24)
j=25;
Next, (4.24) is inserted into (4.20)
de,(a,) nog Lo
e, (t)=c, (@) +—5 =2 (£) =YL [e" ey (7)de
da j=22j 0
dc (0{) LI/ P t s (t-t
=c,(a)+ ;ao aeﬁ‘(t)_ —’(e i )aeff(T)o J.(_Sj)ej(t )O‘eﬁ(f)dTB
j=2 Sj 0
(4.25)
d n X n i n t
—c, () de(“‘)) aeff(t)[l— "_f]- Yieta, (0)-Ya,[e" a,, (r)dr
o =25; ) =25, =2 %
de, (a,) C
:CL(%)"'T aeﬁ‘(t) L(O)_(1_¢L(t))aeﬂ”(o)_zajzj(t)
=2

The final expression for the lift-coefficient is only depending on a.ff and the state variables z;(t) defined
by
[ 50
silt—-7
z,(t)=[e" Ta,; (v)de (4.26)
0

Since no complex poles occur, the @, function can be illustrated as in figure 15 where a dimensionless
time variable has been introduced.

[«]
v
s

Figure 15: Qualitative dependence of @, (t) as
a function of time.

To implement the memory effect in the model, tests are to be made to determine the coefficients a; and
the poles s;.
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4.2 Structural modelling

A cable as described in section 2.2 is considered. The chord length is divided into n equivalent intervals
Ax = L/n which corresponds to n + 1 equidistance nodes with x, = 0 and x,., = L. The end-points x; and
x;4, of the i" interval defines the nodal points of the i" cable element as shown on figure 16. It should be
noted that when the damper is accounted for, a correction could prove to be beneficial. Adding a separate
damper node allows for a decrease in n, reducing the total computational time.

Each node has three degrees of freedom. Since the cable is fixed at the supports this implies that the
cable has m = 3(n — 1) number of degrees of freedom. The sag of the cable is considered small
compared to the chord length. As a consequence, the prestressing force along the chord in the static
equilibrium state is assumed constant for all elements. Furthermore, a parabolic static suspension may be
assumed, given by

y(x) =—4f[1—%j% (4.27)
The sag f is given as
2
f =%ﬂgL cos @, (4.28)
0

The length [, of the cable element i and the inclination of the element ¢, in the static equilibrium state is
defined as the angle from the local x'-axis to global x-axis positive in the z-direction. The following
formulations are based on (Nielsen, 2004).

Figure 16: Cable shown in the global auxiliary coordinate system,
discretisized in n elements.

A deformed cable element is illustrated in figure 17. The dynamic displacement vector of a particle with the
referential position at x" is denoted v (x’,t) with local components v, (x’,t), v, (x’,t), and v,(x’,t). The
external dynamic load vector per unit length of the referential static equilibrium suspension p.(x’,t) has
the local components p,(x',t), p, (x’, t), and p,(x’,t). The element degrees of freedom are assembled in
the vector q,” (¢t) = [q1 (D), ., q6(®)], where q1(¢), ..., qs(t) signify the components of the end section
displacements relative to the local (x',y',z") -coordinate system. The nodal reaction force vector
conjugated to q(t) is denoted r;(t) and contains the components r{(t), ..., r¢(t).
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Figure 17: Cable element in the local coordinate system.

The displacement field v;(x’,t) in local coordinates along the element is approximated by linear
interpolation between the displacements of the end sections as

v, (x,t)=N(x")q.(¢) (4.29)
The shape functions in the shapematrix N(x") are given as
N,(x) 0 0 N,(x") 0 0
N(x")=|0 N,(x") 0 0 N,(x") 0 (4.30)
0 0 N,(x) 0 0 N,(x)
N, (x) :1-’1‘_ , N, (x) :2;_ (4.31)

The local equation of motion for the element is formulated by Lagranges equation for the chosen degrees
of freedom. The Lagrangian becomes

L(q,.9;)=T,(qa;)-U,(q,) (4.32)

where the kinetic energy T.(q.) and the potential energy U.(q.), including the potential energy of the
conservative external loads and reaction forces, are given as

l 2 7 \2 2

“1 v, v, o\
T 7)== X Y z d /
(40) Iz”[atJ{atJ{atj :

0

(4.33)
1 ./ v
=5qu(t)Meqe(t)

I I

N1 v\ Y v, Y1, ,
Ue(qe)z_[— AE| —= | +F)| = | +F,| == | |dx —J.(px,vx,—i-p BV ,+pZ,VZ,)dx
02 ox ox ox 0 vy (4.34)

:%Qf(t)K;q;(t)—q?(t)p;(t)—qf('f)re'(t)

The consistent mass matrix M, stiffness matrix K;, and nodal load vector p; of the structural element are
given as follows
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2 00 1 00
020 010
)
b ) , ul |00 2 001
M, = | uN] (x')N, (t)dx" === (4.35)
'([ ( ) () 611 00 200
010 020
001 00 2]
AE 0 0 —-AE 0 0 |
0 0 0 -F 0
. o F 0 0 -F
K == (4.36)
Ll_AE 0 0 AE 0 0
0O -F, 0 0 F 0
o o0 -F 0 0 F |
- _
'[Nl(x')p;,(x',t)dx
0
IE
'[Nl(x')p'y,(x',t)d ! -
0 px'(t)
I, ’
e I
)
7 ¢ ’ ’ ’ I pz’
pe(t)szT(x )p, (x',t)dx’ = 10 = (0 (4.37)
0 e Py t
N, (x Vo’ (x',t)dx )
2‘; 2( )px( ) Py*(t)
% ’ ’ ’ ’ —p;’(t)—
J.NZ(x)py»(x,t)dx
0
IE
'[NZ(X')p;(x',t)dx'
LO _

In the final result of (4.37) it has been assumed that the loads per unit length are constant within the
element. The Lagrange equations of motion of one element can now be written as

d|( ol ol ;o
. -eT - eT :_Ceqe =
dt\ aq, aq, (4.38)

MG +Cq.+K.q, =p,(t)+r.(t)

C. is the linear viscous element damping matrix. The damping matrix is assumed to be proportional to the
mass- and stiffness matrices, i.e. Rayleigh damping

C=aM +aK (4.39)

The two damping coefficients a, and a, are determined from the corresponding global structural damping
matrix as indicated in the following.
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4.21 Cable equation of motion
The equation of motion of one element in the global (X, Y, Z)-coordinate system may be written as

Mg, +Cq,+K.q,=p,(t)+r,(t) (4.40)
The transformation between local and global components of the DOF-vector may be written as
q.(t)=Ad,(¢) (4.41)

The corresponding transformation between local and global components of the element matrices, load and
reaction vectors read

M,=A/M/A, , C,=AICA, , K,=AK/A, (4.42)

P.(t)=Ap.(t) , r()=Ax(t) (4.43)
The transformation matrix A, is given by

cosp, —sing, 0

A, O .
A = , A, =|sing, cosp, O (4.44)
0 A,
0 0 1

Assembling all element matrices and correction for kinematic boundary conditions leads to the global
equation of motion

M v+ Cg v+ K v =pg (es'vs) (4.45)

mxmmx1l mxmmx1l mxmmx1l mx1

where vg = vs(t), vg = vs(t), and Vg = V5(t) denotes the time dependent systems displacement-, velocity-,
and acceleration vector in the global (X, Y, Z) coordinate system, respectively and Mg, Cs, and K are the
structural mass-, damping-, and stiffness matrices, respectively. According to (4.39), a, and a, are
determined so the damping matrix represents the 1% and 2" in-plane modal damping ratios ¢; and ¢,
correct. This implies the calibration, (Nielsen, 2004)

w -
{ao}__m,wz 11 F’} (4.46)

-2 2
a 0, -, | —— —
1 2 1 a)z w[ ;2
where w, and w, denotes the undamped angular frequencies of the two lowest in-plane eigenmodes, and
¢, and ¢, are the corresponding modal damping ratios, which are assumed to be known.

The contribution to pgs(t) from self-induced aerodynamic loads are described in section 4.1. Only loads in
the y'-direction is considered. Hence, loads in the local x'-direction (chord-wise) and the local z'-direction
(out-of-plane) are ignored. According to (4.18), the load per unit length may be expressed as follows

py':‘f (09"./}/"9 ) = py',O + py',l"/y',e + py',209 (447)

where 8, = 0,(t) is the centre angle describing the dynamic position of the rivulet which is assumed
constant along the cable finite element, c.f. section 4.1. The three components in (4.47) specifies a quasi-
static contribution, an aerodynamic viscous damping term, and an aerodynamic stiffness term,
respectively. On matrix form and expressed in global coordinates they are written as follows

p, (8,,v,)=K,08,+C, v,+p, (4.48)

mx1 mxnnx1l mxmmx1l mx1
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where

6, (t)=| : , ve(t)=| (4.49)
6,(t) v, (t)
'k, k, 0 0 O |
) 0 k, k, . : —sing,
Ki=—2{0 0 Ky " 0 |,k=l,p,,| cosg (4.50)
0 K, 0
0 0 0 Kk,

. 0 ¢, ¢ . sin’ @, -sing cosg, 0
C, = 0 0 ¢ . 0|,c=1,p,,|-singcose cos’ @, 0 (4.51)
0 .. e, 0 0 0
0 0 0 c
_ - .
1 Po2 1 Pos —sing,
P, :E : Py = Ie,ipy',o cos @, (4.52)
Pom-1 T Pom2 0
. Pom i

It should be noted that the C; contributions are computed by the displacements defined in (4.29) which is
the mean of the displacements in each node.

4.2.2 Rivulet equation of motion

The equation of motion of the rivulet will be generated by use of an analytical model similar to the Robra
model, c.f. section 2.1. The oscillation of the rivulet will in nature behave differently along the cable, but in
the numerical model it is assumed to oscillate in a uniform way along each finite element. Hence, no
coupling of the rivulet motion between adjacent elements. However, as will be accounted for below, the
rivulet motion merely depends on the cable motion which in turn introduces a connection of the rivulet
motion between adjacent elements. The SDOF representation of the rivulet model is illustrated in figure
18.

YN

Figure 18: Excitation
mechanism and SDOF model
of the rivulet motion.
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When 6, is imposed a small perturbation 6, the rivulets will perform damped eigenvibrations around 6,
specified by the undamped angular eigenfrequency w, and a non-linear damping mechanism indicated
below. Results from wind tunnel tests indicate that the frequency of the rivulet motion is almost the same
as that of the cable motion when rain/wind induced vibrations take place, (Hikami, et al., 1988). In the
numerical model w, = w, will be used, where w, signifies the fundamental frequency of the cable model.

The motion of the rivulet is caused by the tangential acceleration —i,,sin(6 + 6,) of the cable at the
position of the rivulet in the direction defined by the DOF 6.

The dynamic equation of motion for the rivulet follows by application of Newton’s 2" law of motion to
rivulet mass m, (Wang, et al., 2003). A linearization around 6, has been introduced in consistence with the
previous approximations.

0

m(Ré +2{.0,.|6] RO+ wfRe) =mi, sin(6, +6)

U (4.53)

Vy.

0+2{ w é‘ar 19'+a)r29:?(sin90 +cos(6,)6)

where ¢, is a non-dimensional damping parameter which is assumed to be known. Based on the achieved
literature ¢, = 10, (Wang, et al., 2003). The parameter a, is in the interval a, € [0,1] which means that the
damping model may be envisioned as an interpolation between a linear viscous damping model (a, = 0)
and a fluid damping model (a, = 1).

The equations of motion for the n number of rivulets are assembled in the matrix equation

éS+C2(95)95+K2 95—M1(95)V5 = 01 (4.54)
nx1 nxn nx1 nxn nx1 nxm mx1 nx
where
‘91 0 0 sin@, +6, cos, a;
. . 1 . .
C,(6,)=2l0| O . 0 |, M1(95)=E , K, =1(4.55)
o o g o siné, +6,cosg, al

The constants w,, ., and a, are assumed to be the same for all cable finite elements and the
transformation vector a! is defined by

v, =a; Vg a =[0 -+ 0 —sing cosg 0 --- 0] (4.56)

1xmmx1

As mentioned, the linearized approximations require that the dynamic increment fulfils |A6| « 1 when 8 is
measured in radians. This has been accounted for in the numerical model as the computations will stop if
the condition is violated.

4.2.3 Linearization of the rivulet damping term
When the pole placement method is applied, c.f. section 4.3.3, the coefficient matrix A must be constant.
An equivalent damping parameter ¢, , of the rivulet oscillator is therefore sought.

The nonlinear damping force f; on the rivulet from (4.53) reads

f,=2,.wd" 6 (4.57)
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The linearization must satisfy an equal energy dissipation per period T,., which results in the following

jfd

Tr
" 6'de=24, ,w.6dt (4.58)
0

where , . is the equivalent damping ratio. Isolation of ¢, . yields

" odt
Cre=6 (4.59)
j 6%dt
A harmonic oscillation is assumed with the period w,t and the amplitude 6,
6(t)=8,,,cos(at) =6(t)=—6,,,@ sin(at) (4.60)
If (4.60) is inserted in (4.59) the following expression for ¢, . appear
2z
J. (Hampa)r) sin®7(8,,,@,)" “dr
gr,e = gr . 2
6. @ ) sin’tdr
2[ ( amp r) (4.61)
a, 4 z a,
= ;f (gampwr) ;J‘OZ dT
fla,)
where t = w,t = ZT—” Substituting y = cos t and solving f(a,.) numerically, yields
f(a,) :ij%sin2 r‘sin2 r‘dz‘
r ﬂ' 0
1+a
=—I (1-y*) 2 dy (4.62)
1,a,=0
0.93,a,=0.4
] 092,a,=05
0.85,a,=1

The parameter a, is chosen in accordance with (Wang, et al., 2003). Wind tunnel tests have indicated
rivulet amplitudes of 6,,,, = 10° ~ 0.17rad, (Hikami, et al., 1988). It must be noted that this value entail

some uncertainty. The rivulet damping ratio ¢, = 10 and the undamped angular eigenfrequency of the
rivulet w, =~ w, = 2.37s7*. The general expression of {, , reads

é,re - g (eampa)r) f(ar)

=10(0.17-2.37)" f(a,) (4.63)
10 , a,=0
6.46 , a,=0.4
“15.84, a =05
342, a, =1

25



4.2.4 State vector formulation
The expressions (4.45), (4.48) and (4.54) may be assembled in the following global nonlinear equation of
motion describing the coupled cable-rivulet system

M, + (CS _Cl)VS + Kgv-K, 6, — Py = (4.64)
-M, (8,)V;+0, +  C,(6,)0, + K8 =
| —
Masscontribution Damping contribution Stiffnesscontribution ~ Load contribution
which may be expressed on matrix form as
M(8;)w(t)+C(8;)w(t)+Kw(t)=p , t>0 (4.65)

The introduced matrices in (4.65) are defined as

Wi e

The time-varying ordinary differential equation (4.64) is solved with respect to the initial conditions
w(0) = w, and w(0) = w,, by means of numerical integration. In the present case this is done by explicit
integration where the fourth order Runge-Kutta method (RK4) is applied. Then, (4.64) must be expressed
on the state vector form. (4.65) may be written as

BEZH{—W?BS)K —er(els)c(es)}[xzzq{w(Oes)p} (4.67)

which may be written as the following state vector formulation
z(t)=A(8y,0,)z(t)+b,(8;) , t>0
(4.68)
z(0)=z,

where the introduced matrices in the latter expression are defined as

-

(4.70)
b,(6;)=| . _
0( S) |:M 1(es)p:|
The inverse of the mass matrix is given as
M;' 0
M (8)= S (4.72)
M(OS )MS I
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The RK4 method, according to (4.72), may be used to evaluate z(t,,,).

Z. =17, +%(k1 +2K, +2Kk, +k,)

k, :f(zn)

k, = f(z,+0.54tk, ) (4.72)
k, = f(z, +0.54tk, )

k, = f(z,+Ak,)

where At is the time step and f(z) denotes the right hand side of (4.72). The implementation of the
damping mechanisms described in chapter 3 will be treated consequently.

4.3 Control Algorithms

Introducing a damper force leads to an expansion of the state vector formulation (4.68). In collocated
feedback control the control force depends on the response of the damper node only. In state feedback
control the control force depends on the state of the system, which in the present case is described by the
state vector z(t). In the following sections, the control algorithms used in the numerical model will be
described. The perpendicularly attached dampers are handled initially, followed by the active control of
axial forces.

The cable, the position of the perpendicularly attached damper (as introduced in chapter 3), and the
related variables are illustrated in figure 19. The damper is attached to node i, which has the displacement
vector v; with the global components vs;_,, v3;_;, and vs; in the global (X,Y, Z)-coordinate system. The
unit vector n is used to signify the direction of the damper force u(t). The derivation of the global control
force for the perpendicularly attached dampers is descried consequently.

Figure 19: Control forces on the cable in the dynamic state.

The damper is placed in the (X, Y)-plane and has the inclination ¥ with the X-axis. Then, the displacement
v, and the velocity v, of the damper support point in the direction of n are given as

v,(t)=n"v,(t) , v,(t)=n"v,(t) , n"=[-cos¥ sin¥ 0] (473
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Formally, the nodal displacement vector corresponding to node i can be written in terms of the global
system displacement vector by means of the following transformation

I v, (t) |

v, (t)

vi(6)=Avi(e) . vs(0)= , A:[o 0 - I - o] (4.74)

3x3

The control force must be expressed in terms of components related to the global coordinate system. The
control force on node i has the magnitude u(t) and is opposite directed to n. Then, the global control force
vector p.(t) of dimension mx1 may be expressed as

p. (£)=—A/nu(t) (4.75)
p.(t) is added to the static aerodynamic load in (4.65). Then, (4.65) may be written as
M(8;)Ww(t)+C(6;)Ww(t)+Kw(t)=p+pu(t) , t>0 (4.76)
where
P {_A"Tn} (4.77)
(m+n)x1 0

Then, (4.68) may be recasted as follows
z(t)=A(6y,0,)z(t)+b,(8;)+b(8)u(t) , t>0 (4.78)

where

b(6,)= {Ml (gs )pj (4.79)

Using (4.71) and (4.77) the matrix product M~1(8,)p, may be evaluated as
I
M'(6,)p, =— M;'A'n 4.80
(85)p, {Ml(es)} s A; (4.80)

The following sections will give specifications for u(t) in accordance to the considered damping
mechanism. The global control force vector p.(t) will be expressed according to each of the control laws.

4.3.1 Passive viscous damping
The co-reaction force u(t) induced by the viscous damper is given by the expression

u(t)=cv,(t) (4.81)

where c is the damping coefficient fitted to the cable characteristics. The damping coefficient in case of
optimal tuning to the n" mode is given by the following expressions on the condition that the damper is
acting in the orthogonal direction to the cable chord, (Krenk, 2000),(Kovacs, 1982).

— 1
Copt = E),U a
L

(4.82)
niw
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The optimal damping ratio becomes

a
g“opt :Z (4.83)
If the tuning is performed to the 1°' mode ¢; = {opt> the modal damping ratio of the higher modes are

approximately given as, (Krenk, 2000)

2n

(4.84)
1+n?

Gn=Copt

The global control force distribution vector according to (4.75) for the viscous damper can be written as
u(t)=cv,(t)=cn"v,(t)=cn"A v, ()=

(4.85)
p.(t)=—cATnn"A ¥ (1)

4.3.2 Semi active MR-damping
The MR damper is considered as a combined variable linear viscous and friction damper. The friction part
of the model has for long been described by the Bouc-Wen model, which has been rather accurate, (Zhou,
et al., 2006). However, the number of parameters to be identified in this model is up to 14, which can
make it quite impractical. As the well known Coulomb friction model does not rightfully represent the force-
velocity relationship in the low-velocity range, neither this model should be used. Instead, Zhou, Nielsen
and Qu suggested a modified Dahl hysteresis model as illustrated in figure 20, based on experimental
results, (Zhou, et al., 2006). This model has proved good accuracy, reduces the amount of unidentified
parameters to 8, and it is valid in the low-velocity range. The model basis is that the friction force is only
position dependent, as it is only a function of the dynamic cable displacement and sign of cable velocity.

kO
CO
!
vy (£), v, (t) e— — — u(t)
-t -
Py
Dahl model
Figure 20: Modified Dahl model of the MR damper.
The control force is given by
u(t)=kyv, (t)+cov, (t)+p,(t)2(t)—py (4.86)

where k, is the linear stiffness coefficient, c, is the variable viscous damping coefficient, p; is the friction
force modulated by the applied magnetic field, and p, is a damper force caused by seals and
measurement bias. z is a hysteretic variable which describes the following hysteresis relation between the
friction force and the cable velocity

z(t)=0v,(t)(1-sgn(v,(t))z(t)) (4.87)

where o characterize the hysteretic loop shape. When the fluctuating magnetic field is applied, the Dahl
model should be calibrated. This is done through the parameters c, and p;, which depend on the applied

magnetic field.
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Co (t) =Cop T Co,1)’(t) (4.88)

pr(t)=pso+p.¥(t) (4.89)

where ¢, is the damping coefficient corresponding to the damping coefficient of an equivalent linear
viscous damper and p;, is the Coulomb force of the MR-damper when the applied voltage V = 0V. y is an
intrinsic variable in the model, which is determined by the first-order filter

y(t)=-n(y(t)-V) (4.90)

n describes the response time of the MR-damper. The larger n, the smaller response time. When n is
large, y = V, which when inserted in (4.89) gives the following expression for the needed voltage

t —
Vneed:—pf( )=Pss (4.91)

Pra

The control demand for the friction force p, is proportional to the absolute value of the previous peak
extremum of v, (t) determined by the functional P as illustrated in figure 21.

iy
l vmf/t 5

XP[vd(t)]vd(S)

Figure 21: Peak determination.

Consider the formulation
Py () pf0+pf1.y ﬁf‘P Vd ‘ (4.92)

where S is a controller gain adjusted to the considered system. If (4.92) is inserted in (4.91), V,,..q Can be
found by

:Bf ‘Plivd (t):H_pf,O

Vieea (€)= b (4.93)
The applied voltage to the MR-damper is given on the form
0, Ve (£)<0
V(£)=1Vieea (£) + 0<V,eq (E) <V, (4.94)
Voo o Ve (E)2V

An important merit is the easy implementation as only the local dynamic responses v, (t) and v,(t) are
needed. However, the optimal controller gain S, is unknown and should be estimated by numerical trials.
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Inserting (4.86) in (4.75) gives the global control force distribution vector for the semi-active MR-damper
as

p.(t)=—-Ann"A, (kv (t)+c,v,(t))-Ain(p,z-p,) (4.95)

4.3.3 Active control by pole placement

In the active state feedback control the first 2N; closed loop poles associated with the first 2N, closed loop
eigenmodes are prescribed, where N; < N and N = m + n. The state feedback controller gain vector gpp
of dimension 2Nx1, which produce the addressed closed loop poles are determined by the pole placement
method presented below. For a single input system, the control force may be written as

u(t)=gppz(t) (4.96)
(4.96) is inserted in the state vector formulation (4.78)
7(t)=Az(t)+b, (4.97)
where
A=A+bg), (4.98)

where A = A(8,65), A =A(8;,05), by =b,(85), and b =Db(8). In a practical implementation of the
algorithm the system state vector z(t) must be estimated by a state observer equation, (Juang, et al.,
2001). Normally, only the cable displacements can be measured. Hence, it may be questioned whether
the part of the state vector defining the rivulet motions is observable. For this reason the modes dominated
by the rivulet motion will not be controlled. On the other hand the rivulet motions are driven by the cable
acceleration. Hence these will be damped simultaneous with the dominant cable mode.

The open loop state vector equation of motion is given by (4.68) in which the dependence of A,b, and b
on the state vector z(t) stems from the nonlinear damping term and the time varying tangential
acceleration in the rivulet equations of motion. In the following pole placement control design, an
equivalent linear rivulet equation is introduced, corresponding to replacing (r|é|ar with an equivalent
damping ratio ¢, . in (4.53). The linearization of the rivulet damping term is presented in section 4.2.3.
Additionally, only the first term in the linearized expression of M(8;) in (4.55) is included. Hereby, A is
assumed a constant matrix in what follows.

At first damped eigenvibrations of (4.68) are considered, corresponding to
z(t)=Az(t) (4.99)
The solution of (4.99) is given as
z2(t)=@ " , j=1,..,2N (4.100)

where (/1,-, ¢j) indicates the eigenvalues and eigenvectors of the following linear so-called open loop
eigenvalue problem

AP, =ﬂ].<l>]. , j=1,...2N (4.101)

If (4;, ;) is an eigensolution to (4.101), so is the complex conjugate (4;, ®;). Generally, the eigenvalues
are complex and may be written on the form

ﬂj =—fL, +1V; (4.102)
u; specifies the damping of the j™ mode, which for a stable mode is less than zero. v; indicates the
damped angular eigenfrequency of the jth mode. (4.102) may be rewritten on the form

ﬂj=a)j(—§j+i1/1—g’f) (4.103)
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where

o, = Ut +v* =‘,1],‘ (4.104)
yzr
§ == (4.105)
Hy+V;

w; and {; may be interpreted as the undamped angular eigenfrequency and the modal damping ratio of

the jIh mode, respectively. A system is known to be unstable if one of the open loop poles have positive
real part, corresponding to {; < 0.

The idea of linear state feedback control is to ensure that the closed loop poles are placed as far to the left
in the complex plane as possible. However, an undercritically damped system should be obtained. The
pole placement method produces the mentioned control gains. The following single input control is based
on, (Porter, et al., 1972). It should be noted that the pole placement method also exist in other forms,
(Juang, et al., 2001).

The equivalent damping ratio of the rivulet equations of motion ¢, . is at least two order of magnitudes

larger than the damping ratio of the cable modes. Then, the 2n eigenmodes dominated by the rivulet
motions are identified by damping ratios {; as given by (4.105) which are of the order of magnitude as ¢, .

The corresponding eigenmodes are specified by the index j = 2m + 1, ...,2N. These modes will not be

controlled. The remaining 2m modes indicates the modes dominated by cable vibrations. These will be
ordered pairwise in ascending order of v; corresponding to
o<y, <.<v, (4.106)

The 2N eigenvalueproblems defined by (4.101) may be assembled in the following matrix formulation

Ad =DA (4.107)
where the modal matrix @ and the diagonal eigenvalue matrix A has the structure
=[P, P, P, D, P, ]
=[®,®), 0,0, D, ,, D, | (4.108)
(A, 0 - 0] [4 O 0 |
0o 4 : 0 A :
Aoy 0 Aw O
L 0 0 ﬂZN 4 L 0 0 Z'Z*Nfl i
The adjoint eigenvalue problem reads
AW =AY, ,  j=1..2N (4.109)

As seen, the eigenvalues of the original and the adjoint eigenvalue problems are identical. Moreover, the
corresponding eigenvectors fulfil the orthogonality conditions, (Nielsen, 2004)

r 0 , j#k
Vo, = ] (4.110)
1 , j=k
PIAD, = 0 ’ j#k (4.111)
SR T A, ) j=k '

Notice that (4.110) and (4.111) presume a proper normalization of either ¥ or ® so the scalar product
lechj = 1. Correspondingly, the orthogonality relations may be written in the matrix form
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Yip=]

(4.112)
YAD=A
From (4.111) follows that the original and the adjoint eigenvectors are related as
T
‘P:(CD 1) (4.113)
(4.109) may be assembled on the matrix form
AW =WYA
(4.114)

Y=Y WY, P, |

The order of the eigenvectors of W follow the same rule as those of ®.

The lowest 2N; < 2m modes (the 2N; modes with lowest damped eigenfrequency v;) will be controlled. In
this respect the gain vector gpp is chosen as a linear combination of the lowest 2N, modes of the adjoint
eigenvectors

2N,

g =2.9,%, (4.115)
j=1

where g; denotes the modal control gains which will fulfil g,, = g3, for k = 1, ..., N;. Insertion of (4.115)
in (4.98) provides the following closed loop system matrix

—_— 2[vl
A=A-b) g¥/ (4.116)

=1
The eigenvalues p; and eigenmodes ®; of A are denoted the closed loop eigenvalues and eigenmodes.
These fulfil

AD =p ®, , j=1,.2N (4.117)

Again, the closed loop eigenmodes are ordered after the same principle as the open loop eigenmodes. It
follows from (4.110) and (4.116) that

AP =AD =APD, , k=2N,+1,..2N (4.118)
This means that p, = 4, and ®, = @, for k = 2N; + 1, ...,2N. Hence, the eigenvalues and eigenvectors of

the uncontrolled modes of the closed loop system are identical to those of the open loop system.

Because the open loop eigenvectors ®;, j=1,..,2N are linearly independent, the closed loop
eigenvectors can be expanded in the vector base formed by the open loop eigenvectors

® =>d® , j=1..,2N, (4.119)

Insertion of (4.119) and (4.116) in (4.117) for j = 1,...,2N; and use the orthogonality property (4.110)
provides

2N, . 2N 2N
[A—ng,w, JZdjkcbk =p>.d,®,
k=1 k=1

=1

y , j=1,..2N (4.120)
2N,

2N 2N
Zdjkﬂkq)k - bzdﬂgl = Zdjkqu)k
pa I=1 1

k=
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Further, the vector b may be decomposed in the vector base formed by the open loop eigenvectors

2N
b=> b, (4.121)
k=1
where
b=¥b , k=1.,2N (4.122)
Insertion of (4.121) in (4.120) provides the following vector identities
2N 2N 2N,
(o -4)d,®, +Z(bk2dﬂg,j¢k =0 , j=1,.,2N, (4.123)
k=1 k=1 1=1
(4.123) is equivalent to the following 2N, X 2N linear equations
2N,
(p=A)d,+b > d,g,=0 , j=1,.2N, , k=1,.,2N (4.124)
1=1

For fixed j, (4.124) represents a system of homogenous linear equations for the determination of dj,
k =1,...,2N. On matrix form these equations read

_pj -4, +b,g, b,g, 171921\11 0 0 dj 1 (0]
b,g, p; -4 +byg, - bzgzw1 0 0 dj 2 0

by, 9, by, 9 P = Aoy, by Goy, 0 0 d; .y, |=|0](4.125)
b2N1+191 b2N1+192 b2N1+1g2N1 P _22N1+1 0 0 d; 2N, +1 0
b, 3, b, 9, boxGon, 0 P _ﬂz:v__ d; | 10]

Non-trivial solutions for d;; where [ = 1, ...,2N; requires that the coefficient matrix of the first 2N; equations
are singular. Assume that these solutions are given as

d, = b, , k=1,...,2N, (4.126)

jk pj_ﬂ%

Then, the first 2N, equations of (4.125) may be written as

d,+d,(d,g,+d,9,+...+d 5y Goy ) =0
d,+d,(d, g, +d,,9,+...+d 5y Goy ) =0 w127)
djzzv1 +dj2N1 (djlgl +d,,9, +"'+dj2N1g2Nl ) =0
Hence, (4.126) is indeed a solution to (4.125) for arbitrary j if
djg,+d;,9,+...+dyy Gy =—1 (4.128)
Then, the solution (4.126) also applies for the remaining equations, i.e.
b
= , k=2N,+1,...,2N (4.129)

£~

It can be shown that the coefficient matrix of (4.125) has the rank 2N; — 1. This means that save for an
arbitrary common factor the solution (4.126) is unique if (4.128) is fulfilled.
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The idea of the pole placement method is to prescribe the eigenvalues p;, j = 1,...,2N;. Hence, dj,

k=1,..,2N; in (4.126) are known (i.e. prescribed quantities for arbitrary indices j). Then, the unknown
gains gy, g,, ..., gon, Can be determined by formulating (4.128) for j = 1, ...,2N;. This results in the linear
equations

b, b, b21v1 [ 9, 1 T=1T
R P~ oy,
by b, . _bw % | |1
A=k Ak P =y, = (4.130)
by b, . bw
| Pow, -4 Loy, -4 Py, _/qul | L 9w, | -1

The solution of (4.130) can be shown to be
2N,
1 B(ﬂ _/lj)
g;= _b_—thl , J=1,.,2N; (4.131)
! H(ﬂ% _’11')
k=1
k#j
In the present case the closed loop eigenvalues p; will be chosen so the undamped eigenfrequencies w;

are equal to those of the open loop system, c.f. (4.103). Only the closed loop damping ratios ¢; are
chosen. Hence, p; is given as

g:@(—fjim—ff) , j=1,.,2N, (4.132)

4.3.4 Active control by combined pole placement and integral control
In addition to the active controller, an integral controller is added to the system. The part of the control
force from integral control is expected to increase the damping ratio of low frequency modes.

Especially, the integral control will eliminate any static response of the cable. In the current case of
rain/wind induced vibrations such an offset is present due to the static load from the considered mean
wind. The integral control force is given as

t

u(t)=7, [vi(r)dr Ve >0 (4.133)

—oo

where y;c is the integral control gain which must be determined by numerical trials. From (4.73) and
(4.74) follows

t t
“(t):%chAiIVs (T)dT:YzTcJW(T)dT (4.134)
where the gain vector y,¢ of dimension N x 1 is given as
A'n
Yic :{%COTI } (4.135)

Expressed by the state vector z(t), (4.134) allows the form

u(t)=gl. [ z(r)dr (4.136)

—oo
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where the integral gain vector g;c of dimension 2N x 1 is given as

Y
8ic =[Olc} (4.137)

If the indicated components are specified to non-zero values, it means that a stiffness contribution is
introduced in the control force, which has already been accounted for by the pole placement term.

Insertion of (4.96) and (4.136) in (4.78) the systems equation of motion provides the following closed loop
state equation

i(t)ZKZ(t)—b0+bl.[Z(T)dT (4.138)

where
A=A-bg), (4.139)
b, =bg. (4.140)

Whel’e b1 = bl(es).

4.3.5 Active control of axial forces

This approach operates by control of the elongation of the cable AL through an actuator at one of the
support points. Hereby, a variation in the tension F, is generated through the cable. By applying a control
law for these elongations, the vibrations of the cable may be damped. First a 2DOF system in modal
coordinates is accounted for, after which two different control laws are described. The following is
supported by figure 22, where the cable is illustrated in the equilibrium state with initial sag f and chord
length L. The in-plane displacements are denoted v and the out-of-plane displacements are denoted w.

L+AL

Figure 22: Cable in the equilibrium state.

Only the fundamental in-plane and out-of-plane modes are considered. In the shallow cable case, the
eigenfrequencies will be pair wise closely spaced. As the static equilibrium plane works as a symmetry
plane the eigenvibrations decouple in the in-plane mode which only affects v(x,t) and the out-of-plane
mode which only affects w(x, t). The modal expansion for the displacements v and w becomes

w(x,t)=4(x)q(t)

v(x,t) =2 (x)q,(t)
where @, (x) and &,(x) are the two lowest out-of-plane and in-plane eigenmodes and g, (t) and g, (t) are
the related modal coordinates. Retaining geometrical nonlinearities up to cubic order, the following

coupled ordinary differential equations of motion for modal coordinates g, = q,(t) and g, = g, (t) has been
derived as follows, (Larsen, 2005)

(4.141)

i, +24,0,4, + & (1+e(t))q, + Ba.a, +a, (1ng; + 7,95 ) =0

) ' (4.142)
i, + 24,04, + & (1+ae(t))q, + Bd; + B +a,( 14, + 7,45 ) =—0e(t)
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Where w; and w, are the fundamental angular eigenfrequencies and {;, ¢, are the corresponding modal
damping ratios, respectively. Furthermore «, By, B2, B3, B4, V15 Y2, V3, ¥4, @nd & are parameters, which
depends on the eigenmodes @;(x), ®,(x) in additon to the sag f, the fundamental angular
eigenfrequency w, of a taut wire, and the Irvine parameter given as follows

EA f*
V= 64—f— (4.143)
FO LO

where L, denotes the length of the parabolic suspension. In (4.142) the non-dimensional representation of
the chord elongation is of the order of magnitude 1 and defined as

_ EAAL(t)
=% 1

0

(4.144)

As seen from (4.142) the chord elongation both implies a parametric excitation of both modal coordinates
and an additive load term on the in-plane mode.

Axial vibration control implies the specification of a control law via the axial elongation e(t). Basically two
approaches are possible, in which the control is performed via the additive and the parametric load terms,
respectively. The two approaches are consequently described.

Control of the additive load

Axial control via the additive load implies the following feedback control, (Fujino, et al., 1993)
e(t)=cq, , ¢>0 (4.145)
Then, by insertion of (4.145) in (4.142) the closed loop system becomes
q1 +2§1(1)1£']1 + a)lz (1+C(]2 )q1 +181q1q2 +q, ( 71qf + 72q§ ) =0

(4.146)
q, +(2§2a)2 +§C)q2 "‘wzZ (1+6¥Cq2)q2 +ﬂﬂf +:B3q§ +q, ( 7/3‘712 + 74(];) =0

As seen the control law increases the damping of the in-plane mode. Moreover, in harmonic motions
T2 .
[ (t)a,(¢)de=0 (4.147)
Hence, the control law is not supposed to have significant influence on the stiffness of the controlled
fundamental in-plane mode.
Control of parametric excitation
Axial control via the parametric load term implies the following feedback control, (Wang, et al., 2007)

e(t)=c% , ¢>0 (4.148)
q,

Then, by insertion of (4.148) in (4.142) the closed loop system becomes
G, +2,0,q, + a)lz (1 + C&j% +0,9.9, +q, ( 71qf + 7/2%2 ) =0

q,
(4.149)

.. oc ..
q, "{2;2(02 +q—+acq2]q2 +wzzqz +ﬁ2Q12 +:B3QZZ +qZ(73Qf + 74CI§)=0

2

The latter control law is problematic because e(t) may be very large, whenever q, = 0.

Generally the control of axial forces requires very large actuators. Since the coordinates are measured by
sensors along the cable, the control is not collocated. Hence, significant observation- or control spillover
effects may be present. For these reasons, this type of control will not be considered any further.
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5 Simulation

The numerical model introduced in chapter 4 is used to simulate rain/wind induced loadings on a stay-
cable at a cable stayed bridge. The results of repeated simulations from different damping configurations
will be presented and compared in the following.

A cable with chord length L = 150m, radius R = 0.07m, axial stiffness AE = 2.17 - 108N, mass per unit
length u = 108kg/m, and a prestressing force of F, = 1.1- 10°N is considered in the global XY-plane. The
cable chord has the initial angle of inclination ¢, = 30°. The four lowest undamped in-plane angular
eigenfrequencies become

@ =252s" ,0,=4.70s" ,@,=7.13s"" ,®, =9.635"" (5.1)

In the simulations a mean wind U, is applied which has a wind yaw angle g = 35°. The damper will be
placed with a distance a = 3m between the lower support point and the connection point between the
damper and the cable and the damper has an angle of inclination ¥ = 60° with the global X-axis. By
choosing a = 3m the connection is 1.5m above the bridge deck level which will ease possible
maintenance tasks. Furthermore, according to (4.83) the modal damping ratio becomes {,,, = ¢; = 0.01,
for a linear viscous damper tuned to the first mode of vibration. The above is illustrated in figure 23.

Ya

ol

N\

\J

Figure 23: Definition of general parameters in the
numerical model.

In what follows the efficiency of the considered damping strategies will be evaluated partly on a
comparison of the mid-point displacements of the cable, and partly on the mean damper power estimated
from
1 T
P, :?J‘u(r)\'/d (7)dr (5.2)

0

The damping strategies are handled by separate colours when the results are displayed. The following
damper configurations are considered

Rain/wind induced vibrations without control [black]

Vibration control by passive viscous damping [blue]

Vibration control by semi-active MR-damping [green]

Active vibration control by pole placement [red]

Active vibration control by combined pole placement and integral control [purple]

ok wpn=
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51 Rain/wind induced vibrations without control

The obtained results depend on the spatial discretization as measured by the number n of finite elements.
In figure 24, the results of the mid-point cable displacements, for repeated simulations subjecting the
system to a mean wind speed U, = 11.5m/s during 15s with different cable discretizations, are displayed.
The vibration amplitude obtained for 15 elements converge satisfactory for which n = 15 is used in the

following.

In order to achieve the distance requirement a = 3m to the connection point of the damper, an additional
node is added at the distance a from the lower support point along the cable chord. The remaining cable
length above the support point of the damper is subdivided in (n — 1) equal elements.
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Figure 24: Vibration amplitude as a function of
number of elements.

As mentioned in chapter 2 the equilibrium position 6, of the upper rivulet depends on the mean wind
velocity. The response of the system, when U, is varied within the considered wind range 9m/s < U, <
15m/s, is clarified by repeated simulations. The results of maximum cable displacements and rivulet
oscillations are displayed in figure 25 when sample times of 100s are considered.
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Figure 25: Maximum cable displacements and rivulet oscillation amplitudes.

The ranges U, < 10.5m/s and U, > 13m/s are combined and denoted the outer range. Here, the cable
displacement and the rivulet oscillations are kept at a very low level. In the range of approximately
10.5m/s < U, < 13m/s aerodynamic instability occur which leads to large cable displacements and rivulet
oscillations. Hence, the rain/wind induced vibrations are indeed dependent on the mean wind velocity.

40



By considering the variation of the aerodynamic coefficients c.f. figure 11, the dependence of the mean
wind velocity on the static position of the rivulet c.f. figure 14, and the definition of the effective wind angle
of attack (4.13), the critical interval of the effective wind angle of attack is found to be 56° < a.;r < 72°. As
seen in figure 11, d¢, /da is negative in the critical interval of a,.ff Where aeroelastic instability occurs. It is
well known that negative values of the gradient of the lift coefficient are crucial for triggering galloping
instability, (Den Hartog, 1956). When U, is in the outer range, a.r will move out of the indicated critical
interval because the static position of the rivulet 8,(U,) is changed. As maximum displacement amplitudes
are observed for U, = 11.5m/s this mean wind velocity is used in all the simulations.

Related to the above it is found that the cable displacement and rivulet oscillations stabilize when U, is in
the outer range. On the contrary, the displacement amplitude increase rapidly in the range where
aerodynamic instability occur which is also the reason for the high amplitude oscillations of the rivulet. In
general a static offset of the cable displacement exists due to the mean wind and the related load p,, c.f.
(4.52). The maximum cable displacement response and rivulet oscillation response are found at the mid-

point and on an element at mid-point position, respectively. The indicated responses are displayed in
figure 26.
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Figure 26: Maximum displacement response of the cable and rivulet oscillations in the
uncontrolled case.

Results from wind tunnel tests and field observations indicate that the cable- and rivulet displacement
amplitudes reach a stationary peak-to-peak value, (Hikami, et al., 1988). The self-limitation of the cable
vibration is due to geometric non-linear stiffness terms, which are ignored in the present numerical model.
Therefore, the results in figure 26 does not rightfully describe the real behaviour of the cable. However, the
maximum cable displacement amplitude v,,,;; = 0.5m after 100 s is used in the following as a reference
value in order to compare the uncontrolled- and controlled vibrations.

Solving the eigenvalue problem corresponding to the damped eigenvibrations (4.99) leads to
determination of the uncontrolled in-plane cable modes of vibration. These are determined as the modes
with negative value of the modal damping ratio. When U, = 11.5m/s the four unstable modes have modal
damping ratios corresponding to

£, =-0.0085, £, =-0.0038 , ¢, =—0.0017 , £, =—0.0004 (5.3)

As the load on each finite element is the same, standing waves are found to dominate the vibration
response.

5.2 Vibration control by passive viscous damping

According to (4.82) the optimal damping coefficient becomes c,,; ~ 1.64 - 10°Ns/m when the distance to
the damper is a = 3m and the damper is tuned to the first in-plane cable mode of vibration. By doing so,

all closed loop poles have negative real part and the modal damping ratios related to the cable are within
the range ¢; € 10,1[. Then, asymptotic stability is expected as the system is considered to be linear.

41



u [N]

The maximum displacement response of the cable and the rivulet when controlled by the viscous damper,
as displayed in figure 27, are found at the mid-point of the cable. As seen, the vibration amplitude of the
cable does not converge towards zero but towards a stationary value of 0.25m reached after 280s. The
corresponding rivulet oscillation amplitude is 13°. The explanation must lie within the linearized
approximations as the results do not show the expected behaviour of a linear system.
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Figure 27: Maximum displacement response of the cable and the rivulet when the vibrations are
controlled by passive viscous damping.

The control law for the passive viscous damping, as described in section 4.3.1, depends on v,(t).
Because the response is dominated by the first mode, v, (t) develops in a similar way as v,,,;4(t) in figure
27, which explains the development of the control force as illustrated in figure 28a. In figure 28b the mean
damping power performed by the linear viscous damper is displayed. The mean power converges after
1600s at 56W.
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Figure 28: Development of the control force and the damper effect for passive viscous damping.

Compared to the reference value of the uncontrolled system, the passive viscous damper reduce the
maximum cable displacement after 100s by 35%. It should be noted that in case of reduced values of a/L,
the efficiency of the passive viscous damper is reduced.

5.3 Vibration control by semi-active MR-damping

The idea in the semi-active damping strategy is to change the viscosity of the fluid in the damper
according to the response of the system and hereby obtain a better performance, relative to the passive
viscous damper. As mentioned in section 4.3.2 a number of parameters must be calibrated for optimal
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performance of the MR-damper. These should be chosen in such a way that the best possible damping is
achieved. Especially, it must be ensured that locking is avoided, since this only implies a shorter chord
length of the cable, without any energy dissipation.

The control law for the MR-damper are outlined in section 4.3.2 and the main expressions are repeated
below for convenience

u(t)=kov, () +cov, (¢)+p, () 2(t)—py (5.4)
Co(t)zco,o+co,1y(t) (5.5)
pf(t):pf,o+pf,1Y(t) (5.6)

In the present case the parameters are calibrated by separately evaluating the effect of each term in the
control force (5.4) by keeping the remaining terms at zero values. However, the damping coefficient ¢,
corresponding to the optimal damping coefficient of the passive viscous damper is included in all cases.
This implies that ¢y ¢ = copr = 1.64 - 10°Ns/m.

The parameter f3; is chosen in relation to the maximum peak-values of v4(t) in order to obtain a voltage
output within a specified range. One of the largest advantages with the MR-damper is the small use of
power for which 1., is assumed to be 10V. The static offset implies higher positive than negative peak-
values. Therefore, it is necessary to adjust the peak-values of v,(t) in order to obtain a regular variation of
the voltage input. This may be done by considering half the difference between the considered- and the
previous peak value. Furthermore, it is assumed that p, = 0 and the parameters n and ¢ are constant as
they depend on the damper materials. In the present case n =200s™! and o = 5-10*m™1, which is
chosen according to (Zhou, et al., 2006).

From figure 29a it is realized that the stiffness term will introduce an asymmetric contribution to the control
force as the static offset implies greater positive than negative displacement amplitudes. The stiffness
term is evaluated by considering the mid-point displacement response of the cable in figure 29b when k,
is included. Considering other values of k, shows the same tendency. It appears that the stiffness term
increase the vibration response for which reason it should be disregarded. The physical explanation is that
the stiffness term reduces the damper motion v,(t) somewhat, and hence reduce the energy dissipation.
This may as well explain the reduced vibration period.
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Figure 29: Results when the stiffness term is included.

Since y(t) is non-negative it follows from (5.5) that the time dependent damping coefficient always is
larger than the optimal viscous damping coefficient ¢y o, which suggests a reduced damping effect. As
seen in figure 30a the damper force is increased correspondingly to the term ¢y, y(t). Due to the reduced
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efficiency, the mid-point cable displacement is also increased as seen in figure 30b. These observations
suggests that the ¢y, coefficient should be disregarded.
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Figure 30: Results when the damping term is varied.

The friction term (5.6) controls both the voltage requirement by (4.93) and contributes to the total control
force. When choosing the test values both applications must be taken into consideration. Different
approaches exist concerning how the voltage requirement is determined. The parameters can either be
chosen in a way so the maximum voltage is reached at small vibrations, in a way so the maximum voltage
is reached only for the maximum vibrations of the cable, or somewhere in between. All approaches are
considered in the numerical trials.

Due to the non-dimensional hysteretic variable z(t) and the intrinsic variable y(t), the damper force is
changed relative to the optimal linear viscous damper force, as seen in figure 31a. The corresponding
maximum displacement response of the cable is found at the mid-point as displayed in figure 31b.
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Figure 31: General findings when the friction term is included.

The above indicates that the stationary mean damper power is decreased when the friction term is
included. This is in consistence with the results as shown in table 1, where the mean damper power is
shown for different configurations of the relationship between pf, and p,. The intention is to describe the
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results in a general way, but in fact the calibration of the friction term is much more comprehensive due to
the interaction between B¢, pr, and, pr,. Hence, the results in table 1 should be considered with some

caution. The results suggest that the friction term should be disregarded.

Table 1: Mean damper effect when the friction terms are varied.

pr=0 Pro = Pra Pro = 0-5Pf,1 Pro = 2D51
Py[W] 56 50 51 45

From the results indicated above it must be concluded that the MR-damper in the present case will not be
more efficient than the passive viscous damper.

5.4 Active vibration control by pole placement

As mentioned in section 4.3.3, the modal damping ratios of the closed loop poles are prescribed. The cost
in this is that increasing {; implies increased need of control power. The maximum prescribed modal
damping ratio is chosen to be {; = 0.1, where j = 1, ...,2N;.

When the modal damping ratios of the first four unstable in-plane cable modes are prescribed according to
the above, asymptotic stability of the system should be obtained. The results when these four modes are
controlled are presented in the following, considering a sampling time of 300s. The development of the
control force is displayed in figure 32a and the corresponding displacement response of the cable in the
damper node is illustrated in figure 32b.
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Figure 32: Development of the control force and cable displacement in the damper node.

According to (4.115), the control force is proportional to the part of the state vector which describes the
cable motion. Hence, the static offset of the cable displacement is also represented in the control force.

A stable response of the system is obtained when the four unstable in-plane cable modes are controlled.
The maximum displacement response of the cable is found at the mid-point as displayed in figure 33a. As
for the linear viscous damper the displacement do not converge towards zero but a stationary peak-to-
peak amplitude of 0.002m. Compared to the reference value of the uncontrolled system, this implies a
reduction of the maximum cable displacement after 100s by 99%.

The rivulet motion is driven by the velocity of the cable for which reason they should be damped
simultaneously. In figure 33b the rivulet motion corresponding to the cable displacement as seen in figure
33a indicate that the oscillation of the rivulet is controlled when the cable is controlled.
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Figure 33: Maximum displacement response of the cable and the rivulet.

It is seen that active control by pole placement reduces the maximum cable displacements significantly
when compared to the uncontrolled displacements and also in such a way so the system is stable if the
unstable in-plane cable modes are controlled. It is found that the mean damper power reach a stationary
value of 0.02W after 1000s as illustrated in figure 34.
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Figure 34: Mean damper power.

In relation to the way of determining the modal gains g; as outlined in section 4.3.3 it should be noted that

the remaining 2N — 2N; uncontrolled modes may be subject to control spillover, which in addition to the
linearized terms in the rivulet equation of motion may account for the stationary vibration level.

5.5 Active vibration control by combined pole placement and integral control

The main idea of the integral controller is to remove the static offset of the cable. At first the influence on
the static displacement of the damper node is investigated. This is estimated from the time average
1 t

v, (t):?jvd(r)df (5.7)

As t - oo, 7,(t) converge to the static offset of the damper node. In the present case, determining the
optimal value of the controller gain is based on the criteria that 7,(t) converge towards zero. In figure 35a,
v4(t) is plottet as a function of the sampling time for two simulations where the response in the damper
node is shown for pole placement only and when combined pole placement and integral control with an
optimal choice of y,. = —100N/m are considered, respectively. In figure 35b the corresponding damper
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forces are displayed. As expected the damper force is increased when the static offset of the cable
displacement is removed. Regarding the pole placement part, the first four in-plane cable modes are
controlled.
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Figure 35: Effects on the damper node displacement and the damper force when combined pole
placement and integral control is considered.

The displacement response of the damper node is displayed in figure 36a for pole placement only and in
figure 36b for combined pole placement and integral control. As seen the static offset caused by the static
load component is removed when integral control is applied. However, the results also indicate that the
vibration response is increased when integral control is applied. This is confirmed by calibration of y,. by
repeated simulations where y, is varied. By letting y,c — y,"c”t, the static offset of the cable displacement is

minimised. However, at the same time the vibration response of the cable is increased.
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Figure 36: Cable displacement response in the damper node

The corresponding maximum cable displacements are found at the mid-point of the cable and are
illustrated in figure 37a and figure 37b, respectively. Again, the results indicate that the displacement
response of the cable is increased when the integral controller is included. Furthermore, the static offset is
not removed for which this is merely a local effect.
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Figure 37: Maximum displacement response of the cable.

The results indicate that the optimal value of the controller gain is only optimal with regards to the removal
of the static offset. The expected additional damping of the low-frequency modes is not observed and
instead the vibration response is increased. Hence, the integral controller does not have the intended
effect.

The integral control is considered separately in order to verify whether this alone or the combination with
the pole placement control increase the vibration response of the cable. As seen in figure 38a the damper
force have higher positive values as to account for the positive static offset. The corresponding vibration
response in the damper node is illustrated in figure 38b where a comparison to the uncontrolled response
is given. Again, the results indicate that when the static offset is removed the vibration response is
increased.
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Figure 38: Results when separately considering integral control.

Furthermore, the effect is again observed to be local as the static offset is still present at the mid-point of
the cable. This is illustrated in figure 39 from which it is also observed that the maximum vibration
response of the cable is increased.
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Figure 39: Effects on the maximum cable displacement when integral control is implemented.

The results from considering the integral control separately indicate that this alone is the reason for the
increased vibration response.

5.6

Comparison of results

The results from the uncontrolled system, the system controlled by viscous damping, and the system
actively controlled by pole placement are compared below for a sample time of 100s. In figure 40a the
vibration response of the maximum cable displacements are illustrated while the related damper forces
are illustrated in figure 40b.
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As expected, the active control causes a better damping of the system. It should be noted that a power
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source is necessary for the actuator in the active control mechanism to work.
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6 Résumeé
This report deals with different methods of control of rain/wind induced vibration of stay-cables.
Chapter 1:

A short introduction to the phenomenon rain/wind induced vibrations and a review of the achieved
literature is given after which some different ways of controlling the vibrations are outlined

Chapter 2:

In this chapter a thorough description of the rain/wind induced vibrations is given, prior to formulating a
numerical finite element model of a stay-cable inflicted by rain/wind induced loads. The analytical models
formulated by Robra and Yamaguchi are shortly analysed and the expected vibration pattern are clarified.
The considered cable is defined and the set-up resulting in the most severe vibration response is outlined
— based on experimental results.

Chapter 3:

The basic information about the tree different types of vibration control is discussed consisting of passive,
semi-active and active control. The passive control is implemented by a linear viscous damper, the semi-
active control is accounted for by a MR-damping device, and the active controls are control of axial forces
and control by the pole placement method.

Chapter 4:

The produced numerical model is systematically described. The quasi-static load model is derived and an
equation of motion for both the rivulet and the cable is formulated. A multi-degree-of-freedom finite
element model is assembled where a state vector formulation for the entire system is formulated, after
which the control algorithms according to the considered damping strategies are included separately.

Chapter 5:

Finally simulations where the system is uncontrolled, controlled by passive viscous damping, controlled by
semi-active damping, actively controlled by pole placement, and actively controlled by combined pole
placement and integral control is conducted. The results are compared in the end in order to evaluate the
relative effectiveness of the damping mechanisms.
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7 Conclusion

The purpose of this thesis is to evaluate damping of rain/wind induced vibrations of stay-cables. Passive
viscous damping, semi-active MR-damping, active control of axial forces, active control by pole placement,
active control by integral control, and active control by pole placement and integral control are investigated
in order to evaluate the relative effectiveness.

The basis is taken in a stay-cable where a rivulet is present and a uniform mean wind load is applied.
Because of this, the cable vibrations consist of standing waves according to the eigenmodes of the cable.
This is considered as an inadequacy of the model, since field observations show that rain/wind induced
vibrations often consists of a combination of travelling- and standing waves. This is probably brought
forward by randomness in the vibrations due to turbulence and randomness of the equilibrium position of
the rivulets. Furthermore, the static offset of the cable displacement exist due a static load from the
considered mean wind.

The theory regarding when and how rain/wind induced vibrations occur is verified and it is found that the
vibrations occur only in a small interval of the mean wind velocity. Furthermore, it is proven that self-
perpetuating vibrations occur when the slope of the lift coefficient d¢, /da is negative, which consist with
the triggering of galloping instability, (Den Hartog, 1956). However, additional investigations should be
made in order to describe the phenomenon in a more general way.

When a cable without any vibration control is considered under the worst natural loading, the first four in-
plane cable modes are found to be unstable. The vibration response show that stationary peak-to-peak
amplitudes are not reached, which is not in agreement with other literature. This is explained by lack of
geometric non-linear stiffness terms of the cable which are ignored in the present numerical model.

When a viscous damper, tuned to the first mode of vibration of the cable is considered it is ensured that all
closed loop poles have negative real part and the system is undercritically damped. Then, asymptotic
stability is expected as the system is considered to be linear. However, the results show that a stationary
vibration response is achieved with a maximum displacement amplitude of 0.25m. A number of linearized
approximations on terms in the rivulet equation of motion are ascribed this result. Regarding the
performance of the linear viscous damper it is not possible to evaluate this result alone, since no exact
field-data is available for a cable with the same dimension and setup as used in the simulation. In case of
decreasing the distance between the lower support point and the connection point of the damper, relative
to the length of the cable chord, the efficiency of the passive viscous damper will be reduced.

In the present case damping by the semi-active MR-damper is found to be less efficient than the passive
viscous damper. If the load model is expanded to account for turbulent effects, travelling waves might be
seen in the vibration response. Then, the MR-damper is expected to be more effective, since the MR-
damper is capable of changing the damping coefficient in case of a sudden change in signal input.
Furthermore a more comprehensive parametric study is required for the MR-damper to work more
effectively. Consequently it has not been possible to achieve the same results as Johnson, Baker,
Spencer, and Fujino, who claimed significant damping results, (Johnson, et al., 2007).

When the unstable cable modes are actively controlled by pole placement asymptotic stability is expected
for a linear system. Instead, stationary peak-to peak amplitudes are reached in consistence with the
observations from the passive viscous damping. However, when active control by pole placement is
considered the maximum displacement amplitude is 0.002m. A configuration where combined active
control by pole placement and integral control is considered as the integral controller should increase
damping of the low-frequency modes and furthermore remove the indicated static offset of the cable
displacement. However, the results indicate that when the static offset is removed the vibration response
of the cable is increased. Furthermore, the integral control will only remove the static offset locally —i.e. in
the damper node.

Summarizing what is mentioned above it is found that when the active control strategy by pole placement
is used, the best damping of the cable is achieved. The cost is a necessary power supply for the active
control device to work, which should be evaluated in comparison to the passive device in a practical
design situation.
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8 Future work

In this thesis some delimitations and assumptions are made in order to complete the work within the given
time period. For future work these limitations should be reconsidered in order to achieve more exact
results.

First of all, the load model is based on rms-values of the aerodynamic coefficients ¢, and c¢,. Additional, or
at least the first two, of the Fourier coefficients should be included, which in turn would require better data
from tests compared to what have been available in the present case. Hereby, the memory effects on the
aerodynamic coefficients could also be accounted for.

The load applied on the cable is assumed to be a constant mean wind load which is unchanged along the
cable. This is a very crucial assumption, since the load in reality is varying both in height and in time due
to turbulence. The turbulence u is considered as a vertical- and a horizontal component which will
generate random lift- and drag forces. The vertical component is expected to affect the dynamic increment
Aa, while the horizontal component is expected to introduce random fluctuations of 8, = 6,(U, + w). This
will in combination affect the effective wind angle of attack. The load may be vital in achieving travelling
vibration waves of the cable. If this is done, it would be interesting to re-evaluate the effectiveness of the
semi-active MR-damper.

A static offset of the cable displacement is caused by the constant mean wind load. In the active control
method this is accounted for by including the integral control, but this is not the case when the passive and
semi-active control is used. A combination of the viscous damper and the active integral controller could
be interesting to evaluate compared to the pole placement integral control.

The numerical model which is used in the present case only takes into consideration in-plane vibrations
and the applied load model is only derived for loading in the local y-direction. As rain/wind induced
vibrations may consist of combined in- and out-of-plane vibrations, an extension of the model to include
both types of vibrations may be preferred. If the model is extended to include out-of-plane vibrations, at
least one additional damper mechanism must be included. Hence, the vibration control setup used in the
passive, semi-active and active control strategy is made capable of controlling out-of-plane vibrations. If
the above is implemented in the numerical model, some additional transformations are needed and the
load model must be extended to account for both y- and z-directional loadings.

In general, a more detailed description of the cable motion would be obtained if the geometric non-linear
stiffness terms of the cable are accounted for. Moreover it is possible to expand the equation of motion for
the rivulet to include e.g. direct wind loads on the rivulet and friction between the cable and the rivulet. If
these effects are included the movement of the rivulet will also depend on the size of the rivulet and the
cable material. To describe these influences, additional wind tunnel tests must be performed in order to
obtain a more detailed knowledge about the parameters influencing the motion of the rivulet.

The active pole placement method is a state feedback control for which reason an observer equation must
be developed to express the state of the system. The observer is commonly connected to sensors
mounted along the cable, but it would be preferable if a collocated observer algorithm by means of v,(t)
and v, (t) could be found.

The only restriction in the numerical model on the rivulet motion is that the simulation stops when the
effective angle between the position of the rivulet and the wind angle of attack is not within a defined
region. In reality the rivulet will probably disappear when inflicted by extreme vibrations, and a new rivulet
will develop when the cable vibration has settled. The results from additional wind tunnel tests should be
used to give a better description of the motion of the rivulet for this to be implemented in the numerical
model.
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