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Synopsis:

This report concerns the controlling of a
stoker �ring system from Benekov/Liagro.
The stoker �ring system is set at our/the
University's disposal by Techno-Matic A/S
who normally delivers the controllers to
Benekov/Liagro.
Two non-linear models of the stoker �ring sys-
tem are derived; one for wood pellets and one
for wheat. The non-linear models are based on
six �rst order di�erential equations which are
determined by thermodynamics and laws of
physics. The two non-linear models are then
veri�ed in Simulink with measured data from
the plant.
The models are linearized using a �rst order
Taylor series so a controller can be designed.
The controller is designed from a state space
model of the stoker �ring system. This state
space model is a representation of the linear
model on matrix form.
The controller designed for the stoker �ring
system contains two optimal controllers, based
on linear quadratic regulator theory - one for
each solid fuel. Moreover the controller con-
tains a solid fuel estimator capable of deter-
mine the solid fuel combusted. The solid fuel
estimator is designed from the two models,
Kalman �lters and Bayers possibility rule.
The three parts of the controller are veri�ed
individually in simulations with satisfying re-
sults and they are therefore tested on the
plant. The simulation of the two optimal con-
trollers is done using the non-linear model as
the plant. The performance obtained in sim-
ulations is however not reached on the plant
therefore the controllers does not ful�ll the de-
sired requirements.

The three parts are then assembled to one

adaptive controller. This controller is then

tested on the plant. Due to lack of time re-

sources has it not been possible to obtain a

satisfying result for the adaptive controller.
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Synopsis:

Denne rapport omhandler regulering af et
Stoker system fra Benekov/Liagro. Stoker
systemet er stillet til rådighed af Techno-
Matic A/S, som normalt laver regulatorer til
Benekov/Liagro.
To ulineære modeller af stoker systemet er
udledt, en for træpiller og en for hvede. De
ulineære modeller er baseret på seks di�eren-
tial ligninger af første orden, som er bestemt
ud fra termodynamik og fysiske love. De to
ulineære modeller er veri�ceret i Simulink
med måledata fra anlægget.
Modellerne er lineariseret ved hjælp af en
første ordens Taylor approksimation, så en
regulator kan blive designet. Regulatoren er
designet ud fra en state space model af stoker
systemet. Denne state space model er en frem-
stilling af den lineære model på matrix form.
Den designede regulator for stoker systemet
indeholder to optimale regulatorer, som er
baseret på lineær kvadratisk regulator teori
- en for hvert brændsel. Regulatoren in-
deholder også en brændsels estimater, som
kan bestemme det brændsel der afbrændes.
Brændsel kalkulatoren er designet ud fra de
to modeller, Kalman �ltre og Bayers sandsyn-
lighedsregel.
De tre dele i regulatoren er veri�ceret indi-
viduelt i simuleringer med tilfredsstillende re-
sultat og er derfor testet på anlægget. Simu-
lationen af de to optimale regulatorer er lavet
med den ulineære model som anlægget. De
opnåede resultater i simuleringerne, er ikke
opnået på anlægget og derfor kan regulator-
erne ikke opfylde de ønsket krav.

De tre dele er samlet til en adaptiv regulator.

Denne regulator er testet på anlægget. På

grund af tidsmangel har det dog ikke været

muligt at opnå tilfredsstillende resultater for

den adaptive regulator.



Preface

This master thesis is written by group 08gr1031a and documents a project concerning control of
an automatic stoker system. The project originates in the project proposal, "Adaptive Control of
a Stoker Firing System" proposed by associate professors Tom Søndergaard Pedersen and Palle
Andersen at Aalborg University in collaboration with Søren Kildedal Jensen at Techno-matic
A/S.

The authors would like to thank Søren Kildedal Jensen for his great assistance regarding the
practical issues concerning the stoker �ring system including the interface to the system. More-
over most of the preliminary test on the stoker �ring system is made in cooperation with J.
Karsten N. Boll who �nished his bachelor thesis in January 2008 at Aalborg University.

The thesis and project is made at the Department of Electronic Systems at the Section of Au-
tomation and Control at Aalborg University under the Master program "Intelligent Autonomous
Systems", and is composed during the period from the 3rd of September 2007 to the 4th of June
2008.

The target group for this project is the company Techno-Matic A/S, the supervisors, the censor
and others with interest for the subject. For a complete understanding of this report, a technical
and scienti�c level corresponding to that of 10th semester students at the Section of Automation
and Control is required.

Literature references are written according to the Harvard-method: [Last name of author, year of
publication] whereas data sheets are referred to as: [Name of manufacturer, year of production].
A complete bibliography can be found at page 103. Figures, tables and equations are numbered
consecutively inside each chapter and references to appendices are enumerated as: Appendix A,
B, etc.

On the last page, a CD-ROM is enclosed, which contains literature,Matlab-�les and the report.
A complete description of the contents of the CD-ROM can be found on the CD-ROM in the
read me.txt-�le which also contains information on how to reconstruct the di�erent tests.

Throughout the project, Matlab has been used for capturing, processing and representation
of data. Simulink has been used for implementing and simulating the developed models and
controllers. The version of Matlab used is 7.5.0.342 (R2007b) and the Simulink version is 7.0
(R2007b). Moreover Maple 9.00 has been used for large algebraic computations.

The report consists of 15 chapters and 8 appendices, which are structured into the �ve following
parts:

Part I is an introduction to the project. An overview of the context in which the project should
be viewed is given. A system description is given, including the hardware con�guration on the
stoker �ring system. Lastly this part contains a detailed description of the scope of the project.

Part II concerns the mathematical modelling of the stoker �ring system. This includes modelling
the actuators and sensors, as well as making non-linear and linear models.

Part III of the report contains the development of a controller. After an introductory analysis of
controllers, an optimal controller is designed, which is then extended to an adaptive controller.

Part IV is the closing part where the result from the acceptance test is discussed and the
conclusion of the project is made. Future improvements are also presented.

Part V contains the appendices of the report, which contains further documentation of the
project. This include a description of the Simulink interface to the stoker �ring system, the
controller designed by Techno-Matic A/S, the detailed calculation used in the modelling part



and lastly, documentation of the conducted tests on the actuators and sensors.

For easy reference, a nomenclature is appended as the last appendix. This brie�y describes
the meaning of the used abbreviations and symbols, and contains the values of the di�erent
constants.

Each part starts with a brief intro, describing the contents of the part, and each major part is
concluded with a brief summary.

The master thesis is copyrighted by the members of the group and Aalborg University. It may
be used freely provided that a distinct reference is made.

Aalborg University, 4th of June, 2008

Made by:

Heine Hansen Louis Schultz Lantow
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Part I

Introduction

This part contains three chapters which de�ne the scope of the project and describe the stoker
�ring system used in this project.

The �rst chapter describes the context of the report in order to specify the area, in which the
purpose of this project lies.

In the second chapter a description of the stoker �ring system is presented. First are the processes
inside the stoker �ring system analysed and secondly the hardware is described.

Finally, the scope of the project is given in the third chapter, where possible solution strategies
are discussed. The main objective for this project is also presented along with a number of test
criteria to test the stoker �ring system.



Chapter 1
The Context of the Project

The total net heat requirement in Denmark is approximately 220,000 TJ per year. This means
that each Dane uses 42 GJ on average every year to heat buildings and domestic water which
correspond to 11.5 MWh. Seen in a larger measure the yearly consumption of heat in a average
single-family house

(
130m2

)
is approximately 65 GJ or 18.1 MWh [Energistyrelsen, 2004].

In Denmark di�erent types of technologies are used to heat building and domestic water. Most
heat consumers (three out of four) receive heat from a public heat supplier. This is done by
building plants and laying down pipes in the ground which deliver hot water or steam to the
consumers; this is known as district heating. District heating is produced in heating plants or
combined heat and power plants. Public heat supply is primarily found in cities and towns.
The last group of heat consumers (one out of four) uses oil furnaces, natural gas furnaces or
biofuel furnaces to supply the house with heat. Every consumer with own heating furnace have
to purchase their own fuel. Every third home in Denmark has an individual heating plant and
39,000 of these are automatic stokers. Common for the public heat supply and the individual
heat supply is that the heat transport inside the building is done through a central heat water
carrying system. This means that the heat is transported around inside the building through
radiators and pipes [Energistyrelsen, 2004].

Every third home in Denmark has an individual heat source (609,000) and 39,000 of these are
automatic stokers

The price for district heating for a average single-family house can vary up to 20,000 dkr on
a yearly basis depending on where in Denmark they are based. The reason for this is, among
others, the connection fee, the depreciation politics and the heating fuel. A good average for a
single-family house is around 0.60 dkr per kWh [Dansk Fjernvarme, 2007]. For individual heating
the price is depended on the e�ciency of the furnace, the price of the heating fuel and the load
on the system. For an automatic stoker with a e�ciency above 90 %, grain as fuel and high
load the price is 0.35 dkr per kWh for a single-family house. For oil and natural gas furnaces
under the same conditions as for the automatic stoker the price lies between 0.83 and 0.88 dkr
per kWh. For the individual heating system there is a small yearly compulsory inspection fee
which is not included in the kWh prices and the acquisition price is also not included. As just
mentioned the high e�ciencies for the individual heating systems is only guaranteed under high
loads which means that the e�ciency decreases when the load is decreased meaning that the
kWh price increases.

This e�ciency problem is especially valid for automatic stokers as the combustion of solid fuel
is rather complex. Moreover most of the automatic stokers are capable of burning di�erent

2



a CHAPTER 1. THE CONTEXT OF THE PROJECT

solid fuels, which further complicates the problem. Di�erent companies are therefore dealing
with the problem and one of these companies is Techno-Matic A/S which this project is made
in cooperation with. Techno-Matic A/S is a Danish company located just outside of Aars in
North Jutland. Besides controllers for automatic stokers, Techno-Matic A/S develops high-tech
systems for physically demanding environments mostly to forest machinery.

1.1 The Automatic Stoker System

The automatic stoker system which has been put at disposal by Techno-Matic A/S for this project
is a Benekov R 25 Tornado stoker which has a maximum performance of 24 kW and can reach an
e�ciency above 90%. Benekov is a family owned Czech boiler manufacturer with over 50 years
experience in heat technology. Benekov has in cooperation with the Danish company Liagro A/S
developed specialized automatic stokers which have the ability to burn a variety of di�erent solid
fuels; the R 25 Tornado is such a stoker. The automatic stokers from Banekov/Liagro all have
a control unit made by Techno-Matic A/S, the newest is called TM3006. The R 25 Tornado
Banekov/Liagro stoker with a Techno-Matic controller can be seen in Figure 1.1. Throughout
this report R 25 stoker or just stoker refer to this particular automatic stoker system unless
otherwise is mentioned.

Figure 1.1: Front view of the R 25 Tornado automatic stoker from Benekov/Liagro
where the TM3006 controller from Techno-Matic A/S can be seen in the top left. The
outer dimensions of the stoker in [mm] is 1470 x 930 x 1210 (width x depth x height)
and it weighs 360 kg.

1.2 The Purpose of this Project

The purpose for this project is to support Techno-Matic A/S with modelling and control of the
R 25 stoker. The modelling part is made to �nd the correlation between the di�erent variables.
A model based controller can use this knowledge of the system, which should result in a better
control, compared to the controller implemented on the stoker and other controllers that do not
use this knowledge. The main challenge is to improve the control of the stoker, compared to

3



1.2. THE PURPOSE OF THIS PROJECT a
the one implemented today. An important step in the controller design is the estimation of the
solid fuel as the R 25 stoker can burn a variety of di�erent solid fuels. Each of these solid fuels
has di�erent composition and e�ciency which requires much of the controller. If the solid fuel
can be estimated, di�erent controllers can be designed, which is optimal for the relevant solid
fuel. The e�ciency of the stoker will then be increased as some supervision can shift between a
set of di�erent controllers when the solid fuel is changed. This means that the only interacting
between the stoker and the user is when the stoker has to be refuelled. The controller must also
take the varying consumer load into account.

Another problem is that the load can be very small, for instance in the summer time when only
the domestic water has to be heated. This means that the stoker must be able to keep burning,
when no e�ect is required, this is called "pause burning". The "pause burning" phenomenon
does not have the highest prioritization as the tendency is that more and more uses automatic
ignition. The automatic ignition must then be taken into account in the controller but it is much
easier compared to the "pause burning" phenomenon. However none of these two phenomenons
will be considered in this report. As the main purpose is to make an adaptive controller to
di�erent fuels.

In the following chapter a detailed description of both the combustion process and the system
will be given.

4



Chapter 2
System Analysis

The R 25 stoker which is at disposal for this project can grossly be divided into �ve parts, a
solid fuel feeding system, a burning chamber, a gas chamber, a load and a control system (see
Figure 2.1).

Host PC Target PC I/O board  Stoker 
system

Exhaust gas

Solid fuel

Air

Outlet water

Inlet water

Load

Motor

W
a
t
e
rPump

Burning 
chamber

Gas 
chamber

Catalyst

Solid fuel
Inlet 

water

Exhaust gas

A
i
r

Motor
Screw conveyor

Blower

Solid fuel 
chamber

Catalyst

Burning
chamber

Gas
chamber

W
a
t
e
r

Load

Pump

Outlet water

Burning head

Ash trash

Figure 2.1: Four of the �ve parts of the R 25 Tornado stoker which is at disposal
for this project. Including the feeding system, the burning chamber, the gas burning
chamber and the load.

The solid fuel feeding system contains a large chamber for solid fuel and a screw conveyor which
is driven by a AC motor. This screw conveyor provides the burning chamber with solid fuel.
The burning chamber contains a burning head with a hole where the solid fuel comes up like a
molehill where a blower provide primary air to the combustion process. Over the molehill is a
ceramics plate located to damp down the �re, it also works as a catalyst by supplying secondary
air. The gas chamber is the largest area which is in contact with the water pipes, the gas travels
around the water pipes until it reaches the exhaust gas chamber and is there led out of a chimney.
The gas in the burning chamber, the gas chamber and the exhaust chamber transfers heat to
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2.1. SOLID FUEL a
the water. In the test setup used for this project a calori�er is used as load where the outlet
water is led through. The control system on the test setup is di�erent from the original one as
the TM3006 controller is replaced with a target PC with an I/O board, two print circuit boards
(PCB's) from Techno-Matic A/S and a host PC. A block diagram of the control setup is given
in Figure 2.2.

Host PC Target PC Techno-Matic
PCB’s

 Stoker 
system

Solid fuel
Inlet 

water

Exhaust gas

A
i
r

Motor
Screw conveyor

Blower

Solid fuel 
chamber

Catalyst

Burning
chamber

Gas
chamber

W
a
t
e
r

Load

Pump

Outlet water

Burning head

Ash trash

Figure 2.2: Block diagram of the controller setup for the stoker system where the
arrows indicate the signal way.

Real photos of the stoker system can be found in Appendix F.

In the following the combustion processes inside the stoker will be described in detail, moreover
the di�erent solid fuels which can be combusted in a R 25 stoker will be described, and the
hardware mounted on the test setup will be described in detail.

2.1 Solid fuel

The R 25 stoker can burn a lot of di�erent solid fuels such as wood pellets, wood chips, grain,
olive stones, rape, cacao shells, cherry stones, peat pellets and coal. The solid fuels vary from
each other in many ways, but the most distinct are the heating value, the moisture percent and
the ash percent. In Table 2.1 the values of these parameters are given.

Solid fuel Heating value Humidity content Ash content

Wood pellets 17.6 MJ/kg 7% 0.3%
Wood chips 17.6 MJ/kg 10% 0.3%
Grain 15.2 MJ/kg 14.5% 3.6%
Olive stones 19.0 MJ/kg 10% 5.0%
Rape pellets 20.8 MJ/kg 7% 8.4%
Cacao shells 17.6 MJ/kg - -
Cherry stones 17.2 MJ/kg 15% 1.0%
Peat pellets 16.7 MJ/kg 1.5% 1.7%
Coal 27.2 MJ/kg 10% 10.0%

Table 2.1: The heating value, humidity content and ash content for the di�erent
solid fuels which can be combusted in the R 25 stoker. These solid fuels are tested,
approved and recommended by Liagro A/S.

These values do not only change with di�erent solid fuels, the parameters can also vary as the
parameters are depended on the quality of the solid fuel. This is however not investigated further
in this project. The values given in Table 2.1 are therefore considered average values. Besides
these parameters the di�erent solid fuels can also di�er in chemical composition.

This project is limited to dealing with only two di�erent solid fuels; wood pellets and grain
which is the two most common solid fuels on the market. These two are described in detail in
the following whereas the rest are only described shortly afterwards.

6



a CHAPTER 2. SYSTEM ANALYSIS

2.1.1 Wood Pellets

Wood pellets are the most distributed solid fuel for stokers and it is made from compacted
sawdust. They are usually a by-product of sawmilling or other wood productions. The wood
pellets are extremely dense and produced with a low humidity content which allows them to be
burned with a high combustion e�ciency. Other advantages are the low ash content and the
relative high heating value, moreover the wood pellets are highly in�ammable. As the wood
pellets almost only consists of carbon (C), hydrogen (H), oxygen (O) and water (H2O) almost
no hazardous gases are created during the combustion process. The disadvantage is the price
which is more expensive compared to other solid fuels. When the wood pellets are combusted
they have a tendency to make a crust, when this crust is burst by the incoming wood pellets the
O2-level will drop brie�y. This crust phenomenon is however also present with most of the other
solid fuels.

The control of the combustion of wood pellets is relative easy due to the fact that they are
highly in�ammable. This means that the combustion process can run at a low O2-level just
around 4-8%. The temperature is also easy to control as the wood pellets have a high heating
value, meaning that they release a lot of energy during the combustion. The crust formation can
be reduced by supplying the stoker with less solid fuel and increasing the number of steps.

2.1.2 Grain

Di�erent sorts of grain can be combusted. In Denmark the most common is wheat and rye.
The three parameters for wheat and rye does not di�er much, they have the same humidity
content but wheat has a lower heating value and a higher ash content. The small di�erence in
the parameters between wheat and rye is assumed to be neglectable. Only wheat is used in this
project which is assumed to be su�cient when investigating grain as a solid fuel as wheat has
the less optimal parameters. The disadvantage in the grain combustion is the rather low heating
value and the high ash content, this is however compensated by the low price on grain. Besides
C, H, O and H2O grain also contains sulphur which creates acid gases during the combustion
process. To avoid these acid gases the temperature inside the stoker must be higher than when
wood pellets are combusted. Which means that both more grain and more O2 must be present.
The grain is also poor in�ammable meaning that even more O2 must be present.

The control of grain combustions is a bit more complicated compared to combustion of wood
pellets. Both the temperature and O2-level must be su�ciently high. The temperature of the
outlet water must be 70-80◦C and the O2-level must be 8-12%.

2.1.3 Alternative Solid Fuels

A number of alternative solid fuels can also be combusted in the R 25 stoker as shown in Table 2.1.
All of them have relative small parameter variations compared to each other. The big advantage is
the low price which compensates for most of the disadvantages such as low combustion e�ciency,
low heating value, high moisture and ash contents. The chemical composition of the alternative
solid fuels can vary, meaning that di�erent hazardous gases can be created during the combustion
process. Common for the combustion of all these alternative solid fuels are the increased demands
to the controller.

7



2.2. THE COMBUSTION PROCESSES a
2.2 The Combustion Processes

As just mentioned the R 25 stoker can burn a lot of di�erent solid fuels, common for all these
solid fuels is the chemical structure which mainly consists of C, H, O and H2O. The combustion
process can be divided into �ve steps (see Figure 2.3).

1. As the wet solid fuel heats up, water is driven o� (blue arrows).

2. Drying continues and volatilisation begins (light-orange arrows).

3. Drying and volatilisation continue; volatiles ignite.

4. Drying complete, volatilisation continues and volatiles combustion continues.

5. Volatilisation and volatiles combustion complete; and residual charcoal combusts.1 2 3 4 5

Time

1 2 3 4 5

Time

Figure 2.3: The combustion process of the solid fuel. The arrows indicate volatili-
sation of gases.

When modelling this combustion phase two aspects are important: The combustion time of
volatiles and the combustion time of charcoal. The latter is much longer than the former.

During the whole combustion process three sets of di�erent chemical reactions can happen, these
reactions are important in the modelling phase as they can be used to �nd the energy supplied
from the combustion of the solid fuel. Under supply of air the following reaction happens, this
reaction is however not matched [Annamalai & Puri, 2007] [COWI, 2004]:

CHκhOκo(s) +H2O(l)︸ ︷︷ ︸
solid fuel

+O2 + κn ·N2︸ ︷︷ ︸
air

→ CO2 +O2 +H2O(g) + CO+ κn ·N2 (2.1)

The character in parenthesis indicates the phase of the di�erent substances, where s is solid, g is
gas and l is liquid when nothing is mentioned the substance is in the gas phase. The reaction in
Equation (2.1) can be split into two reactions; one where no CO2 is present and one where no
CO is present:

I. CHκhOκo(s) + H2O(l) + O2 + κn · N2 → CO + O2 + H2O(g) + κn · N2

II. CHκhOκo(s) + H2O(l) + O2 + κn · N2 → CO2 + O2 + H2O(g) + κn · N2

If the combustion of solid fuel is clean no CO is created, this is however not the case most of
the time. Therefore both CO and CO2 will be created during the combustion of solid fuel which
means that both reaction I and II happen during the combustion process.

When no air is present the following set of reactions happens:

8
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III. CHκhOκo(s) + H2O(l) + CO2 → CO + O2 + (k1 + k5) · H2O(g)

IV. CHκhOκo(s) + H2O(l) + H2O(g) → CO + H2 + O2 + H2O(g)

When the gases created during the combustion process are burned o� the following set of reactions
happen:

V. CO + O2 + κn · N2 → CO2 + κn · N2

VI. H2 + O2 + κn · N2 → H2O(g) + κn · N2

None of the six reactions are matched. The main information about the six reactions can be
seen in Table 2.2.

Reaction I II III IV V VI

Energy Exo Exo Endo Endo Exo Exo
Heat value (hc) [kJ/kg] 9203.2 32766 -14359.7 -10932 10103 141500
Type Hetero Hetero Hetero Hetero Homo Homo
Dominates > 800 K < 800 K < O2 < O2 - -

Table 2.2: Information about the six reactions. Exo/Endo means exother-
mic/endothermic, the former indicates that the reaction produce energy whereas the
latter indicates that the reaction consume energy. The heat value for the �rst four
reactions is per kg carbon, for the 5th reaction it is per kg CO and for the 6th reaction
it is per kg H2. Hetero/Homo means heterogeneous/homogeneous, the former indi-
cates that the reaction happens between species in di�erent phases whereas the latter
indicates that the reaction happens between species in the same phases.

From Table 2.2 it can be seen that reaction III and IV both creates CO and consumes energy,
this is not desired in the combustion process, so it is important that the O2-level is su�cient at
all time. Reaction III and IV is however neglected in the rest of the report as it is assumed that
the O2-level is su�cient high during the combustion process. It is assumed that no CO leaves the
stoker through the chimney [COWI, 2004], this means that all the CO created during reaction I
is created to CO2 during reaction V. As reaction II contribute with the same amount of energy as
reaction I and reaction V it is not important which of reaction I and II that dominates. Reaction
II and reaction I and V contribute with the largest amount of energy as the C atoms in the solid
fuel has the largest weight. Reaction VI happens when free H2 reacts with O2 molecules creating
H2O steam, this reaction creates a lot of energy and is therefore desirable in the combustion
process. But as the amount of H is rather small, the contribution from this reaction is small.
Moreover is it assumed that no NOx is created during the combustion. At last it is assumed that
the entire C in the solid fuel is incinerated.

These considerations are seen in an energy perspective. For the stoker to be approved it must
however ful�l some emission standards. These standards tell how much CO, NOx and other
hazardous gases the exhaust gas must contain. There are no demands regarding the CO2 emission
as the stoker is said to be CO2 neutral as long as the solid fuel only consists of biofuel. This is
because the biofuel absorbs the same amount of CO2 as it emits in the combustion process. It
is assumed that the emission standards are ful�lled as long as the O2-level is su�ciently high at
all time.

9



2.3. HARDWARE DESCRIPTION a
2.3 Hardware Description

The hardware on the test setup is somewhat modi�ed compared to the original R 25 stoker, and
can be divided into four di�erent types; actuators, sensors, a load and a control system. The
actuators can be directly controlled by the control system depending on the measurements from
the sensors. The actuators on the test setup are the same as on the original plant, however some
extra sensors are mounted on the test setup. As mentioned before a calori�er is used as load
on the system. The control system is di�erent from the original controller as the processor is
replaced by a target PC with an I/O board and a host PC.

2.3.1 Actuators

The R 25 stoker has two actuators a crew conveyor which is driven by a motor and a blower
which provide primary air to the solid fuel and secondary air to the gases.

Screw Conveyor

The screw conveyor is powered by a motor which is controlled with a PWM signal through a
solid state relay. The solid state relay is capable of switching on whenever during a sine wave
whereas it only can turn o� when the sine wave goes through zero. This means that the PWM
control signal can be longer than desired, this is illustrated in Figure 2.4.

Time

Amplitude

Figure 2.4: Illustration of how the solid state relay works where the blue line is the
desired duty cycle and the red line is the actual duty cycle due to the solid state relay.

The maximal delay can be calculated as a half period time, at 50 Hz this gives:

Td =
T

2
=

1
50

2
= 0.01 s (2.2)

where Td is the time delay and T the period time of the power supply to the motor.

The interface to the motor control is a �nished Simulink-block where the period time can be
changed. This block is described in details in Appendix A.

Blower

The blower is used to supply the system with air. It is an AC centrifugal blower from ebmpapst.
It has a maximal air �ow of 160 m3/h and is controlled by a PWM signal. As the air coming
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from the blower supply both the primary and secondary air via a fork in the pipe, it is impossible
to distinguish between primary and secondary air on-line. The interface to the blower control
is a �nished Simulink-block where the period time can be change. This block is described in
details in the modelling of actuator and sensor chapter.

2.3.2 Sensors

To make a proper control of the stoker, the system is equipped with six sensors. Three of these
sensors are temperature sensors which measure the temperature of the inlet water, the outlet
water and the exhaust gas. A lambda oxygen sensor is used to measure the O2-level in the
exhaust gas. Finally two �ow meters are used, one to measure the water �ow of the inlet water
and one to measure the air �ow into the stoker which is not mounted on the system. The location
of the sensors on the stoker can be seen in Figure 2.5.

T

Exhaust gas

R

Solid fuel

Air

T F

Outlet water

Inlet water

T

Load

Motor

W
a
t
e
rPump

Figure 2.5: From this simpli�ed sketch the location of the sensors can be seen. T
is the temperature sensors, F is the water �ow meter and R is the lambda oxygen
sensor.

Normally the stoker is only equipped with three sensors which are the outlet water temperature
sensor, the exhaust gas temperature sensor and the lambda oxygen sensor. The extra three
sensors are used for modelling purposes in this project. The inlet water temperature sensor can
however be used in the controller design, as it gives a good indication of the load on the system.
Due to this reason and the price of a temperature sensor it is likely that future stokers from
Benekov/Liagro are equipped with an inlet water temperature sensor.

Temperature Sensors

Three di�erent temperature sensors are used to measure temperature. The sensors can be clas-
si�ed into two types depending on the temperature coe�cient of the thermistor in the sensor.
A thermistor is a type of resistor used to measure temperature changes relying on the change in
resistance with changing temperature.

If this temperature coe�cient is positive, the resistance increases with increasing temperature
and such a sensor is called a positive temperature coe�cient (PTC) thermistor temperature
sensor. Such a sensor has a linear relation between temperature and resistance. If the coe�cient
is negative, the resistance decreases with increasing temperature and such a sensor is called a
negative temperature coe�cient (NTC) thermistor temperature sensor. Such a sensor has a
non-linear relation between temperature and resistance.

The temperature sensors used on this stoker are:

11
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• A PT1000 (platinum thermistor) PTC sensor is used to measure the exhaust gas temper-
ature. It is mounted immediately where the exhaust gas leaves the stoker and enters the
chimney. The sensor is not mounted in a metal case which means that it is in direct contact
with the exhaust gas.

• A 12k NTC sensor is used to measure the outlet water. It is mounted immediately after
the outlet water leaves the stoker. The sensor is a standard sensor mounted in a metal case
which is immersed in the water.

• A 10k NTC sensor is used to measure the inlet water. It is mounted just before the inlet
water enters the stoker. The sensor is a SMD-component which is mounted on the outside
of the water pipe with cooling paste. To isolate it from the surroundings the sensor is
wrapped in plastic foam.

Lambda Oxygen Sensor

A Bosch LSM 11 lambda oxygen sensor is used to measure the O2-level in the exhaust gas coming
from the burning chambers. The sensor works by measuring the di�erence in O2 between the
exhaust gas and the external air, and from this di�erence a voltage is generated. To work
e�ectively the sensor must be heated to approximately 350◦C, this is however done by a heating
element inside the sensor.

Water Flow Meter

A magnetic �ow meter from Fisher & Porter is used to measure the �ow of the inlet water. The
principle of the �ow meter is based on Faraday's induction principle, where a magnetic �eld is
imprinted perpendicular to the �ow direction. When water �ows through this magnetic �eld a
voltage is induced that is proportional with the magnetic induction, the �ow velocity and the
pipe diameter. This voltage signal is then converted to a current signal from 4-20 mA.

The input to the I/O board must be a voltage signal so the current output from the �ow meter
must be converted to voltage. This is done using a current-to-voltage converter.

The water �ow meter is only used o�-line to measure the water �ow for the three velocities for
the pump which are used in the modelling phase.

Air Flow Meter

An anemometer from Tasto is used to �nd the �ow of the supply air. An anemometer measures
the air velocity and works by an impeller cooling down a thermistor. The �ow can then be
found by multiplying the velocity by the intake area and the density of air. The anemometer is
a hand-held �ow meter and is as mentioned earlier not mounted on the system it is only used
to measure the relation between the input signal to the blower and the output air �ow. The
anemometer can also measure the secondary air �ow.

2.3.3 Load

The stoker system is not connected to a real load. The load on this test setup consists therefore
of a calorifere which is controlled through an Optidrive E. The fan in the calorifere is an axial
fan which has a maximum of 1350 RPM. The Otidrive E is a frequency converter from Invertek
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Drives which has an operating area from 8 Hz to 50 Hz, which means that the load is controlled
through the frequency supplied to the fan. The interface to the frequency converter is a �nished
Simulink-block where the frequency to the calorifere can be changed directly. The calorifere is
supplied with hot water from a Grundfos UPS 25-40 circulating pump which has three di�erent
velocities.

2.3.4 Controller Setup

As mentioned before the control system on the R 25 stoker consists of a target PC with an I/O
board, two PCB's from Techno-Matic A/S and a host PC. This controller setup is illustrated in
Figure 2.6. The whole system is controlled by Simulink.

PCL-812PG

POW3002 MPU3002

Target PC
Running xPC Target

I/O board

Power board Micro processor 
board

Connection 
board

Techno-Matic PCB’s

TCP/IP

Host PC
Running SIMULINK

Network adapter

TCP/IP

Network adapter

Actuators
Sensors

Figure 2.6: Illustration of the controller hardware setup.

Target PC

The target PC is a RadiSys rack-mount PC with a Pentium III 500 MHz processor and 512 MB
Ram. xPC Target version 3.3 (R2007b) is installed on the target PC's hard drive which enables
the connection of Simulink models to the physical system and execute them in real time. The
xPC target is able to create samples with a base sample time of 1 ms and above, which leaves
enough time to execute complex models with a large amount of I/O [MathWorks, 2007]. This
means that the target PC basically only works as a "micro processor" only capable of executing
Simulink models.

An analogue and digital I/O board from MultiLab of the type PCL-812PG is installed in the
xPC target which receives the signals from the sensors and transmits the signals to the actuators.

Print Circuit Boards

The two PCB's from Techno-Matic A/S are a MPU3002 board which delivers the computing
power and a POW3002 board which delivers the power to the actuators and sensors. The
MPU3002 board in this setup is however di�erent from the original as the processor is removed
which means that the MPU3002 board only takes care of signal adjustments. The I/O board
and the PCB's are connected through a connection board.
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Host PC

The host PC is a Znote 6615 laptop from Zepto with an Intel Core 2 Duo T7200 @ 2.00 GHz
processor and 2 GB RAM with Windows XP Professional Service Pack 2 installed. Matlab
version 7.5.0.342 (R2007b) with Simulink version 7.0 (R2007b) is also installed on the host PC.
The controller is created in Simulink and built on the host PC, in the building process the
controller is compiled with Microsoft Visual C and sent to the xPC target through a TCP/IP
connection. After that the host PC is connected to the xPC target and the controller is executed.
When the execution is ended it is possible to collect all the data gathered on the xPC target and
send it back to the host PC.

The di�erent actuators can be controlled in Simulink by adding blocks which generate the PWM
signals. The sensors output is available in Simulink by adding blocks which convert the mV
signals to actual measurements. The calibration of the di�erent sensors and actuators is also
done in Simulink. This setup allows control of the actual stoker system from Simulink, using
the host PC. The interfaces to the di�erent actuators and sensors are �nished Simulink blocks
made by Søren Kildedal Jensen from Techno-Matic A/S. See Appendix A for detailed description
of the whole Simulink interface.
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Chapter 3
The Scope of the Project

As mentioned in Chapter 1, this project treats the modelling and control of a stoker �ring
system. The purpose of this chapter is to give a short description on how this is done. First
the strategies used in the problem solution are presented and next is the main objective for the
project described.

3.1 Strategies

Two strategies have been used to solve the problem; a modelling strategy and a controller strategy.
Firstly a model of the system is made, this is done for the purpose of model based control. This
means that the control strategy uses the result of the modelling phase, which should result in a
controller that uses the information from the model in the control of the system.

3.1.1 Modelling Strategy

When a mathematical model of a physical system is composed, two di�erent methods can be
used. The model can be composed as a black box which is based on a analysis of observations
done on the system. The model can also be composed as a physical model which is based on
physically laws and considerations.

The black box method uses system identi�cation to determine the parameters in the model from
measurements on the real plant so the root mean square error is minimized. This method is
rather simple, but it has two major drawbacks as the physically understanding of the system is
missing and the structural analogy between the real plant and the model is also missing.

The physical model is normally a set of di�erential equations. These di�erential equations can
both be partial and non-linear. This method is a time-consuming task but the result gives both
a physically understanding of the system and a structural analogy between the real plant and the
model. The drawback is that many of the parameters in the system are unknown. In most cases
a linear model is preferred for controller design so the non-linear di�erential equations have to
be linearized around an operation point. In the controller design the linearized model will show
which physical variables in�uence the time constants, gains and delays and how these changes
in di�erent operation points.
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3.1.2 Controller Strategy

Di�erent approaches can be taken when designing the controller. The methods can be divided
into two groups. Model based controllers and non-model based controllers. A model based
controller, means a controller that use a model of the actual plant, where the di�erent output
and states can be found from the model. A non-model based controller can be based on step
response of the system, by trial and error or other methods. These techniques require a person
that tunes the controller parameters every time some changes in the system are made or a
controller that takes the worse case scenario on cost of e�ciency. A model based controller
can, on the other hand, take care of these problems, but a model based controller require a
model, that in general will be more time consuming than the non-model based techniques. It
is also necessary to have knowledge of the system, to make a model. But there exist di�erent
methods for making both model based and non-model based controllers. Some of these di�erent
methods are PID control, robust control, optimal control, predictive control, intelligent control
and adaptive control. An overview and description of the di�erent methods, can be found in the
controller part, see Chapter 9.1.

3.2 The Main Objective

In the preceding chapter the system is described and solution strategies presented. Techno-Matic
A/S wishes a model based controller which in some degree is capable of adjusting it self to the
actual environment.

The overall and most important objective is therefore to make a model which describes the stoker
system su�cient. A controller can then be designed from this model. Moreover is it desired that
the controller can adjust it self to the changes in parameter variations of the plant. The problem
can be shorted to:

A model of the stoker system has to be developed from which a controller can be designed. The
controller must adjust to di�erent solid fuels on the �y and still suppress any disturbances. Doing
so the controller must ful�l the desired requirements to the water temperature and the O2-level.

The stoker system model is made and veri�ed using Simulink. A controller is designed based on
this model. The controller is then build in Simulink and veri�ed. Lastly is the controller tested
on the system to see if it ful�ls the requirements which is speci�ed in the following subsection.

3.2.1 Requirement Speci�cation

In order to determine whether the main objective for this report has been achieved a set of
requirements is speci�ed. These requirements must be obtained by the controller. The controller
must be able to track the system to a reference point for both the water temperature and the
O2-level. Moreover is it desirable that the controller is capable of distinguishing between di�erent
solid fuels.

The requirements to the controller are set to the following:

• Tw: ±5◦C from the reference point 90% of the time when disturbances are given to the
system.

• O2-level: ±2% from the reference point 90% of the time when disturbances are given to
the system.
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The last requirement is that the controller is capable of distinguishing any changes in the com-
position of the solid fuel within 180 s and change it's parameters to match the new solid fuel
composition.

Four tests are made to verify that the requirements set to the controller are ful�lled. The four
test are described shortly below.

Test One: To validate if the controller is capable of ful�lling the two �rst requirements as
mentioned earlier when only wood pellets are combusted.

Test Two: To validate if the controller is capable of ful�lling the two �rst requirements as
mentioned earlier when only wheat is combusted.

Test Three: To validate the performance of the �nal controller.

A more detailed description of the test and the test results for these four test can be found in
Chapter 12.

3.2.2 Delimitations

The modelling and controller design is made speci�c to the test setup at Techno-Matic A/S.
This means that some changes must be done for the controller to work on ordinary R 25 stokers
from Benekow-Liagro. These changes are both in relation to hardware and software as hardware
modi�cations are made on the test setup and the controller setup is completely replaced.

As mentioned earlier the R 25 stoker can burn a lot of di�erent solid fuel. Due to time constraints
this report will only deal with wood pellets and wheat as solid fuels. The procedure for dealing
with other solid fuels is however the same as for the two solid fuels used for this report.

Throughout this report di�erent assumptions are used regarding the dimensions of the stoker, the
combustion process as mentioned and the physical behaviour of the stoker. As no construction
schemes are available for the R 25 stoker, the dimension of the stoker is found from assumptions
and measurements done on the test setup. To simplify the energy transport inside the stoker
system assumptions are made regarding the combustion process of solid fuel. Lastly assumptions
are made to simplify the modelling phase. Care has been taken so none of these assumptions
contradict physical laws.

Because of time constrains only normal operation of the stoker system is included in the controller
design. This means that both "pause �ring" and automatic ignition are disregarded.
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Part II

Modelling

In this part a mathematical model of the stoker system is developed. Both a non-linear model
and a linear model of the stoker are derived. The part consists of �ve chapters.

In the �rst chapter the modelling approach is presented along with some considerations regarding
the modelling phase.

The necessity of models for the actuators and sensors are investigated in the second chapter. A
model is created where it is found necessary.

The modelling of the stoker starts in the third chapter of this part, where a non-linear model
is derived. This model consists of several non-linear di�erential equations, which are based on
energy and mass balance considerations. Through constant and parameter determinations a
model is derived for when both wood pellets and wheat is combusted.

In the fourth chapter the non-linear model is linearized through a set of operation points. This
linear model is setup in matrix form to create a state space model of the stoker, which is done
in the last chapter of this part

All models are discussed, tested and veri�ed. The veri�cation of the models is done using real
measurement data from the plant.



Chapter 4
Modelling Approach

The physical model approach described in Chapter 3 is chosen for modelling the stoker system.
This means that the mathematical model is setup by non-linear di�erential equations based on
thermodynamics. This model can then be linearized around an operation point. From the linear
model a controller can be designed, which can control the states in the system.

The model has three inputs and three outputs. The inputs to the model are; mass �ow of solid
fuel, mass �ow of air and the inlet water temperature. Where the �rst two inputs are controllable
and the last can be seen as a disturbance. The output from the model is the temperature of the
outlet water, the temperature of the exhaust gas and the O2-level of the exhaust gas.

In the test setup at Techno-Matic A/S the actual load is known but in a real setup the load is
not as it is given by the customer's heat consumption which is varying. The e�ect of the load
can however be measured through the temperature of the inlet water. If the temperature of the
inlet water is known, the load can be taken into account as a known disturbance in the controller
design.

It is desirable to control two states in the system; the temperature of the outlet water and the
O2-level of the exhaust gas. The outlet water temperature is controlled to ensure that the water
temperature is as desired by the costumer. To ensure an e�cient combustion the O2-level is also
controlled.

As the three inputs have in�uence on all the three outputs, cross coupling is present in the
system, and the system is therefore called a Multiple Input Multiple Output (MIMO) system.
The system is sketched in Figure 4.1.

Stoker model

Mass flow of 
solid fuel

Inlet water 
temperature

Mass flow of
air

Outlet water 
temperature

Oxygen level of 
exhaust gas

Exhaust gas 
temperature

Figure 4.1: Sketch of the MIMO system where the arrows pointing into the box is
input and the arrows pointing out from the box is output.
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4.1 Initial Considerations

Before the modelling phase can begin some aspects must be clari�ed �rst. The control volumes
and control surfaces of the system, and the state space variables must be determined along with
some general physical assumptions.

4.1.1 Control Volumes and Control Surfaces

The stoker system can be divided into several control volumes, from which the mathematical
model can be composed. Each control volume is bounded by control surfaces which do not
contain any energy or mass. When control volumes are used a place discretizing is made which
means that the variables in a control volume only become depended on time and not on time
and place. The control volumes are chosen so that the variables can be assumed to be constant
in the whole control volume. Three methods can be used in the place discretizing:

• Forward di�erence: The values of the variables at the input to the control volume are used
in the whole control volume.

• Backward di�erence: The values of the variables at the output of the control volume are
used in the whole control volume.

• Central di�erence: Uses a mean of the input and output as values for the variables. The
central di�erence is also known as the bilinear method.

The forward di�erence method can give an unstable response and the central di�erence method
can give faulty transients, the backward method is therefore used [Andersen & Pedersen, 2007].

In Figure 4.2 a is pipe illustrated which is divided into two control volumes, moreover it can be
seen which variable value there will be used, when the backward method is used. In Figure 4.3 a
control surface is used in the transition between air and wall, and wall and water. When a control
surface is used it is assumed that the value of the variable jumps in the control surface which is
not the case as the variable will change continuously. When looking at the temperature pro�le,
the jumps in the control surfaces tells how the heat transition behaves. The heat transition
describes how much heat energy there can be transferred. The larger the temperature jump, the
smaller the heat transition between the two mediums is. A high heat transition indicates that a
lot of heat energy is transferred hence the temperature jump in the control surface is small. A
small heat transition indicates that the medium is poor at transferring heat, which means that
the temperature jump in the control surface will be large.

On this background the control volumes and control surfaces are set up for this project. Only
the inlet and outlet temperature is known for the water, the water can therefore with advantage
be seen as a control volume, as it is assumed that the temperature di�erence of the water inside
the stoker is minimal. The wall between the gas and the water is seen as a control surface,
meaning that it contains no energy and only in�uences the heat transition. The temperature
of the exhaust gas is known, but as it is assumed that the di�erence of the gas temperature
inside the stoker is high thus the gas inside the stoker can not be seen as a control volume. The
number of control volumes is a trade o� between model precision and model order, the higher
order the higher precision. It is assumed that dividing the gas inside the stoker into three control
volumes is su�cient to give a precise model of the system, keeping the model order relative small.
The three control volumes are: The burning chamber where the solid fuel is combusted, the gas
chamber where most of the energy is transferred to the water, and the exhaust gas where the
gas leaves the stoker. The wall between the gas inside the stoker and the air outside is seen
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Figure 4.2: Illustration of two con-
trol volumes (C.V.) in a pipe and the
corresponding value of the variables
when the backward di�erence method
is used.
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Figure 4.3: Illustration
of two control surfaces for
a transition between air
and a wall and a wall and
water.

as a control surface, and it is assumed that the heat transition is very poor, meaning that no
heat is lost through the wall. To control the energy supply to the stoker, the solid fuel must
be monitored, therefore the molehill is chosen as a control volume. From this control volume
the solid fuel enters as a solid substance and leaves as gases. The change in O2 must also be
monitored to determine the O2-level inside the stoker, therefore the O2 in the gas inside the
stoker is seen as a control volume.

4.1.2 State Space Variables

To design a controller from the model, the state space variables must �rst be determined. These
can be used to determine all the di�erent states in the stoker system, and are in this report
referred to as states. The states for the model are: The temperature of the outlet water, the
temperatures of the gas in the three gas control volumes, the total mass of the solid fuel in the
molehill, and the O2-level of the exhaust gas.

4.1.3 Assumptions

General assumptions concerning the physical behaviour of the stoker system are made, which
provide the background for the modelling of the stoker system. These assumptions are made to
simplify the model. In the selection of the assumptions, care has been taken, that they do not
signi�cantly in�uence the precision of the model. Moreover none of the assumptions contradict
physical laws.

The following assumptions are made:

The mass �ow into the stoker is equal to the mass �ow out of the stoker: It is assumed
that the sum of the mass �ows of solid fuel and air is equal to the mass �ow of the exhaust
gas seen over time.

The mass �ow of inlet water is constant and equal to the outlet water: To simplify the
energy equation for the water the inlet and outlet water �ows are assumed to be constant
and equal.

The speci�c heat capacity in each control volume is constant: To simplify the energy
equations the speci�c heat capacities for the di�erent control volumes are assumed to
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a CHAPTER 4. MODELLING APPROACH

be constant.

The ambient temperature is constant: To simplify the equation coming from the energy in
the supplied air the ambient temperature is assumed to be constant.

The chemical structure of air is constant: It is assumed that the O2 volume percent is 21
and the N2 volume percent is 79 for the air supplied to the combustion processes.

The combustion is 75% clean: This means that under the combustion of solid fuel 75% of
the carbon leaves as CO2 whereas 25% leaves as CO.

The exhausted gas does not contain CO: This means that all the CO released under the
combustion is converted to CO2 before leaving the chimney.

No heat loss through the stoker walls: This means that the only heat loss from the stoker
is the exhaust gas leaving the stoker through the chimney.

The mass of the gases are constant: It is assumed that the mass of the gas in the burning
chamber, gas chamber and exhaust gas is constant. This assumption simpli�es the energy
equations for the three gases.

The lumped parameter approach is applied using the backward di�erence: This means
that the variables only depend on time and not both on time and place. The backward
di�erence method is used, which means that the value of the output variable is equal to
the value of the variable inside the concerned control volume.
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Chapter 5
Actuator and Sensor Models

This chapter will discuss the necessity of modelling the di�erent actuators and sensors on the
system. If a necessity is found a model will be derived.

5.1 Actuator Models

The two actuators on the system is the motor which drives the screw conveyor and the motor
which drives the blower. They are both controlled by a PWM generator through solid state
relays which are placed on the POW3002 PCB. The control signals to the actuators are adjusted
by the MPU3002 PCB before they are sent to the actuators.

Screw Conveyor

The screw conveyor motor has a fast response time, compared to the time constants in the actual
system. Therefore the dynamic of the screw conveyor motor is neglected in this project and no
model of the screw conveyor motor is made.

The time delay from the moment the controller sends a control signal until the the screw conveyor
motor reacts can be neglected, as it is assumed that this signal transmission time is very small
(around 1 ms) compared with the time constants of the system.

The motor is controlled as sketched in Figure 5.1.

Linearization PWM 
generator

Srew 
conveyor0-100%

5 s period time
2500 steps100% = 100%

Linearization PWM 
generator Blower0-100%

1 s period time
100 steps100% = 30%

Solid state

Solid state

Figure 5.1: Sketch of the control interface to the screw conveyor motor.

The input signal is a percentage between 0-100. The gain works like a linearization block, but
as the motor is linear, this block can be used to compensate for an oversized motor. This is not
the case however so the gain gives one-to-one. The PWM generator generates the actual control
signal to the motor, in this block both the period time and step size can be set for the generator.
Which respectively are 5 s and 2500 steps in the test setup used in this project. As mentioned
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a CHAPTER 5. ACTUATOR AND SENSOR MODELS

before the motor is controlled through solid state relays, meaning that the period time must be
rather high so the zero-passage has small in�uence on the system.

Blower

The blower used in the system is also assumed to have a fast response time, compared to the
time constants in the actual system. Therefore the dynamic of the blower is neglected in this
project and no model of the blower is made.

The time delay when the controller sends a control signal to the blower motor reacts can be
neglected, as it is assumed that this signal transmission time is very small (around 1 ms) compared
to the time constants of the system.

The motor is controlled as sketched in Figure 5.2.

Linearization PWM 
generator

Srew 
conveyor0-100%

5 s period time
2500 steps100% = 100%

Linearization PWM 
generator Blower0-100%

1 s period time
100 steps100% = 30%

Solid state

Solid state

Figure 5.2: Sketch of the control interface to the blower motor.

The input signal is a percentage between 0-100. The gain works like a linearization block which
is needed as the blower is non-linear. Moreover the blower is oversized for the system which also
can be taken into account in the linearization block. The PWM generator generates the actual
control signal to the blower, in this block both the period time and step size can be set for the
generator. Which respectively are 1 s and 100 steps in the test setup used in this project. The
blower is also controlled through solid state relays, meaning that the period time must be rather
high so the zero-passage has small in�uence on the system.

5.2 Sensor Models

The test setup is equipped with �ve sensors as mentioned earlier. Common for these sensors
are that they are powered by the POW3002 PCB and signals to the controller is adjusted by
the MPU3002 PCB. The data sheets are only available for the lambda oxygen sensor and the
water �ow meter. Data for the three temperature sensors are taken from common data sheets
for respectively NTC and PT1000 temperature sensors.

Exhaust Gas Temperature Sensor

The temperature sensor that measures the exhaust gas temperature is a PT1000 sensor as men-
tioned in the hardware description. The change of the exhaust gas temperature inside the stoker
is assumed to happen fast. The dynamic of the sensor must therefore be investigated. From
Appendix E it is found that the sensor is slow, compared to the changes in the exhaust gas
temperature, hence a model of the sensor is therefore necessary. The model of the exhaust gas
temperature sensor is derived in Appendix E, and given by the following transfer function.

T (s) =
5.148 · 10−3

33.5 · s + 1
(5.1)
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5.2. SENSOR MODELS a
Water Temperature Sensors

As mentioned in the hardware description a 10k NTC sensor is used to measure the inlet water
temperature and a 12k NTC sensor is used to measure the outlet water temperature. The time
constant for the two sensors are assumed to be around 40 s [Bosch, 2002]. The sensors are used
to measure the temperature change in the inlet and outlet water. As the water temperature is
assumed to change slowly compared to the time constants of the two temperature sensors, the
dynamic of the sensors can be neglected and a model of the sensors are therefore not necessary.

Lambda Oxygen Sensor

A lambda oxygen sensor is used to measure the O2-level in the exhaust gas. According to the
data sheet ([Bosch, 2002]), the sensor has a time constant on 1.5 s when the O2-level increases
("rich" direction) and 2.0 s when the O2-level decreases ("lean" direction). This is relatively
slow compared to how fast the O2-level can change in the exhaust gas, a model of the lambda
oxygen sensor is therefore needed. It is di�cult however to conduct any tests on the sensor
mounted on the system, as it is hardly accessible and gases with di�erent O2-levels are needed.
The dynamic of the lambda oxygen sensor is therefore not found, but it is assumed that using
the time constant as a time delay in the sensor a su�cient model of the lambda oxygen sensor
can be found. The transfer function for the sensor is given by Equation (5.2).

O2(s) = exp (−τ · s) (5.2)

where τ is 1.5 s in the "rich" direction and 2.0 s in the "lean" direction.

Moreover the measurement is taken in the exhaust gas which may cause a delay in the model if
the O2-level is found inside the stoker.

Water Flow Meter

The circulating pump is used to circulate the outlet water through the calorifere and it can
generate three di�erent constant �ows. As the water �ow is constant, the dynamic of the water
�ow meter can be neglected. A model of the water �ow meter is therefore not necessary for this
project.
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Chapter 6
Non-linear Model of the Stoker System

To �nd the state space variables, di�erential equations are set up for the di�erent control volumes.
These di�erential equations are the product of a modelling phase setting up energy and mass
balances for the needed control volumes. The modelling is done by determining the total change
in either energy or mass from the supplied and emitted energy or mass, making it possible to
control the energy and mass dissipation.

The overall inputs and outputs between the di�erent control volumes are illustrated in Figure
6.1 and the division of the chambers are illustrated in Figure 6.2.
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Figure 6.1: An overview of the energy and mass �ows between the di�erent control
volumes.

The change in energy can be expressed by the �rst theorem of thermodynamics as:

[change in accumulated energy in c.v. per time unit] = [energy from mass �ow into c.v.] −
[energy from mass �ow out of c.v.] + [supplied power] − [heat loss]

where the accumulated energy can be divided into macroscopic kinetic and potential energy
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Burning chamber Gas chamber Exhaust gas

Front view Side view

High top view Low top view

Front view Side view

High top view Low top view

Burning chamber Gas chamber Exhaust gas

Figure 6.2: An overview of the division of the three chambers, seen in front, side
and two di�erent top views.

and internal energy which is kinetic energy from the disorderly mutual motion of the individual
particles. In this case the macroscopic energy can be neglected [Andersen & Pedersen, 2007].

The change in mass can be expressed as:

[change in mass in c.v. per time unit] = [sum of mass �ow into c.v.] − [sum of mass �ow out of
c.v.]

when the energy and mass balances are used, too many unknowns are present, this is however
avoided when the backward di�erence method is used [Andersen & Pedersen, 2007].

The following energy and mass balances are composed to create a su�ciently precise model of
the system and to determine the state space variables.

• Energy balance for the water.

• Energy balance for the gas in the burning chamber.

• Energy balance for the gas in the gas chamber.

• Energy balance for the exhaust gas.

• Mass balance for the solid fuel in the molehill.

• Mass balance for the O2-level.

These six di�erential equations form the energy and mass balances are used in a mathematically
non-linear model. When this model is created veri�cation is preformed to see if it is in accordance
with the real plant. The veri�cation is done in Simulink where the non-linear model is build
up by di�erent Simulink-blocks. This model takes real input from the plant as input and the
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a CHAPTER 6. NON-LINEAR MODEL OF THE STOKER SYSTEM

model output is then compared with the real output from the plant to see the correctness of the
model.

In the following sections the six di�erential equations are derived but �rst the combustion process
of the carbon in the solid fuel and the mass �ow of gas up through the stoker is described in
details as it is needed to derive the di�erential equations.

6.1 Derivation of Model Expressions

In this section the combustion process of the carbon in the solid fuel and the mass �ow of gas
up through the stoker is derived. These two expressions are used to derive the six di�erential
equations of the system.

6.1.1 Combustion of Carbon

It is assumed that the temperature of the solid fuel, which is about to enter the molehill is just
below the ignition point (step three in Figure 2.3). This means that when the solid fuel is pushed
in front in the molehill it will ignite at once (step four in Figure 2.3). The ignition happens due
to a highly �ammable combination of carbon (C) and hydrogen (H) in gas form. After a short
time period the �ame will die out and only charcoal is left of the solid fuel. Over a longer time
period this charcoal will be burnt o� due to smouldering (step �ve in Figure 2.3). A equation
can therefore be set up to describe the combustion process of C. The mass �ow of C which is
ignited, can be given by the mass �ow of C in the solid fuel, and a temperature depended time
constant.

mc,gas(t) = (1− ζchar(t)) ·msf,c(t)−
1

τgas(Tmh(t))
·Mc,gas(t) (6.1)

where ζchar is the ratio of C converted to charcoal, mc,sf is the mass �ow of C in the solid fuel,
τgas is the ignition time and Tmh is the temperature in the molehill. The ignition time for the
volatiles is much shorter than the combustion time of charcoal. It is therefore assumed that all
the volatiles are combusted at once. Equation (6.1) can then be written as:

mc,gas(t) = (1− ζchar(t)) ·mc,sf (t) (6.2)

where ζchar is depended on the amount of H in the solid fuel and it is derived in Appendix C.
The total C in the mass �ow of solid fuel (msf,c) can be written as:

msf,c(t) = cc ·msf (t) (6.3)

where cc is a term which is depended on the composition of the solid fuel and it is derived in
Appendix C and msf is the mass �ow of solid fuel which is given by:

msf (t) = βmotor · duty cyclemotor(t) (6.4)

where βmotor is the slope rate for the linear relation between the duty cycle of the motor and the
mass �ow per second of solid fuel which is found in Appendix D. For simplicity msf is written
in its short notation throughout this modelling chapter. Equation (6.2) can then be written as:

mc,gas(t) = (1− ζchar(t)) · cc ·msf (t) (6.5)
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6.1. DERIVATION OF MODEL EXPRESSIONS a
The mass �ow of charcoal which is under combustion is given by a function which is depended
on the primary supply air, the size of the molehill and the temperature in the molehill.

mc,char(t) = f(ma,p(t),Mc,char(t), Tmh(t)) (6.6)

where ma,p is the mass �ow of primary supply air and Mc,char is the mass of charcoal in the
molehill. The temperature dependency in the function is neglected as it is almost constant
compared with ma,p and Mc,char. It is assumed that the temperature at all times is so high that
the small changes in the temperature only has a unnoticeable in�uence on the combustion of
charcoal. The function is then only depended on ma,p and Mc,char and it is assumed that the
function can be implemented by multiplying a constant on both variables. Equation (6.6) can
then be written as:

mc,char(t) = ma,p(t) · γ1 + Mc,char(t) · γ2 (6.7)

Both γ1 and γ2 must be found from experiments or by trial-and-error. ma,p can be found as:

ma,p(t) = χ ·ma(t) (6.8)

where χ is the fraction of supply air which is used as primary supply air (see Appendix D) and
ma is the mass �ow of supply air given by:

ma(t) = βblower · duty cycleblower(t) (6.9)

where βblower is the slope rate for a linear relation between the duty cycle of the blower and
the mass �ow rate per second of supply air which is found in Appendix D. For simplicity ma is
written in its short notation throughout this modelling chapter.

The overall change of C can now be written as the sum of Equation (6.5) and Equation (6.7).

mc(t) = mc,gas(t) + mc,char(t)
= (1− ζchar(t)) · cc ·msf (t) + χ ·ma(t) · γ1 + Mc,char(t) · γ2 (6.10)

For simplicity every time mc is written it refers to Equation (6.10).

6.1.2 Mass Flow of Gas

Two di�erent mass �ows contribute to the overall mass �ow of gas up through the stoker; these
are the mass �ow coming from the solid fuel and the mass �ow of supply air. The mass �ow of
solid fuel can be split up in four parts; mass �ow of CO2, mass �ow of CO, mass �ow of H2O
steam and mass �ow of O which is released from the solid fuel during the combustion.

The mass �ows of CO2 and CO is added together, as it is assumed that no CO leaves the stoker.
The mass �ow of CO2 can then be found from the mass �ow of C just derived in the previous
section as each C atom binds two O atoms.

mco2(t) =
mc(t)

nc
· nco2 (6.11)

where n is the mole mass of the concerned species.

The mass �ow of H2O can be split into two parts; one coming directly from the solid fuel (mh2o,1)
and one coming during the combustion process, as the H in the solid fuel reacts with the O in
the supply air (mh2o,2). mh2o,1 can be found from the fraction of liquid water present in the
solid fuel.

mh2o,1(t) = ηh2o ·msf (t) (6.12)
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where ηh2o is the fraction of liquid H2O in the solid fuel. mh2o,2 can be found as each H atom
in solid fuel binds half an O atom.

mh2o,2(t) =
1
2
·
msf,h(t)

nh
· nh2o (6.13)

where msf,h is the mass �ow of H released during the combustion and it can be written as:

msf,h(t) = ch ·msf (t) (6.14)

where ch is a term depended on the composition of the solid fuel and it is derived in Appendix
C. The mass �ow of H2O can now be calculated as the sum of Equation (6.12) and Equation
(6.13).

mh2o(t) = mh2o,1(t) + mh2o,2(t) = ηh2o ·msf (t) +
1
2
·
ch ·msf,h(t)

nh
· nh2o (6.15)

The mass �ow of N coming from the supply air is given by Equation (6.16):

ma,n(t) = cn ·ma(t) (6.16)

where cn is a constant which is depended on the composition of the supply air and it is derived
in Appendix C.

The last part is the mass �ow of O which is not used in the combustion processes. It can be
found by looking at the amount of O used in the CO2 and H2O reactions, the amount of O
released from the solid fuel during the combustion and the amount of O in the supply air.

mo(t) =
(

ma,o(t)
no

+
msf,o(t)

no
− 2 · mc(t)

nc
− 1

2
·
msf,h(t)

nh

)
· no (6.17)

where ma,o is the mass �ow of O in the supply air and msf,o is the mass �ow of O released from
the solid fuel during the combustion process. These two mass �ows are given by:

ma,o(t) = ca,o ·ma(t) (6.18)

msf,o(t) = csf,o ·msf (t) (6.19)

where ca,o is a constant depended on the composition of the supply air and csf,o is a term
depended on the composition of the solid fuel, both derived in Appendix C.

The mass �ow of gas up through the stoker can now be found by adding Equation (6.11), Equation
(6.15), Equation (6.16) and Equation (6.17).

mg(t) = mco2(t) + mh2o(t) + mn(t) + mo(t) ⇔

mg(t) =
mc(t)

nc
· nco2 + ηh2o ·msf (t) +

1
2
·
ch ·msf (t)

nh
· nh2o + cn ·ma(t)

+
(

ca,o ·ma(t)
no

+
csf,o ·msf (t)

no
− 2 · mc(t)

nc
− 1

2
·
ch ·msf (t)

nh

)
· no (6.20)

For simplicity every time mg is written it refers to Equation (6.20).

Now that the mass �ow of C released during the combustion process and the mass �ow of gas
up through the stoker are derived the model phase can continue by deriving the di�erential
equations needed.
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6.2. ENERGY BALANCES FOR THE STOKER a
6.2 Energy Balances for the Stoker

In this section the �rst four di�erential equations are derived. These equations are derived from
energy balance considerations.

6.2.1 Energy Balance for the Water
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Figure 6.3: Control volume for the water where arrows going inside indicates supply
of energy and arrows going outside indicates energy lost.

From Figure 6.3 the energy balance for the water can be expressed as energy change in the
control volume with respect to time. The energy change is expressed by the energy from the
inlet water (qiw), the energy transferred from the gas to the water (qg→w) and the energy from
the outlet water (qow) as seen in Equation (6.21).

dEw(t)
dt

= qiw(t) + qg→w(t)− qow(t) (6.21)

The energy in the water (Ew) can be expressed by the mass of the water (Mw), the speci�c heat
capacity of water (cw) and the temperature of the water (Tw).

Ew(t) = Mw · cw · Tw(t) (6.22)

The energy of the inlet water is given by Equation (6.23).

qiw(t) = miw · hiw(t) (6.23)

where miw is the mass �ow of inlet water, which is equal to the �ow of outlet water and it is
therefore denoted mw and hiw is the enthalpy of the inlet water. As the inlet water only is in
one phase, Equation (6.23) can be rewritten to [Andersen & Pedersen, 2007]:

qiw(t) = mw · ciw · Tiw(t) (6.24)

where ciw is the speci�c heat capacity of the inlet water and Tiw the temperature of the inlet
water.

The energy transferred from gas to water can be split into three parts one from each control
volume. The energy transferred from the �rst control volume, the burning chamber, is given by
both radiation and convection heat [Cengel, 2003].

qg→w,1(t) = εbcw · σ ·Abcw ·
(
Tbc(t)4 − Tw(t)4

)︸ ︷︷ ︸
radiation heat

+αbc ·Abcw · (Tbc(t)− Tw(t))︸ ︷︷ ︸
convection heat

(6.25)

where εbcw is the emissivity of the surface between the burning chamber and the water, σ is
the Stefan-Boltzman constant and is equal to 6.57 · 10−8 W/m2, Abcw is the surface area of the
burning chamber in contact with the water, Tbc is the temperature inside the burning chamber
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and αbc is the heat transfer coe�cient from the burning chamber to the water. The energy
transferred from the second control volume, the gas chamber, is only given by convection heat.

qg→w,2(t) = αgc ·Agcw · (Tgc(t)− Tw(t)) (6.26)

where αgc is the heat transfer coe�cient from the gas chamber to the water, Agcw is the surface
area of the gas chamber in contact with the water and Tgc is the temperature of the gas inside
the gas chamber. The energy transferred from the third control volume, the exhaust gas, is also
given by convection heat.

qg→w,3(t) = αeg ·Aegw · (Teg(t)− Tw(t)) (6.27)

where αeg is the heat transfer coe�cient from the exhaust gas to the water, Aegw is the surface
area of the exhaust gas in contact with the water and Teg is the temperature of the exhaust
gas. The complete amount of energy transferred to the water can now be written by Equation
(6.28).

qg→w(t) = εbcw · σ ·Abcw ·
(
Tbc(t)4 − Tw(t)4

)
+ αbc ·Abcw · (Tbc(t)− Tw(t))

+ αgc ·Agcw · (Tgc(t)− Tw(t)) + αeg ·Aegw · (Teg(t)− Tw(t)) (6.28)

The energy of the outlet water is given by Equation (6.29).

qow(t) = mow(t) · how (6.29)

where mow is the mass �ow of outlet water which is equal to the �ow of inlet water and it is
therefore denoted mw and how is the enthalpy of the outlet water. The assumption used for the
inlet water can also be applied for the outlet water, Equation (6.29) can then be rewritten to
[Andersen & Pedersen, 2007]:

qow(t) = mw · cow · Tow(t) (6.30)

where cow is the speci�c heat capacity of the outlet water and Tow the temperature of the outlet
water. When the backward di�erence method is used both cow and Tow is equal to cw and Tw

respectively.

The energy balance for the water can now be expressed by inserting Equation (6.22), Equa-
tion (6.24), Equation (6.28) and Equation (6.30) into Equation (6.21) and using some of the
assumption de�ned in Section 4.1.3.

Mw · cw ·
dTw(t)
dt

= mw · ciw · Tiw(t) + εbcw · σ ·Abcw ·
(
Tbc(t)4 − Tw(t)4

)
+αbc ·Abcw · (Tbc(t)− Tw(t)) + αgc ·Agcw · (Tgc(t)− Tw(t))
+αeg ·Aegw · (Teg(t)− Tw(t))−mw · cw · Tw(t) (6.31)

An expression for the change in the water temperature has now been found.
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6.2.2 Energy Balance for the Burning Chamber
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Figure 6.4: Control volume for the gas in the burning chamber where arrows going
inside indicates supply of energy and arrows going outside indicates energy lost.

From Figure 6.4 the energy balance for the gas in the burning chamber can be expressed as
energy change in the control volume with respect to time. The energy change is expressed by
the energy of the supplied air (qa), the energy from burning the solid fuel (qbsf ), the energy from
burning the gases (qbg), the energy transferred from the burning chamber to the gas chamber
(qbc→gc) and the energy transferred from the burning chamber to the water (qg→w,1) as seen in
Equation (6.32).

dEbc(t)
dt

= qa(t) + qbsf (t) + qbg(t)− qbc→gc(t)− qg→w,1(t) (6.32)

The energy in the gas in the burning chambers (Ebc) can be expressed by the mass of the gas
in the burning chamber (Mbc), the mass of the ceramic plate (Mcp), the speci�c heat capacity
of the gas in the burning chamber (cbc), the speci�c heat capacity of the ceramic plate (ccp) and
the temperature of the gas in the burning chambers (Tbc).

Ebc(t) = (Mbc · cbc + Mcp · ccp) · Tbc(t) (6.33)

The energy of the supplied air is given by Equation (6.34).

qa(t) = ma(t) · ca · Ta (6.34)

where Ta is the temperature of the supply air and ca is the speci�c heat capacity of air.

The energy from the combustion of solid fuel is given by the mass �ow of C which is under
combustion and the heat value of C when it reacts with O [Annamalai & Puri, 2007].

qbsf (t) = mc(t) ·
(

1
4
· hc,I +

3
4
· hc,II

)
(6.35)

where hc,I is the heat value of C during reaction I in Section 2.2, hc,II is the heat value of C
during reaction II in Section 2.2 and mc is the mass �ow of C in the solid fuel which is under
combustion. mc is derived in Section 6.1.1. The fractions indicate how much CO and CO2 is
released during the combustion of the solid fuel.

The energy from the combustion of gases is given by Equation (6.36) [Annamalai & Puri, 2007].

qbg(t) = mco(t) · hc,V + mh2 · hc,VI (6.36)

where mco is the mass �ow of CO in the gases after the combustion of the solid fuel, hc,V is the
heat value of CO during reaction V in Section 2.2, mh2 is the mass �ow of H2 released during
the combustion of the gases and hc,VI is the heat value of H2 during reaction VI in Section 2.2.
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mco can be found from the amount of C which is converted to CO which is 1
4 according to the

assumptions.

mco(t) =
1
4
· mc(t)

nc
· nco (6.37)

mh2 can be fund from the amount of H in the solid fuel.

mh2 =
1
2
·
msf,h

nh
· 2 · nh = msf,h = ch ·msf (t) (6.38)

Equation (6.36) can now be given as:

qbg(t) =
1
4
· mc(t)

nc
· nco · hc,V + ch ·msf (t) · hc,VI (6.39)

The energy transferred to the gas chamber is given by transport heat.

qbc→gc(t) = mbc→gc(t) · cbc · Tbc(t) (6.40)

where mbc→gc is the mass �ow of gas from the burning chamber to the gas chamber which is
equal to mg derived in Section 6.1.2 and cbc is the speci�c heat capacity of the gas in the burning
chamber.

The energy transferred to the water is derived in Section 6.2.1 as:

qg→w,1(t) = εbcw · σ ·Abcw ·
(
Tbc(t)4 − Tw(t)4

)
+ αbc ·Abcw · (Tbc(t)− Tw(t)) (6.41)

The energy balance for the gas in the burning chamber can now be expressed by inserting Equa-
tion (6.33), Equation (6.34), Equation (6.35), Equation (6.39), Equation (6.40) and Equation
(6.41) into Equation (6.32).

(Mbc · cbc + Mcp · ccp) ·
dTbc(t)
dt

= ma(t) · ca · Ta + mc(t) ·
(

1
4
· hc,I +

3
4
· hc,II

)
+

1
4
· mc(t)

nc
· nco · hc,V + ch ·msf (t) · hc,VI

−mg(t) · cbc · Tbc(t)
−εbcw · σ ·Abcw · (Tbc(t)4 − Tw(t)4)
−αbc ·Abcw · (Tbc(t)− Tw(t)) (6.42)

An expression for the change in the gas temperature in the burning chamber has now been found.

6.2.3 Energy Balance for the Gas Chamber
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Figure 6.5: Control volume for the gas in the gas chamber where arrows going
inside indicates supply of energy and arrows going outside indicates energy lost.
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From Figure 6.5 the energy balance for the gas in the gas chamber can be expressed as energy
change in the control volume with respect to time. The energy change is expressed by qbc→gc, the
energy transferred from the gas chamber to the exhaust gas (qgc→eg) and the energy transferred
from the gas chamber to the water (qg→w,2) as seen in Equation (6.43).

dEgc(t)
dt

= qbc→gc(t)− qgc→eg(t)− qg→w,2(t) (6.43)

The energy in the gas (Egc) can be expressed by the mass of the gas in the gas chamber (Mgc),
the speci�c heat capacity of the gas in the the gas chamber (cgc) and the temperature of the gas
in the gas chamber (Tgc).

Egc(t) = Mgc · cgc · Tgc(t) (6.44)

The energy transferred from the burning chamber is derived in Section 6.2.2 as:

qbc→gc(t) = mg(t) · cbc · Tbc(t) (6.45)

The energy transferred to the exhausted gas from the gas is given by transport heat transfer.

qgc→eg(t) = mgc→eg(t) · cgc · Tgc(t) (6.46)

where mgc→eg is the mass �ow of gas from the gas chamber to the exhaust gas which is equal to
mg derived in Section 6.1.2 and cgc is the speci�c heat capacity of the gas in the gas chamber.

The energy transferred from the gas chamber to the water is derived in Section 6.1.1 as:

qg→w,2(t) = αgc ·Agcw · (Tgc(t)− Tw(t)) (6.47)

The energy balance for the gas can now be expressed by inserting Equation (6.44), Equation
(6.45), Equation (6.46) and Equation (6.47) into Equation (6.43).

Mgc · cgc ·
dTgc(t)
dt

= mg(t) · (cbc · Tbc(t)− cgc · Tgc(t))

−αgc ·Agcw · (Tgc(t)− Tw(t)) (6.48)

An expression for the change in the gas temperature in the gas chamber has now been found.

6.2.4 Energy Balance for the Exhausted Gas
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Figure 6.6: Control volume for the exhaust gas where arrows going inside indicates
supply of energy and arrows going outside indicates energy lost.

From Figure 6.6 the energy balance for the exhaust gas can be expressed as energy change in the
control volume with respect to time. The energy change is expressed by qgc→eg, the energy in
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the exhausted gas (qeg) and the energy transferred from the exhaust gas to the water (qg→w,3)
as seen in Equation (6.49).

dEeg(t)
dt

= qgc→eg(t)− qeg(t)− qg→w,3 (6.49)

The energy in the exhaust gas (Eeg) can be expressed by the mass of the exhaust gas (Meg), the
speci�c heat capacity of the exhaust gas (ceg) and the temperature of the exhaust gas (Teg).

Eeg(t) = Meg · ceg · Teg(t) (6.50)

The energy transferred from the gas chamber to the exhaust gas is derived in Section 6.2.3 as:

qgc→eg(t) = mg(t) · cgc · Tgc(t) (6.51)

The energy in the exhausted gas is given by Equation (6.52).

qeg(t) = meg(t) · ceg · Teg(t) (6.52)

where meg is the mass �ow of the exhausted gas which is equal to mg derived in Section 6.1.2,
ceg is the speci�c heat capacity of the exhaust gas and Teg is the temperature of the exhausted
gas.

The energy transferred from the exhaust gas to the water is derived in Section 6.2.1:

qg→w,3(t) = αeg ·Aegw · (Teg(t)− Tw(t)) (6.53)

The energy balance for the exhaust gas can now be expressed by inserting Equation (6.50),
Equation (6.51), Equation (6.52) and Equation (6.53) into Equation (6.49).

Meg · ceg ·
dTeg(t)
dt

= mg(t) · (cgc · Tgc(t)− ceg · Teg(t))

−αeg ·Aegw · (Teg(t)− Tw(t)) (6.54)

An expression for the change in the exhaust gas temperature has now been found.

6.3 Mass Balances for the Stoker

In this section the last two di�erential equations are derived. These equations are derived from
mass balance considerations.

6.3.1 Mass Balance for the Solid Fuel
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Figure 6.7: Control volume for the solid fuel where arrows going inside indicates
supply of mass and arrows going outside indicates mass lost.

From Figure 6.7 the mass balance for the solid fuel can be expressed as mass change in the
control volume with respect to time. Only the charcoal is monitored as it is assumed that all
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6.3. MASS BALANCES FOR THE STOKER a
the gases in the solid fuel combust instantly. The mass change of solid fuel is therefore given
by the mass change of charcoal which can be expressed by the mass �ow C in the solid fuel
which is converted to charcoal (msf,char) and the mass �ow of C in the charcoal which is under
combustion (mc,char) as seen in Equation (6.55).

dMsf (t)
dt

=
dMc,char(t)

dt
= msf,char(t)−mc,char(t) (6.55)

The mass �ow of C in the solid fuel which is converted to charcoal is given by the ratio of C
converted to charcoal and the C in the solid fuel.

msf,char(t) = ζchar(t) · cc ·msf (t) (6.56)

The mass �ow of C in the charcoal which is under combustion is derived in Section 6.1.1 as:

mc,char(t) = χ ·ma(t) · γ1 + Mc,char(t) · γ2 (6.57)

The mass balance for the solid fuel can now be expressed by inserting Equation (6.56) and
Equation (6.57) into Equation (6.55).

dMc,char(t)
dt

= ζchar(t) · cc ·msf (t)− χ ·ma(t) · γ1 −Mc,char(t) · γ2 (6.58)

An expression for the change in the mass of the solid fuel is now found.

6.3.2 Mass Balance for the O2-Level
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Figure 6.8: Control volume for the O2 where arrows going inside indicates supply
of mass and arrows going outside indicates mass lost.

From Figure 6.8 the mass balance for the O2 can be expressed as mass change in the control
volume with respect to time. The mass change is expressed by the mass �ow of O2 in the supply
air (mio2), the mass �ow of O2 which is released from the solid fuel during the combustion process
(msf,o2), the mass �ow of O2 which is converted to gas during the combustion process (mo2→g)
and the mass �ow of O2 in the exhaust gas (moo2) as seen in Equation (6.59).

dMO2(t)
dt

= mio2(t) + msf,o2(t)−mo2→g(t)−moo2(t) (6.59)

The inlet O2 can be found as the composition of the supply air is known.

mio2(t) =
1
2
· ma,o(t)

no
· 2 · no = ca,o ·ma(t) (6.60)

msf,o2 is the mass �ow of O2 in the solid fuel and can be found by multiplying one half on the
amount of O in the solid fuel. This amount can be found from msf,o which is derived in Section
6.1.2.

msf,o2(t) =
1
2
·
msf,o(t)

no
· 2 · no = csf,o ·msf (t) (6.61)
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mo2→g is the mass �ow of O2 which is used in CO, CO2 and H2O molecules. But as all the CO is
converted to CO2 this intermediate result is included in the conversion to CO2. Both The mass
�ow of O used in the CO2 and H2O reactions are derived in Section 6.1.2 as:

mo2→co2 =
1
2
· 2 · mc(t)

nc
· 2 · no = 2 · mc(t) · no

nc
(6.62)

and

mo2→h2o =
1
4
·
msf,h(t)

nh
· 2 · no =

1
2
· ch · no

nh
·msf (t) (6.63)

mo2→g can now be written as the sum of Equation (6.62) and Equation (6.63) as:

mo2→g = 2 · mc(t) · no
nc

+
1
2
· ch · no

nh
·msf (t) (6.64)

The mass �ow of O2 out of the stoker is given by the �ow of exhaust gas and the fraction of O2

in the exhaust gas.

moo2(t) = O2(t) ·meg(t) (6.65)

where meg is the mass �ow of exhaust gas which is equal to mg derived in Section 6.1.2.

The change of O2-level inside the stoker can now be expressed by inserting Equation (6.60),
Equation (6.61), Equation (6.64) and Equation (6.65) into Equation (6.59) and divide with the
total mass of gas inside the stoker (O2 = MO2/Mtotal).

Mtotal ·
dO2(t)
dt

= ca,o ·ma(t) + csf,o ·msf (t)− 2 · no ·mc(t)
nc

−1
2
· ch · no

nh
·msf (t)−O2(t) ·mg(t) (6.66)

An expression for the change in the O2-level is now found.

The six di�erential equations needed to create the mathematical model of the system is now
derived. It can be seen that the model is non-linear as the di�erential equations contain products
of terms which are time depended. This non-linear model has to be validated to see the accuracy
of the model.

6.4 Constant and Parameter Determination

Now that the non-linear model has been derived, the constants and parameters used in the
equations must be determined. The constants are stated by physical elements and they stay
constant independent of the solid fuel composition and the time. Most of the constants are
physical quantities which can be found in look-up tables and books. Other constants are measured
on the stoker setup at Techno-Matic A/S. Some of these constants are derived in Appendix G
whereas the rest are found in Appendix H.

There are two di�erent types of parameters in the system. One type which is dependent of the
solid fuel. They will not be �tted and are constant for a certain solid fuel. These parameters are
also found from look-up tables and books. Some of these parameters are derived in Appendix G
whereas the rest are found in Appendix H.

The last part of the parameters has to be �tted to obtain a su�cient model. These parameters
are the two γ-values which has to be �tted from engineering intuition and trial-and-error using
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real measurement data from the plant. Both γ1 and γ2 are dependent on the composition of the
solid fuel. Under combustion of wood pellets γ1 is found to 0.05 and γ2 is found to 4.0 and under
the combustion of wheat γ1 is found to 0.12 and γ2 is found to 2.0. The result has shown, that
the γ-values primary in�uence the dynamic of the system. γ1 mainly change the dynamic when
a step in ma is performed, where γ2 mainly change the dynamic when a step in msf is made.
However a change in a γ-value e�ects both the dynamic for a step in ma and msf .

6.5 Veri�cation of the Non-linear Model

The non-linear model is constructed in Simulink to verify the accuracy of the model. The
Simulink model take steps in the plant input as input and the model output is then compared
with the plant output. The Simulink model can be found on the enclosed CD.

The model is veri�ed from six states; Tw, Teg, Tbc, Tgc, Msf , O2. Only three of these states, Tw,
Teg and O2, can be measured and the model is primary veri�ed from these states. However the
last three states are also used in the veri�cation as their dynamics are known. The non-linear
model is veri�ed on di�erent step and steady state test.

It is expected that a step in solid fuel (msf ) will increase the temperature in the stoker as the
surface of the molehill will increase, this means that the contact area between the air and the
solid fuel is increased. It will however in�uence the O2-level which will decrease because more
O2 react with the solid fuel.

When a step in the supply air (ma) is conducted it is expected that the temperature in the stoker
will increase as more O2 is accessible for the combustion process it is however assumed that the
O2-level also increases.

In Figure 6.9 is the simulated state (Tw, Teg and O2) and measured state from a steady state
test with wood pellets shown.

As it can be seen in the �rst graph in Figure 6.9 the simulated water temperature is about one
degree below the measured water temperature. In the second graph the exhaust gas temperature
is shown which is a little above the measured exhaust gas temperature. In the third graph the
O2-level is shown, here a �ne accordance between the measured data and the model is found.
The reason why the O2 measurement is oscillating is due to the PWM signal which the screw
conveyor motor receives. The period time of the PWM signal is too long which means that too
much solid fuel is supplied during a step which decreases the O2-level. In the period time where
no solid fuel is supplied will the O2-level increase again. Using a smaller period time with more
steps would solve this problem which can be seen in future �gures.

In Figure 6.10 is the simulated state of the non measurable states shown (Msf , Tbc and Tgc).

The �rst graph shows the mass of the solid fuel in the molehill. It can be seen that the mass
is constant during the whole steady state test which is as expected. Moreover the mass is just
above 0.45 kg which is also as expected, as it is assumed that the size of the molehill is just
around 0.4 - 0.5 kg.

The temperature in the burning and gas champers is shown in the two subsequent graphs in
Figure 6.10. The temperatures are around 450◦C and 200◦C respectively, which is assumed to
be �ne as the temperatures has been estimated to be in that area, see Appendix G for details.

The same model with the same constants and parameters is also used in a step test with wood
pellets. The result from this step test can be seen in Figure 6.11 and Figure 6.12 where the �rst
�gure has outputs that can be compared with measured outputs from the plant.
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Figure 6.9: The simulated and measured water temperature, exhaust gas tempera-
ture and O2-level from a steady state test where red is measured values and blue is
simulated values. The last two graphs show the input to the actuators.

As it is shown in the �rst graph in Figure 6.11 the simulated water temperature and measured
water temperature are close to each other, the largest di�erence is around one degree. The
parameters γ1 and γ2 can be tuned, so the simulated and measured data is equal in one desired
point on the curve. But as it is chosen to �t the model to both a step and a steady state
measurement the γ-values are the same as they were for the steady state test. The water
temperature is increasing as expected when a step in the supply air and solid fuel is made. The
dynamic of the model is also following the real plant, so the model is su�cient to �nd this state.

The exhaust gas temperature is shown in the second graph. As it can be seen the dynamic has
the right behaviour when steps in the supply air and the solid fuel are performed. The simulated
temperature is however nearly 15◦C from the measured, when the temperature is below 125◦C.
This can be �tted with the γ-values, so it is correct at lower temperatures also, but then the
di�erence will be larger when the temperature increases. The dynamic of the model is also a
little to fast, especially when a step in the supply air is made. The �nal simulated temperature is
around 4◦C below the measured exhaust gas temperature. It is however assumed that the model
of the exhaust gas temperature is su�cient.

The O2-level is shown in the third graph in Figure 6.11. The simulated and measured level is
following each other very well. The dynamic is also as expected. The O2-level is increasing
when a step in the supply air is performed and the O2-level is decreasing when a step in the
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Figure 6.10: The simulated values for the mass of the solid fuel, the burning cham-
ber temperature and the gas chamber temperature from a steady state test. The last
two graphs show the input to the actuators.

solid fuel is performed. The O2-level from the model is close enough to the actual plant, so the
model is su�cient to describe the O2-level. The oscillation phenomenon is also present in this
measurement.

The mass of solid fuel is shown in the �rst graph in Figure 6.12. The dynamic of the mass of
the molehill is, as assumed, as the mass of solid fuel is decreased when a step in the supply air
is performed and increased when a step in the solid fuel is performed. The level of the mass of
the molehill is also, as expected, as it is assumed that the molehill is around 0.4 - 0.5 kg.

The temperature of the burning chamber and the gas chamber can be seen in the subsequent two
graphs in Figure 6.12. The dynamic is doing as expected in these chambers, as the temperature
is increasing when steps are performed in the supply air and the solid fuel. The temperature
is around 400◦C and 200◦C for the two champers respectively, which is in accordance with the
tests that have been made for the two campers, see Appendix G.
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Figure 6.11: The simulated and measured water temperature, exhaust gas tempera-
ture and O2-level from a step test where red is measured values and blue is simulated
values. The last two graphs show the input from to actuators.
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Figure 6.12: The simulated values for the mass of the solid fuel, the burning cham-
ber temperature and the gas chamber temperature from a step test. The last two
graphs show the input from the actuators.
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6.6 Model with a Di�erent Solid Fuel

It is assumed that the non-linear model just derived and veri�ed under combustion of wood
pellets also can be used for other solid fuels. For this to a apply, some of the parameters must
be changed. This section will investigate which parameters are needed to change for the model
to be su�cient for another solid fuel. The project is limited to dealing with only two di�erent
solid fuels; as wood pellets and wheat.

The same parameters as used for wood pellets are examined �rst, to see how well the model �ts
with these parameters when wheat is combusted. This is seen in Figure 6.13 where both the
simulated (blue) and measured (red) state along with the actuator inputs are shown.
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Figure 6.13: The water temperature, exhaust gas temperature and O2-level with
parameters �tted to wood pellets but with wheat as the actual solid fuel. The last two
graphs show the input to the actuators.

As it can be seen in the graphs, the parameters used for wood pellets will not give a su�cient
output result for the water temperature and the exhaust gas when wheat is combusted. Therefore
some of the parameters must be changed. βmotor is changed as wheat has a di�erent density (see
Appendix D). The heat transfer coe�cients are also changed because the temperatures are higher
when wheat is combusted which gives another set of operating points (see Appendix G). Finally
the two γ-parameters must be changed for the dynamics to �t.

The parameters are �tted to a step test. The step test is only comparing the model outputs with
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6.6. MODEL WITH A DIFFERENT SOLID FUEL a
the measurable outputs and the results can be seen in Figure 6.14.
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Figure 6.14: The water temperature, exhaust gas temperature and O2-level with
constants �tted to wheat. The last two graphs show the input to the actuators.

It can be seen that both the water temperature and the exhaust gas temperature �ts better
with the wheat constants, moreover can it be seen that the O2-level �ts �ne, independent of the
parameters for wheat and wood pellets. From Figure 6.13 and Figure 6.14 is it assumed that
it will be possible to �nd di�erences between the two models when wood pellets and wheat is
combusted. This also means that the non-linear model of the stoker system using wheat as solid
fuel is veri�ed with success.

To see the di�erences between the actual plant output and the wheat model, when wood pellets
parameters are used, one more test is performed. The result can be seen in Figure 6.15.

The di�erences when the model for wheat is used with wood pellets as solid fuel are mainly seen
in the exhaust temperature and a little in the water temperature. This �ts well with the opposite
test, that also showed that the largest di�erence was in the exhaust temperature.
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Figure 6.15: The water temperature, exhaust gas temperature and O2-level with
parameters �tted to wheat but with wood pellets as actual solid fuel. The last two
graphs show the input to the actuators.

Chapter Summery

In this chapter a non-linear model of the stoker system is derived. The non-linear model consists
of ordinary �rst order di�erential equations which are based on energy and mass balance consid-
erations. The modelling is divided into six control volumes. The water, the burning chamber, the
gas chamber, and the exhaust gas where the temperature is found from energy balance consider-
ations and the mass of the solid fuel, and the O2-level is found from mass balance considerations.
However before these six di�erential equation can be derived the combustion of C and the mass
�ow of gas up through the stoker is found. The six di�erential equation is seen in the following
six equations.

The energy balance for the water temperature:

Mw · cw ·
dTw(t)
dt

= mw · ciw · Tiw(t) + εbcw · σ ·Abcw ·
(
Tbc(t)4 − Tw(t)4

)
+αbc ·Abcw · (Tbc(t)− Tw(t)) + αgc ·Agcw · (Tgc(t)− Tw(t))
+αeg ·Aegw · (Teg(t)− Tw(t))−mw · cw · Tw(t)
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6.6. MODEL WITH A DIFFERENT SOLID FUEL a
The energy balance for the burning chamber temperature:

(Mbc · cbc + Mcp · ccp) ·
dTbc(t)
dt

= ma(t) · ca · Ta + mc(t) ·
(

1
4
· hc,I +

3
4
· hc,II

)
+

1
4
· mc(t)

nc
· nco · hc,V + ch ·msf (t) · hc,VI

−mg(t) · cbc · Tbc(t)
−εbcw · σ ·Abcw · (Tbc(t)4 − Tw(t)4)
−αbc ·Abcw · (Tbc(t)− Tw(t))

The energy balance for the gas chamber temperature:

Mgc · cgc ·
dTgc(t)
dt

= mg(t) · (cbc · Tbc(t)− cgc · Tgc(t))

−αgc ·Agcw · (Tgc(t)− Tw(t))

The energy balance for the exhaust gas temperature:

Meg · ceg ·
dTeg(t)
dt

= mg(t) · (cgc · Tgc(t)− ceg · Teg(t))

−αeg ·Aegw · (Teg(t)− Tw(t))

Mass balance for the solid fuel in the molehill:

dMc,char(t)
dt

= ζchar · cc ·msf (t)− χ ·ma(t) · γ1 −Mc,char(t) · γ2

Mass balance for the O2-level inside the stoker:

Mtotal ·
dO2(t)
dt

= ca,o ·ma(t) + csf,o ·msf (t)− 2 · no ·mc(t)
nc

−1
2
· ch · no

nh
·msf (t)−O2(t) ·mg(t)

These equations are implemented in Simulink and veri�ed through steady state and step tests
using real measurement data from the plant when wood pellets are combusted. It is found that
the non-linear equations describe the system acceptable with only small deviations from the real
plant.

Furthermore the parameters which are depended on the solid fuel is changed to them of wheat
and a model is found when wheat is combusted in the stoker. This model is also veri�ed with
acceptable results through a step test.
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Chapter 7
Linear Model of the Stoker System

The non-linear models, just derived in the previous chapter, can be linearized to create a linear
model of the stoker system, from which a controller can be designed. This linear model is only
valid in a limited area as the linearization take its starting point from a set of prede�ned operation
points. The linearization is done by a �rst order Taylor series which in general for one variable
is written as:

f(x̄, x̂) = f(x̄) +
∂

∂x
· f(x)

∣∣∣∣
x=x̄

· x̂ + rest(x̂) (7.1)

where ¯ indicate a steady-state value and ˆ indicates a small signal value. The term rest(x̂)
goes toward zero faster than the �rst order term when x̂ goes toward zero. The rest-term is
disregarded in the linearization and Equation (7.1) can then be written as:

f(x̄, x̂) ≈ f(x̄) + fx(x)
∣∣∣
x=x̄

· x̂ (7.2)

To complete the linearization the steady-state values are subtracted from Equation (7.2) which
gives:

f(x̄, x̂)− f(x̄) = f(x̄) + fx(x)
∣∣∣
x=x̄

· x̂− f(x̄) ⇔

f(x̂) = fx(x)
∣∣∣
x=x̄

· x̂ (7.3)

The variables in the stoker model are the state space variables, the system inputs and the
disturbance. When the non-linear equations are inserted in Figure 7.3 the partial di�erentiations
become rather complex to calculate. Maple version 9.0 is therefore used to di�erentiate the
di�erent expressions.

The linearization of the non-linear di�erential equations gives an overview of the dynamics of
the system, which cannot be achieved from the non-linear di�erential equations alone. In the
following sections each non-linear di�erential equation is linearized, but �rst two sets of operation
points are found. One for when wood pellets are combusted and one when wheat is combusted.

7.1 Operations Points

The operation points for the linearization can be seen in Table 7.1 and Table 7.2 respectively
when wood pellet and wheat are combusted. The operation points are found when the stoker is
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7.2. LINEARIZATION OF THE MODEL EXPRESSIONS a
Operation point: T̄w T̄bc T̄gc T̄eg

Value: 60◦C 400◦C 180◦C 100◦C

Operation point: m̄sf m̄a M̄c,char Ō2

Value: 0.859 · 10−3 kg/s 4.531 · 10−3 kg/s 1.912 · 10−3 kg 8%

Table 7.1: The values of the operating points for the linearization when wood pellets
are combusted.

Operation point: T̄w T̄bc T̄gc T̄eg

Value: 70◦C 450◦C 200◦C 115◦C

Operation point: m̄sf m̄a M̄c,char Ō2

Value: 1.054 · 10−3 kg/s 4.780 · 10−3 kg/s 1.912 · 10−3 kg 12%

Table 7.2: The values of the operating points for the linearization when wheat is
combusted.

in steady state. This means that when step test is preformed on the linearized model inaccuracies
between the plant and the non-linear model can occur.

The operation values are chosen from plant outputs and by looking at the non-linear model.

Now that the operation points are found the linearization process can begin. To reduce some of
the linear equations, the linear expressions regarding mc and mg are derived �rst.

7.2 Linearization of the Model Expressions

The partial di�erentiate of mc(t) and mg(t) with respect to msf is rather complex, so they are
derived in this section and a reduced notation is used in the rest of the linearization process of the
non-linear di�erential equations. The two expressions are given be the following two equations.

m̃c =
∂mc

∂msf

∣∣∣∣
msf =m̄sf

=
2 · cc · ch · m̄sf

nh ·
(

2·cc·m̄sf

nc
+ 2
) − 2 · cc2 · ch · m̄sf

2

nc · nh ·
(

2·cc·m̄sf

nc
+ 2
)2 (7.4)

m̃g =
∂mg

∂msf

∣∣∣∣
msf =m̄sf

=
(nco2 − 2 · no) · m̃c

nc
+

(nh2o − no) · ch
2 · nh

+ ηh2o + csf,o (7.5)

Also an expression for mc and mg in the operation point are derived to reduce the notation in
the linearization process.

m̄c =
cc · ch · m̄sf

2

nh ·
(

2·cc·m̄sf

nc
+ 2
) + χ · γ1 · m̄a + γ2 · M̄c,char (7.6)

m̄g =
(nco2 − 2 · no) · m̄c

nc
+
(

(nh2o − no) · ch
2 · nh

+ ηh2o + csf,o

)
· m̄sf + (cn + ca,o) · m̄a (7.7)

The linearization of the non-linear di�erential equations can now begin. Each term in the lin-
earized equation is named by letters and a consecutive number.
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7.3 Linearization of the Energy Balance Equations

In this section the �rst four non-linear di�erential equations are linearized.

7.3.1 Linearization of the Water Equation

The non-linear di�erential equation for the water temperature (Equation (6.31)) is linearized as
just described in the beginning of this chapter. Equation (7.8) shows the non-linear equation
whereas Equation (7.9) shows the linear equation for the water temperature.

Mw · cw ·
dTw(t)
dt

= mw · ciw · Tiw(t) + εbcw · σ ·Abcw ·
(
Tbc(t)4 − Tw(t)4

)
+αbc ·Abcw · (Tbc(t)− Tw(t)) + αgc ·Agcw · (Tgc(t)− Tw(t))
+αeg ·Aegw · (Teg(t)− Tw(t))−mw · cw · Tw(t) (7.8)

tw1︷ ︸︸ ︷
Mw · cw ·

dT̂w(t)
dt

=
tw2︷ ︸︸ ︷

mw · ciw ·T̂iw(t) +

tw3︷ ︸︸ ︷(
4 · εbcw · σ · T̄bc

3 + αbc

)
·Abcw ·T̂bc(t)

+

tw4︷ ︸︸ ︷
αgc ·Agcw ·T̂gc(t) +

tw5︷ ︸︸ ︷
αeg ·Aegw ·T̂eg(t)

−
{ tw6.1︷ ︸︸ ︷(

4 · εbcw · σ · T̄w
3 + αbc

)
·Abcw

+

tw6.2︷ ︸︸ ︷
αgc ·Agcw + αeg ·Aegw + mw · cw

}
· T̂w(t) (7.9)

A linear expression for the change in the water temperature is now found.

7.3.2 Linearization of the Burning Chamber Equation

The non-linear di�erential equation for the gas temperature in the burning chamber (Equation
(6.42)) is linearized as described in the beginning of this chapter. Equation (7.10) shows the
non-linear equation whereas Equation (7.11) shows the linear equation for the gas temperature
in the burning chamber.

(Mbc · cbc + Mcp · ccp) ·
dTbc(t)
dt

= ma(t) · ca · Ta + mc(t) ·
(

1
4
· hc,I +

3
4
· hc,II

)
+

1
4
· mc(t)

nc
· nco · hc,V + ch ·msf (t) · hc,VI

−mg(t) · cbc · Tbc(t)
−εbcw · σ ·Abcw · (Tbc(t)4 − Tw(t)4)
−αbc ·Abcw · (Tbc(t)− Tw(t)) (7.10)

51



7.3. LINEARIZATION OF THE ENERGY BALANCE EQUATIONS a
tbc1︷ ︸︸ ︷

(Mbc · cbc + Mcp · ccp) ·
dT̂bc(t)
dt

= −

tbc3︷ ︸︸ ︷((
4 · εbcw · σ · T̄bc

3 + αbc

)
·Abcw + m̄g · cbc

)
·T̂bc(t)

+

tbc6︷ ︸︸ ︷((
4 · εbcw · σ · T̄w

3 + αbc

)
·Abcw

)
·T̂w(t)

+
{ tbc7.1︷ ︸︸ ︷

m̃c ·
(

hc,I + 3 · hc,II

4

)
+

m̃c · nco · hc,V

4 · nc
+ ch · hc,VI

−
tbc7.2︷ ︸︸ ︷

m̃g · cbc · T̄bc

}
· m̂sf (t)

+
{ tbc8.1︷ ︸︸ ︷

ca · Ta +
(

hc,I + 3 · hc,II

4
+

nco · hc,V

4 · nc

)
· χ · γ1

−

tbc8.2︷ ︸︸ ︷(
(nco2 − 2 · no) · χ · γ1

nc
+ cn + ca,o

)
· cbc · T̄bc

}
· m̂a(t)

+
{ tbc9.1︷ ︸︸ ︷(

hc,I + 3 · hc,II

4
+

nco · hc,V

4 · nc

)
· γ2

−

tbc9.2︷ ︸︸ ︷
(nco2 − 2 · no) · cbc · T̄bc

nc
· γ2

}
· M̂c,char(t) (7.11)

A linear expression for the change in the gas temperature in the burning chamber is now found.

7.3.3 Linearization of the Gas Chamber Equation

The non-linear di�erential equation for the gas temperature in the gas chamber (Equation (6.48))
is linearized as described in the beginning of this chapter. Equation (7.12) shows the non-linear
equation whereas Equation (7.13) shows the linear equation for the gas temperature in the gas
chamber.

Mgc · cgc ·
dTgc(t)
dt

= mg(t) · (cbc · Tbc(t)− cgc · Tgc(t))

− αgc ·Agcw · (Tgc(t)− Tw(t)) (7.12)

tgc1︷ ︸︸ ︷
Mgc · cgc ·

dT̂gc(t)
dt

=
tgc3︷ ︸︸ ︷

m̄g · cbc ·T̂bc(t)−
tgc4︷ ︸︸ ︷

(m̄g · cgc + αgc ·Agcw) ·T̂gc(t) +

tgc6︷ ︸︸ ︷
αgc ·Agcw ·T̂w(t)

+

tgc7︷ ︸︸ ︷(
cbc · T̄bc − cgc · T̄gc

)
· m̃g ·m̂sf (t)

+

tgc8︷ ︸︸ ︷(
(nco2 − 2 · no) · χ · γ1

nc
+ cn + ca,o

)
·
(
cbc · T̄bc − cgc · T̄gc

)
·m̂a(t)

+

tgc9︷ ︸︸ ︷(
(nco2 − 2 · no) · γ2

nc

)
·
(
cbc · T̄bc − cgc · T̄gc

)
·M̂c,char(t) (7.13)

A linear expression for the change in the gas temperature in the gas chamber is now found.

52



a CHAPTER 7. LINEAR MODEL OF THE STOKER SYSTEM

7.3.4 Linearization of the Exhaust Gas Equation

The non-linear di�erential equation for the exhaust gas temperature (Equation (6.54)) is lin-
earized as described in the beginning of this chapter. Equation (7.14) shows the non-linear
equation whereas Equation (7.15) shows the linear equation for the exhaust gas temperature.

Meg · ceg ·
dTeg(t)
dt

= mg(t) · (cgc · Tgc(t)− ceg · Teg(t))

− αeg ·Aegw · (Teg(t)− Tw(t)) (7.14)

teg1︷ ︸︸ ︷
Meg · ceg ·

dT̂eg(t)
dt

=
teg4︷ ︸︸ ︷

m̄g · cgc ·T̂gc(t)−
teg5︷ ︸︸ ︷

(m̄g · ceg + αeg ·Aegw) ·T̂eg(t) +

teg6︷ ︸︸ ︷
αeg ·Aegw ·T̂w(t)

+

teg7︷ ︸︸ ︷(
cgc · T̄gc − ceg · T̄eg

)
· m̃g ·m̂sf (t)

+

teg8︷ ︸︸ ︷(
(nco2 − 2 · no) · χ · γ1

nc
+ cn + ca,o

)
·
(
cgc · T̄gc − ceg · T̄eg

)
·m̂a(t)

+

teg9︷ ︸︸ ︷(
(nco2 − 2 · no) · γ2

nc

)
·
(
cgc · T̄gc − ceg · T̄eg

)
·M̂c,char(t) (7.15)

A linear expression for the change in the exhaust gas temperature is now found.

7.4 Linearization of the Mass Balance Equations

In this section the last two non-linear di�erential equations are linearized.

7.4.1 Linearization of the Solid Fuel Equation

The non-linear di�erential equation for the mass of solid fuel (Equation (6.58)) is linearized
as described in the beginning of this chapter. Equation (7.16) shows the non-linear equation
whereas Equation (7.17) shows the linear equation for the mass of the solid fuel.

dMc,char(t)
dt

= ζchar(t) · cc ·msf (t)− χ ·ma(t) · γ1 −Mc,char(t) · γ2 (7.16)

dM̂c,char(t)
dt

=

mchar7︷ ︸︸ ︷
(−m̃c + cc) ·m̂sf (t)−

mchar8︷ ︸︸ ︷
χ · γ1 ·m̂a(t)−

mchar9︷︸︸︷
γ2 ·M̂c,char (7.17)

A linear expression for the change in the mass of solid fuel is now found.

7.4.2 Linearization of the O2 Equation

The non-linear di�erential equation for the O2-level (Equation (6.66)) is linearized as described in
the beginning of this chapter. Equation (7.18) shows the non-linear equation whereas Equation
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7.5. VERIFICATION OF THE LINEAR MODEL a
(7.19) shows the linear equation for the O2-level.

Mtotal ·
dO2(t)
dt

= ca,o ·ma(t) + csf,o ·msf (t)− 2 · no ·mc(t)
nc

−1
2
· ch · no

nh
·msf (t)−O2(t) ·mg(t) (7.18)

o21︷ ︸︸ ︷
Mtotal ·

dÔ2(t)
dt

=

o27︷ ︸︸ ︷(
csf,o −

2 · no · m̃c

nc
− ch · no

2 · nh
− Ō2 · m̃g

)
·m̂sf (t)

+

o28︷ ︸︸ ︷(
ca,o −

2 · no · χ · γ1

nc
−
(

(nco2 − 2 · no) · χ · γ1

nc
+ cn + ca,o

)
· Ō2

)
·m̂a(t)

−

o29︷ ︸︸ ︷(
2 · no + (nco2 − 2 · no) · Ō2

)
· γ2

nc
·M̂c,char(t)−

o210︷︸︸︷
m̄g ·Ô2(t) (7.19)

A linear expression for the change in the O2-level is now found. The six linear di�erential
equations needed to create a linear model of the system is now derived. This linear model has
to be validated to see the accuracy of the model.

7.5 Veri�cation of the Linear Model

The linear model is veri�ed using the non-linear model. This is done by comparing the six states
from the two models. The measurable states in the system are also compared with the linear
model. This is done to show how good the linear system can simulate the plant. The linear
model when wood pellets are combusted is �rst veri�ed, after that is the same veri�cation made
when wheat is combusted. In the following �gures is the non-linear model given by a blue line,
the linear model is given by a red line and the measured states are given by a yellow line.

In Figure 7.1 the linear model output from the water temperature, exhaust gas temperature and
O2-level are shown along with the non-linear model output and the plant measurements when
wood pellets are used as solid fuel.

The water temperature shown in the �rst graph in Figure 7.1. Here the two model outputs and
the actual output are very close to each other, and the linear model for the water temperature
is therefore accepted. The small di�erence in the two models can be explained by the chosen
operation points. The linear model and the plant output is also close to each other, which is
good as this is one of the variables that is desirable to control.

The exhaust gas is also simulated for the linear model. This has been compared to the non-linear
model and the plant measurement, as shown in the second graph in Figure 7.1. The �gure shows
that the linear model has a little less dynamics compared to the non-linear model. But the linear
model is still accepted, as the temperature from the two other chambers in�uences the exhaust
gas which can explain the inaccuracy. The linear model output is also a little below the plant
output but this is accepted as the exhaust gas temperature is not a critical parameter that the
system has to be controlled by.

The O2-level is shown in the third graph in Figure 7.1. The linear model has less dynamics
when a step in the supply air is performed compared to the non-linear model, otherwise the two
models are almost identical. The plant measurement is also shown in the �gure and it can be
seen that the linear model of the O2-level is close to this value also.
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Figure 7.1: Simulation of the linear model (red) and the non-linear model (blue)
and the plant measurement (yellow) with a step response in both the solid fuel and
the supply air for the water temperature, exhaust gas temperature and O2-level.

In Figure 7.2 the linear model output from the mass of solid fuel, burning chamber temperature
and gas chamber temperature is shown along with the non-linear model output when wood
pellets are used as solid fuel.

The �rst graph in Figure 7.2 shows the simulation of the mass of the solid fuel. The linear model
and the non-linear model have an output just above 0.45 kg. The linear model output is below
the non-linear model output but the dynamics �t both when a step in the supply air and in
the solid fuel is performed. The linear model of the mass of the solid fuel is however accepted
as the inaccuracy is only a few g and due to the operation points. The mass of the solid fuel
has in�uence on all the other simulated states. Moreover to �t the mass of the solid fuel to the
linear model, it is also �tted so the O2-level �ts as best as possible. This in�uences the accuracy
of the temperatures inside the stoker, thus the linear model is less accurate. This is chosen as
the O2-level is assumed to be more important to be close to the plant output compared to the
exhaust gas temperature.

In the second graph in Figure 7.2 it can be seen that the linear model for the burning chamber
temperature has less dynamics when a step in the supply air is performed and more dynamics
when a step in the solid fuel is performed compared to the non-liner model. The two models are
however close to each other around the operation point as expected. The little di�erence appear
because the mass of the solid fuel is used to calculate the temperature which is a bit inaccurate.
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Figure 7.2: The linear model (red) and the non-linear model (blue) simulated with
a step response in both solid fuel and supply air for the mass of solid fuel, burning
chamber temperature and gas chamber temperature.

The third graph in Figure 7.2 is the temperature simulated in the gas chamber. The linear and
the non-linear model are close to each other. The linear model has less dynamics when a step in
the supply air is performed compared to the non-linear model. Again the mass of the solid fuel is
the cause of the inaccuracy as a di�erence between the two models in the mass of solid fuel will
in�uence the temperature. The linear model is however accepted although there is a inaccuracy.

In Figure 7.3 and Figure 7.4 the linear model output from the six states are seen along with the
non-linear model output and measurement data from the plant when wheat is used as solid fuel.
Overall can it be seen that the linear model �ts the non-linear model well. The considerations
made for the two previous �gures (Figure 7.1 and Figure 7.2) where wood pellets where used
as solid fuel is also valid when wheat is used as solid fuel, which can be seen in Figure 7.3 and
Figure 7.4.

Overall the simulation of the linear models are close to the non-linear models, therefore the
linear models are veri�ed satisfactory. The operation points for the mass of the solid fuel and the
supply air is chosen so the linear models of the O2-levels �t to the measured O2-levels as close
as possible. This is chosen, as the O2-level is one of the variables which the plant is controlled
by. When the linear models moves away from the di�erent operation points the dynamics are
varying compared to the non-linear models. This is expected however as the linear models are
derived around these operation points. The simulated water temperature is also very close to

56



a CHAPTER 7. LINEAR MODEL OF THE STOKER SYSTEM

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
60
70
80
90

Step response for water temperature
Te

m
p.

 [°
C

]

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
100

150

200
Step response for exhaust gas temperature

Te
m

p.
 [°

C
]

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
0
5

10
15

Step response for O2-level

O
2-

le
ve

l [
%

]

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
15

20

25
Blower input

D
ut

y 
cy

cl
e 

[%
]

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
5

10

15
Screw conveyor input

Time [s]

D
ut

y 
cy

cl
e 

[%
]

Figure 7.3: Simulation of the linear model (red) and the non-linear model (blue)
and the plant measurement (yellow) with a step response in both the solid fuel and
the supply air for the water temperature, exhaust gas temperature and O2-level.

the measured. This is important as this is the other variable which the plant is controlled by.
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Figure 7.4: The linear model (red) and the non-linear model (blue) simulated with
a step response in both solid fuel and supply air for the mass of solid fuel, burning
chamber temperature and gas chamber temperature.
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Chapter 8
State Space Model of the Stoker System

In the controller design it is advantageous with a state space model of the system. The state
space model can be set up directly from the linear di�erential equations derived in Chapter 7.
In the state space model the linear di�erential equations are set up in a matrix form. In the
continuous time-variant case is the state space model given by Equation (8.1) including both
process and measurement noise.

ẋ(t) = Ax(t) +Bu(t) +Gw(t)
y(t) = Cx(t) +Du(t) +Hv(t) (8.1)

where matrices are given by capital letters in bold and vectors are given in small letters in bold.
A function description for each matrix and vector is seen in Table 8.1 along with their dimensions.

Letter Description Dimension

A System matrix # states × # states
B Input matrix # states × # inputs
C Output matrix # outputs × # states
D Direct matrix # outputs × # inputs
G Process noise coupling matrix # states × # states
H Measurement noise coupling matrix # outputs × # outputs
x State vector # states × 1
u Input vector # input × 1
y Output vector # output × 1
w Process noise vector # states × 1
v Measurement noise vector # output × 1

Table 8.1: Used notation in the state space model.

A block diagram of Equation (8.1) can be seen in Figure 8.1.

In the linear model derived in Chapter 7 terms are multiplied with the derived state variables.
This means that Equation (8.1) cannot be used directly, as it has to be rewritten so these terms
are removed from the derived state variables. This is done as in Equation (8.2). Moreover D is
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Figure 8.1: Block diagram of a continuous time-variant state space model.

set to zero as there are no direct controllable outputs in the system.

ẋ(t) = M−1Ãx(t) +M−1B̃u(t) +M−1G̃w(t)
y(t) = Cx(t) +Hv(t) (8.2)

where M contains the terms which has to be removed.

The matrices and vectors in Equation (8.2) are now set up. The shortening terms used in the
following refers to the terms in the linear equations in Chapter 7. x is the state vector which
contains the state variables.

x =
[

Tw Tbc Tgc Teg Mc,char O2

]> (8.3)

M contains the terms multiplied on the derived state vector.

M =



tw1 0 0 0 0 0
0 tbc1 0 0 0 0
0 0 tgc1 0 0 0
0 0 0 teg1 0 0
0 0 0 0 1 0
0 0 0 0 0 o21

 (8.4)

Ã contains the constants multiplied on the state vector.

Ã =



−tw6 tw3 tw4 tw5 0 0
tbc6 −tbc3 0 0 tbc9 0
tgc6 tgc3 −tgc4 0 tgc9 0
teg6 0 teg4 −teg5 teg9 0
0 0 0 0 −mchar9 0
0 0 0 0 −o29 −0210

 (8.5)

u is the input vector which contains both the inputs and the disturbance.

u =
[

msf ma Tiw

]> (8.6)

B̃ contains the constants multiplied on the input vector.

B̃ =



0 0 tw2

tbc7 tbc8 0
tgc7 tgc8 0
teg7 teg8 0

mchar7 −mchar8 0
027 028 0

 (8.7)
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G̃ is the noise coupling matrix which weight how much process noise each state in�uences the
other states. G̃ is set to the identity matrix which means that the process noise is uncorrelated.
The following is valid for the process noise.

E 〈w(t)〉 = 0 (8.8)

E
〈
w(t)w>(s)

〉
= δ(t− s)Qn(t) (8.9)

where E is the expected value and δ is the Dirac-delta function. The diagonal in the Qn matrix
is the variance of the state process noise and the other elements are the cross noise between the
states which is zero. The Tbc, Tgc, Teg and Mc,char states are added process noise. The process
noise for the three temperatures inside the stoker is set to 2◦C as it is observed that the exhaust
gas vary that mush when both actuators are running with �xed duty cycle. The process noise
for Mc,char is set to 0.01 kg as it sounds reasonable that the molehill vary that much with �xed
duty cycle on the actuators. Qn is then given by:

Qn =



0 0 0 0 0 0
0 22 0 0 0 0
0 0 22 0 0 0
0 0 0 22 0 0
0 0 0 0 0.012 0
0 0 0 0 0 0

 (8.10)

y is the output vector which contains the outputs.

y =
[

Tw O2

]> (8.11)

C describes which output states the system has.

C =
[

1 0 0 0 0 0
0 0 0 0 0 υ

]
(8.12)

where υ is a constant which transforms the O2-level given in a decimal mass percentage value to
a volume percentage value.

H̃ is the measurement noise coupling matrix which weight how much measurement noise each
output in�uences the other outputs. H̃ is set to the identity matrix which means that the
measurement noise is uncorrelated. The following is valid for the measurement noise.

E 〈v(t)〉 = 0 (8.13)

E
〈
v(t)v>(s)

〉
= δ(t− s)Rn(t) (8.14)

where E is the expected value and δ is the Dirac-delta function. The diagonal in the Rn matrix
is the variance of the measurement noise and the other elements are the cross noise between the
measurements which is zero. From the measurements on the system the measurement noise is
estimated to be 1◦C for the water temperature sensor and 0.1% for the lambda oxygen sensor.
Rn is then given by:

Rn =
[

12 0
0 0.12

]
(8.15)

A state space model of the system is now obtained. A veri�cation of the state space model is
not necessary as the state space model is found directly from the linear model by rewriting the
equations on matrix form.
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Part III

Controller

In this part the controller used on the stoker system is developed. This part consists of three
chapters.

In the �rst chapter the controller approach is presented and two di�erent strategies are discussed.
After a short analysis of the two strategies is a �nal controller choice made.

The actual controller is derived in the second chapter. An optimal LQR controller is designed
with a full order observer and integral control. A feedback gain is found both for when wood
pellets are combusted and when wheat is combusted. The two feedback gains are found through
simulations. Finally is the controller tested both in simulations and on the plant.

In the third chapter of this part a solid fuel estimator is designed. The solid fuel estimator is
capable of estimating the composition of the solid fuel using the linear models, Kalman �lters and
measurement data. Combining the optimal controllers and the solid fuel estimator is a adaptive
controller designed where the control input to the actuators is found from a weighting between
the two LQR controllers and the solid fuel estimator.



Chapter 9
Controller Approach

A model based controller approach as described in Chapter 3 is chosen for controlling the stoker
system. This means that the controller is designed from the mathematical model of the stoker
system. Only linear control methods are used in this project, meaning that only the linear model
is used in the controller design.

The purpose of the controller is to make the plant capable of tracking a reference signal for the
water temperature and the O2-level. The controller must suppress any load which may a�ect the
plant. Moreover the controller must be able to detect when the solid fuel is changed and change
the controller setup to the most optimal for the concerned solid fuel.

The designed controller is veri�ed against the non-linear model in Simulink before it is im-
plemented and tested on the plant. The quality of the designed controller can afterwards be
compared with the original controller from Techno-Matic A/S and any advantages and disad-
vantages can be found.

When a model based controller is desirable various controller strategies are present which is
described in the following section. Afterwards is the choice of controller presented.

9.1 Controller Strategies

Several di�erent control strategies can be used to control the stoker. In this report two di�er-
ent strategies are investigated and the most suitable control strategy for the stoker is chosen
and described in more details. The control strategies which are investigated are classical and
modern control, these two strategies can then be divided into several sub strategies. The di�er-
ent strategies can be used to solve the same control problem but with di�erent advantages and
disadvantages.

9.1.1 Classical Control Strategies

Classical control is based on transfer functions. This is normally used on systems with only single
input and output (SISO) or when the coupling factor in a multiple input and output (MIMO)
system is small. Classical control uses feedback to stabilize the system through three terms; a
proportional term, an integral term and a derivative term (PID).
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PID Control

PID control is widely used in industrial control systems. A PID controller attempts to correct
the error between the measured plant output and a desired reference. Usually the PID controller
does not involve any criterion of optimality. By tuning the three terms in the controller, is
it possible to design a controller for a speci�c process requirement. Robustness of stability is
ensured by the skills of the person who design the controller [Franklin et al., 2002].

9.1.2 Modern Control Strategies

Modern control is based on ordinary di�erential equations organized in a matrix form which is
also called a state space form. The state space form is advantageous when dealing with multiple
inputs and outputs. The following theories within modern control are described: Optimal control,
predictive control, robust control, adaptive control and intelligent control.

Optimal Control

The optimal control is often used in problems, where a prede�ned trajectory or reference is
known. The principle of the optimal control is based on Calculus of Variations. This involves
a performance function which weights the di�erent states, and this performance function can
then be minimized, to �nd the optimal solution. This is often implemented by using a linear
quadratic regulator (LQR) [Zhou et al., 1996].

Predictive Control

Predictive control is a control algorithm based on the predictive model of the process. The model
is used to predict the future output based on the historical information of the process as well as
the future input. Predictive control is an algorithm of optimal control. It calculates future control
action based on a performance function. The optimization of predictive control is limited to a
moving time interval and is carried on continuously on-line. This is the key di�erence compared
to traditional optimal control that uses a performance function to judge global optimization and
the ability to handle constraints in the optimization due to the �nite horizon [Bemporad et al.,
1997].

Robust Control

Robust control is a controller design strategy that focuses on the robustness of the control algo-
rithm. This strategy is useful when the parameters do not change or vary within known bounds,
but in return control performance is guaranteed. The robust control strategy usually assumes
that the knowledge of process dynamics and its variation ranges are known. Some algorithms
may not need a precise process model but then require some kind of o�-line identi�cation [Zhou
& Doyle, 1997].

Adaptive Control

An adaptive control system can be de�ned as a feedback control system intelligent enough to
adjust its characteristics in a changing environment so as to operate in an optimal manner
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according to some speci�ed criteria. It will often be �lters that are used to tune the parameters
on-line in the controller, so that it will be adaptive [Sastry & Bodson, 1989].

Intelligent Control

There are di�erent de�nitions regarding intelligent control, but it is referring to a control
paradigm that uses various arti�cial intelligence techniques [Tay, 2007]. In this report the fol-
lowing methods will be described: Hybrid control, fuzzy control, and neural network.

Hybrid systems model non-trivial interactions of continuous phenomena (i.e., describable by a set
of di�erence or di�erential equations) and discrete phenomena (i.e., asynchronous systems where
the state transitions are initiated by discrete events as in automata or �nite state machines).
This leads to a formulation with several modes of operation, whereby in each mode the behaviour
of the system is given by di�erence or di�erential equations [Bak, 2007].

Fuzzy control is built on mathematical foundations with fuzzy set theory. It represents knowledge
or experience in a mathematical format that process and system dynamic characteristics can be
described by fuzzy sets and fuzzy relational functions. Control decisions can be generated based
on the fuzzy sets and functions with rules [Jantzen, 1991].

Neural network control is a control method using arti�cial neural networks. It has great potential
since arti�cial neural networks are built on a �rm mathematical foundation that includes versatile
and well understood mathematical tools. Arti�cial neural networks are also used as one of the
key elements in the Model-Free Adaptive controller's [B & J, 1999].

The �rst four control strategies are also algorithms of feedback control. If there is a mismatch
between the model and the process, or if there is a control performance problem caused by the
system uncertainties, these control strategies could compensate for the error or adjust the model
parameters based on on-line identi�cation.

9.2 Controller Choice

As a model of the actual stoker system is made and veri�ed the knowledge of the system is
high. This allows choosing a control strategy, where knowledge of the system is necessary. The
stoker system can use di�erent solid fuels. These di�erent solid fuels will not have the same
characteristics, which means that the parameters in the system will change. Furthermore the
system has multiple inputs and outputs.

All these aspect is in favour of using a modern control theory, the time consumption is however
much larger when dealing with modern control theory. The decisive factor when choosing between
classical and modern control is the cross coupling between the inputs and outputs. If the cross
coupling is small or can be disregarded the classical control strategy can be used with advantage.
If the cross coupling is large the modern control strategy can be used with advantage. Therefore
the cross coupling is investigated in the following subsection.

9.2.1 Cross Coupling

The dynamic coupling factor is used to describe the level of in�uence the cross coupling has.
When this factor is much smaller than one, the cross coupling is small. The dynamic coupling
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factor can be calculated by equation 9.1.

Q(s) =
P12(s) · P21(s)
P11(s) · P22(s)

(9.1)

where P is transfer functions between the respective inputs and outputs. These transfer functions
can be found from the state space model with the Matlab-function ss2tf. This function use
the matrices from the state space model, see Chapter 8. A model of the cross coupling between
the transfer functions can be seen in Figure 9.1.

P11(s)

P21(s)

P12(s)

P22(s)

msf

ma

O2

Tw

+
+

+
+

Figure 9.1: Block diagram of the cross coupling between the transfer functions.

A bode plot is made of the dynamic coupling factor Q(s), this is shown in Figure 9.2.

From the �gure can it be seen that the decoupling between the inputs change with the frequency.
When the magnitude is 0 dB, the cross coupling will have the same in�uence as the direct
coupling. As shown in the bode plot will a controller that use the cross coupling be advantageous
and it is therefore chosen for this project.

9.2.2 Modern control Choice

Both optimal and predictive control use an optimization function. This function will optimize
the controller to be optimal to one set of parameters. But as the parameters change when a new
solid fuel is used, this solution is not optimal for the stoker system.

The robust control strategy is also based on static parameters. This strategy is advantageous
when large model uncertainties and large disturbances are present in the system. This means
that the robust control strategy is based on the worst case scenario. This solution is therefore
also not optimal for the stoker system.

Optimal, predictive and robust control can all three be used as a part of a solution along with
some of the other strategies as intelligent or adaptive control.

Intelligent control could be implemented on the system. Especially hybrid control can be used to
control the stoker system. However adaptive control is chosen as the primary controller strategy
in this project. This is done as the stoker system will be able to handle changes in the solid
fuels, without user input or prede�ned thresholds.

But what is meant by an adaptive controller? Intuitively, an adaptive controller is thus a con-
troller that can modify its behaviour in response to changes in the dynamics of the process and
the character of the disturbance [Åström & Wittenmark, 1995]. But as feedback also attempts to
reduce the e�ects of disturbances and plant uncertainty, a clear de�nition of adaptive control is

67



9.2. CONTROLLER CHOICE a

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

-150

-100

-50

0

50

100

150

200

250

300

M
ag

ni
tu

de
 (d

B
)

Bode Diagram

Frequency  (rad/sec)

Figure 9.2: Bode plot of the dynamic coupling factor(Q(s)).

stated for this report. An example of a adaptive block diagram can be found in Figure 9.3. Dif-
ferent approaches can be taken when an adaptive controller is made. Some of these approaches
are gain scheduling, model reference adaptive control, self-tuning control and dual control.

Parameter 
adjustment

PlantControllerr y
u

Controller
parameters

Figure 9.3: Block diagram of an adaptive control system.

The two former approaches are called direct methods, due to the fact, that the adjustment rules
tell directly the controller how the parameters should be updated. The two latter approaches is
based on a self-tuning method.

Dual control is chosen for this project as the estimated quality of the parameters is used. More-
over the knowledge of the plant is also used, this result in a model of the system, which can be
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used in the controller design [Åström & Wittenmark, 1995]. A block diagram of a dual controller
is given in Figure 9.4. Moreover it is chosen to use a optimal controller in the controller block.

Calculation of 
hyper state

PlantControllerr y
u

x

Figure 9.4: Block diagram of dual control.

First the controller block is designed and veri�ed afterwards the hyper state block is designed
and veri�ed and �nally is the two blocks combined, creating the controller set up seen in Figure
9.4.
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Chapter 10
The Controller Block

The controller block for the controller setup seen in Figure 10.1 is designed in this chapter.

Solid fuel 
estimator

PlantControllerr y
u

x

Figure 10.1: A block diagram of the controller setup with the controller and solid
fuel estimator block.

Two di�erent optimal controllers will be developed in this project, which are optimal for one type
of solid fuel each. The optimal controller is using the cross coupling in the system to optimize
the performance by weighting the inputs and states or outputs. The optimal controller is based
on the linear state space model.

To ease the controller design the inlet water temperature (Tiw) is introduced as a disturbance
(d), and is mapped to ẋp using Ep. This also means that it is no longer a part of u. u now only
contains the mass �ow of solid fuel (msf ) and the mass �ow of supply air (ma).

Looking at Figure 10.2 the following system equations can be setup.

ẋ(t) = Apxp(t) +Bpu(t) +Epd(t) +Gw(t) (10.1)

yp(t) = Cpxp(t) +Hv(t) (10.2)

Before the actual controller can be designed the non-measurable states in the system must be
estimated. This can be done by an observer.

10.1 Observer

The primary objective of an observer is to provide the values of the states inside the plant to
the controller. To accomplish this it uses the model of the plant to predict/simulate the values
of the states inside the plant. The same inputs are provided to the observer as to the plant, and
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Figure 10.2: A block diagram of the plant where the lowercase p indicates plant
values.

if these respond in the same way the states should also be the same. Before the observer can
be designed the rank of the observability matrix must be calculated to insure that the plant is
observable. The matrix is shown in Equation (10.3) [Franklin et al., 2002].

O =


C

C ·A
...

C ·An−1

 (10.3)

where n is the number of states and the matrices C and A are found in Chapter 8.

rank





C

C ·A
C ·A2

C ·A3

C ·A4

C ·A5



 = 6 (10.4)

When C and A are inserted the equation equals true. This means that the matrix have full rank
and therefore all the entries are independent of each other. The system is thus observable, and
an observer can be designed as in Figure 10.3. As d is known, it is included in the observer.
When the plant and the observer are connected as in Figure 10.3 the outputs yp and yo should
be identical. Here p is used to denote plant values and o is used to denote observer values.

The matrices Ao and Co are the matrices derived in Chapter 8. Bo is the �rst two columns of
B and Eo is the last column of B, where B is derived in Chapter 8.

However as all models are based on assumptions, a slight error will occur. This error will build
up over time, and the outputs yp and yo will drift apart. The error between these outputs can
be used to adjust the model using feedback through a observer gain L as shown in Figure 10.4.

Looking at Figure 10.4 the following observer equations can be set up.

ẋo(t) = Aoxo(t) +Bou(t) +Eod(t) + L
(
yp(t)− yo(t)

)
(10.5)

yo(t) = Coxo(t) (10.6)

Various methods can be used to design L, one method is pole placement, where the observer
poles are chosen. The choice of poles are however a trade o� between the magnitude of the
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Figure 10.3: The plant from Figure 10.2 and a block diagram of its observer where
the lowercase o indicates observer values.
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Figure 10.4: Plant and observer with observer gain feedback included. This set up
is also called a Luenberger based observer.

estimate error and the noise suppression. The observer poles can be calculated by �nding the
eigenvalues of Ao − L ·Co.

In this project the observer gain will be calculated using theMatlab-function lqe. LQE stands
for Linear Quadratic Estimation which basically is a Kalman �lter, and as a Kalman �lter is
needed in the adaptive controller this method is ideal. As input to lqe the Ao, G, Co, Qn and
Rn matrices are used which all are derived in Chapter 8. When these matrices are used the
observer gain is calculated to:

L =



9.010 · 10−6 −0.253 · 10−3

0.287 · 10−3 −30.887
0.107 · 10−3 −117.725
51.160 · 10−6 −52.666
0.079 · 10−9 −0.086
−15.983 · 10−9 0.308

 (10.7)

The observer poles can now be found by calculating the eigenvalues of Ao − L ·Co, this is done
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using the eig()-function in Matlab which gives:(
−26.379 + 26.226i; −26.379− 26.226i; −4.281 · 10−3; −3.093 · 10−3; −0.952; −1.295

)
(10.8)

As they all are in the left half plan the observer is stable.

With a full order observer, like the one described above, not only the non-monitored but also the
monitored states are calculated. This may slow down the system, as calculations not needed are
performed. This can be avoided by designing a reduced order observer, which only calculates the
unknown states. The full order observer does however possess other qualities than just providing
the unmonitored states. It also e�ectively �lters noise from the monitored states. For this reason
a full order observer is chosen for this project.

10.2 Feedback Controller

Now that a full order observer is designed, it is possible to design a full state feedback controller.
Full state feedback aims at using the cross coupling in the model to optimize performance. This
means that the contribution from each input is used to control the outputs.

Before a feedback controller can be designed the rank of the controllability matrix must be
calculated to ensure that the plant is controllable. The matrix is shown in Equation (10.9)
[Franklin et al., 2002].

C =
[
B A ·B · · · An−1 ·B

]
(10.9)

where n is the number of states and the matrices A and B are derived in Chapter 8.

rank
([

B A ·B A2 ·B A3 ·B ·A4 ·B A5 ·B
])

= 6 (10.10)

When A and B are inserted the equation equals true. Thus the system is controllable and a
feedback gain can be designed.

The feedback gain (F) is used to control the system according to Figure 10.5.
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Figure 10.5: Block diagram of the state space model with full state feedback.

The feedback equation or the control law can from �gure 10.5 be expressed as:

u(t) = −Fxo(t) (10.11)
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10.3. REFERENCE SIGNAL a
Given a properly designed feedback gain F, the closed loop system in �gure 10.5 will converge
towards a steady state where the outputs are zero. To enable other values of y in steady state,
a reference is needed which is designed before the feedback gain is calculated.

10.3 Reference Signal

The reference signal (r) is introduced, by subtracting it from the plant output (yp). This can
however contribute to a steady state error which can be eliminated by introducing integral
control. The setup including the integral control can be seen in Figure 10.6
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Figure 10.6: Block diagram of the controller including observer, feedback, reference
signal and integral control.

When the integral control is included, two new states are added to the system. It is therefore
necessary to extend the state space matrices before the feedback gains (F and Fi) can be calcu-
lated. The new system and output equations including the contribution from the integral control
can be seen in Equation (10.12) and Equation (10.13).

ẋe(t) = Aixe(t) +Biu(t) +Ed(t) (10.12)

yi = Cixe(t) (10.13)

where

xe(t) =
[
xo

xi

]
, xi =

[
Tw − ref(Tw)
O2 − ref(O2)

]
, yi =


Tw

O2

Tw − ref(Tw)
O2 − ref(O2)


Ai =

[
Ao 06×2

Co 02×2

]
, Bi =

[
Bo

02×2

]
, Ci =

[
Co 02×2

02×6 I2×2

]
where 0 is a matrix only consisting of zeros with the dimension speci�ed in the index and I is the
identity matrix with the dimension speci�ed in the index. Using Equation (10.3) and Equation
(10.9) it can be seen that the extended system also is observable and controllable.
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Using the extended feedback matrix Fe given by Equation (10.14)

Fe =
[
F Fi

]
(10.14)

is it possible to move the poles of the system such the system obtains the desired dynamic. From
Figure 10.6 can the new control law be found to:

u(t) = −Fxo(t)− Fixi(t)
= −Fexe(t) (10.15)

Equation (10.15) is then inserted in Equation (10.12)

ẋe(t) = Aixe(t)−BiFexe(t) +Eid(t) (10.16)

The closed-loop poles can now be found by Equation (10.17).

det [λI − (Ai −BiFe)] = 0 (10.17)

which is equal to �nding the eigenvalues of Ai − BiFe. This can be done using the Matlab-
function eig(). But �rst it is necessary to calculate Fe.

10.4 Feedback Gain Matrix

The feedback gain Fe is designed using optimal control. This method is used to obtain an optimal
result in ratio to the relation between control precision and control performance. This method
uses a cost function (J), see Equation (10.18).

J =
∫ ∞

0

(
x> ·Q · x+ u> ·R · u

)
dt (10.18)

By minimizing this cost function is it possible to obtain an optimal control. By selecting suitable
weighting matrices (Q and R), acceptable values for the states and inputs are obtained. Q and
R are found iterative to obtain satisfying results, the iteration process takes its starting point in
Bryson's rule which yields [Franklin et al., 2002]:

Qii =
1

max value of (xi
2)

(10.19)

Rii =
1

max value of (ui
2)

(10.20)

This means that Q and R only contains non-zero values in the diagonal. To obtain optimal
control Q must be positive semi-de�nite and R positive de�nite. As the state space model
is based on small signal values, the maximum acceptable value correspond to the maximum
acceptable change of the value. Fe can be found using the Matlab-function lqr. This function
takes the system matrix Ai, the input matrix Bi, and the two weighting matrices Q and R as
input.

It is however not relevant to limit the states which are not output. The �rst term in the cost
function is therefore rewritten to:

yi
> ·Qr · yi = (Ci · xe)

> ·Qr ·Ci · xe = xe
> ·Ci

> ·Qr ·Ci · x (10.21)
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10.5. DISCRETIZATION OF THE STATE SPACE MODEL a
where the two �rst values in the diagonal of Qr weigh the outputs whereas the last two values
weigh the integral states. The outputs and the integral states are related through the response
time of the system, Qr can then be written as in Equation (10.22).

Qr =


1

max value of Tw
2 0 0 0

0 1
max value of O2

2 0 0

0 0 1/max value of Tw
2

Ti2
0

0 0 0 1/max value of O2
2

Ti2

 (10.22)

where Ti is the response time of the system.

When the lqr function is used in Matlab the original weighting matrix Q is replaced with
Ci

> ·Qr ·Ci which weights the output instead of the states. The variations in output and input
are chosen to be:

Tw = ±5◦C
O2 = ±2%

msf = ±100%
ma = ±100%

Using these values in Qr and R will not give an acceptable result, so both Qr and R must be
�tted iterative until a satisfying result is found. All the inputs to the lqr function is now found
and Fe can be calculated. With the calculated Fe will the plant converge towards a desired
reference signal.

Before the controller is implemented on the plant it has to be discretized.

10.5 Discretization of the State Space Model

The controllers are implemented in a digital environment. To realize this, the controllers must be
digitalized. This is done with zero order hold. The transformation may change the response of
the system, and care must therefore be taken when performing this transformation to avoid this.
The sample frequency is the major factor which determines the digital controller's likeness to
the designed analogue one. A fast frequency will ensure interchangeability between the analogue
and the digital version of the controller. How fast is relative to the time constants of the system.
These are above 1 Hz so a sample frequency of 1 Hz should be su�cient, and is therefore chosen.
Moreover the measurements are used from the sensors with a frequency of 1 Hz.

The matrices derived in Chapter 8 are discretized using the function c2dm-function in Matlab.
The observer gain and feedback gain in the discrete version is found using dlqe and dlqr in
Matlab. When the discrete version of Ai is found the zero matrix in the right lower corner
must be replaced with the identity matrix as seen in Equation (10.23).

Ai =
[
Ao 06×2

Co 02×2

]
, Adi =

[
Ao 06×2

Co I2×2

]
(10.23)

10.6 Delay in the O2-level

Preliminary test of the discrete controller has shown that there is a delay in the O2-level from
the model. This is because the O2-level found in the modelling phase is for the exhaust gas and
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the one needed is for the burning chamber where the combustion takes place. Through test the
delay is found to approximately 15 s.

To deal with this delay of 15 s 15 new states are included in the model, where the seventh state
is the O2-level delayed with one sample, the eighth state is the O2-level delayed two samples
and so on. This means that all the matrices derived in Chapter 8 are extended so they match
21 states instead of 6 states. This is done by including 15 ones in the diagonal of M, including
15 ones in the Ã matrix so the seventh state becomes equal to the sixth state one sample ago
and so on until a delay of 15 s is reached, and extending B̃ and C so they match a system of 21
states, as seen in the four next equations.

M =



tw1 0 0 0 0 0 0 0 0
0 tbc1 0 0 0 0 0 0 0
0 0 tgc1 0 0 0 0 0 0
0 0 0 teg1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 o21 0 0 0
0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0
. . . 0

0 0 0 0 0 0 0 0 1


(10.24)

Ã =



−tw6 tw3 tw4 tw5 0 0 · · · 0 0
tbc6 −tbc3 0 0 tbc9 0 · · · 0 0
tgc6 tgc3 −tgc4 0 tgc9 0 · · · 0 0
teg6 0 teg4 −teg5 teg9 0 · · · 0 0
0 0 0 0 −mchar9 0 · · · 0 0
0 0 0 0 −o29 −0210 · · · 0 0
0 0 0 0 0 1 · · · 0 0

0 0 0 0 0 0
. . . 0 0

0 0 0 0 0 0 · · · 1 0


(10.25)

B̃ =



0 0 tw2

tbc7 tbc8 0
tgc7 tgc8 0
teg7 teg8 0

mchar7 −mchar8 0
027 028 0
0 0 0
...

...
...

0 0 0


(10.26)

C =
[

1 0 0 0 0 · · · 0
0 0 0 0 0 · · · υ

]
(10.27)

These extended matrices are then used in the controller design described in this chapter. The
new controller is now veri�ed through simulations.
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10.7. VERIFICATION OF THE OPTIMAL CONTROLLER a
10.7 Veri�cation of the Optimal Controller

The optimal controller is implemented in Simulink from Figure 10.6. In the veri�cation phase
the plant is replaced by the non-linear model. As the output from the control law (Equation
(10.15)) can be negative the input to the non-linear model/plant can be negative. This is however
not desirable so a saturation block is inserted to ensure an allowable input. The saturation block
is made such that the minimum input is equal to zero and the maximum input is equal to
βmotor · 100 and βblower · 100 respectively.

In this veri�cation section two optimal controllers are found one when wood pellets are combusted
and one when wheat is combusted. The two controllers are found by �tting Qr and R iterative
until a satisfying result is obtained for each solid fuel. These two parameters are �tted from the
non-linear model which is controlled by the optimal controller.

Figure 10.7 shows a simulation of the optimal controller where the reference is set to 60◦C and
8% respectively (red lines) and the non-linear model for wood pellets is used. The simulation
lasts for 7200 s and after 3600 s a step is made in the load where the inlet water is decreased
to 50◦C. It can be seen that the output from the non-linear model tracks the reference signal
satisfactory with no steady state error.
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Figure 10.7: Output from the non-linear model controlled by a LQR controller
where the reference s set to 60◦C and 8%. The load and input to the actuators are
also seen in this �gure.
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The �rst graph in Figure 10.7 is the water temperature, it can be seen that it tracks the reference
of 60◦C satisfactory. It takes rather long time before the water temperature settles at 60◦C but
this is expected as the water temperature has a large time constant. Moreover is the water
temperature inside the requirements set in Chapter 3. When the step in the load is made the
water temperature decreases short.

From the second graph it can be seen that the O2-level also tracks the reference which is 8%.
The O2-level settles to the reference much faster as the time constant for the O2-level is much
shorter then for the water temperature. The O2-level reacts heavy on the step in the load as
it �rst drops fast and then raises shortly after to settle at the reference again. This is however
accepted as the requirements set to the controller in Chapter 3 is ful�lled.

The third graph shows the load on the system given by the inlet water temperature. As mentioned
it can be seen that the load is increased after 3600 s which means that the water temperature
and the O2-level decrease. To avoid a permanent decrement in the water temperature and the
O2-level both the inputs to the actuators are increased as seen in the fourth and �fth graph in
Figure 10.7.

As just mentioned the controller input to the actuators is seen in the fourth graph for the supply
air and in the �fth graph for the solid fuel. It can be seen that the inputs go to steady state
values when the reference is reached. These steady state values are enough to keep the system
at the reference signal as long as the load is steady. When the load is changed the inputs will
also change. It can also be seen that the blower reaches its maximum when the load is made as
the PWM signal to the blower is linearized the maximum input to the blower is 30%.

Figure 10.8 shows a simulation of the optimal controller where the reference is set to 70◦C and
12% respectively and the non-linear model for wheat is used. The simulation lasts for 7200 s
and after 3600 s a step is made in the load where the inlet water is decreased to 60◦C. It can be
seen that the output from the non-linear model tracks the reference signal satisfactory with no
steady state error.

The �rst graph in Figure 10.8 is the water temperature, it can be seen that it tracks the reference
of 70◦C satisfactory. It takes rather long time before the water temperature settles at 70◦C
but this is expected as the water temperature has a large time constant. Moreover the water
temperature is inside the requirements set in Chapter 3. When the step in the load is made the
water temperature decreases but it reaches the reference again after some time.

From the second graph it can be seen that the O2-level also tracks the reference which is 12%.
The O2-level settles to the reference faster as the time constant for the O2-level is shorter then for
the water temperature. The O2-level reacts on the step in the load as it increases a bit before it
settles to the reference again. This is accepted however as the requirements set to the controller
in Chapter 3 is ful�lled.

The third graph shows the load on the system given by the inlet water temperature. As mentioned
it can be seen that the load is increased after 3600 s which means that the water temperature
decreases and the O2-level increases. To avoid a permanent change in the water temperature
and the O2-level both the inputs to the actuators are changed as seen in the fourth and �fth
graph in Figure 10.7.

As just mentioned the controller input to the actuators is seen in the fourth graph for the supply
air and in the �fth graph for the solid fuel. It can be seen that the inputs go to steady state
values when the reference is reached. These steady state values are enough to keep the system
at the reference signal as long as the load is steady. When the load is changed will the inputs
also change.

Two controllers are now designed and veri�ed, they are now ready to be tested on the plant.
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Figure 10.8: Output from the non-linear model controlled by a LQR controller
where the reference s set to 70◦C and 12%. The load and input to the actuators are
also seen in this �gure.

Before this is done is it investigated how well the controller designed for wood pellets combustion
controls the plant when wheat is combusted and vice versa. This is done by controlling the non-
linear model for wheat with the controller designed for wood pellets combustion and vice versa.

Figure 10.9 shows a simulation of the optimal controller designed for wood pellets combustion
where the reference is set to 70◦C and 12% respectively and the non-linear model for wheat is
used. The simulation lasts for 7200 s and after 3600 s a step is made in the load where the inlet
water is decreased to 60◦C.

From Figure 10.9 it can be seen that the controller designed for wood pellets is capable of reaching
the references within the requirements set to the controller in Chapter 3. There is however one
critical point when a step in the load is made will the O2-level drop to nearly 0% and the input
to the blower actuator reaches its maximum. This is not desirable as a bigger step in the load
would cause the O2-level to drop to 0%. Even though this conroller can control the system as
desired is it not optimal.

Figure 10.10 shows a simulation of the optimal controller designed for wheat combustion where
the reference is set to 60◦C and 8% respectively and the non-linear model for wood pellets are
used. The simulation lasts for 7200 s and after 3600 s a step is made in the load where the inlet
water is decreased to 50◦C.
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Figure 10.9: Output from the non-linear model for wheat controlled by a LQR
controller designed for wood pellets combustion where the reference s set to 70◦C and
12%. The load and input to the actuators are also seen in this �gure.

From Figure 10.10 can it be seen that the controller designed for wheat is capable of reaching
the references within the requirements set to the controller in Chapter 3. There is however some
critical points. First of all the water temperature is slow to reach the reference and the water
temperature raises 10◦C before it drops down towards the reference. The O2-level drops close
to 0% before it raises towards the reference. The most critical point is that the O2-level begins
to oscillate this is due to the input to both the actuators which oscillates. The oscillation is due
to the observer gain which is not capable of minimizing the error between the measured output
and the model output. So the controller designed for wheat can not control the system optimal
when wood pellets are combusted.

It is now shown that a controller for one solid fuel is optimal when only this solid fuel is combusted,
meaning that the controller for the wood pellets is not capable of controlling the system optimal
when wheat is combusted and vice versa.
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Figure 10.10: Output from the non-linear model for wood pellets controlled by a
LQR controller designed for wheat combustion where the reference s set to 60◦C and
8%. The load and input to the actuators are also seen in this �gure.
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Chapter 11
The Solid Fuel Estimator Block

The solid fuel estimator for the controller see Figure 11.1 is designed in this chapter and afterward
is it connected to the two controllers found in the previous chapter, to complete the controller.
The solid fuel estimator block uses the linear models in combination with �lters to �nd the
desired parameters to the controller.

Solid fuel 
estimator

PlantControllerr y
u

x

Figure 11.1: A block diagram of the controller setup with the controller and solid
fuel estimator block.

Di�erent methods can be used to construct the solid fuel estimator. Some of these methods are
model switching, model detection and multiple hypothesis testing. The model switching method
decides which model to use, from a probability calculation. This indicates that a controller must
be designed for every case, which means that a controller for each solid fuel and for each operation
point must be designed. The model detection method calculates which model is the most simple
to a given situation, an example is a car, that uses one model when it drive forward and another
when it turns. This method is not suitable for this project, as the stoker system does not shift
between di�erent behaviours. The multiple hypothesis testing calculates the possibility for each
model, and weight the accuracy of the di�erent models. This allows choosing a controller setup
which is optimal in the end points of the operation space. This means that only models for
solid fuels, which is at the end points of the operation space is needed. The multiple hypotheses
method is illustrated in Figure 11.2.

The multiple hypotheses testing method gives the advantage that the models do not need to �t
all mixtures of di�erent solid fuels. This is because the span of the models will cover the whole
operation space, and a combined result of the model will therefore give a good estimate of the
current parameters of the system.

In multiple hypotheses testing it is assumed that the correct model is proposed, which means
the whole operation space of interest is covered by the models. A hypothesis is checked, one for
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Figure 11.2: Block diagram of solid fuel estimator.

each model, the hypothesis is:

Hi = Model Mi is correct. (11.1)

By the assumption that the correct model is present, the null hypothesis id not present.

The probability that the model Mi is correct to time tk with measurement Zk up to time tk is
given by:

µi(k) ≡ p(Mi|Zk) (11.2)

The initial probability that Mj is correct is given by µ(0), which according to the assumption
sum up to unity over all the models.

The probability assigned to each model changes through time as more information becomes
available. Considering the evolution of µj from k-1 to k using Bayes rule gives:

µi(k) ≡ p(Mi|Zk)
= p(Mi|z(k), Zk−1)

=
p(z(k)|Zk−1,Mi) · p(Mj |Zk−1)

p(z(k)|Zk−1)

=
p(z(k)|Zk−1,Mj) · µi(k − 1)∑

n
j=1p(z(k)|Zk−1,Mj) · p(Mj|Zk−1)

(11.3)

The p(z(k)|Zk−1,Mi) is the probability that the observation z(k) would be made given that the
model Mj is valid. This probability may be calculated directly from the innovations rj(k) ≡
z(k) − ẑ(k|k − 1). Assuming that the innovation is Gaussian, zero mean and has covariance
matrix S(k|k − 1) the likelihood is:

λi(k) =
e−1/2·ri

>(k)·Si
−1(k|K−1)·ri(k)

(2 · π)m/2 · det(Si(k|k − 1))1/2
(11.4)

Where m is the dimension of the output vector and ri is the residual found from the Kalman
�lter and measurements. A Kalman �lter is used to estimate the covariance matrix S(k) which
is found from Equation (11.5).

Si(k|k − 1) = Ci(k) ·Pi(k) ·Ci
>(k) +Ri(k) (11.5)
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The matrix C is the output matrix from the state space model. Small diagonal values in the
R matrix means that the output from the state space model is trustworthy, while larger values
means the output is given with some uncertainty [Knudsen, 2000]. The R matrix is set to 0.1
in the diagonal as the output from the models are accurate. The P matrix are found from the
following equation, see Equation (11.6).

P(0) = Q

P(k + 1) = A ·P(k) ·A> +Q (11.6)

Where Q decides the variance of the states. Small eigenvalues in Q gives a small variance on the
states, while values close to one gives a large variance on the states [Knudsen, 2000]. Q is chosen
to have small values as the variance on the states is supposed to be small. When the covariance
matrix S is calculated with help from P, the likelihood can be found from Equation (11.4).

The probabilities for each model can now be found from Equation (11.7).

µi(k) =
λi(k) · µi(k − 1)

Σn
j=1λj(k) · µj(k − 1)

(11.7)

The initial probability for each model at the starting point is given by µ(0) and sums up to unity
over all the models. The possibility for each model is then calculated for every measurement.
The output of the combine block can then be found from Equation (11.8).

ŷ(k|k) =
n∑

i=1

ŷiµi(k) (11.8)

Where ŷ(k|k) is the combined estimate to time tk, and ŷi is the output from one model and µi(k)
is the possibility that it is the right model to time tk [Bak, 2000].

The solid fuel estimator is now designed it must however be veri�ed before it can be implemented
on the plant. This is done by verifying it against measurements. After the veri�cation the
controller block and the solid fuel estimator block are assembled to an adaptive controller.

11.1 Veri�cation of the Solid Fuel Estimator

The solid fuel estimator is veri�ed with wood pellets, wheat and a mixture of both solid fuels.
First is it tested in simulations using plant measurements. Secondly is it tested on-line on the
plant. The last test is also made to see how the water temperature and O2-level in�uence the
output from the solid fuel estimator.

11.1.1 Veri�cation Using Measurements

In the following the test is performed on measurements from the plant. In Figure 11.3 the test
with wood pellets is shown. The �gure shows that the solid fuel estimator determines that the
solid fuel is wood pellets. It takes around 300 s before the solid fuel estimator has settled. In
the end of the test the water temperature is increased to around 70◦C, this result in higher
temperatures in the burning chamber, but still the estimator is able to determine that wood
pellets are combusted.

The test with wheat can be seen in �gure Figure 11.4. The solid fuel estimator �nds after a short
time period that wheat is used as solid fuel. A step in the blower does not interrupt the solid
fuel estimator. However after 10000 s when the load is increased the solid fuel estimator gives a
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Figure 11.3: Test with wood pellets as solid fuel.

wrong estimate. When a small step in the load is performed again at around 13000 s the solid
fuel estimator gives a wrong estimate again. Even when the O2-level is lowered so it become
close to the operation point of wood pellets the solid fuel estimator is still capable to �nd that
wheat is the actual solid fuel.

The next test is made with a mixture of solid fuels. The mixture of the solid fuels is hard to
make accurate, as the wheat is much smaller than the wood pellets. The mixture has tried to
be made 1:1 of the solid fuels. The result of the test can be seen in Figure 11.5. The solid fuel
estimator uses around 300 s to �nd the mixture of the solid fuels. The change around 10000 s
is due to the uncertainty about the current solid fuel mixture. The temperature during the test
is between 60◦C and 70◦C. The solid fuel estimator estimates that there is more wheat present
after 1500 s. This can actual be the case as the wood pellets burns faster than the wheat and
therefore there will be more wheat than wood pellets in the burning chamber after some time.
The solid fuel estimator does as expected, when mixed solid fuel are tested.

11.1.2 On-line Veri�cation on the Plant

This test has been made to investigate what in�uence the water temperature and the O2-level
has on the output of the solid fuel estimator. In the beginning of the test a mixture of solid
fuels of 1:1 between wood pellets and wheat is used. In the end of the test around 5000 s the
solid fuel only consist of wheat. As it is shown in Figure 11.6 the mixture is around 1:1 in the
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Figure 11.4: Test with wheat as solid fuel.

beginning of the test. When more solid fuel is put into the stoker the temperature will raise
and the O2-level drop. This means that the O2-level indicate that wood pellets are used and the
raising temperature indicate that wheat is used. But this does not change the behaviour of the
solid fuel estimator. The possibility of wood pellets begins to rise as expected just around 1000
s. However a low O2-level will result in wood pellets as output of the solid fuel estimator and
when the O2-level is raised the solid fuel estimator will assume that wheat is used as solid fuel.
This can be seen from the �gure in the time span from 2000 s to 4000 s as the possibility for
the di�erent solid fuels react on the change in O2-level. After 5000 s the solid fuel only consist
of wheat. Here the O2-level is low again which indicates that wood pellets should be the actual
fuel. But the solid fuel estimator can still determine that wheat is the current solid fuel.

This veri�cation shows that the solid fuel estimator is capable of deciding which solid fuel is in
use. In normal operating, the user will only use one solid fuel at a time. In this case the solid
fuel estimator can estimate which solid fuel is used almost without any errors. In the test with
mixed solid fuels and when the water temperature or the O2-level is closer to the operating point
of another solid fuel the solid fuel estimator is less accurate. This problem could however be
solved by using extra models for the same solid fuels, but with di�erent operation points. In this
report only two di�erent models are used as this is enough to di�er between the two solid fuels
used.
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Figure 11.5: Test with mixed solid fuel.

11.2 Implementation of the Adaptive Controller

As both the controllers and the solid fuel estimator are designed and tested individually the two
blocks are assembled. This is done by using the control signals from the two LQR controllers
and the possibility from the solid fuel estimator to weight the output from the controllers. When
this is done the output from the controllers is added to give the control signals to the plant. The
main idea of this is illustrated in Figure 11.7.

The solid fuel estimator gives the output corresponding to the solid fuel that are used in the
simulation. The simulated adaptive controller will then give the same output as the two LQR
controllers individual. These simulations can been found in Chapter 10. The �nally test with
the adaptive controller implemented on the plant is found in the acceptance test (see Chapter
12).
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Figure 11.6: Real system test with mixed and wheat as solid fuel.
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Part IV

Conclusion

In this closing part of the main report the results from the tests which are described in Chapter
3 are presented. This part include three chapters.

First the obtained test results are presented and discussed in the acceptance test.

In the conclusion the main results in this report are emphasized.

Finally a closing statement is given to discuss the project as a whole.



Chapter 12
Acceptance Test

In this chapter the controller is tested against the requirements speci�ed in Chapter 3. In order
to test if the controller reacts as expected a comparison is made to the simulations made in
Simulink on the non-linear model.

The tests presented in this section are divided into three separate test. The tests are discussed
one by one and the results are shown in �gures.

Test One

This test is done, to verify the performance of the LQR controller designed for wood pellets. A
test on the plant has been made and the result is shown in Figure 12.1

The controller is compared to the requirements to the water temperature. When the water
temperate �st is decreased to the reference on 60◦C is the controller capable of keeping the water
temperature close to the reference. Even when a large change in the disturbance is present is
the controller capable of keeping the water temperature inside ±5◦C from the reference.

The requirements to the O2-level is that the controller should be able to keep the reference with
±2%. From Figure 12.1 can it be seen that this is not case as the O2-level vary with ±3% from
the reference on 6%. This is not acceptable as the requirements are not ful�lled. An explanation
on why the O2-level vary that much, can be found in the combustion of the wood pellets. When
they are combusted they will form a crust. When this crust cracks, the O2 consumption will
increase, as unburned wood pellets are available.

As the requirements to the water temperature are ful�lled, will it be possible to weight the O2-
level more compared to the water temperature which may cause that the O2-level does not vary
so much.

The controller just tested is compared to the existing controller at Techno-Matic A/S, where the
references are set to 60◦C and 6% respectively. The results for the Techno-Matic controller are
shown in Figure 12.2.

The Techno-Matic controller also keep the temperature of the water inside the ±5◦C margin that
has been speci�ed. It varies however more than the controller designed in this project. There
are also large variations on the O2-level and it will sometimes reach zero. That can also be
seen on the disturbance, as the inlet water temperature sensor gives an invalid output when this
happens.
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Figure 12.1: Test of the LQR controller designed for wood pellets combustion.

Compared to the LQR controller designed for wood pellets the Techno-Matic controller has
inferior performance on both the water temperature and the O2-level. Even though the LQR
controller performs better than the Techno-Matic controller, it still does not pass the �rst test,
as the O2-level vary too much.
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Figure 12.2: Test of the Techno-Matic controller with wood pellets.

Test Two

This test is done to verify the performance of the LQR controller designed for wheat. A test on
the plant has been made, the results are shown in Figure 12.3.

The water temperature di�er more from the reference at 70◦C compared to the LQR controller
designed to wood pellets. The water temperature vary around ±5◦C. This is however accepted,
as the requirements are ful�lled. The O2-level is also varying from the reference on 12%. The
variation is however lower than the one seen for wood pellets but it is still to large, as it very
around ±3%. This controller has a more desired behaviour, compared to the LQR controller
designed for wood pellets. The O2-level also has a higher priority in this controller but not
enough to pass the test.

This controller is also compared to the Techno-Matic controller, where the O2-level reference is
set to 12% and the water temperature reference to 70◦C. The test of the Techno-Matic controller
is shown in Figure 12.4.

The Techno-Matic controller handles the task well. The water temperature is close to the ref-
erence and the O2-level di�er not as much as the case with the other controllers. This test is
however the one, where the disturbance have been closest to be constant, this can have a positive
in�uence on the result compared to the other controllers.

94



a CHAPTER 12. ACCEPTANCE TEST

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
60

70

80

Tw
 [°

C
]

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

10

20

O
2 

[%
]

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
60

65

70

75

Ti
w

 [°
C

]

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

10

20

30

m
a 

[%
]

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

5

10

Time [s]

m
sf

 [%
]

Figure 12.3: Test of the LQR controller designed for wheat combustion.
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Figure 12.4: Test of the Techno-Matic controller with wheat.
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Test Three

The two controllers are assembled as described in Chapter 11.2. The calculation of the solid fuel
has been tested in Chapter 11 with satisfying result. In Figure 12.5 is the test results for the
adaptive controller shown. In the beginning of the test is clean wheat used as solid fuel (�rst
2000 s), a mixture of 1:1 with wheat and wood pellets are afterwards used as solid fuel.
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Figure 12.5: Test of the adaptive controller.

The controller determines that wheat is the actual solid fuel after 300 s. It is also seen that the
LQR controller designed for wheat is in use for the �rst 2000 s, as the water temperature and
O2-level are close to 70◦C and 12%. When the solid fuels are mixed, after 2000 s, is the water
temperature decreased. This is as expected as the reference for the LQR controller designed for
wood pellets is 60◦C. The solid fuel mix is about 75% wheat and 25% wood pellets seen over the
rest of the period after 2000 s. This should result in a water temperature around 67.5◦C and a
O2-level around 10.5%. It can be seen that the water temperature is approximately 67.5◦C and
that the O2-level is varying between 10% and 15%. This means that the weight of the O2-level
is larger for the LQR controller designed for wheat than it is for the one designed for wood
pellets. Therefore is the water temperature reference for the LQR controller designed for wheat
the dominating factor which gives a higher O2-level then 10.5%.
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Chapter 13
Conclusion

The main purpose of this project was to control the stoker system. This goal was accomplished
through modelling the stoker system and using the model to design a controller.

As the setup was supplied by Techno-Matic A/S, some hardware improvements was made, to
verify the model and obtain a better control of the stoker system. This included a �ow meter,
an inlet water temperature sensor, and a smaller period time for the actuators. The �lters, used
by Techno-Matic A/S, on the sensors have also been removed.

The main improvements were to make a model based controller and an estimator so the actual
solid fuel could be determined. The non-linear and linear models of the system are satisfactory
veri�ed for both wood pellets and wheat using measurements from the plant.

This allows designing two LQR controllers based on the linear model, one for wood pellets
and one for wheat. The linear models are also used in a Kalman �lter to make the solid fuel
estimator. This estimator is veri�ed satisfactory using measurements from the plant, even though
measurement noise was able to confuse the estimator.

The acceptance test revealed that the controller was able to control the stoker system. The
prede�ned requirements to the controller were however not ful�lled. But the controller was able
to keep the operation area around the desired reference and in most cases, the performance was
better than the controller used by Techno-Matic A/S.

Even though the controller does not achieve the desired performance, the project is seen as a
success as the models are veri�ed and used in the controller and estimator design. The principle
with a controller for each solid fuel worked, and based on the individual simulations made on
the two controllers further improvements to the controller is seen as a possibility.
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Chapter 14
Discussion

This chapter will discuss the results given in the conclusion by evaluating whether the methods
used in this report are applicable for modelling and controlling the stoker system. It will provide a
brief summary of the main problems encountered during the development. Further improvements
to the stoker system will also be discussed here.

Due to the importance of the control aspects, the hardware of primary concern is the period
time of the actuators. As the period time used in the original Techno-Matic controller was so
slow, that it could be seen on the O2 measurements. This has been improved by changing the
period time from 20 s to 5 s on the actuator output.

The water temperature sensors occasionally make a faulty measurement. This could be �ltered
out, as the sample time for the sensor is hundred times faster than the input to the controller.
This will make the measurements more trustworthy. The measurement from the lambda oxygen
sensor could also be �ltered in order to help the controller, as more accurate measurements would
be available.

Both non-linear and linear models of the system have been developed. The non-linear models
in this project are used to �nd the linear models and simulate the plant. The models have only
been created for two di�erent solid fuels, it is however not seen as a problem to derive models
for other solid fuels as well.

The controller is based on a linear quadratic regulator algorithm. This approach yields an
optimal controller according to a performance function. This method is both e�cient in the
sense that it optimizes the burning of solid fuel, and �exible in the sense that di�erent aspects
can be considered for optimality by designing the performance function accordingly for the water
temperature and the O2-level. Thus, this report concerns the feasibility of the application of the
linear quadratic regulator algorithm. However some tuning is necessary to obtain the performance
speci�ed in the main objective. This has resulted in the design of two discrete LQR controllers
one for each solid fuel.

A 15 s delay has been found between the modelled O2-level and the O2-level in the burning
chamber. This has caused some problems in the controller design. But a solution is found by
adding 15 new states to the model, where the seventh state is delayed with one sample compared
to the sixth state and so on. The optimal controllers based on this assumption are less aggressive
to variations in the O2-level.

The solid fuel estimator is based on Kalman �lters, which use the linear models, and Bayer's
probability rule. It can be advantageous however to use the non-linear models in an extended or
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unscented Kalman �lter, so a linear model can be found on-line for the current operation point
at each sample.

The �nal controller consists of the two LQR controllers and the solid fuel estimator creating an
adaptive controller. This is assembled by weighting the output from the two LQR controllers by
the solid fuel estimator. This setup works in some sense. However some tuning of the two LQR
controllers is necessary to obtain a satisfying result for the adaptive controller.
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Chapter 15
Closing Statement

The reason for this project is that Techno-Matic A/S would like a new controller for a Benekov/Liagro
R 25 stoker. Today Techno-Matic A/S has a PID controller on the stoker system as mentioned
in this report. A model based controller and a model of the stoker system was however wanted,
to get an understanding of the system and a model from which controllers could be designed.
The main objectives for this group were to model and control the stoker system and make an
adaptive controller to the stoker system. Furthermore the controller concepts will probably also
be used in later projects at Techno-Matic A/S, so the results from this project make up the
foundation for an even better control and a more clean combustion in the stoker system.

The methods used to �nd the models for the two solid fuels, that are present in this report,
can also be used on other fuels, so an adaptive controller for all possible solid fuels to the R 25
stoker system can be obtained. Also the knowledge from the model and controller development
is useful when dealing with other stoker systems. Although the controller did not improve the
performance of the stoker system to a great extent, the principle and design strategy was found
suitable. However Improvements are possible with a better �tted controller to the O2-level and
more accurate or �ltered measurements.

To summarize, the knowledge and experience gained from this project is a sound foundation
for the development of controllers to stoker systems and in particular stoker systems from
Benekov/Liagro.
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Appendix A
Simulink Interface Description

This appendix describe the Simulink interface to the stoker system. In the interface the PLC-
812PG I/O card is set up and the signals are adjusted. The description is made with a top down
approach. This is chosen to give an overview of the system, before the speci�c details about how
it is implemented is given. Notice that input on the I/O card is output in the Simulink-block
and vice versa.

The Interface

The total interface is collected in one Simulink-block as show in Figure A.1, where the inputs
are the fan speed in Hz, the screw conveyor, and the blower in PWM. These three inputs are
outputs on the I/O card which connects Simulink to the actual hardware. The I/O card has
two analogue outputs and �ve digital outputs. The screw conveyor and the blower are both
controlled by a PWM signal and therefore using a digital output. The calori�er is using an
analogue output.

The I/O card has both digital and analogue inputs. In the Simulink-block only analogue outputs
are used. The analogue outputs are used to adjust the signals from the sensors.

The I/O Card

The contents of the I/O card Simulink-block can be seen in Figure A.2.

The two analogue output is connected to the analogue out box. The signal to the calori�er is
scaled ten times down, because an output of four will give a frequency for the calori�er on 40
Hz. The other output is not used and is connected directly to the analogue out Simulink-block.

The screw conveyor and the blower inputs are both set into a block that calculates the needed
PWM signal on the output corresponding to the given input signal. Furthermore a switch is
implemented, so it is possible to manually set a constant or pulse signal directly on the I/O
card. The PWM signals are then sent into the PCL-812PG digital output block, this block
set up the parameters to the I/O card. The PCL-812PG block takes a channel vector, sample
time, and base address as input. The channel vector speci�es the channel number on the I/O
card. The base address input is the address the I/O card has in the computer it is connected
to. The PCL-812PG-block is made by a S-function and is using the standard doadvpcl812
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Figure A.1: Block diagram of the I/O card Simulink-block.

Matlab-function.

The PCL-812PG digital input block is used to communicate with the digital inputs on the I/O
card. This block is not used in this setup.

The input/sensor adjustment blocks give the analogue inputs to the I/O card. These can be
taken with or without �lter on the di�erent sensors, the �lters are described in Appendix B.

The Analog Out Simulink Block

This block connects the two analogue outputs in Simulink to the I/O card. This is done using
the PCL-812PG-block. This block takes a channel vector, range vector, sample times and base
address as inputs. The channel vector specify the channel number on the I/O card, the range
vector specify the range of the signal values. The base address is the address the I/O card has
on the computer. The block is working using a s-function which calls the function daadvpcl812

that is standard in Matlab.
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Figure A.2: Block diagram inside the I/O board Simulink-block.

The Voltage to PWM Blower Block

The voltage to PWM blower block can be seen in Figure A.3.
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Figure A.3: Block diagram of the voltage to PWM blower block.

The counter limited block is counting from 0 to 99 this is then made to a double data type in
the data type conversion block this gives the limitation that it always will jump with 1%. The
rate transition block ensures that the input signal gain the sample time that are desired for the
PWM output. This signal is then sent into a subtract block. The input signal is subtracted
form the result of the counter block. The result is then compared to zero. The time where the
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output from the subtract block is negative, the PWM will give a high output on the I/O card.
The output signal is then converted to a double of type before it is used as an output. This
means the output sample time, is found from the counter and the sample time given in the rate
transition block. For the blower block, the sample time is found to:

sample time rate transition · counter interval = 0.01 s · 100 = 1 s (A.1)

A duty circle on 1 s with a resolution of 1% is a good trade o�. While it is assumed that the air
�ow inside the system, will be close to constant over a one second period. Thus the resolution
on 1% is satisfying for the blower.

The Voltage to PWM Screw conveyor Block

The voltage to PWM screw conveyor block can be seen in Figure A.4.
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Figure A.4: Block diagram of the voltage to PWM screw conveyor block.

This block is working as the voltage to PWM blower block in general. But the rate transition
on the input is using the TsStoker variable as sample output, but this is changed to the PWM
sample output in the rate transition just before the output. So the output has the same sample
time as the voltage to PWM blower block. The counter is made by the variable stokerstep. The
output from this block is then divided with the number of times the stokerstep variable goes
up into one hundred. This makes it possible to set the resolution on the PWM, by using the
stokerstep variable. E.g. if stokerstep is set to 1000, the resolution will be 0.1%, is it set to 10000
is the resolution 0.01%. The subtraction and compare block is inverted compared to the voltage
to PWM blower block but works the same way. But it is a trade o� between revolution and
sample time, as the sample time out of the I/O card is found from the counter and the sample
time in the rate transition. For the screw conveyor the sample time is set to:

sample time rate transition · counter interval = 0.01 s · 250 = 2.5 s (A.2)

A duty circle on 2.5 s with a resolution of 0.25% is a good trade o� for the screw conveyor.
The precision of solid fuel added to the system is assumed to be more important than the air,
therefore a higher resolution is chosen. This means the duty circle is 2.5 second, but as the solid
fuel is burned slower, than the air is moving, will this also not be a problem. A faster duty circle
with a better resolution down to 0.1 second can also be constructed; this will however change
some of the setup done by Techno-Matic A/S. And if a resolution better than 0.1 s is necessary,
the solid state relay must be substituted.

The Inputs/Sensor Adjustments Block

The inputs/sensor adjustments block can be seen in Figure A.5.
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Figure A.5: I/O card block of the input/sensor adjustments block.

It consists of adjustments of the di�erent sensors, so they output the desired variable instead of
a voltage. The output variable can then be chosen to be taken when it has been through a �lter.
The �lter is only used in the controller implemented on the system by Techno-Matic A/S (see
Appendix B). The analogue input block gives the output measured by the I/O card from the
sensors.

The Analogue Input Block

The analogue input block can be seen in Figure A.6.

This block consists of several PCL-912PG-blocks, which are communicating with the I/O card.
The block takes a channel vector, range vector, sample time, and base address as parameters.
The channel vector speci�es the number of analogue input on the I/O card. The range vector
speci�es the max voltage range that can be set on the I/O input, and the base address is the
address the I/O card has in the computer. The PLC-812PG-block is made with an S-function.
It is using the standard Matlab-function adadvpcl812.

The NTC adjustments Block

The NTC adjustments block receives the voltage from the I/O card as input and calculates the
temperature of the water. It is made as shown in Figure A.7.

The NTC sensor is non-linear and the relation between temperature and resistance is given by
Arrhenius Equation as:

t =
β

β
t0
− log(R0

R )
− 273.15 (A.3)

Where β is a material constant. The gain block is used to convert the voltage, to a bit value,

109



a

16
Ana In 16

15
Ana In 15

14
Ana In 14

13
Ana In 13

12
Ana In 12

11
Ana In 11

10
Ana In 10

9
Ana In 9

8
Ana In 8

7
Ana In 7

6
Ana In 6

5
Ana In 5

4
Ana In 4

3
Ana In 3

2
Ana In 2

1
Ana In 1

PCL-812PG
Advantech

Analog Input
6

PCL-812PG4

PCL-812PG
Advantech

Analog Input
5

PCL-812PG3

PCL-812PG
Advantech

Analog Input
3

PCL-812PG2

PCL-812PG
Advantech

Analog Input
2

PCL-812PG1

PCL-812PG
Advantech

Analog Input
1

PCL-812PG

Figure A.6: I/O board block of the analogue input block.

1
Kedel Temp

log(12000/u)

t1

f(u)

T

f(u)

R

250

Omregning til bit

1
In1

OhmBit val

Figure A.7: Block diagram of the NTC adjustment.

that can be used for the equation for the NTC sensor. The next block calculates the resistance
of the sensor, this is then calculated in two steps to a temperature in degrees. This is done in
the blocks t1 and T. The values in the blocks are found from datasheet values [Bosch, 2002].

The PT1000 Adjustment Block

The PT1000 adjustment block receives the measured voltage as input and calculates the tem-
perature of the exhaust gas. The block is made as shown in Figure A.8.

The PTC sensor is linear and the relation between temperature and resistance is given by:

t =
R−R0 + αR0t0

αR0
(A.4)

Where t is the temperature, R is the resistance, R0 is the initial resistance at the initial temper-

110



a APPENDIX A. SIMULINK INTERFACE DESCRIPTION

2
Retur Temp

1
Temp

log(10000/u)

t1

f(u)

T1

f(u)

T
0.1

Sensor offset: 1000-Rsensor

f(u)

R1

f(u)

R

250

Omregning til bit2

250

Omregning til bit

2
In2

1
In1

Bit val Ohm

Temp

tempOhmBit val

Figure A.8: Block diagram of the PT1000 adjustment.

ature t0, and α is the temperature coe�cient [Fraden, 2004]. The input voltage goes into a gain
and the resistance of the sensor is then found, by using the R block. This and a sensor o�set are
then taken as input to a function that converts the resistance to a temperature in Celsius. The
values are found from datasheet values [Bosch, 2002].

The Lambda sonde Adjustment Block

The block receives the signal from the I/O card as input and calculates the O2-level. The
relationship between the voltage and the O2-level is given by Nernst Equation as:

O2 − level = exp

(
U

R·T
F

)
(A.5)

Where U is the output voltage, R is the universal gas constant, T is the temperature of the
exhaust gas in Kelvin, and F is the Faraday constant. This is implemented by using four blocks
as shown in Figure A.9. First is the measured signal on the I/O card converted to mV in the two
�rst blocks and then calculated to an O2-level in two steps, by the last two blocks. The values
inside the blocks are found from datasheet values [Bosch, 2002].

2
Retur Temp

1
Ilt/Lambda

log(10000/u)

t1

(u[1]/4.5)-31

mV

f(u)

T1

f(u)

R1

f(u)

Oxygenlevel2

u[1]+11.5

Oxygenlevel1

250

Omregning til bit2

250

Omregning til bit

2
In2

1 Bit val mV ox1

tempOhmBit val

Figure A.9: Block diagram of the lambda sonde adjustment.

The NTC Adjustments Inlet Water Block

This block receives the measured result from the sensor that measures the temperature of the
inlet water and calculates the temperature in Celsius. The NTC sensor is non-linear and the
relation between temperature and resistance is given by Arrhenius Equation as:

t =
β

β
t0
− log(R0

R )
− 273.15 (A.6)

Where β is a material constant. This is implemented by using four blocks as shown in Figure
A.10. First is the input signal calculated to a resistance and then is the resistance calculated to
a temperature in Celsius.
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Figure A.10: Block diagram of the return water NTC adjustment.

The Water Flow Adjustment Block

This block receives the measured voltage as input and calculates the �ow in m3/s. The sensor
is linear and 2 V equals a �ow on 0 m/s and 10 volt equals a �ow on 3 m/s. The implemented
block is shown in Figure A.11.
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10003/8 A
1

In1
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Figure A.11: Block diagram of the water �ow adjustment.

First is a constant of 2 subtracted from the input voltage, due to the bias. The voltage is then
calculated to a �ow in m/s in the �rst gain block. In the next block the �ow is found in m3/s
and �nally is the last gain used to calculate the �ow in L/s. This is also the output of the block.
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Appendix B
Techno-Matic Controller

This appendix describes the controller which is designed and implemented on the plant by
Techno-Matic A/S. The performance of the Techno-Matic controller is compared with the con-
troller derived in this project in Chapter 12.

Implementation of the Techno-Matic Controller

The controller made by Techno-Matic A/S is implemented as shown on Figure B.1. The tem-
perature reference is set by the user. This reference is then set into a PID controller that gives
the output to the blower. The signal is sent through a rate transition to get the desired sample
time on the output signal before the signal is sent into the I/O card block. Furthermore is it sent
through a look up table to linearize it so the controller output is from 0 to 100%. The output
from the controller is also used to control the screw conveyor directly with a feed screw gain and
through a PID controller where the reference is found through an O2-reference calculation. This
is then feed into a screw conveyor PID controller that is multiplied with the output from the
feed screw gain and through a gain and a look-up table is the input to the screw conveyor found.
The screw conveyor PID controller also gets the O2-level as input. This means that the water
temperature and O2-level is controlled by the blower and the screw conveyor. The setup with
the I/O card and Simulink is described in Appendix A, but the �lters that are implemented
in the I/O card block is described in this appendix, because the �lters only are used in the
Techno-Matic controller.

PID Blower Block

The PID blower block takes the temperature reference and the temperature of the water as
input and gives a signal from 0 to 100% to the blower. This is implemented as shown in Figure
B.2. The di�erence on the measured and desired temperature is found. This is then sent into a
saturation block that allows a maximal di�erence of 40◦C on the temperature measurement and
the desired temperature. The di�erence is then sent through a proportional gain on 3, with a
saturation on 100. The controller also has an integral coupling with a gain on 0.3 this is added to
the proportion gain. An anti wind-up gain is added with a value of 0.3. The rest of the controller
blocks are multiplied with a gain on 0 and therefore have these no in�uence.
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Figure B.1: Diagram of the Techno-Matic controller.
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PID Screw Conveyor Block

The PID screw conveyor block takes the O2-reference from the block that calculates the O2-
reference from the stoker controller output as input and the O2-level measured by the lambda
oxygen sensor. The controller �nds the di�erence between the two inputs. It is then sent through
a PI controller, with a propagation gain on 3 and an integral gain on 0.3. The derivative gain and
the added integral gain are multiplied by zero and have therefore no in�uence in the controller.
The controller is implemented with anti wind-up with a gain on 0.3. For the implementation of
the controller, see Figure B.3.
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Figure B.3: Diagram of the screw conveyor PID controller made by Techo-Matic
A/S.

Filters in the I/O Card Block

The measurements are �ltered before they are sent into the controller in the solution that Techno-
Matic A/S uses today. The �lters used to the outlet water temperature, the exhaust gas tem-
perature, and the inlet water temperature are implemented as shown in Figure B.4.
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Figure B.4: Temperature �lters made by Techno-Matic A/S.

This �lter works as a low pass �lter where it uses 80% from earlier measurements and 20% from
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the new measurements. The lambda oxygen sensor output is also �ltered this is made as shown
in Figure B.5.
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Figure B.5: Lambda oxygen sensor �lter made by Techno-Matic A/S.

As the �lter looks a little strange a step response is made. This can be seen in Figure B.6. As
shown in the step response the �lter gives a delay on 40 s. This is not optimal as the O2-level is
one of the fastest changing variables in the plant. The response of the �lter shows it �rst damps
the actual output whereafter it has an overshoot before it settle to the new value. The reason
for implementing this �lter can be a remain from an old controller where the solid fuel was feed
from the top of the �replace. The solid fuel will then temporary lower the �re and the O2-level
will decrease, the start of the step can then balance this. When the �re then get reach in the new
solid fuel the O2-level will increase and that can explain the reason for making the overshoot in
the �lter. So it could have been used to hide the system behaviour for the controller.
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Figure B.6: Step responce for lambda �lter used by Techno-Matic A/S.
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Appendix C
Modelling Terms

In this appendix the terms which is depended on the composition of the solid fuel and the supply
air are derived afterwards ζchar is derived.

Derivation of c-terms

The c-terms is used to �nd the mass �ow of a certain atom in the solid fuel and supply air. This
can be done as the composition of the solid fuel and supply air is known using the standard
atomic weights for the atoms (n) which has the unit [kg/mol]. The standard atomic weights for
the atoms are given in Table C.1.

Atom Standard atomic weight

H nh = 1.00797 · 10−3

C nc = 12.011 · 10−3

N nn = 14.007 · 10−3

O no = 15.999 · 10−3

Table C.1: Standard atomic weights for the atoms in the solid fuel and the supply
air.

The c-terms used in the modelling chapter can now be found. cc is the fraction of C in the solid
fuel given by:

cc =
ηcho · nc

nc + κh · nh + κo · no
(C.1)

where ηcho is the fraction of CHκhOκo in the solid fuel and κ is the fraction of H or O proportional
to C in the solid fuel depended on the composition of the solid fuel. ch is the fraction of H in
the solid fuel given by:

ch =
ηcho · κh · nh

nc + κh · nh + κo · no
(C.2)

csf,o is the fraction of O in the solid fuel given by:

csf,o =
ηcho · κo · no

nc + κh · nh + κo · no
(C.3)

118



a APPENDIX C. MODELLING TERMS

cn is the fraction of N in the supply air given by:

cn =
κn · nn

2 · κn · nn + 2 · no
(C.4)

where κn is the fraction of N2 proportional to O2 in the supply air and it is equal to 79/21. ca,o

is the fraction of O in the supply air given by:

ca,o =
no

2 · κn · nn + 2 · no
(C.5)

All the c-terms are now derived.

Derivation of ζchar

ζchar is the the fraction of the solid fuel which is converted to charcoal. Charcoal is degassed
solid fuel which only consists of C. ζchar is best found by looking at the amount of C which is
not converted to charcoal. The amount of C not converted is only depended on the amount of
H in the solid fuel. The amount of H indicates how much C that can react with the H forming
a highly �ammable gas which is ignited and combusted instantly. Each C atom can bind four H
atoms but if the C atoms are in a chain the following apply:

amount of H = 2 · amount of C + 2 (C.6)

From Equation (C.6) the total amount of H needed to ignite all the C can be found. The amount
of C ignited can be found from the ratio between the actual amount of H in the solid fuel and
the amount of H needed to ignite all the C in the solid fuel and the actual amount of C in the
solid fuel.

Cignited(t) =

amount of H in the solid fuel︷ ︸︸ ︷
ch ·msf (t)

nh

2 ·
cc ·msf (t)

nc
+ 2︸ ︷︷ ︸

amount of H needed to ignite all the C

·
cc ·msf (t)

nc︸ ︷︷ ︸
amount of C in the solid fuel

=
cc · ch ·msf (t)2

nc · nh ·
(

2·cc·msf (t)
nc

+ 2
) (C.7)

The amount of solid fuel which is converted to charcoal is found by subtracting the value in
Equation (C.7) from the amount of C in the solid fuel.

Ccharcoal(t) =
cc ·msf (t)

nc
− Cignited(t)

=
cc ·msf (t)

nc
−

cc · ch ·msf (t)2

nc · nh ·
(

2·cc·msf (t)
nc

+ 2
) (C.8)
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ζchar is now found by dividing the amount of C which is converted to charcoal with he total
amount of C in the solid fuel.

ζchar(t) =
Ccharcoal(t)

cc·msf (t)
nc

=

 cc·msf (t)
nc

− cc·ch·msf (t)2

nc·nh·
(

2·cc·msf (t)

nc
+2

)
 · nc

cc ·msf (t)

= 1−
ch ·msf (t)

nh ·
(

2·cc·msf (t)
nc

+ 2
) (C.9)
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Appendix D
Actuator Input

The relationships between the duty cycle and the mass �ow per second are found in this appendix.
First the relation is found for the screw conveyor motor for the two di�erent solid fuels. Afterward
the relation is found for the air blower moreover the relation between primary and secondary
supply air is found.

Screw Conveyor

The relation between the duty cycle of the motor signal and the mass �ow of solid fuel per second
is found by conducting a experiment. The motor is given �ve di�erent duty cycles and the mass
is measured each test last for 300 s. The results for the two di�erent solid fuels can be seen in
the following.

Test Results

The test results can be seen in Table D.1 and Table D.2 for respectively wood pellets and wheat.

Duty cycle Time Mass Mass �ow
% [s] [kg] [kg/s]

99 297 2.831 0.00944
75 225 2.127 0.00709
50 150 1.483 0.00494
25 75 0.697 0.00432
0 0 0 0.00000

Table D.1: Test results for the wood pellets.

The relation between duty cycle and mass �ow is now found by taking the mass �ow as a function
of the duty cycle, as seen in Figure D.1.

As it can be seen from Figure D.1 the relationship is linear for both solid fuels. Wood pellets
has the function y = 95.48 · 10−6 · x and wheat has the function y = 117.07 · 10−6 · x. It is the
slope rate that is used in the modelling phase as βmotor.
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Duty cycle Time Mass Mass �ow

% [s] [kg] [kg/s]

100 300 3.505 0.01168
75 225 2.628 0.00876
50 150 1.803 0.00601
25 75 0.831 0.00277
0 0 0 0.00000

Table D.2: Test results for the wheat.
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Figure D.1: The relation between mass �ow and duty cycle. The blue line is for
wood pellets and it has a slope rate of 95.48 · 10−6. The red line is for wheat and it
has a slope rate of 117.07 · 10−6.

Blower

The relation between the duty cycle of the blower and mass �ow of air per second is found by
conducting an experiment. The motor is given 14 di�erent duty cycles and the mass �ow is
measured with a handhold �ow meter. The measured �ow value is a average value taken over
one minute moreover the test is done three times for each duty cycle and the average value is
found. The measurement is taken at the intake of the blower and it is assumed that the air �ow
is equalled distributed over the whole intake area of the blower. The test results can be seen in
Table D.3.

The velocity is measured by the �ow meter. The air �ow is found by multiplying the velocity
with the intake area and the density of air.

The relation is now found by taking the mass �ow as a function of the duty cycle, as seen in
Figure D.2.

As it can be seen this relation is non-linear. But as the blower is oversized to the system the whole
spectra is not need. The operating area for the blower is therefore set from 0% to 30% duty cycle
[Jensen, 2007]. The blower can now be linearized in this operating area by �nding a function for
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Duty cycle Velocity Air �ow
% [m/s] [kg/s]

100 2.70 0.0304
90 2.67 0.0301
80 2.57 0.0289
70 2.57 0.0289
60 2.53 0.0286
50 2.43 0.0274
40 2.33 0.0263
30 2.10 0.0237
25 2.07 0.0233
20 1.87 0.0210
15 1.57 0.0177
10 1.23 0.0139
5 0.73 0.0083
0 0.00 0.0000

Table D.3: Test results for the blower.
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Figure D.2: The relation between the air �ow and the duty cycle.

the relationship between air �ow and duty cycle in this operating area. The function is found in
Matlab to: y = −54.36 ·10−9 ·x4 +3.59 ·10−6 ·x3−102.47 ·10−6 ·x2 +2.10 ·10−3 ·x−15.93 ·10−6.
The actual duty cycle is inserted instead of x and this expresion is poltted as a function of the
linearized duty cycle. The actual duty cycle, the linearized duty cyle and the solution set of the
function can be seen in Table D.4

The plot of the solution set of the function as a function of the linearized duty cycle can be seen
in Figure D.3.

It can be seen that the relation approximately is linear with the function y = 266.56 · 10−6 · x
and it is the slope rate that is used in the modelling phase as βblower.
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Actual duty cycle Linearised duty cycle Solution set

0.0 0 0.0000
2.2 10 0.0041
4.0 20 0.0070
6.0 30 0.0096
8.0 40 0.0118
12.0 50 0.0155
14.0 60 0.0170
17.0 70 0.0191
21.0 80 0.0215
25.0 90 0.0233
30.0 100 0.0237

Table D.4: Actual duty cycle, linearized duty cycle and solution set of the function
used in the linearization of the blower.
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Figure D.3: The linear relation between the air �ow and the duty cycle.

The relation between primary and secondary supply air is also needed in the modelling phase.
Only the secondary supply air can be measured by the �ow meter but some modi�cations on the
stoker must be done �rst. The upper ceramic plate in the burning chamber must be removed
which removes the pressure on the secondary air supply. To compensate for this the solid fuel is
removed so the pressure on primary air is also removed. Do to these modi�cations this test only
gives a indication of the relationship between the primary and secondary supply air.
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The test is done similar to that when the entire air �ow was found. The test results can be seen
in Table D.5.

Duty cycle Velocity Air �ow Percent of entire
% [m/s] [kg/s] supply air

30 6.20 0.005259 22%
25 5.85 0.004962 21%
20 5.25 0.004453 21%
15 4.35 0.003690 21%
10 3.35 0.002842 20%
5 1.85 0.001569 19%
0 0.00 0.000000 0%

Table D.5: Test results for the test of the secondary supply air.

From Table D.5 it can be seen that approximately 21% of the entire supply air goes to the
secondary part. This means that approximately 79% of the supply air goes to the primary part.
χ used in the modelling phase is therefore set to 0.79.
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Appendix E
Model of the Exhaust Gas Temperature

Sensor

In this appendix a model of the exhaust gas temperature sensor mounted on the test setup is
found. First a stationary model is found after which the dynamic model is derived.

Stationary Model

The stationary model can be found from the relation between the exhaust gas temperature and
the corresponding voltage. A su�cient test is however di�cult to conduct as air with di�erent
constant temperatures are needed and the air �ow around the sensor must be equal to that inside
the stoker. Such a test can however be done with two measurements; one when the combustion
is extinguished and one when the stoker has reached its steady state. Two measurements are not
enough to give a su�cient description of the characteristic of the sensor.

In the interface to the sensor a function is used two convert the voltage measurement to a
temperature measurement (T = f(U)). Taking the inverse of this function (T−1 = f−1(U) ⇔
U = f(t)) and inserting di�erent temperature values a relation between voltage and temperature
is found. This relation is however not based on measurements but it can be used as a good
indication for the dynamic model. Figure E.1 shows the voltage as a function of the exhaust gas
temperature.

It can be seen that the relation is of second order (blue line) but when looking at the operation
area of the stoker (70-180◦C) the relation is approximately of �rst order (red line) given by the
following equation.

U = 5.148 · 10−3 · T + 0.141 (E.1)

A approximated stationary transfer function is now found for the exhaust gas temperature sensor.

Dynamic Model

The dynamic of the exhaust gas temperature sensor can be found from a step response. This
step response is made by bringing the stoker in steady state without the sensor plugged in when
steady state is reached the sensor is plugged in. The step is made from 23-79◦C and it can be
seen in Figure E.2.
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Figure E.1: Relation between the voltage and the temperature. The blue line is a
second order function �tted to all the points where as the red line is a �rst order
function �tted to the points in the operating area.
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Figure E.2: Step response for the exhaust gas temperature sensor.

It is assumed that the temperature sensor is of �rst order and that it does not contain any time
delays. The time constant can be read to 33.5 s in Figure E.2. The time constant is found where
the step response is increased 63%. The transfer function for the temperature sensor is then
found to:

HTS(s) =
1

33.5 · s + 1
(E.2)

The model is given as the transfer function multiplied with the stationary gain.

T (s) = 5.148 · 10−3 · 1
33.5 · s + 1

(E.3)
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Figure E.3 shows the step response (blue line) and the model (green line). As it can be seen is
the gain to small this is because the step response on the sensor is taken outside the operating
area (20-70◦C). If the gain was found from this operating area the sensor model would �t as seen
by the red line in Figure E.3. It is therefore assumed that the derived model in Equation (E.3)
is su�cient.
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Figure E.3: The blue line is shows the step response, the green line shows the model
with a gain of 5.148 ·10−3 and the red line shows the model with a gain of 6.690 ·10−3.
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Appendix F
Real Photos of the Stoker System

This appendix presented real photos of the plant. Figure F.1 shows the whole test set up. Figure
F.2 shows the two actuator on the system. Figure F.3 shows the two PCB's from Techno-Matic
A/S along with the connection board. Figure F.4 shows the burning chamber where the burning
head and the catalyst can be seen. Figure F.5 shows the load with the calori�er and the frequency
converter.

Figure F.1: The whole test set up. The load can be seen to the left and the target
PC is just above the load. The lowest chamber in the middle is the burning chamber
and the one above is the gas chamber. Just above the gas chamber can the original
controller from Techno-Matic A/S be seen. Behind the white plate to the right are
the two actuators located and above them is the solid fuel chamber.
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MotorBlower

Screw
conveyor

Figure F.2: The two actuators. The blower and the screw conveyor along with
motor which drives the screw conveyor.

Connection 
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Figure F.3: The MPU3002 PCB and the Pow3002 PCB from Techno-Matic A/S,
anlong with the connection board.
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Figure F.4: The burning chamber with the burning head and the catalyst. The pipe
going up to the catalyst is the secondary air. The ash trash in the bottom collects the
ash from the solid fuel.

calorifier

frequency 
converter

Figure F.5: The consisting of the calori�er and the frequency converter. It is the
back of the calori�er that is shown and the axial fan can be glimpsed through the black
safety case.
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Appendix G
Calculation of Constants

Some of the constants in the model can not be found in look-up tables and books, they must
therefore be calculated which is done in this appendix. First the physical constants on the stoker
are found, secondly the heat transfer coe�cients are calculated and �nally the mass of the gas
in the chambers is found.

Physical Constants on the Stoker

To determine the physical constants on the plant such as areas and volumes Figure G.1 to Figure
G.3 are used. These �gures are made from a sketch of a Benekov-Liagro R 15 stoker which Liagro
has provided, measurements made on the R 25 at Techno-Matic A/S and assumptions.
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Figure G.1: Sketch of the stoker seen from the front (left) and from the side (right).
All measures are in [mm].
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Figure G.2: Sketch of the stoker seen from the top. The right sketch is a higher
top view where as the left sketch is a lower top view. All measures are in [mm].
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Figure G.3: Sketch of the ceramic plate seen from the top (left) and from the front
(right). All measures are in [mm].

The blue, red and green areas indicates the chamber divisions, where blue is the burning chamber,
red is the gas chamber, and green is the exhaust gas. The area beneath the burning head is not
included in these �gures. This is not necessary as the area beneath the burning head is not
included in the burning chamber.

Both the area of the water (the dark gray areas on Figure G.1 and Figure G.2) and the volume
of the three chambers, and the ceramic plate can now be found. First the three water areas are
found, where Abcw is the area of the water which is in contact with the burning chamber. Agcw

is the area of the water which is in contact with the gas chamber. Aegw is the area of the water
which is in contact with the exhaust gas.

Abcw = 0.550 · 0.340 + 2 · 0.680 · 0.365 = 0.683 m2 (G.1)

Agcw = 3 · 0.050 · 0.340 + 2 · 0.850 · 0.340
+2 · (0.065 · 1.010 + 0.050 · (0.120 + 0.040 + 0.160)) = 0.758 m2 (G.2)

Aegw = (0.750 + 0.120) · 0.340 + 0.850 · 0.340 + 2 · 0.065 · 1.010 = 0.716 m2 (G.3)
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The volume of the ceramic plate is found in Equation (G.4).

Vcp =
(

0.330 · 0.330 + 0.035 · 0.090− 4 ·
(

1
2
· 0.120 · 0.130

))
· 0.030

+
(

0.330 · 0.330− 4 ·
(

1
2
· 0.120 · 0.130

))
· 0.040 = 0.006 m3 (G.4)

The three volumes of the chambers can now be found.

Vbc = 0.340 · 0.365 · 0.670− Vcp = 0.078 m3 (G.5)

Vgc = 0.340 · (1.010 · 0.065 + 0.040 · 0.050
+ 0.120 · 0.050 + 0.160 · 0.050) = 0.028 m3 (G.6)

Veg = 0.340 · 1.010 · 0.065 = 0.022 m3 (G.7)

As some of the stoker measures are found from assumptions both the areas and the volumes can
vary from the actual ones on the plant. This means that some of these values have to be �tted
for the model to be su�cient.

Calculation of the Heat Transfer Coe�cients

The heat transfer coe�cients can be found from the energy balance equations for the burning
chamber, the gas chamber and the exhaust gas all derived in Chapter 6. The heat transfer
coe�cients are isolated in these three equations and steady state values are used for inputs and
state variables. As the steady state values vary depending on the solid fuel the heat transfer
coe�cients must be found for both wood pellets and wheat. In the equation for the burning
chamber another constant is present which is the emissivity (ε). The emissivity is a measure of
a material's ability to absorb and radiate energy. If the material is capable of absorbing all the
energy it is called a black body and the emissivity for such materials is equal to one. This is
however not the case in the stoker as a lot of the energy is re�ected by the metal wall between
the burning chamber and the water. It is therefore assumed that the emissivity lies just around
0.50, through trail-and-error εbc is found to 0.55 both for wood pellets and wheat. The transfer
coe�cient for the burning chamber can now be found from the following equation:

(Mbc · cbc + Mcp · ccp) ·
dTbc(t)
dt

= ma(t) · ca · Ta + mc(t) ·
(

hc,I + 3 · hc,II

4

)
+

mc(t) · nco · hc,V

4 · nc
+ ch ·msf (t) · hc,VI

−mg(t) · cbc · Tbc(t)
−εbcw · σ ·Abcw · (Tbc(t)4 − Tw(t)4)
−αbc ·Abcw · (Tbc(t)− Tw(t)) (G.8)
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αbc is then isolated and the time depended variables are replaced with steady state values when
wood pellets are combusted.

αbc =
1

Abcw · (Tbc − Tw)
·
{

ma · ca · Ta + mc ·
(

hc,I + 3 · hc,II

4

)
+

mc · nco · hc,V

4 · nc
+ch ·msf · hc,VI −mg · cbc · Tbc − εbcw · σ ·Abcw · (Tbc

4 − Tw
4)
}
⇔

αbc =
1

0.683 · (400− 60)
·
{

4.531 · 10−3 · 1005.2 · 20 + 7.840 · 10−3 ·
(

9.203 · 106 + 3 · 32.766 · 106

4

)
+

7.840 · 10−3 · 0.028 · 10.103 · 106

4 · 0.012
+ 0.059 · 0.859 · 10−3 · 141.5 · 106 − 0.011 · 1067.8 · 400

−0.55 · 5.67 · 10−8 · 0.683 ·
(
4004 − 604

) }
⇔

αbc = 50.924 (G.9)

The transfer coe�cient for the gas chamber can be found from the following equation:

Mgc · cgc ·
dTgc(t)
dt

= mg(t) · (cbc · Tbc(t)− cgc · Tgc(t))

−αgc ·Agcw · (Tgc(t)− Tw(t)) (G.10)

αgc is then isolated and the time depended variables are replaced with steady state values when
wood pellets are combusted.

αgc =
mg · (cbc · Tbc − cgc · Tgc)

Agcw · (Tgc − Tw)
⇔

αgc =
0.011 · (1067.8 · 450− 1034.8 · 180)

0.758 · (180− 60)
⇔

αgc = 35.644 (G.11)

The transfer coe�cient for the exhaust gas can be found from the following equation:

Meg · ceg ·
dTeg(t)
dt

= mg(t) · (cgc · Tgc(t)− ceg · Teg(t))

−αeg ·Aegw · (Teg(t)− Tw(t)) (G.12)

αeg is then isolated and the time depended variables are replaced with steady state values when
wood pellets are combusted.

αeg =
mg · (cgc · Tgc − ceg · Teg)

Aegw · (Teg − Tw)
⇔

αeg =
0.011 · (1034.8 · 180− 1017.4 · 100)

0.716 · (100− 60)
⇔

αeg = 32.464 (G.13)

The same procedure is used when wheat is combusted and the following three heat transfer values
are found:

αbc = 62.095
αgc = 24.797
αeg = 11.560

As all the heat transfer coe�cients are based on steady state values and assumption can it be
necessary to �t the coe�cients to obtain a su�cient model.
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Mass of the Gas in the Chambers

The mass of the gas in the chambers are depended on the temperature and the composition of
the gas where both are depended on time. As the temperature is hard to measure on-line and
the composition is complex to �nd the mass is assumed to be constant. This is however a good
assumption as both the temperature and the composition is almost constant under steady state.
This means that the mass can be calculated from the volume just �nd in the previous section
and the density of the gas. To �nd the density of the gas the temperature in steady state must
be found and the gas composition must be known. It is assumed that the density of clean air
can be used, so only the temperature must be found which is done in the following.

To �nd the temperature in the chambers an experiment must be conducted. As no sensors are
available to measure the temperature in the burning and gas chamber, the temperature must
be found otherwise. This means that the temperature only can be measured o�-line which only
gives an estimated value of the temperature in the two chambers. The estimated temperature
can also be used in the model veri�cation. It is however obvious that the temperature will change
a lot as the exhaust gas temperature easily vary with 30◦C depending on the water temperature,
the reference, and the load. The temperature changes in the burning and gas chamber are even
larger as these two chambers lie before where the exhaust gas temperature is measured.

The test is made by putting wolfram in the chambers. Wolfram is chosen as it has a very high
melting point which makes it capable of being inside the stoker for hours without melting. The
wolfram is then placed in the burning and gas chamber respectively. When the wolfram is heated
up to the temperature in the respective chamber, the wolfram is taken out of the stoker and put
into a water tank. The initial temperature of the water in the tank is known and the �nal
temperature in the water is measured. From the energy given to the water, the temperature
inside the chambers can be calculated. The test is performed di�erent places in the stoker.

The result from the di�erent test is shown in table Table G.1.

The temperature of the chambers is found from the following equation:

Mwater · cwater ·∆Twater = Mwolfram · cwolfram · (Twolfram initial − Twolfram �nal) (G.14)

The start temperature of the wolfram is the desired value, so the equation is rewritten to:

Twolfram initial =
MWater · cwater ·∆Twater

Mwolfram · cwolfram
+ TWolfram �nal (G.15)

This equation is used to calculate the di�erent temperatures inside the chambers.

In this experiment there is a lot of source of errors. These include heat lost to the surroundings,
measurement uncertainties, and wrong placement of the wolfram in the chambers. Most of the
source of errors will give a lower temperature than the actual one and it is therefore assumed that
the calculated result is lower than the actual temperature in the chamber. The temperature tests
is only made on a few di�erent spots inside the chambers and as the burning and gas chamber
are two large rooms the found temperature will only be a estimated value for the whole chamber.
The temperature in the burning chamber is found to approximately 490◦C. In the gas chamber
is the temperature found to approximately 230◦C. The results also show that there is a large
temperature gab between the di�erent tests and it is hard to decide what temperature that will
be the lowest and highest possible in the di�erent chambers. This means that this test is used
to give an estimate of the temperature inside the chambers, so the mass of the gas inside the
chambers and unreliable model outputs can be determined.

The density of the gas in the chambers can now be found from look-up tables and the mass of
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a APPENDIX G. CALCULATION OF CONSTANTS

Initial water Mass Final water Chamber Notes
temperature water temperature temperature

[◦C] [kg] [◦C] [◦C]

19.7 0.741 20.1 360 On ceramic plate in the
burning chamber with

fan: 20 Hz and
Tw: 61◦C.

16.9 0.671 17.5 480 Half in �re, half on
ceramic plate in the
burning chamber with

fan: 20 Hz and
Tw: 68◦C.

17.2 0.663 18 626 In the molehill with
fan: 20 Hz and

Tw: 65◦C.
17.5 0.670 17.7 171 On the edge of the

gas chamber door with
fan: 20 Hz and

Tw: 70◦C.
17.3 0.669 17.7 286 In the middle of the gas

gas chamber with
fan: 40 Hz and 55◦

Tw: 65◦C.

Table G.1: Test results for the temperature measurements inside the burning and
gas chamber.

the gas can be calculated.

Mbc = Vbc · ρbc = 0.078 · 0.462 = 0.036 kg (G.16)

Mgc = Vgc · ρgc = 0.028 · 0.702 = 0.019 kg (G.17)

Meg = Veg · ρeg = 0.022 · 0.961 = 0.021 kg (G.18)

Mtotal = Mbc + Mgc + Meg = 0.036 + 0.019 + 0.021 = 0.077 kg (G.19)

As both the volume and density is based on assumptions the mass of the gas can vary from the
actual one. This means that some of these values have to be �tted for the model to be su�cient.
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Appendix H
Nomenclature

This appendix present all the constants and variables used in the modelling phase. A description
of the abbreviations used in the modelling phase is given along with the value and unit.

Physical Constants

This section contains all the constants used in the models. First the abbreviation of the constant
is given, secondly the constant is described, and �nally the value of the constant is given along
with the unit of the constant.

Constant Description Value

Abcw Area of the burning chamber in contact with water 0.683 m2

Agcw Area of the gas chamber in contact with water 0.758 m2

Aegw Area of the exhaust gas in contact with water 0.716 m2

cw Speci�c heat capacity of water 4185 kJ/(kg · K)
ciw Speci�c heat capacity of inlet water 4181 kJ/(kg · K)
cbc Speci�c heat capacity of gas in burning chamber 1067.8 kJ/(kg · K)
cgc Speci�c heat capacity of gas in gas chamber 1034.8 kJ/(kg · K)
ceg Speci�c heat capacity of the exhaust gas 1017.4 kJ/(kg · K)
ccp Speci�c heat capacity of the ceramic plate 950 kJ/(kg · K)
ca,o Fraction of O in supply air 0.116
cn Fraction of N in supply air 0.384

hc,I Heat value for C reacting with O to CO 9203.2 kJ/kg
hc,II Heat value for C reacting with O2 to CO2 32766 kJ/kg
hc,V Heat value for CO reacting with O2 to CO2 10103 kJ/kg
hc,VI Heat value for H2 reacting with O2 to H2O 141500 kJ/kg

Mw Mass of water 89 kg
Mbc Mass of gas in burning chamber 0.036 kg
Mgc Mass of gas in gas chamber 0.019 kg
Meg Mass of exhaust gas 0.021 kg
Mcp Mass of ceramic plate 15.494 kg

Mtotal Total mass of gas in the stoker system 0.077 kg
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mw Water �ow 0.35 kg/s

nc Molar mass of C atom 12.011 · 10−3 kg/mol
nh Molar mass of H atom 1.00797 · 10−3 kg/mol
no Molar mass of O atom 15.999 · 10−3 kg/mol
nn Molar mass of N atom 14.007 · 10−3 kg/mol
nco Molar mass of CO molecule 28.01 · 10−3 kg/mol
nco2 Molar mass of CO2 molecule 44.009 · 10−3 kg/mol
nh2o Molar mass of H2O molecule 18.01494 · 10−3 kg/mol

Vbc Volume of burning chamber 0.078 m3

Vgc Volume of gas chamber 0.028 m3

Veg Volume of exhaust gas 0.022 m3

Vcp Volume of ceramic plate 5.5534 · 10−3 m3

βblower Slope rate of the relation between
air �ow and duty cycle 0.267 · 10−3 kg/s

εbc Emissivity of metal wall between
burning chamber and water 0.375

κn Number of N atoms for each O atom in air. 3.762
ρbc Density of gas in burning chamber 0.462 kg/m3

ρgc Density of gas in gas chamber 0.702 kg/m3

ρeg Density of exhaust gas 0.961 kg/m3

ρcp Density of the ceramic plate 2800 kg/m3

σ The Stefan-Boltzman constant 6.57 · 10−8 W/(m2 · K4)
υ Transforms the O2-level to a volume percentage value 158
χ Fraction of primary supply air 0.8

Table H.1: Physical constants used in the model.

Solid Fuel Constants

In this section are all the solid fuel depended constants found. First the abbreviation of the
constant is given, secondly the constant is described and �nally is the value of the constant for
both wood pellets and wheat given.

Parameter Description Value
Wood pellets Wheat

cc Fraction of C in the solid fuel 0.472 0.435
ch Fraction of H in the solid fuel 0.059 0.052

csf,o Fraction of O in the solid fuel 0.409 0.383
βmotor Slope rate of the relation between

solid fuel �ow and duty cycle 95.48 · 10−6 kg/s 117.07 · 10−6 kg/s
αbc Heat transfer value for the

burning chamber 50.924 62.095
αgc Heat transfer value for the

gas chamber 35.644 24.797
αeg Heat transfer value for the

gas chamber 24.367 11.560
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γ1 Parameter depended on the solid

fuel and the primary air 0.05 0.12
γ2 Parameter depended on the solid

fuel and the size of the mole hill 4 2
ηcho Fraction of C, H and O in solid fuel 0.94 0.87
ηh2o Humidity of the solid fuel 0.06 0.13
κh Number of H atoms for each C atom 1.48 1.42
κo Number of O atoms for each C atom 0.65 0.66

Table H.2: Solid fuel depended constants used in the model.

Time Varying Variables

This section contains all the time varying variables used in the models. First the abbreviation
of the variable is given, secondly the variable is described and �nally is the unit of the variable
given.

Variable Description Unit

duty cycleblower Duty cycle of the PWM signal sent to the blower [%]
duty cyclemotor Duty cycle of the PWM signal sent to the screw conveyor [%]

Ebc Energy in the burning chamber gas [J]
Eeg Energy in the exhaust gas [J]
Egc Energy in the gas chamber gas [J]
Ew Energy in the water [J]

hiw Speci�c enthalpy of the inlet water [J/kg]
how Speci�c enthalpy of the outlet water [J/kg]

ma Mass �ow of supply air [m/s]
ma,n Mass �ow of N in supply air [m/s]
ma,o Mass �ow of O in supply air [m/s]
ma,p Mass �ow of primary supply air [m/s]

mbc→gc Mass �ow of gas from burning chamber to gas chamber [m/s]
mc Mass �ow of C under combustion [m/s]

mc,char Mass �ow of charcoal which is under combustion [m/s]
mco Mass �ow of CO released under the combustion process [m/s]
mco2 Mass �ow of CO2 released under the combustion process [m/s]
mc,gas Mass �ow of C which is ignited [m/s]
meg Mass �ow of exhaust gas [m/s]
mg Mass �ow of gas up through the stoker [m/s]

mgc→eg Mass �ow of gas from gas chamber to exhaust gas [m/s]
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mh2 Mass �ow H2 released under the combustion process [m/s]
mh2o Mass �ow H2O [m/s]
mh2o,1 Mass �ow H2O in solid fuel [m/s]
mh2o,2 Mass �ow H2O released under the combustion process [m/s]
miw Mass �ow of inlet water [m/s]
mio2 Mass �ow of O2 in supply air [m/s]

msf,char Mass �ow of C in solid fuel which is converted to charcoal [m/s]
mo Mass �ow of O which is not used in the combustion process [m/s]

moo2 Mass �ow of O2 in exhaust gas [m/s]
mow Mass �ow of outlet water [m/s]

mo2→g Mass �ow of O2 converted to gas under the combustion process [m/s]
mo2→co2 Mass �ow of O2 converted to CO2 [m/s]
mo2→h2o Mass �ow of O2 converted to H2O [m/s]

msf Mass �ow of solid fuel [m/s]
msf,c Mass �ow of C in solid fuel [m/s]
msf,h Mass �ow of H in solid fuel [m/s]
msf,o Mass �ow of O in solid fuel [m/s]
msf,o2 Mass �ow of O2 released from solid fuel under the combustion [m/s]

Mc,char Mass of charcoal in the molehill [kg]
Mc,gas Mass of C in the volatile gases [kg]

qa Energy contained in the supply air [W]
qbc→gc Energy transferred from the gas chamber to the exhaust gas [W]

qbg Energy from burning the gases [W]
qbsf Energy from burning the solid fuel [W]
qeg Energy contained in the exhaust gas [W]

qgc→eg Energy transferred from the burning chamber to the gas chamber [W]
qg→w Energy transferred from the gas to the water [W]
qg→w,1 Energy transferred from the gas in the burning chamber to the

water in contact with the burning chamber [W]
qg→w,2 Energy transferred from the gas in the gas chamber to the

water in contact with the gas chamber [W]
qg→w,3 Energy transferred from the exhaust gas to the

water in contact with the exhaust gas [W]
qiw Energy contained in the inlet water [W]
qow Energy contained in the outlet water [W]

Tbc Burning chamber temperature [◦C]
Teg Exhaust gas temperature [◦C]
Tgc Gas chamber temperature [◦C]
Tiw Inlet water temperature [◦C]
Tmh Molehill temperature [◦C]
Tow Outlet water temperature [◦C]
Tw Water temperature [◦C]

τgas Ignition time for the volatile gases [s]

ζchar Ratio of C converted to charcoal [·]

Table H.3: Time depended variables used in the model.
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