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Abstract

The scope of the project is to investigate the possibilities of using noise correlations and
Kalman filtering to improve the performance of a sensor array containing multiple MEMS
gyroscope. The project is based on the work of Bayard and Ploen whom have showed,
trough simulation, that the performance of MEMS gyroscopes can be improved by combining
measurements from favorably correlated gyroscopes. In addition, the project also investigates
the possibility of identifying noise correlations by using Expectation-Maximization. The
project has been proposed and carried out in collaboration with CDL Scotland, which is
developer and provider of subsea inertial navigation sensors and solutions. A custom sensor
board containing eight medium grade gyroscopes and additional interface hardware has been
designed for the project by CDL.

Based on Allan Variance analysis and classical signal analysis methods, a simple stochastic
model for the random bias component in the gyroscope output signal has been developed and
implemented in MATLABr. The model has been validated through comparative analysis of
the Root Allan Variance. The Expectation-Maximization algorithm has been implemented
in and tested in MATLABr. Several methods of improving the performance of a sensor array
containing multiple MEMS gyroscope has been investigated.

Using Kalman filter based estimation strategies and benchmarking against a simple signal
averaging filter, the group has shown through simulations that performance improvement,
especially in the angle drift estimation, is possible assuming that favorable correlations exist
between the noise processes of the gyroscope signals. The Kalman filter algorithm is atypically
applied to a state space model that is not observable nor detectable, and an interesting
analysis of this usage is discussed. The implemented Expectation-Maximization algorithm
was not able to identify all the relevant noise correlations with sufficient accuracy during
simulations. The main problem is related to the ratio between the measurement noise and the
system noise, as the system noise is two orders of magnitude smaller than the measurement
noise. As such, the problem of identifying the noise correlations remains open, and the
improvement potential of the gyroscope board can not be assessed in a satisfactory manner
at the present time.
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Preface

This Master thesis documents the final two semester project of the Electronics and IT Master
degree at Aalborg University, Department of Control Engineering, specialization in Intelli-
gent Autonomous Systems. The thesis has been prepared by Luminita-Cristiana Totu and
Simon Konge Koldbæk during the period September 2th 2010 to May 31rd 2011. The the-
sis investigates the feasibility of using linear modeling and Kalman filtering to improve the
performance of multiple Micro Electro Mechanical Sensors (MEMS) gyroscopes by assuming
presence of noise correlations.

The project was proposed by associate professor Anders la Cour-Harbo and CDL Scotland.
The project has been supervised by Anders Cour-Harbo and assistant professor Morten Bis-
gaard, while CDL has been a close collaborative partner throughout the project. In addition
to providing knowhow and hardware, CDL also invited the group to visit the company pro-
duction and development office in Aberdeen Scotland during early spring 2011, where a
number of practical project issues were resolved.

MATLABr has been used during the project for data processing and algorithm implemen-
tation. The version used is 7.9.0 or equivalent release R2009b. The CD accompanying the
thesis contains scripts, functions and algorithms for processing, simulating and filtering, and
sensor data files. The CD also contains software for the project hardware.
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Chapter 1

Introduction

In this chapter the project framework and background is addressed to introduce the main ele-
ments and issues of the project. After the project preliminaries have been clearly defined, the
project proposal is presented as a logical answer to the issues raised in the project prelimi-
naries.

1.1 Background

Navigation has played an important role in the history of mankind and will continue to do so
in the future. The tools and methods of navigation have continuously improved and evolved,
enabling increasing levels of accuracy. According to Grewal et al. [11], navigation can be
divided into five basic types which may be used alone or in unison.

• Pilotage, relies on the navigator to identify landmarks and to infer from these the
position and the orientation.

• Dead reckoning, relies on the navigator to know the vessels initial position and orien-
tation. The current estimated position and orientation is thereafter inferred from the
motion of the vessel i.e. heading and speed.

• Celestial navigation, relies on the navigators ability to use known celestial objects (e.g.
sun, moon, planets, stars) and knowledge of the movements of the Earth to estimate
the current position, latitude and longitude, and orientation.

• Radio navigation, relies on radio frequency sources with known locations (e.g. global
navigation satellite systems or radio beacons).

• Inertial navigation, relies on the navigator to know the vessels initial position, velocity
and attitude. The estimated position and orientation is then inferred from measuring
the attitude rates and accelerations.

Most of the above mentioned navigational techniques make use of the observations and mea-
surements of known locations, patterns or other external references. The identifiable refer-
ences provide a reference frame which can be considered fixed in space, and to which the
navigators position can be related. One type of navigation that does not require any ex-
ternal references after the initial initialization is inertial navigation. The concept of inertial
navigation will be addressed in in the following section.
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1.1. Background Introduction

1.1.1 Inertial Navigation

Unlike most navigational techniques, an Inertial Navigation System (INS) requires only to
initially be provided with the position and velocity from another navigational system. The
INS hereafter measures the linear acceleration and angular velocity of the system and infers
an estimated position relative to the initial position. The estimated position is inferred from
measurements of the linear acceleration as the second integral of acceleration is position [20].
By using the initial position and double integrating the measured linear acceleration along
the three principal axis of the system, the estimated position can be calculated.

The above approach is only valid if the system maintains its initial orientation during the
movement. If the system changes orientation during the movement, the estimate will deterio-
rate rapidly. This problem is accommodated by including the orientation of the system. The
orientation of the system is inferred from angular velocity by taking the first integral [20].
Combining the two sets of information enable the INS to provide the navigator with a more
accurate position estimate . It is important to notice that the position provided by the INS
is only an estimated position as its quality depends on how accurate the linear acceleration
and angular velocity can be measured. Methods of measuring linear acceleration and angular
velocity and the sensors through which it may be accomplished are addressed in the following
section.

Inertial Navigation Sensors

The INS feature different combinations of sensors, but common to all systems are accelerom-
eters and gyroscopes. The accelerometers measure the linear acceleration of the system and
are limited in the sense that they can only measure relative to the moving system itself.
This means that the accelerometers are not aware of their orientation. The problem of miss-
ing orientation is corrected by using gyroscopes which measure the angular velocity of the
system.

There are however inherent problems related to using gyroscopes and accelerometers in INS.
According to Schmidt [19], the dominant error sources in INS are gyroscope and accelerometer
imperfections, insufficient system initialization and imperfections in the models used in the
position calculation. One of the main sources of error in the estimated position is integration
drift that occurs as the linear acceleration and angular velocity measurements are integrated
to determine the linear and angular position respectively. Any errors in the measurements
will thus be cumulative and increase indefinitely over time causing the estimated position
to deteriorate. Both gyroscopes and accelerometers experience integration drift, but the
problem is most significant for gyroscopes.

As a consequence of the integration drift, most types of INS feature some means of external
aiding, where the system is periodically reinitialized with position estimates with bounded
error. Today a widely used alternative navigation system is Global Positioning System (GPS),
which enables the errors to be kept stable and not drift infinitely, Grewal et al. [11].

There are however several application domains which limit or directly render the use of
external aiding impossible. In relation to GPS, satellite based aiding is often unreliable due
to blocked line of sight, multi path propagation or intentional jamming. When addressing
GPS enabled INS, one of the considerations is the free inertial operation time of the system,
that is the duration at which external aiding is non-present. Consequently, distinct types of
application domains can be identified based on the free inertial operation time. If the external
aiding is absent only for a few minutes at a time, the requirements for sensor drift are not
as critical as if the signal is lost for several hours or days. To this extent the requirements
for low sensor drift increase with operating time. One may consider an automobile using a
GPS based navigation system with an INS fall-back, driving through a tunnel. Here, the free
inertial operation time is measured in minutes where a submerged submarine can have a free
inertial operation time of several months.
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Introduction 1.1. Background

Applications with prolonged free inertial operation time require gyroscopes, that provide
high accuracy in order to reduce integration drift. The focus of this project is related to
applications with prolonged free inertial operation time. In the following section performance
of different gyroscope technologies are addressed.

1.1.2 Gyroscope Technologies and Performance

Through history, different technologies have been developed and used to fulfill the increasing
demand for accuracy and precision in relation to measuring angular velocity. The different
types of gyroscopes can be divided into three main technologies: spinning mass, optical and
vibrating gyros. These technologies use respectively the principle of angular momentum
conservation, the Sagnac effect and the Coriolis effect. The technological basis of these three
distinct types of gyroscopes, with the exception of vibrating gyros, will not be addressed
further in this project.

The performance of the three different technologies can be compared in terms of several
parameters such as cost, weight, volume, thermal stability and other. In this introductory
chapter focus will be placed on bias stability and scale-factor stability, which are the two
performance parameters most often used to classify gyroscope performance. Bias stability
is a measure of how stable the output of the gyroscope is, relative to identical input, and
is measured in [◦/h] or [◦/s]. Scale-factor stability is a measure of how stable the input-
output ratio is relative to different inputs, and is usually measured in parts-per-million [ppm]
or percent from linear. In general, the smaller the bias and scale-factor stabilities, the
better performance can to be expected from the gyroscope. In figure 1.1, the gyroscope bias
and scale-factor stability requirements are illustrated in relation to various applications and
gyroscope technologies.

RLG = Ring Laser Gyro 
DTG = Dry Tuned Gyro 
IFOG = Interferometric Fiber Optic Gyro 
Quartz = Coriolis Sensor 
Mechanical = Spinning Mass 
AHRS = Attitude Heading Reference System 
MEMS = Micro-Electro-Mechanical Sensors (silicon)
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Figure 1.1: Bias stability versus scale factor stability after Schmidt [19]

From figure 1.1 it can be seen that the high-end accuracy region of the graph is dominated
by mechanical and optical technologies, that provide extremely low bias stability. There
are however also drawbacks related to usage of these high performance gyroscopes. INS that
utilize high-end gyroscopes have a large size, which limits their usage to large host vehicles. In
addition to being physically large, high-end gyroscopes are expensive, which further restricts
the number of feasible applications. In figure 1.2 the costs of INS systems relative to the
used gyroscope technology as presented by Schmidt [19] are illustrated. From 1.2, it can be
seen that the use of high-end gyroscopes results in expensive INS systems.

From figures 1.1 and 1.2 it can also be observed that cheap INS systems that provide limited
accuracy are dominated by Micro Electro Mechanical Sensors (MEMS) technology. MEMS
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1.2. Project Proposal

IFOG: Interferometric Fiber Optic Gyroscopes
MEMS: Micro-Electro-Mechanical Systems
MOEMS: Micro-Opto-Electro-Mechanical Systems
QUARTZ: Coriolis Sensor
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Figure 1.2: System cost versus bias stability after Schmidt [19]

devices have elements ranging in size from one to a hundred microns [mic], in average less
than the thickness of a human hair. MEMS are made using the basic fabrication techniques
and materials of micro electronics. Thin layers of material are deposited onto a base and
then selectively etched away leaving a microscopic three dimensional structure. During this
process, the mechanical as well as the electrical elements are constructed. The result is a
complete system on a single chip which feature both integrated circuitry that provide data
processing, active perception and control functions.

The main advantages of MEMS devices are that they can be produced in large quantities,
thereby decreasing production cost significantly. The disadvantage is, as illustrated in figure
1.2, that the low production cost and size comes at the price of reduced performance.

1.2 Project Proposal

Part of the the problem-based, project-organized pedagogic model, Aalborg University and
the Electronics and IT Master degree program offer students the possibility of working on
projects proposed by companies. At the semester start, professors, research staff and compa-
nies present different ideas and projects as inspiration for the project that generally accounts
for more than half of the study time. One of the projects presented early September 2010
concerned the development of methods for improving the performance of MEMS gyroscopes
and developed into a two semesters work, becoming the present master thesis. The project
was proposed by associate professor Anders la Cour-Harbo and CDL Scotland. The back-
ground for the proposal was a US patent from 2005 [5] that presented a method of improving
the performance of MEMS gyroscopes using noise correlations and Kalman filtering.

The group found the project interesting, as it gave the opportunity to work with Kalman fil-
tering which is an essential element in control theory, present in numerous electronic products
and used in a very wide range of industries. In addition to working with Kalman filtering, the
navigation problem was familiar to both authors from a previous semester project. A final
incentive was the fact that the idea of the patent did not appear to be discussed, analyzed
and clarified in other easily accessible sources.

The main objective of the project proposal was not only to investigate the patent, but also
other methods of improving the performance of MEMS gyroscopes.

The patent [5] is freely available on the Internet and contains the theoretical basis for method
to improve the performance of MEMS gyroscopes. The patent is based on and contains
references to a more detailed technical report from 2002 [4] which was kindly provided to
the group by Mr David S. Bayard. The technical report and patent are important sources
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1.3. Concept Evaluation

used in this project and can be viewed on the project CD. In the technical report Bayard
and Ploen shows through simulation, that significant improvement in MEMS gyroscope drift
is achievable using multiple gyroscopes with favorable correlations between gyroscope noise
processes. In the following the main concepts of the method presented by Bayard and Ploen
is addressed.

The overall method presented by Bayard and Ploen exploits the fact that MEMS sensors
are small and can be manufactured in large numbers on a single chip. Separate MEMS
sensors manufactured on a single chip will be independent of each other thus providing
individual measurements. However due to the size made possible by the MEMS technology,
it is possible to manufacture several sensors within a very narrow area. The sensors will thus
be both identical in relation to design, working conditions and location. The idea presented
by Bayard and Ploen postulates that under these special manufacturing conditions favorable
correlation between the gyroscope may exist. These favorable correlation can, if identified
can be used to improve performance.

1.3 Concept Evaluation

This section presents a preliminary evaluation of the feasibility of the concept presented by
Bayard and Ploen. The evaluation shows how knowledge of the correlations in the noise can
be used to improve the performance of the final signal.

A situation is considered where noisy sensor signals are combined using a averaging strategy.
A simple model is used for three identical sensors. Because the sensors are identical, averaging
the measurements is a good method for approximating the true value. However, if the noises
affecting the signals are correlated, it can be shown that averaging is not the optimum
technique for combining the signals and that the best solution is a weighted average.

A single sample measurement with the following model is considered:
z1 = ω + n1

z2 = ω + n2

z3 = ω + n3

(1.1)

All variables are scalars, where z1, z2 and z3 are measured output signals, ω is the true signal,
n1, n2 and n3 are noise processes with zero mean and known, equal variance Var(n1) =
Var(n2) = Var(n3) = σ. The noises might not necessarily be independent. The noises are
expressed as a linear mix of n independent and identical random sources si with different
coefficients cij . 

n1 = c11s1 + c12s2 + ...+ c1nsn =
∑n
i=1 c1isi

n2 = c21s1 + c22s2 + ...+ c2nsn =
∑n
i=1 c2isi

n3 = c31s1 + c32s2 + ...+ c3nsn =
∑n
i=1 c3isi

(1.2)

The objective is to combine the measured values linearly so that the resulting signal will have
a minimum variance noise error component. The problem is formulated as follows:

ω̂ = x1z1 + x2z2 + x3z3

= (x1 + x2 + x3)ω + x1n1 + x2n2 + x3n3 (1.3)

where the parameters x1, x2, and x3 are unknown. They must be chosen so two condition
are met: the scale of the measured valued should be the same and the variance of the noise
minimized. {

x1 + x2 + x3 = 1
[x1, x2, x3] = argminxVarω̂(x1, x2, x3)

(1.4)
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The minimum variance condition is addressed next:

Var(ω̂) = Var(x1n1 + x2n2 + x3n3)

= Var(x1

n∑
i=1

c1isi + x2

n∑
i=1

c2isi + x3

n∑
i=1

c3isi)

= (x1c1i + x2c2i + x3c3i)2Var(s1) + ...+ (x1cni + x2cni + x3cni)2Var(sn)

=
(

(x1c1i + x2c2i + x3c3i)2 + ...+ (x1cni + x2cni + x3cni)2
)
σs (1.5)

From the above it can be noted that the variance expression is a sum of quadratic terms, and
it is always positive. The minimizing solution (x1, x2, x3) would then be (0, 0, 0), and this is
not a valid case for the estimation. Therefore the scaling constraint is used to eliminate the
x1 parameter in the following way:

x1 = 1− x2 − x3 (1.6)

The expression for ω̂ is now as follows:

Var(ω̂) =
(

[(1− x2 − x3)c1i + x2c2i + x3c3i]2 + . . .

. . .+ [(1− x2 − x3)cni + x2cni + x3cni]2
)
σ2
s (1.7)

By Fermat’s theorem of local minima and maxima for stationary points, the condition for
minimizing the variance expression is that the partial derivatives in parameters x2, and x3
are set to 0.

∂Var(ω̂)
∂x2

= 0

∂Var(ω̂)
∂x3

= 0 (1.8)

To make the calculations easier, only 3 noise sources are considered next, s1, s2 and s3. The
system of partial derivatives described above reduces to the following ordinary linear system:

(c11 − c21)c11 + (c12 − c22)c12 + (c13 − c23)c13 =
[

(c11 − c21)2 + (c12 − c22)2 + (c13 − c23)2
]
x2 + . . .

. . .+
[

(c11 − c21)(c11 − c31) + (c12 − c22)(c12 − c32) + (c13 − c23)(c13 − c33)
]
x3 (1.9)

(c11 − c31)c11 + (c12 − c32)c12 + (c13 − c33)c13 =
[

(c11 − c31)2 + (c12 − c32)2 + (c13 − c33)2
]
x3 + . . .

. . .+
[

(c11 − c31)(c11 − c21) + (c12 − c32)(c12 − c22) + (c13 − c33)(c13 − c23)
]
x2 (1.10)

which has the matrix form: [
× ×
× ×

] [
x2
x3

]
=
[
×
×

]
(1.11)

Ax = b; x = A−1b (1.12)

A numerical example is considered next. The standard deviation of the independent noise
sources is 1. The mixing coefficients cij are taken such that the resulting noise components
n1, n2 and n3 have equal standard deviation, also 1.

σs = 1, σn = 1, C =

+0.8 +0.2 +0.5657
+0.8 +0.4 +0.4472
+0.2 +0.7 −0.6856

 (1.13)
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In this case, the coefficients of the linear weighted estimator can be identified to be:

X =
[
3.8458 −3.7767 0.9310

]T (1.14)

The standard deviation of the estimate computed with the optimized coefficients is 0.3 and
smaller than the variance of the averaged estimator which is 1√

3 = 0.577. The conclusion is
that the weighted average provides a better estimate compared to simple signal averaging.

To better illustrate that the weighted average provides a better estimate than averaging the
following illustrations have been generated. Two cases are considered, one where the actual
property ω has a constant value and one where it is a sinusoidal. The performance of the
estimate is illustrated figure 1.3 and 1.4. The actual property ω is draw in black and the sensor
measurements are represented by colored points. The averaged estimation is depicted with
red, and the optimized estimation with blue. The measurement is simulated with multiple
samples, each sample is optimized individually using only the linear combination with the
computed weights. From figure 1.3 and 1.4 it can be seen that even though the sensors are

Figure 1.3: Estimation of constant value Figure 1.4: Estimation of sinusoidal signal

identical in noise levels and no measurement is ”better” than the other, if the noises are
correlated then the weighted average is better than simple averaging.

Chapter Conclusion

As presented in this section, high grade INS have historically been dominated by large and
expensive solutions, that employ high grade gyroscope technologies. A critical problem of
all gyroscopes, but especially in relation to MEMS, is the concern of integration drift, where
small errors in the measurement accumulate over time. For most consumer applications with
limited free inertial operation time, the problem of integration drift is less crucial as the
system can be reinitialized, using external aiding, before the accumulated error grows out
of bound. For systems with prolonged free inertial operation time gyroscopes technologies
that provide extremely low integration drift are used. The main issues of these systems are
their size and cost, which both limit their usage to large host vessels and render the systems
expensive.

MEMS is a rapidly growing technology which has enabled increasingly smaller and cheaper
gyroscopes. The current use of MEMS in relation to prolonged free inertial operation time
systems is however limited due to low accuracy. One method of improving the accuracy
of MEMS gyroscopes may be to use multiple gyroscopes and fuse the measurements using
Kalman filtering. The method assume that homogeneous MEMS gyroscopes, manufactured
on the same chip, will have favorable correlations in relation to sensor noise. The method
presented by [4] has been shown to provide promising results under simulation. A crucial
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observation in relation to the method is that no investigation, that this group is aware of, have
shown that such favorable correlation indeed exist between same chip MEMS gyroscopes.

In the project, the the perspective of using such noise correlations in optimized estimation
strategies are investigated. In addition, the existence and identification of noise correlations
are also addressed. In the following chapter the project scope and objectives are presented
in detail
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Chapter 2

Project Scope and Objectives

The results presented in the former chapter indicate that the performance of MEMS can be
improved by fusing measurements from multiple homogeneous gyroscopes. In the following
the project scope and objective is presented along with the project plan of action.

The project main objective is to answer the following question:

”Can the accuracy of MEMS gyroscopes be improved by combining multiple
homogeneous units into a single sensor?”

The project approach is to analyze the characteristics of gyroscopes of same manufacturing,
develop an adequate linear model to account for the main error components, and design a
Kalman based sensor fusion method to optimally combine the multiple signals into a single
improved output. The block elements of 2.1 represent both specific problems to be solved,

Gyroscope  1

Gyroscopes

Gyroscope 2

Gyroscope Ns

Ns Signals

D
at

a 
A

cq
u

is
iti

on

Estimation Strategy

Sensor Fusion 

Stochastic Model

Model

Fused  
SignalNs Signals

Ns Signals

Noise
Parameters

Noise Analysis

Modeling

Figure 2.1: Project approach

areas where special knowledge must be acquired and questions that must be resolved. In the
following the content and reasoning for the specific elements are elaborated.

Modeling

The filtering strategies used in this project are to be based on the Kalman method and thus
require that the system is modeled. As the main focus of the project are the exploitation of
favorable noise correlations, the noise processes related to the gyroscopes must be modeled.
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Sensor Fusion

The main project element is to evaluate different filtering strategies in relation to homoge-
neous gyroscope sensor fusion and estimation. The overall strategy is to apply different im-
plementations of the Kalman filter, focusing on utilizing favorable noise correlations between
the gyroscopes. The main objective of this element is to provide a transparent evaluation of
the performance improvement made possible due to favorable noise correlations. A simple
averaging strategy is considered a suitable benchmark for this evaluation.

Correlation Identification

The sensor fusion strategy used in this project require the existence of noise correlations
between the used MEMS gyroscopes. In order to evaluate the feasibility of implementing the
developed sensor fusion on actual gyroscopes the existence of such noise correlations must be
investigated.

In this chapter the project scope and objectives have been presented. The project approach
and the main elements of the project have been presented along with considerations related
to the project objective. In the following chapter the methods used in the process of solving
the project main objective are addressed in detail.
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Chapter 3

Gyro-board Equipment

The main focus of the project is to investigate performance improvement in MEMS gyroscopes
by using multiple homogeneous units and combining their output signals using sensor fusion
methods. In relation to this objective, an array containing several MEMS gyroscope units
build by CDL is used in the project. This chapter contains a thorough description of the
gyroscope board and presents considerations related to sensor settings and interface.

3.1 Gyro-board Hardware

As presented in the introduction, Bayard and Ploen [4] postulates that favorable correlations
between gyroscopes are more likely to exist if several MEMS gyroscopes manufactured on
the same chip. The development of such a chip is however considered beyond the scope
of this project. An alternative approach is used instead where multiple commercial MEMS
gyroscopes are mounted on a custom circuit board within a confined area. The gyro-board
has been developed by CDL Scotland, and it is a custom design. The circuit board serves
both as a physical framework for the sensors as well as management of the sensory output.

Figure 3.1: ADIS16265 [3] Figure 3.2: CM-BF537E Blackfin [7]

The gyro-board features a total of eight medium-grade programmable yaw rate MEMS gy-
roscopes. The used gyroscopes are ADIS16265 [3] as the one illustrated in 3.1. The board
also contains a CM-BF537E Blackfin processor module [7], figure 3.2 that manages commu-
nication and synchronization of the eight gyroscopes.
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The Blackfin board streams data in a packet structure containing a time stamp and the eight
sensor values through a serial interface that can be easily accessed by a desktop application.
The software components are addressed in more detail in section 3.5.

3.2 Gyroscope Operational Principle

Like most other MEMS gyroscopes, the gyroscopes used in this project are vibratory gyro-
scopes. Vibratory gyroscopes come in a variety of types, but common to all of them is that
they use high-frequency mechanical resonators to induce and detect the Coriolis effect. The
use of resonators as opposed to rotating components is common as resonators do not require
bearings and also eliminate friction and wear. In the following the operational principle of
vibratory gyroscopes is described.

The Coriolis effect used in vibratory gyroscope arise from the Coriolis force. The Coriolis
force is an fictitious force, that is used to describe the motion of objects observed in a rotating
non-inertial reference frame. If a object is traveling in a straight line in an inertial reference
frame, and the motion of the object is observed from a rotating reference frame, the object
will seam to travel in a curved path [2].

A classical implementation of a vibratory gyroscopes consists of a single vibrating proof
mass. The proof mass is suspended above the sensor subtract using flexible flanges that act
as suspension to isolate the mass from the gyroscope support structure and allow it to vibrate
freely. The proof mass is driven into resonance back and forth along the drive axis using drive
electrodes. When the sensor housing is rotated, a Coriolis force perpendicular to both the
drive axis and the angular rotation axis is induced on the the proof mass. The displacement
of the proof mass is detected using sense electrodes. The direction of the Coriolis force is
called the sensitive axis. The concept is illustrated in figure 3.3 where ~Ω is the angular rate
vector, ~v is the vibratory velocity vector and ~c is the Coriolis vector.

~c ∼ ~Ω× ~v (3.1)

Drive axis (y)

Sense axis (x)

Input axis (z)

Sense electrodes

Drive electrodes

Proof mass

v

Ω

c

Figure 3.3: Vibratory gyroscope

a

z

x

y

Figure 3.4: Disturbance along the sensitive axis

Figure 3.4 shows one problem with this gyroscope design. Any acceleration ~a along the
sensitive axis is mistaken for angular rotation. In the ADIS16265 [3] this problem is countered
by using a two mass setup as illustrated in figure 3.5. The main aspect is that the two mases
are vibrating in anti-phase and their velocity vectors will therefore point in opposite direction.
From figure 3.5 it can be seen that angular input will generate Coriolis vectors with different
directions that effect the sense electrodes differently. This setup minimizes the response to
linear acceleration (gravity, vibrations) along the sensitive axis. This concept is presented in
greater detail in [8].

The signal detected by the sense electrodes is then amplified and processed to produce the
analog electrical rate output.
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Figure 3.5: Conceptual illustration common-mode rejection in the ADIS16265 [3]

3.3 Design Considerations

The eight MEMS units are arranged on the gyro-board and effectively form a gyroscope
cluster with a minimum of separation between the sensors. Each gyroscope in the cluster
operates independently and measures yaw rate around the z-axis as illustrated in figures 3.7
and 3.6. The underlying idea behind the gyro-board design has been to mount the gyroscopes
as close as possible while using identical control and sampling circuitry.

The sensor orientation is also considered, and the mounting configuration is described in figure
3.7. The input axis of all the units must be parallel so as to measure the same rotational
rate. The sensors are organized in two layers of four sensors with flipped orientations of the
input axis. Within each layer, the sensors are rotated such that both the derived axis and
the sensitive axis have opposite directions in pair of twos. This can be seen in the figure 3.7
by the dot marker on the sensors.

It is hoped that gyroscope array designed with all these considerations will improve the pos-
sibility of the gyroscopes being favorably correlated. However, it is important to notice that
the existence of such correlations has not been proven, the presence of favorable correlation
between the gyroscopes is still thought to be mainly coincidental.

Figure 3.6: Gyro-board - Top view

xy

z

Figure 3.7: Gyroscope configuration

3.4 Sensor Settings

The ADIS16265 gyroscope [3] has several settings accessible to the system designer in order
to tailor the performance of the sensor to applications specific requirements. These include
the possibility to change the dynamic range, sampling rate, a bandwidth switch and the
window size parameter of a digital FIR filter. In the following, considerations related to
these parameters are discussed and the chosen setting configuration presented.

The dynamic range of the gyroscope specifies the reliably measurable angular velocity input in
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term of magnitude. That is the maximum positive and negative input that can be measured
without distortion. The gyroscope can operate in three different dynamic range settings
±80◦/s, ±160◦/s and ±320◦/s. The sensor features a 14 bit register which represents the
measured angular velocity. Depending on the chosen dynamic range each bit in the register
represents a different increment in angular speed. In this way higher resolution is possible
if it is know that the dynamics of the system will be within one of the given ranges. In
relation to this project the dynamic range is chosen to ±320◦/s. The reasons for this is that
the two other settings force usage of the FIR filter. This is considered to be a critical issue
as the basis of the project is the existence of noise correlations and it is assumed that the
investigation of these noise correlations will be most representable if the unfiltered signal is
used.

The ADIS sensors default and maximum sampling frequency is 2048Hz. The preliminary
evaluation of the raw signal from the gyro-board at 2048Hz revealed that coloration and time
correlations. The framework under which the project was designed required the measurement
noise to be uncorrelated, in order to ease the implementation of a Kalman filtering scheme.
The problem can be bypassed by designing and including a shaping filter in the filter, but
another solution was chosen. Since the sampling frequency is not considered important to the
main theoretical elements in the project and no externally driven requirements are present,
it was chosen to undersample the gyro-board gyroscopes signal by saving only every 20th
sample. This signal has a convenient white characteristic. The resulting sampling frequency
can be calculated as follows:

Fs = 2048
20 = 102.4 (3.2)

Thus the signal frequency of the board data is 102.4Hz and used as such in the methods work-
ing directly with the board signal such as the Allan variance. In the simulation algorithms
that test the estimation methods the 100Hz value was used as an approximation.

The gyroscope bandwidth parameter switches between 50Hz and 330Hz. This parameter is
related to a analog low-pass filter with a programmable primary pole. The largest bandwidth
setting is used, and one of the reasons is to maintain the white characteristic of the under-
sampled 102.4Hz signal. For the same reason, the digital FIR filter is deactivated by setting
its window size parameter to 1.

3.5 Gyro-board Interface Software

In this section the gyro-board software components are described.

USB USB

Serial Interface 
Application

010010
File

Gyro-board

Data Packets

Serial
Module
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Processor
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Figure 3.8: Conceptual overview of the hardware and software components
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The gyroscope board streams data packets on a serial line at a baud rate of 921000. A
desktop computer running Linux Ubuntu was used to interface with the board. The packets
contain a time-stamp taken by the Blackfin processor, the eight angular rate data values from
the sensors, and a hash signature. A serial interface C++ application has been developed
to acquire and process the data packets and write them to a file on disk. The application is
cross-platform, Linux and Windows, and the code is included on the project CD.

The gyroscope board is powered by a Blackfin microcontroller from Analog Devices, run-
ning at a fast 575MHz clock. A firmware code is uploaded on the board and it performs
communication over the SPI bus to send initialization commands to the sensors and receive
data values, synchronizes the data from the eight units and build the data packet, setup and
communicates with the serial module to stream the data. The firmware code is written in C
and was developed by CDL, however small changed were made to change the sensor settings
at initialization.

As such, a Blackfin development environment was setup by the group with help from the CDL
developers. The Blackfin development toolchain is available as open source, and the ADIS
datasheet contains description about the setup procedure of the sensor settings registers.
The code is modified and recompiled in the toolchain environment and is uploaded on the
Blackfin by accessing the boot sequence of the the microcontroller through the same serial
line connection by sending boot command in the first seconds of the start-up.

Chapter Conclusion

In this section the project main piece of equipment has been presented. The gyro-board is
a custom piece of hardware which feature eight ADIS16265 [3] programmable gyroscopes.
The gyro-board is a custom piece of hardware and has been devolved by CDL, Scotland
specifically for this project. The ADIS16265 feature multiple different settings that include
varying levels of filtering. In this project however, where the sensor noise is part of the
main focus, the gyroscope is used with a minimum of filtering. The used sampling frequency
for the gyro-board is set to 102.4Hz to ensure that the gyroscopes measurement noise is
approximately white. The physical design of the gyro-board along with the used sampling
software has also been presented.

In the following section the methods and accompanying theory used in relation to the project
is presented.
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Chapter 4

Methods

In this chapter an overview of the methods used in the thesis is given. Often in literature
the methods chapter contain in depth description of all the methods and theory. We have
however striven to condense the material to it’s essential elements. In this way we hope to
equip the reader with a clear understanding of the why and how the methods are applied in
the project. The objective of the chapter is not to provide extensive theory and derivations
of the methods but to give the reader a clear overview of the methods and their validity in
relation to the project.

The following topics will be addressed as logical steps related to the thesis plan of action.

• Noise Analysis
Used in the process of characterizing the project gyroscopes

• Kalman Filter
Used in estimation filter and the process of estimating sensor noise correlations

• State Smoother
Used in the process of estimating sensor noise correlations

• Noise Correlation Identification
Used in the process of estimating sensor noise correlations

As illustrated above is is clear that project can be divided into several components of varying
complexity. In the following thee components are addressed to provide the reader with a
clear understanding of the project plan of action and relevant methods.

4.1 Random Processes

Datasheets of MEMS gyroscopes contain parameters such as Angular Random Walk or Rate
Random Walk coefficients to describe and quantify different noise components present in the
output signal. In this section introduces preliminary information needed in clarifying the
meaning and usage of these parameters.

4.1.1 Random Walk process

We consider a signal B(t),∀t ≥ 0 that is measured every Ts seconds, but in such a way that
only the change from one measurement to another, ∆B is recorded. The following recursive
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expression bk can be used to partially reconstruct the process B(t),

bk = bk−1 + ∆Bk (4.1)

and to recover directly the value at sample N,

bN =
N∑
k

∆Bk (4.2)

If such a measurement is performed for a long period of time, the recorded values ∆B will
have the properties of a white random process. The average mean of the ∆Bk sequence is
close to 0, containing both positive and negative values, and the measurements ∆Bk are
not correlated with each other. Furthermore, the absolute value of the ∆B measurements
will depend of the sampling period, such that if the sampling period is small then ∆B tend
to be somewhat bigger in average, than for measurements taken with a larger sampling period.

The above original signal B(t) has the characteristics of a Weiner process, also known as
a Brownian motion, which is a continuous time stochastic process that is defined by three
main properties. The value at initial time is zero, a process realization can be said to be
a continuous function in t, and its increments between two time values t and t + ∆t are
independent and normally distributed:

B(t = 0) = 0
B(t) is continuous in t
B(t+ ∆t)−B(t) ∼ N

(
0, (RWc)2∆t

) (4.3)

where RWc is a constant coefficient that determines the scale of the process.

In an applied mathematical context such as signal processing and control, the Weiner process
can be used as the integral of white noise.

Ḃ(t) = W (t)⇔ B(t) =
∫
W (t) (4.4)

When a Weiner process is sampled, the discrete random walk process is a random walk. The
discrete process b(k) obtained by sampling B(t) with period Ts is described by either of the
two equivalent forms:

b(k) = b(k − 1) + Tsw(k)⇔ b(N) =
N∑
k=0

w(k)Ts (4.5)

The sampled random walk process is the main focus of this section, because the majority
of the MEMS gyroscope units on the market, including the one used in this project, have a
digital output.

In the definition above, {w(1), w(2), . . . w(N)} is the increment white noise sequence that
generates the random walk. Each w(k) element is Gaussian random variable with mean 0
and variance σ2

w(k) = σ2
w that is constant across the time index k. These random variables

are independent of each other, and as such, the correlation matrix of the entire sequence will
be diagonal.

In the random walk sequence {b(1), b(2), . . . b(N)}, each variable b(k) has also mean 0 and this
can easily be seen by applying the expectation operator E〈·〉 operator to equations (4.4) or
(4.5). The variance of b(k) is growing with the time-index k, and can be calculated explicitly
from the measurement model using the property of variance being distributive over addition
for independent random variables.

18/139



Methods 4.1. Random Processes

Var
(
b(N)

)
= Var

(
N∑
k=0

Tsw(k)
)

= T 2
s

N∑
k=0

Var
(
w(k)

)
= NT 2

s σ
2
w (4.6)

σbN =
√
NTsσw (4.7)

The figure 4.1 below shows a white noise sequence with σw = 1 and 100 elements, and
the corresponding random walk obtained by integration. The sampling period is considered
1 second. The second figure 4.2 shows a cone of 50 random walks generated by different
realizations of the same white noise process. It can be seen how the variance of the process
is increasing in time.
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Properties of the sampled random walk

AWeiner signal B(t) can be sampled and measured with different frequencies. The character-
istics of the associated generator white noise sequences at different frequencies are discussed
next.

We consider a continuous random walk process B(t) and a discrete sequences b(k) that has
been sampled with period Ts from B(t). Both signals are equivalent in the sense that the
average walk, or the standard deviation of the processes is the same after time t = NTs.

Var
(
B(t)

)
= Var

(
b(N)

)
(4.8)

By expanding the variance of the discrete random walk with the equivalent in relation in
(4.6), it can be written that:

Var
(
B(t = NTs)

)
= NT 2

s σ
2
w = tTsσ

2
w (4.9)

From the definition of the Weiner process, Var
(
B(t)

)
= RW2

ct, resulting that:

σw = RWc√
Ts

(4.10)

This relation is important because it related the property of the increment noise to the
coefficient of the random walk, and make it is easy to convert one of these parameters into
another.

A property of a sampled random walk is that the variance its increment noise increases as
the sampling frequency is higher, since:

σw1

√
Ts1 = σw2

√
Ts2 (4.11)

It also noted here that the unit of the constant RWc is [u/
√
s], where u is the corresponding

unit of the signals B(t) or b(k). For example, a random walk process present in an angle signal
will be characterized by a random walk coefficient RWc given in units [◦/

√
s] or [rad/

√
s], and

a random walk process present in an angular rate signal will be characterized by a random
walk coefficient given in units [◦/s

√
s] or [rad/s

√
s].

4.1.2 Integrated Random Walk

A look is taken next at a process obtained by integrating the sampled random walk process
b(k).

r(N) =
N∑
k=1

b(k)Ts (4.12)

The r process is an integrated random walk, or a double integrated white noise process. We
show next that this process increases much faster than the random walk. A noise that passes
through an integrator filter will become more relevant in the final signal, and a noise that
passes though a double integrator even more so.

The variance of the integrated random walk process at time step N can be calculated by taking
special care of the fact that processes b(k1) and b(k2) are correlated, and not independent,
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and using properties of the covariance operator.

Var
(
r(N)

)
= Var

(
N∑
k=1

b(k)Ts

)
=

= T 2
s

N∑
k=1

Var
(
b(k)

)
+

N∑
k1=1

N∑
k2=1
|k1 6=k2Cov(b(k1), b(k2)) =

= T 2
s

N∑
k=1

kT 2
2 σ

2
w +

N∑
k1=1

N∑
k2=1
|k1 6=k2Cov

 k1∑
i=1

w(i)Ts,
k2∑
j=1

w(j)Ts

 =

= N(N + 1)
2 T 4

s σ
2
w +

N∑
k1=1

N∑
k2=1
|k1 6=k2

k1∑
i=1

k2∑
j=1

T 2
s Cov

(
w(i), w(j)

)
=

= N(N + 1)
2 T 4

s σ
2
w + T 2

s

N∑
k1=1

N∑
k2=1
|k1 6=k2

min(k1,k2)∑
k=1

σ2
w =

= N(N + 1)
2 T 4

s σ
2
w + T 2

s σ
2
w

N∑
k1=1

N∑
k2=1
|k1 6=k2min(k1, k2) =

= N(N + 1)
2 T 4

s σ
2
w + 2T 2

s σ
2
w

N−1∑
k=1

k(N − k) (4.13)

Equation can be used to analyze the variance of the integrated random walk process over
time.

The following figure shows the amplification of the white noise in through the double inte-
grator. It can be seen that the size of the noise increases approximately 100 time compared
to the random walk, the single integrator.
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4.2 Allan Variance

The Allan Variance (AV) method, named after David W. Allan is a time domain analysis
method developed in the mid-1960ies. The method was originally developed for analysis of
high precision clocks and oscillators but it can be applied to various types of precision sensors
and measurement devices. The AV analysis is an IEEE accepted standard for characterizing
MEMS gyroscopes. In the following overview of the method and related considerations are
presented. Unless other is specified the following overview is based on [13].

The AV method, as applied to a sequence of data points, can be divided into tree steps as
illustrated below

1. Perform clusters operations on the data and acquire the Root Allan Variance

2. Plot the Root Allan Variance

3. Based on the Root Allan Variance plot identify the type and magnitude of the noise
processes in the data

In the following the above steps are elaborated on using examples and figures.

4.2.1 Cluster Analysis

In this section the actual computations related to the AV analysis are described.

Consider the output z from a single sensor sampled in discrete time given as t = kτ0 , k =
1, 2, 3, . . . N . The finite dataset from the sensor thus consists of N consecutive data points
with a sample period of τ0. The cluster operation is illustrated in figure 4.4 where it is applied
to simulated data which resemble the output from a MEMS gyroscope.

Having acquired the data set, the next step is to divided the data into clusters with specific
length τ0, 2τ0, . . . Mτ0, with M < N/2. Where M denotes the number of data points within
individual cluster. Associated with each cluster is the correlation time τ which is equal to
Mτ0. Associated with each cluster k, containing M data points, is a cluster average z̄ which
is calculated as follows.

z̄k(τM ) = 1
M

M∑
i=1

z(k+1)M+i (4.14)

z1, z2, . . . zM ,︸ ︷︷ ︸
k=1

zM+1, . . . z2·M ,︸ ︷︷ ︸
k=2

. . . zN−M , . . . zN ,︸ ︷︷ ︸
k=K

(4.15)

where k = 1, 2, . . . ,K and K = N
M . The process of dividing the data into clusters with

different correlation time τ and performing the cluster averaging operation can be illustrated
as in figure 4.4 where τ = 0.1s, τ = 0.2s and τ = 1s respectively. From the figure it is clear
how the variance of the cluster averages changes relative to the used τ .

For each set of clusters with length τ , that can be formed from the data set, the successive
averages as defined above make up a set of random variables. The object of interest, the
Allan Variance σ2

A, is the variance over all the clusters of lengthM . The AV σ2
A(τ) evaluated

for cluster with length M is defied as

σ2
A(τ) = 1

2E
〈

[z̄k+1(M)− z̄k(M)]2
〉

(4.16)

In this project the standard estimator, (4.16) is used in which the mean is simply estimated
using the sample mean. This approach was chosen as this estimator is known to provides
sufficient results with acceptable processing time. Other AV estimators exist for example the
overlapping estimator. The overlapping estimator is addressed in appendix D on page 115.
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Figure 4.4: Cluster averages for different τ - AV method

The calculation of the standard AV estimator can be easily implemented in MATLABr as
illustrated in the following.

1 function [sig,tau] = allan(data,Fs)
2 % function [sig,tau] = allan(data,Fs)
3 % INPUTS: data: N × 1 data array [◦/s]
4 % Fs: Sampling Frequency Fs [Hz]
5 % OUTPUTS: sig: Standard Root Allan Variance σA [◦/s]
6 % tau: Cluster time τ [s]
7

8 tau0 = 1/Fs; N=length(data); % Sampling period and Length of data set
9 max_clusternumber = floor( log((N−1)/3)/log(2) );

10 tau = zeros(1,max_clusternumber+1);
11 sig = zeros(1,max_clusternumber+1);
12 for j=0:max_clusternumber
13 M = 2^j; % Cluster-size being evaluated
14 tau(j+1)=M*tau0; % Cluster time τ
15 index = 0; % Index is the d vector index
16 d=zeros(1,floor(N/M)); % Cluster difference vector
17 for i=1:M:N−M+1
18 index = index + 1;
19 d(index)=sum(data(i:i+M−1))/M; % The average for a cluster, size m
20 end
21 sig(j+1)=sqrt(0.5*mean((diff(d(1:length(d))).^2)));
22 end
23 end

The function is designed to take a vector of data along with the used sampling frequency
as input arguments. The function supplies the values of τ as a vector and the Root Allan
Variance vector

√
σ2
A(τ) = σA(τ) as output. The allan.m file can be viewed on the project

CD.

Root Allan Variance plot curve

Having presented the method of implementing the AV calculation the next step is to use
the Root Allan Variance plot to identify the magnitude and nature of the noise processes
contained in the captured data. This is accomplished by plotting the Root Allan Variance,
σA(τ) as a function of correlation time τ in a loglog plot. The Root Allan Variance plot is
thus defined as a plot whose x axis is x = log(τ) and whose y axis is y = log(σA(τ)). An
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often used spacing of theτ values is M = 2j where j = 0,1,2,3... .

By examining the slope of the Root Allan Variance plot curve, it is possible to identify and
determine the magnitude of the different noise processes present in the captured data. In
figure 4.5 a standardized Root Allan Variance plot, containing several different noise processes
and their appurtenant curve slope is illustrated. The figure is a standardized representation
of how processes are represented in the Root Allan Variance plot and should be interpreted
as such.
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Figure 4.5: Standardized Root Allan Variance plot after [13, p. 71] - AV method

ARW and RRW coefficients

Two types of random processes which are know to be main contributors in MEMS gyroscopes
signal noise are Angular Random Walk (ARW) and Rate Random Walk (RRW). Equations
for calculating the AV related to these two noise processes are presented in the following
without derivation.

σ2
A,ARW (τ) = ARW 2

c

τ
and σ2

A,RRW (τ) = RRW 2
c τ

3 (4.17)

where ARWc is the variance coefficient at τ = 1 which intersects the −1/2 slope appurtenant
to the ARW noise process. RRWc is the variance coefficient at τ = 3 which intersects the
+1/2 slope appurtenant to the RRW noise process. The same approach, that has been
presented here, will be used in the process of identifying the noise processes contained in the
sensors used in the project.

The ARW and RRW process noises and their meaning is clarified next. The RRW coefficient
refers to random walk noise component in the gyroscope rate output signal. This random walk
is caused by accumulated errors in the mechanical dynamics of the sensor. This component
has a very small coefficient and therefore a dynamic in the low frequency band, and it cannot
be removed by classical filtering on board of the sensor. The gyroscope output rate signal
thus will drift due to the RRW process, in average by a quantity equal to RRWc ·

√
∆t where

∆t is the considered time duration.

The ARW component refers to a random walk noise in the angle signal. The angle is not
measured directly by the sensor, but it is obtained from the rate signal by integration. As
such, by saying the ARW noise process we are in fact referring to the white noise present
in the rate signal of the gyroscope. Given the ARWc coefficient of the gyroscope, we know
to find the standard deviation of the white noise in the rate signal also by using equation
(4.10). It is noted here that white noise at the rate signal, and correspondingly the ARWc

coefficient, will change when the signal is processed by low-pass or FIR filters.

In this section a overview of the AV method has been provided. Using simulated data the
computational methods and and the process of identifying noise processes in captured data
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has been presented. In appendix D on page 115 the theoretical basis for the method is
addressed in greater detail. The appendix also includes explanation of the connection of be-
tween the different noise processes and the Root Allan Variance plot as well as considerations
related to the accuracy of the method and test design.

4.3 Kalman Filter

The Kalman filter is a discrete algorithm that uses noisy measurements and an approximate
knowledge of dynamics to estimate the true internal behavior of the system in-run. The
measurements are coming from sensors, and the knowledge about the internal dynamics is
described with a linear and discrete state space model. The state-space model contains explicit
uncertainty information in the form of random variables. For a linear system, with Gaussian
and time-uncorrelated uncertainties and measurement noises, the Kalman filter gives, in a
theoretical context, the best possible estimation.

The Kalman algorithm is widely used in most fields of modern technology, embedded in
electronics products. The filter, in its most known form, is named after Rudolf E. Kalman,
a Hungarian-American electrical engineer, mathematical theorist and college professor who
first presented the method in 1960 in the article A New Approach to Linear Filtering and
Prediction Problems [15]. There is a large body of scientific work that both precedes and
follows the publication of this paper. For a short overview of the estimation problem and
history we can recommend the “Introduction” and “Scope and Objectives” sections from the
book “Stochastic Processes and Filtering Theory” by Jazwinski [14].

The Kalman algorithm is the solution for an estimation problem that can be described as
follows. A linear system whose properties of interest are changing over time is observed
with discrete-timed sensors. The measurements are corrupted by random noise. Using the
available measurements, both the current and the sequence of past ones, it is desired to com-
pute numerical values for a set of system properties that are of interest. These properties are
called the system states, and may be the same as the one measured by sensors, or/and hidden
properties that are not directly observed or measured. Besides the available measurements,
the Kalman filter uses generic knowledge about evolution in time (or dynamics) of the system
states, which needs to be given as a mathematical description with both deterministic and
stochastic components.

Since the Kalman algorithm combines data from different sensors to make the estimation,
it is a natural choice for sensor fusion problems. A system would typically be observed
with a set of heterogeneous sensors to measure different properties. For the multi-MEMS
problem studied in the project, the Kalman filter is used to combine measurements from a
homogeneous sensor configuration.

As a recursive algorithm, the Kalman filter uses the states estimation obtained at the previous
step, k − 1, and the dynamic model, to make a prediction for the state at the time step k.
This prediction is combined with the new measurement at time k by a factor that reflects
the ratio between the uncertainty in the modeling and the sensor noise. All the operations
are linear with respect to the entire set of measurements: matrix and vector additions and
scalings with independent matrix factors. The estimate is better than both the prediction
and the measurement, and importantly, its uncertainty can be explicitly calculated.

4.3.1 Framework of the method

The knowledge about the evolution in time of the states xk ∈ Rn needs to be described as
a discrete time process and in state-space form. The state space form is a first order linear
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matrix difference equation.

xk+1 = Φxk + Γwk (4.18)

with discrete measurements z ∈ Rm given by a liner algebraic dependence:

zk = Hxk + vk (4.19)

The terms wk ∈ Rn and vk ∈ Rm are random vectors. Because of the wk and vk components,
state xk and measurement zk are also random vectors. Matrices Φ, Γ and H are given and
of appropriate sizes to be comfortable in the equations. They represent respectively the
dynamics matrix, the noise input matrix and the measurement matrix.

wk includes the contributions of modeling uncertainties and of uncontrollable disturbances
that affect the evolution in time of the state vector. vk is the additive measurement noise
that affects the sensor data. Both wk and vk are vector random variables, with a Gaussian
distribution. Their mean is 0n and 0m respectively.{

p(wk) ∼ N (0, Qk)
p(vk) ∼ N (0, Rk)

(4.20)

Qk and Rk are the covariance matrices corresponding to the wk and vk random vector
variables respectively, and will be described in more detail in section 6.5. In the general case
Qk and Rk can be time-varying, but in the following are considered constant.

The time sequences [w0,w1, ...] and respectively [v0,v1, ...] are white, meaning independent
in time. Taking noise w as example, the probabilities in the sequence are not conditioned of
each other

p(wk1 |wk2) = p(wk1), ∀k1 6= k2 (4.21)

and implicitly, not correlated:

Cov(wk1 ,wk2) = 0, ∀k1 6= k2 (4.22)

When this condition is not met, for example the measurement noise is correlated in time, a
shaping filter can be designed [10] and the state space model is augmented to include the
states of the shaping filter. The new model will now fulfill the whiteness condition.

Furthermore, wk and vk are assumed to be independent of each other, Cov(wk,vk) = 0.
Derivation and results of the Kalman filter with correlated process and measurement noise
can be found in literature, for example [14], but will not be addressed in this thesis.

Before start, the filter must know the initial state, given as a Gaussian random variable with
known mean x0 and covariance matrix P0.

If the initial state, the system or measurement noises are not Gaussian, the Kalman filter
can still be applied to the linear system and will be the best linear estimator based on the
model and measurement, however it is not guaranteed to be the optimum. If the noises are
not Gaussian, the best estimation may be a design that is non-linear in the measurements.

The following specific properties of the Gaussian distribution guarantee that a linear combi-
nation of the measurements is at any time the best estimate for the true state of the system.

• In general, to fully describe a random variable, the density or distribution function needs
to be known. In the case of a Gaussian random variable, either scalar or vector, the
probability function can be written explicitly and it depends only on two parameters:
the mean and the variance.

• A linear combination of Gaussian random variables is itself Gaussian. Thus, the state
of the system, xk, a random variable, is Gaussian and also the measurement zk.
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• The conditional probability of two Gaussian random variables is also Gaussian, and the
conditional expectation is linear in the observed variable,

E〈X|Y 〉 = f(Y ) = a+BY (4.23)

where a is vector of the same size as the random variable X and B is matrix of corre-
sponding size to be multiplied with random vector Y and yield a result in the size of
X. Both a and B are deterministic values.

The filter problem is to find a good approximation of the system vector state xk, given
that all the required elements of the state-space model and of the noises are known, and
also knowing the sequence of measurements Zp = {z1, z2, ..., zp}. In the estimation case
p = k. When p < k the problem is called prediction, and when p > k the problem is called
smoothing. The smoother problem appears later in the project and an algorithm is discussed
in the next section.

Finally, it is noted that the performance of the Kalman filter depends in a great measure on
the validity of the system model. The successful implementation of the Kalman filter requires
that the model is a sufficiently accurate representation for the real system.

4.3.2 On the derivation

There are different methods for deriving the recursive equations Kalman filter. In the thesis
appendix chapters two derivations are presented in more detail.

The Kalman equations can be given an especially consistent interpretation when they are
derived in a probabilistic approach. In the stochastic filtering theory, the solution of the
estimation problem is a conditional probability function. This conditional probability func-
tion is also the solution for the more general estimation problem of a non-linear system and
non-Gaussian random distributions.

Because the state xk is a random variable, the probability density function is a complete char-
acterization for it. Knowledge of the measurements is included by introducing conditioning.
The filter is completely know if the conditional probability density function,

p(xk|z1, . . . , zk) = p(xk|Zk)
= f(model,x0,Zk) (4.24)

can be determined or calculated. This is done starting with the known distribution of the
initial state and propagating the conditional density function through the system model.

Next, when the conditional probability density function of xk is known, using a goodness
criteria, a point-value can be chosen from the distribution as the estimate x̂k, and its quality
as an estimate can be evaluated based of confidence intervals. In the linear Gaussian case,
the estimate is always taken to be the mean of the conditional distribution, and the numerical
measure for the quality of the estimate is given by the conditional covariance matrix. The
covariance matrix of the estimate contains on the diagonal the variances of the states.

Since the random variables in the system are Gaussian, the probabilities are completely
determined by the mean and the covariance matrix. However propagating the conditional
covariance is complicated and a more detailed discussion is not considered, an interesting
material on the subject is [14].

Another approach is to start with a linear recursive formulation and express the estimate
at time step k as a sum of two components: a state prediction that is a propagation of the
previous estimate x̂k−1 through the model and a weighted contribution from the current
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measurement vector. {
x̂−k = Φxk−1

x̂+
k = x̂−k +Kkzk

(4.25)

The matrix K is then determined by searching a minimum for the estimate error in the prob-
ability space with the help of the Orthogonality principle\Orthogonal projections theorem.
The theorem can be proved by defining a Hilbert space over the random variables with finite
variance, where the scalar product between two elements is the expectation operation. As
such, the theorem has also an intuitive geometric interpretation.

The recursive equations of the Kalman filter can also be determined using a least-square
approach.

4.3.3 Mean and Covariance propagation

Given the initial state vector x0 known as a random Gaussian variable with mean x̄0 and
covariance P0, it is of interest to consider the evolution of the state as a random variable
through the model, in the absence of measurements. This provides general information about
the behavior of the model, showing if an unknown initial uncertainty grows or decreases
though propagation. It is also needed in the prediction step of the filter.

The evolution of the state mean, a deterministic value, is governed by a linear algebraic
equation in matrix Φ. If the matrix Φ would be strictly stable, with poles inside the unit
circle, the mean of the random state would converge to 0 over time.

xk+1 = Φxk + Γwk ⇒
E〈xk+1〉 = ΦE〈xk〉+ 0 (4.26)

The evolution law for the covariance, Cov(xk+1), can be obtained by applying definitions
and the linearity property of the expected operator.

xk+1 = Φxk + Γwk |Cov⇒
Cov(xk+1) = E〈[Φxk + Γwk − ΦE〈xk〉][Φxk + Γw(k − 1)− ΦE〈xk〉]T 〉

= E〈[Φxk + Γwk − ΦE〈xk〉][xTk ΦT + wTk ΓT − E〈xk〉TΦT ]〉
= E〈[Φx̄k + Γwk][x̄Tk ΦT + wTk ΓT ]〉
= E〈Φx̄kx̄Tk ΦT + Γwkx̄Tk ΦT + Φx̄kwTk ΓT + ΓwkwTk ΓT 〉
= E〈Φx̄kx̄Tk ΦT 〉+ E〈Γwkx̄Tk ΦT 〉+ E〈Φx̄kwTk ΓT 〉+ E〈ΓwkwTk Γ〉
= ΦCov(xk)ΦT + 0 + 0 + ΓCov(wk)ΓT

= ΦCov(xk)ΦT + ΓQΓT (4.27)

Using the notation Pk = Cov(xk), it can be written:

Pk+1 = ΦPkΦT + ΓQΓT (4.28)

The evolution of the covariance is determined also by a linear algebraic equation that depends
on the matrices Φ and Γ and Q.

4.3.4 Kalman filter equations

Each recursive step k of the Kalman filter has two parts: a prediction and an update. In the
predict step, the estimate from the previous iteration k − 1 is propagated though the model
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in (4.30) to obtain x̂−k , the a priori estimate. Based on this a priori estimate, a measurement
prediction ẑk is made using the observation equation of the model in (4.29). The uncertainty
of the estimate at k−1 is known by the covariance matrix P+

k−1. By propagating this matrix
thorough the state-space model based on relation (4.28) derived in the previous section, the
covariance of the a priori estimate, P−k is calculated in (4.31).

Predict step:


ẑk = Hx̂−k

x̂−k = Φx̂+
k−1

P−k = ΦP+
k−1ΦT + ΓQΓT

(4.29)
(4.30)
(4.31)

In the update step, a new measurement zk becomes available and the a priori estimate must
be combined with this new information. The optimum linear solution is to take the residual
between the actual measurement and the predicted one ẑk, also called the innovation, scale
it with a matrix K and add it as a correction to the a priori estimate. The result is the a
posteriori estimate x̂+

k in (4.32). The matrix K is called the Kalman gain and is the key of
the optimization. It is constructed to actively balance between the the noise levels of the
sensor data and the uncertainty of the a priori estimate, weighing the uncertainty of the
sensors versus the uncertainty of the prediction to make the best combination of the two. It
also transforms the measurement residual vector into a compatible state vector contribution.

Update step:


x̂+
k = x̂−k +Kk(zk − ẑk)

Kk = P−k H
T (HP−k H

T +R)−1

P+
k = (I −KkH)P−k

(4.32)
(4.33)
(4.34)

Finally, the covariance of the a posteriori estimator is P+
k . Equation (4.34) updates the

covariance to reflect the modification (decrease) in the uncertainty after the information
from the new measurement has been used to update the a priori estimate.

The recursive Kalman filter is the optimum solution for the theoretical estimation problem
with a linear system and the Gaussian noises. This is guaranteed by the fact that the filter
keeps complete information of the random state of the system: the mean and the variance,
and it can explicitly propagate the Gaussian probability density through the system and
compute the measurement conditioning. The estimate is chosen as the peak/mean of the
Gaussian probability density, which is the optimum point for both minimum variance and
maximum likelihood or any other reasonable criteria of interest.

Joseph form for the covariance update

The general equation for the covariance update is the Joseph form:

P+
k = (I −KkH)P−k (I −KkH)T +KkRK

T
k (4.35)

Equation (4.34) is a particular form, obtained by considering optimum gain Kk expression.
In the Kalman implementation, the Joseph’s form is used to help compensate numerical
round-off errors and other approximations that would make the computed Kk not to be the
theoretical optimum.

The Kalman equations can be derived and re-written in different equivalent ways, the above
implementation is an often used choice that provides a good balance between equation read-
ability and adequate numerical performance. More numerically stable algorithms are for
example the square-root form [10].

Generic implementation

The following MATLABr code is a generic implementation of the Kalman filter.
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1 function [ x_est, r ] = kalman_generic( meas, model_d, x0, P0)
2 N = length(meas);
3 Phi = model_d.Phi;
4 Gamma = model_d.Gamma;
5 H = model_d.H;
6 Q = model_d.Q;
7 R = model_d.R;
8 n = size(Phi,1);
9 m = size(H,1);

10 Q_= Gamma*Q*(Gamma');
11 % MATLAB preallocation
12 x_est = zeros(n,N+1);
13 r = zeros(m,N); % Sequence of residuals
14

15 x_est(:,1) = x0; % Initial state estimation
16 P = P0; % Initial covariance
17

18 for k=1:1:N % Kalman filter recursive equations

19 x = Phi*x_est(:,k); % Predict the state x̂−
k

20 z = H*x; % Measurement prediction ẑk
21 P = Phi*P*(Phi.') + Q_; % A priori error covariance P−

k

22 K = P*H'/(H*P*H'+R); % Compute the Kalman gain Kk
23 r(:,k)= meas(k,:) − z; % Residual (or innovation)

24 x_est(:,k+1) = x + K*r(:,k); % Update estimate with measurement x̂+
k

25 %P =(eye(Ns+1)−K*H)*P; % Update error covariance P+
k

Standard Form

26 P=(eye(n)−K*H)*... % A posteriori error covariance P+
k

Joseph Form

27 P*(eye(n)−K*H)'+ K*R*(K');
28 end

4.3.5 Riccati equations

The uncertainty of the Kalman estimate can be further analyzed by studying the covariance
equations. The uncertainties of the a priori estimates are given by the covariance matrix
sequence P−k and those of the a posteriori estimate are given by the the covariance sequence
P+
k .

It can be noticed that the covariances and the Kalman gain computations do not depend on
the particular measurement values, they are intrinsic properties of the system and depend
only on model parameters. Since the covariance expresses the uncertainty of the estimate,
the filter performance can be calculated and analyzed in the design phase.

Furthermore, the a posteriori estimate covariance equation (4.34) can be rewritten in a
standalone recursive form in variable P+ by replacing the expression of P−k and Kk. The
following notation is used next for simplification:

Q̄ = ΓQΓT (4.36)

P+
k = (I −KkH)P−k

=
(
I − (ΦP+

k−1ΦT + Q̄)HT [H(ΦP+
k−1ΦT + Q̄)HT +R]−1H

)
(ΦP+

k−1ΦT + Q̄)

= ΦP+
k−1ΦT − (ΦP+

k−1ΦTHT + Q̄HT )[HΦP+
k−1(HΦ)T + . . .

. . .+HQHT +R]−1(HΦP+
k−1ΦT +HQ̄) + Q̄ (4.37)

Similarly, the a priori estimate covariance equation (4.34) can be rewritten in a standalone
recursive form in variable P− by replacing the expression of P+

k−1 and Kk.

P−k = ΦP+
k−1ΦT + Q̄

= Φ(I −Kk−1H)P−k−1ΦT + Q̄

= ΦP−k−1ΦT − ΦP−k−1H
T (HP−k−1H

T +R)−1HP−k−1ΦT + Q̄ (4.38)
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The evolution in time of the covariance matrices is of interest, and a special case is when the
the case when they converge over time to a bounded value. By replacing both the terms Pk
and Pk+1 with a single unknown matrix X = P∞, an algebraic equation is obtained from the
dynamic one. The general form of the discrete algebraic Riccati equation is:

ETXE = ATXA− (ATXB + S)(BTXB + V )−1(BTXA+ ST ) +W (4.39)

The a posteriori equation is a particular case of discrete Riccati algebraic equation where
E = I;A = ΦT , B = ΦTHT , S = Q̄HT , V = R,W = Q̄ by noting that matrix Q̄ is symmetric
by construction since Q is a covariance matrix. Similarly, the a priori algebraic equation is
a particular case of Riccati equation where E = I;A = ΦT , B = HT , S = 0, V = R,W = Q̄.

Under certain conditions, the algebraic Riccati equation is guaranteed to have a relevant
solution, P. It is sufficient to look only at the a priori equation, since the solution of the
a posteriori equation can then be obtained by (4.34). A common form and notation of the
discrete Riccati algebraic equation is:

P = ATPA− (ATPB)(BTPB +R)−1(BTPAT ) +Q (4.40)

P is a relevant solution if it is semi-positive definite, so that it can be a covariance matrix
for a real system, and if stabilizes the filter matrix (I − KH)Φ, which is discussed in the
next section. There are theorems that state both necessary and sufficient conditions for the
existence of relevant solutions for the algebraic Riccati equation, and also for uniqueness. We
can recommend NI [18] as a concise summarizing article for the continuous algebraic Riccati
equation. The presentation here is not rigorous, but highlights an important point in the
context of the project:

A necessary condition for the existence of a relevant solution P is that the matrix pair (Φ, H)
is detectable.

The second necessary condition requires that eigen values of the system matrix Φ which are
on the margin of stability, the unit circle, must be controllable. If these necessary conditions
are met, they are also sufficient to guarantee at least one solution P, and the sequence Pk of
uncertainties from the Kalman filter will converge to one of the semi-positive matrix solutions
P . For uniqueness, the second necessary condition becomes slightly stronger, requiring that
the matrix pair (Φ, Qc) is stabilizable, where Qc is the Cholesky decomposition of matrix Q,
Q = QcQ

T
c .

The actual solution P of the Riccati algebraic equation cannot usually be expressed in a closed
form except for simpler and more particular cases, however it can be calculated numerically.
When it exists, the MATLABr function dare() can compute the unique stabilizable solution
of the discrete Riccati algebraic equation.

It is noted here, that the useful algebraic Riccati equation also appears in the study of the
Linear-quadratic-Gaussian control problem (LQG), which is has a formulation duality with
the linear-quadratic estimation problem, i.e. the Kalman filter.

4.3.6 Convergence of the filter

The Kalman filter can be considered as a system. The state of the filter is the estimation
error, and the dynamic equation can be expressed in the following way:

x̂+
k − xk = x̂−k +Kk(zk − ẑk)− xk

= Φx̂+
k−1 +Kk(Hxk + vk −Hx̂−k )− Φxk−1 − Γwk−1

= Φ(x̂+
k−1 − xk−1) +Kk(HΦxk−1 +HΓwk−1 −HΦx̂+

k−1) +Kkvk − Γwk−1

= Φ(x̂+
k−1 − xk−1) +KkHΦ(xk−1 − x̂+

k−1) +KkHΓwk−1 − Γwk−1 +Kkvk
= (I −KkH)Φ(x̂+

k−1 − xk−1) + (KkH − I)Γwk−1 +Kkvk
εk = (I −KkH)Φεk−1 − (I −KkH)Γwk−1 +Kkvk (4.41)

31/139



4.4. State Smoother

If the filter system is stable, by definition, the state ε̂k will tend to 0 over time. Thus the
filter estimation will converge to the real state.

As noted in Jazwinski [14], derivation of the Kalman filter uses conditions for optimality that
do not necessarily imply stability. Stability must be addressed separately.

If the algebraic Riccati equation has solution, P−∞ = P− can be used to compute a constant
Kalman gain:

K = P−HT (HP−HT +R)−1 (4.42)

The constant expression is helpful for implementation as it reduces the complexity of the
calculations performed. The filter equations are greatly simplified:

x̂+
k = Φx̂+

k−1 +K(zk −HΦx̂+
k−1)

= (I −KH)Φx̂+
k−1 +Kzk (4.43)

The Kalman constant gain also creates a stable (I −KH)Φ matrix. The minimum variance
gain sequence is Kk and will converge to K. Using Kalman gain at the start of the filter
might not be the optimum, however in many cases, the filter can be run directly with the
constant K gain matrix, also through the transitory period, without affecting the stability
or performance of the estimation. It is also possible to start the filter in the recursive form,
and after a determined number of steps k to switch to the constant gain formula.

4.4 State Smoother

In the previous section the optimal a posteriori state estimate has been addressed as a key
element in the Kalman filter. The a posteriori state estimate x̂+

k at time k, is the state
estimate x̂ at time k based on all observations z up to and including k i.e.

x̂+
k = x̂k|k ' E[xk|z1, . . . , zk] (4.44)

This in short means that the state estimate generated by the Kalman filter, only depends
on past and present observations. An alternate notation regarding the samples to which the
estimate is conditioned is introduced as estimates are now conditioned on both past, present,
and future observations.

A situation where future observations are accessible can however easily be imagined. Such
situations can be imagined only for off-line estimation problems or for on-line problems where
delays can be tolerated. Since additional observations are accessible in these situations, there
is no reason why these observations should not be incorporate in the estimation of x and
thereby obtain a more refined estimate. The problem can be described as follows

x̂k|j ' E[xk|Zj ] where j > k (4.45)

Such estimators, which consider both past, current and future observations are called smoothers
and can be divided into three general three types [9, sec. 4.13].

• Fixed point smoothing
The state estimate x̂ at a fixed time instance k is continuously updated as new obser-
vations become available, that is estimate x̂k0|k for k = k0, k0 + 1, . . .. The quality of
the estimate increases as more and more observations are considered.

• Fixed lag smoothing
The state estimate x̂ at time instance k is calculated based on fixed number of future
observations c, where the time index k continuously changes as new observations become
available. The lag c is a scalar constant, that describe number of future observations
included in the estimate, i.e. the estimate is x̂k|k+c for k = 0, 1, . . ..
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• Fixed interval smoothing
A sequence of state estimates {x̂1|N , . . . x̂N |N} is calculated based on a fixed interval of
observations [z1, . . . , zN ]. That is the estimate is x̂k|k0 for k = 0, . . . , k0.

The reasoning of implementing a smoother in this project is to refine the state estimate, given
that a prolonged recording of the gyro board output signal has been acquired. This approach
is used in relation to identifying the process and measurement noise covariance matrices Q
and R respectively. In the following section we present the smoothing algorithm used in this
project.

4.4.1 Rauch-Tung-Striebel Smoother

The smoother implemented in this project is a Rauch-Tung-Striebel (RTS) smoother, which
is a special implementation of a fixed interval smoother. The motivation for using this
particular smoother type is that it enables re-usage of the Kalman filter as described in 4.3
and that the EM algorithm uses intermediate results from the smoother. The EM algorithm
is used in the process of investigating the existence of sensor noise correlations in chapter 11
on page 85. process and measurement noise covariances.

The RTS smoother works in two distinct steeps as presented by [9].

• Forward Pass: Based on the observation sequence {z1, z2 . . . , zN}, with a standard Kalman
filter compute the standard a posteriori estimates x̂k|k and Pk|k.

• Backward Pass: Using the intermediate results from the forward pass {x̂1|1 . . . , x̂N |N} and
{P1|1 . . . , PN |N}, calculate x̂k|N as

x̂k|N = x̂k|k + Lk
(
x̂k+1|N + Φx̂k|k

)
(4.46)

Pk+1|k = ΦPk|kΦT +Q (4.47)

Lk = Pk|kΦT
(
Pk+1|k

)−1 (4.48)
Pk|N = Pk|K + Lk

(
Pk+1|N − Pk+1|k

)
LTk (4.49)

x̂k|N and Pk|N are the smoothed state vector and state covariance at time step k. Lk is the
smoother gain at time step k, which specify to what degree the smoothed estimate should be
corrected at time step k. The recursion is started from from the last time instance N with
x̂k|N = x̂N |N and Pk|N = PN |N .

The RTS smoother is easily implemented in MATLABr, as illustrated in the following. The
function rts.m only implements the backwards pass. The forward pass is implemented by
the standard Kalman filter.

1 function [Sx,SPpost,L] = rts(x,P,Phi,Q)
2 % function [xest,P,L] = rts(xest,P,Phi,Qest)
3

4 % INPUTS: xest: Ns ×N matrix of N state estimate from Kalman filter, x̂k|k.

5 % P: Ns ×N matrix of N noise covariance from Kalman Filter, Pk|k.

6 % Phi: Ns ×Ns state transition matrix, Φ.
7 % Q: Ns ×Ns process noise covariance matrix, Q.
8 % OUTPUTS: xest: Smoothed state sequence, xk|N
9 % P: moothed covariance sequence, Pk|N

10 % L: Smoother gain sequence, Lk
11

12 Ns = size(x,1); % Size of data set Ns
13 N = size(x,2); % Length of data set N
14 L = zeros(Ns,Ns,N); % Empty Smoother gain L
15 SPpost = zeros(Ns,Ns,N); % Smoothed covariance Pk|N
16 SPpost(:,:,N) = P(:,:,N); % Initeal condition Pk|N = PN|N
17 Sx = zeros(Ns,N); % Smoothed state vector xk|N
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18 Sx(:,N) = x(:,N); % Initeal condition x̂k|N = x̂N|N
19 for k=(size(x,2)−1):−1:1 % Decreasing index
20 Ppri = Phi * P(:,:,k) * Phi' + Q; % Pk+1|k
21 L(:,:,k) = P(:,:,k) * Phi' / Ppri; % Smoother Gain Lk
22 Sx(:,k) = x(:,k) + L(:,:,k)*... % x̂k|N
23 (Sx(:,k+1) − Phi*x(:,k));
24 SPpost(:,:,k) = P(:,:,k) + L(:,:,k)*... % Pk|N
25 (SPpost(:,:,k+1) − Ppri)*L(:,:,k).';
26 end
27 end

The function file rts.m is designed to take four inputs, the main being the estimated state
vector x̂k|k and the estimated noise covariance matrix Pk|k for the collective sequence of
estimates. The function also takes discrete state transition matrix Φ and the process noise
covariance matrix Q. The function provides the smoothed state vector x̂k|N and covariance
matrix Pk|N . The MATLABr function file rts.m can be viewed on the project CD.

In this section an overview of the RTS smoother has been provided. The smoother has been
presented as a addition to the Kalman filter which refines the state estimate by considering
the collective observation set given a finite data set.

4.5 Noise Correlations

In section 4.3 on page 25 it has been discussed how to obtain optimal a posteriori state
estimate using the Kalman filter. When implementing the Kalman filter the quality of this
estimate, to a large degree depends on the following filter parameters.

• Initial state x

• Initial error covariance matrix P

• System noise covariance matrix Q

• Process noise covariance matrix R

• System model

As the initial state x and initial error covariance matrix P are updated as the filter runs, the
tuning of these parameters are less important to the filer performance. If the system model
sufficiently models the dynamics of the system, the only tuning parameters are the system
and process noise covariance. In most systems the value of these parameters are found trough
hand tuning with acceptable results.

In this project this approach is however not a feasible solution, as the underlying assumptions
of the project entail, that the process and measurement noise covariance matrices are known
prior to filter implementation. The underlying assumption in the project is, that the process
and measurement noise for the individual sensors are correlated, i.e. the value of the off-
diagonal elements in the covariance matrices are nonzero.

To the groups knowledge no dedicated analysis on the existence of such correlations is avail-
able in literature. A method of estimating the off-diagonal elements in the process and
measurement noise covariance matrices must be designed and implemented, to validate the
existence of such correlations. The method utilized in this project is the Expectation Max-
imization (EM) method. The EM has been used by [1] and [16] in relation to estimating
process and measurement noise covariance matrices with success. In the following an overview
of the EM method and the framework under which it is applied, is presented.
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4.5.1 Expectation Maximization

The EM method is a iterative parameter estimation algorithm that, under certain conditions,
will converge to parameter values at a local maximum of the likelihood function. As such it
falls into the framework of maximum-likelihood estimation and is used in situations where
part of the data can be considered to be incomplete or hidden.

Consider a finite sequence of d-dimensional vectors Z = {z1, z2, . . . zN} which are independent
and drawn from the distribution p. The density function p(z|Θ) is governed by a set of
parameters Θ i.e. p might be a set of Gaussians and Θ might be the means and covariances.
The resulting density for the sample will be:

p(Z|Θ) =
N∏
i=1

p(zi|Θ) = L (Θ|Z) (4.50)

The function L(Θ|Z) is the likelihood function i.e. the likelihood of the parameters given the
observed data. In this way the likelihood can be thought of as a measure of the likelihood
of a set of parameter values given a sequence of observations. In the maximum likelihood
problem the objective is to find a set of parameters Θ̂ that maximizes L i.e.

Θ̂ = arg max
Θ

L (Θ|Z) (4.51)

In many situations it is easier to work with the log-likelihood log(L(Θ|Z)). The reasoning
for using the log-likelihood is that it is easier to maximized than the likelihood, which is a
property utilized in the EM method.

Consider a sequence of observation vectors {z1, z2, . . . zN}, each consisting of Ns rate mea-
surement from the project gyroscopes i.e. zi = [z1,i, z2,i, . . . zNs,i]

T . The distribution p which
the observation vector is drawn from is governed by the process and measurement noise co-
variance matrices. The parameters of Q and R can, in accordance with the above presented,
be estimated by performing the following maximizing:(

Q̂, R̂
)

= arg max
Q,R

log L (z0, . . . , zN |Q,R,Model) (4.52)

The EM algorithm uses the smoothed state estimate x̂k|N and covariance Pk|N as presented
in section 4.4 on page 32. The EM algorithm iteratively arrives at a local maximum of the
likelihood function by applying two distinct steps to the RTS smoother output. In the first
step, known as the E step, the expectation of the log-likelihood evaluated using the current
estimate for the latent variables. In the second step, know as the M step, the parameters
maximizing the expected log-likelihood found in the E step are computed. These estimates
are then used to determine the distribution of the latent variables in the next E step. Using
the newly estimated parameters, the smoothing operation is repeated to generate a new
sequence of smoothed state estimates to which the EM algorithm can be applied.

In the following the concept of the EM algorithm are illustrated. The equations used to
update the noise covariance matrices are presented without derivation [1]. Notice that the
equations condense the E and M step into a single operation.

• Initialize Q̂ and R̂ with initial guess

• Run Kalman Filter and obtain x̂k|k and Pk|k

• Run RTS smoother and obtain x̂k|N , Pk|N and Lk
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• Update Q̂ and R̂ as follows [1]

Q̂ = 1
N

N−1∑
k=0

(
x̂k+1|N − Φx̂k|N

) (
x̂k+1|N − Φx̂k|N

)T + ΦPk|NΦT + . . .

. . .+ Pk+1|N − Pk+1|NL
T
k ΦT − ΦLkPk+1|N (4.53)

R̂ = 1
N + 1

N∑
k=0

(
yk − Cx̂k|N

) (
yk − Cx̂k|N

)T + CPk|NC
T (4.54)

The iteration is repeated until parameter convergence. One method of detecting convergence
is to compute the value of the state estimate log-likelihood after each iteration and stop
iterating when performance in not increased significantly from one iteration to the next [21].
The process of calculating the state estimate log-likelihood is addressed in the following
section

State Estimate log-likelihood

The state estimate log-likelihood is a standard method of evaluating the performance of
Kalman filters. The method is based on calculating the likelihood of the estimates, based on
the observation sequence {z1, z2 . . . , zN}.

The equations for calculating the state estimate log-likelihood are presented here without
derivation [16].

P(z0, z1, . . . , zN ) = P(z0)P(z1|z0)P(z2|z0:1) . . .P(zN |z0:N−1) (4.55)

=
M∏
k=1

1
(2π)d/2|S|1/2 e

− 1
2 (zk+1−ẑk+1|k)TS−1(zk+1−ẑk+1|k) (4.56)

=
M∑
k=0

{
log
(

1
(2π)d/2|S|1/2

)
− 1

2
(
zk+1 − ẑk+1|k

)T
S−1(zk+1 − ẑk+1|k)

}

=
M∑
k=0

{
−d2 log(2π)− 1

2 log(|S|)− 1
2
(
zk+1 − ẑk+1|k

)T
S−1(zk+1 − ẑk+1|k)

}

where d is the dimension of the observation vector z, S = CPk+1|kC
T + R and |S| is the

determinant of S. The log likelihood is used in the process of evaluating to what degree the
state estimation is improved for each iteration of the EM algorithm. This in effect becomes a
measure that indicate whether or not the covariance estimates are improved at each iteration.
If the performance is not increased from one iteration to the next the estimate is assumed to
have converged.

In should be noted that there is no guarantee that the estimate will converge to a global
maximum and the algorithm should be run several times using different initialization. In
the following implementation of the EM algorithm the initialization of the estimated noise
covariances Q and R are generated using the function sim_rand_correlations.m. The func-
tion provides a random correlation matrix for the process noise w(t) and measurement noise
v(t), based on a normal distribution. The function sim_rand_correlations.m is addressed
in chapter 6 on page 49. The generated correlation matrices are transformed to covariance
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matrices using the following transform:

Q̂ =

σw,1 · · · 1
... . . . ...
1 · · · σw,Ns

 ·Qcorr ·
σw,1 · · · 1

... . . . ...
1 · · · σw,i

 (4.57)

R̂ =

σv,1 · · · 1
... . . . ...
1 · · · σv,Ns

 ·Rcorr ·
σw,1 · · · 1

... . . . ...
1 · · · σw,Ns

 (4.58)

where Ns is the number of gyroscopes considered and σw,i and σv,i are the standard deviation
for the process and measurement noise of the individual gyroscopes. The value of these two
parameters can be obtained using the AV method as described in section 4.2 on page 22.

In the following the implementation of the MATLABr Expectation Maximization (EM)
algorithm is presented. The function corrident.m is designed to take four inputs the main
being the data to be processed, the minimum number of the number of iterations used,
and the number of individual initializations. The function also takes the standard deviation
for the process and measurement noise as additional input arguments. In addition a plot
flag can be provided so that the state log-likelihood is plotted for each iteration. The plot
is a good measure of whether or not the estimate has converged. The function provides
the estimated process and noise covariances Q̂ and R̂.The MATLABr implementation of
the EM algorithm described above is used in the process of investigating the existence of
noise correlations between the project gyroscopes. The process of applying the function to
data captured from the gyroscopes and evaluating the results are presented in chapter 11 on
page 85.

In this section an overview of the EM method, as it applied in this project, has been provided.
The method equations have been presented without derivation along with the MATLABr im-
plementation of the EM algorithm. The state estimate log-likelihood has been presented and
implemented as a method of evaluating the convergence of the noise covariance estimates.

Chapter Conclusion

In this chapter a overview the methods used in this project have been presented. The
theory of the methods has been presented in a condensed fashion while maintaining the
main elements and relevances to the project. The objective of the chapter has not been an
exhaustive analysis of the used methods, but to provide the reader with a clear understanding
of the project plan of action and relevant methods. Method relevant theory and additional
considerations, that where omitted in this chapter, can be found in the project appendices.
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Chapter 5

MEMS Gyroscope Modeling

In this chapter the process of modeling the MEMS gyroscopes contained in the gyro board are
presented. The chapter focus on modeling the stochastic characteristics of the gyroscopes.
The chapter is divided into three main sections that address the different steps related to
modeling the gyroscopes. In the first part a widely accepted method of modeling MEMS
gyroscopes is presented as a point of reference. In the second part the project gyroscopes are
characterized using the AV method and additional methods of signal analysis. The third and
final part address the implementation and validation of a stochastic model, that model the
characteristics of the project gyroscope.

For an ideal sensor, the sensor output is identical with that of the measured quantity of
interest. For MEMS gyroscopes, which are rate measuring devices, the ideal sensor can be
described as follows

z(t) = c · ω(t) (5.1)

where z(t) is the gyroscope output, often in units of volts and ω(t) is the true rate, often in
units [◦/s]. The parameter c is a scalar constant, a proportionality term in appropriate units,
whose value is given in gyroscope data sheet. In the following c=1 is assumed or equivalently
that the measurement z(t) has been already been transformed according to z(t)/c, and now
has the same unit as the measured property, i.e. [◦/s].

The model described above is a poor approximation for most real gyroscopes, where a num-
ber of errors cause the sensor output to differ in several ways from the measured quantity of
interest. These errors, which can either be deterministic or random in nature, often render
the relation between z(t) and ω(t) significantly more complicated, than a simple propor-
tional term. Deterministic errors, which among others include temperature dependencies,
scale factor and constant biases, can normally be damped or removed with internal compen-
sation. In example the project sensor [3] is compensated for different performance at different
temperatures. For random errors, internal compensation is not an option as the errors are
not deterministic, and as such can not be identified before they occur. The random errors
are often related to external disturbances, forces, vibrations, or electric noise affecting the
interface circuits [13].

5.1 Generic MEMS Gyroscope Model

One of the main sources of random errors in MEMS gyroscopes is white measurement noise
at the gyroscope output. The effects of this error, in terms of limited accuracy at the rate
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level, may be acceptable if rate is indeed the state of interest. However most often the angle
and not the rate is the state of interest and this renders the effects of the measurement noise
much more evident. By integrating the measured rate the effects of the measurement noise is
accumulated and manifested as a random walk at the angle level. Due to this close coupling
between the measurement noise and the angle, the measurement noise is often refereed to
as Angular Random Walk (ARW). Another main sources of error in MEMS gyroscopes are
due to small changes in the gyroscope bias, which changes over time as a random walk.
As the error is manifested at the rate level, this error is often refereed to as Rate Random
Walk (RRW).

In accordance with the above presented error sources, widely accepted MEMS gyroscopes
model is presented in the following. The presented model includes both the effects of ARW
and RRW, that is measurement noise and a slowly changing bias at the gyroscope rate level.
The model is given as follows

z(t) = ω(t) + b(t) + v(t) (5.2)
ḃ(t) = w(t) (5.3)

where z(t) is the gyroscope output, ω(t) is the true rate, b(t) is a slowly changing bias driven
by the white noise w(t) and v(t) is white measurement noise. The two white noise processes
w(t) and v(t) are assumed to have different variance. The units for the bias b(t) is [◦/s] and
[◦/s2] for the white noise w(t).

Together, equations (5.2) and (6.3) make up the generic stochastic MEMS gyroscope model,
that will be used in simulations throughout the thesis. The purpose of this model is not
perfectly characterize a single sensor, but to establish a adequate MEMS gyroscope model,
that include the predominant random noise processes. To this extent the generic model is
considered a minimum representation of the stochastic characteristics of a MEMS gyroscope.

One of the key aspects of this thesis is to investigate methods of combining measurements
from multiple MEMS gyroscopes into a single rate estimate. For this process a represen-
tative model of the MEMS gyroscopes used in the project must be developed. The model
is developed through examination of the stochastic characteristics of the gyroscopes output
signals. In the following the process of characterizing the stochastic properties of the project
gyroscopes is decried.

5.2 Allan Variance Analysis

As presented in the methods section 4.2 on page 22, the AV is a IEEE [13] accepted method
of characterizing the random noise processes in rate sensors. In the following the method is
applied to data captured from the project gyroscopes [3].

A total of two data sets where acquired for the analysis. The two data sets where acquired
by sampling the project gyroscopes for 48 hours on two different occasions. In appendix F
on page 133 a comprehensive description of the process of both acquiring the necessary data,
processing the data and finally identifying the noise processes is given. In the following the
main results of the AV analysis are presented.

The main result of the AV analysis are the Root Allan Variance plots by which both the type
and magnitude of random noise processes, present in the captured data, can be identified. In
figure 5.1 the Root Allan Variance plot generated from the second of the two acquired data
sets is illustrated.

From figure 5.1 it can be seen, that the gyroscopes have an almost identical Root Allan
Variance. This is in accordance with the expected results, as the sensors are of identical
type, manufacture and working under identical operating conditions. From figure 5.1 it
can also be seen, that the main noise processes in the gyroscopes are the ARW and RRW
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Figure 5.1: Root Allan Variance, gyro board Output 22 April - 25 April - AAU Test

processes. The two processes are identifiable by a slope of −1/2 and 1/2 respectively. The
Root Allan Variance plot generated from the first of the two acquired data sets is more or
less identical to that presented in figure 5.1. The plot and additional notes on identifying
the noise coefficients can be viewed in appendix F on page 133. The collective results of the
AV analysis are presented in tables 5.1 and 5.2 which feature the identified noise coefficients.
From tables 5.1 and 5.2 it can be seen that the individual gyroscope noise coefficients

Gyroscope Bias Stability ◦/s ARWC
◦/
√
s RRWC

◦/
√
s3

1 0.00674 0.07118 0.00032
2 0.00551 0.06882 0.00018
3 0.00674 0.06434 0.00027
4 0.00746 0.07874 0.00039
5 0.00533 0.06654 0.00028
6 0.00589 0.08422 0.00015
7 0.00631 0.06221 0.00033
8 0.00631 0.06654 0.00029
Mean value 0.00629 0.07032 0.00028

Table 5.1: Noise coefficients, gyro board Output 15 April - 18 April - AAU Test

only vary slightly between the two test sessions. The identified Bias Stability is found to be
convincingly close to the typical value, 0.007◦/s given in the gyroscopes data sheet [3]. Based
on this, and the fact that the standard deviation for the estimated coefficients is small, the
estimates are considered to be sufficiently good estimates of the actual values. Several places
in the thesis, what is considered to be typical values for the noise coefficients ARWC and
RRWC are used in simulations. Based on the mean value for the two capture sessions, the
typical values are set to the following

ARWC,TY P , 0.068◦/
√
s and RRWC,TY P , 0.00029◦/

√
s3 (5.4)

In this section the AV method has been used to identify the random noise processes in the
project gyroscopes [3]. The method has shown, as expected, that the main noise processes are
the ARW and RRW. In relation to the ARW the AV method however suffers from inherent
problems as other types of noise, such as xxx may also result in Root Allan Variance plots

41/139



5.3. Measurement Noise Analysis

Gyroscope Bias Stability ◦/s ARWC
◦/
√
s RRWC

◦/
√
s3

1 0.00610 0.06434 0.00020
2 0.00589 0.06434 0.00019
3 0.00610 0.06434 0.00022
4 0.00746 0.07361 0.00043
5 0.00515 0.06015 0.00028
6 0.00674 0.08144 0.00034
7 0.00533 0.05437 0.00032
8 0.00631 0.06434 0.00035
Mean value 0.00613 0.06587 0.00029

Table 5.2: Noise coefficients, gyro board Output 22 April - 25 April - AAU Test

with a slope of −1/2. This means that the characteristic slope of −1/2 in figure 5.1 may not
be caused by ARW noise process, but some other noise process, for instance a Gauss Markov
process with short correlation time. To eliminate this source of error, the characteristics of
the gyro board measurement noise v(t), that is ARW is investigated further.

In the following section the measurement noise v(t) is isolated by defining the operational
conditions under which data is captured from the gyroscopes. Having isolated the measure-
ment noise v(t), the characteristics of the noise is analyzed to investigate to what degree the
process can be considered to be white. If the measurement noise is indeed found to be white,
it is considered substantiated that measurement noise v(t) is in fact the source of the ARW
noise component identified through the AV analysis.

5.3 Measurement Noise Analysis

In this section, the characteristics of the measurement noise v(t) is investigated. The main
objective is to substantiate that the measurement noise can be considered white as described
by the AV analysis. In addition to investigating the whiteness, the distribution of the noise
is also investigated. The objective is to substantiate that the measurement noise is Gaussian,
i.e. normally distributed. The Gaussian distribution is an desired property, as it is a required
criterion for the Kalman filter to provide the optimal estimate as described in chapter 8 on
page 65.

The analysis of the measurement noise v(t) is based on the generic model illustrated in 5.2
on page 40. By specifying the operational conditions under which the data for the analysis is
acquired, the model can be drastically simplified. The bias process can be viewed to contain
a deterministic component and a stochastic component, that is slowly changing. If relatively
short periods time is considered the sensor bias can thus be approximated to consists of only a
deterministic component, i.e. a scalar offset. The operational conditions is further specifying
by defining the gyroscope to be motionless. By doing so, a stationary measurement where the
angular velocity is constant i.e. ω(t) = 0 can be acquired. This allows for further reduction
of the generic model.

Under the described operational conditions the project gyroscopes can be modeled in the
following model.

z(t)i = bi + v(t)i (5.5)

Where bi is the bias for ith sensor, which can be considered a deterministic offset. The value
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of the bias is calculated as the sample mean as follows

bi = 1
N

N∑
k=1

zi(k) (5.6)

where i is the sensor number and N is the collective number of samples in the captured data.
One question that can be raised is, for what sample duration the bias can be considered con-
stant? To answer this question the theoretical bias drift caused by RRW must be calculated.
The typical for the coefficient was found to be RRWC,TY P = 0.00029◦/

√
s3. The theoretical

bias drift in ◦/s after x seconds is calculated as follows

σw = RRWC,TY P ·
√

2048
20︸ ︷︷ ︸

Scaled noise coefficient

·
√
x (5.7)

Using equation (5.7) the theoretical after 120 seconds can be calculated as follows

σw = 0.00029 ·
√

102.4 ·
√

120 (5.8)
= 0.032147 (5.9)

From equation 5.8 it can be seen, that the theoretical bias drift after 120 seconds is approx-
imately 0.032◦/s. This means that if a sample of only 120 seconds is considered sensor bias
can be considered constant, as the bias drift caused by RRW will by negligible.

Based on the above considerations the gyroscopes have been sampled for 120 seconds at
102.4Hz. The used test setup and procedure is described in detail in appendix E on page 125.
In the following the results and findings of the test is summarized. The results presented
are generated by running the MATLABr script file signalcharacteristics.m that can be
viewed on the project CD. The gyroscope output signal is characterized using different signal
evaluation methods. The main point of interest, that have been investigated, are listed here
below.

• Mean, Standard Deviation, RMS, Minimum and Maximum values
Provides amplitude information about the signal

• Probability distribution
Provide information about statistical characteristics in amplitude domain

• Autocorrelation
Provide information about statistical characteristics in the time domain

• Amplitude Spectrum
Provide information about the statistical characteristics in the frequency domain

In table 5.3, the results of the signal sample mean, standard deviation, Minimum, Maximum
and RMS values. The data histograms are plotted to investigate the statistical characteristics
of the measurement noise. In figure 5.2 the histogram for sensor 6 is illustrated along with a
fitted Gaussian density function. As it can be seen from figure 5.2, measurement noise v(t)
is approximated quite well by a Gaussian distribution. The same is true for the additional
gyroscopes. The collective histograms for the eight project gyroscopes can be viewed in
appendix E on page 125. This finding is particular important as is a desirable property in
relation to the performance of the Kalman filter, as will be addressed in later chapters.

The main assumption given in the former sections has been that the measurement noise
v(t) is white noise. This assumption is investigated by plotting the autocorrelation for the
captured data. In figure 5.3 the autocorrelation for sensor 1 is presented. The 95% confidence
limits, illustrated in blue, are calculated as −1/n± 2/

√
n ≈ ±2/

√
n in accordance with [17].
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Gyroscope Mean Standard Deviation Max Min RMS
1 -0.56031 0.79799 2.75811 -3.17595 0.79796
2 0.10571 0.81730 3.04447 -3.62219 0.81861
3 -0.46951 0.76365 3.39991 -3.12023 0.81865
4 0.84696 0.91002 3.91494 -3.41106 0.91143
5 -0.90311 0.77111 3.02765 -2.61337 0.91143
6 0.24428 0.94069 3.27220 -3.17468 0.94100
7 -0.52403 0.75907 2.72183 -3.21223 0.94101
8 0.36220 0.79537 2.93450 -3.14608 0.94106

Mean value 0.81940 0.88514

Table 5.3: Results from Measurement Noise Analysis
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Figure 5.2: 120 Second 100Hz Histogram - AAU Test
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Figure 5.3: 120 Second 100Hz Autocorrelation - AAU Test
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The autocorrelation plot 5.3 shows a peak of one at origin, and drops very fast to zero,
showing no correlations, and no periodicity. The same is true for the additional gyroscopes
as described in appendix E on page 125. As it is know that white noise processes have a
flat amplitude spectrum, the amplitude spectrum of the captured data have been plotted. In
figure 5.4 the amplitude spectrum for sensor 6 is illustrated.
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Figure 5.4: 120 Second 100Hz Amplitude Spectrum - AAU Test

The amplitude spectrum in figure 5.4 shows a approximately flat frequency band. The same
is true for the additional gyroscopes as described in appendix E on page 125.

Based on the above presented results, as well as the additional results presented in appendix
E it is considered proven that the gyroscope measurement noise v(t) can be considered
Gaussian white noise. The basis of this conclusion of the fact that the data histogram
resemble a Gaussian distribution, the data autocorrelation shows no correlations and the
data amplitude spectrum is relatively flat.

5.4 Model Simulation and Validation

This section describes the MATLABr implementation and validation of the project gyroscope
model. The model is designed in accordance with the generic model presented previously
and includes only the stochastic characteristics of the project gyroscopes. The modeled noise
processes, in accordance with the formerly presented results, are the ARW, RRW. As such
this section is mainly a presentation of the MATLABr implementation of the generic model,
using the noise coefficients estimated in section 5.2 on page 40.

The MATLABr implementation allan.m of the generic gyroscope model is illustrated here
below.

1 function [data] = singlegyrosim(hours,Fs,ARWc,RRWc)
2 % function [data] = singlegyrosim(hours,Fs,ARWc,RRWc)
3 % INPUTS: hours: Length of simulation N [h]
4 % Fs: Sample Frequency Fs [Hz]
5 % ARWc: ARWC cofficient ARWC [◦/

√
s]

6 % RRWc: RRWC cofficient RRWC [◦/
√
s3]

7 % OUTPUTS: data: [Time vector,simulated signal] [s,◦ /s]
8

9 N = floor(Fs*60*60*hours); % Number of data points
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10 std_v = ARWc*sqrt(2048/20); % σ for white noise v(t)
11 std_w = RRWc*sqrt(Fs); % σ for white noise driving w(t)
12 v = std_v.*randn(N,1); % Generate white measurement noise v(t)
13 w = std_w.*randn(N,1); % Generate bias noise w(t)
14 bias = zeros(N,1); % Vector containing bias b(t)
15 bias(:)=Integr(N,w,1/Fs); % Integrate bias noise w(t), generating b(t)
16 data = zeros(N,2); % Vector containing simulated signal
17 data(:,1) = (0:1:(N−1))*1/Fs; % Generate simulation time vector
18 data(:,2) = bias(:) + v(:); % Generate simulated gyroscope signal
19 end

In order to simulate the output from the project gyroscope the function allan.m is called
using the values for ARWC,TY P and RRWC,TY P . The file singlegyrovalidation.m imple-
ments this action and further provides the figures and values used in the following validation
of the sensor model. The file can be viewed on the project CD. The simulation provided
by singlegyrovalidation.m consist of a 48 hour simulation with a sampling frequency of
102.4Hz. To this extent the simulation will generate data which is similar in size and struc-
ture, to the data captured from the actual gyroscope during the AV analysis. In figure 5.5
simulated data, along with actual gyroscopes data is illustrated
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Figure 5.5: Actual gyroscope data and simulated data

From figure 5.5 it can be seen, that the simulated data at first glance is very similar to that of
the actual gyroscope. The data from the actual gyroscopes has been centered by subtracting
the mean, to better compare the two signals. The standard deviation for the first two 120
seconds data point where found to be σ = 0.69035. This is identical to the value found for
the real gyroscopes. To validate that the simulation model actually model the random noise
processes contained in the project gyroscopes, the Root Allan Variance has been calculated
and plotted. In figure 5.6, the Root Allan Variance plot is illustrated.

The noise coefficients can be identified from figure 5.6 to be in accordance with the coefficient
values given to the simulation model. The Bias Stability has not been modeled. From
figure 5.6 it can however been seen that the Root Allan Variance plot shows a plateau at
approximately the same level as the actual gyroscopes. To this extent the Bias Stability will
not be addressed further.
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Figure 5.6: Root Allan Variance plot of 48 hour simulated data

Chapter Conclusion

In this chapter a model for the project gyroscopes have been developed. This has been done
by analyzing the gyroscopes with the AV method. The main noise processes in the gyroscope
data where found to be ARW and RRW. The characteristics of the measurement noise v(t)
where further investigated using standard methods of characterizing random signals. Based
on this analysis it was concluded that the gyroscope measurement noise can be approximated
by white Gaussian noise.

Based on the findings of the gyroscopes analysis a stochastic model for project gyroscopes
have been developed. This model has been validated through a comparative analysis where
the Root Allan Variance plot for data generated using the model where compared to that of
the actual project gyroscopes.

In the following the framework under which the gyroscope model is implemented to form the
collective gyro board model. The following chapter also address the concept of correlated
gyroscope noise.
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Chapter 6

State-space model

In this section the gyro-board state-space model and its properties are described. The model
combines Ns individual sensor models, as developed in the chapter 5 on page 39 in a state
space framework. The state space model will be used both in relation to various simulations
and in the Kalman filter.

6.1 State-space formulation

A state space formulation is composed of two types of equations: the dynamics of the system
states and the measurement (or observation) equation.

The main state in the system is the true angular rate ω that is to estimated. In defining the
dynamic equation for the angular rate no assumptions can be made about the underlying
forces, moments and accelerations because the sensor system can be attached to any system.
In effect, the dynamic of the angular rate can only be assumed to be random.

To reflect this, the one-axis rate acceleration will be modeled by a stochastic term wω that
represents a random, uncontrollable and unpredictable disturbances. An approximation will
be made that this random component has a Gaussian distribution since this will be helpful
later in the framework that optimizes the problem. In order not to limit the dynamic range
of the sensor model, and also to express that this uncertainty of this modeling is high, the
variance σω will be taken to be excessively large.

Thus, the angular rate state is modeled as a random walk generated by a white noise with
large variance. For the discrete representation with a sampling period Ts, a zero hold ap-
proximation is chosen for its simplicity:

ωk+1 = 0 + Tswk, σω >> 1 (6.1)

In the measurement equation, the model in equation (5.2) is used where the output of each
sensor is combination of the true angular motion, the measurement white noise and the bias.

zk = ωk + bk + vk, (6.2)

The white noise vk is characterized either by the its standard deviation σv, or by the ARW
coefficient ARWc, as discussed in section 4.1.

The bias bk is described as a slowly changing component with a random dynamic. This is a
similar model as used for the angular rate, and differs only by the fact that the generating
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white noise is limited to a small range. The random walk bias process is characterized either
by the standard deviation of the generator white noise, σv or equivalently by the RRW
coefficient RRWc. The discrete difference equation is as follows:

bk+1 = 0 + Tswk, σwi < 1 (6.3)

The sensor biases will be estimated by introducing them as states in the state-space model.
A more detailed discussion about estimating both measurement and system noise elements
by augmenting the system state with new variables can be found in [10].

There are Ns sensors in the configuration, and the gyro-board discrete state-space model is:{
xk+1 = Φxk + Γwk

zk = Hxk + vk
(6.4)

The state space vectors are

x =


ω
b1
b2
...
bNs

 w =


wω
w1
w2
...

wNs

 v =


v1
v2
...
vNs

 z =


z1
z2
...
zNs

 (6.5)

where x is the state vector containing the true angular rate and the biases of the sensors.
w is the noise vector of the system dynamics and v is the noise vector of the measurement
equation. z is the measurement vector containing the Ns outputs of the sensors. The vector
sizes are as follows:

xk ∈ R(Ns+1)×1; zk ∈ RNs×1; wk ∈ R(Ns+1)×1; vk ∈ RNs×1; (6.6)

The system, measurement and input-noise matrices are as follows

Φ = INs+1 =


1 0 . . . 0
0 1 . . . 0
...

... . . . ...
0 0 . . . 1

 (6.7)

H =
[
1Ns INs

]
=


1 1 0 . . . 0
1 0 1 . . . 0
...

...
... . . . ...

1 0 0 . . . 1

 (6.8)

Γ = TsINs+1 =


Ts 0 . . . 0
0 Ts . . . 0
...

... . . . ...
0 0 . . . Ts

 (6.9)

This state-space system describes gyro-board model where there are no deterministically
known inputs and the dynamic of the measured property is random.

6.1.0.1 Deterministic and stochastic

The state space model presented above contains both deterministic and stochastic compo-
nents. The stochastic part is represented by the elements w in the system dynamics equation
and by the noise v in the measurement equation. The state x can be viewed to consist of
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two components, a deterministic component xd and a stochastic component, xs. The mea-
surements vector z can be viewed in a similar way to contain a deterministic component and
a stochastic component. {

x = xd + xs

z = zd + zs
(6.10)

The deterministic and stochastic parts of the system can be written separately. The deter-
ministic dynamics and observations are given in the following equation.{

xdk+1 = Φxdk
zdk = Hxdk

(6.11)

Some estimation algorithms that operate only on the deterministic component of the model.
The stochastic dynamics and observations are given by{

xsk+1 = Φxsk + Γwk

zsk = Hxsk + vk
(6.12)

6.2 Lack of observability

Observability is the property of a deterministic system, that assures that all internal states
can be known from the measurements and the sensor configuration. The difficulty with the
gyro-board state space model (6.4) is that, although it describes the gyroscope behavior well,
(Φ, H) is not an observable matrix pair.

Observability characterizes the possibility of recovering the initial state from a number of
measurements, which in turn assures that any past state can be uniquely and precisely
known from a (sufficiently long horizon) set of measurements.

z0 = Hx0

z1 = Hx1 = HΦx0

z2 = Hx2 = HΦ2x0

· · ·
zn = Hxn = HΦn−1x0 (6.13)

or equivalently 
z0
z1
· · ·
zn

 =


H
HΦ
· · ·

HΦn−1

x0

Zn = Ox0 (6.14)

The dimensions are Zn ∈ RNsn×1 , O ∈ RNsn×(Ns+1), x0 ∈ R(Ns+1)×1. Using vector
spaces and linear algebra, it can be shown that it is only important to study the case of
n = Ns + 1, the number of states. To be able to uniquely solve the system and recover the
initial state x0, the observability matrix O must have rank equal to the number of system
states, rank(O) = Ns + 1.

The rank of the observability matrix is as follows:

O(Φ, H) =
[
H HΦ HΦ2 . . . HΦNs

]T (6.15)
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can be shown to be Ns, smaller than the required Ns + 1. Thus, the system is not fully
observable and it is not possible to recover the initial state from the measurements.

The interpretation is that the angular rate is present in every measurement accompanied
each time by a different bias, and because its dynamics of are not known, it is not possible
to distinguish if a changes in the measurement is caused by the bias or by the rate. As such,
the lack of observability is caused because there are two unknown dynamics in the model,
that of the rate and that of the bias states, and it is not possible to separate between them.

It can also be seen that since all the states are characterized by zero deterministic dynamics
- all states considered constant by the model if excluding the stochastic component, and
having the measurements as sums of the first state and respectively each of the subsequent
states, it is not possible to uniquely determine Ns + 1 constants.

The lack of observability has negative consequences that affect the performance of state
estimators algorithms.

6.2.1 Observable Decomposition

Lack of observability means that the states of the system are not sufficiently transparent in
the measurement. Two or more different state values could translate into exactly the same
measurement, and more, even knowing a past state, there are more possible transitions that
can occur such that they will yield the same set of measurements. However, while it is not
possible to know the entire internal state, the measurements still convey partial information.
For some unobservable systems, it is possible to recover a number of internal states from
the measurements using the observable decomposition. It is shown in this section that an
observable decomposition is not useful for the gyro-board system since it is not possible to
recover fully any of the states, but only partial information about each of the states.

The observability decomposition is done by use of a similarity transformation. A trans-
formation matrix T that can be applied to the original system (x,Φ,Γ, H) to obtain a new
equivalent system (x̄, Φ̄, Γ̄, H̄) which is ordered to separate a set of nO fully observable states.
nO is the rank of the observability matrix O(Φ, H).

In general, a transformation T matrix, which must be invertible, acts on the system:

x̄ = T−1x, Φ̄ = T−1ΦT, H̄ = HT, Γ̄ = T−1Γ (6.16)

A particular transformation T can decompose the gyro-board system in the following way:

Φ̄ =
[
Φ̄O Φ̄12
0 Φ̄nO

]
H̄ =

[
0 H̄O

]
(6.17)

where Φ̄O is square matrix of dimension Ns, and the pair (Φ̄O, H̄O) is completely observable.

The observability decomposition can be performed with the MATLABr function obsvf.

1 Ns = 8;
2 Phi = eye(Ns + 1 );
3 Gamma = zeros(Ns+1,1);
4 H = [ eye(Ns) ones(Ns,1) ];
5 [Phi_bar, Gamma_bar, H_bar, Tm1, k ] = obsvf(Phi, Gamma, H);

The results are shown below. T is a full matrix, with no lines or columns 0, and matrices Φ̄
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and H̄ have the following form:

T
−1 =


−0.3333 −0.3333 −0.3333 −0.3333 −0.3333 −0.3333 −0.3333 −0.3333 0.3333

0 0.8451 0.2318 −0.2154 −0.2154 −0.2154 −0.2154 −0.2154 0
0 0.3780 −0.8963 0.1037 0.1037 0.1037 0.1037 0.1037 0
0 0 0 0.7182 −0.0075 −0.0075 −0.0075 −0.6957 0
0 0 0 −0.3039 0.0461 0.8529 −0.2747 −0.3204 0
0 0 0 −0.4188 0.1624 −0.0750 0.7730 −0.4416 0

0.9354 −0.1336 −0.1336 −0.1336 −0.1336 −0.1336 −0.1336 −0.1336 0
0 0 0 −0.1282 0.8783 −0.2587 −0.3563 −0.1352 0

−0.1179 −0.1179 −0.1179 −0.1179 −0.1179 −0.1179 −0.1179 −0.1179 −0.9428


Φ̄ =
[
I8 0
0 I1

]
H̄ =

08×1

0 0 0 0 0 0.9354 0 −1.0607
0.8452 0.3780 0 0 0 −0.1336 0 −1.0607
0.2318 −0.8963 0 0 0 −0.1336 0 −1.0607
−0.2154 0.1037 0.7182 −0.3039 −0.4188 −0.1336 −0.1282 −1.0607
−0.2154 0.1037 −0.0075 0.0461 0.1624 −0.1336 0.8783 −1.0607
−0.2154 0.1037 −0.0075 0.8529 −0.0750 −0.1336 −0.2587 −1.0607
−0.2154 0.1037 −0.0075 −0.2747 0.7730 −0.1336 −0.3563 −1.0607
−0.2154 0.1037 −0.6957 −0.3204 −0.4416 −0.1336 −0.1352 −1.0607


By the observability decomposition, the system is partitioned in two subspaces: an observable
one, characterized by the dynamics matrix Φ̄O, and an unobservable one, characterized by
the dynamics matrix Φ̄nO. The states in the observable space,that is (T−1x)1:Ns , can always
be recovered or estimated from the measurements.

However, the linear combination (T−1x)1:Ns does not isolate any useful information. The
observable states are all a linear mix of the biases and the true angular rate, and it is still
not possible to isolate any individual state: a pure bias or the angular rate.

It is not possible to perfectly determine the states of the system because they are not trans-
parent enough with the available sensor configuration. This is an inherent problem of the
gyro-board configuration when trying to estimate the biases of the sensors.

6.2.2 Lack of Detectability

From the observable decomposition, the detectability property can be easily investigated.
Detectability is a condition that assures the convergence of the Riccati equation. A system is
called detectable if all its unobservable modes are asymptotically stable. The unobservable
modes are the eigenvalues of the matrix Φ̄nO.

The system is not detectable, there is only one unobservable eigenvalue that is however not
asymptotically stable, since it is not strictly negative; it is 1. The Pk covariance sequence of
the gyro-board Kalman filter might not be bounded, but can grow to infinity.

It is noted here, that another property called reconstructability can be defined in the following
form: A discrete system is reconstructable if and only if all the eigenvalues of the unobservable
subspace, eig(Φ̄nO), are 1. Reconstructability means that it is possible to know the current
state xn of a deterministic system when the initial state x0 is known.

The deterministic system (Φ, H) is reconstructible, however this property is not strong enough
to be useful for the system. That is due to the stochastic part: since the stochastic noise-input
w cannot be known, it is not possible to have reconstruction.

6.3 Stability

Stability is discussed so as to complete the set of properties of the system. When trying
to apply different methods, prerequisites such as stability or observability might need to be
checked, and thus it is of interest to have a good knowledge of the overall system properties.

There are two types of stability definitions that are discussed: Lyapunov and Bounded Input
Bounded Output or BIBO.

The Lyapunov stability characterizes the trajectory line of the system state in time. The
Lyapunov stability uses the notion of equilibrium point. Starting with at initial state x0
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close to an equilibrium point xE , if the system naturally, in the absence of other inputs or
disturbance, remains within a bounded distance to the equilibrium point, then it is Lyapunov
stable. Further more, if the trajectory of the state converges and collapses back into the
equilibrium point over time, then the system is called asymptotically stable.

In the multi-sensor state-space model, every state point is a equilibrium point. Given an
initial condition x0, the system will naturally remain in this state in the absence of inputs
or disturbances, due the lack of dynamics in the system. From the Lyapunov definition, the
multi-sensor system is stable, and can even be considered asymptotically stable.

The BIBO definition characterizes a system from the input-output point of view. For any
bounded input, a BIBO stable system will have a bounded output response. A practical
equivalent condition is that all the eigen values of dynamic matrix of a discrete system must
to have the modulus smaller than 1, with at most one value on the unit circle for marginal
stability. This condition is not met by the multi-sensor system, as all the Ns + 1 eigen value
of Φ are 1, and on the unit circle. From the BIBO definition, the system is not stable.

6.4 Variations in the state-space form

The presented states-space (6.4) is a generic form that models the basic properties of the
gyro-board. The main aspect of this setup is that there are two types of unknown dynamics
that must be considered. The property to be measured, and that of the biases present in
each sensor. This combination of unknown dynamics creates the lack of observability and
detectability.

The model can to be extended to contain further details and characterize specifics of a
particular implementation, but this will not make the representation observable. In the
following a few possible variations are considered.

The designed state-space model accommodates any number of sensors, as the block form of
the system matrices and does not change. To account for the opposite orientations of the
four sensors on the top side of the gyro-board board from the four sensors on the underside
of the board, matrix H can take the following form:

H =
[

14
−14

I8

]
(6.18)

The system description remains unobservable.

Another situation related to the measurement equation can be considered. Although not
present in the 100Hz signal acquired from the unit-gyroscope of our board, time-correlation
and dynamics might be present at higher frequencies or for other types of sensors. For
example, besides the bias, a sensor signal z(k) can have a first order dynamic and a time
delay.

xk+1 = 0.2xk + ωk (6.19)
yk+1 = xk (6.20)
bk+1 = bk + wk (6.21)
zk = yk + bk + vk (6.22)

In the notation above, the state variable x models the first order dynamics and y the time
delay. A system of multiple identical sensors, with the rate ω(k) defined by a zero acceleration
model, will still be unobservable. The state-space matrices for a two sensor system are shown
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below:

Φ =



1 0 0 0 0 0 0
1 0.2 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 1 0 0 0
1 0 0 0 0.2 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1


(6.23)

Γ =
[
0 0 1 1 0 0 0
0 0 0 0 0 1 1

]
(6.24)

Even more general, the each sensor might have different dynamic descriptions. The main
conclusion is that as long every sensor measures the same property where no dynamics is
assumed and each has a random walk type bias, the configuration will be 1-order short of
observability.

6.5 Stochastic elements

The stochastic components of the gyro-board model, i.e. the noises wk and vk are modeled
as random vector sequences. Each of the noise is an infinitely long ordered set of random
variables {wk} and respectively {vk}, where the k is the time step and the index used for the
set, k = {0, 1, 2, ...}. For each k, wk is a (Ns + 1)-variate random variable, and respectively
vk is Ns-variate. The notation wk and vk is also used for the realization of the random
processes in a measurement (or simulation) session.

6.5.1 Expectation and covariance definitions for vector random vari-
ables

The definitions of the expectation vector and that of the covariance matrix of a vector random
variable are noted below for reference. Using the notations x for a scalar random variable
with density probability function p(x), the expectation or the first order of a vector random
variable x is a deterministic vector value:

E〈x〉 = E〈

x1
...
xn

〉 =

E〈x1〉
...

E〈xn〉

 =


∫ +∞
−∞ x1p(x1)dx

...∫ +∞
−∞ xnp(xn)dx

 = µx

It is noted here, that although the time moments k are discrete, the variable xi is continuous.
The second order moment, that is the covariance is considered next.

Cov(x) = E〈(x− µx)(x− µy)T 〉

= E〈


(x1 − µx1)2 (x1 − µx1)(x2 − µx2) · · · (x1 − µx1)(xn − µxn)

(x2 − µx2)(x1 − µx1) (x2 − µx2)2 · · · (x2 − µx2)(xn − µxn)
...

...
...

...
(xn − µxn)(x1 − µx1) · · · · · · (xn − µxn)2

〉

=


Var(x1) Cov(x1, x2) · · · Cov(x1, xn)

Cov(x1, x2) Var(x2) · · · Cov(x2, xn)
...

...
...

...
Cov(xn, x1) · · · · · · Var(xn)


The matrix Cov(x) is square.
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For scalar values, it is also common to use a scaled covariance, the correlation, which can
undertake values between -1and 1.

Cor(x1, x2) = Cov(x1, x2)
σ1σ2

(6.25)

For vector random variables, the correlation matrix is:

Cor(x) =


σx1 0 · · · 0
0 σx2 · · · 0
...

...
...

...
0 0 · · · σxn

 · Cov(x) ·


σx1 0 · · · 0
0 σx2 · · · 0
...

...
...

...
0 0 · · · σxn

 (6.26)

The cross-covariance of two random vector variables, X ∈ Rm and Y ∈ Rn, is defined as:

Cov(x,y) = E〈(x− µx)(y− µy)T 〉

= E〈


(x1 − µx1)(y1 − µy1) (x1 − µx1)(y2 − µy2) · · · (x1 − µx1)(yn − µyn)
(x2 − µx2)(y1 − µy1) (x2 − µx2)(y2 − µy2) · · · (x2 − µx2)(yn − µyn)

...
...

...
...

(xm − µxm)(y1 − µy1) · · · · · · (xm − µxm)(yn − µyn)

〉

=


Cov(x1, y1) Cov(x1, y2) · · · Cov(x1, yn)
Cov(x2, y1) Cov(x2, y2) · · · Cov(x2, yn)

...
...

...
...

Cov(xm, y1) · · · · · · Cov(xm, yn)


Matrix Cov(x,y) has size m× n.

6.5.2 Assumptions about the system noise

The following assumptions about the random processes w and v are considered reasonable for
the gyro-board problem. In general, the system noise w is less known than the measurement
noise v.

• The system and measurement noises are Gaussian.
Each scalar noise component wik, and respectively vik, is Gaussian, that any linear
combination of the components is also Gaussian.{

wk ∼ N (µwk , Qk),
vk ∼ N (µvk , Rk),

(6.27)

The probability density functions for the multi-variate normal distributions has the
following form:

f(wk) = 1
(2π)(Ns+1)/2det(Qk)1/2 exp

(
−1

2(wk − µwk)TQ−1
k (wk − µwk)

)
(6.28)

f(vk) = 1
(2π)Ns/2det(Rk)1/2 exp

(
−1

2(vk − µvk)TR−1
k (vk − µvk)

)
(6.29)

Vectors µwk and µvk are the means and matrices Qk and Rk are the covariance matrices
of random vectors wk and respectively vk, as defined in the previous section.
Noise v has been shown in the modeling chapter 5 on page 39 to be approximately
Gaussian. It is not possible to directly examine the noise w as it is hidden in the bias
component of the measurement and hidden beneath the measurement noise v, which
is approximately two-decimal orders bigger in size.
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• The processes w and v are stationary.
The vector-mean and covariance matrix are constant over time for both processes.
Moreover, the mean is 0.

E〈wk1〉 = E〈wk2〉 = 0, ∀k1, k2 (6.30)
E〈vk1〉 = E〈vk2〉 = 0, ∀k1, k2 (6.31)

Cov(wk1) = Qk1 = Cov(wk2) = Qk2 = Q, ∀k1, k2 (6.32)
Cov(vk1) = Rk1 = Cov(vk2) = Rk2 = R, ∀k1, k2 (6.33)

The assumptions about the mean are supported for the v noise, considering a calibration
session to estimate the deterministic offset.
The covariance assumptions need to be further investigated, and chapter 11 partially
approaches the problem of identifying the behavior and exact values of matrices Q and
R.

• The random processes w and v are independent.
This implies that there are no correlations between the scalar variables wik1

and vjk2
, ∀

k1, k2, i, j. The cross-covariance matrix Cov(w,v) is 0. This assumption is not directly
addressed in this report, but could be investigated with noise identification techniques
at the same time with the identification of the Q and R matrices.

• The component random processes of w and v are white.
The noise sequences are not correlated in time.

E〈wk1wk2〉 = Qδ(k2 − k1), ∀k1, k2

E〈vk1vk2〉 = Rδ(k2 − k1), ∀k1, k2

δ(k) is the discrete impulse function. In section 5, noise v has been shown to be
approximately white.

6.5.3 Structure of Q and R

In this section the structure of covariance matrices Q and R are addressed further. If the
component variables of the random vector are independent, the matrices Q and R are diag-
onal.

Q = Cov[wk] =


σ2
wω 0 · · · 0
0 σ2

w1
· · · 0

...
...

...
...

0 · · · 0 σ2
wNs+1


R = Cov[vk] =

σ
2
v1
· · · 0

...
...

...
0 · · · σ2

vNs


If the matrices Q and R are full, it implies that there are correlations between the noises
registered at the same time step k on the states and respectively on the measurements. The
correlation can be caused for example if a common disturbance or noise source affects each of
sensors similarly. Because the wω is used to model the uncertainty in the rotational dynamics
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of the system, it is defined independent of the noises wi.

Q = Cov[wk] =

=


σ2
wω 0 0 · · · 0
0 σ2

w1 Cov(w1, w2) · · · Cov(w1, wNs)
...

...
...

...
...

0 Cov(wNs , w1) Cov(wNs , w2) · · · σ2
wNs

 =

=


qω 0 0 · · · 0
0 q11 q12 · · · q1Ns
...

...
...

...
...

0 qNs1 qNs2 · · · qNsNS

 =
[
qω 0T
0 Qw

]
(6.34)

R = Cov[vk] =

=


σ2
v1 Cov(v1, v2) · · · Cov(v1, vNs)
...

...
...

...

Cov(vNs , v1) Cov(vNs , v2)
... σ2

vNs

 =

=

 r11 r12 · · · r1Ns
...

...
...

...
rNs1 rNs2 · · · rNsNs

 (6.35)

A particular case of time constant noise correlations is described below and will be used
in some of the estimation examples. The variance of the w noises are considered equal,
σ2
wi = σ2

w, and also the variances of the v noises, σ2
vi = σ2

v . For the system noise w, the
cross-correlation factor is taken equal among the different sensors, Cov(wik, w

j
k) = ρσ2

w, for
any i 6= j. The noises v are uncorrelated. The matrices Q and R have the following form:

Qw = Cov[wk] = σ2
w

1 ρ · · · ρ
...

...
...

...
ρ ρ · · · 1

 (6.36)

R = Cov[vk] = σ2
v

1 0 · · · 0
...

...
...

...
0 0 · · · 1

 (6.37)

Since a covariance matrix is always be positive definite, ρ is limited in the negative range.

− 1
Ns − 1 ≤ ρ ≤ 1 (6.38)

As example, three sensors cannot be each in pair of twos be negatively correlated more than
0.5, or four sensors more than 0.3.

In conclusion, an important note is that in the estimation simulations presented next it is
assumed that the covariance matrices Q and R are constant. At this point, it is not know if
correlations between the gyro-board sensors are in fact exist. The accepted assumption is the
absence of additional investigations is to consider that individually packaged sensor units are
uncorrelated. In chapter 11 the problem of identifying correlations using an EM algorithm.

6.6 Generating multi-variate correlated white noise

MATLABr and other software can be used to generate pseudo-random sequences of uncorre-
lated data with different distributions. In particular, it is possible to generate a sequence with
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a given number of elements that has characteristics consistent with that of a sequence ex-
tracted from a normal standard distribution, a Gaussian distribution with parameters µ = 0
and σ = 1. By dividing this sequence into parts, it is also possible to generate a number
of independent random vectors, equivalent with the simulation of a multi-variable discrete
white noise with normal distribution.

In order to simulate the stochastic part in the state space model, a method is needed to
generate delta-correlated random sequences. The starting point is the n order random vector
with independent components, each with a standard normal probability distribution.

X =
[
x1 x1 · · · xn

]T
E〈X〉 = 0n×1

Var(X) = In×n

It is of interest to find a linear transformation A such that given cij delta-correlations are
created:

Y = AX (6.39)
E〈Y〉 = 0n×1

Var(Y) =

 1 c12 · · · c1n
· · · · · · · · · · · ·
cn1 cn2 · · · 1

 (6.40)

Finally, a transformation is needed to scale the standard deviation of each variable component
to a given value σi. To find the linear transformation A, the vector variance equation can be
detailed:

Var(Y) = E〈Y Y T 〉
= E〈(AX)(AX)T 〉
= E〈AXXTAT 〉
= AE〈XXT 〉AT

= AVar(X)AT

= AAT

It is also noted that because the random variables were considered normal standard, the
variance matrix Var(Y) = C is also the correlation matrix. Thus if the correlation matrix C
is given, the linear transformation A can be found as:

C = AAT (6.41)

C is a correlation matrix, therefore it is symmetric since the element entries of the matrix are
the cross-covariances of scalar random variables, and in particular also with mean zero mean
and E〈yiyj〉 = E〈yjyi〉, and positive definite, since all σi > 0. A can be found the Cholesky
decomposition of matrix C.

Next, to scale the standard deviations, the needed transformation is:

V =



σ1 · · · 0
... · · ·

...
0 σi 0
... · · ·

...
0 0 σn

Y (6.42)

The code steps needed in the simulation to generate a N long sequence of delta correlated
noises w, and respectively v, are listed below.
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1 Ns = 4; %# Number of random variables
2 dataI = randn(N,Ns); %# Random multi−variate independent sequences
3 %# w/ standard normal distribution properties.
4 %# Each row represents a realization,
5 %# and each column is a variable.
6 A = chol(C)'; %# The correlation matrix Cor is given
7 dataC = (A*(dataI'))'; %# Linear combination of each realization
8 dataS = (diag(sigma)*(dataC'))' %# Scaling to the given standard deviations

Alternatively, in MATLABr the function mvnrnd from the Statistics Toolbox can be used
directly:

1 dataS = mvnrnd(zeros(N,Ns), diag(sigma)*C*diag(sigma));

Moreover, random correlation matrices can be generated by creating a symmetric matrix and
normalizing it in the following way:

1 R=rand(Ns)−0.5; %# Create a random square matrix
2 R=R'*R; %# Create a symmetric covariance matrix
3 r=sqrt(diag(R)); %# Square root of the diagonal elements
4 C=diag(1./r)*R*diag(1./r); %# Normalize the covariance matrix
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Chapter 7

Estimation: Averaging

The estimation by averaging is unbiased and formulas for the variance of the estimate are
presented. The noises are considered identical between sensors to simplify the calculations
and obtain interpretable formulas. The performance of the averaging technique is shown to be
dependent on the noise correlations. Overall negative correlations will give a better estimate
than in the case of independent sensors, while overall positive correlations will give a worse
estimate.

A practical way of estimating the true angular rate from Ns noisy measurements is to simply
average the measurements. Consider a set of Ns sensors providing new measurements at each
time step k, with a sample period of Ts. According to the developed multi-MEMS model:

z1(k) = ω(k) + b1(k) + v1(k)
z2(k) = ω(k) + b2(k) + v2(k)
· · ·
zNs(k) = ω(k) + bNs(k) + vNs(k)

(7.1)

7.1 Variance of the individual measurement

By using the formulas for the variance and covariance of sum of random variables the expected
values and variances of the measurements and estimates can be written as follows:

Var
(

n∑
i=1

xi

)
=

n∑
i=1

Var(xi) +
n∑
i=1

n∑
i=1;j 6=i

Cov(xi, xj) (7.2)

Cov

 n∑
i=1

xi,

m∑
j=1

yj

 =
n∑
i=1

m∑
j=1

Cov(xi, yj) (7.3)

Regarding the random walk bias process bi, the expected value is theoretically zero, E[bi(t)] =
0, however the variance increases with time, and the probability that the measured value is
close to zero becomes also smaller with time. As stated in section 6.5 on page 55, the
generator noise wi has a constant variance in time: Var (wi(k)) = σ2

wi. The variance of the
bias, a random walk process, has been already calculated in (4.6) as kT 2

s σ
2
wi .

61/139



7.2. Variance of the averaged estimate

Since wi and vi are uncorrelated and consequently the process bi and noise vi are uncorrelated,
the expected values and variances of the measurements can be expressed as:

E[zi(k)] = ω(k) + (E[bi(k)] = 0) + (E[v1(k)] = 0) = ω(k) (7.4)
Var (zi(k)) = 0 + Var (bi(k)) + Var (vi(k)) = kT 2

s σ
2
w + σ2

v (7.5)

7.2 Variance of the averaged estimate

The averaged estimate ω̄ defined below is accurate (unbiased) and more precise (lower in
variance) than any of the individual measurements.

ω̄(t) = z1(k) + · · ·+ zNs(t)
Ns

=

= ω(t) + b1(t) + · · ·+ bNs(t)
Ns

+ v1(t) + · · ·+ vNs(t)
Ns

(7.6)

To show this, the simplifying assumption that the sensor noises are identical between sen-
sors will be made and maintained throughout the rest of the chapter. The vi white noise
components, and respectively the bias generating noises wi, have the identical variance.{

Var(vi(k)) = σ2
vi = σ2

v

Var(wi(k)) = σ2
wi = σ2

w

(7.7)

As it where the case for the measurements, the averaged estimate is unbiased, since bi and
vi have each the expected value equal to 0.

E[ω̄(k)] = ω(k) + 1
N2
s

E[b1(k) + · · ·+ bNs(k)] + 1
Ns

E[v1(k) + · · ·+ vNs(k)] =

= ω(k) + 1
Ns

(E[b1(k)] + · · ·+ E[bNs(k)]) + 1
Ns

(E[v1(k)] + · · ·+ E[vNs(k)]) =

= ω(k) (7.8)

Using again the fact that there are no correlations between the noises w and v, the variance
of the averaged estimate can be shown to have the following form:

Var(ω̄(k)) = 0 + Var
(

1
Ns

[b1(k) + · · ·+ bNs(k)]
)

+ Var
(

1
Ns

[v1(k) + · · ·+ vNs(k)]
)

=

= 0 + 1
N2
s

Var(b1(k) + · · ·+ bNs(k)) + 1
N2
s

Var(v1(k) + · · ·+ vNs(k))

Var(ω̄(k)) = T 2
s

Ns
kσ2

w + 1
N2
s

Ns∑
i=1

Ns∑
j=1;i6=j

Cov[bi(k), bj(k)]+

+ 1
Ns

σ2
v + 1

N2
s

Ns∑
i=1

Ns∑
j=1;i 6=j

Cov[vi(k), vj(k)] (7.9)

The sums in the formula represent the contributions of the instantaneous covariances or
correlations of the noises w and v on the variance of the averaged estimate.

7.3 Uncorrelated sensors

If the noises v and respectively w are not delta-correlated, expression (7.9) is simplified since
the terms Cov[vi(k), vj(k)] and Cov[wi(k), wj(k)] will disappear.

Var(ω̄(k)) = 1
Ns

T 2
s kσ

2
w + 1

Ns
σ2
v (7.10)
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The expression that we arrive at is a well known result in relation to averaging uncorrelated
sensor signals. The rate averaged estimator ω̄(k) has a standard deviation

√
Ns times more

precise than that of any of the individual measurements.

Var(ω̄(k)) = 1
Ns

Var(zi(k))

It is noted that the variance of the averaged estimator, same as that of a single measurement,
increases with time, since it depends on the step k.

7.4 Correlated sensors

Under the working assumptions of the multi-MEMS noises presented section 6.5, including
that the correlations are constant in time and that the noise levels are identical between
sensors, (7.9) can be further simplified.{

Cov[wi(k), wj(k)] = Cor[wi(k), wj(k)]σ2
w = cwi,j(k)σ2

w = cwi,jσ
2
w 6= 0

Cov[vi(k), vj(k)] = Cor[vi(k), vj(k)]σ2
v = cvi,j(k)σ2

v = cvi,jσ
2
v 6= 0

(7.11)

Since the bias terms bi(k) can be written as:

bi(k) =
k∑
p=1

wi(p)Ts (7.12)

and using property (7.2), the variance of the averaged estimate becomes after some work:

Var(ω̄(k)) = 1
N2
s

T 2
s k

Ns,Ns∑
i,j

cwi,j

σ2
w + 1

N2
s

Ns,Ns∑
i,j

cvi,j

σ2
v (7.13)

The terms (
∑
ci,j) are the sums of correlation factors of the sensors, and in the case when

noises w, and respectively v, are delta uncorrelated, they have each value Ns. For example,
(7.10) can be recovered as a particular case of (7.13). It also noticed that the variance of the
rate estimate is growing linearly with the time index k.

The variance components coming from both the noises w and v can be reduced compared
to the uncorrelated case whenever (

∑
ci,j) < Ns. And the theoretical minimum value for

(
∑
ci,j) is 0. When sufficiently many negative correlations are present between the sensors

it can make the parenthesis terms to become zero, and obtain zero variance for the rate
estimate.

In conclusion, the averaging estimate is dependent on the correlations present in the noises.
It improves with overall negative correlations and it deprecates in the presence of overall
positive correlations. It will be seen in the next chapters however, that a Kalman estimate,
which weights differently the measurements and uses also past information, can have a better
performance. Its variance will also go to 0 under good correlation and will improve “faster”
with the correlations than the averaged estimator.

Another observation is that the contribution of the v noise in the angle drift over a longer
period of time N is smaller than that of the bias generating noise w, even considering a fast
sampling rate or a small sampling period Ts and looking at the term T 2

s . In a long run,
more angle drift improvement is gained from the w correlations than from the v correlations,
because the w correlations improve the bias estimate which accumulates over time and this
is the main contribution in the angle drift.
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7.5 Variance of the angle drift

Formulas for the angle travel between time k = 1 and k = N are calculated below by
integrating the rate signal with a simple hold method. The variance in the angle is:

Var(α(N)) = Var
(

N∑
k=1

ωest(k)Ts

)
(7.14)

The variance of the angle computed directly from a measurement is:

Var(αi(N)) = Var
(

N∑
k=1

zi(k)Ts

)
=

=
(
N(N + 1)

2 + 2
N−1∑
k=1

k(N − k)
)
T 4
s σ

2
w +NT 2

s σ
2
v (7.15)

While the variance of the angle computed from the rate averaged estimation is:

Var(ᾱ(N)) = Var

(
N∑
k=1

ω̄(k)Ts

)
=

=

(
N(N + 1)

2
+ 2

N−1∑
k=1

k(N − k)

)
1
N2
s

T 4
s

(
Ns,Ns∑
i,j

cwi,j

)
σ2
w +N

1
N2
s

T 2
s

(
Ns,Ns∑
i,j

cvi,j

)
σ2
v (7.16)

The formulas has been also checked by simulation and match consistently.

It is noted that in the case of uncorrelated sensors, the improvement factor of the averaged
angle estimation over that of from a single measurement is

√
Ns, expressed in standard

deviation.

It is also noted that the angle drift dependency of the time-index k is nonlinear, and more
complicated than in the case of the rate drift.

Chapter Conclusion

In this chapter exact analytical expressions of the rate and angle variances has been derived.
Using these expressions it is now now possible to compare the averaging method rigorously
with other estimation techniques.
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Chapter 8

Estimation: Recursive Kalman

The Kalman filter, described in 4.3, is a discrete estimation algorithm that operates on a linear
system with Gaussian noise to calculate the optimum state estimate from measurements.
The multi-MEMS state space model fits into the Kalman framework, and the algorithm can
be implemented. The multi-MEMS model, however, does not meet important requirements
(observability or detectability) to assure the exponential stability of the Kalman filter and
equivalently the convergence of the estimate to the true state. From simulations, it can be
seen that the variance of the Kalman estimate Pk grows unbounded over time. Still, the
Kalman filter remains the optimum estimator for this model and it is shown to have special
properties.

8.1 Implementation

By using the particular expressions of the state-space matrices (6.4) in the recursive Kalman
equations (4.30)-(4.34), the following particular filter is obtained, where some of terms that
are reduced or simplified.

Predict step: 
x̂−k = x̂+

k−1

ẑk = Hx̂−k
P−k = P+

k−1 +Q

(8.1)
(8.2)
(8.3)

Update step: 
Kk = P−k H

T (HP−k H
T +R)−1

x̂+
k = x̂−k +Kk(zk − ẑk)

P+
k = (I −KkH)P−k (I −KkH)T +KkRK

T
k

(8.4)
(8.5)
(8.6)

The filter estimates simultaneously the angular rate and the biases of the sensors. Further
more, the state estimation equation can be compacted using only the a posteriori term.

x̂+
k = (I −KkH)x̂+

k−1 +Kkzk (8.7)
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8.2 Simulation example

The filter equations from the previous section have been implemented as digital computations,
and the numerical results of the gain matrices Kk and the covariance Pk are here analyzed
in the following.
Consider an example with three sensors. The system state vector will have size four. The
simulation parameters are otherwise chosen to reflect the 100Hz signal analyzed from the
gyro-board: the sigma values of the noises w and v are taken to match the identified ARW and
RRW coefficients ARWc and RRWc. Correlations w are chosen randomly, and measurement
noises v are independent. The measurement time is one hour, equivalent to 360,000 points.
The uncertainty noise was taken σω = 103. The covariance matrix Qw is:

Qw =

[
0.0029 0 0

0 0.0029 0
0 0 0.0029

][
1.0000 0.2305 −0.6411
0.2305 1.0000 −0.8927
−0.6411 −0.8927 1.0000

][
0.0029 0 0

0 0.0029 0
0 0 0.0029

]
(8.8)

8.3 Divergence of the covariance

One of the important properties of the Kalman filter is that the performance of the estimate
can be evaluated in the design phase, by analyzing the evolution of the covariance matrix Pk
[10], as this is independent of the actual measurement data. The diagonal elements of the
covariance matrix are the variances corresponding to each element in the state vector.

When the state-space representation of the system is observable, or fulfilling slightly weaker
conditions including detectability, the covariance sequence converges over time, and the per-
formance of the filter is guaranteed by the fact that the variance of the estimated will be
bounded in the long time horizon. However, the multi-MEMS model is neither observable
nor detectable.

It is shown here with an example, that the covariance matrix Pk diverges and it is unbounded.
The figure below plots the square root of the diagonal elements of the covariance, as functions
of simulation time.
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Figure 8.1: Divergence of the covariance elements, √pii

In this case the divergence of the covariance P is very slow, but nevertheless, in practice,
the recursive Kalman filter cannot be reliably used without further precautions since the
covariance calculation will eventually overflow or would be corrupted by small numerical
imprecision on another hardware.
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8.4 Convergence of the gain

In this section the gain is investigated and it can be seen that the matrix sequence Kk

is converging, despite the divergence of the covariance sequence Pk. The convergence is
rigorously proved in [4] and it is due term cancellations in the expression (4.33). In the figure
below, each matrix element is plotted as a function of the iteration step k.
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Figure 8.2: Convergence of the gain elements kij

Bayard and Ploen [4] shows thatK converges to a bounded value asymptotically, in an infinite
number of steps. The converged recursive gain can be said to be reached numerically when in
the difference matrix of two consecutive Kk the maximum element in absolute value becomes
close to the smallest floating point number of the system. The values of the converged
recursive matrix K in this example are as follows:

K =

 0.332815351545374 0.332820262807916 0.332827785499759
3.31879037392269e− 005 −7.49804087920127e− 006 −2.56898612103661e− 005
−2.58677834142207e− 006 3.13564393958052e− 005 −2.87696601089407e− 005
−1.32559067993142e− 005 −2.12469682356657e− 005 3.45028735409536e− 005

 (8.9)

To investigate some properties of the K elements, the equation (8.7) will be expanded to the
form:

ω̂k
b̂1,k

b̂2,k

b̂3,k

 =

1− k11 − k12 − k13 −k11 −k12 −k13
−k21 − k22 − k23 1− k21 −k22 −k23
−k31 − k32 − k33 −k31 1− k32 −k33
−k41 − k42 − k43 −k41 −k42 1− k43

[ω̂k−1 b̂1,k−1 b̂2,k−1 b̂3,k−1
]

+

+

k11 k12 k13
k21 k22 k23
k31 k32 k33
k41 k42 k43

[z1,k z2,k z3,k
]

(8.10)

Because ωk is not dependent of ωk−1, relation expressed by design parameter qω = σω >> 1,
the term (1 − k11 − k12 − k13) should be very close to zero. Also, since the bias states are
also independent of ω, the terms (−ki1 − ki2 − ki3) will be zero. These relations check on
any of the matrix gains in sequence Kk, not only on the stabilized form and show that the
estimate practically does not use any dynamic information about the angular rate, and that
qω was chosen sufficiently large.

If let to converge for a sufficiently long number of steps, the approximated gain is stable
enough to be used in a filtering scheme, in the same way the constant Kalman gain can be
used instead of the recursive iterations for a detectable system. The figure below shows the
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Figure 8.3: Diagonal elements of the covariance matrix, √pii

difference in the filter performance between the recursive gain filter and a constant gain filter
running with the converged approximation.

Furthermore, it is expected that the Kalman gain matrix will converge for every situation
discussed in the model variations section, 6.4 on page 54.
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Chapter 9

Estimation: Bayard constant gain

Bayard method gives the exact close-form solution to the continuous Riccati differential equa-
tion of the multi-MEMS gyroscope system. It then shows that although the covariance matrix
P of the state estimate diverges over time, the Kalman gain will converge to a steady state
matrix. The method includes a discrete-time filtering scheme that uses a similarity transfor-
mation of the state-space system and a constant gain matrix.

Bayard and Ploen [4] and patent [5] are recent works and the original starting point for our
thesis project. They analyze the multi-MEMS gyroscope problem using a continuous state
space model, equivalent to the discrete model described in chapter 6, employ the Kalman
filter as the natural optimization framework for this linear model, and rigorously study the
Riccati equation that governs the evolution of the state covariance. This chapter describes
the main points in the Bayard method, presents the filter implementation described in Bayard
and Ploen [4], and a numerical example.

9.1 Concept and Framework

The multi-MEMS problem is first analyzed in a continuous-time framework in [4] and [5]
to obtain analytical results. These results are then translated for the discrete-time prob-
lem and implementation. The continuous state-space model is equivalent with the discrete
representation (6.4) used in this report.{

ẋ(t) = Fx(t) +Gw(t)
z(t) = Hx(t) + v(t)

(9.1)

F is the dynamic matrix, H is the measurement matrix and G is the noise input matrix.

F = 0(Ns+1)×(Ns+1), H =
[
1Ns INs

]
, G = INs+1 (9.2)

The Kalman-Bucy filter used for the estimation, and this filter is a direct equivalent of the
discrete Kalman filter, presented in section 4.3, but for continuous time.

The dynamic equation of the filter is:

˙̂x(t) = F x̂(t) +K(t)[z(t)−H ˆx(t)]⇔ (9.3)
⇔ ˙̂x(t) = [F +K(t)H] ˆx(t) +K(t)z(t) (9.4)
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9.2. Properties of the filter

where the gain matrix has the following form:

K(t) = P (t)HTR−1 (9.5)

The optimum gain matrix K(t) is a function of the state covariance P (t) that, similar to the
discrete Kalman filter, propagates through a dynamic equation.

Ṗ (t) = FP (t) + P (t)FT − P (t)HR−1HTP (t) +Q (9.6)

This is the continuous Riccati differential equation. While this Riccati equations cannot be
solved to obtain a closed form expression for P(t) in the general case, a main contribution
of the Bayard method is that it finds the explicit solution of the particular multi-MEMS
continuous Riccati differential equation:

Ṗ (t) = −P (t)HR−1HTP (t) +Q (9.7)

The solution P(t) is shown to be composed of 4 terms: a group of exponential elements that
decay with time, two constant matrix elements that are algebraic expression of the model
matrix parameters e.g. Q, R, H, and a term that is growing linearly with the time.

P (t) = C1t+ C0 + C01 +O
(
te−c·t

)
(9.8)

These are discussed in detail in [4], and are here addressed only in summary. We note here
that the simulation results of the discrete recursive Kalman filter, figure 8.1, show both
a time-linear and a decaying exponential trend in accordance with the analytical result of
Bayard: the covariance grows unbounded in time, with a limiting linear behavior.

Subsequently, the optimum gain (9.5) can now be expressed in an explicit form by replacing
the term P (t) with the detailed expression of its solution, and [4] shows that by post mul-
tiplying P (t) with HTR−1 the linear term and one of the constant parts disappear. Thus,
the gain matrix K(t) depends only on one constant term of the P (t) solution and on the
exponentially decaying terms.

K(t) = C0H
TR−1 +O

(
te−c·t

)
(9.9)

Because of the exponential terms O(·) are decaying, K(t) converges asymptotically to the
value C0H

TR−1. C0 is a notation for a collective term composed by algebraic manipulations
on the system matrices and will described in the implementation section below. The Bayard
method continues by analyzing and designing a filter around the asymptotic gain K∞, the
constant component. An equivalent discrete gain K̄∞ is also presented.

We note here that without the analytical solution for P (t), it might not be possible to simply
and precisely find K∞. Numerical algorithms rely on having the covariance P(t) converge to
a steady state to find the constant gain K, and in the multi-MEMS problem P(t) does not
converge. For example MATLABr function such as kalman() will return error and cannot
be used to find the asymptotic K∞ gain.

9.2 Properties of the filter

There are two important properties of the asymptotic filter.

The dynamic equation of the continuous filter, e.g. by particularizing (9.4) to the multi-
MEMS problem, is:

˙̂x(t) = K∞Hx̂(t) +K(t)z(t) (9.10)

In [4], matrix K∞H is shown to have one pole converging to −∞ with the increase of the
rate uncertainty noise element, qω. This is the typical case, to have qω as large as possible so
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9.3. Implementation

that the estimate is not using any dynamic information about the angular rate. Equivalently,
for the discrete filter this pole is converging to 0 and it is easy to implement in a numerical
algorithm. This effect and the existence of a 0 pole has also been seen in the recursive Kalman
implementation, in section 8.4.

Secondly, the Bayard analysis shows that all the poles of the filter matrix K∞H are stable,
with the exception of a natural integrator that arises from the structure of the matrices.
An integrator pole is 0 in continuous time and equivalent 1 for the discrete filter. This
information is important, because it puts the system at the margin of stability.

It is already known from the study of the state covariance P that the error of the filter grows
unbounded. Equivalently, by looking at the the error equation of the multi-MEMS discrete
filter system with K̄∞, as derived in (4.41),

εk+1 = (I − K̄∞H)εk +KkHwk (9.11)

it can again be seen that error state εk+1 will not not converge to 0, but will accumulate with
time due to the integrator state.

Furthermore, the discrete equation of the continuous filter as derived in (4.43),

x̂+
k = (I − K̄∞H)x̂+

k−1 + K̄∞zk (9.12)

can become incorrect as a result of the numerical roundoff errors, if for the computed matrix
(I − K̄∞H) the integrator eigen value 1 is corrupted.

This problem is also solved in the Bayard and Ploen [4] implementation by using a system
similarity transformation that organizes the K̄∞ matrix in two diagonal blocks: the first
block has size 1, and isolates the zero poles of the gain matrix. Numerical problems are avoid
by explicitly overwriting this element to 0, so that any residual errors are corrected. The
matrix (I − K̄∞H) will now have a pure integrator pole 1.

In conclusion, having an explicit analytical solution for the Riccati differential equation of
the state covariance P(t) allows for a rigorous study of the Kalman filter behavior. The
next section presents the step-by-step the Bayard method, a Kalman filter with a similarity
transformation and using the asymptotic gain matrix.

9.3 Implementation

The filter equations are prepared for implementation by a similarity transformation that
generally acts on a state space system as in (6.16). This particular transformation has the
purpose of isolating the pure integrator term, and acts on the estimate state in the following
way:

ξ(kTs) = S−1x̂(kTs) (9.13)

The transformed filter system is given as:ξ̂ ((k + 1)Ts) =
[
e(−D̄

1/2)Ts 0
0 1

]
ξ̂(kTs) + S−1K̄∞z(kTs)

ω̂(kTs) = eT1 Sξ̂(kTs)
(9.14)

where Ts is the sample period, and eT1 =
[
1 0 ... 0

]
a base vector that extract the first

element of the state vector, the angular rate.

The only step left to finish the implementation is to define the matrices D̄, S and K̄∞. This
matrices arise from the solution of the Riccati Differential equation. We present next the
algebraic manipulations needed to construct these matrices, as described in [4] and avoiding
a typographic error in [5], without addressing the derivation of these relations.

The computation procedure for the D̄, S and K̄∞ matrices are given as follows:
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1. The symmetric matrix L is constructed:

L = Q1/2HTR−1HQ1/2 (9.15)

2. The eigen value decomposition of symmetric matrix L yields matrices A and D:

L = ADAT (9.16)

where A is the orthogonal matrix and D is the diagonal matrix, and the order is such
that the zero eigen value is last.

3. The Ā and D̄ matrices are obtained below:

D =
[
D̄ 0
0 0

]
(9.17)

A =
[
Ā | ν

]
(9.18)

4. The auxiliary matrix S has the form:

S = Q1/2A (9.19)

where notation 1/2 represents square root of matrix, i.e. Q = Q1/2Q1/2. Because
matrix Q is positive definite matrix, it has exactly one positive square root.

5. The Kalman gain K̄∞ and the transformed gain S−1K̄∞ used in the transformed system
(9.14):

K̄∞ = S

[
D̄−1

(
I − e−D̄1/2Ts

)
0

0 0

]
STHTR−1 =

= Q1/2ĀD̄−1
(
I − e−D̄

1/2Ts
)
ĀTQ1/2HTR−1 (9.20)

S−1K =
[
D̄−1

(
I − e−D̄1/2Ts

)
0

0 0

]
STCTR−1 (9.21)

6. It is important that the last row of the matrix S−1K, corresponding to the pure inte-
grator state, is set exactly to zero.

A simple MATLAB script that implements these algebraic computations is shown here. We
note that this particular implementation is not especially designed to be numerically stable,
for example for larger values of the qω parameter, the eigen value decomposition of matrix L
becomes ill-conditioned.

1 %# Computes the constant Kalman gain using Bayard method
2 function [ S, Sm1K, Dbar12 ] = bayard_gain(Q, R, H, Ts)
3

4 Q12=sqrtm(Q);
5 L=(Q12*H'/R)*H*Q12;
6

7 n=size(R,1);
8

9 %# Sort eigenvalues in descending order
10 [A,D]=eig(L);
11 [D order] = sort(diag(D),'descend');
12 D=diag(D); A = A(:,order);
13

14 Dbar = D(1:n,1:n);
15

16 %# Not used further
17 %Abar = A(:,1:Ns);
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9.4. Numerical example

18 %v = A(:,Ns+1);
19

20 S = Q12*A;
21 Dbar12=sqrtm(Dbar);
22

23 Sm1K=blkdiag(Dbar\(eye(n)−expm(−(Dbar12*Ts))),0)*S'*H'/R;
24 Sm1K(n+1,:)=zeros(1,n);

9.4 Numerical example

The same case of 3 sensors described in section 8.2 is taken as example next, to show the
numerical structure of the discussed matrices.

S−1K̄∞ =

−0.000333333333330811 −0.000333333333330576 −0.000333333333329761
0.0048526992069739 0.00708486821303693 −0.0119375674200434
−0.0109827455892444 0.00969398610657207 0.00128875948268326

000

 (9.22)

D̄1/2 =

[
2547.13354054293 0 0

0 0.00620224995350911 0
0 0 0.00370273256444844

]
(9.23)

S is a full matrix, omitted for brevity. To directly compare the gain of the Bayard method
with the converged recursive gain result (8.9), matrix SS−1K̄∞ is shown below, although
this computation is not normally performed in the Bayard transformed filter.

SS
−1
K̄∞ = K̄∞ =

[ 0.333327551591338 0.333332462853876 0.33333998554575
3.31879037433893e− 005 −7.49804087759995e− 006 −2.56898612135909e− 005
−2.58677833992e− 006 3.13564394003242e− 005 −2.87696601135067e− 005
−1.3255906802376e− 005 −2.12469682399718e− 005 3.45028735460221e− 005

]
(9.24)

The matrices (8.9) and (9.24) are nearly identical, the most visible differences are on the
first line elements.

The snippet below shows how the two matrices compare with respect to the relations discussed
in section 8.4: the terms (1− k11 − k12 − k13) and (−ki1 − ki2 − ki3) should be very close to
0. The recursive gain seems slightly worse in this case.

sum(Kb(1,:)) = 0.999999999990964
sum(K(1,:)) = 0.998463399853048

sum(Kb(2,:)) = 1.65219848910557e-012 sum(Kb(3,:)) = 9.46897515095597e-013
sum(K(2,:)) = 1.64965959254947e-012 sum(K(3,:)) = 9.45442420912431e-013

sum(Kb(4,:)) = -1.49632568027759e-012
sum(K(4,:)) = -1.49402627720513e-012

The integrator pole, equivalent to a pole 0 in the matrix KH, is also less corrupted in the
Bayard gain but the difference is extremely small.

eig(Kb*H) eig(K*H)
0.999999999991332 0.998463399853415
6.20205761802106e-005 6.20205761697209e-005
3.70266401419350e-005 3.70266401392396e-005

-1.26357778835430e-021 <--0--> 2.84738385085346e-021

We plot next also the performance given by the state covariance obtained by iterating the
Riccati differential equation with the two constant gains. The plot is of the square root
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Figure 9.1: Performance of the two Kalman gains

diagonal elements of the covariance, representing the standard deviation of the rate and bias
estimates.

It can be seen that differences are so small that they could be caused purely by numerical
imprecisions of the digital calculations. We can conclude the performances of the Bayard
gain and that of the converged recursive gain are identical for all practical purposes.
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Chapter 10

Estimation: Comparative results

In this section the results of the estimation algorithms are presented along with evaluation of
the results. Sensor data is generated according to the state space model and the three estima-
tion methods, signal averaging, Kalman filter with the approximated gain and Kalman filter
with the Bayard gain. All algorithms are run as online algorithms where perfect parameter
identification is assumed.

The following simulations use an eight gyroscope configuration with parameters matching the
gyro-board. The standard deviation for the noises w and v are inferred from the identified
noise coefficients ARWc and RRWc and the sampling frequency is set to 100Hz. In the fol-
lowing, the gyroscopes are considered absolutely identical in noise levels and the uncertainty
noise is set to σω = 103. The measurement noises v independent and thus the R covariance
matrix is diagonal.

If present, correlations in the v noise will also contribute to the overall performance im-
provement of the final estimate, however they they are not considered for two reasons. The
main idea, investigated in the test is that estimation of the biases can be improved by us-
ing w-noise correlation information. The v correlations bring no information on the bias
states. Secondly, if known and present, the signal averaging technique can also easily take
into account the v-correlations and become optimized by using weights in a manner similar
to the procedure described in section 1.3 on page 5. As such, the “fair” comparison would be
between a Kalman technique and a weighted average scheme, and new formulas would need
to be derived in chapter 7 on page 61. By keeping noises v independent, the comparison of
Kalman and averaging techniques remains relevant.

Within this general set-up of the example, different w-correlations are considered. The
project CD contains a MATLABr package called multi-gyro-sim that allow the results
and graphics presented next to be recreated. The package can also be used to test other test
scenarios than the ones considered here.

10.1 Uncorrelated w-noises

When the w-noises are uncorrelated, it is expected that averaging is the optimum estimator
as no other information can be used to improve the bias estimate. This is confirmed by
simulations, and shown below with an example. The file 1 in the multi-gyro-sim MATLABr

file corresponds to the uncorrelated sensors case.
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10.1. Uncorrelated w-noises Estimation: Comparative results

Eight gyroscope signals are generated according to the state-space model: a true angular rate
changing over time measured through sensors that contain a slowly changing bias component
and white noise. The figures 10.1 and 10.2 show a realization of random signals with the
given parameters, and the corresponding angle drift for each sensor taken independently. The
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Figure 10.1: Simulated rate signals
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Figure 10.2: Angle drift for each sensor

rate and angle error of the estimation can be seen in 10.3, and they are identical between the
three techniques: signal averaging, Kalman filter with the approximated constant gain, and
with the Bayard gain. It is noted here that the actual value of the angle drift depends from
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Figure 10.3: Rate and angle errors of Averaging, Kalman with approximated gain
and with Bayard gain estimations
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Estimation: Comparative results 10.1. Uncorrelated w-noises

run-to-run in the simulations, and figure 10.3 is only one possible realization. This is due to
the random nature of the noises. The deterministic measure of performance is the standard
deviation, or equivalently the average absolute drift of the estimated signal in a period of
time, for example in an hour. Figure 10.4 plots 100 simulations and it is possible to see the
overall statistical performance of the estimation for uncorrelated sensors. Further more, it is
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Figure 10.4: Multiple runs

not only the angle estimation variance that is increasing over time. The variance of the rate
estimate is also increasing, although this is not noticeable in the one hour time horizon. The
rate estimate is increasing due to the random walk noise component present in each of the
rate signals. This effect is very small and is not noticeable in the graphics above because the
RRW coefficient is small.

For signal averaging, both the variance of the rate estimate and that of the angle estimate as
functions of time have been calculated in chapter 7. For the uncorrelated sensors case, the
rate variance can be computed with specific formula (7.10), but also with the more general
(7.13). The variance of the angle build by integrating the rate estimation can be calculated
using (7.5). Figure 10.5 shows the performance of the rate and figure 10.6 that of the angle
estimate. It can be seen that if the gyroscopes of the simulation are uncorrelated, the angle
drift over an hour will be in average 13◦.
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Figure 10.5: Rate drift
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Figure 10.6: Angle drift

In conclusion, both the rate and angle estimation error increase over time. The multi-sensor
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10.2. Identical correlation

problem with biases will always have drifting estimates. In the following cases, it will be
seen that it is sometimes possible reduce the size of the drift below that of the averaging
technique.

10.2 Identical correlation

When the w-noises are identically correlated with each other, the correlation matrix Q has
the form described in 6.36 on page 58. The signal averaging is again the best possible estimate
in this situation, and a simplified argument for this is that when the correlations coefficients
are identical the best way to combine signals is by identical weights.

10.2.1 Negative correlations

When ρ is negative, the overall estimate is improved as the negative correlations make it
possible to partially distinguish noise components since they are picked up with different
sign by the gyroscopes from the actual rate which affects the sensors with the same sign.
Consider next a simulation with ρ = −0.1 which corresponds to the saved parameter file “2”.
For clarification, in this case, matrix Q has the following form:

Q = diag8
(
0.0029

)


1 −0.1 −0.1 −0.1 −0.1 −0.1 −0.1 −0.1
−0.1 1 −0.1 −0.1 −0.1 −0.1 −0.1 −0.1
−0.1 −0.1 1 −0.1 −0.1 −0.1 −0.1 −0.1
−0.1 −0.1 −0.1 1 −0.1 −0.1 −0.1 −0.1
−0.1 −0.1 −0.1 −0.1 1 −0.1 −0.1 −0.1
−0.1 −0.1 −0.1 −0.1 −0.1 1 −0.1 −0.1
−0.1 −0.1 −0.1 −0.1 −0.1 −0.1 1 −0.1
−0.1 −0.1 −0.1 −0.1 −0.1 −0.1 −0.1 1

diag8
(
0.0029

)
(10.1)

The error plot 10.7 from a single run simulation supports the fact that all three techniques
give the same results.
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Figure 10.7: Rate and angle errors of Averaging, Kalman with approximated gain
and with Bayard gain estimations

The multiple simulations plot 10.8 gives a statistical overview about the drift of the estimated
angle. It can be seen that the angle drift is reduced.

Equations (7.13) and (7.5) from chapter 7 are used again to plot the average drift of the rate
and of the angle estimates.

The average angle drift is little over 7◦ for a time horizon of one hour, less than that of
uncorrelated sensors.

Taking an extreme case, with the negative correlation factor close to its minimum limiting
value of − 1

Ns−1 , ρ = −0.1428571, the average angle drift is improved to below 1.5◦ in one
hour.

Furthermore, because the angle drift has been calculated to closed form expression in (7.5),
it is fast and easy to examine the drift also for longer time horizons. The angle drift in 10
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10.2. Identical correlation
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Figure 10.8: Multiple runs, ρ=-0.1
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Figure 10.9: Rate drift
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Figure 10.10: Angle drift
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Figure 10.11: Drift of the angle estimation
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10.3. Partial results

hours for ρ = −0.1428571 is 4.57◦. It is hard to imagine in practice however an array of
multiple perfectly identical sensors, with a precise and equal extreme correlation factor of
−0.1428571.

10.2.2 Positive correlations

When ρ is positive, the overall estimate deprecates as positive correlations decrease the
possibility of identifying noises. When a noise is affecting positive correlated sensors, all of
these react with the same signal tendency, similar to the action of a real rate.

Consider next an example with correlation factor ρ = 0.3 equivalent to the saved parameter
set “2bis”.

The error plot 10.12 from a single run simulation supports the fact that all three techniques
give the same results. The average angle drift plot shows a value of approximately 22.5◦ in
an one hour time horizon, more than in the case of uncorrelated sensors.
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Figure 10.12: Rate and angle errors of Averaging, Kalman with approximated gain
and with Bayard gain estimations
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Figure 10.13: Rate drift
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Figure 10.14: Angle drift

10.3 Partial results

For both uncorrelated sensors and equal correlations with factor ρ, averaging is the optimum
estimation technique.

The averaged rate signal is similar in content with that of a single sensor, it is composed of a
bias component that is drifting and a white noise. These noises are however reduced by the
averaging operation. The bias component drive noise is very small, such that the bias drifts
slowly. For example the drift is not visible in the one hour time plots 10.7 or 10.3 because
the white noise is the dominant component by two orders of magnitude. The rate drift can
only be seen in figures such as 10.5.
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10.4. Random correlations

The table below shows the variance of the rate signal after one hour for the different cases
discussed above. The average rate drift for a single sensor is 0.4627◦, and was computed
using (7.5).

It can be seen that the negative w correlations do not bring direct significant improvement
in the rate estimate signal, because the dominant component is the v noise and the bias is
too small comparative to appear.

Rate noise after 1hour Single sensor 8 sensors
Uncorrelated 0.4627[◦/s] 0.2405 [◦/s]
ρ = −0.1 - 0.2405 [◦/s]

ρ = −0.1428571 - 0.2404 [◦/s]
ρ = 0.3 - 0.2407 [◦/s]

Table 10.1: Noise level of the estimated rate, standard deviation after one hour

The angle estimate is computed by integrating the rate estimate. As such, it contains two
noise components: the accumulated bias

∑N
1 bk, an integrated random walk, and the ac-

cumulated white noise
∑N

1 vk, a random walk. In the angle signal, because of the double
integration action, the accumulated bias becomes the predominant contributor in the error.
Thus the relatively small improvements in the rate bias estimate obtained from the negative
correlation of noise w become increasingly significant at the angle signal level. And opposite,
positive correlation will increase the errors compared to the uncorrelated/independent case.

The table below summarizes the average angle drift for one hour obtained in the different
simulation cases presented above. The average angle drift for a single sensor is 36.4◦, and
was computed using (7.15).

Angle drift, 1h Single sensor 8 sensors
Uncorrelated 36.4◦ 12.87◦
ρ = −0.1 - 7.15◦

ρ = −0.1428571 - 1.44◦
ρ = 0.3 - 22.56◦

Table 10.2: Summary of average angle drift, [◦], for a one hour simulation

10.4 Random correlations

The advantage of using the Kalman filter becomes apparent in the case of w-noise delta
correlations with an unequal pattern. Different patterns of correlations could be investigated,
and in Bayard and Ploen [4] the subject is addressed to greater lengths. In the following we
only address a case of arbitrarily chosen correlations (parameter sets 3 and 5 in the saved
parameter folder). Arbitrary correlations have been created starting with a random matrix
of uniform distribution, as described at the end of section 6.6 on page 58.

The Kalman filter is able to use different negative correlations to improve the rate estimation,
and this translates into improvement of the angle estimate calculated by integrating the rate.
While a sensor can be added to an existing array because it has a negative correlation with
a particular unit, it could also introduce positive correlations with another units. This dete-
riorates the performance of the averaging, which relies on the overall sum of the correlation
as it can be seen in (7.13) and (7.16). The Kalman filter however creates a weighting scheme
when it combines the information from the new measurement with the previous state bias
estimation, making it possible to fully use the benefits of negative correlations while limiting
the effect of positive correlations. This is illustrated in the following through simulation.
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10.4. Random correlations

The two arbitrarily matrices are show below for clarity, as the exact results will vary depend-
ing on the Q matrix.

Q3 = diag8
(

0.0029
)

1.0000 0.1632 0.4347 0.3839 −0.4230 0.0966 −0.2550 −0.2585
0.1632 1.0000 0.3964 0.1554 −0.0921 0.2230 −0.6627 −0.3817
0.4347 0.3964 1.0000 −0.3017 −0.6241 −0.2330 −0.2450 −0.6012
0.3839 0.1554 −0.3017 1.0000 0.0564 0.3664 −0.3457 −0.0694
−0.4230 −0.0921 −0.6241 0.0564 1.0000 0.4264 −0.3485 0.4517
0.0966 0.2230 −0.2330 0.3664 0.4264 1.0000 −0.3990 −0.2575
−0.2550 −0.6627 −0.2450 −0.3457 −0.3485 −0.3990 1.0000 0.3837
−0.2585 −0.3817 −0.6012 −0.0694 0.4517 −0.2575 0.3837 1.0000

 diag8
(

0.0029
)

(10.2)

Q5 = diag8
(

0.0029
)

1.0000 −0.5325 −0.0919 0.4838 0.0233 −0.2234 −0.1018 −0.4034
−0.5325 1.0000 0.6489 −0.7680 0.0383 0.4067 0.2381 −0.4280
−0.0919 0.6489 1.0000 −0.2542 0.4135 0.1250 0.5287 −0.3604
0.4838 −0.7680 −0.2542 1.0000 0.5041 −0.5885 0.2546 0.2022
0.0233 0.0383 0.4135 0.5041 1.0000 −0.2143 0.6344 0.0025
−0.2234 0.4067 0.1250 −0.5885 −0.2143 1.0000 0.2515 −0.3377
−0.1018 0.2381 0.5287 0.2546 0.6344 0.2515 1.0000 −0.2807
−0.4034 −0.4280 −0.3604 0.2022 0.0025 −0.3377 −0.2807 1.0000

 diag8
(

0.0029
)

(10.3)

The following multiple runs plots, showing an estimation time horizon of one hour, are
illustrative. It can be seen that the averaging angle estimates, the red lines, are more spread
while the Kalman estimates, both the approximated gain and Bayard gain, keep a more
constrained and focused drift.
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Figure 10.15: Multiple runs, Q3, 1h
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Figure 10.16: Multiple runs, Q5, 1h

A two hours multiple-runs plot shows even better how the angle estimation drift is reduced
compared to averaging.
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Figure 10.17: Multiple runs, Q3, two hour
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Figure 10.18: Multiple runs, Q5, two hour

A table with the average and Kalman angle drifts is presented below. The values are com-
puted as the standard deviation of the 100 runs, and also explicitly in the case of averaging.
For the Kalman estimation however, a formula has not been developed. The aspects of de-
riving a formula for the Kalman performance is further addressed in chapter 13 on page 95.
A formula would be particularly useful for an accurate evaluation of the average drift over
longer periods of time, without having to run multiple computation heavy simulations.

In conclusion, negative correlations in the w noise are better used in a Kalman filter scheme.
The improvement is visible in the angle estimation, while the rate estimate only benefits of
the averaging effect of using multiple sensors.

It is mentioned here that negative v correlations can further improve the angle estimate,
and also the rate estimate. This result is more obvious, and related to the simple example
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10.5. Approximated gain vs. Bayard gain

Averaging (sim) Averaging (eq) Kalman (sim) Kalman (eq)
Q3, 1 hour 9.66 9.24 4.23 ?
Q3, 2 hour 29.17 25.91 8.03 ?
Q5, 1 hour 13.88 13.14 3.23 ?
Q5, 1 hour 37.32 36.98 4.38 ?

Table 10.3: Summary of average angle drift, [◦] for random correlations

in 1.3, and not discussed at length. Secondary improvement can also be obtained if small
variations in the noise parameters of the unit sensors in the configuration, different σw and
σv coefficients values for each sensor, can be reliably identified. Both v correlations and the
noise variations can be easily and directly introduced the Kalman filter, via matrices R and
Q.

10.5 Approximated gain vs. Bayard gain

In all numerical examples considered in this project, the performance of the approximate
converged recursive gain was found to be virtually identical with that of the Bayard gain.
An example for 3 sensors was already presented in 9.4 on page 73. A second performance
plot for the eight sensor case with the arbitrary correlation matrix Q3 with is shown in the
figure below.
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Figure 10.19: Performance of the two Kalman gains

Chapter Conclusion

The estimation methods, both simple averaging and different versions of Kalman filters,
have shown that, when present, negative w-noise correlation can be used to improve the
performance of the multi-MEMS array. The w-noise correlations can be used to better
estimate each sensor bias value, and by doing so also improving the angular rate estimate.

Using w-noise correlations, it is mainly the angle output of the gyroscope array that has a
significant gain in performance, not the rate signal.
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10.5. Approximated gain vs. Bayard gain

While we focused exclusively on the w-correlations, other possibilities to improve the per-
formance of the gyro-board have not been addressed at length. The v-noise correlations
can also be used and the will also improve the rate signal of the gyroscope array and they
can be directly included in the Kalman optimization scheme through matrix R, and addi-
tional information about the dynamic of the property to be measured can be included in the
state-space model, making it more particular. For example, dynamic smoothing similar to
low-pass filtering can be added by imposing a smaller dynamic range for the state when this
is known.
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Chapter 11

Identification of Noise Correlations

In the previous chapter methods of combining measurements from multiple homogeneous
MEMS gyroscopes have been presented. It has been shown that performance improvement
possible through Kalman filtering, provided that the gyroscope noise processes are favorably
correlated. The existence of such favorable correlations is thus the the foundation for using
Kalman filtering in relation to drift reduction as presented in the previous chapters. In this
chapter the EM algorithm, as presented in section 4.5 on page 34 is applied to data captured
from the gyroscope in an effort to investigate the existence of such correlations.

The chapter consists of two main sections, the first being a presentation of the framework
under which the identification algorithm is implemented. The main underlying assumption
is, that by specifying the operational conditions under which the data is acquired, the system
model can be reduced dramatically. The second section address the feasibility of the devel-
oped identification method, by applying it to simulated data, which contain known noise
correlations.

11.1 Modified System model

In this section the modified system model and data acquisition process is addressed in de-
tail. The main objective of this section is to present the framework under which the noise
correlations are identified.

In section 6.1 on page 49 the model used in the process of estimating the angular rate ω of
the system has been presented. The main objective of this model is to relate the angular rate
ω to the gyroscope bias b. In this section a modified model, that exclude the angular rate ω
and only consider the sensor bias is presented. The reasoning behind this modification is the
circumstances under which the data used for the correlation identification is acquired.

Consider the gyro board project containing Ns homogeneous gyroscopes lying motionless on a
stable base. The gyroscopes are subjected only to the rotational input caused by the rotation
of the earth. To this extent the system can be assumed to be motionless. Considering that
the system is subjected to no input, the inclusion of the angular rate ω in the model is not
relevant. Further it can be assumed that the main components in measurement will be the
noise components w and v. The model can be modified in accordance with these assumption
to only include the sensor biases, process and measurement noise w and v respectively. The
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modified system model is {
x(k + 1) = Φx(k) + w(k)
z(k) = Cx(k) + v(k)

(11.1)

where

x =


b1
b2
...
bNs

 w =


w1
w2
...

wNs

 v =


v1
v2
...
vNs

 z =


z1
z2
...
zNs

 (11.2)

Φ = INs G = INs (11.3)

This model and the assumptions under which it has been devised is the basis for this chap-
ter. The final objective this chapter is the identification of process and measurement noise
covariances Q and R respectively

Q =

σw,1 0 0

0 . . . 0
0 0 σw,Ns


︸ ︷︷ ︸

diag(σw)


1 q1,2 · · · q1,Ns

q2,1 1 . . . ...
... . . . . . . qNs−1,Ns

qNs,1 . . . qNs,Ns−1 1


︸ ︷︷ ︸

Qc

σw,1 0 0

0 . . . 0
0 0 σw,Ns


︸ ︷︷ ︸

diag(σw)

R =

σv,1 0 0

0 . . . 0
0 0 σv,Ns


︸ ︷︷ ︸

diag(σv)


1 r1,2 · · · r1,Ns

r2,1 1 . . . ...
... . . . . . . rNs−1,Ns

rNs,1 . . . rNs,Ns−1 1


︸ ︷︷ ︸

Rc

σv,1 0 0

0 . . . 0
0 0 σ2

v,Ns


︸ ︷︷ ︸

diag(σv)

It can be noticed that the the diagonal elements in Q and R are the variance of the ARW
and RRW noise processes for the individual gyroscopes respectively. The value of these has
already been identified in chapter 5 on page 39 using the AV analysis. The main focus of
this chapter will thus be the identification of the off-diagonal elements of Q and R. In the
following section the EM algorithm is applied to simulated data in order to investigate the
feasibility of applying it to actual data captured from the project gyroscopes.

11.2 Test By Simulation

In this section the EM algorithm is applied to simulated data. The basis of the simulation is
the developed gyroscope model multigyrosim.m, which model the scholastic characteristics
of the project gyroscopes [3]. The typical values for the ARW and RRW noise, as identified
in chapter 5 on page 39 are used to generate the simulated data.

ARWC,TY P , 0.068◦/
√
s and RRWC,TY P , 0.00029◦/

√
s3 (11.4)

The correlation matrices Qc and Rc, which are used to generate the simulated data a gener-
ated using the function randcorr.m, as illustrated below.

1 function [matrix] = randcorr(Ns)
2 S = rand(Ns);
3 S = S'*S; s = sqrt(diag(S));
4 matrix = diag(1./s)*S*diag(1./s);
5 end
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In the following the randomly generated correlations matrices Qc and Rc will has been used.

Qc =

 1.0000 0.3340 −0.2752
0.3340 1.0000 −0.8569
−0.2752 −0.8569 1.0000

 Rc =

 1.0000 −0.5745 −0.9722
−0.5745 1.0000 0.4557
−0.9722 0.4557 1.0000

 (11.5)

By applying the known σv and σw values the following covariance matrices are obtained.

Q =

8.552 · 10−8 2.977 · 10−8 −2.46 · 10−8

2.977 · 10−8 8.535 · 10−8 −7.325 · 10−8

−2.46 · 10−8 −7.325 · 10−8 8.594 · 10−8

 (11.6)

R =

 0.482522 −0.277007 −0.467663
−0.277007 0.483537 0.218383
−0.467663 0.218383 0.479254

 (11.7)

The objective of the following is thus to estimate these two covariance matrices based solely
on the data and the known standard deviations σv and σw. The data generated simulates
and array of three gyroscopes where the process and measurement noise are correlated as
described by (11.5). The used sampling frequency for the generated data is 1Hz and the
duration is one hour i.e. 3,600 samples. The process of applying the EM algorithm to the
simulated data is implemented in by the m-file simcorrident.m which can be viewed on the
project CD. The file also provides all the figures and results used in this chapter. In figure
11.1 the first two minutes of the generated data is illustrated.
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Figure 11.1: Simulated gyroscope data

The next step is to apply the developed MATLABr implementation of the EM algorithm,
corrident.m, to the generated data. The function requires the simulated data, the number
of individual initializations and the number of iterations. There is no guarantee that the EM
algorithm will converge to a global optimum so the algorithm must be run several times with
different initialization each time. Evaluating the Log-likelihood for each run is assumed to
be a good indication to whether a global optimum has been reached. The final estimate of
the process and measurement noise covariance matrices is generated by taking the mean of
the individual estimates from each run. Provided that the iterations converge to a similar
level of performance the estimate mean value is considered be a good estimate of the actual
noise covariance matrices.

One approach of initializing Q and R are to use a priori knowledge about the process and
measurement noise. Often this information will stem from sensor data sheets or similar
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sources and should be taken with a level of uncertainty. In this example however fairly
accurate a priori knowledge about the noises are present as the σv and σw values are known
in advance. These values will be used in the scaling of the initialization. The effects of using
this a priori knowledge is illustrated in figures 11.2 and 11.3. Here the development of the
Log-likelihood for 10 different initializations of the EM algorithm with and without scaling
of the initial guess for Q and R are illustrated.
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Figure 11.2: Non-scaled initializations
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Figure 11.3: Scaled initializations

From figures 11.2 and 11.3 it is clear that the estimate converges much more rapidly when
the scaled initialization is used. This approach is considered valid as the sigma values could
be acquired from the data using the AV analysis. To this degree the method is considered
generic and applicable to data sets which are captured from gyroscopes which can be modeled
using the project model.

For the processing below of the simulated data the algorithm is ran 25 times with different
initialization each time. The number of iterations used a set to 10 which has been found
to be sufficient for the estimate to convergence when scaling of the initialization is used. In
figure 11.4 the Log-likelihood as is develops for each iteration is illustrated.
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Figure 11.4: Plot of the Log-likelihood development with 10 different initializations

From figure 11.4 it can be seen that the Log-likelihood is improved from one iteration to
another and that the performance seams to converge to the same level. This indicates that
a global optimum has been reached and further iteration will not add to the quality of the
estimate.
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11.2.1 Results

By applying the corrident.m to the generated data a sequence of estimates for Q and R,
related to the different initializations, are created. In the following the collective results from
the test are presented.

The mean value of the covariance matrices Q and R, after running the EM algorithm 25
times are as follows.

Q̄ =

8.531 · 10−8 6.473 · 10−8 6.252 · 10−8

6.473 · 10−8 8.654 · 10−8 6.63 · 10−8

6.252 · 10−8 6.63 · 10−8 8.504 · 10−8

 (11.8)

R̄ =

 0.482234 −0.276864 −0.467406
−0.276864 0.484247 0.218070
−0.467406 0.218070 0.479071

 (11.9)

The standard deviation for the covariance matrices Q and R, after running the EM algorithm
25 times are as follows:

σ2
Q =

4.572 · 10−9 1.792 · 10−8 1.607 · 10−8

1.792 · 10−8 8.167 · 10−9 1.597 · 10−8

1.607 · 10−8 1.597 · 10−8 4.078 · 10−9

 (11.10)

σ2
R =

1.664 · 10−5 6.189 · 10−5 1.694 · 10−5

6.189 · 10−5 0.0002369 7.373 · 10−5

1.694 · 10−5 7.373 · 10−5 2.578 · 10−5

 (11.11)

It can be seen from the above, that standard deviation for the covariance matrices Q and R
estimates are quite small. To evaluate how well the algorithm estimates the actual Q and R
the estimation error has been plotted in figure 11.5 and 11.6. The figure is generated using
the function plotestcorr.m which can be found on the project CD. The figures illustrate the
error in estimation the individual elements of Q and R for different initializations. As Q and
R are symmetric only the diagonal and the upper triangular elements are plotted. The lower
triangular elements are identical to the upper and are not plotted. The blue dots indicate
the estimation error for the individual initializations and the red line indicate the estimation
error for the final estimate, that is the mean value of the collective element estimates. From
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Figure 11.5: Estimate error Q elements
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Figure 11.6: Estimate error R elements

figure 11.5 - 11.6 is can be seen that the values for R tend to cluster with a constant offset
relative to the correct correlation. The values for Qc are more spread. The percentage error
in estimating the covariances Q and R has been calculated using the function errorcalc.m.
The resulting percentage error is:

ErrorQ =

 0.26% 117.43% 354.14%
117.43% 1.39% 190.51%
354.14% 190.51% 1.05%

ErrorR =

0.06% 0.05% 0.05%
0.05% 0.15% 0.14%
0.05% 0.14% 0.04%

 (11.12)

From the above it can be seen that the EM algorithm estimates the R quite well. On
the other hand it can also be seen thatQ is not estimated well with the same precision.
This is unfortunate as it is know that the larges performance improvement is possible if the
correlations related to the process noise w(t) can be identified. To investigate whether the
values presented above are representative of the algorithm performance, three additional tests
are conducted. In order to condense the results of these tests only the percentage error for
these tests will be addressed. Notice that different sets of data are generated for each tests,
but using the same parameters as above.

1) ErrorQ =

 23.85% 170.29% 258.58%
170.29% 39.31% 171.96%
258.58% 171.96% 30.78%

 ErrorR =

0.05% 0.11% 0.03%
0.11% 0.03% 0.12%
0.03% 0.12% 0.02%


2) ErrorQ =

 0.14% 123.86% 371.02%
123.86% 2.08% 189.71%
371.02% 189.71% 0.24%

 ErrorR =

0.05% 0.14% 0.04%
0.14% 0.08% 0.21%
0.04% 0.21% 0.01%


3) ErrorQ =

 29.61% 29.94% 527.34%
29.94% 47.34% 141.00%
527.34% 141.00% 47.74%

 ErrorR =

0.01% 0.02% 0.01%
0.02% 0.38% 0.17%
0.01% 0.17% 0.01%


From the above it can be seen that the percentage error in estimating the two noise covari-
ances remain at the same level. This indicate that the achieved level of precision is fairly
constant for the specific parameters used in the test.

These test presented in this section can only be considered as a guiding measurement of the
algorithms performance. Several parameters are assumed to be significant for the algorithm
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performance in relation to correctly identifying the process and measurement noise covari-
ance. From test is is know that the algorithm is able to identify the process noise covariance
matrix if the standard deviation σv is increased. This situation is equivalent to the the RRW
coefficient is being significantly higher than the value it is known to have. This is however a
clear indication of that the algorithm is in fact able to identify the process noise covariance,
provided that the contribution in the data caused by the process noise is significantly higher
than the measurement noise.

This property has been investigated by setting the the measurement noise v(t) to be minus-
cule. Three tests, holding all other parameters identical to the previous simulation, where
conducted. The simulation file simcorridentlownoise used for this test can be found on
the project CD. The ARW coefficient, which correspond to the measurement noise v(t) was
set as follows:

ARWc = 0.00001◦/
√
s (11.13)

Setting the measurement noise to this small value will result in that the main component in
the observation is the process noise w(t). This is illustrated in figure 11.7 where the first 120
seconds of data from the of the first of the three simulations are illustrated.
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Figure 11.7: Simulated gyroscope data - Low measurement noise v(t)

From figure 11.7 is is clear that the main component in the simulated data is no longer the
measurement noise v(t) (which is modeled as white noise), but the process noise w(t) which
is modeled as a random walk process. The random drift of the signal is fairly obvious from
the figure. The percentage error for the three test where as follows

1) ErrorQ =

27.62% 73.75% 15.45%
73.75% 38.72% 55.04%
15.45% 55.04% 35.48%

 ErrorR =

49.49% 93.19% 80.32%
93.19% 31.06% 84.24%
80.32% 84.24% 40.40%


2) ErrorQ =

32.36% 71.47% 0.97%
71.47% 35.97% 52.53%
0.97% 52.53% 37.78%

 ErrorR =

47.24% 95.79% 72.21%
95.79% 45.90% 75.20%
72.21% 75.20% 40.93%


3) ErrorQ =

34.75% 65.13% 4.24%
65.13% 37.56% 51.17%
4.24% 51.17% 34.66%

 ErrorR =

33.34% 59.15% 77.86%
59.15% 19.63% 82.72%
77.86% 82.72% 39.52%


From the above results it can be seen that the algorithm is now able to estimate the process
covariance matrix Q with a much higher accuracy. It should be noted that the values that
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are estimated are still in the same range as illustrated in (11.6) and are thus quite small. It
can also be noted that the error percentage in estimating the measurement noise covariance
matrix R has increased significantly. This is assumed to be because the measurement noise
v(t) now only make up a small portion of the observations.

The above results indicate the that performance of the algorithm is highly dependent on the
ratio between the measurement and process noise. This is unfortunate, at is it know that the
measurement noise will always be the predominant component in the observation. This means
that the algorithm will not be able to accurately identify the process noise covariance Q. It
should be noted that the above results have been presented relative to specific correlations.
To this extent the results may not be representative for other levels of noise correlation.

Chapter Conclusion

In this chapter the a modified system model, describing Ns motionless gyroscopes has been
presented. Based on the modified system model and randomly generated correlation matrices
three correlated gyroscopes have been simulated. The EM algorithm has been applied to the
simulated data in order to investigate to what degree the algorithm is able to identify the
noise correlations. It was found that the algorithm was able to estimate the measurement
noise covariance matrix R quite will, with a low error percentage. The estimation of the
process noise covariance matrix Q was not estimated with sufficient accuracy.

The EM algorithm was found be provide significantly better estimates if the measurement
noise was lowered, equivalent to a situation where the main component in the observation is
the RRW process. This result indicate that the implementation of the algorithm is correct,
but that the method will not be applicable in relation to identifying the noise correlations
of the gyro-board. Since the results of the simulation have been less than impressive the
method has not been applied to actual data from the gyro-board and the existence of noise
correlations have thus not been substantiated.
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Chapter 12

Project Conclusion

In this chapter the main results of the are summarized and the project is evaluated in relation
to the objectives formulated in chapter 2 on page 9. The objective of the chapter is to
underline the accomplished work and relevant conclusions.

Modeling

The main starting point for the project has been the analysis of the gyro-board that features
eight medium grade MEMS gyroscopes. Based on Allan Variance analysis and classical
signal analysis methods, a stochastic model which includes the predominant stochastic errors
in the gyro-board output signal has been developed. The model, which considers ARW
and RRW noise processes has been implemented in MATLABr and validated through a
comparative analysis with the Root Allan Variance plot for the actual gyro-board gyroscopes.
The developed model was found to sufficiently approximate the stochastic characteristics of
the gyro-board output signal.

It is noted that the stochastic model is not a complete characterization of the errors in the
gyroscope output, but focuses on characterizing the random bias component. Error effects
such as scaling, nonlinearities, temperature, magnetic or other environmental variations are
not considered directly as they are either partially compensated for by the gyroscope already
such as correction tables for temperatures, or considered to have a small contribution to the
working assumptions of the project. The stochastic model is complementary to these further
modeling and optimizations.

Including modeling of an actual gyroscopes in the project has allowed the group to retain first
hand information regarding the performance and limitations of MEMS gyroscopes. The use
of the gyro-board has forced the group to include sensor specific considerations, that would
not have come into play if the project had been implemented based on a purely theoretical
basis.

Sensor Fusion

In this project the group has investigated methods of improving the performance of MEMS
gyroscopes through Kalman filtering under the assumption of correlated noise processes.
Through simulations it has been shown that by including information regarding noise corre-
lations the effects of angle integration drift can be reduced.
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One of the key elements in the project has been to provide a transparent evaluation of
the performance improvement made possible due to favorable noise correlations. This has
been achieved by introducing a simple averaging strategy as a suitable benchmark. By
benchmarking the performance improvement to averaging, the group believes that a more
nuanced and easier understood comparison of the performance improvement has been made
possible. Compared with averaging, Kalman techniques have shown significant improvements
in performance in the angle drift is possible when favorable correlations exist between the
gyroscopes noise processes.

The Kalman filter algorithm has uncharacteristically been applied to a non-observable and
non-detectable linear state space model. The Kalman filter will not be stable or convergent in
its estimation since the uncertainty of the Kalman estimate grows over time, however it is the
optimum estimate and no better solution can be found under the assumptions of the model.
Also importantly, although the uncertainty of the estimate grows over time, the Kalman filter
can be used with a constant gain matrix, making it very convenient for implementation.

Another results of the project relates to the analysis of an approximate constant gain com-
puted by repeating the recursive iterations of the Kalman filter. This approximate gain has
been used in simulations without any apparent loss of performance. To this extent, results
point to the fact that the method for calculating the constant Kalman gain as presented
by [4] might not be necessary in all cases. This is an important result as it opens for the
possibility of implementing a filtering strategy based on noise correlations without using the
method patented by Bayard and Ploen.

Correlation Identification

The sensor fusion strategies addressed in this project are based on the existence of favorable
corrections between noise processes of the gyroscopes. One of the main elements in the project
has been to investigate methods of identifying such correlations. The method investigated
in this project is based on EM and has been found to correctly identify time constant noise
correlation related to the measurement noise under simulation. The method was however not
able to identify the noise correlations related to the process noise with sufficient accuracy.
A significantly higher level of accuracy is attainable if the ratio between the system and
measurement noise levels is increased compared to the gyro-board model, and to this extent
the current implementation of the algorithm is considered to function correctly, but not it
is not appliable the system of interest. Since the identification method did not perform well
during simulated tests, it was not applied to data acquired from the gyro-board.
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Chapter 13

Feasibility and Future Work

This chapter address the feasibility of the sensor fusion strategy presented in the project
from a product development perspective. A number of open points and recommendations
are given as ideas that could be taken into account if the methods presented in the project
are subjected to further analysis and investigation.

There are two items of immediate interest, that should be added to the tool and method box of
multi-MEMS project: a computation formula for the angle drift computed from the Kalman
filter angular rate estimate, and a method that can be successfully employed to estimate
w-noise constant correlations for the multi-gyro state-space model. These two problems are
formulated in the following sections.

13.1 Kalman Angle Drift

While the increase in performance of estimating the angle has been tested and confirmed
through simulation in chapter 10, a precise numerical expression for evaluating the average
angle drift for different Kalman filter runs has not been developed yet. The average angle
drift will depend on the pattern and nature of the correlations, and a formula similar to
the the expression (7.16) obtained for the signal averaging method is needed. This is an
important missing piece, because while simulations can be used to evaluate the angle drift
for a Kalman scheme, they are laborious and require many runs to average over.

A starting point in developing this expression could be the error uncertainty of the Kalman
rate estimate, ε(k), (4.41). This is given by the covariance matrix P that can be calculated
using the Riccati recursion.

Var
(
ε̂(N)

)
= P+

N (1, 1) (13.1)

The uncertainty of the angle estimate can be expressed in the following way:

95/139



13.2. Identification of Noise correlations

Var
(
α̂ε(N)

)
= Var

(
N∑
k=1

ε̂(k)
)

=

=
N∑
k=1

Var
(
ε̂(k)

)
+

N∑
k1=1

N∑
k2=1
|k1 6=k2Cov

(
ε̂(k1), ε̂(k2)

)
=

N∑
k=1

P+
k (1, 1) +

N∑
k1=1

N∑
k2=1
|k1 6=k2Cov

(
ε̂(k1), ε̂(k2)

)
(13.2)

The first term containing the covariance term P+ can be evaluated, however the correlation
between the rate estimates at different times is more difficult to evaluate in a form that is
suitable for fast numerical implementation. The covariance Cov

(
ε̂(k1), ε̂(k2)

)
will not be zero

because the error in our Kalman estimation grows with time.

Another approach could be to investigate the angle drift starting with the analytical solution
of the Riccati equation as presented by Bayard and Ploen [4].

13.2 Identification of Noise correlations

The existence and identification of noise correlation is an important open point that is missing
for a decisive evaluation of the feasibility of the gyro-board project. Once a reliable method
of identifying correlation is resolved and confirmed by simulations, the investigation of the
actual existence and properties correlations on the gyro-board can begin.

While practical correlations might have time-varying characteristic or other parameters vari-
ations - they might depend on the intensity of external disturbances such as forces, vibrations,
temperature, etc - it is first of interest to set-up a method of identifying time constant cor-
relations in the w noise. In the thesis, a recursive form of maximum likelihood, Expectation
Maximization has been investigated with moderate results. The set-up of the problem re-
mains however relevant. Given a set of stationary measurements from Ns sensors, ω known
to be 0, a modified system model is created by eliminating the ω state. The purpose of the
identification is to recover Q and R matrices from a set of simulated data obtained with
modified system model given arbitrary w and v correlations and with the appropriate noise
levels σw and σv.

A recommendation in this direction is for a method called Autocovariance Least Squares
(ALS) [6] developed in 2003-2005 at University of Wisconsin-Madison. The website jbr-
www.che.wisc.edu contains a GNU Octave/MATLABr implementation that is easy to start
up. The method gives necessary and sufficient conditions on the model for uniqueness of the
estimated covariance, it guarantees unbiased and convergent estimates with an increasing
number of points in the data set, and also guarantees positive semidefinite of the estimate.
The problem is framed as an convex optimization with constraints.

A preliminary implementation of the method has provided encouraging results, with con-
vergent diagonal estimates for the Q and R matrices when the initial state is a good guess,
however the off-diagonal covariance elements have failed to converge. As such, both the
implementation and the prerequisite condition for applying ALS need to further addressed
before a final conclusion can be drawn.

It is mentioned here that the general assumption about individually packaged sensors units,
such as th ADIS16265, is that they are independent. The original [5] proposal points towards
a on-chip manufacturing process that can yield consistent and favorable correlation. As such,
a general level of reserve is maintained about feasibility of product before correlations can
be better investigated. In conclusion, identification of correlations is vital for evaluating the
multi-gyroscope board.
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Appendix A

Data Preprocessing

In this appendix the used method of preprocessing data captured from the gyro-board is pre-
sented. The method was originally developed for evaluating data sampled using a Windows
XP implementation of the gyro-board sampling software which was found to induced a series
of errors in the captured data. The sampling software was later moved to a Linux imple-
mentation that was found be be significantly more stable and minimize errors in the data.
The majority of the sample sessions used in this project are to large to evaluate by physi-
cal inspection and therefor the preprocessing has been maintained to give a measure of data
quality.

In the following the chain of reasoning behind the development of the preprocessing method is
presented. This include evaluation of observed errors and considerations for the compensation
of these errors.

Data Acquisition

The basis of the development of the preprocessing method is the identification of specific
errors in data sampled using the Windows (XP) implementation of the gyro-board sampling
software. In this appendix a specific sample session where data was sampled from the gyro-
board as 100Hz for 48 hours. The used setting for the gyro-board where the default settings.
The sampled data has been found to contain two main types of error.

Spikes/Outliers

The sampled data where found to contain spikes, that are clearly are not valid measurements
of angular rate. An example of these spikes are illustrated in figure A.1, which illustrate raw
data from the sample session. As illustrated in figure A.1 unprocessed data contain spikes
in the measurement of the angular rate. It is noted that the spikes do not occur in all the
gyroscopes at the same time indicating that the problem is sensor specific. It is also noted
that the spikes only make up a small part of the collective data set.
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Figure A.1: Raw data from sample session 1

Non-equidistant samples

The length of the sample sessions where defined to be 48 hours. Based on this duration and
the sample frequency the number of samples to be taken where calculated. After the number
of samples where taken it became apparent that the actual length of the session surpassed
the expected 48.

The nature of the problem is further investigated by plotting the time duration between
samples (sample period) in the session. In figure A.2 typical sample periods related to the
sample sessions are illustrated. Figure A.2 is based on session 1, but shows the typical pattern
in the session sample period. It is clear that the duration between samples are varying as the
graph would simply be a constant value of 1

Sf
≈ 0.01 if the samples where indeed equidistant.

The reason for the delays that are visible in figure A.2 may be processes running behind the
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Figure A.2: Illustration of Non-equidistant samples
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gyro-board sampling software. As some of the delays can be identified to be of the same
length and further more somewhat periodical, the possibility of the delays being caused by
processes running behind the sampling software is further substantiated. This problem was
anticipated and sought compensated for by changing the priority of the sampling software
to the highest level. In spite of this the control PC operating system still failed to provide
equidistant samples.

In this section a series of errors related to the sampled data has been identified and presented.
In the following section some of this errors are compensated for by implementing means of
preprocessing the data prior to usage.

Error compensation

In this section the methods of compensating for the errors are described.

Removal of spikes

The approach chosen in relation to compensating for the spikes is a crude one. The approach
is based on the fact that range of the noise in individual gyroscopes are very similar. This
allow the use of a single comparison filter that removes samples that are outside the expected
range. If a sample from one of the gyroscopes are found to be outside the range the collective
samples in the particular instance of time is removed. This approach will remove valid
samples but will also enable that samples from the individual gyroscopes can be related to
each other.

Implementation

The removal of the data spikes is implemented using the MATLABr function spike.m,
which is presented hereunder. The scalar value of minrange and maxrange are determined
empirically from looking at the the data.

1 function [data] = spike(data,minrange,maxrange)
2 % function [data] = spike(data,minrange,maxrange)
3 % INPUTS: data: N × 1 data array [.]
4 % minrange: Minimum value allowed [.]
5 % maxrange: Maximum value allowed [.]
6 % OUTPUTS: data: Filtered data [.]
7

8 for x = 2:size(data,2)−1
9 [I] = find( data(:,x) > maxrange(:,x−1) );

10 if (¬isempty(I))
11 data(I,:)=[];
12 end
13 end
14

15 for x = 2:size(data,2)−1
16 [K] = find( data(:,x) < minrange(:,x−1) );
17 if (¬isempty(K))
18 data(K,:)=[];
19 end
20 end
21 end
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Removal of Non-equidistant samples

A recurring sample delay problem was often observed. The delay can be detected by looking
at the Blackfin timestamp field, and the first sample after the delay was corrupted. The
followings script detects long delays between samples and processes the data to drop each
first sample after such a delay.

Implementation

The removal of the non-equidistant samples is implemented using the MATLABr function
gyrotimestamp.m, which is presented hereunder.

1 function [data] = gyrotimestamp(data,sfc,sfb)
2 % INPUTS: data: N × 1 data array [−]
3 % sfc: Computer clock frequency [Hz]
4 % sfb: Gyro board sample frequency [Hz]
5 % OUTPUTS: data: Processed data [−]
6

7 bc=0;
8 for jj=1:1:length(data)−2
9 if ( data(jj+1,1) − data(jj,1) ≥ 10000*sfc/sfb )

10 bc=bc+1;
11 bad(bc)=jj+1;
12 end
13 end
14 if ( bc>0 )
15 data(bad',:)=[];
16 end

Appendix Conclusion

Using the methods described in this appendix the it is possible to not only remove the faulty
data points, but also evaluate the quality of the sampled data. Based on the amount of
sampled that are removed from the original data set a measure of the quality of the sampled
data is given. This information is used in evaluation of the data acquired using the new
Linux implementation of the sampling software.

Using the Linux implementation provides data which do not contain the errors described
above. The preprocessing method is however implemented as a means of evaluating the
quality of the data as apposed to investigating the data manually.

In order to substantiate the claim that the data sampled using the Linux implementation of
the sampling software we now present a small evaluation of a test session. In the following
a 10 minutes sample from one of the gyro-board gyroscopes are considered. The number of
samples are N = 1228800. The data is illustrated in figure A.3. By just looking at the data
it is clear outlines are no longer a problem. In figure A.4 the delays between samples are
illustrated. From figure A.4 is can be seen that the samples are much more equidistant than
in the previous implementation on XP. Figure A.2 shows the delays in a sample session using
the XP implementation. It is clear the the samples are now almost equidistant.
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Figure A.3: Illustration of the sampled data (Linux implementation)
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Figure A.4: Illustration of the delays in the sample (Linux implementation)
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Appendix B
Replication of ADIS16265 Root

Allan Variance Plot

In this appendix Root Allan variance plot as presented in the ADIS16265 [3] data sheet is
recreated. The appendix describes the process of acquiring the necessary data, including the
relevant considerations and the used test setup.

This test is different from the others test performed in the project as it uses an environment
chamber, that allow the temperature of the gyro-board to be controlled. The opportunity of
using such a chamber presented itself while the group visited CDL in the beginning of April
2011. CDL have several high grade test equipment at their disposal and the group where so
fortunate to be able to perform tests of the gyro-board during our visit. In the following the
tests concerning the the replication of the data sheet Root Allan variance plot is addressed.

Considerations

The ADIS16265 [3] data sheet provides the Root Allan variance plot related to the gyroscope
ADIS16265 [3]. This plot is illustrated in figure B.1. In effect it is desired to replicate figure
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Figure B.1: Typical Performance Characteristics [3] - Root Allan variance plot
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B.1 to substantiate that the implemented method of identifying noise processes in the gyro-
board output signal is valid. From figure B.1 it can be seen that the maximum cluster size
used to generate the plot has been 1000 seconds. Based on this piece of information we are
able to backwards calculate the required session length to replicate the figure.

The larges cluster size considered in figure B.1 is 1000 seconds. It is known that if a 25%
accuracy in the estimate is desired at least 9 clusters must be considered. This means that
a minimum of 9000 seconds or 2.5 hours is needed to recreate the Root Allan variance plot.
We however consider 2.5 hours to be the very minimum required session time as it will only
provide a 25% accuracy in the estimate. In order to further improve the estimate we consider
a much longer session with a duration of 20 hours. In this appendix we use a under-sampling
factor of 20. This results in the following sampling frequency.

Sf = 2048 Hz
20 = 102.4 Hz (B.1)

Using this sampling frequency and sampling and a sample duration of 20 hours results in a
collective sample with length N = 102.4 ·20 hours = 7372800 samples. Using this information
the accuracy of the estimate at clusters with n = 1000 seconds can be calculated as below.

σAV = 1√
2
(
N
n − 1

) (B.2)

= 1√
2
( 7372800

1000 − 1
) = 0.00823% (B.3)

This is sufficiently close to the actual value of the variance at n = 1000, and well within the
±1σ, indicated by figure B.1. In the following the process of acquiring the 20 hours of data
is addressed.

Test-setup and procedure

As mention previously the the data used in this appendix was acquired by sampling the
gyro-board while in a temperature controlled environment chamber. In the following the
tests setup is described.

The test setup, as illustrated in figure B.2, consists of an isolated wooden box (environment
chamber illustrated in figure B.2) fitted with a Peltier heating/cooling element. The Peltier
element is controlled by a control PC, that uses temperature information measured inside
the box to maintain a specific temperature in the box. The temperature control system and
the Peltier element from will not be addressed in further.

The data from the gyro-board is sampled at 102.4Hz. The complete step by step description
of the test is given hereunder.

1. Turn on Sampling PC

2. Turn on Control PC

3. Connect data and power cables to gyro-board

4. Connect data and power cables to Sampling PC

5. Connect temperature sensor and Peltier element control cable to the Control PC

6. Turn on Peltier element power supply
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Figure B.2: Illustration of test setup - CDL 06.04.2011

7. Securely position the gyro-board on the dampened platform in the in environment chamber
using adhesive pads

8. Test that the temperature sensor is working by monitoring the temperature as the sensor is
held in a closed hand

9. Start the gyro-board sampling software on the Sampling PC
10. Verify that the gyro-board is providing samples by taking a few samples
11. Place temperature sensor in close proximity to gyro-board using adhesive tape
12. Close chamber access door
13. Initialize the temperature control using the Control PC software to maintain a constant tem-

perature of 20◦

14. Initiate the measurement by requesting 24 hours = 1000,00 samples from the gyro-board
sampling software prompt

15. Leave the room and return after 24 hours
16. Verify the that the requested amount of samples has been sampled by looking at gyro-board

sampling software prompt
17. Stop the temperature control using the Control PC software
18. End of test session

We acknowledge that this description of the used test setup is somewhat crude. We however
do not consider this to be of significant importance as the test can only be recreated perfectly
using the setup at CDL. We therefor reserve our right to state that similar results should be
obtainable using a similar setup and not go into details about the used equipment. Provided
that information about the specific equipment is required we advise that CDL is contacted
directly for support. The main focus point in the test of the gyro-board is the unit is isolated
from external vibrations and that the temperature is maintained at a constant 25◦ during
the test session.

Session Data

In this section we present the raw results from the sampling session and the results of the
preprocessing. Note that the preprocessing implements both evaluation of the sampled data
and unit conversion from bits to ◦/s.

In figure B.3 the first 1 second of the sampled data is illustrated. The raw data is processed
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Figure B.3: Sample data from gyro-board - CDL Test

using the script file datafilt.m. By applying the script to the acquired data a measure of the
data quality can be obtained. The result of the processing was the no samples where removed
indicating that no faulty samples where present in the data, and that no data packets where
lost.

In figure B.4 the temperature log during the sample session is illustrated.
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Figure B.4: Environment chamber Temperature Log - CDL Test

From figure B.4 it can be seen that the temperature is maintained close to the desired
set temperature throughout the session. In the beginning of the session there is a short
period where the temperature has not risen to the desired set temperature. This is however
considered to be of minuscule importance as the initial temperature of the temperature
chamber was approximately 19◦ which is relatively close to the set temperature.
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Data processing

In this section we process the acquired data with the Allan variance MATLABr script file
allan.m, as described in appendix D. The file calculates the Root Allan variance and is used
in connection with the plotting tool plotallan.m to identify the values of the Bias stability
and ARW noise coefficients. In the following we present the Root Allan variance for the eight
gyroscopes that make up the gyro-board, as calculated from the acquired data.

In figure B.5 the Root Allan variance plot of the eight gyroscopes are illustrated.
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Figure B.5: Root Allan variance plot

Figure B.5 illustrates the collective Root Allan variance plots. Based on the figure it is
obvious that the individual gyroscopes, as expected, has similar noise characteristics. Using
the MATLABr script file cdl_figures.m the Bias stability and ARW noise coefficient for
the individual gyroscopes have been found. For clarity we have omitted the individual plots
and only present the values as they have been estimated. The collective values are given in
table B.1. The plots used in the process of identifying the values of the noise components
can be viewed on the project CD.

Gyro Bias Stability ◦/s ARW ◦/
√
s

1 0.005187 0.033261
2 0.0046887 0.033939
3 0.0045031 0.033939
4 0.0052928 0.037546
5 0.0042383 0.038312
6 0.0063479 0.042383
7 0.0045031 0.032596
8 0.005511 0.033939
Mean 0.005034 0.035739
Variance 480.0500 · 10−9 11.3953 · 10−6

Table B.1: Results from Allan Variance Analysis

The data sheet [3] provides the value of the Bias stability and the ARW coefficients. The
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Bias stability is given in [◦/s] and the ARW is given in ◦/
√
h. In order to compare the ARW

noise coefficient to the estimated value the parameter must be converted to the same units.
The transformation is given in equation B.5.

ARW = 2 [◦/
√
h] (B.4)

= 2◦/
√

60 · 60 [◦/
√
s] (B.5)

= 0.03333 [◦/
√
s] (B.6)

From equation B.5 it can be seen that the estimated value for the ARW noise coefficient is
quite close to that given in the ADIS16265 [3] data-sheet. The variance of the found values
is impressively small and indicate that the sensor are ended very similar.

Appendix Conclusion

In this appendix we have sought to recreate the Root Allan variance from citetgyro data-
sheet. This has been done by sampling the gyro-board at 102.4 Hz for for 20 hours while at
a constant external temperature of 20◦. Based on the acquired data the Root Allan variance
has been calculated and plotted.

The Bias stability and ARW noise coefficients has been estimated based on the Root Allan
variance plots and have been found to be reasonably similar to the values presented in the
citetgyro data sheet. Based on this we consider it proven that the
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Quantization Noise Analysis

During the initial analysis of the gyro-board, what is believed to be quantization noise, was
observed in the board output signal. The appearance of the noise however exhibited some prop-
erties, which are not considered standard in relation to quantization noise. In this appendix
the nature of the noise is investigated further to substantiate that noise is in fact caused by
quantization.

Considerations

While working with the gyro-board it was noticed that the data showed plateaus at the sensor
resolution values. This is normally a clear indication that quantization of the signal has
occurred. The signal was however found to contain some level of abnormality as it contained
fast varying element immediately followed by plateaus, where the signal varied significantly
less. The combination of different characteristics have been found to be somewhat suspicious
and is therefor investigated further.

The properties of the alleged quantization noise is investigated by changing the project gy-
roscope dynamic range settings. By sampling the gyro-board output signal and evaluating
the resulting data it is possible to identify whether or not the noise in the signal is in fact
caused by quantization. The specifications under which the data is sampled are addressed in
the following.

Test-setup and Procedure

In this section the used test-setup and procedure is described. The main objective of this
appendix is to investigate whether or not the described noise characteristic is caused by
quantization noise. This is investigated by sampling the gyro-board using two different
dynamic range settings.

The range of the project gyroscopes limits the obtainable level of accuracy in the output signal
as the number of bits available to represent the measured rate do not change. If the dynamic
range is set to the maximum 320◦/s the sensor resolution becomes much more coarse. As the
range of the sensor noise is unchanged the appearance of noise will now seam quantized as
less bits are used to represent the signal. The question of dynamic range is obviously related
to the properties of the process that is being measured. The problem can be compared to
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the process of looking at an object. If the object is large the observer must stand with some
distance to the object to fully observe the properties of the object. If the object is small it
will be hard to observe from a distance and a much close look will be advisable.

For the test a sampling frequency of 2048Hz was used along. Note that only one sensor is
considered in the following as all sensors signals exhibit similar characteristics. The following
is a step-by-step description of the test procedure used for the two tests. The two settings
for the gyro-board dynamic range are 80◦/s and 320◦/s respectively.

1. Initialize the gyroscope dynamic range setting
2. Turn on Sampling PC
3. Connect data and power cables to gyro-board
4. Connect data and power cables to Sampling PC
5. Securely position the gyro-board on the foam isolation pad
6. Start the sampling software on the Sampling PC
7. Initiate the measurement by requesting 2 minutes = 245760 samples from the gyro borad

sampling software prompt
8. Wait until the requested number of samples have been captured.
9. End of test session

The test is performed using two different settings for the dynamic range. The used settings
where 320◦/s and 80◦/s.

Results

In this section the raw results from the sampling session are presented and the results of the
preprocessing. Note that the preprocessing implements both evaluation of the sampled data
and unit conversion from bits to ◦/s. This is an important step as the scalar conversion value
changes according to the dynamic range was used during the test. In accordance with the
gyroscope data sheet ADIS16265 [3], the conversion values 0.07326 and 0.01832 where used
for the 320◦/s and 80◦/s dynamic range respectively.

The raw data is processed using the script file datafilt.m as described in appendix A on
page 99. By applying the script to the acquired data a measure of the data quality can be
obtained. The result of the processing was the no samples where removed indicating that no
faulty samples where present in the data, and that no data packets where lost. The script
provides the collective measurement for each of the individual sensors in the gyro-board, but
in the following only gyroscopes 1 is considered as the characteristics of the gyroscope are
more or less identical.

In figure C.1 data from sensor 1 during the two tests are illustrated. Only half a second of the
data is considered as it illustrates the properties of interest must better that the collective
data set. From figure C.1 it is easy to see that the noise is in fact caused by quantization.
The plateaus that are visible in in the data sampled using the 320◦/s dynamic range are not
present in the data sampled using the 80◦/s dynamic range. This indicates that the plateaus,
as expected, are caused by quantization of the gyroscope noise. It can also be noted from
the figure that the overall appearance of the two signals are quite similar, the only difference
being that different resolution has been used for the to sample sessions.

Appendix Conclusion

In this appendix the properties of the the gyro-board output signal, in particular the dynamic
range, has been investigated. The objective of the investigation has been to substantiate
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Figure C.1: Sample data from gyro-board - AAU Test

that the plateaus observed in the data using the 320◦/s dynamic range is indeed caused by
quantization of the signal and not some other phenomenon.

The properties of the the gyro-board output signal has been investigated by sampling the it
using different sensor settings. The only difference between the two session where the dynamic
range setting which was set to 80◦/s and 320◦/s respectively. The data was sampled at
2048Hz for 2 minutes, though only half a second was considered during the results evaluation.

By plotting the data from the two sample sessions it is possible to see that that plateaus in
data captured using the 320◦/s dynamic range is caused by quantization. The data captured
using the 320◦/s dynamic range setting show similar properties. From the figure, it is obvious
that the resolution of the gyroscope is the critical reason for the plateaus in the data.
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Appendix D

Allan Variance Method

In this appendix the AV method, as used in this project, is described in detail. The objective
of the appendix is to address the points that where neglected in the methods chapter 4 on
page 17. In addition the usefulness of the AV method is validated by applying it to simulated
data which contain known noise processes.

Cluster analysis

For clarity the cluster operations which is the main element in the AV method is repeated
in the following. Consider the output z from a sensor sampled in discrete time given as
t = kτ0 , k = 1, 2, 3, . . . N . Thus the finite dataset from the sensor consists of N consecutive
data points with a sample period of τ0. To better illustrate the following cluster operations,
a sequence of simulated data have been generated. The data contains 1000 samples and
has been generated using the file MATLABr allanexample.m which can be viewed on the
project CD. The data, illustrated in figure D.1, resemble the output from a MEMS gyroscope
sampled at 100Hz and consists of 1000 samples i.e. 5 seconds.
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Simulated Data

Figure D.1: Simulated MEMS gyroscopes output - AV method
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Having acquired a finite data set, the next step is to divided the data into clusters with
specific length τ0, 2τ0, . . . Mτ0, with M < N

2 . M denotes the number of data points within
the individual clusters and τ denotes the cluster correlation time equal to Mτ0. The process
of dividing the data into clusters with different correlation time τ is illustrated in figure D.2
for τ = 0.1s, τ = 0.2s and τ = 1s respectively. This diversion along with the sampling
period τ0 = 100Hz results in clusters that contain M = 10, M = 20 and M = 100 samples
respectively.
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Figure D.2: Creation of clusters with different correlation time - AV method

Associated with each cluster k, containing M data points, is a cluster average z̄ which is
calculated as follows.

z̄k(τM ) = 1
M

M∑
i=1

z(k+1)M+i (D.1)

z1, z2, . . . , zM︸ ︷︷ ︸
k=1

, zM+1, . . . z2M︸ ︷︷ ︸
k=2

, . . . , zN−M , . . . zN︸ ︷︷ ︸
k=K

(D.2)

where k = 1, 2, . . . ,K and K = N
M . The process of dividing the data into clusters with

different correlation time τ and performing the cluster averaging operation can be illustrated
as in figure D.3 where τ = 0.1s, τ = 0.2s and τ = 1s respectively. Notice how the variance of
the cluster averages changes relative to the used correlation time τ .

For each set of clusters with length M , that can be formed from the data set, the successive
cluster averages as defined above form a set of random variables. The object of interest, the
Allan Variance σ2

A, is the variance over all the clusters of lengthM . The AV σ2
A(τ) evaluated

for cluster with length M is defied as

σ2
A(τ) = 1

2E
〈

[z̄k+1(M)− z̄k(M)]2
〉

(D.3)

In this project the standard estimator (D.3), is used in which the mean is simply estimated
using the sample mean. This approach was chosen as this estimator is known to provides
sufficient results with acceptable processing time. Other AV estimators exist for example the
overlapping estimator. The overlapping estimator, works by shifting the data and creating
a much higher number of independent clusters, than possible with the standard method of
computation. The overlapping estimator is calculated as follows

σ2
A(τ) = 1

2(K − 1)

K−1∑
k=1

[z̄k+1(M)− z̄k(M)]2 (D.4)
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Figure D.3: Cluster averages for different correlation time - AV method

The overlapping AV estimator (D.4), is the method recommended by IEEE [13] and is therefor
widely accepted method of characterizing MEMS gyroscopes. The estimator is considered
superior to the estimate used in this project as it enables the use of overlapping clusters.
During the preliminary work with the development of the MATLABr implementation of the
AV estimator both types of estimators where implemented and tested. The performance of
the standard estimator was found to be similar to that of the overlapping estimator, the later
being the most computational heavy. In order to reduce the computational load and thereby
the time necessary for the calculation, the standard estimator was chosen as the main method
of estimating the AV. It should be noted that higher level of accuracy in estimating the sensor
process noise coefficients should be possible by using the overlapping estimator, though this
was not the conclusion of the preliminary work. CDL who has extensive experience with
characterizing both medium and high grade MEMS gyroscopes, use the standard estimate.
The use of the standard estimate is thus considered a valid decision.

MATLABr Implementation

In this section the algorithm implementing the AV method is described. The algorithm is
implement in MATLABr as illustrated here below. The MATLABr function file allan.m
containing the algorithm can be viewed on the project CD. allan.m is designed as a function
that takes a vector of data and the sample frequency as input and supplies the τ vector and
the Root Allan Variance vector σA(τ) as output.

1 function [sig,tau] = allan(data,Fs)
2 % function [sig,tau] = allan(data,Fs)
3 % INPUTS: data: N × 1 data array [◦/s]
4 % Fs: Sampling Frequency Fs [Hz]
5 % OUTPUTS: sig: Standard Root Allan Variance σA [◦/s]
6 % tau: Cluster time τ [s]
7

8 tau0 = 1/Fs; N=length(data); % Sampling period and Length of data set
9 max_clusternumber = floor( log((N−1)/3)/log(2) );

10 tau = zeros(1,max_clusternumber+1);
11 sig = zeros(1,max_clusternumber+1);
12 for j=0:max_clusternumber
13 M = 2^j; % Cluster-size being evaluated
14 tau(j+1)=M*tau0; % Cluster time τ
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15 index = 0; % Index is the d vector index
16 d=zeros(1,floor(N/M)); % Cluster difference vector
17 for i=1:M:N−M+1
18 index = index + 1;
19 d(index)=sum(data(i:i+M−1))/M; % The average for a cluster, size m
20 end
21 sig(j+1)=sqrt(0.5*mean((diff(d(1:length(d))).^2)));
22 end
23 end

The above implementation of the standard AV estimator is used throughout the project.
Below is a implementation of the overlapping AV estimator which has not been used in the
project, as it was found be be too computational heavy and not supply results significantly
better than the standard estimator.

1 function [sig,tau] = overallan(data,Fs)
2 % function [sig,tau] = allan(data,Fs)
3 % INPUTS: data: N × 1 data array [◦/s]
4 % Fs: Sampling Frequency, Fs [Hz]
5 % OUTPUTS: sig: Overlapped Root Allan Variance, σA [◦/s]
6 % tau: Cluster time, τ [s]
7

8 tau0 = 1/Fs; N=length(data); % Sampling period and Length of data set
9 max_clusternumber = floor( log((N−1)/3)/log(2) );

10 tau = zeros(1,max_clusternumber+1);
11 sig = zeros(1,max_clusternumber+1);
12 for j=0:max_clusternumber
13 M = 2^j; % Cluster-size being evaluated
14 tau(j+1)=M*tau0; % Cluster time τ
15 index = 0; % Index is the d vector index
16 d=zeros(1,floor(N/M)); % Cluster difference vector
17 for i=1:M:N−M+1
18 index = index + 1;
19 d(index)=sum(data(i:i+M−1))/M; % The average for a cluster, size m
20 end
21 diff1=D(M+1:N+1−M);
22 diff2=D(1:N+1−2*M);
23 s=sum((diff1−diff2).^2);
24 sig(j+1)=sqrt(s/(N+1−2*M)/2);
25 end
26 end

Having presented the used method for estimating the AV and the used implementation the
method of identifying noise processes using the AV is presented.

Root Allan Variance plot

Having presented the method of implementing the AV calculation the next step is to use
the Root Allan Variance plot to identify the magnitude and nature of the noise processes
contained in the captured data. This is accomplished by plotting the Root Allan Variance,
σA(τ) as a function of correlation time τ in a loglog plot. The Root Allan Variance plot is
thus defined as a plot whose x axis is x = log(τ) and whose y axis is y = log(σA(τ)). An
often used spacing of theτ values is M = 2j where j = 0,1,2,3... .

By examining the slope of the Root Allan Variance plot curve, it is possible to identify
and determine the magnitude of the different noise processes present in the captured data.
In figure D.4 a standardized Root Allan Variance plot, containing several different noise
processes and their appurtenant curve slope is illustrated. The figure is a standardized
representation of how processes are represented in the Root Allan Variance plot and should
be interpreted as such. When using actual data sampled from a real sensor the slopes and
transitions may not be as sharp as represented i the figure.
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Figure D.4: Standardized Root Allan Variance plot after [13, p. 71] - AV method

The contributions from the different noise processes are highly dependent on the number
of samples in the data set as well as the duration of the measurement. Considerations in
relation to what type of noise sources that are to be examined are vital for the usefulness
of the plot. Such consideration should not be taken lightly as sampling sessions can have
duration of several days. The typical cluster time τ range for computation of the random
processes are several minutes for ARW, several hours for bias stability and several days for
RRW.

The connection between the random processes and the slope of the Root Allan Variance plot
curve can be inferred from the AV expressed in the frequency domain. The AV as expressed
in the frequency domain is given as follows [13].

σ2
A(τ) = 1

2E
[
[z̄k+1(M)− z̄k(M)]2

]
= 4

∞∫
0

SΩ(f) sin4(πfτ)
(πfτ)2 df (D.5)

Where τ is the correlation time and SΩ(f) is the two-sided Power Spectral Density (PSD) of
the gyroscope output. It should be remembered that the two-sided ratePSD is only applicable
for stationary random processes. One interpretation of (D.5) is, that the AV is proportional
to the total noise power of the gyroscope output when passed through a filter of the form

h(x) = sin4(x)
(x)2 (D.6)

The filter is the result of the method used to cerate and operate on the clusters. The the filter
bandpass depends on the correlation time τ and therefor different types of random processes
can be examined by changing τ . In effect this variation of the filter bandpass is exactly
what is through the AV method. In the following sections the physical origin of various
noise processes are described along with their characteristics when plotted in the Root Allan
Variance plot.

Angle Random Walk

The ARW is one of the main sources of error in angle estimation using gyroscopes. The
output of a gyroscope is typically a signal proportional to the measured rotational velocity
about the gyroscopes sensitive axis. As the gyroscope is at rest the assumption is that the
output will be zero but due to white noise in the output the will output will not be exactly
zero but vary between being above and below zero. The effects of this white noise in terms of
limited accuracy, may be acceptable if angular velocity is indeed the state of interest. However
most often the angle and not the angular velocity is the state of interest and this renders the
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effects of the white noise more noticeable. The process of integrating the gyroscopes output
accumulates the white noise and results in drift in the measured angle. In this way ARW
is directly applicable to angle calculations as it describes the average deviation which occur
when the gyroscope output is integrated. The error will increase indifferently over time and
provides a fundamental limitation to any angle measurement that relies solely on integration
of the measured output.

The PSD associated with the ARW can be described as follows [13].

SΩ(f) = ARW 2
C (D.7)

where ARWC is the measurement noise coefficient. Substituting (D.7) into (D.5) and per-
forming the integration yields

σ2
A,ARW (τ) = ARW2

C

τ
(D.8)

from which it can be inferred, that the Root Allan Variance associated with the ARW noise
will be identifiable by a slope of −1/2 when plotted in the Root Allan Variance plot. The
numerical value of ARWC in units of [◦/

√
s] can be extracted from the Root Allan Variance.

ARWc is the variance coefficient at τ = 1s which intersects the −1/2 slope appurtenant to
the ARW noise process. The process of extracting the numerical value of ARWC will be
addressed later in this section.

Rate Random Walk

The RRW noise process is a noise process of uncertain origin. The RRW noise process
manifests itself as a slow change in the gyroscope bias. The PSD associated with the RRW
noise process is as follows

SΩ(f) =
(
RRWC

2π

)2 1
f2 (D.9)

Where RRWC is the RRW noise process coefficient. Substitution of (D.9) into D.5 and
performing the integration yields

σ2
A,RRW (τ) =

(
RRWC

2

3

)
τ (D.10)

from which it can be inferred, that the Root Allan Variance associated with the RRW noise
will be identifiable by a slope of +1/2 when plotted in the Root Allan Variance plot. The
numerical value of RRWC in units of [◦/

√
s3] can be extracted from the Root Allan Variance.

RRWc is the variance coefficient at τ = 3s which intersects the +1/2 slope appurtenant to
the RRW noise process. The process of extracting the numerical value of RRWC will be
addressed later in this section.

Bias Stability

The output from a non calibrated gyroscope will not be centered around zero but contain
some offset. This offset is normally refereed to as bias and is normally considered a de-
terministic value that can simply be subtracted from the gyroscope output to center the
output. The method of identifying the bias is normally to sample the gyroscope output for
a prolonged period of time and calculating the sample mean. This however is somewhat of
a approximation as the bias will change both with temperature and over time. As the bias
inherently drifts over time the length of the sample period will influence the value of the bias.

Considering the AV algorithm works by dividing the samples of the gyroscope output into
clusters and finding the variance between cluster averages the AV method is excellent to
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investigate the stability of the gyroscope bias. For short cluster time τ the variance of the
cluster averages will be quite large due to ARW. As the cluster time τ is increased the
variance between cluster averages decrease and the bias estimate becomes more and more
accurate. At some point the Root Allan Variance plot curve will start increasing again due
to RRW. The minimum point of the Root Allan Variance plot curve is thus a measure of how
stable the output of the gyroscope is over time and is measured in [◦/s]. The value represents
the best bias stability that can be expected, assuming that the bias is calculated based on
the characteristic time τ as defined by the minimum point of the Root Allan Variance plot.

Estimation Accuracy

The Allan variance analysis is based on a finite number of samples and thus a finite number
of clusters can be formed. In this way the number quality of the estimate is proportional to
the number of independent clusters of a given length that can be formed. The quality of the
variance estimate increases as the number of clusters are increased.

The percentage error ζ in estimating the Root Allan Variance σA when clusters containing
M data points from a data set with N collective points can be calculated as follows

ζ = 1√
2
(
N
M − 1

) (D.11)

The equation can be used in the process of designing the data acquisition method. Consider
a data set containing 100,000 data points. If cluster sizes of 10,000 data points are used the
percentage error in estimating σA(10, 000s) is approximately 23.5%. On the other hand the
error in estimating σA(1, 000s) is approximately is only 7.1%. In this way it can be seen that
uncertainty grows with the correlation time τ . A rule of thumb, a minimum of 9 clusters
must be formed, which corresponds to an percentage error of 25%, unless the estimate loses
it meaning.

To investigate the presence of a random process, which is know to manifest at τ = 100, 000s, in
a gyroscope output within an error of 25%, a minimum of 900, 000 seconds must be obtained.
Quite obviously the required length (in time) of the data set can therefor grow to extreme
lengths depending on the process to be investigated. In the example from above, the 900, 000
seconds sample length corresponds to a data set with a length of 10.4 days. As illustrated
the error equation can be used as a guideline when a designing the data acquisition method.
In the following section a small example on how to use the error equation to estimate the
required capture length.

Simulation Data Example

In this section use of the AV method is addressed using simulated data. The objective is of
this section is to provide the reader with a clear understanding of the considerations related
to the use of the AV method. The decision to use simulated data enable complete control of
the noise processes in the considered data set and thus clear evaluation of the results provided
by the analysis.

The data used in this section is generated using the model designed in chapter 5 on page 39.
In models the stochastic characteristics of the project gyroscope ADIS16265 [3] and features
the ARW and RRW noise processes. In the following the typical values for ARWC,TY P and
RRWC,TY P , as identified in chapter 5 has been used.

ARWC,TY P , 0.068◦/
√
s and RRWC,TY P , 0.00029◦/

√
s3 (D.12)
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The first objective is to evaluate the required data length (in time) which provides a decent
level of accuracy when estimating the noise processes. In this example quite a lot of infor-
mation regarding the expected noise processes, are present and the overall shape of the Root
Allan Variance plot can therefor be estimated. As only the ARW, RRW noise have been
modeled, slopes of -1/2 and 1/2 will will dominate of the Root Allan Variance plot. The
expected shape of the Root Allan Variance plot is illustrated in figure D.5.

Rate Random

Walk

σ (τ)

τ

A

AngleRandomWalk

Slope = +1/2
Slope = +1/2

Figure D.5: Expected Root Allan Variance Plot - AV method

From figure D.5 it is quite clear, that the RRW is the process that manifests at the highest τ
value. This means that if the RRW process is to be estimated with a specific error percentage,
the required capture length can be inferred from this error percentage using equation (D.11).
In this example the actual value of the RRW noise process is know and the required capture
length could thus be calculated directly. However in most situations only guiding information
regarding the noise processes are present. Therefor this example as if nothing where known
about the noise processes in the captured data.

From literature [13], it is know that the RRW noise process, in medium grade MEMS gyro-
scopes, typically manifests at cluster time of 10,000 seconds (τ(10, 000s)). Along with the
desired estimation error percentage this somewhat qualified guess can be used to estimate
the required capture length. In this example the estimation error percentage is set to 20%.
The required estimation length can be estimated using the following equation

20% = 1√
2
(

N
10,000s − 1

) ⇒ N = 13.5 ∗ 10000s = 37.5h (D.13)

The above equation describes that the theoretically required session length (in time), which
ensures that a percentage error of 20% in estimating random process with characteristic time
of 10,000 seconds is at least 37.5 hours. In order to have some room for inaccuracies in the
measurements and be well on the correct side of 20% the session length is set to 48 hours.

The simulated sensor is sampled at 100Hz for 48 hours i.e. N = 17.280.000 samples. In the
figure D.6, a 10 second sample of the simulated data is illustrated.

The MATLABr file simallanexample.m script used to generate and process the data can
be viewed on the project CD. In figure D.7 the Root Allan Variance plot related to the
simulated data is illustrated.

From figure D.7 it is clear that the estimated noise coefficients are extremely close to those
used in the simulation. Figure D.7 shows, that the AV analysis method is a valid tool in
relation to identifying and characterizing random noise processes in gyroscope data. In can
also be inferred that the MATLABr script used to plot and identify the value of the noise
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Simulated Gyroscope data

Figure D.6: 10 seconds of simulated data - AV method
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Figure D.7: Root Allan Variance plot of simulated data - AV method

process coefficients is sufficient. The script requires that the user manually reads of the
Root Allan Variance plot and the accuracy of the coefficient is thus partially determined by
the users ability to correctly read the chart. This means of implementation, based on the
simulation results, does not seam to induce high levels of inaccuracy.

Appendix Conclusion

In this appendix the AV analysis method has been described and illustrated. The AV algo-
rithm and implementation in MATLABr has been presented in detail as well as the math-
ematical connection between the AV method and the PSD. The validity of the AV method
has been substantiated by simulating the output from the project gyroscope containing both
ARW and RRW noise processes. The simulated data has been processed using the AV al-
gorithm MATLABr implementation and the identified noise processes where found to be
identical to those used in the process of generating the simulation data. To this extent the
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implementation of the AV method is considered valid.
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Appendix E

Measurement Noise Analysis

In this appendix the characteristics of the gyro-board output signal is analyzed in detail. The
objective of this appendix is to evaluate the characteristics of the gyro-board measurement
noise.

Data Acquisition

The test setup used for this sample session is quite crude in design. The main objective of
the appendix is to capture of the gyro-board output signal for a short period of time. The
test setup consists of the gyro board being placed on a damped base as illustrated in figure
E.1.

Gyro Board

COM Cable

Foam Insolation

Power Cable

Sampling PC

Black Fin Gyroscopes

Metal Base Metal Spacer

Figure E.1: Measurement noise Test setup - AAU

The test was performed in the UAV Lab at Aalborg University. The following is a step-by-
step description of the test procedure.

1. Turn on Sampling PC
2. Connect data and power cables to gyro-board
3. Connect data and power cables to Sampling PC
4. Securely position the gyro-board on the foam isolation pad.
5. Start the gyro-board sampling software on the Sampling PC
6. Verify that the gyro-board is providing samples by taking a few samples
7. Initiate the measurement by requesting two minutes equivalent to 12,288 samples from the

sampling software prompt
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8. Wait two minutes

9. Verify the that the requested amount of samples has been sampled by looking at sampling
software prompt

10. End of test session

Session Data

In this section the raw results from the capture session preprocessing are presented. The
preprocessing implements both evaluation of the sampled data and unit conversion from bits
to ◦/s.

The data files have been processed using the script file datafilt.m as described in appendix A
on page 99. By applying the script to the acquired data a measure of the data quality is
obtained. The result of the processing was the no samples where removed from either capture
session indicating that no faulty samples where present in the data, and that no data packets
where lost. In figure E.2 the first second of the data captured on the 14 April is illustrated.
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Figure E.2: Gyro-board output 14 April - AAU Test

In the following the data processing related to the captured data is presented.

Data processing

In the following management of the captured data and the results of the processing are
presented.

Measurement Noise basic properties

In this section the basic properties the gyro-board measurement noise is investigated. The
basic properties of the noise is the sample mean, standard deviation, peak value and root mean
square value. The MATLABr file signalcharacteristics.m implements the computation
of all the following parameters and can be found on the project CD.
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Sample Mean

The sample mean taken on a data set provides an unbiased estimate of the mean of the data
set. Given a set of sampled angular rate values from the gyro-board, i.e. {zi(1), . . . , zi(N)}
the sample mean z̄i can be calculated as follows

z̄i = 1
N

n∑
k=1

zi(k) (E.1)

where z̄i is the sample mean for the individual gyroscopes in the gyro-board. MATLABr

implements equation (E.1) through the mean() function, that requires a vector of data and
supplies the sample mean of that vector. In this case the vector is a column vector containing
the angular rate samples of the eight individual gyroscopes in the gyro-board.

Standard deviation

The standard deviation σ is a measurement of variability that provides information on how
much the measurement values varies relative to the sample mean. A low standard deviation
indicates that the majority of sample points tend to be close to the sample mean and a high
standard deviation indicates the sample points are spread out over a larger range. Given a
set of sampled angular rate values from the gyro-board, i.e. {zi(1), . . . , zi(N)} the standard
deviation σi can be calculated as follows

σi =

√√√√ 1
N

N∑
k=1

(zi(k)− z̄i)2 (E.2)

where σi is the standard deviation for the individual gyroscopes in the gyro-board. MATLABr

implements equation (E.2) through the std() function that requires a vector of data and
supplies the standard deviation of that vector. In this case the vector is column vectors
containing the angular rates from the eight gyroscopes.

Peak values

The peak values are the highest and and lowest values contained in the data set. Essentially
maximum and minimum observed values in the data set. MATLABr implements a method of
finding the maximum and minimum values of a given data set. The maximum and minimum
can be found using the functions max() and min() respectively. Both functions require a
vector of data and provides the maximum and minimum of this vector respectively.

Root Mean Square value

Root Mean Square (RMS) value is a statistical measure of the magnitude of a varying quantity
and is often used when the data set contains both positive and negative values. Given a set
of sampled angular rate values from the gyro-board, i.e. {zi(1), . . . , zi(N)} the RMS value
RMS(zi) can be calculated as follows

RMS(zi) =
√
zi(1)2 + zi(2)2 + . . .+ zi(n)2

n
(E.3)

=
√
zi(1)2 + zi(2)2 + . . .+ zi(n)2

√
n

⇒ ‖zi‖2√
n

(E.4)

MATLABr does not directly implement calculation of the RMS value. MATLABr does
however implement a function, that enable the computation of the RMS value using equation
(E.4). The 2-norm or Euclidean norm is implemented in MATLABr through the function
norm() that if no additional fields are supplied provide the 2-norm of the input vector.
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Results

In table E.1 the collective results in relation to the basic properties of the measurement noise
v(t).

Gyroscope Mean Std Max Min RMS
1 -0.56031 0.79799 2.75811 -3.17595 0.79796
2 0.10571 0.81730 3.04447 -3.62219 0.81861
3 -0.46951 0.76365 3.39991 -3.12023 0.81865
4 0.84696 0.91002 3.91494 -3.41106 0.91143
5 -0.90311 0.77111 3.02765 -2.61337 0.91143
6 0.24428 0.94069 3.27220 -3.17468 0.94100
7 -0.52403 0.75907 2.72183 -3.21223 0.94101
8 0.36220 0.79537 2.93450 -3.14608 0.94106

Mean value 0.81940 0.88514

Table E.1: noise analysis results

Distribution Properties of Measurement noise

In this section the distribution and spectral properties the measurement noise v(t) are in-
vestigated. These properties include the distribution of the data, sample autocorrelation
function and Fast Fourier Transform (FFT).

Histogram

Histograms plot the frequency of values in a data set and be used to estimating the proba-
bility density function of the underlying process. Based on the appearance of the histogram
conclusion about the distribution of the sampled process can be made. Most recognizable is
the the normal (or Gaussian) distribution, that result in a bell-shaped histogram indicating
that the distribution is indeed Gaussian.

MATLABr implements a method from generating the histogram through the function histfit().
The function function requires a vector of data and supplies the histogram for the data set.
The function has a optional field that describe the number of discrete intervals (bins) that are
used in the histogram. A large number of bis provides a smoother histogram. The function
in addition fits a standard Gaussian density function to the data. The resulting histogram
for the three sessions are illustrated in figures E.3 - E.4. The approximated mean has been
subtracted from the data set so the data cluster around zero instead of the real mean value.

From figure E.3 - E.4 it can be seen that the distribution of the sampled data approximately
resembles a Gaussian distribution. This implies that the measurement noise v(t) can be
assumed to be Gaussian noise.

Sample Autocorrelation Function

Correlation is the mutual relationship between two or more observed random variables. The
sample autocorrelation on the other hand refers to the correlation of an observed random
variable with its own past and future values. The sample autocorrelation is a useful method of
finding hidden repeating patterns in a signal, such as determining the presence of a periodic
signal which has been buried under noise, or identifying the fundamental frequency of a
signal.
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Figure E.3: Sensor 1 - Sensor 4 Histogram 14 April - AAU Test
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Figure E.4: Sensor 5 - Sensor 8 Histogram 14 April - AAU Test

Given a set of sampled angular rate values from the gyro-board, {zi(1), . . . , zi(N)} an im-
portant measure is the sample autocorrelation coefficients, which describe the correlation
between samples points at with different separation in time. A set of autocorrelation coef-
ficients arranged as a function of separation time (lag) is called the Auto Correlation Func-
tion (ACF). The plot of the ACF as a function of lag is also called a correlogram. From
the correlogram it is possible to investigate whether the data points are random or not. The
autocorrelation coefficients should be near-zero for randomness for all time lags other than
zero.

MATLABr implements a method for calculating the autocorrelation through the function
autocorr(). Different methods of calculating the ACF exist and the method implemented
by autocorr() works by first removing the sample mean of the input vector and then nor-
malizing the sequence such that the ACF at lag zero is unity. The means of calculating the
ACF implemented by autocorr() is as follows.
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ri(k) = ci(k)
ci(0) ci(k) = 1

n

n−k∑
t=1

(zi(t)− z̄i) (zi(t+ k)− z̄i) (E.5)

Where ri(k) is the correlation coefficient for gyroscope at lag k, ci(k) and ci(0) is the auto
covariance at lag k and zero respectively. The auto covariance at lag zero is the variance. In
figures E.5 - E.6 the resulting correlograms for the data are illustrated.
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Figure E.5: Sensor 1 - Sensor 4 Correlograms 14 April - AAU Test
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Figure E.6: Sensor 5 - Sensor 8 Correlograms 14 April - AAU Test

If the measurement noise is indeed white noise the individual samples muse be uncorrelated
in time. This means that the exception is that ri(k) = 0; for k < 0. The 95% confidence
limits for the correlogram can calculated as −1/n ± 2/

√
n ≈ ±2/

√
n. As the sampled data

consists of 12,288 samples the confidence limits are [-0.18;0.18]. From figures E.5 - E.6 it can
be seen that for ri(k) ≈ 0 ; for k < 0.
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Fast Fourier transform

The FFT is a method of rapidly calculating the Discrete Fourier Transform (DFT) of a data
series. The DFT describes the relations between a sampled signal with a finite number of
points in the time domain and a sampled spectrum with a finite number of points in the
frequency domain. The DFT decomposes series of data points into components of different
frequencies supplying the datasets frequency spectrum. The FFT computes the DFT and
produces exactly the same result as evaluating the DFT, the only difference is that the FFT is
much faster. MATLABr implements a method for calculating the FFT through the function
fft() that uses a Cooley-Tukey algorithm.

The amplitude spectrum of a sampled data set is the absolute value of it’s Fourier transform.
The amplitude spectrum of white noise is constant over a broad frequency band and should
thus have a flat frequency spectral density, which means the magnitudes should be equal and
constant on each frequency components. To visualize the DFT, the absolute values of the
DFT is plotted and a periodogram that plots the absolute value of the Fourier transform.
The first half of the frequency range, from 0 to the Nyquist frequency Fs/2), is sufficient to
identify the component frequencies in the data, since the second half is just a reflection of
the first half.

1 Fs = 50; % Sample frequency [Hz]
2 y = abs(fft(data)); % Amplitude spectrum
3 f = (0:length(data)/2−1)*(Fs/length(data)); % Frequency range
4 plot(f,y(1:length(data)/2))

In figures E.7 - E.8 the resulting periodograms for the data are illustrated.
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Figure E.7: Sensor 1 - Sensor 4 Amplitude Spectrum 14 April - AAU Test

From figures E.7 - E.8 is can be seen that the amplitude spectrum for the captured data is
quite flat in all frequencies. This is typical for a signal containing mostly white noise, as
white noise contain an equal amount of all frequencies.

Appendix Conclusion

In this section the characteristics of the gyro-board measurement noise v(t) have been in-
vestigated. In the first part of the appendix the sample mean, sample standard deviation,
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Figure E.8: Sensor 5 - Sensor 8 Amplitude Spectrum 14 April - AAU Test

minimum and maximum values where identified. In the second part of the appendix the
distribution properties of the data where investigated as well as the correlation properties
and spectral amplitude of the data.

The measurement noise v(t) was found to have a approximate Gaussian distribution, a fairly
flat amplitude spectrum, and only weakly correlation between adjacent samples indicating
that the measurement noise v(t) may be approximated as Gaussian white noise.
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Appendix F

Allan Variance Noise Analysis

In this appendix the random noise processes of the project gyroscopes are characterized using
the AV method. The appendix presents both the results of the AV analysis and the process
of acquiring the necessary data. This includes all relevant considerations and the used test
setup.

Data Acquisition

The section describes the process of acquiring the necessary data, including the relevant
considerations and the used test setup.

Considerations

The objective of this test is to capture data from the project gyroscopes for a prolonged
period of time. As presented in appendix D the error ζ, describes the percentage error in
estimating the Root Allan Variance σA when clusters containing M data points from a data
set with N collective points are considered.

ζ = 1√
2
(
N
M − 1

) (F.1)

Using this equation it is possible to estimate the session length (in time) required to achieve
a specific error percentage. Based on figure B.1 the required sample session length can be
estimated. From figure B.1 it can be seen that the Root Allan Variance curve increases after
cluster times of approximately 1000 seconds. As the RRW noise process is not identifiable
form the figure, it can be inferred that a significantly higher cluster time is required to
adequately estimate the RRW noise coefficient. A somewhat qualified guess wold be that the
RRW noise will manifest at a cluster time of 10000 seconds (τ = 10000). As the cluster time
of interest has been identified, the last unknown parameter in equation (F.1) is the desired
estimation error percentage.

In this project the estimation error percentage is set to 20% as several identical gyroscopes
are considered during the test. As several Root Allan Variance plots of identical gyroscopes
will be generated it is assumed that the any errors in the estimate will be evident. The
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required estimation length can be estimated as follows

20% = 1√
2
(

N
10000 − 1

) ⇒ N = 13.5 ∗ 10000 = 37.5 hours (F.2)

In order to have some room for inaccuracies in the measurements and be well on the correct
side of 20% the session length is set to 48 hours. The last parameter to be determined is the
sample frequency.

The on-board sampling hardware of the gyro-board samples the eight MEMS gyroscopes at
2048Hz which is quite excessive in relation to long capture sessions. In relation to the AV
analysis 48 hours are required in order to provide and adequate estimating of the RRW noise
process. Using the standard 2048Hz sampling frequency will produce a staggering amount
of data, which will complicate both the data handling and management. Therefor sampling
frequency is lowered by under-sampling the original 2048Hz frequency to provide a more
manageable amount of data. In relation to this appendix and under sampling factor of 20
is implemented in the gyro-board sampling software. The resulting sampling frequency Fs is
thus given as follows

Fs = 2048 · 1
20 = 102.4 (F.3)

Using this sampling frequency Fs will result in 102.4Hz ·48 hours = 17.6947 · 106 samples
which based on the groups experience is known to be manageable in MATLABr.

Test-setup and Procedure

The test setup used for the capture session is quite crude in design. The test setup consists
of the gyro-board being placed on a damped base as illustrated in figure F.1.

Gyro Board

COM Cable

Foam Insolation

Power Cable

Sampling PC

Black Fin Gyroscopes

Metal Base Metal Spacer

Figure F.1: AV Test setup - AAU

A total of two tests where performed to acquire two sets of data. The tests where performed
in the UAV Lab at Aalborg University. The following is a step-by-step description of the
used test procedure.

1. Turn on Sampling PC
2. Connect data and power cables to gyro-board
3. Connect data and power cables to Sampling PC
4. Securely position the gyro-board on the foam isolation pad.
5. Start the gyro-board sampling software on the Sampling PC
6. Verify that the gyro-board is providing samples by taking a few samples
7. Initiate the test by requesting 48 hours = 172800 samples from the gyro-board sampling

software prompt
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8. Leave the room and return after 48 hours
9. Verify the that the requested amount of samples has been sampled by looking at gyro-board

sampling software prompt
10. End of test session

Session Data

In this section the raw results from the capture session and the results of the preprocessing
are presented. In figure F.2 the first 1 second of data captured in the period 15 April -
18 April is illustrated. In figure F.3 the first 1 second of data captured in the period 22
April - 25 April is illustrated. The two data files have been processed using the script file
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Figure F.2: gyro-board Output 15 April - 19 April - AAU Test
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Figure F.3: gyro-board Output 22 April - 25 April - AAU Test

datafilt.m as described in appendix A on page 99. By applying the script to the acquired
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data a measure of the data quality can be obtained. The result of the processing was the no
samples where removed from either capture session, indicating that no faulty samples where
present in the data, and that no data packets where lost.

During the capture sessions the temperature of the gyro-board was monitored, by sampling
the internal temperature of the fourth sensor. In figure F.4 the temperature during the 15
April - 18 April capture session is illustrated. In figure F.5 the temperature during the 22
April - 25 April capture session is illustrated.
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Figure F.4: Sensor 4 Temperature 15 April - 18 April - AAU Test
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Figure F.5: Sensor 4 Temperature 22 April - 25 April - AAU Test

From figures F.4 - F.5 it can be seen that the internal temperature of the gyroscope is
maintained within a narrow band. The somewhat periodical fluctuations are believed to be
caused by the room temperature variation.
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Data processing

In this section the acquired data is processed with the AV method MATLABr script file
allan.m, as described in appendix D. In figure F.6 the Root Allan Variance plot of the eight
sensors, based on the 15 April - 18 April data, are illustrated. In figure F.7 the Root Allan
Variance plot of the eight sensors, based on the 22 April - 25 April data, are illustrated.
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Figure F.6: Root Allan Variance, gyro-board Output 15 April-18 April - AAU Test
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Figure F.7: Root Allan Variance, gyro-board Output 22 April-25 April - AAU Test

Figures F.6 - F.7 illustrates the collective Root Allan Variance plots. Based on the figures it
is obvious that the individual sensors, as expected, has similar noise characteristics. It can
also be seen that the dominant noise processes in the data are the ARW, RRW.

Using the MATLABr script files aauallan1.m and aauallan2.m the ARW, RRW and Bias
stability noise coefficients for the individual sensor have been identified. The plots used in
the process of identifying the values of the noise components can be viewed on the project
CD.
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Appendix Conclusion

In this appendix the random noise processes in the project gyroscopes have been investigated
using the AV method. The analysis was conducted using data captured from the gyro-board
during two 48 hour sample sessions. The used sampling frequency was Fs =102.4Hz. The
captured data was processed using a data preprocessing script and found suitable for further
processing. Subsequently the data, from the individual sensors, where processed using the
AV method and the individual Root Allan Variance where plotted. Based on these plots the
ARW and RRW where found to be the predominant noise processes in the gyroscopes.

By inspecting the Root Allan Variance plots the noise coefficients where estimated. In addi-
tion to the ARW and RRW coefficients, the gyroscopes Bias stability where also estimated.
The collective coefficients, from the two sessions respectively, are listed in table F.1 and F.2.

Gyroscope Bias Stability ◦/s ARW ◦/
√
s RRW ◦/

√
s3

1 0.00674 0.07118 0.00032
2 0.00551 0.06882 0.00018
3 0.00674 0.06434 0.00027
4 0.00746 0.07874 0.00039
5 0.00533 0.06654 0.00028
6 0.00589 0.08422 0.00015
7 0.00631 0.06221 0.00033
8 0.00631 0.06654 0.00029
Mean value 0.00629 0.07032 0.00028

Table F.1: Noise coefficients, gyro-board Output 15 April - 18 April - AAU Test

Gyroscope Bias Stability ◦/s ARW ◦/
√
s RRW ◦/

√
s3

1 0.00610 0.06434 0.00020
2 0.00589 0.06434 0.00019
3 0.00610 0.06434 0.00022
4 0.00746 0.07361 0.00043
5 0.00515 0.06015 0.00028
6 0.00674 0.08144 0.00034
7 0.00533 0.05437 0.00032
8 0.00631 0.06434 0.00035
Mean value 0.00613 0.06587 0.00029

Table F.2: Noise coefficients, gyro-board Output 22 April - 25 April - AAU Test

From table F.1 and F.2 it can be seen that the noise coefficients found during the two
individual capture sessions are convincingly similar. It can also be noted that the sensors
have almost identical noise coefficients, which is expected as the sensors are identical and
operating under identical conditions. Based on the fact, that a simple method of identifying
the noise coefficients i.e. plotallan.m has been used, the results are quite impressive. The
use of the plotting tool and the inherent inaccuracy in the method induce a level of in accuracy
of the estimates, but for this project the achieved values are considered adequate.

Several places in the thesis, what is considered to be typical values for the ARW and RRW
coefficients are used in simulations. Based on the results presented in table F.1 and F.2 these
typical values are set as follows.

ARWC,TY P , 0.068◦/
√
s and RRWC,TY P , 0.00029◦/

√
s3 (F.4)
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The values are based on the mean value for the two capture sessions and are considered to
be sufficiently good estimates of the actual values. Should a higher estimate accuracy for the
individual sensors be required, different sampling frequencies, longer capture sessions, and
automated coefficient identification scripts should be implemented. The capture length versus
sample frequency contains the inherent tradeoff of the AV method. To correctly capture the
high frequency noise processes a high sampling frequency must be used, but to capture the
low frequency noise processes a prolonged capture session must be used. This obviously
results in large amounts of redundant data that do not provide additional information and
increase data processing time.

The solution to this problem is to divide the Root Allan Variance computation into several
windows, that focus on different pars of the collective plot. Using this approach, high fre-
quency noise processes can be sampled using a high sampling frequency and low frequency
processes can be sampled using a lower frequency. This approach is in contrast to the ap-
proach seen most often in literature, though it is specified as the standard way of testing
rate sensing senors in the IEEE standard [12]. In this project a crude method of reading of
the Root Allan Variance plot has been use with acceptable results. The use of this approach
however induces inaccuracy in the results as the accuracy becomes dependent on the users
ability for correctly read of plots. From a the perspective of eliminating this problem it would
be advisable to develop a automated method of reading of the plots.

In order to use the noise coefficients as standard deviations for the measurement noise v(t) and
process noise w(t) in simulations, the coefficients must be scaled. This scaling implemented
as follows done as follows, and is used throughout the project simulations.

σARW = ARWC,TY P ·
√

102.4 (F.5)
σRRW = RRWC,TY P ·

√
Fs (F.6)

Where ARWC,TY P and RRWC,TY P are the noise coefficients typical values and Fs is the
simulation sampling frequency. This conversion will be used throughout the project wherever
the ARW and RRW coefficients are used as measures of standard deviation.
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